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PREFACE

Multiphase flow occurs in many operations in the chemical, petroleum, and
power generation industries. The majority of chemical engineering unit operations,
such as boiling and condensation, separations and mixing, involve multiphase flow.
It is the central unsolved problem in the safety analysis of nuclear reactors, both
light water and breeders. It is the principal engineering science problem resulting
in the poor performance of multiphase processing, when compared with the design,
of chemical plants processing solids. Poor solids processing plant performance and
erosion caused by particle impacts also threaten the economic viability of future
clean combustion of coal processes using fluidized beds.

Yet the basic texts on the subject, such as Bird, Stewart and Lightfoot's
Transport Phenomena, do not treat multiphase flow. This is, in part, due to the fact
that until recently it was impossible to obtain predictive solutions using multiphase
flow theory. The development of computer work stations and the refinement of
multiphase flow theory has changed this situation. A number of organizations and
national laboratories have now written computer codes that can be useful as
valuable research tools. Unfortunately, many of these codes cannot be used by
anyone who hasn't taken special courses in their use and in multiphase theory,
principally because of numerical instabilities caused by ill-posedness. It was
pointed out at many multiphase flow meetings that a book on the subject would
help to speed up the progress in this emerging engineering science.

I visualize this book as an advanced text to be used in transport phenomena
and fluidization courses, as well as by industrial researchers. It is based on my
AIChE Kern award lecture published in Applied Mechanics Reviews in January
1986. The kinetic theory approach is only 10 years old and has not appeared in any
book on multiphase flow or fluidization. The kinetic theory approach clarifies
many physical concepts, such as particulate viscosity and solids pressure. It also,
naturally, introduces the new dependent variable, not found in single phase fluid
mechanics: the volume fraction of the dispersed phase.
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x Preface

Unlike traditional treatment of the subject, fluidization is described as a branch
of transport phenomena, based on the principles of conservation of mass,
momentum and energy for each phase.

The equations in the first chapter are derived using the well-known conser
vation principles of single phase flow. The appendices present a review of the
Eulerian (shell balance) and the Lagrangian approaches used,in the text in order to
make the book suitable for use in senior level and first year graduate courses.

The second chapter treats steady one-dimensional pneumatic transport from
the point of view of conservation of mass and momentum to demonstrate how the
equations developed in Chapter 1 can be used in a practical problem. The concept
of fluid-particle drag, different models leading to ordinary differential equations
solvable on a personal computer, and simple design procedures for estimating
pressure drop are also discussed in this chapter.

Chapter 3 shows how hold-up, the volume fraction of the dispersed phase, can
be estimated by the use of algebraic balances of mass and momentum.

Chapter 4 gives a traditional development of granular flow balances using
continuum theory. A new explanation of the maximum discharge rates of powders
based on the concept of critical flow is presented. The knowledge of the maximum
permissible flow is the key to the design of safety and feeding systems in two-phase
flow. For example, Apollo 13 barely returned to earth because of a maldesign of a
relief valve. The designer used single-phase flow theory to over-predict the flow
rate, causing an excessive rise of pressure of oxygen in the tank feeding a fuel cell,
which was followed by an explosion.

Chapter 5 is an introduction to fluidization. It presents the concepts of
minimum fluidization, Geldart's classification, and bed behavior in its attempt to
minimize energy losses.

Chapter 6 shows that bubbles can be interpreted as shocks and that Geldart's
classification can be rationalized based on hydrodynamic theory.

Chapter 7 discusses well-posedness of initial value problems, reviews older
fluidization models from the point of view of multiphase flow, and shows the tre
mendous predictive capacity of multiphase models with zero viscosity.

Chapter 8 presents a simple derivation of multiphase Navier-Stokes' equations
and the scale factors that arise from these balances. It is shown that flow regimes
observed in dense vertical gas-solid transport can be predicted using these
equations.

Chapters 9, 10, and 11 together provide an extensive review of kinetic theory
of gases as applied to granular flow by Professor Savage and collaborators.
Starting with a derivation of the Boltzmann equation for particle distribution,
Chapter 9 presents the details of the derivation of conservation equations for mass,
momentum, and the oscillating kinetic energy, called granular temperature. It
shows how the solids pressure and the solids viscosity are obtained using the well-



Preface xi

known kinetic theory of dense gases. Chapter 10 reviews various applications of
kinetic theory, including simulation of flow in a complete loop of a circulating
fluidized bed. Chapter 11 provides a molecular theory of gases approach to flow
and segregation of mixtures of particles.

Chapter 12 discusses sedimentation and consolidation from an elementary
point of view. The first half of the chapter can be used as a introduction to multi
phase flow.

Exercises at the end of each chapter test the reader's comprehension and lead
into a variety of applications not covered in the text (exercises for Chapters 9, 10,
and 11 are grouped together at the end of Chapter 11).

A great deal of the work reported in this book was carried out at Illinois
Institute of Technology by about a dozen Ph.D. students, starting with our present
department chairman, Professor Hamid Arastoopour (1978), who is continuing in
dependent research in fluidization. Dr. Bozorg Ettehadieh (1982), working with
Dr. Robert Lyczkowski of Argonne National Laboratory, first modified an ill-posed
computer code developed for gas-liquid flow at Los Alamos and predicted bubble
formation in fluidized beds. He also extended the code to include gas phase
reactions. Dr. M. Syamlal (1985) extended the computer program to n phases and
has continued the research at Morgantown Energy Technology Center under the
direction of Dr. Tom O'Brien. Dr. Jacques Bouillard (1986) worked on an
analytical solution of bubble formation and with Dr. Yang-Tsai Shih (1986)
computed settling of particles in a lamella settler following earlier work of Dr.
Firooz Rasouli (1981). Dr. David F. Aldis (1987) applied the code to detonation of
dust. Dr. Yuam Pei Tsuo (1989) computed the flow regimes in circulating
fluidized beds. Dr. Jianmin Ding (1990) extended the code to include the granular
temperature equation obtained from kinetic theory, generalized it to three di
rnensions and briefly considered gas phase reactions. Dr. Umesh K. Jayaswal
(1991) improved the code and briefly showed its applications to gas-liquid-solid
fluidization. His Ph.D. thesis contains the latest version of the code. The three
experimental Ph.D. theses by Dr. Y. C. Seo (1985), Dr. K. Luo (1987) and
Professor Aubrey Miller (1991) were essential for providing guidance and data for
modeling, Dr. Isaac K. Gamwo (1992), working with Dr. Robert Lyczkowski,
applied the code to tube erosion.

Several chapters in this book and particularly the appendices on problem
formulation were used in our freshman graduate course in transport phenomena
over the last 10 years.

Earlier versions of the kinetic theory chapters were used in a course in fluidi
zation. Clarifications, in the form of tables, were added as a result of this teaching
experience.



xii Preface

During the last several years the research reported in this book was partially
funded by the National Science Foundation and by the U.S. Department of Energy
University Coal Research Program with contributions from Exxon and Amoco
Corporations. The typing was done by two first-rate secretaries, Eleanor
Thompson and our present Administrative Associate, Marilyn McDonald. The
author is particularly grateful to the former Academic Press associate editor Vicki
Jennings who had the manuscript reviewed, retyped it, and saw it through till the
end. The author also thanks other Academic Press staff for editing the manuscript.

DimitriGidaspow



NOMENCLATURE

A Surface area, m2

Ak Constant related to phase k pressure

Ax: Constant, used to evaluate conductivity

a Area

A Constant vector, Chapman and Cowling's (1961) notation

a Cross-sectional area

av Volumetric compressibility, I/G

Bk Constant related to phase k viscosity

BJl Constant, used to evaluate viscosity

B Constant vector, Chapman and Cowling's (1961) notation

bij Mobilities, related to Onsager friction coefficients

C Peculiar particle velocity = c - v

C Propagation velocity in Chapter 6

CD Drag coefficient

Cs Critical or sonic velocity

C; Granular specific heat

Co Specific heat at a constant stress

c Instantaneous particle velocity

C12 Relative velocity = Cl - C2

D Diameter

xiii



xiv Nomenclature

d Dielectric constant

D Diffusion coefficient or consolidation coefficient

Diss Dissipation of energy, Jls

Do Orifice diameter

Dr Tube diameter

dp Diameter of particle

E Electric field strength

EM Electrophoretic mobility

e Restitution coefficient

e Void ratio

eyx Unit shearing stress in the x-y plane

F Flux

f External force per unit mass acting on the particle

f i Force acting on phase i

f i Force per unit mass acting on phase i

1 Frequency distribution function of particle velocities

I g Gas wall friction factor

1(0) Maxwellian distribution function

1(2) Pair distribution function

G Particle-particle modulus (aps jaEs ) =(acrjaEs ) ' N/m2

G Center of mass velocity, Eq. (9.31)

g Acceleration due to gravity

go Radial distribution function

g Gravitational acceleration

g Buoyancy group, g(ps -pf )/Ps
H Height of interface

H 0 Initial slurry height

H Dimensionless height of interface

hi Enthalpy of phase i per unit mass, J/kg



Nomenclature xv

hF Enthalpy of phase i at non-equilibrium

h, Volumetric heat transfer coefficient, kW/m 3

I Current

I(A) Integral of A, Chapman and Cowling's (1961) notation

I(B) Integral of B, Chapman and Cowling's (1961) notation

I Unit matrix or unit tensor

J Bracket integral, Chapman and Cowling's (1961) notation

Jm Mass flux

J, Maximum solids flux

jgs Drift flux of gas = £(vg - v)
K Effective friction coefficient defined by Eq. (4.11)

k Thermal conductivity, J/sec-m2 -K

k Permeability

k; Cohesi ve force per unit area

kB Boltzmann constant

k Unit vector along the line from center of particle 1 to 2

L Length

t Mean free path

M Molecular weight

M, Molecular weight of species i, kg/mol

m Mass of particle

mi Mass of phase i, kg

m; Mass of rate of production of phase i, kg/ m3total-s

m;s Specific rate of production of phase i, kg/m3"i"-s

mk Rate of phase k production, kg/s- m3

N; Source like contribution defined by Eq. (9.192)

N12 Number of binary collisions per unit time per unit volume

n Number of particles per unit volume

ni Number of particles of type i per unit volume



xvi Nomenclature

n

p

q

R

Re

r

r

Normal, outward drawn

Pressure

Collisional pressure like contribution defined by Eq. (9.193)

Pressure of phase k

Pressure of phase i, Pa

Particle stress or pressure tensor

Collisional stress tensor

Kinetic stress tensor

Momentum supply or phase interaction, N/m3

Quantity like mass, momentum or energy

Volumetric flow rate of phase i

Heat input into phase i, J

Charge, electrical

Net rate of heat outflow out of phase i, kW/m 3

Conduction like flux vector of fluctuation energy

Ideal gas law constant, J/mol-K

Reynolds number

Radius of particle or radial coordinate

Bubble radius

Rate of reaction of component i, mol/ m 3-s

Position vector

Center of mass position vector

Entropy

Slip ratio =vs Ivg

Entropy of phase i, J/K-kg

Rate of shear tensor =VS v

Temperature

Mixture stress tensor

Stress tensor of phase i



U

Ui

v

v

V r

Vt

w

x

Xi

x,y,z

Nomenclature xvii

Stress tensor of phase k (traction)

Time

Dimensionless time

Internal energy

Superficial gas velocity =evg

Inlet superficial gas velocity, flow rate divided by pipe area or
reference. velocity

Minimum bubbling velocity

Minimum fluidization velocity

Internal energy of phase i per unit mass, Jlkg

Energy supply, kW/m 3

Velocity component in the x direction

Bubble velocity

Velocity of phase i in the x direction, m/s
3Volume, m

Bulk specific volume, m3/kg

Specific volume of phase i, m3/kg

Particle velocity

Relative velocity, gas minus solid

Terminal velocity

Velocity component in the y direction

Velocity of phase i, m/s

Velocity of phase k

Mass flux, kg/m 2 -s

Weight fraction of phase i

Solids flux

Coordinate in the direction of flow

Coordinate in the ith direction

Cartesian coordinates



xviii Nomenclature

x Position vector

lj Weight fraction of component i in the gas phase

Greek Letters

a Volume fraction of dispersed phase (bubble)

~ Fluid-particle friction coefficient, kgl m
3

-s

~ A '~B Fluid-particle friction coefficient for Model A, Model
B, kg/m

3-s

y Dissipation due to inelastic collisions, Eq. (10.5)

r Any differentiable function such as U;

() Internal angle of friction

£ Fluid volume fraction

£i Volume fraction of phase i

£ k Volume fraction of phase k

es Solids volume fraction

S Zeta potential

Ss Solids vorticity

8 Solids loading

8i Granular temperature for phase i =tmi<C;2>

e Granular temperature = t < C2 >

K Conductivity of granular temperature

A Characteristic velocity, eigenvalue

Ak Bulk viscosity of phase k

f.l Viscosity

f.l k Viscosity of phase k

f.lsc Viscosity coefficient of solid phase, u, = £sJ..lsc

f.lw Coefficient of friction in Eq. (2.3)

~ Bulk viscosity

P Density

Ph Bulk density=£sPs' kg/m
3



Nomenclature xix

Pi Density of phase i, kg/m
3

Pk Density of phase k

Pm Density of the mixture

0" Normal solids stress

0"2 Variance

0"i Rate of entropy production in phase i, J/K-s-m3
i

0"r Normal stress in the r direction

o, Applied stress

o, Total normal stress, fluid plus solids pressure

t Shear

<t> Sphericity

<t> E Electric potential

<P Potential function

X Radial distribution function of Chapman and Cowling (1961)

'II Single particle quantity, such as mass, momentum, or energy

qJ Stream function

Operators and Identities

]"'raceless Tensor

W=W -t(Wxx +Wyy +Wzz)1; where I is the unit tensor

Rate o'Shear Tensor

Convective Differentiation Moving with Phase i

d a
-.=-+viV'
dt' at

Substantial Derivative
D a
-=-+vV'
Dt at



xx Nomenclature

Chapman and Cowling's Substantial Derivative

af af afDf=-+c-+F-at ar ac

Symmetric Tensor

where W T is the transpose of W obtained by interchanging rows and columns of W

V Gradient
V· Divergence
V T Transpose of the gradient

V S Symmetric gradient =t(V+V T
)

VSv Deformation tensor = t(~: + ~~ )

v- t(Vv+VTv)+t(Vv-VTv)

Identity
VVSy=tV2y+tVV.y

Subscripts

A, B, C Refers to Model A, B, or C in Table 2.1

g Gas

gF Fanning's friction factor for gas

s Solid

sF Fanning's friction factor-for solids phase

sM Well mixed solid

wg Wall with gas

ws Wall with solid
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1.1 Basic Approach

It is assumed that the system on which balances are made consists of a suffi
cient number of particles so that discontinuities can be smoothed out; therefore,
derivatives of various properties exist and are continuous, unless otherwise speci
fied. Thus, for a property per unit volume '1/, the Reynolds transport theorem is
used. For a volume V that may change with time t, there is, for a system bounded

1



2 Multiphase Flow and Fluidization

by a closed surface, the following mathematical identity (Aris, 1962, and
Appendices C, D, and E):

-4 HI \jIdV= HI(a\jl+V.\jIVi)dV.
dt V(t) V(t) dt

(1.1)

In Eq. (1) the system moves with velocity vi. Hence, differentiation with respect to
time carries the superscript i to emphasize this fact.

In the derivation of the multicomponent mass balances for single phase flow, 'V
is the partial density of the component i. The volume V is the same for all species.
Equating the rate of change of the mass of species i to its rate of production by
chemical reaction and performing the usual mathematical operations gives the
continuity equations for species i.

In multiphase flow the volume occupied by phase i cannot be occupied by the
remaining phases at the same position in space at the same time. This distinction
introduced the concept of the volume fraction of phase i. It is denoted by both (Xi

and E; in two-phase flow literature: the E; notation is preferred by chemical engi
neers who have long used this concept. Consistent with common usage, the volume
of phase i, Vi in a system of volume V is (Gidaspow, 1977)

n

Vi =fff EidV where LEi =1.
vu) i=l

(1.2)

Note that if the fluid is incompressible and there are no phase changes, \tj remains
a constant. Then, application of the Reynolds transport theorem given by Eq. (1.1)
yields the incompressible continuity equation in multiphase flow found in Eq. (1.3):

aE· '
-'+V·EiVi =0,at .(1.3)

i =1,2,... ,n phases.

1.2 Mass Balances

The mass of the fluid i can be given in terms of its density Pi in a multiphase
system of volume V as



mi =IIf EiPi dV.
V(t}

Transport Equations 3

( 1.4)

The Lagrangian mass balance on mass m, moving with the velocity viis

dm.i =~JIJE;Pi dV =Iff m; dV,
dt' dt'

( 1.5)

where Eq. (1.5) defines the volumetric source of mass m[. An application of the
R.eynolds transport theorem and the usual contradiction argument applied to an
arbitrary element of volume gives the well-known continuity equation for phase i:

a(E;p;) ( ) ,
---+V· E·p·V. =m·at I " , •

(1.6)

In Eq. (1.6) the source term m[ includes the volume fraction E;. It is better
(Gidaspow, 1972) to define it in terms of a source per unit of volume of phase i, so
that m[ = Eim[s, where m[s is the specific rate of production of phase i by, say,
chemical reaction of the solid with the fluid. For solid-gas reaction applications
see Gidaspow (1972), and for phase transformations in storage batteries see
Gidaspow and Baker (1973). Conservation of mass requires that the sum of m[
over i phases be zero, that is,

n

Lm; =0.
;=1

( 1.7)

Furthermore, m[ must be invariant under a change of reference frames, known as
Galileo's relativity principle or material objectivity in rational mechanics (for ex
ample, see Slattery, 1972). This implies that for two phase flow m[ and a similar
momentum source term, such as interface friction, must be a function of the relative
phase velocity only, rather than a function of individual phase velocities.

1.3 Momentum Balances

The derivation of the momentum balances follows the approach of Bowen
(1976) for a multicomponent mixture. The rate of change of momentum of the
"particle" or system moving with the velocity Vi equals the sum of the forces acting
on the system. In single phase flow (Slattery, 1972), external and contact forces
are identified. In multiphase flow, similar to the multicomponent flow,
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there exists the force of interaction of phase i with the other phases. In rational
mechanics this force is known as the momentum supply p; (Bowen, 1976). There
is also a force due to the addition of mass to a phase i. Similar to the multicom
ponent approach, it is assumed that the force is added to phase i at its velocity.

Mathematically these statements can be written as follows. The momentum
balance for phase i is

d
-JIJp·v.E.dV=f., , , I'

dt V(t)

rate of change of momentum of phase; =forces acting on phase i
for i =1, 2, 3, ... n phases, where the force f; is given by

(1.8)

forces of interaction momentum change
between phases due to phase changes

#Tida
5(t)
surface
forces

+ fff PifiE; dV + fff Pi dV + fff m;v i dV.
v(t)

external
forces

In the (x, y, z) coordinate system the stress tensor T i for phase i is given by the
matrix

Tixx Tixy t;
T;= Tiyx T;yy T;yz , (1.9)

Tizx T;zy T;zz

where its typical element T;yxis the ith force in the x direction per unit area of the
yth face:

(1.10)

See Fig. 1.1.
In thermodynamics of elasticity (Callen, 1960), such a stress component for a

single phase is taken to be the gradient of internal energy U per unit volume Vo
with respect to displacement:

1 aU
Tyx = - - - '

Vo'deyx
(1.11)

where eyx is the unit shearing strain in the x-y plane. An analogous interpretation
has to exist for each phase i, since there exists an energy function for each
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y

x

z

y

~
V g .....__ v;

/ '"
I .::;,~., ,::.r, \ '.:.::<.....
\ "', ..

'" .U g· Us
\ /'---

x

y

Txy

Tyy

E =VOLUME FRACTION
OF GAS

x

Fig. 1.1 Stresses, velocity components and porosity in multiphase balances.

phase i. In Eq. (1.8) the void fraction is not included separately in the partial stress
Ti. The vector surface element da = n dS, where n is the outward drawn normal
to the surface S.

An application of the divergence theorem gives

f:JT; da =fffV ·T; dV.
a V

(1.12)

An application of the Reynolds transport theorem to the right side of Eq. (1.8) and
t.he use ofEq. (1.12) in (1.8), followed by a standard contradiction argument, gives
the three momentum balances for each phase i as shown in Eq. (1.13):
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a(pjEjVj) () ,
----+\7. PjEjVj@Vj =V·Tj+PjEjfj+pj+mjvj,at (1.13)

where ® denotes a dyadic multiplication of the (3xl) velocity vector.by the (lx3)
velocity vector vi to give the 3x3 matrix. Operate with the divergence
v·= tajax ,ajay,ajaz) upon it to give the three-dimensional vector.

By differentiating the products on the left side of (1.13), the result can be
written as

aV i (a(PiEi) ']P·E·-+p·E·V·· Vv. -i-v. + V·p·E·V· -m· =V·T· +p·E·f. +p. (1 14)
I I at I " , 'at I " I " " i : •

If the continuity equation (1.6) is used, the term in the brackets is zero. The accel
eration in Eq. (1.14) in the x direction can be written as

du, aUi . aUi aUi au; aUj
-,=-+Vi·\Iui =-+Uj-+Vj-+wi-,
dt at at ax dy az

where

Therefore, the momentum balance for phase i becomes

( 1.15)

momentum in-flow + body forces +
due to surface forces

dv ,
PiEi-· = V·Ti

di'
mass/vol.(acceleration of phase i)

interaction forces

+ PiEi f , + Pi (1.16)

Division of Eq. (1.16) by the void fraction E; shows it to be essentially identical to
the momentum balance for the multicomponent mixture given by Bowen's (1976)
Eq. (1.4.4).

To obtain meaningful balances, one needs to specify the interaction forces Pi
and constitutive expressions for the stresses Ti. The interaction forces consist of
drag between the phases, of added mass forces that depend upon velocity gradients
and of other interaction forces, such as collisional forces. The sum of the in
teraction forces Pi is clearly zero, that is,

n phases

LP,=O.
i=1

(1.17)
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The simplest expression for the stress, analogous to the single phase potential flow
theory, is through the definition of a phase pressure p; via the identity matrix I:

T; =- fj I. (1.18)

Equation (1.18) is similar to the expression for partial stress given by Bowen's
(1976) Eq. (2.1.1). For a mixture of fluids with a linear viscosity, he derived an
expression for the stress involving a matrix of viscosities of individual components.
An expression similar to his expression (2.1.3) should hold for a multiphase
mixture and thus serve as a generalization of the Navier-Stokes equation for a
multiphase mixture.

1.4 Energy Balances

In single phase fluid mechanics and in multicomponent mechanics (Bowen,
1976) it is customary to write an energy balance for the sum of internal and kinetic
energies. Indeed, a balance similar to that given by Bowen's (1976) Eq. (1.5.1) can
be written for the multiphase situation considered here. Such a balance would then
be combined with the equation of motion dotted with the velocity vector for phase
i. However, in multiphase flow some unexpected work terms arise (Gidaspow,
1977). In view of such complexities, a simpler approach is taken here, one
presented previously by Gidaspow (1977) and used in elementary thermodynamics.

Consider an open system of mass mi which gains mass and thus energy .at a
rate dm, I dt', The energy balance moving with phase i then becomes

dV~ dQ· av. (n n n)dm.--.' =--' -lj-~ + Diss + V; +Ij IPi --.' ,
dt' dt dt' dt'

where

V~ =JJfE.p.U. dV
I I " '

V(t}

(1.19)

and where the rate of heat transfer is related to the flux qi by relations such as those
used by Ishii (1975),

(1.20)
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where A(t) is the area enclosing the volume of the system at any instant of time.
The differential element of surface area of system i was taken to be simply e, da,
thus making no distinction between area and volume fractions. Heat transfer be
tween phases may also be given in terms of heat transfer coefficients. These are
often expressed per unit volume because of our lack of knowledge of instan
taneous surface areas. Thus, surface areas need not be included in the form
ulation. For a one-dimensional system,

dQ; ( ) .--=h T:-T· ~Vdt i . v, J '
(1.21 )

where hi is the volumetric heat transfer coefficient per unit volume IiV, defined
positive when the temperature of phase i is greater than the temperature of phase j.

In Eq. (1.19) only mechanical work done by phase i having its own pressure P;
was included. For instance, if the fluid does electrical work, an appropriate term
for this work, such as voltage times current, must be included. The energy
dissipation by means of friction is the dissipation term, Diss in Eq. (1.19), which in
the continuum is related to the energy supply by means of the redefinition

Diss = fff u,; dV .
V(t)

(1.22)

The last term in Eq. (1.19) represents the gain of internal energy and work done by
addition of mass to the system. The properties carry the superscript n to indicate
possible non-equilibrium states. When Eq. (1.19) is applied to one-dimensional
systems, it should also contain frictional dissipation of energy due to wall shear and
external rate of heat transfer.

Now let's apply the Reynolds transport theorem, Eq. (1.1) , to the system
bounded by a closed surface. Also assume existence of appropriate mean values
and apply the balance, Eq. (1.19), to a typical element of a larger system. Observe
that in transforming the pressure term 'I' =E; in the Reynolds transport theorem
we obtain

a(E;pjVj ) () aE; n /
---+V· E·p·V.V. =-V·£.q. -p.--p. V·E·V· +h· m, +u· (1.23)at ' , , , '" at ' I I I , I'

where hi is defined as the enthalpy entering system i at possibly non-equilibrium
conditions.
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1.4.1 Enthalpy Representation

A strange term involving work of expansion of void fraction P; d£; jdt ap
peared in Eq. (1.23). If it is deleted, the energy equation will not satisfy the
Clausius-Duhem inequality. However, before proceeding with the proof, let us
rewrite the energy equation in terms of enthalpy to compare it to that given by Ishii
(1975) and Boure et al. (1973). Since h; =V; + P; jp;,

-I
dh, dll, dp; -1 dP;
-.=--.+fj--.+p; - ..
dt' dt' dt' dt'

Using the phase i continuity equation in the form

-I
dp; 1 ae, 'Ip.--.=V·v·+--. -m· p.£.,, d' , d' t t r tt £; t

we multiply both sides of Eq. (1.24) by £iPi and substitute Eq. (1.25) to give

dh, au, d£; I dP;
£.p.-. =£.p.-.+p.V·£.v.+P:--m.P./p.+£.-..

, , dt' " dt' , " I at " , 'dt'

(1.25)

(1.26)

The first three terms on the right-hand side of Eq. (1.26) involve the energy and the
work terms in the convective form of the internal energy equation. The energy
equation (1.23) is now written in convective form. The phase i continuity equation
is used. Equation (1.26) is used to express the enthalpy in terms of internal energy.
The result is an energy equation in terms of enthalpy,

dh, dP; I( n )£.p.-. =-V·£.q.+E·-.+u·+m· h· <h. .
, , dt' '" dt' ' " ,

(1.27)

Equation (1.27) is essentially Eq. IX-l.30, found on page 151 in Ishii (1975). His
equation contains a contribution due to a difference of interphase pressure and
phase i pressure and viscous dissipations which are included in U], Equation
(1.27) is similar to the one-component single-phase energy balance. Thus, working
backwards one sees that the term p;a£j jat had to appear in Eq. (1.23).

1.4.2 Entropy Representation

The entropy form of the energy equation can be obtained by using the fact that
the internal energy of phase i depends upon the entropy of phase i and upon
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the specific volume of phase i for a one component system, that is,

(1.28)

Using the definitions of temperature and pressure, convective differentiation of Eq.
(1.28) gives

-1au. ss. do,
--.' = 1f -~ - P-'-. .
dt' dt ' dt'

(1.29)

Substitution of relation (1.29) multiplied by £iPi into the convective form of the
internal energy equation (1.23) using (1.25) gives an energy equation in terms of
entropy,

ds, (n) I£.p.T: - = -V .£.q. + h· <h. m, +u·, , , dt i " I I I t :
( 1.30)

The terms on the right-hand side of Eq. (1.30) are all dissipations for an adiabatic
process, q i =o. Equation (1.30) shows that for a reversible adiabatic ~rocess the
phase i entropy stays constant when moved with phase velocity Vi. The energy
equation in the form (1.30) was used by Gidaspow et al. (1973) and Lyczkowski et
al. (1978). It is very similar to the energy equation given by Kalinin (1970).

The entropy equation can be written in conservative form using the continuity
equation as

a(£iPiSi) () ( n ) IT: +T:V· £.p.v.S. =-V·£.q.+ h· -h·-T:S· m·+u· (1.31)
I at ' , , , , "", I I t :

The only change is the contribution due to mass transfer on the right-hand side of
.Eq. (1.31).

1.5 Entropy Balance

Existence of the entropy Si for phase i implies that a balance can be made for
it. We choose again the system of mass m; moving with velocity v j. If 0' j is the
rate of production of entropy in phase i per unit volume of the system of volume V
and qi is the net rate of heat out flow per unit area out of phase i, then the balance
becomes
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IIf m;S; dV = III«. dV. (1.32)!!...- HfEjpjSj dV + # qjEj da -

dt V(t) A(t) 1j
Accumulation of entropy Rate of entropy outflow
in the system moving due to flow of heat
with velocity vi across area A

Rate of entropy flow at
equilibrium due to
phase change

Rate of entropy
production in
phase i

An application of the Reynolds transport theorem to the first integral in Eq. (1.32),
the divergence theorem to the second integral, and the usual contradiction
argument lead to the entropy balance given in Eq. (1.33).

a(£iPiSi) qi£i I---+V ·£.p.S.v. +V ·---m·S· = (J.

a I I I I I I I

t 1j
(1.33)

For reversible processes (Prigogine, 1955) o i is zero. For irreversible proc
esses o i is greater than zero.

Assuming the phase change will occur at equilibrium, that is, neglecting the
difference between hr and hi in Eq. (1.31), a comparison of the entropy balance
given by Eq. (1.33) with the energy balance given by Eq. (1.31) shows that c, is

1 s.e. u,
(Ji =--V·£iqi+V·-' _,+-.!..=

1j 1j T;

q .£ .. '\IT: u·
I I I +--!.. > 0

2 - .
1j T;

(1.34)

If we use the Fourier's law for heat conduction for phase i given by

the local rate of entropy production becomes

(1.35)

(1.36)

which restricts the sign of the thermal conductivity for phase i to be positive.
Correlations for such a conductivity are given in the literature.

1.. 6 Mixture Equations

The mixture equations for mass, momentum, energy, and entropy are simply
the sum over the phases of Eqs. (1.6), (1.13), (1.23), and (1.33), respectively.
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Analogous to the method employed by Bowen (1976) for multicomponent mix
tures, these equations must reduce themselves to the form of the single-phase
equations through the vanishing of phase interactions and natural definitions.

Before proceeding, it is useful to review some mixture properties from ther
modynamics. Extensive properties, such as volume, energy, and entropy are ad
ditive. Thus, the mixture volume ~ is the sum of the individual phase volumes:

n

~ = L~,j·
;=1

In terms of the specific volumes \.'; and masses, m; this relation reads

n

mV= Lm;~.
;=1

Let "'i be the mass fraction of phase i,
Wi= mi/m.

Then Eqs. (1.38) and (1.39) show that
n

V=L"';Vj·
i=1

Similarly, the mixture energy and entropy are

n

U = L ",;Ui ,
;=1

n

s= L~S;.
;=1

If, for each phase i,

the definitions of temperature and pressure for phase i give

( 1.37)

(1.38)

( 1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)
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Multiplication of Eq. (1.44) by "'i and summation gives the mixture equation for
equal phase temperatures and pressures,

dU = TdS-PdV.

Thus, for isentropic process of the mixture,

dU=-PdV,

(1.45)

where V is now the mixture specific volume. A mean specific heat at a constant
volume can be defined by considering Eq. (1.41) at a constant composition and
volume:

n (auo) n
dU = L"'i z.:s. \Ii dT= LC\Ii "'i dT .

;=1 aT ;=1

We let the mean specific heat Cv be
n

c, = LC~"'i.
I

;=1

(1.46)

(1.47)

Similarly, a specific heat at a constant pressure is defined. As a useful example,
consider isentropic expansion or compression of a gas-solid mixture. The internal
energy of the solid is assumed to be a function of temperature only and the gas is
assumed to be ideal. Then the entropy change is

(1.48)

where the subscripts g and s refer to the solid and gas, respectively. Using a
Maxwell relation aSgjap =-'dVj'dTand the ideal gas PV =RTjM, where M is
the molecular weight of the gas, Eq. (1.48) becomes

Use of the mean specific heat Cp '

Cp =WgC pg +(1- Wg)cps.

(1.49)

(1.50)
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and integration gives

(1.51 )

Equation (1.51) shows that the equation reduces itself to that of the isentropic ex
pansion of gas only, for Wg of one, while it gives a near zero increase in tempera
ture upon expansion of a concentrated mixture of a solid. This equation is useful
for estimating compression work and critical flow of mixtures.

With this review of thermodynamics, we can proceed to the mixture equations.

1.6.1 Mixture Conservation of Mass

The sum ofEq. (1.6) gives

(1.52)

For this equation to reduce to the single phase form, it is natural to define the
mixture density p in the usual way in two phase flow, as

n phases

P= LEjPj.
i=1

Note that the weight fraction "'i is given by

(1.53)

(1.54 )

The second term in Eq. (1.52) shows that it is natural to define the weighted
average velocity v as

n

pv = LEiPivi.
i=1

(1.55)

Equation (1.54) shows that this velocity is weighted averaged with the weight
fractions.



Transport Equations 15

n

Since L m; =0 by conservation of mass, the mixture equation looks like the
;=1

single phase equation

1.6.2 Mixture Identities

ap
-+v·pv=o.
at

(1.56)

To relate the momentum equations and the energy equations to those for a
single phase, it is necessary to derive some identities analogous to those given by
Bowen (1976) for a multicomponent mixture. Define the relative velocity with
respect to the weighted average velocity as

vi,rel =vi-v. (1.57)

Then the sum of Eq. (1.57), multiplied by tiPi and the definition of v, Eq. (1.55),
shows that

n

LtiPivi,rel = O.
i=1

Now consider any differentiable function r. Motion with phase i gives us

dr dr(t,Xi(t)) dr dx. ar
-= =-+V'r·-' =-+vr·v·
d/ dt dt dt at I

by chain rule and definition of Vi, while motion with the mixture gives

dr dr(t,x;(t)) dr dx ar
-= =-+V'r·-=-+vr·v.
dt dt dt dt at

(1.58)

(1.59)

(1.60)

We saw previously that properties such as mixture entropy and energy, are defined
by

n

rp = ~ t·p·r.L..J I I I'

;=1

(1.61 )

where tiP; /p was the weight fraction of i. We like to relate these properties
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moving with phase i to those of the mixture moving with the weighted average
velocity v.

The difference between Eqs. (1.59) and (1.60) gives

dr ar
-.--=vr·Y· I'
dt' dt r.re

Differentiation of Eq. (1.61) moving with Y and use of Eq. (1.62) gives

(1.62)

df dp ~ (dr; ) (d(E;P;) )p-+r-=L.Jt;pi -i -vri'Yi,rel +ri ; V'tiP;'Yi,rel' (1.63)
dt dt ;=1 dt dt

where first let I' be f i and then tiPi. But the continuity equation (1.56) can be
written as

1 dp
--=-V'·Y,
P dt

(1.64)

while the conservation of mass of phase i can be rearranged to read in terms of a
partial density tiP; as

1 d(ei~i) =-V,v
i
+ m; .

tiP; dt tiPi
(1.65)

Substitution of (1.64) and (1.65) into (1.63) and rearrangement gives the mixture
identity

df ~ dfi '
P-=LJtiPi -i - V' 'tiPiriVi,rel + rim;,

dt ;=1 dt

analogous to Bowen's Eq. (1.2.17).

1.6.3 Mixture Momentum

The sum of momentum balances given by Eq. (1.16) over n phases gives

n dv , n n n
2:P;t; -;=2: V' 'T; +2:Pit i f ; + 2:p; .
i=l dt ;=1 ;=1 ;=1

(1.66)

(1.67)
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To relate the motion along the phases to those moving with the mixture, let r
be.v in the identity (1.66) and use Eq. (1.57) to obtain

dv ~ dv , '
P-= "",EiPi-; -VE;Pivi,rel@vi,rel+vim;.

dt ;=1 dt
(1.68)

Use of the identity (1.68) in Eq. (1.67) and the natural definitions similar to those
used in multicomponent theory (Bowen, 1976) gives the mixture momentum bal
ance in convective form, expressed by Eq. (1.69):

dv n
P-+ LVE;P;V;,rel @v;,rel = V·T+pf,

dt ;=1

where f is defined by
n

pf = LEiP;f;.
;=1

(1.69)

(1.70)

The mixture stress tensor T, corresponding to the inner part of the stress in
multicomponent systems, was defined by

n

T=LT;.
;=1

(1.71)

The interactions between the phases had to disappear as shown in Eq. (1.72):

n

LP;+miv; =0.
;=1

(1.72)

The mixture equation (1.69) shows that the momentum balance moving along the
weighted average velocity contains contributions due to the relative phase veloci
ties given by the second term on the left-hand side of Eq. (1.69). In multicompo
nent theory (Bowen, 1976) these are grouped into a mixture stress tensor, a pro
cedure that serves no purpose in this case.

The case of hydrostatics is of importance. Defining the mixture pressure P by

T =-PI, (1.73)
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we obtain the very useful manometer formula for mixtures from Eq. (1.69):

n

VP=gLEjp;,
i=1

where the body force fi was replaced by the gravitational acceleration g.

1.6.4 Mixture Entropy Restriction

(1.74)

The mixture energy equation can be obtained as the sum of Eqs. (1.23) and
written in various ways using identity (1.66). It can also be expressed in terms of
enthalpy and entropy. Since these operations are straightforward, only the re
striction provided by the entropy inequality will be dealt with.

To accomplish this, the continuity equation (1.6) is first rewritten in a con
venient form. Differentiation of the product in Eq. (1.6) and use of the definition
of the motion along phase i, represented by d/dt', shows that

can be written as

aEj apj t7 '

P· - + p.V .E·v. + E·- + E·v. vp, = m.
, at ' " , at " , ,

a ' -1,
Ej t7 Ei dpj mj _ do, mi

-+v·EjVi=---i+--EiPi-,-·+-,
at Pj dt Pi dt Pj

(1.75)

(l.76)

where the left-hand side of Eq. (1.76) is the continuity equation for an in
compressible mixture and the right-hand side has been expressed in terms of the
specific volume, p- t

•

For simplicity of the argument consider the energy equation (1.23) with zero
qb U'[ and m;. Then, using the continuity equation (1.6) in its conservative form,
Eq. (1.23) can be rewritten in convective form as follows:

su. aE·
CiPj--"=-Ij-' -IjV·civi·

dt' at
(1.77)

For a single component phase i, its energy is a function of its entropy and its
specific volume:
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(1.78)

Convective differentiation of Eq. (1.78) moving with phase i gives the usual
thermodynamic relation shown by Eq. (1.79), where definitions of temperature and
pressure were used:

-1au. as. do,
--'=T.-'-P.-'-
dt i , dt i , dt i .

(1.79)

Multiplication ofEq. (1.79) by EiPi and substitution into the energy balance (1.77)
gives the expression for the rate of change of entropy:

-Ias. dp. aE·
E.p.T-~ =£.p.p.-'-.-p.-' -P·"\l·E·Y·.

, , , dt' I , , , dt' , at ' , I
(1.80)

Substitution for dp-1 / dt' from the continuity equation (1.76) for zero m; gives the
expression

as, aE· aE·
E.p·T-' =p.-'+p."\l.£.y.-p.-' -P·"\l·E·Y·

I I I dt i I at I " I at ' I I'
(1.81 )

where all the terms on the right-hand side cancel. Thus, in the absence of heat
transfer and energy dissipation, the entropy of the ith phase stays a constant along
its own stream line.

Now, suppose the work term p; raEi fat) was not present in the energy bal
ance. Then the entropy balance for phase i, as seen from Eq. (1 ~81), would read as
follows:

as. aE·
E.p.T.-' =-p.-'

, I , dt' ' at (wrong form). (1.82)

Then the entropy production a for two fluids for which E; + Ej =1 is the sum of
Eq. (1.82) written in conservative form to obtain the entropy production a:

(

P. Pj )aE.a= --l.. __ -' ~o.

T T· at, )

(1.83)

Now consider expansion of volume fraction of phase i, aEi / at> O. Then in
equality (1.83) states that P; / t; - Pj / Ts> O. For equal phase pressures the tem-
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perature of phase j must be larger than of phase i. This is correct if temperature 7j
begins larger than Ti. It is clearly false if 7j is sufficiently lower than Tio Thus, the
second law dictates to some extent the proper form of the energy equation.

This discussion is presented here in view of earlier violations of the second
law of thermodynamics by some of the energy equations in the literature
(Lyczkowski et al., 1982).

1.7 Multicomponent Multiphase Flow

The design of fluidized bed reactors and other contacting devices in which
chemical reactions occur involves the solution of multicomponent equations of
change with reaction. To apply the present hydrodynamic theory to such situ
ations, multicomponent, multiphase equations must be derived. In principle, one
can write conservation of species, momentum, and energy for each component in
each phase. Since all components in a given phase are usually at the same tem
perature and since diffusion can be neglected as a first approximation, we only
need to consider species balances in each phase. If we neglect diffusion, then each
species in a given phase moves with the phase velocity.

The mass of species i in phase g, say the gas phase, is given by

mig = fff EgPg}jdV,
V(t)

(1.84)

where Yi is the weight fraction of species i in phase g, Eg the volume fraction of
phase g and Pg is its density. This notation and the neglect of molecular diffusion
avoids the use of double subscripts in the principal variables. If the species react
in phase g according to a molar rate of reaction r. per unit volume, then the mass
balance reads

d- III EgPgY; dV =M;IIf'i dV,
dt V(t)

(1.85)

where Mi is the molecular weight of species i and 'i is its molar rate of production
per total phase volume. Application of the Reynolds transport theorem and the
usual contradiction argument leads to the gas phase conservation of species
balance,
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(1.86)

If diffusion needs to be taken into account, vg in Eq. (1.86) must be replaced by
v ig' that is, diffusion velocity of i in phase g.

If there are changes of species in the solid phase, for example, and if the solid
is moving with a velocity vs» then clearly a balance similar to that given by Eq.
(1.86) exists for, say, component C in the solid phase:

(1.87)

where Yc is the weight fraction of C in phase S.

E'xercises

1.. Concept of Volume Averaging
The meaning of volume fraction can be illustrated by considering stratified

flow, as show in Fig. 1.2. The volume fraction of the gas phase is Eg and that of
the oil is Eo. The figure shows that for a duct of width R, or in general, for any
region in space of width R,

R
E2 = --1.., where R = R1+ R2 .

R

FLUID 1, say, GAS

FLUID 2, say, OIL

Fig. 1.2 Stratified flow.
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Averaging operators over the width R are now defined (Stewart and Wendroff,
1984). Then the average velocity in the x direction for phase 1, u', becomes

Derive an unsteady state, one-dimensional continuity equation for each phase
by integrating the single phase continuity equation

apt a(piU;) a(p;Vi)
-+ +---=0, i=l,g,
at ax dY

over the width y. The result is Eq. (1.6) with zero phase change.

Hints:

E . f an i c ' h di , aRt aRti. xistence 0 an Interlace gives t e con iuon VI =at + ul a:;-. (Show this using

chain rules.)
ii. In the derivation use identities of the type

which gives

a JR JR au aRt- ludy= I-dy+u-
ax 0 0 ax ax

(why is this valid?),

2. Conservation ofTotal Energy for Phase i
The balance for internal energy plus kinetic energy can be written similarly to

that for component i (Bowen, 1976, p. 21, and Woods, 1985, p. 206). With the
system moving at phase velocity Vb we have

: IffEjPj(Uj +tv;)dV = #(Tjv j -Ejqj )da+
t; A(t)

Change of internal energy + Kinetic energy Power due to traction + Conduction

fff(£iPifiVi +PiVi +qi)dV+ Iffm;(uj + P; +tv;)dV,
V(t) Pi

Power due to Drag Internal generation of Open system effects
body forces heat by friction forces
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(a) From the balance above, find the total energy partial differential equation.
(b) Use this equation to find the internal energy (Ui) equation.
(c) Express the internal energy equation in convective form, moving with velocity

vi·
(d) Find an expression for the local rate of entropy production. Identify some of
the irreversibilities.

3. Energy Equation Using Bulk Density State Equation
In the treatment below, consider the case of no phase change, m; =o. Dobran

(1984) postulates an equation of state for fluid i to be

where PB; is the bulk or partial density PB; =EiPi; then, the bulk pressure

n· =-(aU.jap-'B.) and T: =(au.jas.) .
I I I S, I I I PB;

(a) Express the equation of state in convective form (as an energy "balance"),
dUi/dt'?
(b) Compare the equation in part (a) to that in Exercise 2; note that

V.vi =(-1 / PB. )(dpB. / dt i
) (Continuity Equation). Find the equation for

I I

as, I di' ,
(c) For inviscid fluids, T; =-1t;I. Find dSi / dt' .
(d) Let Tj = -1t j l - 'tj and find the entropy production (Woods, 1985).

4. Population Balance for a Fluidized Bea
Consider a well-mixed fluidized bed reactor, such as shown in Fig. 1.3 from

Levenspiel et al. (1969). In this figure, Fi are the mass flow rates (kg/s) and Pi are
the size distributions (ern -1 ) of the streams.

A population balance for the size distribution P can be written as

d rR(t) .
W - Jl PdR =Inflow - Outflow + Rate of Particle Growth,

dt 0

* For Exercises 4-7, see Appendix D.2.
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CARRYOVER

OUTFLOW

Fig. 1.3 Bubbling fluidized bed.

where W is the weight of the solids in the bed, t is time and R is the particle size.
The rate of particle gro~th for spherical particles is expressed as 7i RPW in the
above equation, where R is given by R = dR/dt .

Derive the partial differential equation for P,as a function of time and particle
size.

5. Population Balance for a Fluidized Bed with Changing Particle Size
and Density

Reklaitis and Overturf (1983) have generalized Levenspiel's population bal
ance for a fluidized bed to the case in which the particles change in size and
density.

Consider the fluidized-bed reactor shown in Fig. 1.4 in which Po, 11 ,P2 and
Ph are, respectively, the feed, overflow, fines, and bed-particle distribution func
tions, and W is the total weight of bed solids. Suppose all distribution functions are
expressed in terms of size Xl and density X2.

Making the same assumptions as made by Levenspiel et al. (see Exercise 4),
derive the first order partial differential equation for f\. The assumptions are that
the reactor is well mixed, that it achieved a steady state and that an elutriation
constant can be defined to relate I1J to P2.

Hints:
i. The balance is

d
W - SS Ph (Xl 'X2 )d Xtdx2 = Inflow - Outflow + Rate of Particle Growth.

dt
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SOL~D FEED
Fo

Po( x., X2 )

t GAS

ELUTRIATE
F2

P2 ( x., X2 )

OVERFLOW
F1

PI ( x., x2 )

Fig. 1.4 Solid flows for determination of fluidized-bed reactor particle distributions.

Consider the rate of particle growth due to changing size, and changing density.
ii. Let R=dxJ/dtandRl =dx2/dt.

6. Population Balance for a Riser
Levenspiel's population balance (see Exercise 4) for a fluidized bed can be

applied to a section Ilx of a vertical pipe (shown in Fig. 1.5) carrying particles
which react with a gas. The particle size distribution P' is assumed to be a function
of time t. position x, and particle radius R. The balance then becomes

d JR+MJX+Ax,( ) JR+ARJX+Ax,
dt R(t) x(t) P t,x,R dxdR= R(t) x(t) ms dxdR,

where P' = EsPsP and m; is the mass generation rate per unit volume per particle
size. The volume fraction of solid is Es ' and its density is Ps;

where R=dR/ dt.
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PARTICLES

GAS

Fig. 1.5 Differential element in a riser.

(a) Obtain an equation for P (partial differential equation).
(b) Integrate it over L and reduce it to Levenspiel's case.

7. Local Population Balance for a Fluidized Bed
In multiphase flow applications such as sprays, crystallizers, and fluidized

beds, the volume fraction of solids (or liquids, in the case of sprays), £s is a func
tion of the particle size R. A mass balance in three dimensions can be written as

d jR+MjX+AtjY+6YjZ+6z ( )
dt R(t) x(t) y(t) z(t) EsPs t.x.y,«, R dx dydz dR

j
R+M j X+6x j Y+6Y j Z+6z ,

= R{t} x{t} y{t} z{t} ms dx dy dz dR,

where Psis the particle density and m; is the mass generation rate per unit volume
per particle size.

(a) Express the balance in terms of a partial differential equation.
(b) Briefly indicate how to write a momentum balance for the dispersed phase for
the situation above.
(c) Show how to reduce the population balance equation derived in part (a) to
Levenspiel's well-mixed fluidized bed shown in Fig. 1.3 (Aldis and Gidaspow,
1989).
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8. Balances in Cylindrical and Spherical Coordinates
For oil production through a pipe from an oil-saturated stratum of thickness h,

the following cylindrical balance using the Eulerian balance of Appendix B can be
made on the element shown in Fig. 1.6:

where Po is the oil density, Co is the volume fraction of oil in the stratum, h is its
height, and V r is the velocity.

(a) Use the mean value theorems of integral and differential calculus to obtain the
partial differential equation.
(b) For a steady oil production of m', kg/s, find the velocity of oil in the stratum as
a function of distance from the production well.
(c) Using Darcy's law,

k dp
vr =---,

Jl dr

where k is the permeability, m2 and Jl is the fluid viscosity, find the steady state
pressure distribution for constant CO' k, and u, Note that E.o may in practice change
as the stratum collapses due to depletion of oil.

h

Fig. 1.6 Cylindrical coordinate element.
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(d) Derive the conservation of mass equation for the oil without making an as
sumption of cylindrical symmetry. The system is the element !::t.r x r8.e x I:!Z.
(e) Derive the equation in spherical coordinates.
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2.1 One-Dimensional, Steady Mixture Momentum Balance

To illustrate the application of multiphase flow balances, the well-studied case
of steady vertical gas-solid flow in a pipe is presented in detail. Although one
dimensional equations of change can be derived by the integration of the
multidimensional equations presented in Chapter 1, it is much easier and more
meaningful to rederive the momentum balances for the special case of one-di
mensional flow. The equations are derived to be useful for the general case of
particle-fluid flow. Fluid particle friction factors are also derived for both the di
lute and the dense phase flow. These relations will be useful in all other chapters.

A steady-state momentum balance for a gas-solid mixture of gas volume
fraction £ made on the element atxx fixed in space shown in Fig. 2.1 is as fol
lows:

31
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]
X+Ax

PgVgEVga x +
Net rate of momentumoutflow
PgVg with a flow ofEgvga

]
x+At

PsvsEsvsa x

Net rateof momentumoutflow
Psvs with a flow ofEsvsa

(2.1)

+Pa]~+Ax

Net rate of momentumoutflow
due to fluid pressure acting on
fluid and solid phases

+ cra]~+Ax

Net rate of momentum
outflowdue to solids
normalstress

Normalforce due to side wall
pressureand stress due to area
changewhere
p=p(x'), withx<x' <x+Ax

= -g(pgE+psEJaAx
Gravitationalforce actingdownwards
on the mixture

('tWg + t ws )1tDtAx.

Rate of momentumdissipation
due to wall shear

An application of the mean value theorem of differential calculus to Eq. (2.1),
cancellation of the arbitrary element Ax yields the mixture momentum balance
written for a constant cross-section a:

The wall shear for the solid and the gas is normally expressed by a generalization
of the Fanning's equation commonly used in pipe flow, as shown below:

INCREASE IN
AREA = 60

INCREASE IN
GAS AREA
• 40e.

AVERAGE _
PRESSURE - P

AREA = 0

P(x +6x)

~x

1 I
GR ~ V I T Y

Phd

Fig.2.1 Differential element for momentumbalances.



One-Dimensional Steady Gas-Solid Flow 33

(2.3)

In the definition of the Fanning's friction factors fgF and Lr- the corresponding
volume fraction was used to enable each friction to vanish as E and Es approach
zero. As an alternative, corresponding volume fractions could have been added in
Eq. (2.1) and (2.2) as, for example, t ws =Est~s. For the pressure P and the normal
solids stress o a constitutive equation must be supplied.

The mixture momentum, Eq. (2.2) is almost identical to the one used by Jones
and Leung (1985) for modeling standpipe flow. They have deleted the negligibly
small contribution of the gas momentum appearing in the more general Eq. (2.2)
and have taken their .coordinate z in the opposite direction to the upward coordinate
x used here.

For the dense down flow of solids, Jones and Leung (1985) further suggest that
the wall shear t ws be related to the normal solids stress a through the usual
granular flow theory (Savage, 1983) where, neglecting velocity dependent
components,

(2.3)

where o is the area-averaged vertical normal stress in the solid, J..lw the coefficient
of friction between solid and wall surface, o r the normal stress acting on the "tube
wall in the radial direction and 0 the internal angle of friction.

Equation (2.3) provides an alternate way to correlate the wall shear due to
solids, particularly for the case of dense flow treated by Jones and Leung (1985).

In the absence of wall shear, solids stress, and for developed flow, that is,
when avs I ax and dvg I ax are zero, Eq. (2.2) states that pressure drop is balanced
by the weight of the bed. It is the so-called manometer formula:

(2.4)

2.2 One-Dimensional, Steady Gas Momentum Balance: Pressure
Drop in Both Phases - Model A

A steady state momentum balance for the gas made on the element aox fixed
in space shown in Fig. 2.1 is
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= (2.5)

Net rate of momentum, Pgvg outflow
with a flow EVga

-Pae]~+Ax
Rate of momentum inflow due

to fluid pressure acting on the fluid

-~ A(Vg - Vs )aAx
Rate of momentum dissipation
due to relative motion

Gravitational force acting downwards
on the gas

+ Ptsas:
Side wall normal force with a pressure

p=p(x'); x ~ x' < x due to gas area changes

t wg1tDt fix

Rate of momentum dissipation
due to wall shear

An application of the mean value theorem of differential calculus to Eq. (2.5),
cancellation of the arbitrary element fix yields the gas momentum balance shown in
Eq. (2.8) written for a constant cross-sectional area a. For a variable area the
pressure forces become

d(PaE) d(aE) dP d(aE) d(ae) dP
---+P-- =-aE--P--+P-- =-aE-. (2.6)

dx dx dx dx dx dx

An alternative way to treat pressure is to assume that it acts on both the gas and the
solid phases. Then, expressions two and three on the right-hand side of Eq. (2.8)
are replaced by

. 1 ]x+a.t -) . 1 [d(pa) - da ] dPhm -(-Pa x +P~a = lim - ---·fix+P-·fix =-a-,
a.t~o fix Ax~O fix dx dx dx (2.7)

P=p(x'); x < x' < x+lix.

In such a case the total pressure drop, -dP ldx, is in the gas phase only. Subtrac
tion of this term from the mixture momentum equation (2.2) leads to Model B, one
with no pressure drop in the solid phase. In view of its well-posedness for the
corresponding transient problem (Lyczkowski et al., 1982) it is in this sense su
perior to the ill-posed basic Model A.

With these observations in mind the Model A gas phase balance for a constant
cross sectional area a becomes
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(2.8)

A corresponding momentum balance for the solid can be obtained by subtracting
Eq. (2.8) from the mixture momentum balance, Eq. (2.2). Alternatively, the solids
m.omentum balance can be derived similarly to that for the gas, keeping in mind
that a different treatment of the normal stress will result in a different form of the
equation. Table 2.1 summarizes the equations for three models. Model C, the
relative velocity model, was derived by Gidaspow (1978) using the principles of
nonequilibrium thermodynamics. It is sufficient at this stage to point out that it
differs from Model B by a replacement of the solids velocity in Model B with the
relative velocity. In Gidaspow's theory (1978) it arose due to the assumption that
the entropy production can be a function of relative velocity, but not of individual
phase velocities, to be invariant under a change of frame of reference. The extra
terms that arise in Model C that are not present in Models A or B can be interpreted
to be the classical added mass forces (Birkhoff, 1960).

2.3 Fluid Particle Drag

The friction coefficients between the fluid and the solid are obtained from
standard correlations with negligible acceleration. With no acceleration, wall
friction, or gravity, the gas momentum balance, Eq. (2.8), is

(2.9)

This equation is a statement of Darcy's law where the reciprocal of PA is the per
meability divided by the fluid viscosity.

The friction coefficient PA is now obtained by comparing Eq. (2.9) to the
Ergun equation, for example as given in Kunii and Levenspiel (1969), or in Bird et
ale (1960):

(2.10)

where U0 is the superficial velocity U0 = E(V g - vs ) ' A comparison of Eqs. (2.9)
and (2.10) shows that
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Table 2.1
ONE-DIMENSIONAL, STEADY HYDRODYNAMICS MODELS

Common Equations
Gas Continuity

Solid Continuity

Mixture Momentum

~[EPgVg]=O

~ [(I - E)pS VS ] =0

dv dv
(l-E)p v _s+Ep V -g=

sSdx ggdx

(T2.1)

(T2.2)

(T2.3)

dp do
-----g{l-E)p -gEp

dx dx s g

Pressure Drop in Both
Phases

Pressure Drop in Fluid
Phase Only

Relative Velocity Model:
A Constitutive Equation
for the Mixture

Solids Momentum Balances
dvs(I-E)p v -=

S S dx

dp do 4tws ( )-{l-E}----g(l-E}p ----PA v -v
dx dx S D

t
s g

dvs(l-E)p V -=
S S dx

do ( ) 4tws ( )---g{l-e) p -p ----lie v -v
dx s g Dr s g

(T2.4)

(T2.5)

(T2.6)

for E < 0.8. (2.11 )

Note that (3 divided by the viscosity is the reciprocal permeability, It is propor
tional to the square of the particle diameter for low flows.

Wen and Yu (1966) have extended the works of Richardson and Zaki (1954)
to derive an expression for pressure drop prediction in a particulate bed. For
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porosities greater than 0.8, if ap I ax is replaced by Wen and Yu's expression for
pressure drop, the friction coefficient in this porosity range becomes

(2.12)

where CD, the drag coefficient, is related to the Reynolds number by (Rowe, 1961)

24 ( ()0.687 ) ( )CD =-(-) 1+0.15 Res ; Res < 1000, (2.13)
Res

where

CD =0.44; (Res) ~ 1000, (2.14)

(2.15)

In Eq. (2.12) fiE) shows the effect due to the presence of other particles in the fluid
and acts as a correction to the usual Stokes law for free fall of a single particle.
Gidaspow and Ettehadieh (1983) have used

t(e) = E-2.65, (2.16)

although this correction was usually small. Syamlal et al. (1987) have extended
this approach to the more general Richardson and Zaki expression to avoid
switching between the Ergun equation and the drag relation.

The standard drag curve for a sphere is shown in Fig. 2.2, together with ex
perimental data for transport of 520 Jlm glass beads in the developed region of a
0.0762 m Plexiglas tube. The deviation of data for the vertical transport shown
from the standard single sphere curve is typical of related drag coefficient deter
minations summarized by Soo (1983), except at the highest solids flux, "'i, where
clustering of particles may have occurred (Gidaspow et al., 1987).

2.4 Buoyancy

A generalization of the usual balance - buoyancy equals drag (Bird et al.,
1960) - can be obtained by subtracting the momentum balance for the solid from
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I

Ws (kg/m 2 s ) U9 (mls) :

o 13.68 4.979-11.209:
o 16.16 4.979-11.209:

6 34.81 5.602- 9.966:

• 15.85-53.98 8.717 I

o 16.32-50.98 11.209 :
I
I
I
I
I
I
I

I "',1

-~Newton's law-..ft_---
I I

~

"", ,
Asymptote CDS = i.~1s .» -,

I 18.5:CD S = Res·6
-Stokes's law--{--Intermediate

Res

Fig. 2.2 Drag coefficient for spheres (Bird et al., 1960) with data for vertical transport of 520
J..l111 glass beads in a 0.0762 m Plexiglas tube (Luo, 1987).

the momentum balance for the gas. To eliminate the pressure in Model A, divide
Eq. (2.8) by E and Eq. (T2.4) by (1 - c) and neglect acceleration. This procedure
gives Eq. (2.17):

g(Ps-pg)
~A (vg - vs ) 4tws 4twg 1 dcr

= + (2.17)
££5 o.e, Dtcs Cs dx

Buoyant force Drag Solids wall + Gaswall - Solids pressure
friction friction gradient

or, in terms of CD using Eq. (2.12),

4tws 4twg 1 do
--+-----
Dtes Dtc e, dx

(2.18)

In the absence of wall friction and with zero particle-to-particle contact, that is,
zero solids stress, Eq. (2.18) is the simple balance of buoyancy due to gravity and
drag force on the sphere, given in Eq. (2.19):

(2.19)
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where V r is the relative velocity. This relative velocity is known as the terminal
settling velocity.

Integration of the creeping flow motion for a sphere in an infinite incom
pressible Newtonian fluid (Bird et al., 1960) shows that in this regime CD is as
follows:

24
CD = - ·

Res
(2.20)

Substitution of Stokes' drag coefficient into the balance of buoyancy equals drag
gives the terminal velocity vr :

d~l:1pg
vr =---.

18Jl g
(2.21)

For the high Reynolds number flow in the Newton's regime, CD is about 0.45 and
Eq. (2.19) shows that the terminal velocity becomes

(2.22)

In the limit of no motion, Eq."{2.17) gives

(2.23)

which is the analogue of the manometer formula, Eq. (2.4). For a column filled
with a fluid-solid mixture and open to the atmosphere or with zero stress at the top,
the solids stress at the bottom becomes

(2.24)

Solidspressure:: Buoyancy

2.5 Drag for Models Band C

The dispersed phase equation (T2.5), was constructed to satisfy Archimedes'
principle. This principle is immediately satisfied when considering the case of
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statics with no solids stress. For example, consider a dispersed gas-liquid system,
with bubbles of density Ps and a fluid of density Pg. Then clearly the force per
unit length acting on the bubbles is

(2.25)

The fluid phase balance is obtained by subtracting the dispersed phase balance,
Eq. (T2.5) from the mixture momentum balance, Eq. (T2.3). This yields

Model B Fluid Phase Momentum Balance (Generalized Darcy's Law)

dVg dp ( ) 4twg
ep v -=---~B v -v -gp ---.

g g dx dx g s g Dr
(2.26)

The relation between ~B and ~A can be obtained by comparing Eq. (2.9) to Eq.
(2.26) for the case of zero velocity gradient, zero gravity, and zero wall friction.
The difference between these equations is the porosity that multiplies the gradient
of pressure in the model in which the pressure drop is taken to be in the gas and
solid phases. As an alternative, ~B can be obtained directly from the Ergun
Equation (2.10). A similar derivation for Model C shows that the friction co
efficients for Models Band C are equal.

Hence,
(2.27)

Note that there is a lack of symmetry between the dispersed phase and the
continuous phase momentum balances. Therefore, in applying these equations to
describe boiling going from all liquid to all vapor, it is necessary to switch from
liquid continuous phase to gas at some appropriate volume fraction of steam.
Equations (T2.5) and (TI.6) can also be used to model flow of neutrally buoyant
particles.

2.6 Entrance Length in Pneumatic Transport

Conveying of solids is a common unit operation. To understand the hydro
dynamics of such systems, many experimental rigs (Leung, 1980) were constructed
throughout the world. The Illinois Institute of Technology apparatus is shown in
Fig. 2.3.
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Fig. 2.3 Pneumatic conveying apparatus.

The transport loop extends through two floors with a compressor in the
basement. The first floor has a specially constructed movable platform for an x-ray
or a y-ray densitometer, which is used to determine solids concentration in the
entrance region. On .» the second floor densitometers and probes are used to
determine flow properties in the developed region. The plastic pipe used for
transport is grounded electrically to minimize interference due to triboelectric
charging.

The behavior of particles in the entrance length can be obtained by solving the
continuity and momentum equations shown in Table 2.1 for the variables ve: vs» E

and P (Arastoopour and Gidaspow, 1979a, b and c). The continuity equations for
the steady-state one-dimensional flow show that
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Epgvg =U»Pgo =inlet volumetric gas flux

where U0 is the superficial gas velocity EVg ;
(2.28)

vs (1-Es)ps = ~ =inlet volumetric solids flow per unit pipe area (2.29)

To solve the equations we need to specify either the inlet solids-volume fraction or
the solids velocity at the inlet, and the pressure either at the inlet or at the outlet of
the pipe. The three sets of equations can then be solved for the variables
(vs' vg, E, P) = y simultaneously as an initial value problem:

dy
- = f(y), y(O) = Yo'
dx

(2.30)

by Runge-Kutta or other methods or as a boundary value problem if the pressure is
given at the pipe outlet (Gidaspow et al., 1972).

For an incompressible fluid, that is, for the case when the gas density does not
change significantly with pipe length, both Models Band C can be reduced to a
single differential equation for void fraction or velocity. Pressure can then be
determined by quadrature of the mixture momentum equation. The simpler and
more common case of Model B is illustrated in Eq. (2.31).

For dense phase flow, the normal stress is generally a strong function of the
porosity of solids concentration (Gidaspow, 1986):

Then, by the chain rule,
da dcr dEs
--=---
dx dEs dx

For convenience, let the modulus of compressibility G be

(2.31)

(2.32)

(2.33)

It has been defined here to have a sign opposite to that used by Gidaspow (1986)
and others before him. Then, as indicated by Gidaspow (1986),

Critical velocity in a vacuum = ~G/ps' (2.34)

where G is a strong function of porosity, vanishing for dilute flow, when there is no
particle-to-particle contact.
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With such a representation for the normal stress and the use of the solids
continuity equation

dv ; dEs
E -=-v--
sdx sdx'

the solids momentum balance (TI.5) can be written as

(2.35)

(2.36)

Acceleration zone, = Buoyancy - Wall friction + Drag
zero in critical flow

The solids velocity and the relative velocity can be expressed by the algebraic
equations

v 2=( Ws )2 _1 and v _ v =(~_ U0 )
s 2 s g ,

Ps Es PsEs E
(2.37)

and for the dilute regime, zero G, Eq. (2.36) can be integrated by quadrature.
A solids volumetric balance shows that the well-mixed solids volume fraction

E;SM is

(2.38)

For transport of glass beads of density p, = 2620 kg I m' and a solids flux of
Ws =26.2 kg / m'L - s, the solids superficial velocity Ws / Psis 1 cm/s. For vertical
transport of solids, the gas velocity exceeds the terminal velocity, which for 520
urn glass beads is about 4 m/s. Therefore,

u, » Ws/Ps' (2.39)

Thus,

E - Ws/Ps (2.40)SM----'
Vo

and is the same value as for the case of zero relative velocity, as seen from Eq.
(2.37). Note the for Vo of 5 mIs, ESM is 0.002 when Ws/Ps is 1 em/s.

After dimensionalizing Eq. (2.36), using ESM as the scale factor, it can be
shown that the characteristic dimensionless distance x is



44 Multiphase Flow and Fluidization

2- gxps 2 gx
x=--·cSM =--

W 2 U 2
s 0

Let us define the entrance length when xreaches a value of 0.3. Then

u 2

Xentrance =0.3-0 

g

(2.41)

(2.42)

gives us a rough estimate of the length of pipe required to reach developed flow.
Figure 2.4 shows some typical data of the variation of the void fraction in the

entrance region obtained by Luo (1987) using the x-ray densitometer shown in Fig.
2.5. The theoretical solution shown was obtained by integrating the equations of
change, Eq. (2.36) for Model B with a solids friction factor and Set A in Table 2.1,
using a standard gas friction factor. Since the term (1- E)dP/dx in Model A is
nearly zero, both models give the same numerical values for the porosities.

For a dilute case, that is, zero G, Eq. (2.36) or directly Eq. (TI.5) can be
written in terms of the drag coefficient CD as follows in Eq. (2.43). For constant
CDKlinzig integrated this equation analytically,

0.99

IU 0.98 LJ G = 6.225 (MIS)
Ws =Ll8.Ll88 CKG/M2 S)

MODEL r=l
MODEL 8

0.97
o EXPERIMENT~L O~T~

0.96 ..I...-....L-..-...-.....L-----'-----'-----lo I.....-~-I..-_'__~__'_____'___...__'_.l___l

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Height (m)

Fig,' 2.4 Experimental and theoretically predicted porosities in the entrance region of a grounded
Plexiglas pipe with 520 J.1m glass beads at Ug= 6.225 m1sand Ws=48.488 kglm2-s (Luo, 1987).
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Fig. 2.5 A movable x-ray densitometer for measuring entrance region particle concentrations.

(2.43)

where the velocity vsl is computed knowing the inlet solids flux and vs2 is taken as

some number that is sufficiently close to the developed velocity obtained from a
balance of buoyancy equals friction.

2.7 Pressure Drop

The momentum balance for the mixture, Eq. (T2.3), shows that the total
pressure drop, dPldx, can be computed as the sum of the total contributions due to
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momentum of the gas and the solid. Furthermore, in dense flow or in dilute flow
with a layer of solid at the wall, this pressure drop may have to be corrected for the
effect of the normal solids stress transmitted by that contact of solid particles.
Algebraically we obtain, with no solids stress,

( dP ) =(dP ) +(dP ) +(dP) .
dx total dx momentum dx friction dx elevation

(2.45)

The pressure drop due to the momentum, important in the entrance region, as given
by Eq. (2.2) is

-( dP) = ..!L (e p v 2+ ep v 2)
dx momentum dx s ssg g . (2.46)

In this conservative form the momentum can be computed by integrating Eq. (2.46)
and computing the momentum from the inlet to some length L, as shown below:

-LV'momentum = A(£sPsvs
2 +£PgVg

2 )L, (2.47~

where ~ indicates the difference between the terms at position L minus position
zero.

The pressure drop due to friction is

(2.48)

where 't wg and often 't ws are given by Fanning's equations (2.3). In the devel-oped
region,

(2.49)

where for dilute flow it is reasonable to assume that the friction factor is that for the
gas alone and is thus given by the Poiseulle expression in the laminar region:

fg = 16/Reg for Reg :5; 2100;

by the Blasius formula in the intermediate range,

fg = 0.0791/Re~·25, 2100:5;Reg s 100,000;

(2.50)

(2.51)
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and by the transmission factor formula,

for Reynolds numbers greater than 100,000 where

DtVgPgE
Reg=-~~

Ilg

(2.52)

(2.53)

As already discussed there exists no unique way of treating the friction due to the
solids. One way is to relate the solids friction to the normal stress and to the in
ternal angle of friction. A more common way in dilute phase flow is to use
Fanning's equation for the solid phase. For coal the IGT-DOE data book (1982)
recommends the use of the Fanning's equation with the friction factor given by the
Konno-Saito correlation (1969). Using such relations in developed flow one can
express the solids friction factor as shown in Eq. (2.54).

-, In Fanning's equation for the solids, Eq. (2.3), substitute the mass flux
Ws = EsPsVs and use the loading ratio 8:

(2.54)

where Ug is the superficial gas velocity svg . This gives the pressure drop for the
solids in terms of the friction factor for the solids:

(2.55)

But Konno and Saito (1969) in their experiments find that

Thus, the contribution due to solids friction alone is

-2 UgPg8L
- APfriction due to solids =5.7 X 10 .

~gDt

(2.56)

(2.57)

This correlation above cannot be widely applicable, since both Nakamura and
Capes (1973) and Luo (1987) found that sometimes the solids friction is actually
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negati ve, as will be discussed later. It is presented here as the most reliable
correlation, as evaluated by the IGT-DOE team.

The pressure drop due to the weight of the solids and the gas is given simply
by the manometer formula, Eq. (2.4),

- LV'elevation =g J~ (pgf. +Psf.s ) dx . (2.58)

Across the developed region of flow,

(2.59)

The decomposition of the total pressure drop in the developed region into the
individual contributions due to weight of the bed, gas and solid wall friction is
shown for the case of Luo's (1987) data in Fig. 2.6. The volume fraction of solids
was measured by means of the calibrated x-ray densitometer shown in Fig. 2.5.
The solids concentration was increased by decreasing the gas velocity as shown on
the right-hand side of Fig. 2.6 at a constant solids flux. The pressure drop due to
the weight of particles is given by Eq. (2 59) and is clearly linear with Es ' since the
gas density is negligibly small compared with the density of the solids. The total
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Fig. 2.6 Total pressure drop for transport of 520 Ilm glass beads in a 0.0762 m Plexiglas tube at a
solids flux of 16.2 kglm- 2-s decomposed into weightof particles and wall friction (Luo, 1987).
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pressure drop was measured by a manometer and has a typical minimum. This
minimum occurs due to the fact that as the velocity increases and the solids volume
fraction decreases, the pressure drop due to wall friction, as given by the Fanning
equations (2.49), increases with velocity of the gas. Such a minimum is a
characteristic feature of many other vertical multiphase flow systems. The
difference between the total pressure drop and that due to weight of solids should
be friction. However, in Fig. 2.6 the weight of the solids exceeds the total pressure
drop at high solids concentrations. This is due to the fact that for conditions of Fig.
2.6 at high solids concentrations, there is a layer of solids near the wall. The
existence of such a layer of solids was confirmed by high-speed photography and
by measuring radial solids distributions. A typical radial distribution is shown in
Fig. 2.7. The situation is similar to annualar gas-liquid flow with a liquid film at
the wall. The wall supports part of the weight of solids, resulting in a decreased
pressure drop. This results in negative pressure drop in Fig. 2.6.

The calculated pressure drop, the gas and solid velocities, and the volumetric
concentrations were compared with each other using three different models for
countercurrent and co-current flow of air and spherical rape seed mixture through a
vertical tube (Arastoopour and Gidaspow, 1979). See Fig. 2.8. The vertical tube
and the particles studied here are the same as those used by Zenz (1949). The

SOLID VOLUME FR~CTION

UG =6.225 CM/S)
Ws =33.02 CKG/M2 S)

Po =122393.Ll CN/M2 )
Eso =O.006Ll

x 0.10-

o.0 11--L.-......J1...-...I---L-.L.--1..---J..----I...__i____L_~__J___J___J___J_~___L____L___i___J

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
r/R

Fig, 2.7 Radial solids volume fraction withUg = 6.225 m1s and Ws = 33.02 kg/m2-s at a height of 3.4

m (Luo, 1987).
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Fig. 2.8 The effect of superficial gas velocity on the pressure drop for countercurrent (bottom curves)
and co-current (top curves) solid-gas flow through a vertical tube calculated using three unequal
velocity models, and a comparison with Zenz's (1949; 1971) typical experimental data (Arastoopour
and Gidaspow, 1979. Reproduced with permission from Pergamon Press Ltd., Headington Hill Hall,
Oxford OX3 OBW, U.K.).

solids mass flow rate and the initial pressure are chosen as 62.44 kg/m2-s and 26.4
x 104 N/m2 with an assumed inlet void fraction, £) =0.9. Previous investigation
did not measure the solids concentrations or velocities, although such work is now
in progress in several laboratories.

The pressure drop in the gas phase model, Case B, predicts slightly larger
values for the particles velocities than Case C, the relative velocity model.

Figure 2.8 also resembles Hewitt's (1977) well-known pressure drop curves for
vertical gas-liquid flow in a tube. Also, Collier (1972) presents curves showing
minima in pressure drops for constant heat fluxes in sub-cooled boiling. Collier
computed void fractions using algebraic correlations.
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2.8 Pressure Drop Correlation in a Dilute Lift Line

The lOT-DOE data book (1982) presents a correlation for pressure drop in
dilute vertical pneumatic conveying, which is not an unreasonable approximation to
reality in developed flow. The correlation was tested with data for coal, glass
beads, and related materials. It can be justified as follows.

In developed flow the total pressure drop as described in Section 2.7 is the
sum of the frictional loss for the gas by Eq. (2.49), frictional loss for the solids
given by the Konno and Saito correlation, Eq. (2.57), and the pressure drop due to
the weight of the bed, given by Eq. (2.59). For dilute flow the gas velocity is the
same as the superficial velocity and the volume fraction of the solids can be ex
pressed in terms of the mass flux of solids Ws . Then the pressure drop becomes

2t P U 2L U P OL (w L )f!JJr = g g g +0.057 g g + _s-+PgL g.

Dt ~gDt Vs

(2.60)
""

A.ll the quantities in Eq. (2.60) are known in terms of the inlet gas and solid flow
rates and the geometry, except for the velocity of the solid v

S
• Klinzig (1981) has

reviewed various correlations for estimating the solids velocity. Knowing the
solids velocity is equivalent to knowing the solids volume fraction for steady flow.
Thus void fraction correlations may be used for the same purpose. The lOT-DOE
correlation assumes that

(2.61)

where VI is the terminal velocity. Computation of terminal velocity was already
discussed in Section 2.4. To summarize, the terminal velocity can be computed
using formulas (2.62) through (2.65):

O.153d~14g0.71(ps _pJO.71

vt = 0.43 0.29 for 2.0 < Rep < 1000,
Jl Pg

(2.62)

(2.63)

(2.64)
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and

(2.65)

Exercises

1. Unequal Velocity Slurry Flow through Venturi Meters
Venturi meters are convenient devices for measuring flow rates of slurries.

However, a surprising result of measurements and calculations (Shook and
Masliyah, 1974; Arastoopour and Gidaspow, 1976) is that the discharge coefficient
exceeds unity.

Consider a vertical venturi meter whose area, A, in terms of square meters is
shown in Fig. 9 as a function of length, x, along with computed velocities for three
models, A through C. The fluid, particle density and particle diameter, PI' Ps and
d are also shown. The inlet conditions are indicated by a subscript, where £} is the
fluid volume fraction entering the venturi.
(a) Formulate the conservation of mass and momentum for the fluid and solid
phases for the venturi meter for Models A, B, and C.

A = 0.00216 - 0:10305 X
+ O.OJ01 X

A (meter)
X = meters

11:3.28 em

Vs.= 1.93 mrs
V,.= 2.6 m/s
c = 0.942 2
P, = 345,000 N/m-..

Re = 1365.7
Cos = 0.44
p, = 1000 kg/mJ

J
P. = 10,900 kg/m
d = 2230 J.LT
A = 0.109 x

-0.1002 x
+0.0233

5.25 ~rf~r

7

3

6

0.050.02 0.03 0.04
VENTURI LENGTH X, M

0.01
2 -t-----r----,.----T'"---....-------r--f

0.00

Fig. 2.9 Venturi with typical computed velocities for several models.
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(b) Compute the fluid, solid velocities, pressure and solids fraction as a function of
venturi height.
(c) Compute the discharge coefficient using the equation

c=------.;;;..-----~~--~

where

p/EV/+Ps(I-E)VSpD = , n = A2 / AI' and z =elevation above datum.
EV.r + (1- E)Vs

2., Differential Equations for Homogeneous One-Dimensional Gas-Liquid
Two-Phase Flow

Consider equal velocity (homogeneous) equilibrium two-phase flow of a sin
gle-component fluid in a pipe of constant area, A, shown in Fig. 2.10. Heat is
added to the fluid at a rate Q per unit volume; the friction acting on the wall per
unit length and unit cross-sectional area is fw. Pressure is related to the fluid
density Pand to the internal energy U by means of an equation of state:

P= P(p, U).

(a) Formulate the unsteady, one-dimensional equations of change for the four
dependent variables: p, the mixture density; U, the mixture internal energy; v, the
velocity, and P, the pressure.

fw

Fig. 2.10 Systems for one-dimensional flow with heat addition. Such a model was used in licensing
nuclear reactors.
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(b) Express the energy equation in terms of entropy and find the local rate of
entropy production.

3. Desulfurization in a Transport Reactor
Combustion gases can be purified of S02 by treating them with calcined

dolomite obtained by heating fine particles of the mineral dolomite, as shown in
Fig. 2.11. The reaction taking place is

The rate of reaction is first order in the concentration Cs of CaO equal to
Psts = CsMCaO' where MCaO is the molecular weight, Ps is the density of
dolomite and e, its solid volume fraction. At 870°C the rate constant k is 2.3 mirr '
(Borgwardt, 1970). Assume the initial porosity of the solid is sufficiently high so
that the reaction occurs homogeneously throughout the particles.

One-millimeter diameter particles are injected into a pipe of cross-sectional
area A, as shown in Fig. 2.11. The mass flow rate of solids is Ws and that of gases
is Wg • The inlet S02 concentration is °C mol/m', the pressure is Po and the
temperature is To. Note that the solids are picked up by the gases from a zero
velocity and accelerated up the reactor to a developed profile. Because of a higher
solids hold-up at the bottom, there is more reaction in this region at the same CaO
conversion.

Formulate the steady-state one-dimensional conservation equations for CaO
and S02 concentrations, together with the other equations needed to determine the

TO CYCLONE

CALCINED X
DOLOMITE

i COMBUSTION GAS

Fig. 2.11 Gas purification system using pneumatic transport.
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desulfurization efficiency as a function of system parameters. Assume isothermal
operation and neglect phase changes caused by the reaction.

4., Transport Reactor Using a Shrinking Core Model
Consider a steady-state one-dimensional transport reactor of diameter D.

Catalyst particles of diameter d containing Weo carbon by weight are injected into
the reactor at a rate Gc kg I m1. -s with air at a superficial velocity of Ugo' The
inlet temperature of air and particles is To, the inlet pressure is Po, and the inlet
volume fraction of particles is £so' The temperature of the transport line is main
tained at the constant temperature To. The transport reactor is vertical. The ob
jective is to determine the length of line needed to burn off the deposited carbon.
At the high temperature of the reactor, the rate of reaction C +02 ~ C02 can be
expressed by the well-known shrinking core mechanisms (for a generalization of
this model see Yoon et aI., 1978). This rate, ri mol C/m 3 (gas + particle)-s, is
given by

_ 3DC0 2 W~
r-(I-£) 2 ( V)'

R 1- W/3o e

where £ =void fraction in line, D =molecular diffusivity of 02 through the cata
lyst pellet, Ro = dl2 of particle, We = weight fraction of carbon, and CO2 =02
concentration, mol/m-.

Set up the six ordinary differential equations for £, P, Vg , Vs, We; the weight
fraction of carbon; and Y02 ' the weight fraction of oxygen needed to compute the
profiles along the height of the reactor x.

5. Direct Contact Heating ofSolids in a Vertical Pipe
Solids at a temperature 1'.fiO enter an adiabatic pipe of diameter D, at a steady

rate of ~fi kg/m--s, Gas flowing at a superficial velocity Vgo enters the pipe at a
temperature Tgo which is much higher than T'so. The heat transfer between the gas
and the solid can be described by the following semi-empirical correlation:

Nu = (hd p / kg ) = 2.0 +O. 65 Re~.5 PrYJ ,

where

dplVs - VglPg
Rep=-~--"';'-

~g

Cp ~g
and Pr=--g-.

kg
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In these above equations h is the heat transfer coefficient per unit area, J/m2-s

of particles, dp is the particle diameter, kg is the thermal conductivity of the gas,
Jl g is the gas viscosity, Pg is the gas density and CPgis the specific heat of the gas.
Set up the six equations needed to compute the temperature profiles as a function
of length x. The dependent variables in the six equations should be E, P, Vg , Vs , Tg

and t;

6. Simultaneous Heat and Mass Transfer in a Riser
Consider drying of alumina particles of diameter dp in an adiabatic vertical

pipe of diameter Dr, shown in Fig. 2.12. Solids at a temperature Tso and equilib
rium weight fraction roo are fed into a pipe at a constant mass flow Ws kg/m--s.
The hot gases enter the dryer at a temperature Tgo and moisture weight fraction, Yo

at a constant superficial velocity of Ugo m/s. The heat and mass transfer between
the solid particles and the gas can be described by means of a heat transfer
coefficient h, and a mass transfer coefficient ky ' as follows:

Rate of heat transfer per unit particle area = h(t; - Tg ) ,

Rate of mass transfer per unit particle area = ky (Ys - Yg ) ,

where T is the temperature and Y is the weight fraction, and the subscripts sand g
refer to the solid and the gas, respectively. The equilibrium relationship for water
in alumina is ro = rolTs ' Ys ), where ro is the weight fraction of water in the solid.

Set up the eight equations needed to compute the temperature and water
profiles as a function of lengthx in the riser. The dependent variables should be
E, P, Vg , Y:\', Tg , t.. Yg and roo

x

WET
SOLIDS ,,1

I.
HOT GASES AT Tao' Yo

Fig. 2.12 Drying system using pneumatic transport.
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7. Circulating Fluidized Bed Combustor
Consider combustion of a char particle in the circulating fluidized bed com

bustor in Fig. 2.13. For simplicity assume that the carbon in the char reacts with
oxygen in the air to form carbon dioxide according to the following shrinking core
model mechanism :

3DCOr = 2
C 2Ro

where rc = molar rate of carbon consumption per unit volume of char (mol/s-m''
char); CO2 = molar concentration of oxygen (mol/m '), D = diffusivity of oxygen
through char (m2/s), Ro = char particle radius, and roc =weight fraction of carbon
in char.

Char is injected into the combustor at a temperature 1;;0' while the air and
unreacted particles enter the combustion chamber at a temperature Tgo • The rate of
heat transfer between the particles and the gas is given by

-+--~ Effective area = a

q, j/sec - m2

CHAR

Inc, Kglsec~
at TlIowith ~
specific heat Cpc

t

Tw =Wall Temperature

AIR + RECIRCULATED PARTICLES
m~, Kg/sec of gas + particles of specific
heat, Cp& at T10.

Fig. 2.13 Char combustion in pneumatic transport.
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(a) Set up the eight ordinary differential equations for E, P, Vg , Vs , roc, CO2 ' T."
and Tg needed to determine the profiles along the height of the reactor x and thus
the combustion efficiency and the steam production.
(b) What simplification can you make in the hydrodynamically fully developed
region?
(c) Since the surface area of the particles is large, the gas and the solid tem
peratures will become nearly equal. Set up the mixture energy equation for this
case.
(d) In the developed region, find an analytical solution for oxygen concentration
for the case of small carbon conversion.

For a more complete description of the kinetics in the system, see Breault
(1987).
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.1.1 Introduction

Drift flux analysis is useful for estimating the volume fraction of the dispersed
phase in multiphase flow systems. It was popularized by Wallis (1969) and Hewitt
(1982) and extended to gas-particle systems by Leung (1980), Luo (1987), Matsen
(1988) and others. It is based on a balance between buoyancy and drag for
developed flow.

3.2 Hold-up in Homogeneous and Slip Flow

The volume fraction of the dispersed phase £s in a mass transfer device such
as a bubble column or a three-phase fluidized bed is called the hold-up. This hold
up usually differs significantly from that computed by a single steady-state mass
balance on the particular phase. Consider a vertical pipe into which solids from a
screw-feeder are fed at a rate Ws kg/s and a gas at a rate Wg kg/so The steady-state
mass balance shows that the solids weight fraction discharged at the top, Ys, out, is
simply

61
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(3.1)

However, because of slip or recirculation of the solids inside the vertical pipe,
the weight fraction of the solids inside the pipe can be an order of magnitude or
more greater than that given by the simple mass balance, Eq. (3.1). In terms of a
slip ratio, SL,

(3.2)

Hewitt (1982) and others express these volume fractions in terms of respective

volumetric flow rates a. For a steady state, continuity of phases for incom
pressible fluids shows that

Qi _
--Eivi' i=g,s.
a

Then an algebraic rearrangement of Eq. (3.2) shows that

(3.3)

(3.4)

For the homogeneous model vg = vs , SL = 1; the relation is similar to that
obtained by the mass balance, Eq. (3.1). For nonhomogeneous flow, slip
correlations exist for various flow regimes (Hewitt, 1982).

3.3 Single Particle Analysis

A balance between buoyancy and drag for developed flow with negligible wall
effects,

(3.5)

gives the terminal velocity Vt in terms of the standard drag coefficient CD as
discussed in Chapter 2,
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(3.6)

It is now assumed that this single particle terminal velocity is the relative ve
locity between the particle and the gas phase in a vertical pipe:

(3.7)

The gas and the solids velocities are expressed in terms of the constant gas and
solids feed rates:

(3.8)

(3.9)

Solution of these equations for Es gives the hold-up relation in terms of gas
and solids feed rates:

(3.10)

Solids volumetric flow
Hold- up =

Gas velocity - Terminal velocity

For small particle sizes or a small terminal velocity, this equation reduces itself
to the equations obtained from a mass balance, since WsIps is normally very small.
Equation (3.10) provides a rough estimate of the expected hold-up in dilute flow.
It becomes invalid for circulating fluidized beds, since the assumptions made in the
derivation are no longer true. It does show that there will be segregation in the
vertical transport pipe by size and by density. Interaction between different sized
particles has, of course, not been taken into account, leading to rough predictions
only.

3.4 Ergun Equation Prediction

The buoyancy analysis presented in Chapter 2, Eq. (2.17), shows that,
neglecting wall friction, a balance between the buoyant force and friction, ex
pressed in terms of a friction coefficient ~ A is as follows:
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(3.11 )

Buoyantforce on the solid =Drag=Pressuredrop given by the Ergunequation

The friction factor ~A was obtained from the Ergun equation and is given by
Eq. (2.11)jn terms of porosities. The relative velocity can be expressed in terms of
the feed rates given by Eq. (3.8) and (3.9). Then Eq. (3.11) shows that

EPa -(WslpJE EEsg(ps -Pg)
vr = =

E£s ~A
(3.12)

For a given inlet superficial velocity U0 and mass flow rate per unit area ~\,'

Eq. (3.12) permits a computation of the solids volume fraction without any ex
periment. The accuracy of the prediction depends upon the validity of the Ergun
approximation to the moving fluid-particle system. Clearly, wall effects and re
verse flow, as occur in circulating fluidized beds, will invalidate the prediction.

Traditionally, the calculation of the hold-up is presented in terms of the drift
flux igs' which is the flux of gas relative to the weighted average velocity as shown
in Eq. (3.13):

(3.13)

where

(3.14)

Then, an algebraic manipulation of Eqs. (3.13) and (3.14) shows that

(3.15)

Use of the friction factor ~ A from the Ergun equation given by Eq. (2.11)
shows that Eq. (3.12) can be written in terms of the drift flux as follows:

(3.16)

Solution of this quadratic for j gs gives the expression
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2E3El (pS- pg)g{dp<l's)2
jgs = ------;=================

150E/Jlg+ {150E/Jlg)2 +7Pg(Ps-pg)gE3E/{dp<l'J3
(3.17)

Figure 3.1 shows a plot of Eq. (3.17) as a function of porosity for transport of 520
micrometer round glass beads, with a sphericity of one. It also shows a plot of the
operating line given by

(3.18)

Equation (3.18), obtained from Eqs. (3.15), (3.8), and (3.9), is a straight line with
two intersection points at the boundaries:

jgs=-Ws/Ps at £=1, (3.19)

1.00.9

EQUATION (3-17)

0~6 0.7 O.S'

POROSITY

DRIFT - FLUX CALCULATION

Ug ::= 6.23 (mzs)

Ws = 13.7 (kg/m2s)

e: = 0.99867 (EXPERIMENTAL)
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Fig. 3.1 A graphical, method to predict porosity for a given solids flux and superficial gas velocity
using a drift flux equation based on the Ergun equation (from data in Luo and Gidaspow, 1991).
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(3.20)

For a given inlet solids feed rate Ws and inlet superficial gas velocity Ug , the
intersection of the operating line and the hydrodynamic line gives the porosity in
the developed region in the tube. Figure 3.1 illustrates this for typical inlet flow
rates obtained in the pneumatic transport apparatus shown in Fig. 2.3. The
computed value of the solids volume fraction of 1.39 x 10-2 is close to the
measured value of 1.33xl0-2 in the developed flow region in the 0.0762 m tube.
Similar good agreement was obtained for other gas and solids feed rates in the
dilute regime always obtained by means of a screw solids feeder (Luo, 1987;
Gidaspow et al., 1987). This illustrates how hold-up can be computed in devel
oped dispersed flow.

3.5 Two Regimes in a Bubble Column

The quadratic nature of Eq. (3.15) for a constant relative velocity together with
the operating line given by Eq. (3.18) suggests that two co-existent steady states are
possible for some specified dispersed and continuous flows. Figure 3.2 shows the
co-existence of loose and dense bubble phases in an Elgin type column reported by
Lackme (1974). The volumetric concentrations of a dispersed phase in the two
regions can be found by means of the drift flux analysis. Lackme (1974) and others
(Hewitt, 1982; Wallis, 1969) related the relative velocity in Eq. (3.15) to the
terminal velocity of the dispersed phase, corrected by means of an empirical
packing effect:

(3.21)

Then the drift flux, as given by Eq. (3.15) becomes

(3.22)

Hewitt (1982) gives various expressions for the terminal velocity of bubbles
with their respective values of n for several regimes. For the Stokes flow regime,
his value of n is two, in agreement with the example presented by Lackme (1974),
to be described in the next paragraph. In gas-liquid systems a is usually taken to

be the volume fraction of the dispersed phase that corresponds to Es-

Lackme (1974) found that the relative flux of nitrogen bubbles in a
kerosene-heptane mixture divided by the volume fraction of the bubbles was
proportional to the square of the volume fraction of the continuous phase. Thus,
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Fig. 3.2 Interface between loose and dense packing air-water system. From C. Lackme, "Two
Regimes of a Spray Column in Countercurrent Flow," AIChE Symposium Series 70 (138), 57-63.
Reproduced by Permission of the American Institute of Chemical Engineers, Copyright © 1974 AIChE.
All rights reserved.

(3.23)

where Vois the terminal velocity of the single bubble. Figure 3.3 shows a plot of
his data. The straight lines in the figure are the operating lines for various flow
rates per unit tube area o: given by

(3.24)

for the countercurrent situation. The pairs of intersections of the operating lines
and the hydrodynamic curve were found to agree well with data of volume fraction
versus the volumetric rate of continuous phase flow for a fixed flow rate of the
dispersed phase.
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Fig. 3.3 Drift flux for nitrogen (kerosene-heptane), Pc= 0.773 g/cm. From C. Lackme, "Two

Regimes of a Spray Column in Countercurrent Flow," AIChE Symposium Series 70 (138),57-63.
Reproduced by permission of the American Institute of Chemical Engineers, Copyright © 1974 AIChE.
All rights reserved.

3.6 Other Applications

Matsen (1988) uses the type of semi-empirical analysis described by Eq. (3.22)
to obtain a hydrodynamic curve that allows the intersection of an operating line for
a gas-solid system in two places for co-current upward flow. He interprets these
two states to correspond to the dense and dilute regions in circulating fluidized
beds (see Fig. 3.4). To obtain the hydrodynamic curve, ·~tsen lets

/
0.293vr vt = IO.8Es

in Eq. (3.15) for the drift flux. Although such an approach violates the assumptions
of uniform flow and no wall effects made in the drift flux theory, it is a very useful
method for estimating the solids concentrations in risers and perhaps circulating
fluidized bed combustors.
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F'ig.3.4 Drift flux diagram for Type A powders. Operating line is set by gas and solids flux. System
voidages are set by intersection with hydrodynamic line. From J. M. Matsen, "The Rise and Fall of
Recurrent Particles," in Circulating Fluidized Bed Technology II. P. Basu and J. F. Large, eds.
Reproduced by permission of the publisher. Copyright © 1988 Pergamon Press, PLC.

Extensions of the drift flux theory to estimate the hold-up in multiparticle sys
tems, for gas-liquid-solid flow and for three-phase fluidization can be done using
the separate phase momentum balances. As a minimum, such an approach should
serve as a guide for elucidating the hold-up correlations normally obtained in these
studies. As a bonus, it could provide a simple method of designing and thus
costing a unit, such as a circulating fluidized bed combustor.

Exercises

1. Prediction ofHold-Up in Gas-Liquid-Solid Vertical Developed Flow
Consider steady state flow in a vertical vessel. A liquid slurry is pumped into

the container at a rate of Ws kg / m2 - s of solids and "'L kg / m 2 - s of liquid. Gas
is injected through a distributor in the form of small bubbles of diameter de at a
superficial velocity (volumetric flow rate divided by the total area of the vessel) of
Ug. Due to a low gas velocity, bubble coalescence can be ignored.
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Develop two algebraic relations to predict the volume fractions of the solid
and the gas in the developed region of the vessel.

(a) Note that for incompressible flow the fluxes of the three phases are constant.
Show this using the phase mass balances.
(b) A generalization of Eq. (3.11) to three phases is

Buoyancy = Solid-Liquid drag + Liquid-Solid collisional interaction

Explain the assumptions in this momentum balance on the solid and make a similar
balance on the gas.
(c) Formulate the equation for the pressure drop in the developed flow making
assumptions that are consistent with the Model B momentum balances in part (b).
(d) Neglect the collisional gas-solid interaction and formulate the two algebraic
equations to give the two hold-ups in the container in terms of the three inlet flow
rates.
(e) Express the momentum balances in terms of the drift flux relations jgl' jsl and
show that they are functions of the volume fractions of the solid and the gas, such
as shown by Eq. (3.22) for the gas-solid system. Such relations may be useful for
the dispersed bubble regime, but will likely break down for the case when the gas
bubbles coalesce, that is, in the coalesced bubble regime.

2. On Hold-up Correlations in the Literature
L. S. Fan (1989) has summarized three-phase hold-up (volume fractions of

liquid and gas) correlations reported in the literature. Two typical hold-up corre
lations for millimeter size glass beads suspended in water with air follow.

Correlation I. Ostergaards and Michelsen's Correlation

Liquid volume fraction = t} = 2.16V?.39710-2.3Ug ,

2 x IO-2 m/s :5; VI :5; 11X 10-2 rn/s; 0:5; Vg :5; 2.2 x 10-2 m/s

where Vi is the superficial velocity of the fluid i, expressed in meters per second in
the correlation.

Correlation II. Razumer's Correlation for 30cm Column

t s = 0.578-3.2VJ -O.538Ug , tJ = O.422+0.133UJ/dp-1.82Ug .
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(a) Explain Correlations I and II by referring to Eq. (3.10). Does the behavior
with an increasing gas and liquid velocity make sense?
(b) Other correlations given by Fan (1989) are in terms of the Froude and
Reynolds numbers, as defined by Eqs. (8.40) and (8.41). What are the natural
dimensionless groups that arise from the momentum balances on the solid and on
the gas?
(c) One of the correlations involves surface tension, expressed as

(

U Jl )0.0780.17. g I
£g +£1 =1.4 Frl -0'- ,

where Fr, is the Froude number for the liquid, JlI is the liquid viscosity, and a is
the surface tension. Can such a correlation be deduced based on the momentum
balances in part (a)?

flint:
In gas-liquid flow a maximum bubble size can be estimated based on the

critical Weber number (Fan, 1989):

3. Application ofModel A in Three-Phase Flow
(a) Generalize the mixture momentum equation, Eq. (T2.3) in Chapter 2, to three
phase flow of dispersed solid and gas bubbles in a liquid.
(b) Generalize the pressure drop in all phases, Model A, Eq. (T2.4), to three-phase
flow.
(c) Show that by neglecting wall friction, solids pressure due to particle-to-particle
collisions and by assuming developed flow, the equations will reduce themselves to
the buoyancy equaling drag relations previously obtained in Exercise 1.
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4.1 One-Dimensional Granular Flow Momentum Balance

Granular flow will be referred to as flow of a powder in a vacuum. Hence,
there will be no fluid to support the particles. In this case the momentum balance
on an element of a variable area Q, as shown in Fig. 2.1, can be derived similarly to
that of the derivation of the mixture equations (2.1). The Eulerian or shell balance
is as follows:

Rate of accumulation of momentum
in the volume aAx where the solid
occupies a volume fraction Es

]
X+Ax

+ QCJs x

Net rate of momentum outflow
due to normal stress as

+

73

Net rate of momentum outflow across
area aEs with a velocity vs

CJs&l

Normal force due to curvature
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x+At

=- f gE P adxs s
x

Gravitational force acting downwards
on the powder of true density Pot

+

Shearing force (friction) acting on the
element of area 'ltD;U.

An application of the mean value theorem of differential calculus to the differences,
evaluated at x and at x + Llx, of the mean value theorem of integral calculus to the
integrals, followed by cancellation of the arbitrary element At, and application of
the limit process to At, yields the one-dimensional momentum balance for granular
flow:

Granular Momentum Balance

The momentum balance shown in Eq. (4.1) for the solid valid in a vacuum is
complimented by the usual mass balance written in terms of the volume fraction Cs

and the "true" powder density Ps, which includes, however, the volume of the
pores in the powder. The product of the true powder density and the solids volume
fraction is almost always referred to as bulk density in the literature and is given the
symbol of P or Ph. Hence, the solids mass balance is in a vacuum or in a mixture
in the absence of phase formation:

Mass Balance

a(csps) a(EspsVs)---+ =0.at ax
(4.2)

It is an everyday experience that while the true powder density is approximately
constant, the bulk density changes with, say, vibration. It is therefore convenient
and in agreement with the convention used in the literature to define the new
variable, Pb, as

(4.3)

The following sections will explore the consequences of the mass and momentum
balances derived.
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4.2 One-Dimensional Statics: Jannssen Equation

For no motion, the granular momentum balance, Eq. (4.1), simplifies to the
simple force balance equations

dss s 't ws1tDt--= -gPb +---
dx a

(4.4)

For a fluid there is no shear in the absence of motion. Thus, the frictional force
't ws would be zero. Then, for a height H, the stress at the bottom of the container
would be

(for a fluid). (4.5)

Thus, the stress a plays the same role as pressure. However, Eq. (4.5) is not valid
for a powder, because a powder supports shear. The walls of the container support
part of the weight of the powder.

The usual relation between the shear 't and the normal stress (J is given by the
Coulomb failure condition (Sokolovsii, 1965; Abbott, 1966), which is the
constitutive equation for a powder as represented in Fig. 4.1 and shown in Eq.
(4.6):

't =kc + (J tan e.
Shear = Cohesion + Normal stress' Tangent of angle of internal friction

(4.6)

As represented in Fig. 4.1, this angle eequals the angle of repose of a poured layer
of particles in an idealized situation in which the mass of particles is homogeneous.

From statics it is known that a two-dimensional state of stress at any point, not
necessarily in the failable state, can be represented by a circle in the o-r plane.
This circle is usually called a Mohr circle.

A derivation clearly presented in McCabe and Smith's (1956) unit operations
text for the case of non-cohesive solids shows that the ratio of applied stress to
normal stress which they call pressure is given by the following ratio interpreted in
terms of the radial stress (J r to the applied stress (Js :

~= I-sin e
as 1+sin e (4.7)

The wall shear is related to the radial stress in terms of the friction coefficient J.1 w :
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Fig. 4.1 Coulomb failure condition in the normal stress-shear plane. A constitutive equation for a

powder.

(4.8)

McCabe and Smith (1956) give some typical values of the angle of repose for sev
eral materials. The angle of repose is low when the grains are smooth and rounded
and high for sticky, very fine particles. For free-flowing granular materials the
angle of repose is between 15 and 30 degrees and the ratio in Eq. (4.7) is between
0.35 and 0.6. A typical value of the friction coefficient in Eq. (4.8) is 0.5.
Delaplaine (1956) presents typical values for smooth and roughened walls.

In terms of these definitions the static balance given by Eq. (4.4) becomes as
follows for a circular tube:

(4.9)
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L..et a so be the stress at the bottom of the container at x = O. If the container is
filled with solids up to a height H, then at x = H, as = O. Then integration of Eq.
(4.9) gives the Jannssen equation

where K is an effective friction coefficient

I-sin e
K =4Jl w .

1+sin e

(4.10)

(4.11)

Expansion of the exponential in a Taylor series about zero shows that for small
x / Di, that is, for large vessel diameter, the stress at the bottom of the vessel is
given by the hydrostatic formula for a fluid, Eq. (4.5). For a small vessel diameter,
a large x, Eq. (4.10) gives the asymptotic value of the stress at the bottom of the
vessel given by

(4.12)

Equation (4.12) shows that the stress at the bottom of the vessel is proportional to
the vessel diameter and is independent of the height of powder in the container.
The walls of the container support the weight of the powder and cause this reduced
stress at the bottom of the vessel.

4.3 Incompressible, Frictionless Flow and Discharge

The steady-state granular momentum balance given by (4.1) can be written as

(4.13)

Although granular flow differs from the flow of fluids in that shear is a function of
the normal stress, it is instructive to pursue the case of a frictionless granular flow.
In such a case, Eq. (4.13) assumes the form of a steady Bernoulli's equation for
fluids as shown in Eq. (4.14):
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Bernoulli Analogue

(4.14)

Clearly the solids stress plays the role of pressure. Then, for a constant solids
volume fraction, Eq. (4.14) can be written as for fluids in the form below:

(4.15)

Kinetic energy + Elastic energy + Potential energy

Equation (4.15) states that for frictionless flow the change of kinetic, elastic and
potential energy is zero. If this equation is applied to the flow out of a vessel,
shown in Fig. 4.2, it shows that

tvso 2 =gL,

5=0 V.aO
()

0 0 0 0
o ()

0 0
0

0 o 0
a

0 0 0
0

o /) 0 0 0
0

0 0
L 0 0 a

0 0 0

0
0 0 0

0 0 0

0 0 0
0

0
0 0

0 0

0 0 0

a
0 ~ = 0 v. = vao

0

Fig. 4.2 Static stresses during hopper discharge.

(4.16)



Critical Granular Flow 79

since at x = 0 and at x = L, the stress (Js is zero. Then, the velocity of discharge of
granular materials should be given by, approximately,

Vso = ~2gL. (4.17)

However, it is a well-known experimental fact that the discharge rate of granular
rnaterials through orifices is independent of the height of the granular powder.
(Nedderman et al., 1982). The flow rate m' is usually expressed as

m'=Constant·PBDo2~gDo ' (4.18)

where Do is the orifice diameter. Sometimes, the diameter under the square root
sign is somewhat altered. In other words, the driving force, the potential energy
due to the height, does not enter into the empirical equation for rates of discharge.
The theoretical explanations in the literature (Nedderman et al., 1982; Kaza and
Jackson, 1982) involve the solution of the equations of motion for the granular flow
in cylindrical or spherical geometries with the normal stress related to the shear as
given by Eq. (4.6), but assume that the granular flow is incompressible. These
solutions give the flow rate in the form of Eq. (4.18) with the addition of angles of
repose similar to the value of K in Eq. (4.11). Kaza and Jackson (1982) state that
the gap between the theory and the experiments is not closed. The thesis of this
chapter is that this independence of flow of the material height in the container is
due to the compressibility of the powder. The powder flow behaves more like a
gas and reaches a critical flow. Bosley et al. (1969) and others (Gidaspow et al.,
1986) report a variation of the porosity of powders from the outlet orifice to the
bulk, substantiating the claim of the effect of bulk density variation.

4.4 Thermodynamics ofPowders: Compressibility

Thermodynamics of powders must start with the specification of the variables
which define its state (Callen, 1960). In terms of the fundamental extensive vari
ables per unit mass, these variables are the specific entropy, the bulk specific vol
ume, the composition, and possibly some other variables such as the strains in a
solid in more than one direction. Suppressing the latter, the internal energy of a
powder U, is then

(4.19)

where
(4.20)
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Then the stress as is defined like the pressure in a fluid by means of the equation

au
as =---.

aVB

In terms of a constant particle density of the solid ps , at a constant entropy,

dU=~ dEs
2 '

Ps Es

(4.21)

(4.22)

which shows that expansion of the powder decreases its internal energy. Since the
only new variable introduced here is the bulk powder specific volume, the
temperature of the powder is still given by

(4.23)

Thermodynamic stability (Callen, 1960)

leads to the relation well known for fluids,

(aas ) 0
eWB TorS < ,

or to the more convenient expression

(aas ) 0
apB Tors> .

Since at constant temperature or entropy

(4.24)

(4.25)

(4.26)

(4.27)
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The elastic bulk modulus for powders G, similar to the Young's modulus for solids,
is defined to be

(
dO'S)

G= dEs Tors'
(4.28)

A. subscript to denote isothermal or isentropic expansion is not included in the
definition, since the differences may not be large, as in the case of solids. The sign
of the modulus is also taken, the opposite of that previously used by Gidaspow
(1986) and others, to avoid a negative sign in the empirical expression for G in
terms of the void fraction. This thermodynamic stability shows that

dO's =_1(dO'S) =(!!-) > 0
dPB Ps dEs Ps

(4.29)

The square root of G divided by Ps is clearly the velocity of propagation through
the powder as Jap I ap is the critical velocity through a fluid. A solid supports both
the compressional waves and shear waves, with the latter traveling slower (Tolstoy,
1973).

This development shows that the powder modulus G is a thermodynamic
property of the powder. Therefore it should be measurable using thermodynamic,
pressure-volume methods, in addition to critical flow or wave propagation
methods, Some attempts at such measurements have been reported in the gun or
ballistics community (Gough, 1979; Sandusky et al., 1981). Gough (1979) has
used the form

CsoEo/E E~Eo

Cs = C
So

exp[-K(E-Eo )] <: <E<Es

o E> too

where Cs is the velocity defined by

(4.30)

(4.31)

Eo is the settling porosity of the bed, 1C is a stress attenuation factor, and too is
some porosity above which C, is zero. The value of CSois 470 m1s for NACO
propellant. Such a high value must correspond to a very high powder compaction.
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Rietma and Mutsers (1973) used a tilted fluidized bed experiment to obtain the
powder modulus for cracking catalysts, glass beads and polypropylene. Their data
can be fitted by equations such as

(4.32)

Similarly to Gough's expression (4.30), as the porosity £ approaches unity, the
modulus becomes zero. Near minimum fluidizaiton velocity and below, the
modulus becomes non-zero relative to other terms in the fluidization equations.

A convenient form for the modulus G was found to be (Bouillard et al., 1989)

(4.33)

with a typical value of l( = 600, Go = 1.0 Pa, and £' = 0.376.
Hopper-type critical flow experiments (Gidaspow et al., 1986) produced a

value of the velocity C, near one meter per second at a porosity of about 0.4 for
glass beads in the range of 1500 to 200 J.lrn. Such values are typical of discharge
velocities of granular materials from vessels.

To complete the thermodynamic treatment of powders one must define specific
heats at constant porosity and at a constant stress:

Cr =((aU)/(aT))r '

Ccr =((aU)/(aT))cr .

Then thermodynamic stability requires that

(4.34)

(4.35)

(4.36)

analogous to Cp being greater than C; or constant stress heat capacity being
greater than constant strain heat capacity. It would be of interest to measure such
heat capacities of powders to determine whether they differ significantly from those
of constituent solids.

4.5 Critical Flow Theory for Granular Materials

Critical flow is defined as the condition wherein the mass flow rate becomes
independent of the downstream conditions. For a fluid, this is the condition at
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which a further reduction in pressure does not result in an increase of the mass flow
rate. A limit occurs because signals no longer propagate upstream. This limit takes
place when the fluid velocity just equals the propagation velocity, as illustrated in
Fig. 4.3.

The theory of partial differential equations (Courant and Hilbert, 1952;
Garabedian, 1964) shows that information flows along the characteristic directions
Ai, i =1,2, 3... n for an nth order system. For multiphase flow the relevant partial
differential equations are the conservation laws for mass and momentum for each
phase.

In a vacuum, gas-particle flow reduces itself to granular flow. Compressible
granular flow becomes almost completely analogous to compressible fluid flow, as
treated in standard texts (von Mises, 1958). In one dimension, the momentum and
mass balances are given by Eqs. (4.1) and (4.2). The constitutive equation for the
stress o s can be expressed analogously to that of a fluid as

Constitutive Equation for the Stress

a s = c s ( Es ) + o s ( Vvs» Es ),

Thermodynamic "coulomb" stress + Rate dependent stress

(4.37)

where o s is a second order tensor. The second part of the right side of Eq. (4.37)
gives rise to granular flow stresses (Savage, 1983) which are due to momentum
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AT x =L

Fig. 4.3 Characteristic analysis of critical flow.
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transfer during collisions between particles. As in compressible flow theory, these
are neglected in the analysis of critical flow.

In matrix form the continuity and the momentum equations for granular flow,
Eqs. (4.1) and (4.2) can be written as

(a~: )+ (~ PB)(a:: )=( 04t
ws

).
dvs -- v dvs -g+--
-1- PBPS s ax D,ps

The characteristic determinant is

(4.38)

(4.39)

The characteristic roots, Ai, of the determinant are

(4.40)

Critical flow occurs when Ai =0, that is, when the downward flow is just balanced
by' ~G Ips, as shown in Fig. 4.3. Then for flow in a vacuum, the information that
the stress fell to zero beyond the opening is not propagated into the container.

The compatibility conditions, that is, the equations along the characteristics
given by Eq. (4.40) can be obtained by several methods (Abbott, 1966; von Mises,
1958; Gidaspow et al., 1983). Since the result is the same as for gas dynamics or
for homogeneous two-phase flow, it is merely quoted below for completeness. As
used previously, let the critical velocity be

(4.41)

Then along the characteristic,

(4.42)

(4.43)

and along the second characteristic,
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(4.44)

(4.45)

These equations show how information flows under non-critical conditions. At a
critical condition Boure (1978) and Boure et ale (1976) have pointed out how the
steady state equations can be used to obtain critical conditions quickly. Although
Bilicki and Kestin (1983) have criticized Boure's procedure as mathematically
inexact, it gives useful information once one is sure that we indeed have a critical
state, as presented by the characteristic analysis. Boure's procedure involves
looking at the steady state region of the conservation equations (4.38). Then
solution for derivatives using determinants gives the following equation:

«,
Vs

4'tws
dPB -g+- -gPB+- 0Dr Dr--= = =-.
dx VS PB V 2_Q 0

--SL
s Ps

PsPB
Vs

In Eq. (4.46) we assume that the flow is critical, given by

Vs =±~G/Ps'

(4.46)

(4.47)

Then, the numerator determinant must also be zero to have a finite derivative.
Thus, when the flow is critical, the gravitational force is exactly balanced by fric
tion, or

(4.48)

The maximum discharge rate can also be obtained from the steady-state horizontal
momentum balance given by Eq. (4.1). For maximum flow, friction is zero. Under
these conditions Eq. (4.1) assumes the simple form shown below:

(4.49)
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By Eq. (4.2) at a steady state, the flux, is, is constant:

In view of the constant flux, Eq. (4.49) can be rewritten as

-I
2 dPB da,

is --+--=0.
dx dx

(4.50)

(4.51)

(4.52)

With the definition of the powder modulus G given by Eq. (4.28), the maximum
solids flux is

(4.53)

This completes the analogue between the compressible granular critical flow and
gas dynamics and homogeneous two-phase flow. Other analogies, such as the ob
servation that granular frictionless flow bulk density obeys the wave equation
(Gidaspow, 1986), can be obtained.

4.6 Example ofCritical Granular Flow

A crude attempt was made by Ding (Gidaspow et al., 1986) to measure the
powder modulus G from discharge rates of hoppers. Figure 4.4 shows the mass
flow hopper used. The bin was made of Plexiglas'" except for the curved section
which was made of Teflon® to reduce friction between the particles and the wall.
In a mass flow hopper, all particles are in motion. In a flat bottomed hopper of the
type used by Bosley et al. (1969), the particles away from the outlet may not move.
A dead zone forms in such hoppers. The hopper was filled with various sized glass
beads and with sand, as shown in Table 4.1. The mass flow rates were determined
by weighing the discharged particles on a balance. The values shown in Table 4.1
are an average of about 10 measurements. The outlet porosity was measured with a
calibrated x-ray densitometer and a scintillation detector as shown in Figure 4.4.
The solids velocity was obtained by divided the mass flow rate by the outlet area,
which is O. 75 x 0.5 square inches, and by the product of the particle density and
the measured porosity. The powder modulus G was then obtained from Eq. (4.47).
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Fig. 4.4 Mass flow hopper for critical flow determination,

Table 4.2 shows that when the hopper was filled to the three heights shown,
the measured mass flow rates were the same, within the experimental error, except
for the possibly cohesive 86 Ilm particles. The independence of flow on height is
one of the necessary conditions for the existence of critical flow. Various
correlations of discharge of particles through orifices give flow rates that are
somewhat smaller than those obtained in this specially constructed hopper. Veri
fication of the measured modulus is necessary by an independent means. Ameas
urement of the velocity of voidage propagation of particles in an evacuated tube
seems like a more direct but more difficult way to obtain this void propagation
velocity.
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Table 4.1 MEASURED POROSITY, MASS FLOW RATE AND G

Material dp (urn) £s M (g/s) vs (cmls) G (dynes/ems)

Glass Bead 86 0.6170 203.7 56.39 7695

200 0.6075 410.1 114.83 32042

460 0.5275 374.6 120.30 35312

500 0.5475 364.7 112.84 31068

800 0.5700 351.1 103.92 26458

1550 0.5750 386.8 113.49 31556

Sand 603 0.5650 375.3 105.19 28879

Table 4.2 INFLUENCE OF HEAD ON MASS FLowRATE

Material dp(J.lm) h= 116em
Mass Row Rate (g/s)

h = 58 em
h = 88 cm

Glass Bead 86 204 191 177

200 410 412

460 374 372 364

500 364 377

800 351 354 357

1550 387 390 373

Sand 603 375 369 363

4.7 "Sound Speed"from Kinetic Theory

In the 1980s, dense phase kinetic theory of gases (Chapman and Cowling,
1970) was applied to granular flow of solids by Savage and his colleagues (Jenkins
and Savage, 1983; Lun et al., 1984; Savage, 1988). This theory gives explicit
expressions for the solids pressure or the normal stress in terms of the fluctuation
velocity of the particles. Although the kinetic theory derivation is explained in a
separate chapter, the resulting "equation of state" for a powder provides a useful
interpretation of critical granular flow, and hence is included in this chapter for
completeness.

Lun et al. (1984) have shown that the solids pressure consists of the kinetic
pressure due to the motion of the particles and a collisional pressure due to inelastic
collision of particles with a restitution coefficient of e. They find that

Os =[£sPs +£s2ps(l +e)go]e .
Solids pressure = Kinetic pressure + Collisional pressure
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Note the analogy for a dense gas,

Pressure = [Density + Repulsive Interaction] x Temperature. (4.55)

In Eq. (4.54) the granular temperature e is given by

(4.56)

where C is the instantaneous minus the hydrodynamic velocity of the particle and
the triangular parenthesis indicate averaging over the velocity space. In Eq. (4.54)
go represents the repulsive radial distribution function similar to the repulsive
function between molecules. Hence, the critical flow rate or the "sound speed" C,
is given by

(4.57)

For dilute flow, that is, small Es» the critical flow is

(4.58)

Thus, discharge rates are proportional to the oscillation velocity of the particles.
Typical values of this oscillation velocity computed for fluidized beds (Ding and
Gidaspow, 1990) are of the order of one-tenth to one meter per second. This is
very close to the discharge velocity for mass flow hoppers. Savage (1988) ob
tained such velocities in vibrated beds. A better comparison requires a numerical
investigation of discharge of hoppers and a careful comparison to experiments of
the type conducted by Bosley et ale (1969), who measured porosity distributions
and discharge rates.

Exercises

1. Steady Gas-Solid Critical Flow
Find the critical flow conditions, similar to those given by Eq. (4.46), for

steady state gas-solid dispersed flow using the three models listed in Table 2.1. A
partial solution follows.

The conservation of mass, momentum, and energy equations for each phase
can be written as
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(4.59)

where u is a vector of dependent variables such as void fraction, pressure, gas and
liquid velocities and entropies of the phases, t is time and x the distance in one
dimensional flow. A, Band c are functions of u and differ from model to model.
The characteristic determinant for Eq. (4.59) is

(4.60)

When we set one of the characteristic slopes in Eq. (4.60) to zero, some informa
tion, such as pressure, cannot propagate upstream. Then, physically, the system
governed by Eq. (4.59) does not know that, say, the pressure in the reservoir was
reduced below a critical pressure. Setting Ao to zero in the characteristic poly
nomial gives

IBI=O. (4.61)

The same condition is obtained from the steady-state version of the conservation
equations:

au
B-=c.

ax
(4.62)

For Model A in Table 2.1, the equations in matrix form are given by Eq. (4.63):

PgVg eVg / Cg
2

0 deldx 0
Epg

-PsVs 0 0 (l-e)ps dpldx 0

-(Ps (1- e) + Epg)g , (4.63)
-G £PgVg (1 - e)p.r Vs dVg / dx

-oli- e 0 PsVs dVs1dx (13( Vg - VJ/l- e) -Psg

where G is the "elastic" modulus due to the particle to particle force.
The critical condition as given by Eq, (4.61) in this case is

(4.64)

The two limiting cases are
i. Vg ::= 0 or flow in a vacuum Pg = 0, giving

(4.65)
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ii. When E =1, Eq. (4.64) correctly reduces to the condition

(4.66)

that is, for a pure gas we get choking at the sonic flow rate if Eq. (4.64) gives the
choking condition at the exit of a pipe. But for choking to take place within the
pipe (or within the domain of Eq. (4.63» a compatibility condition as given below
should be satisfied:

0 EVg/Cg
2 EPg 0

0 0 0 (I-E)Ps

-(P s(1- E)+(EPg )g) EPgVg (1- E)Ps V:f
=0. (4.67)

(~( Vg - Vs)/1- E) - Psg 0 PsVs

Upon simplifying Eq. (4.67) we get

~(V -V)(t-E V/)=(l_E)EP g(l- Vg
2

) .
g s C 2 s C 2

g g

(4.68)

For Vg « Cg , Eq. (4.68) is similar to the minimum fluidization condition. In a
situation such as horizontal transport where g = 0, the compatibility condition re
duces to

(4.69)

implying a homogeneous flow .
.For homogeneous flow a separate analysis is required. Repeat the analysis for

the relative velocity and for Model B in Table 2.1.

2. Maximum Homogeneous Discharge Rates
Finely dispersed powders tend to travel at fluid velocities. Making such an

assumption, the steady-state one-dimensional energy balance for the mixture is the
same as that for a single component with the properties being those of the mixture.
It is

(4.70)

where z is the spatial coordinate, hm is the mixture enthalpy, v is the homogeneous
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velocity, g the gravity, Q is the rate of heat addition to the system and W is the rate
of work done by the system. With no heat addition, work done by the mixture and
constant elevation,

(4.71 )

In terms of inlet conditions, i, Eq. (4.71) becomes

(4.72)

If the inlet velocity is small, that is, Vi « v, Eq. (4.72) gives the velocity at any
position,

(4.73)

For an ideal gas and an incompressible solid, the enthalpy is a function of tem
perature only. For a constant specific heat, Eq. (4.73) becomes

(4.74)

(a) Show how Eqs. (4.70) and (4.72) can be obtained from the equations in Ap
pendix A6.
(b) For isentropic expansion, the temperature and the pressure are related by Eq.
(1.51). What mechanisms of energy transfer and dissipation are neglected?
(c) Using Eq. (1.51), show that the mass flow rate per unit area F=Pmv, where
Pm is the mixture density, can be expressed as follows for the case when

(4.75)

where r is the pressure ratio r =PI P; .
(d) Differentiate the equation in part (c) with respect to r and set the derivative
equal to zero to obtain the maximum flow rate Fe. Also, show that for x < 1 this
expression simplifies to
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The corresponding equation for critical flow of an ideal gas is

k+l
F =!L. kM(_2_)k-l ,

C J1f R k+l
ideal gas

(4.76)

(4.77)

where k is the ratio of specific heats at constant pressure to constant volume.
(e) For pumping of a gas-solid mixture maintained near minimum fluidization
with the void fraction of 0.5, show that the expression in part (d) simplifies to

Maximum expulsion rate = Fmax = .J2psP; . (4.78)

This form agrees with the experimental data of Fricke, Berman, and Sobieniak
(ASME 72-MH-19).
(f) Compute the maximum discharge rate for pumping fluidized solids of a
specific gravity of 1.73 from a pressure of 1.82 MPa. The observed rate is 0.28 of
this theoretical value.

3. Critical Flow Using the Relative Velocity Model
Show that the critical flow condition IBI = 0 for the relative velocity model in

Table 2.1 gives the condition

A -Ic 2v=y·y·y m
l J '

(4.79)

where v=E;Yj +EjY; and v=(EiPiYi +£jPjVj)/ pm.
For homogeneous flow, Vi = Vj and Vi = v= v; thus, we obtain the well

known critical flow condition y 2 = Cm
2 , where em is given by

(4.80)

In terms of the slip ratio, s =vj Iy; , the critical flow conditions can be written as



94 Multiphase Flow and Fluidization

EiS + Ej

xi +XjS
(4.81)

In this form we see that it differs from the homogeneous critical flow condition by
the presence of the slip ratio, the void fraction e., and the weight fraction of phase
i, Xi (Rasouli et al., 1983).

4. Numerical Values of Critical Flow for an Air-Water System
J. F. Muir and R. Eichorn (1963) studied compressible flow of a bubbly

air-water mixture through a two-dimensional, converging-diverging nozzle. Figure
4.5 shows their data of throat velocity versus an estimated volume fraction of air
extrapolated to high volume fractions. The discharge of the air-water

- - - - - - - - Muir & Eichorn

Relative Velocity Model

-6o-6o - Homogenous Isothermal
1.5

.E
U

30

15"---------------------.1.
.1 .2 .3 .4 .5 .6 .7 .8 .9

void fraction

Fig. 4.5 Comparison of the sonic speed calculated from the critical flow condition to the experimental
data.
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mixture was to the atmosphere. The figure also shows the velocity computed using
the relative velocity model, as in Exercise 4.3, and a plot of the homo-geneous iso
thermal model. Muir and Eichorn report a slip of about 8 m1s between the phases.

Verify the computations, when possible and plot the result for the homogene
ous isentropic flow.
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5.1 Introduction: Fluidization Regimes

The phenomenon of fluidization can be best visualized in terms of a simple
experiment shown in Fig. 5.1. Particles such as sand are poured into a tube
provided with a porous plate distributor, which for good quality fluidization has a
pressure drop of 10 to 20 percent of the weight of the bed. Gas or liquid is then
forced upward through the particle bed. This flow causes a pressure drop across
the bed, which can be described by the Ergun equation depicted in Fig. 5.2. When
this pressure drop is sufficient to support the weight of the particles, the bed is said
to be at minimum fluidization. A further increase in the flow rate of gas often
causes bubbling that can be seen through the walls of a transparent tube or at the
top of the bed, as schematically illustrated in Figure 5.1. For narrow tubes and a
sufficiently deep bed the bubbles coalesce and form a slug. These gas slugs then
move up the bed in a fairly regular periodic motion. Large-size particles such as
corn can be made to spout if the gas is brought in through a small central tube. A
spout is a centrally located, upwardly moving particle region. Above such a
spouted bed the particles drop down in a fountain and move down the tube in an
annular region. As the gas velocity is increased substantially above the terminal
velocity, the fluidized bed, the slugging bed, and the spouted bed are all blown out

97
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Fig. 5.1 Fluidization regimes.

of the tube. Continuous operation in the dense-phase regime can be continued by
rapidly feeding solids into the bottom of the bed. The resulting flow regime is
called recirculating fluidization. Dilute transfer of solids is known as pneumatic
transport.

5.2 Minimum Fluidization Velocity

The minimum fluidization velocity is determined empirically by the intersec
tion of the pressure drop versus the superficial velocity curve and the pressure drop
equals the weight of the bed line, as illustrated in Fig. 5.2. At minimum fluidi
zation the velocity of the solids is taken to be the velocity in the packed bed region,
that is, zero. The porosity at minimum fluidization is determined from the height of
the bed at minimum fluidization. For spherical particles of uniform size it is not
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unreasonable to expect this porosity to be close to that of a bed packed with
spheres in a cubic mode, with Emf =I-1t/6 =0.476. The actual porosity at
minimum fluidization can differ considerably from this value, as shown by Wen
and Yu (1966).

It is useful to see to what extent the conservation equations given in Chapter 2
can predict the minimum fluidization velocity. The mixture momentum balance
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with negligible acceleration and solids stress transmitted by the particles was
shown to be

(5.1)

where the mixture density, Pmix is

(5.2)

With the assumptions made, these equations determine the porosity at minimum
fluidization from a known pressure drop. In a design calculation the pressure drop
is not known, and hence this equation is not useful for such purposes.

A momentum balance that is useful for an estimate of minimum fluidization is
the buoyancy-equals-drag balance derived in Chapter 2. In the absence of gas-wall
friction and solids stress transmitted by the particles, the balance can be written as
follows:

(5.3)

Buoyant force = Drag

where the friction coefficient ~ A was obtained from the Ergun equation to be
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(5.4)

By definition, at minimum fluidization velocity Vs is zero. Thus, Eqs. (5.3) and
(5.4) give a relation between Emf and Umf = Emfvgmf. These equations can be
solved either for the solids volume fraction, 1-E,

or more traditionally, for the minimum fluidizaiton velocity.
For small particles or for small Reynolds numbers, more precisely, for

d U P
R _pmff 20

emf - <,
Jl

(5.5)

(5.6)

substitution of the first term of the Ergun equation (5.4) into the buoyancy-equals
drag balance Eq. (5.3) yields the following expression for the minimum fluidization
velocity Umf :

(5.7)

From the data of porosity at minimum fluidization versus the sphericity, Wen and
Yu (1966) find the approximate relation

l-E if
-_m---=A::ll.
m 2 3
't's Emf

(5.8)

The use of Eq. (5.8) in Eq. (5.7) gives the commonly used estimate for the mini
mum fluidization velocity:

, Remf < 20. (5.9)

It is instructive to compare this expression to Stokes' law
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(5.10)

It is clear that the minimum fluidization velocity is 1650/18 == 90 times smaller than
the terminal velocity of a single particle in an infinitely large fluid. Thus, a particle
blown out of the bed by bubble-bursting above the bed, just above minimum
fluidization, returns to the bed, since its terminal velocity is too low for it to be
carried out of the bed. This phenomenon is due to the fact that the friction coef
ficient ~A in Eq. (5.4) is higher for a packed bed than for a bed of spheres very far
apart. Note that the higher the solids volume fraction, (1- E), the higher the fric
tion. This change of resistance with solids volume fraction gives rise to the oscil
latory behavior of the fluidized bed. It is this oscillatory behavior that is respon
sible for many of the useful features of fluidized beds, such as good heat and mass
transfer. Although a quantitative explanation of bubbling is left for later chapters,
the primitive explanation is to be found in this resistance behavior. As the gas
flows through the bed above minimum fluidization, the bed expands to minimize
resistance. As the resistance becomes too low, the' particles cannot .be supported by
the gas any longer and drop down. This process is repeated over and over again.

For larger particle Reynolds numbers, the buoyancy-equals-drag equation (5.3)
with the friction coefficient given by the Ergun equation (5.4) can be rewritten as
follows in terms of an Archimedes number, A r , that is, similar to the Grashof
number used in free convection laminar heat transfer:

where

150A Rem! +1.75B Remf2 = A r , (5.11)

(5.12)

(5.13)

and A was the porosity group given by Eq. (5.8).
The shape-voidage functions A and B have been approximated by Wen and Yu

(1966). Their values for A and B are 11 and 14, respectively. Equation (5.11) can
be solved for the Reynolds number at minimum fluidization given below in terms
of constants Ct and C2:
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Fig. 5.3 Geldart classification of fluidized particles.

(5.14)

where
C1 =33.7 and Cy =0.0408, (5.15)

according to Wen and Yu (1966). Yang et al. (1985) tabulate such constants at
elevated pressures. These constants differ slightly from those reported by Wen and
Yu at atmospheric pressures.

For large particles, the second term in the Ergun equation is dominant and the
minimum fluidization velocity can be expressed simply as

(5.16)

Equation (5.16) shows that at high pressures the minimum fluidization velocity is
lower than at low pressures because of the higher fluid density at high pressures.
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5.3 Geldart's Classification ofPowders

The behavior of gas-solid fluidized systems depends upon the properties of the
solid particles, size, density, fine content, cohesiveness, etc. Geldart (1973)
suggested that uniformly sized powders can be classified into four types character
ized by the density difference between the particle and the fluid and by the mean
particle size. Figure 5.3 shows Geldart's diagram. It is valid for air at ambient
conditions. The four groups considered by Geldart (1973) and accepted (Couderc,
1985) as a good beginning by the fluidization community follow.

Group A (Aerated)
Materials having a small mean size and a low density (Ps < 1400kg/m2) are in

this group. These powders expand considerably after the minimum fluidization
velocity is reached and do not produce bubbles until some higher velocity, called
the minimum bubbling velocity Vmb» is reached. The common cracking catalyst is
an example of such a powder.

Fitzgerald (1985) argues that since the minimum fluidization velocity as given
by Wen and Yu's expression is much smaller for these particles than the rise
velocity of a single bubble VB given by Davidson and Harrison's expression:

( );1VB =0.711 gDB ' (5.17)

where Da is the bubble diameter; therefore, any reasonable-sized bubbles will rise
faster than the interstitional gas velocity, Vm!fE m! . Bubbles that rise faster than
the interstitional velocity are called fast bubbles. Davidson (Davidson and
Harrison, 1963) has shown that such fast bubbles possess the property that a
spherical surface exists around the bubble that moves with the bubble velocity and
through which there is a zero gas velocity. Therefore, any gas trapped in the
bubble can leave the bubble only by the slow process of molecular diffusion. The
implications for a catalytic reactor or for a reactor such as a coal gasifier is that the
inlet gas, say oxygen, is trapped in the bubble. In the case of a gasifier, this trapped
oxygen will then burn some of the gas already produced in the bed. This extra
resistance due to molecular diffusion has given rise to a number of film models for
the bubble phase to take this phenomenon into account. Although gasifiers were
sometimes modeled using such a resistance concept, it should be added that plans
for real gasifiers were made (Gidaspow et al., 1985) using particle sizes that put
them into the next category, Group B, in which fast bubbles are not the rule.
Although fast bubbles do not occur except perhaps at shut-down in fluidized bed
gasifiers using particle sizes of the order of 500 Jlm and fluidized bed combustors
using millimeter-size particles, they could occur in catalytic reactors using fine
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particles, which are used to minimize the diffusional resistance into the catalyst
particle. Hence it is important to understand the hydrodynamics of fluidization of
this group of particles.

Group B (Bubbling)
The group contains materials in the approximate mean size and density range,

40J.1m<dp < S00J.1m, 4000 kg zm-' <Ps <1400kg/mJ • Sand is such a typical
powder. For these powders, bubbling starts at the minimum fluidization. At
atmospheric pressure the bed expansion is not large. At equal bed heights and
U - Umf' the bubble sizes are almost independent of particle size.

Numerical simulation (Gidaspow et al., 1986) has shown that bubbles
produced by a continuous jet are slow bubbles in this size range. The bubble rises
more slowly than the jet. Gas sweeps through the bubble offering little resistance.
A fast bubble can be produced when the gas to the jet is shut off, maintaining slow
flow of secondary gas. This fast bubble then traps the gas inside it. Such a
simulation corresponds to the classical experiments conducted to show that the
brown gas NOx, injected into the bubble, travels with the bubble in a two
dimensional, transparent bed with little diffusion.

Group C (Cohesive)
All cohesive powders that are difficult to fluidize belong to this group. In

small-diameter tubes the powders lift as a plug. In larger or in two-dimensional
beds with a jet the particles channel or rat-hole badly. This difficulty arises be
cause the interparticle forces are greater than those which the fluid can exert on the
particle. Geldart (1973) suggests the use of mechanical stirrers or vibrations to
break up the stable channels or the use of sub-micron silica which coats the
particles and increases flowability.

Group D
Powders in this group are made up of large or very dense particles. These

powders can be made to spout easily. Chapter 6 shows that for such particles,
when the particle Reynolds number exceeds about 1000, there will be a transition
from the bubbling to the dispersion regime. No quantitative criterion exists today
for the transition into this regime.

A quantitative criterion for distinguishing between Group A and B powders is
based upon the experimentally determined minimum bubbling velocity. Geldart
(1973) measured this velocity in a 5 cm diameter glass column having a filter
paper distributor. The minimum fluidization velocity was first measured as already
discussed in the usual way, using the pressure drop-gas velocity curve. The air
velocity was increased until the first clearly recognizable bubble, usually 0.5 em
diameter, was observed to break on the surface. This bed velocity was taken to be
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the minimum bubbling velocity. In the particle size range of 25 Jlm to about 250
um , Geldart found the bubble velocity to be proportional to the particle size and
independent of the particle density in the narrow range of 1 g/cm ' to 1.5 g/cm'.
This equation for the minimum bubbling velocity is

(5.18)

where Umb has the units of centimeters per second and d p is in centimeters. A
combination of this equation with the minimum fluidization velocity for small
particle Reynolds numbers translates the criterion Umb / Umf ~ 1 into

(5.19)

where dpis the particle size in microns. This equation has been plotted in Fig. 5.3.

5.4 Kinetic Energy Dissipation Analysis

An energy dissipation analysis is useful for understanding some multiphase
flow and fluidization phenomena. Consider gas and solid momentum balances, as
derived in Chapters 1 and 2. For transient, one-dimensional flow using Model A,
the gas and solid momentum balances are as follows:

Gas Momentum

(5.20)

Solid Momentum

(5.21 )

The corresponding kinetic energy equations are obtained in the same way as for
single phase flow (Bird et aI., 1960). The gas momentum balance is divided by E,

multiplied by vg , and written in convective (substantial) derivative form moving
with the gas velocity. A similar operation is performed upon the solids momen-tum
balance. Then the addition of the two kinetic energy balances yields the mixture
kinetic energy balance in Eq. (5.22):
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Mixture Kinetic Energy Balance

d(-t Vj 2) ap aaL Pj j +Vj-+vs-+Pjvjg =
ieg, s dt ax ax

Rate of change of
kinetic energy

+ Rate of work due to +
pressure and normal stress

Power due
to gravity

(5.22)

Rate of conversion of +
kinetic energy into
interphase friction (drag)

Rate of conversion of +
K.E. into gas-wall
friction

4twsvs = _ Jj

DtEs

Rate of conversion of = Rate of dissipation
K.E. into solids-wall
friction

As discussed in Chapter 2, the relation between the friction coefficient for Model A
and the standard drag coefficient CD is

(5.23)

In terms of the standard drag coefficient, the dissipation of kinetic energy, s, is
expressed as follows:

(5.24)

Equation (5.24) shows that the interphase frictional loss is proportional to the
relative velocity between the phases, that it is large for small particle sizes, and that
the loss due to the presence of the walls is a product of the respective shear forces
and the velocities. The interphase dissipation term shows that for a given kinetic
energy of the gas into a bed of particles, the bed will start moving to keep
dissipation at a reasonably low value by reducing (v g - vs). This will happen
sooner for small particles than for large particles. For small particles, homogene
ous flow, that is, equality of vg and vs , is favored. Other qualitative behavior can
be seen by analyzing some special cases.

For packed bed or fluidized bed regimes for small Reynolds number PA can
be expressed in terms of the first term of the Ergun equation. This gives the
expression
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(5.25)

In addition to the previous observations, Eq..(5.25) shows that for a given inlet vg
into a fluidized bed, in order to minimize J) drag' the flui~ized bed will expand.
Expansion should be more for smaller particles to keep J) bounded. For high
Reynolds numbers the corresponding dissipation is

(5.26)

This expression shows that the dissipation is higher at higher pressures or higher
gas densities. Thus, to minimize .iJ drag' the porosity increases as the pressure in
creases. This is the observed effect in fluidization. Note also that in this regime
the dissipation is not a function of the fluid viscosity, while it was proportional to it
in the low Reynolds number case, as expected from single-phase flow analysis.

With a negligible acceleration, the rate of energy dissipation .iJ can be
rewritten in a different form using the relation between buoyancy and drag derived
in Eq. (2.18). With zero wall friction this dissipation is of Onsager form

:a = g. (ps- Pf )(vf - vs)· (5.27)

In the form of Eq. (5.27) it is clear that the kinetic energy dissipation is greater for
a gas fluidized bed than it is for a liquid fluidized bed for the same relative
velocity, since for a liquid fluidized bed ps - Pf is much smaller than for the gas
fluidized bed.

With again negligible acceleration and wall friction, the dissipation .B as given
by Eq. (5.22) can be rewritten in terms of the pressure drop using Darcy's type
degenerate momentum balance given by Eq. (2.9):

(5.28)

Dissipation = Flux Pressure Drop

In this form it is clear that the dissipation is due to the pressure drop across the bed.
Thus, for a given sufficiently high fluid kinetic energy, the bed becomes fluidized
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to rrururruze the dissipation due to the pressure drop, which would otherwise
continue increasing along the Ergun equation line as shown in Fig. 5.2.

Exercises

1. Minimum Fluidization and Terminal Velocities
(a) Compute the minimum fluidization velocity of i. 50 urn, ii. 500 urn, iii. 5 cm
glass beads in air at 20°C and at atmospheric pressure and in water. The density of
the beads is 2610 kg/ m3 .

(b) What differences in velocities in part (a) do you expect between the measured
values in large cylindrical vessels and in narrow two-dimensional beds?
(c) How would you obtain the values in part (a) for i. sand, ii. cylindrical pellets of
length-to-diameter ratio 5.
(d) Estimate the terminal velocities for parts (a) to (c).

2. Minimum Fluidization Velocity and Segregation ofa Binary Mixture with an
Applied Electric Field

In an attempt to develop a process for separating pyrites from coal using the
natural differences in surface charge of the highly negatively charged pyrite
(qpyrite = 10-12 coulomb/particle), and the nearly neutrally charged coal, a direct
electric field below the corona charge breakdown was applied between two hori
zontal walls of a two-dimensional fluidized bed with a jet (described in detail in
Chapter 7) containing the mixture of coal and pyrite particles shown in Table 5.1.
The strength of the electric field E was 500 volts/em. The electric field was
assumed to be uniform perpendicular to the direction of gas flow. The equations
solved by Shih et al. (1987), typical computed bubbles and the calculated segre
gation are shown in Figures 5.4 to 5.7. The computations were done using Model
A stabilized with the solids stress. There was a qualitative agreement between the
observed and the computed pyrite segregation. In the experiment the pyrite that
initially looks like gold could be seen to stick to the left metal wall that served as
the positive electrode upon fluidization of an initially uniform mixture of particles
and an application of a high-voltage electric field.

Table 5.1 PROPERTIES OF COAL AND PYRITE PARTICLES

Coal
Pyrite

120
150

p p' glcm3

1.27
4.6

Est. Umf, cmls

5.1
6.6
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Continuity Equations

-ft(PkEJ + V(EkPk Vk) = 0 (I)

Momentum Equations

-ft(PkEkVk)+V'(EkPkVkVk)=-EkVP+PkEkg+GkVEI + ~ Kk.(vl-vJ+qkE (2)
;=1 I

where

(3)

Equation ofState

p
PI = RT ; Pk =Psk for k ~ 2 (4)

where

24 ( 0.687)
CDK = - I+O.l5Re

k
Re k < 1.000

Re
k

(6)

(7)

and

= 0.44

dklVI-Vklpl£l
Rek =-'-----'---

JlI

3 PkPIEkEI(dk+dt )2
1

I
Kkl ="!u( I+e) 3 3 vk -vI

Pkdk +Pld1

( )xVs, crit = -G/ps

()
-8.76£1+7.8 2

G £1 = -10 N / m

Gk =0 for k =1

=EkG(E1) for k=I,....N

Fig. 5.4 Hydrodynamic Model A for electrostatic segregation of particles.

(8)

(9)

(10)

(11)

(12)
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t - 0.0 sec t - 0.3 sec t - 0.4 sec t - 0.5 sec

Fig. 5.5 Volume fractions of coal particles with no applied electric field. (From Shih et al., 1987.
Reproduced by permission of the American Institute of Chemical Engineers. Copyright © 1987
AIChE. All rights reserved.)

t = 0.5 sec t - 0.8 sec t - 0.9 sec t - 1.0 sec

Fig. 5.6 Volume fractions of coal particles with 500 V/cm electric field strength. (From Shih et al.,
1987. Reproduced by permission of the American Institute of Chemical Engineers. Copyright © 1987
AIChE. All rights reserved.)
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t - 0.3 sec

: .~,: ':.

t - 0.4 sec t - 0.5 sec

Fig. 5.7 Volume fractions of pyrite particles with 500 VIcm electric field strength. (From Shih et al.,
1987. Reproduced by permission of the American Institute of Chemical Engineers. Copyright © 1987
AIChE. All rights reserved.)
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(a) Sum Eq. (2) over k phases to obtain the mixture momentum equation. Then
obtain an expression for pressure drop to give

pressure drop =weight of bed + eLectrical force

This equation generalizes Eq. (5.1).
(b) Show that when E =-(dV / dy), where V is the applied voltage, the pressure
drop across the bed increases linearly with the applied voltage and its slope can be
used to determine the surface charge on the particles. Suggest a use of fluidized
beds for space travel.
(c) Show that for zero acceleration, the elimination of pressure between the gas
phase momentum balance and particle k balance gives the equation

I. Kgi(vg - Vi) =£g I.£k (Pk - Pg)g+ I.qkE£g.
i=2 k=2 k=2

This equation generalizes Eq. (5.3). Interpret the meaning of each of the terms.
(d) Show that the momentum balance in part (c) allows the following tentative
definition of a minimum fluidization velocity Umf for a mixture of particles of
various sizes and densities by assuming that the particles do not move:

I. Kg;Umf =£/ I.£k(Pk -Pg)g.
i=2 k=2

(e) How many unknowns are there in the equation in part (d)? Is it possible to
assign a zero velocity to all particles in a mixture? If not, how can the minimum
fluidization of a mixture be obtained?

Hint: 200 and 500 urn particles segregate by size.

(f) Extend the definition of a minimum fluidization velocity to include the effect
of the electric field. How does it vary with E?

3. Energy Dissipation: Attrition, Erosion
(a) Use the results of Exercise 2 of Chapter 1 or conventional single-phase
analysis to show that the collisional energy dissipation in steady, laminar shear flow
of particles is

._ (avs )2
.B-fls 'ay
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where Ils is the viscosity and avs lay is the solids velocity gradient between two
walls.
(b) Relate this result to Eq. (5.24) and note which dissipation was neglected in part
(a).
(c) Use the dense phase particulate viscosity given by Eq. (9.245) and the granular
temperature given by Eq. (9.284) to show that the dissipation is

. 4 2 ( 1+ e) (avs )3
.8= ~£sppdpgo ~ - , e;t:l.

5(15) 2 (1- e) 2 ay

(d) In particulate multiphase flow the energy dissipation will go into heat, into
attrition - that is, into particle wear and break-up - and into erosion of surfaces.
In the 1980s it was discovered that the erosion of horizontal heat exchanger tubes
to be placed into bubbling bed coal combustors was so severe that the whole
technology developed in the 1970s was threatened. Various fluidization
consultants were called in by funding agencies to estimate the rate of tube wear and
to suggest remedies. Carefully conducted experiments at Grimethorpe, England,
confirmed the high rates of tube erosion.

The maximum rate of tube erosion can be estimated by equating the hardness
of the metal tube times the rate of wear to the energy dissipation, as computed in
part (c). The hardness of the metal is like a pressure. Hence P dV is work of
wear. Based on this analysis, estimate how the rate of erosion varies with

i. fluidization velocity
ii. particle diameter
iii. particle density
iv. hardness of the tube.

Where does the hardness of the particle come in?
For a review and other models see Bouillard and Lyczkowski (1991).
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6.1 Introduction

Speculation concerning the origin of bubbles in fluidized beds has been going
on for several decades. Jackson (1963) carried out a small perturbation analysis of
his hydrodynamic equations and showed that a small perturbation in voidage will
grow without bound. Davidson and Harrison (1963) analyzed the problern frorn
the point of view of the existence of a maximum stable bubble size. Their stability
condition was that the bubble velocity given by a semi-empirical expression in
terms of bubble size had to be greater than the terminal velocity of the partie les for
the existence of a stable bubble. Rietema and Mutsers (1973) used a srnall
perturbation analysis, reviewed in detail by Jackson (1985), to obtain in a criterion
for bubbling. Rietema and Mutsers' work has been continued by Mutsers and
Rietema (1977), Piepers et al. (1984) and Rietema (1984).

The realization that bubbles are shocks, that is, intersections of characteristic
paths, in the mathematical sense, took some time to evolve. Verloop and Hcertjes
(1970) were apparently the first to state that shock waves will originate in fluidized
systems when porosity waves rise faster than what they state to be the velocity of

"an equilibrium disturbance." Then Verloop and Heertjes continued their

115
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square root of the elastic modulus of the bed divided by its density. Foscolo and
Gibilaro (1984) found an expression for this velocity in terms of the gravitational
constant and powder properties by making an analysis that neglected inertia of the
particles. Rowe (1986) has extended Foscolo and Gibilaro's analysis with
considerable success to give an explanation of the behavior of Geldart Type A and
B powders.

The mathematical theory of shock formation in fluidized beds was first pre
sented by Fanucci et al. (1979). They solved simultaneously the partial differential
equations for porosity and velocity using the method of characteristics for the case
when the elastic modulus of the powder divided by its density exceeded a reduced
relati ve velocity. They assumed that the velocity of the particles at the grid varied
sinusoidally with time. With such an input into the model they found that the
characteristic paths intersected; hence, shocks formed. Since their method is
numerical, no criteria for bubbling were found. This type of analysis was repeated
by Rasouli (1981) with the relative velocity equations used here. Similar mild
intersections of characteristics were found with the sinusoidal velocity input at the
inlet of the bed. Pritchett et at. (1978), Klein and Scharff (1982) and Gidaspow
and Ettehadieh (1983) solved the hydrodynamic equations numerically with real
istic velocity input into the bed and found that bubbles will form in a natural way
for Geldart Type B particles. These studies were fully reviewed by Gidaspow
(1986).

To obtain an algebraic bubble criterion from the hydrodynamic equations of
fluidization, approximations must be made. The objective here is to derive a
bubbling criterion using shock theory of first-order partial differential equations.
Such a theory is commonly used (Amundson and Aris, 1973) in chromatography.

6.2 Void Propagation in Incompressible Fluids

To obtain continuity shocks, it is necessary to derive a void propagation
equation. The two incompressible continuity equations for the gas and the solid
with no phase changes in one dimension can be written as follows:

ae· a(C;Vi)_'+ =0,
at ax

(6.1)

where i =g, s.
Equation (6.1) states that the volume of each phase i is constant as we move

with velocity Vi. This follows directly from the Reynolds .transport theorem. To
obtain the desired void propagation equation, the two continuity equations are each
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solved for the gradient of velocity and the two gradients are subtracted to form the
group

d{Vs-V,} =_1[dE +{EVs+EsV )dEJ.
ax ee, at g ax

This algebraic manipulation produces an inversely weighted mean velocity

and the relative velocity

(6.2)

(6.3)

(6.4)

In terms of these new variables, the two continuity equations give a primitive form
of the void propagation equation

aE ~aE av,
-+v-=€£s-
at ax ax

(6.5)

If the slip, v" is a constant, Eq. (6.5) shows that the void E moves with the velocity
v. This is also true for very dilute flow, where e, is near zero. With such
approximations, continuity shocks can be obtained, as will be discussed later.

It is most instructive to consider the relative velocity model (Gidaspow, 1978)
before returning to the approximations mentioned previously. In one dimension,
with normal stress a and wall shear ';ws, this model can be written as

av, aO' A 4,;ws
E p v -=---gE Ap-pcv ---,SS'a as'x x Dr

(6.6)

where the gravity g is taken in the opposite direction of the coordinate x, ~c is the
interfacial drag and D, is the actual or effective tube diameter. Solutions to various
transport and fluidization problems using this equation were presented by
Arastoopour and Gidaspow (1979), Liu and Gidaspow (1981) and Gidaspow et al.
(1983). See Chapter 2, Eq. (TI.6).

Breault (1987) has applied this model to produce a computer code for recircu
lating fluidized bed combustors. As done previously (Gidaspow, 1986), a modulus
of compressibility is introduced by noting that the normal stress is primarily a
function of the porosity or volume fraction of the solid phase.
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Thus,
aa aa aC.s-=_.-

aC.s aC.s ax

To have a positive modulus of powder compressibility G, let

aa aa
G=-=--.

a£s aC.

(6.7)

(6.8)

The sign of this modulus is opposite to that used in the literature previously
(Gidaspow, 1986). Using such a representation for the stress, substitution of the
gradient of velocity from Eq. (6.6) into Eq. (6.5), gives the void propagation
equation

(6.9)

Convection of voidage =Drag + Gravity + Wall friction

Equation (6.9) shows that the voidage moves with the velocity v-G£/psvr .

When the powder compressive modulus is zero, it moves with v, as already seen
from the continuity equations above.

The ratio G I Ps is the square of the critical velocity. It has the same meaning
as the velocity postulated by Verloop and Heertjes (1970) and Foscolo and
Gibilaro (1984). This velocity square divided by the relative velocity opposes the
main motion, as seen in Eq. (6.9). In developed flow the right-hand side of Eq.
(6.9) is zero. Then buoyancy is balanced by drag and wall friction.

The interfacial drag ~c in the relative velocity equation is related to ~ used in
the model of Gidaspow and Ettehadieh (1983) by the relation

(6.10)

The interfacial drag ~ was (Gidaspow, 1986) related to the drag coefficient for
dilute flow or to the coefficients from the Ergun equation. The latter yield the ex
pression for ~c as

(6.11 )
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To make further progress it is assumed as a first approximation that the ve
locities in Eq. (6.9) are equal to their fully developed or terminal velocities. They
are then obtained by equating buoyancy to drag. Then in the absence of wall fric
tion, the right-hand side of Eq. (6.9) shows that

~pEsg f£s~pg
-v,=--= .

~c ~A
(6.12)

This approximation has reduced the problem of void propagation to one first-order
partial differential equation, Eq. (6.9).

6.3 Shocks and Dispersion with No Solids Stress

For developed flow, the combination of the two continuity equations as already
given by Eq. (6.5) shows that the void moves with the velocity v. The same result
is given by Eq. (6.9) for zero stress modulus G. For convenience call this
propagation velocity C.

Hence,

(6.13)

Next consider the case of void injection into a bed at minimum fluidization, where
Vs is zero. Then using Eq. (6.12), the propagation velocity becomes as follows:

(6.14)

This propagation velocity will have a different dependence on the void fraction
depending upon the value of the friction coefficient ~ A. If C were to be a constant,
the void injected into a bed at minimum fluidization would move unchanged
throughout the bed, as does a pulse of tracer gas injected into a chromatographic
column with a linear isotherm and no diffusional resistance. The different behavior
of the void injected into the bed is due to the different expressions for PA in
different regimes « :

For low particle Reynolds number, the first term of the Ergun equation, as
given by Eq. (6.11), describes the dependence of ~c on E. Hence,
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SHOCK FORMATION
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Fig. 6.1 Bubble formation in a fluidized bed initially at minimum fluidization. (From Bouillard and
Gidaspow, 1991. Reproduced by permission of Elsevier Sequoia.)

(6.15)

Equation (6.15) shows that the void injected at the bottom of the bed moves faster
than the void at minimum fluidization velocity. Figure 6.1 shows that this results in
the intersection of paths or characteristic directions and hence in the formation of a
shock. The faster moving void injected at the bottom catches up with the slower
moving void in the bed and forms a reinforced void, a shock.

Now consider the case of large particles or large particle Reynolds numbers.
For such a situation the "turbulent" part of the Ergun equation is applicable.
Hence, Eq. (6.11) gives

(6.16)

For E greater than ~, this is a decreasing function of E. Therefore, as seen in Fig.
6.2, the void injected into the bed moves more slowly than the void at minimum
fluidization already in the bed. Hence, the void is dispersed, as in chromatogra-
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Fig. 6.2 Void dispersion in a fluidized bed initially at minimum fluidization. (From Bouillard and
Gidaspow, 1991. Reproduced by permission of Elsevier Sequoia.)

phy with an unfavorable isotherm. Therefore, for sufficiently large particle sizes,
bubbles will not form in the fluidized bed. This occurs for Geldart D type
particles.

6.4 Bubbling Criterion for Small Particles

Equation (6.9) shows that the void propagates with the velocity C given by

A GE
C=v---.

Psvr

(6.17)

From the discussion given in the previous paragraph, it is clear that the criterion
that must be satisfied for a shock formation is that
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dC .
- > 0 for bubble formation.
dE

(6.18)

For small particles C is the sum of Eq. (6.15) and the contribution due to non-zero
G as given by Eq. (6.17). For convenience let the void independent part of the
percolation velocity be

APg(dp<!lsY
v =-----

o 150ll
(6.19)

Then the void propagation velocity can be written as follows for small particles:

2 G (I-E)
C=VoE +---.

Ps VoE

A useful form for the powder modulus is

(6.20)

(6.21)

where Go is the void independent part and E' and b are empirical constants for the
powder.

Equation (6.20) is the sum of an increasing function of E and a decreasing
function of E. Hence, a maximum exists. For shock formation we must have

or

dC 1+bE-bE
2

G
-=2v E-----o 2
ds: E Vo Ps

Percolation velocity> Constant x Critical flow velocity

(6.22)

(6.23)

Equation (6.23) shows that a bubble is formed only when the percolation velocity
exceeds the critical flow velocity by some constant. A typical value of the critical
velocity (G / Ps)72 is one meter per second. Thus, bubbling will occur for suffi
ciently large particles but not for small particles according to the criterion given by
Eq. (6.23), since Vo varies with the square of the particle size. It will occur in gas
fluidized beds but not in liquid fluidized beds when ~P is small. The bubbling
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criterion can even be stretched to the case when the particles are cemented
together. In such a case G is the modulus of elasticity for the brick having a value
of thousands of meters per second. No reasonable flow of gas can break such a
cemented group of particles. Hence, no bubble forms.

The derived bubbling criterion can be regrouped to give the Geldart transition
for Group A to Group B particles. For low particle Reynolds numbers, the velocity
Vo used in Eq. (6.20) is related to the minimum fluidization velocity by means of
the relation

(6.24)

Then in terms of minimum fluidization velocity the bubbling criterion becomes

or

1 ( 1+ be_be
2 )12 ( G )12

Uif>-- -m 2 3
11<1>s E Ps

(6.25)

(6.26)

where the bubbling velocity UMB equals the expression on the right-hand side of
inequality (6.25). Thus, the minimum bubbling velocity is related to how fast the
solids are running down to fill the void at the critical velocity (G I Ps)~, as well as
to how the modulus G changes with the void. Although the order of magnitude of
the minimum bubbling velocity computed here agrees with the values measured by
Geldart, the high sensitivity of G with E precludes a quantitative calculation of
UMB from G at the present time. However, when expression (6.26) is read as an
equality, it clearly gives Geldart's boundary between A and B particles.
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Exercises

1. Effect ofGas Compressibility
(a) Show that a generalization of the void propagation Eq. (6.2) to the case of a
compressible gas is
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where dP / dtg is the time derivative of the pressure in a frame moving with the gas
velocity vs: and Cg is the gas sonic velocity

(b) Using Eq. (6.9) show that the additional compressibility term is small and can
be neglected. The effect of pressure on the transition to bubbling comes from the
fact that at high pressure, as shown in Chapter 7, there is a greater bed expansion,
The slope dC / de decreases and eventually becomes negative as pressure
increases, leading to no bubbling.

2. lnvariance to Models
Show that the bubbling criteria derived are the same for Models A and B.

3. On the Prediction ofBubble Coalescence in Gas-Liquid-Solid Fluidization
There are two basic regimes in gas-liquid-solid fluidized beds, as discussed by

Fan (1989). They are the dispersed bubble and the coalesced bubble regimes.
They can be best understood by reference to Fig. 6.3. This figure shows a photo
graph of gas bubbles formed in a two-dimensional bed filled with 0.8 mm glass
beads continuously fluidized by water with an approximately uniform injection of
fine bubbles through a gas distributor mounted below a liquid porous distributor
through which water was pumped at a uniform velocity. At much higher liquid
velocities, that is, at higher bed expansions, visible bubbles tend to disappear. We
are in the dispersed bubble regime. One may speculate that the particles act like
Geldart Group A particles in gas fluidization or like particles in a gas at high
pressure. Since the hydrodynamic three-phase computer code appears to be able to
predict these observations, it should be possible to generalize the bubbling criterion
developed in this chapter to predict bubble coalescence.

(a) Assume that the liquid-solid slurry is homogeneous, that is, that its velocities
are equal, and find an approximate criterion for bubble formation.

Note that for gas bubble coalescence the slopes of the characteristics in Fig.
6.1 must intersect. The velocity of the fine bubbles at the injector must be greater
than their velocities in the upper portion of the bed.
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Porous plate distributor
With porous tube gas
Distributors for formation

/' Of fine gas bubbles.

Fig. 6.3 Bubble coalescence in a gas-liquid-solid fluidized bed. with uniform liquid and gas injection.

Particles
Initial bed height of particles
Superficial gas velocity
Superficial liquid velocity

0.8 mm leaded glass beads
17.8 ern
3.36 cmls
2.04cmls

(a) Note that the gas and liquid velocities are in the range of commercially useful flow rates. as
reported by Tarmy and Coulaloglu (1992).
(b) Note that visible bubbles disappear when the liquid velocity is doubled (Bahary, 1994).

(b) Explain the location of the bubbles in Fig. 6.3. The arrows indicate the ob
served flow patterns, very roughly. See Chapter 10.
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7.1 Basic Equations

The conservation laws of mass and momentum for each phase k are

Continuity Equation for Phase k

~t (EkPk)+ V ·(EkPkVk) =m~,

129

(7.1)



130 Multiphase Flow and Fluidization

Momentum Equationfor Phase k

;t (£kPkv k )+V ·(£kPkvk vk) =£kPkFk +V· Tk + L,~( vI - v k)+ m~ v k : (7.2)
I

Acceleration of phase k = Body force + Stress + Drag force or particle-particle + Phase change
momentum interaction

These equations were derived in Chapter 1. Equation (7.2) is Eq. (1.16) with the
interaction force Pk expressed in terms of the friction coefficient ~ fully discussed
in Chapter 2 for solid-fluid interaction. Particle-particle interaction will be
discussed further when multiphase effects are considered. The phase change
momentum disappears when Eq. (7.2) is expressed as Eq. (1.16), moving with its
phase velocity. As already alluded to in Chapter 1, a constitutive equation for the
stress in the absence of viscous effects or cohesion can be chosen to be

Constitutive Equation for Stress with No Viscosity

Tk=-PkI. (7.3)

When Eq. (7.3) is substituted into the momentum balance, Eq. (7.2), the result
is Model B, which was fully discussed in Chapter 2, and studied numerically for
fluidization by Bouillard et at. (1989a). Each momentum equation contains its own
pressure. Model A, favored by the gas-liquid two-phase flow investigators,
involves a pressure gradient of the gas in the particulate phase momentum balance.
Since the differences between the two models are small, Model B is the preferred
model whenever instability problems arise. The mixture equation is the same for
both models. In convective form, the momentum mixture equation is

(7.4)

Hence, in two-phase flow all differences between the models appear in the
equation related to the difference between the phases, which involves the drag
between the phases. Several other models have been used in multiphase literature
for such a difference equation, such as the relative velocity equation given in
Chapter 2, and the earlier slip correlations, which form the basis for the TRAC
computer code (Vigil et al., 1979) for studying transients in gas-liquid flow. The
next several sections will explore the properties of the multiphase balances.
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7.2 Compressible Granular Flow

Single-phase particulate flow in the absence of an interstitial fluid has been
called granular flow by Savage (1983, 1988) and others (Jenkins and Savage,
1983). It has also been called bulk flow. For gas-particle flow, such a situation
occurs in a vacuum and is also approximately true for flow of large grains, hence
the name granular or bulk flow.

In the limit of zero fluid density, the conservation of .mass and momentum
equations for one-dimensional flow without phase changes and external forces are

Mass Balance

apb + a(PbUs) =0,
at ax

Momentum Balance

a(PbUs) + a(PbU/) + aps =0
at ax ax '

(7.5)

(7.6)

where Pb is the bulk density equal to EsPs. To proceed with the analysis, a
constitutive equation for the solids pressure, Ps , is needed. Possible forms of
constitutive equations were already discussed in the chapter on critical flow. The
simplest form for particulate flow obtained from kinetic theory of solids is

(7.7)

where E> is the granular flow temperature, defined as one-third of the fluctuating
energy. Whether particles oscillate or are simply compressed, the solids pressure is
a function of the bulk density or volume fraction of solids for a constant particle
density, as postulated in Eq. (7.8):

(7.8)

The modulus of elasticity G was defined as

(7.9)
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Hence,

(7.10)

where G' = G/ps.
Further let the flux of powder flow be F =PbUs and neglect the term in

volving the square of velocity in the momentum equation, for convenience and
simplicity of analysis. Then the mass and momentum balance can be written as a
set of two first-order partial differential equations for the two variables Pb and F:

Mass Balance

apb aF
-+-=0,
at ax

Momentum Balance

aF +G,apb =0.
at ax

(7.11a)

(7.llb)

Such a set of equations is valid for any material with the approximation made.
For a gas the modulus G' is the square root of the sonic velocity or the derivative
of pressure with respect to density at a constant temperature or at a constant
entropy.

Differentiation of (7.11a) with respect to x gives

and differentiation of (7.11b) with respect to t gives

2
aF ,a Pb
-=-G--
at2 atdx

(7.12)

(7.13)

Elimination of the mixed partials of Ph in Eqs. (7.12) and (7.13) gives the
same equation for the flux F:

(7.14)
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Repetition of the process by differentiating (7.11a) with respect to t and
(7.11b) with respect to x gives a wave equation for Pb :

(7.15)

The characteristic directions for the wave equation (7.15) are

dx rz: ~
-=±-vG =±vGJps·
dt

(7.16)

A measurement of the time required for a disturbance in bulk density to travel a
distance x will give a value of G'. With specified initial and boundary conditions,
as shown in Fig. 7.1, the solution to the wave equation can be obtained.

Let us suppose, however, that the sign of G in Eq. (7.9) is negative; that is, the
pressure decreases as the solids volume fraction increases, then Eq. (7.15)

2 2

WAVE EQUATION: aPb =(~) aPbot 2 Ps ox 2

BOUNDARY CONDITION

BOUNDARY CONDITION

SOLUTION

~MARCHED OUT

SLOPE c ~~ =-/G/ps IN TIME

-------r------------ t, TI ME

x

x = I

INITIAL
CONDITION

x=o

X

BOUNDARY CONDITION

INITIAL

CONDITI·ON

LAPLACE1S EQUATION
2 2

..£..E.... + (~) a Pb = 0ot 2 Ps ox 2

NEEDS A

CONDITION IN
FUTURE TIME

BOUNDARY CONDITION
t. TIME

tFUTURE

Fig. 7.1 Well-posed and ill-posed initial value problems for bulk density in granular flow.
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becomes a Laplace's equation. As depicted in Fig. 7.1, a unique solution of a
Laplace's equation requires the knowledge of some information at the boundary
tfuture. This means future events will influence the present. Such a violation of the
principle of cause and effect does not make sense. This type of an occurrence is
prevented by requiring the constitutive equation to satisfy the second law of
thermodynamics. The stability condition (Callen, 1960) requires that

(7.17)

This requirement ensures that the simultaneous solution of the conservation of
mass and momentum will yield a well-posed or properly formulated initial value
problem. Unfortunately, such violations are quite common (Gidaspow, 1974;
Drew, 1983; Lyczkowski et al., 1978, 1982) in two-phase flow, although they are
not that easy to explain or to verify. In each case, they lead to numerical
instabilities.

7.3 Well-Posedness of Two-Phase Models

The success of any numerical method depends on the requirement that the
problem be well-posed. Otherwise numerical instabilities will produce non
physical results.

Conservation laws, such as those given by Eqs. (7.1) and (7.2), can be written
as a system of quasilinear first-order partial differential equations:

au 3 au
-+L,Aj-=b
at j=l ax}

(7.18a)

where the matrix multiplying the derivatives with respect to time has been reduced
to a unit matrix by multiplying by its inverse. The initial value problem under
consideration is to find a solution of system (7.18a) in some region

(1:C:;i:C:;3), t ~ 0, (7.18b)

subject to the initial condition

uto, x)=G(x)

and the value of U prescribed on the boundaries.

(7.18c)
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The initial value problem (7.18) is called well-posed if it has a unique solution
for all sufficiently differentiable initial values G(x) (Lax, 1958; Courant and
Hilbert, 1962). As a theorem (Lax, 1958; Pal, 1969) it can be proved that the
initial value problem (7.18) is well-posed if and only if all linear combinations of
L A j~ j the coefficient matrices Aj with real coefficients ~ j have only real
eigenvalues.

The eigenvalues for the system of two first-order partial differential equations
given by Eq. (7.11a) and (7.11b) are ±&. The eigenvalues for the system with
the sign G reversed are complex and equal to ±i&.

The well-posed system is hyperbolic, while the ill-posed system is elliptic.
System (7.18) is hyperbolic, if all linear combinations LAjJl j of the

coefficient matrices with real numbers Jlj have only real eigenvalues At, A2,
A3, ... An, and n linearly independent eigenvectors, so that a nonsingular matrix T(

u) exists such that
At 0

A2

T(rAjllj )T-1 = A = (7.19)

0 An

is symmetric and T depends smoothly on ~ (Pal, 1969, adapted from Richtmyer
and Morton, 1967). Sedney (1970) has stated that if the system is not completely
hyperbolic, many possibilities of system classification exist and that not all types
have been given names.

Thus, a parabolic system is well-posed. Characteristics analysis is an integral
part of the computational aspects of multiphase flow. The major reasons for this
are that the choice of numerical method and its stability when solved as an initial
value problem are intimately connected with the nature of the partial differential
equations. The basic connection between the stability of finite difference schemes
and the partial differential equations they approximate is given by the so-called Lax
Equivalence Theorem (Lax and Richtmyer, 1956). This theorem states that if a
finite difference approximation to a well-posed linear initial-value problem is
consistent, then stability is both a necessary and a sufficient condition for
convergence. If the partial differential equations posses complex characteristics,
then they are not completely hyperbolic, hence ill-posed, and therefore no stable
numerical scheme can be found at least for the linear system, since the Von
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Neumann analysis predicts exponential growth. Lyczkowski et al. (1982) give a
more complete discussion.

The characteristics for one-dimensional two-phase flow for the balances
expressed by Eqs. (7.1) and (7.2) with the constitutive equation for each phase
given by Eq. (7.3) called Model B in Chapter 2 can be obtained as follows. Table
2.1 gives these steady state equations. Call Cs the sonic velocity of the gas at a
constant temperature or at a constant entropy. G is again the corresponding
modulus of elasticity for the solid phase. Then conservation of mass and
momentum equations for the gas and the solids particulate phase can be written in
matrix form

aEg jat aEgjas

A
aplat

+8
aplax

=c,
avgjat avgjax
avs/at avs/ax

where

Pg Eg [c,2 0 0

Ps 0 0 0
A=

0 0 PgEg 0

0 0 0 PsEs

PgVg EgVg/C; PgEg 0

Psvs 0 0 PsEs
B=

0 EgPgVg 0

-G 0 0 EsPsVs

and

0

0
c=

13 B(VS - vg )-4'twg/ D1 - Pgg

-13B(VS - vg) - 4'tws/ D1 - Es.1.Psg

(7.20)

(7.21)

(7.22)

(7.23)
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where

(7.24)

The characteristic determinant can be shown to be (Tsuo and Gidaspow, 1990;
LyczkowskietaL, 1982)

VS -A 0 0 -Es

PgC:/ ( ) v -A pgCs
2 £spgCs

2

-E- Vg -Vs g Eg (7.25)g

0 _I_ v -A 0
PgE g

g

.:»: 0 0 VS -A
E.fPS

The characteristic roots, A;, of this determinant are

(7.26)

and
(7.27)

Since (CsL. lEg) > 0, and (G I pg) > 0, this equation set has real and distinct
characteristics. Hence, the system is hyperbolic. The problem is well-posed as an
initial value problem.

The characteristic directions also determine where the boundary conditions
must be prescribed for a well-posed problem. Equation (7.26) shows that
information about the gas must be prescribed at the inlet and at the exit, since the
characteristic directions are positive and negative due to the large value of Cs .

Although the form for the solid, as shown by Eq. (7.27), is similar to that for the
gas, the value of GIPsis small. Its square root is of the order of I m1s for dense
flow for a volume fraction of solid of about 0.6. It is very low for dilute flow.
Hence, the characteristic directions for the solid are normally both positive. For
small values of G, the characteristics are nearly equal. The particles essentially
move with their own velocity, with the wave effect negligible.

For the case of zero G and an incompressible solid, the characteristics are
those of the Rudinger-Chang (1964) set, as generalized to the non-dilute case by
Lyczkowski et ale (1982). The characteristics A3 and A4 can be obtained
independently of the gas phase equations, as done in Chapter 4, since the system is
coupled only through the non-derivative terms, matrix C. Such a procedure
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permits a generalization of the classification to the multiphase set of Eqs. (7.1) to
(7.3). For the dispersed phase k, the characteristics are

k =1,2, 3, ... ,m particulate phases. (7.28)

Hence, the multiphase system (7.1) to (7 .,3 ~ is well posed as an initial value
problem. For negligible particulate pressures, the characteristics are simply the
trajectories or particle paths. They must clearly be real paths.

Because of the problems with buoyancy, as discussed in Chapter 2, the
constitutive relation (7.3) was not used in earlier studies of dense phase flow and
fluidization (Gidaspow, 1986). Instead, the continuous fluid phase pressure
weighted by its volume fraction was used in the dispersed phase, in addition to the
solids phase pressure. This is Model A, as described in Chapter 2. Fanucci et al.
(1979) have obtained characteristics for this model for incompressible fluids.

Their paper shows one of their characteristics, C, to be

(7.29)

For zero G this model is ill-posed as an initial value problem, similar to the test
case debated in 1974 at the International Heat Transfer Conference (Gidaspow,
1974) and described in greater detail by Lyczkowski et al. (1982). For a judicious
choice of the stress modulus G based on some experimental data, such as

G(E) =10-8.76£+5.43 N / m2 , (7.30)

the characteristics are real and numerically stable calculations can be obtained.
Unfortunately, the stress modulus had to be adjusted (e.g., Bouillard et al.,

1989a) to prevent the void fractions from reaching impossibly low values and to
satisfy the condition of real characteristics. A decade of experience with this
conditionally stable model showed that unexpectedly non-physical results can be
obtained, such as the appearance of particles in the free board in fluidization or
disappearance of solid particles during detonation in impossible locations. In such
cases, such a non-physical behavior can be traced to the numerical instability
caused by imaginary characteristics. Hence, this model must be used with caution
for transient flow.
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7.4 Homogeneous Flow and Pressure Propagation

For homogeneous flow, that is, for the case when all phase velocities are equal,
the mixture momentum equation (7.4) moving with the velocity v becomes as
follows:

(7.31)

when all particulate phase pressures are negligible with respect to the fluid pres
sure. For the continuous phase, say, the gas phase, the equation of state is

Pg = Pg(T, p).

The isothermal sound speed Cg is given by

C 2 =(~) .
g ap

g T

(7.32)

(7.33)

A similar sound speed can be defined at a constant mixture entropy. The continuity
equation for the gas phase with this sound speed with no phase change is

The continuity equation for the incompressible particulate phase is

de avo
--+Es-=O ..

dt . ax

Summation of the two continuity equations (7.34) and (7.35) gives

Differentiation of Eq. (7.36) with respect to the convective time gives

(7.34)

(7.35)

(7.36)
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dav d( E dP)
dt ax = - dt PgC/ -;;; .

(7.37)

Differentiation of the momentum equation (7.31) with no body forces with respect
to x, and reversal of derivatives gives

d (av) a( 1 apJ
dt ax = - ax Pm ax .

Since the left-hand sides of Eqs. (7.37) and (7.38) are the same,

When the velocity v is small, the convective derivative

d a a
-=-+v-
dt at ax

(7.38)

(7.39)

(7.40)

becomes a simple partial with respect to time, and Eq. (7.39) is simply the wave
equation for the fluid pressure. Equation (7.39) shows that the pressure propagates
with the mixture velocity Cm equal to

(7.41)

where

Under isothermal or isotropic conditions

( Y R T ) ~ [RT
Cg = M or VAi ' isothermally,

(7.42)

(7.43a)

'where 'Y is the ratio of specific heats of ideal gases.
For the case of not very dilute loading, (1- E)ps > eps : Eq. (7.41) reduces it

self to the simpler expression
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Mixture Sonic Velocity - C - [P; Cg

- m -VP: ~e(l-e) ·
(7.43b)

Equation (7.43b) shows that there is a minimum in em with respect to void
fraction at E = 0.5. It also shows that the sonic velocity of the mixture is much
lower than it is for the gas; a typical value is 10 mls. Pressure waves through
fluidized beds and bubbly flow move at such velocities. Equation (7.43b) also
shows that the mixture velocity vanishes as gas density goes to zero.

7.5 Solids Vorticity and Void Propagation

To understand multiphase flow phenomena, such as bubble formation near the
grid for uniform flow, simpler models are frequently useful. In single-phase fluid
mechanics, representation of the Navier-Stokes equation in terms of a vorticity
transfer equation is often useful. Such an approach will be pursued here.

For inviscid two-phase flow with EPg « EsPs and Ps « Pgas' the mixture
momentum equation (7.4) becomes

(7.44)

As done in free convection heat transfer (Batcheler, 1954; Poots, 1958;
Churchill, 1966), considerstatic conditions defined by

(7.45)

and define a dynamic pressure Pd as

(7.46)

where the subscript "0" denotes the static state. Subtraction of Eq. (7.46) from
(7.44) gives a momentum equation in terms of buoyancy,

(7.47)

where Es is assumed to stay at the static case except where it occurs as a difference.
With such an approximation normally made in free convection heat transfer,
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the stream function and the vorticity remain the same as in single-phase flow, since
porosities only change where they occur as differences. Then for two-dimensional
transient flow the continuity equation for the solid phase

using the Green's theorem in the plane defines the solid stream function

(7.48)

and
aw sv =---

S ax (7.49)

Let <;s be twice the normal vorticity. Then

(7.50)

The dynamic pressure in Eq. (7.47) is eliminated by differentiating the x compo
nent equation with respect to y and the y component equation with respect to x and
then by subtracting the equations. The result is the vorticity transfer equation
shown in Eq. (7.51) where gravity acts downward in the y direction,

(7.51)

Equation (7.51) shows that in the absence of volume fraction gradients,

(7.52)

Hence, if initially there is no rotation, the flow of solids remains irrotational.
Equation (7.51) also shows that void fraction gradients set up circulation.

A useful void propagation equation can be obtained by combining two in
compressible continuity equations, as done in Chapter 6. A generalization of Eq.
(6.5) is

(7.53)
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where v r is the relative velocity and vis the inversely weighted mean velocity,

v= £l' S +EsVg • (7.54)

The gradient of relative velocity can now be eliminated by various means.
One approach is to use the relative velocity equation (Gidaspow, 1978) which gives
a hyperbolic diffusion equation for porosity. Analytical solutions to such a
linearized equation were used to describe solids tracer injection into fluidized beds
(Liu and Gidaspow, 1981). A simpler but cruder approach is to use the concept of
slip. Let us assume that in the direction of gravity, terminal velocity is reached and
that in the perpendicular direction, there is homogeneous flow. Then using Eq.
(6.12) we have

f£s~pg
Vr =vterminal = .

~A

Then the first-order partial differential equation (7.53) shows that

dE =0
dt

along the paths given by

dt dx dy

T=-;= V-f£s(Ap)g~(f£s~A-I)'

(7.55)

(7.56)

(7.57)

where u is either the gas or the solids velocity and the gradient of relative velocity
contributed the non-linear term involving the derivative with respect to porosity.
This latter effect gives rise to shocks or dispersion, as illustrated in Chapter 6 for
the one-dimensional case.

Equation (7.57) is useful in analyzing regions of influence, such as that of a jet
injected into a fluidized bed, as sketched in Fig. 7.2. Consider time average
behavior. Then the slope of the constant porosity curves is given by

dv,
dy vg - EVt - f£ S dE
-=~-----

dx ug

(7.58)

If the jet is moving straight up into the bed, Jlg is zero and the slope is infinite at
point J. Curves starting in the grid region are at the constant porosity Emf. The
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y
FLUID BED

J

JET GAS THROUGH GRID
TO GIVE Emf

Fig. 7.2 Regions of influence for time average behavior of void fraction.

shape of the curve dividing the jet region and the grid region requires the solution
of the complete hydrodynamic problem.

An analysis with more simplification can be used to show that a point source
of gas injected into a two-dimensional fluidized bed will produce a circular bubble.
Neglecting the non-linear effect of variation of relative velocity with porosity, Eq.
(7.53) in cylindrical coordinates is

For a point source of width Wand volumetric source strength Qm3 Is,

Q=W7tRvRg =W7tRv Rs '

(7.59)

(7.60)

assuming the gas displaces the solid particles. Then porosity is one along the curve

dR A Q 6-= vR = vSR =--. (7. 1)
dt W1tR

Integration of Eq. (7.61) gives
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(7.62)

Equation (7.62) shows that constant time lines are circles or semi-circles for in
jection at the bottom boundary, as in Eq. (7.61). Similarly, we obtain spheres in
three dimensions.

For the same level of approximation as used in deriving the vorticity equation
(7.51), a Laplace's equation for pressure can be obtained. Neglecting all accel
erations for the gas, the momentum balance (7.2) using the constitutive equation
(7.3) becomes, in the absence of gravity and phase changes,

(7.63)

Equation (7.63) is essentially Darcy's law for flow in porous media, which is usu
ally written as

k
vg-vs =--VP,

Jl
(7.64)

where k is the permeability and Jl is the fluid viscosity. It is useful to know this
similarity, since there exists a large body of literature dealing with flow in porous
media. Then for constant permeability k or constant friction coefficient ~, the two
continuity equations with negligible porosity variations,

v .vg = 0 and V.vs = 0,

give the Laplace's equation for pressure

(7.65)

(7.66)

upon application of the divergence to Eq. (7.63) or (7.64).
The equations given in this section provide an approximate model for multi

phase flow and for fluidization. They can be used to obtain vs » Vg' e and P. The
solids velocity is obtained from the vorticity equations (7.51) in terms of porosity
obtained from (7.57) and the integrated form ofEq. (7.50), expressed as

'IIs = Sf G(r: r')<;s dx dy, (7.67)

where G is the Green's function for the region under consideration, which is a
function of the observer coordinate r and the source coordinate r'. Similarly,
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Laplace's equation (7.66) can be solved by Green's functions (Lyczkowski and
Gidaspow, 1971) to give the gas velocities relative to the solid velocities.

7.6 Davidson Bubble Model

Davidson (1961) analyzed bubble motion in a large fluidized bed. He pre
dicted the existence of a spherical surface of zero velocity, called a cloud. Shortly
after his prediction, the existence of a cloud was verified experimentally by insert
ing NOx into a bubble injected into a fluidized bed near minimum fluidization.
Since mixing across this cloud can only occur by diffusion, this cloud forms a re
sistance to gas diffusion. The concept of a cloud was considered to be so important
that one denotes it to be a "phase" in the transfer coefficient models of Levenspiel
and others (Wen, 1975; Babu et al., 1976) for modeling reactions in fluidized beds.
Although in many reactors, such as fluidized-bed gasifiers and combustors, the
bubbles do not have clouds, the elegance and simplicity of Davidson's approach
generates continued studies (Collins, 1982; Littman and Homolka, 1973).

Davidson assumed that the solids were in irrotational motion. Equation (7.51)
shows that this is true in the absence of porosity gradients. Then for zero vorticity,
in two dimensions, application of the Green's theorem in the plane shows that a
potential function <1> s must exist for the solid, as show in Eq. (7.68):

(
av au) ( ) ( a<t> a<t»O=JJ _s__s dxdy=t usdx+vs dy =fd<t>s =J _s dx+_s dy . (7.68)
~ ~ ~ ~

Hence,
a<t>su =-- and

s ax (7.69)

In general,

Substitution into the continuity equation with no porosity changes,

V'Vs =0,

gives the Laplace's equation for the solids potential

V 2
<1> s = o.

(7.70)

(7.71)

(7.72)
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It is possible to generalize this equation to transient flow and to the case when
solids pressure and its derivative with respect to porosity, corresponding to sonic
velocity, are significant, as done by Von Mises (1958) for compressible flow.
However, usually it is the neglect of porosity gradients that will invalidate this
simple analysis.

The remaining equations in Davidson's model are the continuity equations with
no porosity changes, Eqs, (7.65) and the Laplace's equation for pressure, Eq.
(7.66). The two continuity equations define into existence two stream functions,
one for the gas and another one for the solid.

The solids potentials for a bubble in two and three dimensions can be obtained
using classical potential flow theory. The solutions are given in Lamb's (1945) and
in Davidson and Harrison's (1963) books. The boundary conditions to be satisfied
by <Ps are

i. the velocity should be uniform and equal to the bubble velocity UB at
infinity, and

ii. the radial velocity should be zero at the bubble surface. Mathematically,
these conditions are expressed as

Bel: at r=oo,vS=~;=UB

a<p
BC2: at r=rB,vr=-=O.ar

(7.73)

(7.74)

The solutions satisfying the boundary conditions consist of a superposition of
dipoles and a uniform flow. For the cylinder it is

<l>s =uBcose(r+ r~2).

and for the sphere the solution is

<l>s = uB cose(r+ ~:: ).

The boundary conditions for the Laplace's equation for pressure are

(7.75)

(7.76)
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i. far away from the bubble the vertical pressure gradient equals the weight
of the bed, as required by hydrostatics with negligible solids pressure, and

ii. the pressure of the bubble surface is a constant. These conditions are
given by

Bel: at r v s«, ~: =-g{EmfPg+EsmpJ

ap
- = g cosSPbm' where Pbm == tsmP s 'ar

using Eq. (7.63).
The solution for the cylinder is

P-PB = P-PB =coss(r- rl ),
~ouo gPbm r

and for the sphere it is

P-P (r 3
)__B =cosS r- JL .

~OUgo r

(7.77)

(7.78)

(7.79)

(7.80)

Cloud formation will now be determined for the spherical bubble. The de
rivative of the pressure gradient, with pressure given by Eq. (7.80), gives the rela
tive velocity between the solid and the gas as

(7.81 )

while the radial gradient of <Ps in Eq. (7.76) gives the solids velocity as

(7.82)

From Eqs. (7.81) and (7.82) the gas velocity is as follows:



Inviscid Multiphase Flows 149

(7.83)

Zero gas velocity occurs for the radius 'c called the cloud radius, equal to

(7.84)

A cloud exists for the case UB greater than the interstitial velocity Uo . Such a
bubble is called a fast bubble. No cloud exists for UB less than uo ' called the slow
bubble. In two dimensions, Davidson found the result

(7.85)

While Uo is the fluid velocity for which pressure drop equals the weight of the bed,
UB is not determined in this theory. It can be given by a correlation (Grace, 1982)
such as

UB =O.711~gDB'

where DB is the bubble diameter.

7.7 Computer Fluidization Models

(7.86)

Table 7.1 gives the inviscid two phase flow hydrodynamic equations for
Models A and B in Cartesian coordinates. In two dimensions there are the six
variables corresponding to the equations as listed below.

Variable

Pressure, P

Porosity, E

Gas velocity: u~, v~

Solid velocity: Us' vs

Equation

gas continuity

solids phase continuity

x and y gas momentum

x and y solids momentum
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Table 7.1 HYDRODYNAMIC MODELS

Continuity Equations

Gas-Phase

Solids-Phase

Momentum Equations: ModelA

rr.n

(T.2)

Gas-Phase Momentum in x-Direction

i{PgEUg) + Jx{PgEUgUg)+ i}{PgEVgUg) =-EI+ 13A (us -Ug) + mUg (T.3)

Solids-Phase Momentum in x-Direction

i[Ps(l-E)Us] + Jx[Ps(l-E)UsUs] +t[Ps(l-E)VsUs]

=-O-E)I+13A (Ug-uJ+G(E)~-mus

Gas-Phase Momentum in y-Direction

;t (PgEVg)+ :x (PgEUgVg)+ ~ (PgEVgVg) =

-E ~ +I3A(Vs -Vg)-PgEg +mvg

Solids-Phase Momentum in y-Direction

;t [Ps (1- E)Vs] + :xlPs (1- E)usvs] + ~ [Ps {1- E)vsvs] =

-(1- E)~ + 13A (vg -Vs)-Ps{1- E)g+ G(E)t -rizvs

Momentum Equations: ModelB

Gas-Phase Momentum in x-Direction

;t (pgEUg)+ t (PgEUgUg) + ~ (pgEVgUg)

=-~~ +I3B(Us -ug)+mug

(T.4)

(T.5)

(T.6)

(T.7)
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Table 7.1 (CONTINUED)

Solids-Phase Momentum in x-Direction

:t [Ps(l- £)us] + tx [Ps(l- £)usus] + ~ [Ps(l- £)vsus] = PB (ug - us) + G(E) ~ - mus

(T.8)
Gas-Phase Momentum in y-Direction

it (pgEVg )+tx (PgEUgVg) + iy (pgEVgVg) = - ~~ + ~ B(Vs - vg) - Pgg + mVg (T.9)

Solids-Phase Momentum in y-Direction

aa [p (I-E)V ]+ aa [p (I-E)U v ]+ aa [p (I-E)V v ]t s s x s s s y s s s

= ~Avg -v.)-(Ps -P)l-E)g + G(E)t -mvs

Constitutive Equations

Gas-Solid Drag Coefficients for Model A

Based on Ergun Equation, for E < 0.8

E 2Jl P Eslv -vsl
PA =150 s g 2 + 1.75 g g

E(dp~s) dp~s

Based on Single Sphere Drag, for E > 0.8

3 EEsPgIVg-Vsl -2.65
h = 4 Cd ( ) E

dp~s

(T.IO)

(T.II)

(T.12)

1
24[ ()0.687J

Cd= Rep 1+0.15 Rep ,

0.44,

if Rep < 1000;

if Rep ~ 1000. (T.t3)

Gas-Solid Drag Coefficients for Model B

~B=~A/E

(T.14)

(T.15)
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In one dimension, the basic variables are the pressure, the porosity and the gas
and the solids velocities. In homogeneous flow, as in compressible single phase
pipe flow, the variables reduce themselves to just the velocity and the pressure,
determined by their respective conservation of mass and momentum equations.

The solids stress determined by the modulus G in Eqs. (T.4) and (T.6), as
already discussed, is needed to prevent the particles from compressing to unrea
sonably high volume fractions and for numerical stability in Model A. In the
globally stable Model B, in Eqs. (T.8) and (T.IO), G is needed only for predicting
correct compression. It can be set to zero for reasonably dilute flow, where the
solids pressure is negligible. In Model B, the pressure occurs only in the gas mo
mentum equations. Thus, as discussed in Chapter 2, the force due to gravity must
be modified to satisfy Archimedes' buoyancy principle. Also, the drag relation had
to be modified due to the absence of the porosity multiplying the pressure gradient
in Eq. (T.7) as compared to (T.3). The result was Eq. (T.t5). The mixture
momentum equations for both models are identical. Hence, the models can be
expected to give a different value of the relative velocity only and not the average
mixture quantities. It was nevertheless at first surprising to see the models produce
nearly identical results for bubbling fluidization (Bouillard et al., 1989a). In view
of this and the sometimes unexpected numerical problems with Model A, it is
recommended that only Model B be used. With zero G it is valid for dispersed
gas-liquid flow where bubbles or droplets play the role of particles.

In view of continuing use of Model A by the gas-liquid two-phase flow inves
tigators and the historical breakthrough of bubble computation in a fluidized bed,
the hydrodynamic model used by the System-Science-Software group (Pritchett et
al., 1978; Blake et al., 1979, 1980; Richner et al., 1990) is presented in Table 7.2.
Their computer code involved the same six variables, with the equations written in
cylindrical coordinates with axial symmetry. The continuity equations, Eqs. (T.16)
and (T.I?), are identical to Eq. (T.I) and (T.2) in Cartesian coordinates with no
phase change. The solids conservation of momentum equations (T.18) and (T.19)
include an empirical solids viscosity of the type discussed in the next chapter. The
authors also included an empirical solids pressure and a gas pressure into the solids
momentum equations. Such an approach can be justified by looking at Eqs. (T.t8)
and (T.19) as mixture equations with a negligible gas momentum. Indeed, in the
gas momentum Eqs. (T.20) and (T.21), the gas momentum has been neglected.
The result of such an approximation is that simulation of high-speed jets became
very inaccurate. The drag between the gas and the solid was modeled in an only
slightly different way, since a similar friction data base was used. Because of this
basic similarity, the System-Science-Software group produced bubbles in fluid
beds.
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Table 7.2 SYSTEMS-SCIENCESOFlWARE(CHEMFLUB)

HYDRODYNAMIC MODEL (in cylindrical coordinates; no phase change)

Continuity Equations
Gas-Phase

(T.16)

Solids-Phase

Momentum Equations
Radial Solids-Phase Momentum

tt(EsPsUs) ++ tr (TEsPsU/)+ ~ (EsPsUsVs)
=tr (p+ ps) + tr [HAs -illJ tr (ruJ]

2a ( aus ) a [( 2) dvs ]+7 ar rus -a;:- + ar As -3~s ay

a [ ((Jus dvs )J a ( avs )+ay ~s ay+~ +2ay ~say

Axial Solids-Phase Momentum

t/EsPsvs)++ tr (TEsPsVs)+ ty (EsPsV/ )= -EsPgg - ~ (p+ ps)

++ tr[ TJlsC~ +~: )]+ ~[(As -iIlJo;;]+ ~[+(As -ills)tr{ruJ]

(T.I?)

(T.18)

(T.19)

Conservation ofGas-Phase Momentum

E ap
Ug=us---- ;

B(Es) ar
E ap

v =v ----
g S B(Es) ay

(T.20)
and

(T.21)

Constitutive Equations
Solids-Phase Pressure

{

I 2 2( 2 'f2 0 Ps Es -E so ) ,1 Es > Eso
~(Es) =

0, if e, s Eso

where 0 is an empirical constant

Gas-Phase Pressure
P=pRT

(T.22)

(T.23)
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Table 7.2 (Continued)

Solids-Phase Shear Viscosity

(T.24)

Solids-Phase Bulk Viscosity

(T.25)

Drag Coefficient

where the permeability K is defined as

K = 16rp
2Fl (Es )F2 (N)

and where N is a Reynolds number

4Eprp (vg - vs )
N= .

Jl

The function F1(E.) is given as

where constants A, a and b are constants and the function F2 (N) is given as

F2(N) = (1 + BINc )-1.

7.8 Comparison ofComputations to Observations

(T.26)

(T.28)

(T.29)

(T.30)

(T.31)

Valid models must predict the observed physical phenomena. A key obser
vation in gas fluidization was the photographing of bubbles (Rowe, 1971). The
System Science Software code (Pritchett et al., 1978) was the first computer model
to predict the formation of bubbles in fluidized beds. Since no comparison to
experiments was given, only the studies conducted at the Illinois Institute of
Technology will be discussed. The origin of bubbles was discussed in Chapter 6.
A correct dependence of the drag on the volume fraction of the solids is needed to
compute bubble formation.

7.8.1 Bubbles with a Jet

The correct prediction of bubbles in fluidized beds is one of the key issues.
Bubbles cause much of the stirring in gas fluidized beds, which give these
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contactors their unique properties. However, if in a hypothetical 10m gasifier
dreamed about at IGT, the bubble was to be a fast bubble containing oxygen, the
potential for disaster would discourage the design of such a reactor. Indeed, as
large-scale cold flow model data show, the bubbles in a 3 m bed are larger than one
meter in diameter (Yang et al., 1984). Following the work of Westinghouse cited
above, a two-dimensional bed with a jet was constructed, instrumented and tested
at lIT (Gidaspow et al., 1983). The advantage of modeling fluidization with ajet is
that in such a situation the jet establishes the flow pattern. Hence, from a modeling
point-of-view, this problem is easier than fluidizaiton with a uniform inlet gas flow.
Figure 7.3 shows a schematic of the lIT apparatus. The initial condition for bubble
studies was that of minimum fluidization as depicted

GAS OUT
f

AIR PLENUM

'--- +-" AIR JET NOZZLE

Fig. 7.3 Apparatus for measuring void fraction in liT laboratory.
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Fig. 7.4 Typicaldata for numerical computations.

in Fig. 7.4. The boundary conditions were those of no slip for the gas and for the
solid at the left and the right walls.

In the experiment (Gidaspow et al., 1983a) the bed was constructed from
transparent Plexiglas sheets. The bed cross-section was 40 cm by 3.81 cm. The jet
nozzle was a 1.27 x 3.81 cm rectangular slit. Both the distributor plates and the jet
were covered with 80 mesh stainless steel wire mesh. In order to achieve a uniform
fluidization, the distributor section was designed in such a way that the pressure
drop through the distributor section was 10-20% of the total bed pressure drop
(Kunii and Levenspiel, 1969).
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Ottawa sand, which has an actual density of 2610 kg/m-' and a settled bulk
density of 1562 kg/m', was used as the bed material with the particle size of -20 +
40 mesh. The mean particle size was calculated to be 503 urn. The voidage was
determined to be 0.402. The minimum fluidization superficial velocity was 28.2
cm/s. The minimum fluidization velocity was obtained by finding the intersection
between pressure drop versus flow rate curves in the fixed bed and in the fluid bed
region.

In a typical run, solids were first loaded into the rectangular column so as to
give a static bed height of 28 ern. Then the bed was fluidized by introducing
compressed air through the air plenum to give a fluidized bed height of 29.5 cm.
Jet air was injected at a specific flow rate.

A photographic technique was used for measuring the bubble diameters using
a 16 mm Fastax movie camera. Figures 7.5 to 7.7 show a comparison of the ex
perimentally determined bubble shapes to the theoretically determined voids. In
the computer calculations we assumed that a bubble is a region of void greater than
0.8. For all three velocities the theoretical bubble shown is the second bubble after
start-up. The first bubble injected into a bed initially at minimum fluidization is
not typical. The second, third and fourth theoretical bubbles appear to
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Table 7.3 FL~IDIZATION OF 800 Jlm GLASS BEADS

Width of bed

Static bed height

Jet opening

Jet velocity

Grid velocity

Particle diameter

Particle density

Radial grid size

Axial grid size

Time stop

40cm

29.2 em
1.27cm

5.77 m1sec

53.6 ern/sec

800J.lm

2.42 g/crrr'

0.635 cm

1.08cm

1.OxIO-4 sec

differ in a chaotic manner, as do the experimentally observed bubbles. For ex
ample, at a jet velocity of 5.77 m1s and 12 em above the jet, the average diameters
of the second through the fourth bubble are 8.32, 7.10 and 7.99 em, respectively.
The experimental bubble shown is a typical bubble seen at the indicated bed
location. A sensitivity analysis to the variation of the solids stress was performed
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by Ettehadieh (1982). It was found that changing the solids pressure modulus does
not appreciably alter the transient behavior of the bed. The effect is greater near
minimum fluidization where this term in the equation becomes of appreciable
magnitude.

Figures 7.5 to 7.7 show a good agreement between the theory and the ex
periment. After break-off from the jet inlet, the bubbles are elongated and all show
a tendency to contain solids at their rear center. These solids may be brought into
the bubble by the jet that moves much faster than the bubble. The jet drags the
particles with it into the slow-moving large void. At higher jet velocities this may
cause bubble splitting, as seen in Fig. 7.7. Although the agreement between the
theory and the experiment is not perfect, as seen in Fig. 7.7, a better agreement is
not to be expected because of the deletion of the viscosity in the computation.
Figure 7.8 shows a good agreement of the measured, the computed and the
effecti ve bubble diameters obtained from literature correlations.

The computations and the experiment were repeated for fluidization of 800
micron glass beads, as summarized in Table 7.3 (Gidaspow et al., 1986a). Figure
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Fig. 7.7 A comparison of theoretically and experimentally determined bubbles in a fluidized bed with
ajet. Jet velocity = 9.88 mls (from Gidaspow et al., 1983b).



160 Multiphase Flow and Fluidization

14 WERTHER

KATO& WEN

-x- THEORY

12 -0- EXPERIMENTAL

10

E 8
u

0::
W....
lLJ

6
~
5

~
co
CD 4:::>
CD V=3.550 m/sec

2

25205 10 15

HEIGHT OF FLUIDIZED BED {em)

O'--------.------L-------'----------~o

Fig. 7.8 A comparison of photographically determined bubble sizes to the theoretically computed sizes
using a hydrodynamic model and to sizes computed from modified correlations at a jet velocity of 3.55
m/s (Gidaspow et aI., 1983b).

7.9 shows the computed formation, growth and bursting of the first bubble in the
two-dimensional bed initially at minimum fluidization with a velocity of 0.536 mls.
At zero time ajet of a constant velocity of 5.77 m1s was turned on.

An experiment duplicating this computer run was also conducted using our
two-dimensional bed with a jet. Figure 7.10 shows a comparison of the computed
bubble (on the left) at 0.32 seconds after start-up to the experimental bubble (on the
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t =.32

Fig. 7.10 Experimental (right) vs. computed (left) bubble at 0.32 s (from Gidaspow et aI., 1986a).

t = .44

Fig.7.11 Experimental (right) vs. computed (left) bubble at 0.44 s (from Gidaspow et al., 1986a).

right) for the conditions summarized in Table 7.3. The computed bubble shape
closely resembles the observed shape in the two-dimensional plastic bed. Figure
7.11 shows the comparison at 0.44 seconds after start-up from minimum fludization
condition. The computed bubble is somewhat larger than the one observed in the
narrow plastic bed. The difference may be due to the effect of the walls of the bed,
which were not included in the computation.
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Figure 7.12 shows the computed gas flux into the bubble at its point of de
tachment. This figure was constructed based on the computed void fractions and
velocities around the bubble periphery of a void fraction of roughly 0.8. Since the
bubble acts as a short-circuit for gas flow, the flow into the bubble is much larger
than that supplied by the jet alone. The jet flow is 577 cmls x 1.27 em 2 , compared
to an inflow of 2426 versus an outflow of 1649.

In order to understand erosion in fluidized beds containing heat exchange
tubes, such as fluidized bed combustors with rows of horizontal tubes, a few simple
geometries with obstacles were studied. The simplest geometry was an obstacle
placed above the jet in the two-dimensional bed already described. Figure 7.13
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Fig 7.12 Computed gas flux into a bubble at its point of detachment corresponding to conditions of
Fig. 7.9 (from Gidaspow et al., 1986b).
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shows the formation of the first bubble caused by suddenly increasing the jet flow
to 5.78 m1s. Initially the bed was filled with 503 urn glass beads to a height of 29.2
em with air supplied at a velocity of 26 cmls to maintain the particles at minimum
fluidization. The first bubble produced was the largest. Figure 7.14 shows the
computed bubbles at approximately the same time as in the experiment. The
principal difference between the inviscid theory and the experiment is the
asymmetry. In the computation the calculations were done for half the bed only. It
was not possible to obtain symmetry in the experiment despite an effort to have the
same pressure drop on both sides of the obstacle. The asymmetry appears to be a
natural phenomenon, perhaps related to Von Karman vortex shedding, as computed
by Cook and Harlow (1986) for two phase bubbly flow around an obstacle.
Computations with viscosity (Bouillard et al., 1989b) do not change the results.

7.8.2 Time-Averaged Porosities

Porosities measurement is a sensitive test of the theory, since it is not pre
scribed at any of the boundaries in the simulation of the bubbling bed. Hence, as a
test of the theory a two-dimensional bed with a jet roughly approximating the
operation of a gasifier or a fluidized bed combustor was constructed (Gidaspow et
aI., 1983a). Figure 7.3 shows a schematic of the apparatus used to determine time
averaged and instantaneous porosity distributions using a gamma-ray densitometer.
Figure 7.15 shows a comparison of the experimentally determined porosity
distributions for fluidization of Ottowa sand of mean diameter of 503 urn to
computations using inviscid Model A. The sand was kept fluidized by supplying
air at a velocity of 28.2 cmls through a uniform distributor and by means of a jet at
a velocity of 5.78 rnJs. With a two-dimensional slit jet, the maximum porosity is
always at the jet inlet, as expected. Figure 7.16 shows a comparison of the center
lane porosities for two jet velocities. However, with a circular jet the maximum
porosity was not at the jet inlet. This maximum porosity occurred 4 to 6 em away
from the jet inlet. With increasing jet flow it moved further into the bed. This
occurs because of a three-dimensional effect. Away from the jet, the time-averaged
porosity increases slowly from the bottom to the top, and then increases rapidly
near the free-board. However, as seen in Fig. 7.16, at the center line the porosity
decreases to a minimum, associated with jet penetration, and then rises near the top
of the bed. The inclined constant porosity contours in Fig. 7.15 can be explained
by means of Eq. (7.58). Their slope is roughly the ratio of the gas velocity
components. The differences between the theory and the experiment in Fig. 7.16
are due to the neglect of the front and back walls in the two-dimensional
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a b c

Fig. 7.13 Evolution of an experimental bubble in a two-dimensional rectangular fluidized bed with a
central jet and an immersed obstacle (9.74 cm x 2.54 ern): a) bubble formation at the distributor, 0.105
s; b) bubble propagation around the obstacle, 0.236 s; c) bubble bursting at the top of the bed, 0.315 s.
(From Bouillard et al., 1989a. Reproduced by permission of the American Institute of Chemical
Engineers. Copyright © 1989 AIChE. All rights reserved.)

Fig. 7.14 Computer-generated porosity distribution for a two-dimensional fluidized bed with an
obstacle, 31 x 48 nodes. (From Bouillard et al., 1989a. Reproduced by permission of the American
Institute of Chemical Engineers. Copyright © 1989 AIChE. All rights reserved.)
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Fig. 7.15 Experimental (left) and computed (right) time-averaged porosity in a fluidized bed with a jet
Vjet=5.78 mis, Vmf =0.234 mis, dp =503 urn (from Gidaspow et al., 1983a and Gidaspow and
Ettehadieh, 1983).

computation, due to not completely adequate time averaging and due to the neglect
of the viscosity.

The solids stress played only a minor role in the computation. In the dilute
region, that is, in the region significantly above minimum fluidization, the solids
stress modulus G becomes zero. Below minimum fluidization it is needed to pre
vent the particles from overcompacting. In Model B in the dilute region it can be
set to zero. In Model A it has to be retained and adjusted to prevent numerical
instability. Hence, Model B contains no adjustable parameters.
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503 urn, a slit jet opening 1.27 cm wide (from Gidaspow et al., 1983a and Gidaspow and Ettehadieh,
1983).

Figure 7.17 shows experimental time-averaged porosities in a two-dimensional
bed with an obstacle. Porosity data were obtained only on one side of the bed.
Symmetry was assumed in constructing Fig. 7.17. The corresponding time
averaged velocities are displayed in Fig. 7.18. Figure 7.19 shows a comparison of
the time-averaged porosities computed using Models A and B to the experimental
data away from the obstacle. As in the case without an obstacle, the porosity rises
slowly from the bottom of the bed to near the top and then rises sharply in the free
board region. The agreement between the experiment and the theory (Bouillard et
al., 1989a) was good, except above the obstacle. At this location, the experiment
showed a higher porosity caused by asymmetric motion of the bubble and partial
sweeping of the region above the obstacle. In a perfectly symmetric experiment the
agreement between the experiment and the model would be within a few percent,
with the difference being due to neglect of the front and back walls and the solids
viscosity. The most significant observation is, however, that Models A and B
produce the same numerical results. This means that buoyancy can be handled
either by including it as a pressure drop in the particulate phase, as done in Model
A, or by including it directly as a difference in densities. See Table 7.1, Eq. (T.4)
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Fig. 7.17 Experimental time-averaged porosity distribution obtained from a two-dimensional fluidized
bed with a slit jet and obstacle. Vjet = 5.77 m/s Umf = 26 cm/s. (From Bouillard et al., 1989a.
Reproduced by permission of the American Institute of Chemical Engineers. Copyright © 1989
AIChE. All rights reserved.)

for Model A and Eq. (T.tO) for Model B. Since Model B is well-posed as an
initial value problem, it is recommended that Model A not be used in the future.
Model A can give rise to unexpected instabilities. It needs the elastic modulus G in
the dilute region purely for numerical reasons. The imaginary characteristics in
Model A caused by a non-zero relative velocity are made real by a sufficiently
large G/(l-e), as seen from Eq. (7.29).

7.8.3 Velocity Profiles

Complete verification of time average two-phase flow equations requires a
comparison of computed to measured velocities, as well as porosities. Hence, a
comparison of the theory to time averaged gas velocity profiles was made
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Fig. 7.21 Computed formation and splitting of the first bubble in our two-dimensional bed at various
pressures, jet velocity = 3.55 mls. (From Gidaspow et al., 1983b; also Seo, 1985).
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(Ettehadieh et al., 1984). Figure 7.20 shows a comparison of the calculated time
averaged gas velocity profile to Westinghouse data obtained in a semi-circular
fluidized bed. A semi-circular bed with a window to allow observation of the mo
tion of the bubbles is a convenient device for understanding the dynamics of
gas-solid motion. Yang and Keairns (1980) at Westinghouse have published
numerous data on local pressure and gas velocities in such devices. They measured
static and impact pressures at different locations in the bed by using U-tube and
inclined manometers. The gas velocity was found by setting the kinetic energy of
the gas equal to the difference between the two pressures. Donsi et ale (1980) have
also measured axial solid and gas velocity profiles and interpreted their data using
conventional single phase turbulence theory. Such a mixing length theory can
indeed explain the shape of the curve in Fig. 7.20. Thus, note the amazing
agreement between the Westinghouse data and the present hydrodynamic theory
which uses no fitted parameters. Similar agreement was obtained for other
Westinghouse data where solids were injected with the gas jet (Ettehadieh et al.,
1984).

7.8.4 Pressure Effect

To show that the model predicts .he effects of pressure, bubbles were com
puted at elevated pressures corresponding roughly to the experiments conducted by
T. Knowlton at IGT (Gidaspow et al., 1986c; Seo, 1985). For the two-dimensional
bed with a jet, Fig. 7.21 shows that bubble splitting increases with pressure or
momentum of a jet. Knowlton's movie for a semicircular bed with an inlet central
jet consistently shows bubble splitting in agreement with our computations. Figure
7.22 compares the effective spherical bubble diameters as a function of pressure.
Both the experimental and the theoretical bubble sizes decrease with pressure.
This gives rise to a decreased amplitude of oscillations (Seo, 1985) and hence, to
so-called smoother fluidization. at higher pressures.

It is well known in the fluidization community (Sobreiro and Monteiro, 1982;
Rowe et al., 1983; Piepers et al., 1984) that under increasing pressure, Geldart's
Type B powders undergo considerable expansion before bubbling. Figure 7.23
shows that with increasing pressure, the center-line porosity increases in the liT
two-dimensional bed with a jet (Gidaspow et al., 1986c). This plot is similar to
that displayed in Fig. 7.16 at atmospheric pressure and for higher jet velocities.
There was good agreement between an experiment at 3.77 bars and the theory.

7.8.5 Fast Bubble

Davidson's fast bubble, i.e., a bubble with a velocity greater than the flu
idizing velocity of the surrounding gas, was already shown to be contained in the
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Knowlton and Hirsan 1980 movie for a semicircular bed with an inlet section (from Gidaspow et al.,
1986c; also Sea, 1985).

hydrodynamic theory in paragraph 7.6. Hence, the computer model should give
similar results. A bubble was computationally generated by starting with a two
dimensional bed filled with 500 urn particles at minimum fluidization, turning on a
central jet to give a velocity of 5.7 m/s and injecting air until 0.15 s, then de
creasing the jet flow back to the minimum fluidization velocity of 23.4 cm/s
(Bouillard et al., 1991). Such a computation corresponds to the experimental
methods of generating a bubble. Figure 7.24 shows the formation, the propagation
and the bursting of the fast bubble. The bubble volume remains approximately
constant after its formation. After bubble eruption, a strong gas vortex is generated
at the bed surface and a dome forms at the center of the bed. Figure 7.25 shows the
.computed bubble velocity as a function of time.
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Fig. 7.23 Time averaged profiles along jet center in a two-dimensional fluidized bed, dp =503 Jl,jet
velocity = 3.55 mls. (From Gidaspow et al., 1986c).

The relationship between the bubble velocity ub and the bubble radius 'B has
been shown to be of the form (Grace, 1982)

(7.87)

at minimum fluidization, and

(7.88)

at gas velocities in excess of minimum fluidization. The bubble-velocity coeffi
cient C was derived by Davies and Taylor (1950) and found to be ~. At 0.25 s,
our computed bubble velocity is somewhat larger than that predicted by Eqs. (7.87)
and (7.88). Our value is closer toThat computed for Eq. (7.86), a correlation based
on the work of Davies and Taylor (1950) and Grace (1982).
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Fig. 7.24 Evolution and propagation of a two-dimensional fast bubble with superposed gas velocity
vectors (a) 0.25 s. (b) 0.34 s. (c) 0.39 s, (d) 0.44 s, (e) 0.49 s. Slit jet is on for 0.15 s. Then, all flow is
reduced to the minimum fluidization velocity. (From Bouillard et al., 1991.)

From Fig. 7.24, at 0.25 s an equivalent bubble radius of rB = 6.1 em was
estimated. Using this value, Eq. (7.86) predicts a bubble velocity of 78 cm/s,
which is in fair agreement with the 83 cm/s predicted in our computations. This
predicted value is the average bubble rise velocity over the period 0.2-0.3 s, at
which time the bubble is in the middle of the bed and experiences minimum
boundary influences. As can be seen for Figs. 7.24 and 7.25, the bubble never
reaches a steady velocity, although its volume remains almost constant. Its shape,
however, changes during its ascension in the bed and seems to be directly related to
its changes in velocity, as if the bubble shape were a major aerodynamic factor of
bubble velocity.

In view of Gidaspow's relative velocity model given in Chapter 2, one can
derive a simplified expression for the bubble rise, which accounts for the shape of
the bubble. Gidaspow's relative velocity equation can be written as
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Fig. 7.25 Bubble rise velocity for the fast bubble in Fig. 7.24. (From Bouillard et al., 1991.)

(7.89)

where v r = V g - v s . Integrating Eq. (7.89) over the volume of the bubble V using
Gauss's divergence theorem with the drag coefficient ~ equal to zero, because a
porosity of E =1 within the bubble is assumed, one obtains

ff v r
2 dA = fff 2g dV = 2gV,

S(t) V(t)
(7.90)

where A(t) is the surface area of the bubble.
If we assume vg is approximately the bubble rise velocity Ub, and the solids

phase is essentially motionless, we obtain

(7.91)
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Fig. 7.26 Vertical pressure profiles at 0.30 s in two-dimensional fluidized bed with a fast bubble.
(From Bouillard etal., 1991.)

For a spherical bubble, Eq. (7.91) gives Ub = 1..J3(gDb)Y2, predicting a bubble
velocity that is bounded by Davies and Taylor's approximate formula
tu» =0.47(gDb)Y2 and their experimental observations (Ub =O. 711(gDb )Y2. As
can be seen from Eq. (7.91), the bubble rise velocity is a function of the ratio of the
surface to the perimeter in two dimensions. We expect a maximum bubble rise
velocity when the bubble is almost spherical or cylindrical. This behavior is indeed
qualitatively predicted by our hydrodynamic model. Comparison of Fig. 7.24 with
Fig. 7.25 shows that the bubble has a high velocity when its shape is almost
spherical (0.25 s), slows down when the ratio of its surface to its length is at a
minimum (0.3 s), and re-accelerates with a larger surface-to-Iength ratio.

Computed pressure profiles are analyzed at 0.30 s (in Fig. 7.26). Let x'
represent the ratio of distance from the bed center to the bed half-width x/(W/2). At
the center, x' = 0; at the sidewalls, Ix'i = 1. In Fig. 7.26 the pressure plotted is
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Fig. 7.27 Comparison of vertical dynamic pressure profiles at the center of a two-dimensional
fluidized bed with fast bubble to Littman and Homolka's measurements (Bouillard et al., 1991).

the relative pressure (P-Patm ) , where Patm =0.101 MPa. The computed bubble
has been superimposed in Fig. 7.26 (dashed lines) to show its position and shape at
0.30 s. The maximum bubble width is at Ix'i =0.3. The pressure is constant in the
free-board region, and increases with the depth of the bed in the dense phase region
because of the presence of solids.

The pressures at Ix'i = 0.5 and Ix'i =1.0 increase almost linearly with the
depth of the bed. On the other hand, the pressures at the center of the bed, at
Ix'i =0, .and at Ix'i =0.3 first increase in the region above the bubble, are virtually
constant from the top to the bottom of the bubble and increase again in the wake of
the bubble. In the top and bottom regions of the bubble, pressure gradients are
large and characteristic of significant solids motion in these regions, as shown in
Fig. 7.24.

Normalized dynamic pressure profiles, Pd / (p pgrB), are shown at 0.30 s in
Fig. 7.27. The parameter x represents the ratio of the lateral distance from the
center of the bed to the bubble radius re- In these plots, four theories - those of
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Fig. 7.28 A comparison of the predictions of Davidson's model and the inviscid hydrodynamic Model
A of the cloud around a fast bubble in a two-dimensional bed at 0.25 s (also represented are the relative
gas velocity vectors, vg -ub' and the equivalent cylindrical bubble).

Davidson (1961), Jackson (1963), Murray (1965) and Bouillard et ale (1991) 
are compared with the experimental data of Littman and Homolka (1973).

Davidson's theory in Fig. 7.27 is presented as a plot of Eq. (7.79) at a dimen
sionless lateral distance from bubble center, x=O. In Fig. 7.27 for x=0, i.e.,
going through the bubble's center, Eq. (7.79) is valid only up to the bubble bound
ary. Here there is a discontinuity in the slope of the dynamic pressure. Inside the
bubble where the pressure is assumed to be constant in the Davidson theory, the
dimensionless dynamic pressure, from its definition given by

varies linearly with y.

Pd P-Pmg(H - y)
--=--~---

Pmg'B Pmg'B
(7.92)
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Fig. 7.29 Schematic of Westinghouse KRW 3-meter model. (From Yang et al., 1984.)

The inviscid hydrodynamic model clearly predicts the measured trends of the
dynamic pressure and compares, as well as can be expected, to the idealized circu
lar bubble model of Davidson. Note that the computer model predicts the bubble
velocity, while Davidson's theory requires it as an input.

Figure 7.28 shows the cloud formation predicted by the computer model. The
cloud is defined as being a surface of zero normal velocity. In Fig. 7.28, the gas
velocity relative to the bubble velocity is represented by vector plots. Our com
puter cloud radius is in good agreement with that predicted from Davidson's theory
by Eq. (7.85). The computer cloud shape is almost circular, except in the lower
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region of the bubble, where it follows the bubble shape. The bubble shape
predicted here is very similar to that used by Murray (1965).

7.8.6 3-Meter KRW Fluid Bed

A large-scale test facility in support of fluidized bed gasifier development was
built and tested at Waltz Mill, Pennsylvania by Westinghouse Synthetic Fuel
Division, which later became KRW (Yang et al., 1981, 1984).

The vessel, as shown in Fig. 7.29, is semi-circular in cross-section, 3 m in di
ameter, with transparent Plexiglas plates at the front, and transparent windows at
the circumferential side for flow visualization. Bed depths up to 6 m, gas velocities
up to 4 m1sec, and particle sizes up to 0.6 em can be used. Crushed acrylic plastic
particles of a density and shape comparable to those of coal char particles were
used. There are two semi-circular jet nozzles. The outer jet was designed to carry
gas flow alone, while the inner jet was designed to simulate pneumatic feeding of
coal. The conical grid is divided into five separate aeration sections.

Data on jet penetration, bubble diameter and bubble frequency were obtained
through frame-by-frame analysis of high speed movies of either 24 or 64 frames/so
The data on bubble diameter were obtained by projecting movies frame by frame
onto a screen with measuring grids.

The bubble frequency was obtained by counting the total number of bubbles
and the total number of movie frames. From the known filming rate, the bubble
frequency was determined. Table 7.4 shows some typical experimental conditions
of the fluidized bed rig, while Fig. 7.30 presents Yang et al. (1984) correlations for
the bubble volume. Following Davidson and Harrison (1963), Yang et al. (1984),
assume that the bubble volume in a bed at minimum fluidization can be obtained by
dividing the jet gas flow rate, G in Fig. 7.30, by n, the measured bubble frequency.
Their correlations produce substantially lower bubble volumes. They account for
the difference by postulating a leakage from the bubble to the remainder of the bed
which may have been below minimum fluidization. A proper hydrodynamic model
must give the correct bubble volume, frequency, jet penetration, etc.

A comparison of Yang et al.'s data to a simulation using the CHEMFLUB
(Schneyer et al., 1981) model was published by Richner et ale (1990). Table 7.2
gives the equations already described in paragraph 7.7. Since the solids viscosity
used probably played only a minor role, the results are discussed in this inviscid
chapter for completeness. Figure 7.31 shows the growth, the propagation and the
bursting of the large bubble corresponding to the experimental conditions shown in
Table 7.4. Note that the second to the last frame shows the bubble to be of toroidal
shape, as computed by Ettahadieh et al. (1984) for the Westinghouse small semi-
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Table 7.4 EXPERIMENTAL CONDITIONS IN THE KRW 300 em DIAMETER

COLD FLOW RIG TEST SERIES TP-MOIO-l SET POINT 15

Particle diameter

Particle density

Mass flow, air tube

Mass flow, annulus

Mass flow, shroud

Mass flow, conical grid

Chamber I

Chamber 2

Chamber 3

Mass flow, solids

transport

Solids feed

Superficial velocity

Reactor pressure

Reactor temperature

1416 Jim

1.19 g/crrr'

68.2 g1s

11.1 g/s

4.4 g1s

14.2g/s

28.6 g1s

50.7 g1s

9.3
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Fig. 7.30 Experimental data on gas leakage from the bubble to the emulsion phase. (From Yang et al.,

1984.)
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circular bed with a jet. Richner et al's., (1990) quantitative comparison of their
calculations to Yang et al. data is shown in Table 7.5. The agreement is excellent
except for the lower computed jet frequency, which may be due to the deletion of
the gas momentum inertia in their model.

The good agreement between the experiments discussed in this section and two
independently developed hydrodynamic models shows the potential utility of these
models for scale-up and design of fluidized bed reactors.

Table 7.5 KRW 300 em DIAMETER COLD FLOW

RIG DATA AND CHEMFLUB CALCULATIONS

CHEMFLU

B

Exp.

Bubble radial dimension (ern)

Bubble axial dimension (ern)

Bubble velocity (crnls)

Bubble frequency (rate/min)

Jet penetration (ern)

Jet frequency (rate/min)

96

130

310

30

180

90

94±25

143 ~ 192*

185 ± 72

33

160± 19

117~135*

900
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Fig. 7.31 CHEMFLUB prediction of bubbles in KRW 3-meter semi-circular fluid bed. (From Richner
et al., 1990. Reproduced by permission of the American Institute of Chemical Engineers. Copyright ©
1990 AIChE. All rights reserved.)
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Exercises

1. Conical Moving-Bed Shale Retort Model
Formulate two-dimensional steady state partial differential equations for the

moving bed shale retort described below to give a description of the solid and gas
flow, the solid and the gas temperatures and the kerogen conversion.

Model
The model, as described by Anderson et at. (1990), is as follows: The geome

try of the conical retort shown in Fig. 7.32 reflects the basic features of the retort.
The shell has a lower cone with walls slightly less steep than the upper cone. Shale
is fed in the large-scale unit with a 3.05 m diameter piston. The pile of shale on top
slopes with an assumed angle of repose of 38°. The boundaries of the present two
dimensional model (cylindrically symmetrical about the retort centerline) are
shown in Fig. 7.33. Retort gas exit slots are located on the lower cone. An oil seal
prevents gas flow through the base of the retort.

The model includes a description of gas and solids flow along with heat
transfer and kerogen decomposition. Several simplifications and assumptions has
been made in formulating the model. These include

• bed voidage and shale size are uniform,
• mass depletion of shale due to retorting (-10 wt. %) is neglected,
• additional gas flow from vaporized shale oil is neglected,
• condensed liquid oil flow is neglected,
• enthalpies of retorting, vaporization, or condensation are neglected In

comparison to sensible heat transfer,
• heat conduction in each phase is negligible,
• intraparticle temperature gradients are neglected,
• constant gas and solid heat capacities,
• all physical properties are independent of variation in composition,
• raw shale has uniform kerogen content.

Boundary Conditions: Gas Flow
There is no flow across boundaries 82, 84, 85, Fig. 7.33, which means they

are streamlines with constant values of 'V. Because all gas enters at Bl and exits
across B3' the streamline definition gives at steady state

(7.93)

in cylindrical geometry, where mg is the total gas mass flow rate. We set as the
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Fig. 7.32 Conical moving-bed shale retort. (From Anderson et al., 1990. Reproduced by permission
of the American Institute of Chemical Engineers. Copyright © 1990 AIChE. All rights reserved.)
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Fig. 7.33 Two-dimensional model boundaries. (From Anderson et al., 1990. Reproduced by
permission of the American Institute of Chemical Engineers. Copyright © 1990 AIChE. All rights
reserved.)

(7.94)

reference streamline. Since pressure is uniform along boundaries Bl and 83, the
gas velocity will be normal (perpendicular) to these faces. In terms of the stream
function,

. a'll a'll
sln81--cos81- =0 on B1,

ar az
. a'll a'll

sln83--cos83-=O on B3 ,
ar az

where 8 j is the angle between the boundary and the horizontal direction.

(7.95)
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Boundary Conditions: Solids Flow
On specifying a vertical entrance to the bed (z = 0),

a'l's
--=0, z=o.

az
(7.96)

The centerline (r = 0) is a streamline in cylindrical symmetry. It is specified as the
reference streamline, that is,

As in gas flow,

'JI s =0, r =O.

m
'I' =_s

s 21t

(7.97)

(7.98)

along the retort wall, where ms is the total shale mass flow rate.
Shale velocity at the slanted face of the pile, Bl' is initially assumed to be

normal to that face:

(7.99)

(a) Formulate the two-dimensional partial differential equations to describe gas
and solids flow in the retort. Solids flow is irrotational. What justifies this as
sumption?
(b) Formulate the equations for the gas temperature Tg and for the solids tem
perature Ts. The rate of heat transfer between the gas and the solid particles is
given by hA(Tg - Ts ) .
(c) Formulate the equation for the change of kerogen in the particle in terms of F,
the fraction of initial kerogen remaining in the particle, where 1- F is the con
version. The rate of kerogen decomposition into oil is given by

(7.100)

(Reference: Anderson et al., 1990.)

2. Desalting by Electrosorption: First-Order PDE
In desalination by electrosorption, a salt from, say, sea water is sorbed on a

matrix when an electric potential is applied across the porous matrix. A. M.
Johnson and John Newman (1971) have shown that the rate-controlling process is
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the unsteady flow of current due to capacitive and resistive effects in the matrix.
During the sorption period they approximate the solution of the diffusion equation
in the matrix by saying that the current decreases roughly as 1/ Ji, where t is the
time counted from the time the sorption began. With these approximations the
material balance for the salt in a thin channel can be written as

sc ec K
-+v-=--,at ax Ji (7.101 )

where v is the velocity in the channel, C is the salt concentration, x is the length
coordinate, t is time, and K is a constant, proportional to potential difference and a
function of the conductivities and the capacity of the matrix.

Sea water of concentration Co has been flowing through the channel with no
desalting. At time t = 0, an electric potential is applied that causes sorption ac
cording to the mechanism described above. The inlet concentration is still main
tained equal to the initial concentration Co.

(a) If the length of the channel is L, find the outlet concentration as a function of
time.
(b) What is the outlet concentration for times much larger than the residence time
Uv?

3. Application of the Theory ofCharacteristic Mass Transfer in a Fluidized Bed
According to Levenspiel and others, mass transfer in a fluidized bed may be

treated as taking place between a bubble and an emulsion phase. Using some
constant mass transfer coefficient k for transfer of a solute of concentration CB in
the bulk phase and CE in the emulsion phase, the differential equations are

(7.102)

where VB and VE are the constant velocities of the bubble and the emulsion phases,
respectively, and z is the bed height coordinate.

Suppose a tracer is injected at the bottom of the bed at z = 0 such that the
scaled concentrations are both unity from time zero to a unit time. ,At t = 1 the
tracer supply is cut off to zero sharply. Initially there is no tracer contained in
either phase.
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Determine the tracer distribution in both phases as a function of time and bed
height.

(a) Set up the problem to be solved by the method of characteristics. Indicate the
regions in which you know the solution without calculation.
(b) Find CB and CE for the bubble phase velocity twice the velocity of the emul
sion phase. Let k and vE both be one.
(c) Express the concentrations in closed form using Riemann's integration method.

Note: This problem is mathematically equivalent to the problem of unsteady state
in heat exchangers (see Carslaw and Jaeger, 1959, p. 197).

4. Counterflow Unsteady Heat Exchanger: Characteristics
The unsteady operation of a double pipe type heat exchanger is governed by

the following differential equations:

where

a, b =

t; =
t; =
t =
Uc =
Uh =
Z =

overall coefficient of heat transfer divided by the respecti ve heat
capacities of the fluids
temperature of the "cold" stream
temperature of the "hot" stream
time
velocity of the "cold" stream
velocity of the "hot" stream
length coordinate

Both streams are initially at zero temperature. At time zero, hot fluid enters the
exchanger at z=1.0. The entering temperature of this fluid is maintained at T =1.0
until t = 2.0. Then the stream is switched back to the cold fluid at T = O. In the
meanwhile the "cold" stream was maintained at zero degrees.

Indicate how to find the temperature distribution of the two streams in the heat
exchanger. Give the temperature in all the regions in which it is known without
calculation.
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5. The Method ofCharacteristics

Homogeneous Equilibrium Flow
The continuity and the momentum equations for one-dimensional transient

one-component equilibrium flow are

aPm
Pmat v

+
C2

av- v
at Pm

aPm
ax
av
ax

(7.104)

where Pm is the mixture density, C is the two-phase equilibrium sound speed equal
to (ap / aPm )Sm' g is gravity and t is wall shear. In the above equation t is time,
x the distance, and v the velocity.

Find the characteristics and the equation along the characteristics for the de
pendent variables Pm and v.

A Supersonic Nozzle: Characteristics
The governing equations of steady two-dimensional irrotational isentropic flow

can be shown to reduce to the following pair of first-order equations for u and v:

(u 2 _ c2 )dU+uv(au + aV)+(v2 _ c2)aV =0, av = au. (7.105)
ax ay ax ay ax ay

Obtain the characteristic directions. Note when the characteristics are real.

Isothermal Diffusion ofPerfect Gases
For ideal gases the equations of motion relative to a fixed reference for con

stituent i are
n

Piai +vt; =L RikPiPk (Vk - vi )+Pifi'
k=l

(7.106)

This equation is Truesdell's (1962) Eq. (3). The momentum balance for the ith
component and the corresponding mass balance for one-dimensional propagation
can be written in matrix form as follows:
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avo avo N

-' RT -' LRikJk + f;v·at , ax k=l
+ Pi = (7.107)

ec. c· v· ec, 0-' , , -'at ax

where vi is the velocity of the ith species and C, is the molar concentration related
to the mass density through the molecular weight M; by means of the relation

and to the partial pressure by means of the ideal gas law

P; =CiRT.

(7.108)

(7.109)

In Eq. (7.107), Rik are the Onsager type friction factors and Jk are the kth fluxes
relative to a barycentric average velocity. The external forces acting on species i
are denoted by fi. The independent variables are the time t and the distance x.

(a) Find the characteristic directions for the system of partial differential equations
given by Eq. (7.107).
(b) Prescribe some initial and boundary data that will give a unique solution to
some diffusion problem given by Eq. (7.107).
(c) Determine the equations along the characteristics for the case of small kinetic
energy and constant temperature. Such a simplification is achieved by setting vi to
zero in the square matrix in Eq. (7.107) in the momentum equation (Eq. 7.107).

6. Homogeneous Two Phase Flow
The continuity equation for each phase with no mass transfer between phases

for one-dimensional flow is

a{p.t.) a{p.t.v.)
--'-'-+ '" =0, i=I,2,

at ax
(7.110)

where the thermodynamic density of each phase Pi is a function of pressure P:

Pi =p,(p). (7.111)
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In the homogeneous model it is assumed that the phases move at the same
velocity v. The overall momentum equation in terms of the mixture density

Pm = Pie; +PjE j (7.112)

is
dv ap

(7.113)P -+-=0
m dt ax

for frictionless flow. Using the definitions of sonic velocities C, for each phase,

C.-2 =(ap;J
I ap

and the relation Ej + Ej = 1.
Equations (7.110) and (7.113) can be written in matrix form as

(7.114)

E;/C;2 0
aE;

E;V/Cj2 EjP;
aE;

0P; at P;v ax
Eo/C· 2

ap
E ov/c·2

ap
0 . (7.115)-Pj 0 - + -PjV EjPj - =J J at J J ax

av
0

av
00 0 Pm - Pmv -at ax

Find the characteristics.

7. Homogeneous Equilibrium Boiling
In terms of the variables P, v, and s, transient homogeneous boiling in a pipe can be
shown to be given by the equations below:

+

and

pc2 ap
-(~:t

C2 (q+ f wv)
v ax pT

= (7.116)
av

fw/pv - -g
P ax

ds q+ fwv d a a .
(7.117)-= where -=-+v-

dt pT ' dt at ax
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(a) Find the characteristic directions.
(b) Find the equations along the characteristics in terms of the variables P and v.
(c) For a pipe of length L, initially containing pressurized water at a pressure P;n
and a sudden break at x = L, formulate the boundary conditions for flow into an
atmosphere at a pressure Pa .

(d) Show how to solve the equations.

At a constant pressure with a negligible frictional dissipation, the energy
equation in three dimensions can be written as

aT aT aT aT q
-+u-+v-+w-=--.
at ax ay az pCp

(e) Express Eq. (7.118) as a set of ordinary differential equations.

(7.118)

8. Ill-Posednessfor Model A
For the 5th International Heat Transfer Conference in Tokyo, Japan

(Gidaspow, 1974), the opinions of the world's experts on two-phase flow concern
ing the proper form of the equations were solicited. It was pointed out that the
incompressible momentum balances with the pressure drop in each phase which
were then favored by the majority of computer code developers had imaginary
characteristics for unequal velocity flow. Show this to be true.

The equations considered were as follows, where ai is the volume fraction of
phase i, called ti in this book, following the conventional use of t for porosity used
by chemical engineers before the invention of two-phase flow theory:

1 0 0 0 ani/at V· 0 n· 0 aai laxI I

-1 0 0 0 ap/at -Vj 0 0 a· ap/ax
+ J =0. (7.119)

0 0 Pi 0 aVilat 0 1 Pivi 0 aVilax
0 0 0 Pf .aVj jat 0 1 0 PjVj aVj/ax

The step-by-step procedure is as follows.
The characteristic determinant for this system is

AQ + viAi 0 (J..iAi 0

-AO+V·A· 0 0 a·A,·) I J I
=0. (7.120)

0 Ai PiAO +PiviAi 0

0 A· 0 PJAQ +PjVjAiI
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Evaluation of the characteristic determinant yields the expression

(AO + Vi A))(IXjA))(-A) )(PiAo + PiviA))

+ (IXiA))(-Ao - Vj)( A))(pjAo + PjvjA)) =O.
(7.121)

Let A= At / Ao . Two roots 'A are then zero. The remaining two are given by

(a .p·v·2 +a·p ·v·2 )A.2 + 2(a .p·v· + a .p ,v.)A.+ (a .p. + a·p .) = 0 (7.122))11 I)) )1' I)) )1 I)

The dicriminant D for this quadratic is

D =4(a .p.v. +a.p.v .)2
) " r r )

- 4(a .p.v.2 +a·p .v .2)(a .p. +a.p. )-a.a .p.p .(v. _v.)2
III I)) )1 I) 1)1)' l'
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8.1 Introduction

In Chapter 7, it was shown that inviscid models predicted the formation, the
growth and the bursting of bubbles in a reasonable agreement with experiments
when a flow pattern was established by means of a jet. In such a case, time
averaged porosities agreed well with experiments. Transient and time-average
wall-to-bed heat transfer coefficients were also computed in rough agreement with
data using empirical effective thermal conductivities (Syamlal and Gidaspow,
1985), since the inviscid model gives an approximately correct residence time for
particles contacting a wall (Gidaspow, 1986). However, analogous to classical
fluid dynamics, inviscid models do not predict the forces acting on the tubes or
obstacles immersed in fluidized beds. This can be made clear by using a simple
example. Consider steady incompressible laminar boundary layer flow over a flat

197
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plate at zero incidence with flow at a constant velocity U00 far away from the plate
of width b and length L. For a fluid of viscosity J.l and density p, Schlichting
(1960) shows that the drag on both sides of the plate is as follows:

Drag = 1.328bUoo Y7. (~pL)~.

Drag, as well as the momentum boundary layer thickness B,

(8.1 )

(8.2)

are both proportional to the square root of the fluid viscosity. Hence, a fluid of
zero viscosity will exert no drag on a plate immersed in the fluid. A wall will not
cause the development of a momentum boundary layer. Hence, steady flows influ
enced by walls cannot be described by inviscid models. Flows in circulating flu
idized beds have significant wall effects. Particles in the form of clusters or layers
can be seen to run down the walls. Hence, modeling of circulating fluidized beds
(CFB) without a viscosity is not possible. However, in interpreting Eqs. (8.1) and
(8.2) it must be kept in mind that CFB or most other two phase flows are never in a
true steady state. Then the viscosity in Eqs. (8.1) and (8.2) may not be the true
fluid viscosity to be discussed next, but an Eddy type viscosity caused by two phase
flow oscillations usually referred to as turbulence. In view of the transient nature
of two-phase flow, the drag and the boundary layer thickness may not be
proportional to the square root of the intrinsic viscosity but depend upon it to a
much smaller extent. As another example, in liquid-solid flow and settling of col
loidal particles in a lamella electrosettler (Gidaspow et al., 1989b; Jayaswal et al.,
1990) the settling process is only moderately affected by viscosity. Inviscid flow
with settling is a good first approximation to this electric field driven process.

The physical meaning of the particulate phase viscosity is described in detail in
the chapter on kinetic theory. Here the conventional derivation presented in single
phase fluid mechanics is generalized to multiphase flow.

8.2 Multiphase Navier-Stokes Equation Model

A generalization of the Navier-Stokes equation to multiphase flow can be
obtained in a very simple way. The conservation of mass and momentum for each
phase were given by Eqs.:(7.1) and (7.2). For inviscid flow, the traction Tk was
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simply the negative of the pressure of phase k. Now consider flow with frictional
forces due to differences in velocity. For simplicity, let us first treat incompress
ible flow. In multiphase flow, this means the bulk density of phase k is constant.

8.2.1 Incompressible Flow

In single phase flow the traction T is a function of the symmetric gradient of
the velocity. The driving force for the transfer of shear is the symmetric gradient of
velocity rather than the ordinary gradient because of the need to satisfy invariance
under a change of frame of reference under rotation, called objectivity in contin
uum mechanics or the Galileo relativity principle. Similarly, there exists a driving
force of Tk due to its gradient of velocity. To meet the requirement of objectivity,
let

(8.3)

Linearization of the Tk gives
(8.4)

For incompressible fluids, Ak is chosen to be the negative of the pressure of fluid k
and the derivative of the traction with respect to the symmetric gradient is the vis
cosity of fluid k, as shown below:

Ak =-Pk ,

aTkBk =2Jlk =--.avsvk

Then, using the tensor identity

VVSy=tV2y+tVV.y

and the assumption of constancy of bulk density,

EkPk = constant,

The traction for phase k becomes as follows:

(8.5)

(8.6)

(8.7)

(8.8)

(8.9)
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(8.10)

Then for a constant phase viscosity Ilk, the incompressible multiphase
Navier-Stokes equation becomes

a(£kPkvk)
----+V·£kPkvkvk =at

EkPkfk +rp)v j - Vk)+ mkVk - VPk + Ilk V
2
v k:

j

(8.11 )

Equation (8.11) differs from the single-phase incompressible Navier-Stokes equa
tion principally because of coupling of the momentum balances through drag.

8.2.2 Compressible Flow

For the more general case of compressible flow with negligible phase change,
Eq. (8.9) is replaced by the rearranged form ofEq. (7.1) shown below:

(8.12)

Equation (8.12) states that the divergence of the velocity of phase k is the relative
rate of change of bulk density of phase k moving with its own velocity.

Analogously to single phase flow, let

(8.13)

to take into account the additional variable. Then the traction becomes

(8.14)

Define the phase k pressure to be minus one-third of the trace of the traction in the
three directions x, y and z,as shown in the following equation:

(8.15)
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Using Cartesian tensor notation and Einstein summation convention, Eq. (8.14) can
be expressed in terms of components of direction lm (Jeffreys, 1961) as

(8.16)

Now perform a tensor contraction, i.e., let 1 = m, and sum over 1:

(8.17)

If

(8.18)

then Eq. (8.17) shows that

(8.19)

or that the bulk viscosity Ak is related to the shear viscosity by the simple relation

(8.20)

The compressible multiphase Navier-Stokes equation in convective form then be
comes

Although the stress in Eq. (8.3) can be taken to depend upon other variables in
addition to the velocity and the compressibility (Drew and Lahey, 1979), the
kinetic theory justifies the phenomenological approach just presented.

8.3 Dimensional Analysis: Scale Factors

The multi-fluid model derived in this chapter can be used to establish the basic
dimensionless groups that govern such flows, as is conventionally done for single
phase flow (Schlichting, 1960; Bird et al., 1960). These dimensionless groups,
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called scale factors, may be useful in design and scale-up and for correlation of
experimental data. In fluidization, Fitzgerald (1985), Blake et ale (1990) and
others have successfully used such an approach. The following analysis is an
extension of the work of Glicksman (1984). He used the inviscid, incompressible
form of the equations discussed below. Here, the assumption of incompressibility
will be lifted and the solids pressure caused by particle collisions which gives rise
to the modulus G will be retained. However, as is common in compressible single
phase flow, the compressibility effect in the multiphase Navier-Stokes equation
will he considered to be negligible.

Then the well-posed Model B momentum balances for the fluid and for the
solid are

Dispersed Solids Momentum Balance

£sPs(dVs+ vs.v-s)=f3 B(vg - vs)-GVEs +(Ps - Pg )Esg+ IlsV2v
p (8.22)at L

where G = (aps ja£s); and

Continuous Fluid Momentum Balance

(8.23)

Let us choose the same characteristic length and velocity used by Glicksman
(1984). In fluidization the inlet velocity U0 is a good reference velocity. When
wall effects are neglected, the particle diameter d p is the only invariant reference
for length. The reference pressure is Po and the inlet gas density is Pgo. Then, as
in Bird et ale (1960), let

(8.24; 8.25)

- tUot - - _ ·- ,
dp

- Xi. 3
Xi =-, l =1,2, ;

dp

(8.25; 8.26)

(8.26; 8.27)

In terms of the dimensionless variables, the momentum balances become as fol
lows:
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Dimensionless Solids Momentum

(8.28)

In the dimensionless solids momentum balance, a group involving a particle
Reynolds number was formed. The drag group is one used by Glicksman (1984):

Dimensionless Fluid Momentum

The fluid momentum balance differs from the single-phase momentum balance
only because of the presence of a drag group and the porosity multiplying the fluid
acceleration.

The common groups are the fluid Reynolds number and the Froude number.
In single-phase compressible fluid flow the Mach number is the dimensionless

group that measures the extent of compressibility. With the pressure scaled as it is
given by Eq. (8.25), the Mach number is obtained from the continuity equation

which, in terms of the dimensionless flux f = pv / PIoU0' can be written as

- 2 ap
Vf+M -=0,

at

where

M = (Voles) = Mach number,

with the sonic velocity Cs defined as

(8.30)

(8.31)

(8.32)
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Equation (8.30) gives a measure of how fast the convective terms in the momentum
equation change with time. It also provides a more natural scale for time than is
given by Eq. (8.25). Equation (8.30) suggests that for a constant sonic velocity a
more natural scale for time is obtained by incorporating M into time as follows:

(8.33)

The grouping (8.33) and the wave equation which is obtained by combining (8.30)
with the inviscid fluid momentum balance, as done in Chapter 7, and an order of
magnitude analysis

strongly suggest the relation

C, = frequency- length,

(8.34)

(8.35)

where frequency is lIt. Equation (8.35) states that for a unit length, the frequency
of oscillation is high for a high sonic velocity. Gas oscillations in turbulent flow
are known to be of the order of 300 H and larger. A similar analysis performed for
granular flow in Chapter 7 shows that the granular flux or the bulk density satisfy a
wave equation with Cs equal to (G/ps),Y;. See Eq. (7.15) and (7.16). Since
hopper flow experiments show that the critical flux or the granular "sound velocity"
is of the order of one meter per second, for a length of one meter the characteristic
frequency should be one hertz. Indeed most bubbling beds have a dominant
frequency of oscillation of about one hertz.

This granular sonic group already appeared in Eq. (8.28), since the solids
pressure in Eq. (8.22) was assumed to be a function of the solids volume fraction,
as suggested by kinetic theory of granular flow and experiments. The fluid pres
sure in Eq. (8.23) was, however, treated as an independent variable. To bring the
sonic velocity into the momentum balance, it could have been taken as a function
of density and the Mach number then defined. The alternate way is to bring in the
Mach number using the approach illustrated for single-phase flow in Eq. (8.30).

For two-phase flow with incompressible solid grains, the solids continuity
equation provides 'no additional scaling factors. The gas continuity equation alone
has a troublesome porosity variation with time. Only the sum of the two continuity
equations gives the well-known mixture sonic velocity already discussed in Chapter
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7. In terms of the mixture density Pm and the sum of the fluid and solid fluxes, the
mixture continuity equation is

where

aPm + '\IF. =0at m '
(8.36)

(8.37)

In terms of the mixture sound velocity, Cm, defined by Eq. (7.41), the mixture
continuity equation in dimensionless form becomes

(8.38)

Roy et ale (1990) measured Cm in fluidized beds.
The dimensionless groups that appeared in scaling the solid and the fluid

momentum and mass balances are finally as follows:

(
~ Bdp ) = Dimensionless drag group,
PsUo

(gdp / u0
2 ) = Froude number,

PfUodp
------ = Reynolds number,

III

(pf / Ps ) = Density ratio,

(J.Ls/J.Lf) =Relative viscosity,

( !l.- ) ~ _1_ = Granular "sonic" velocity,

PsUo Inlet fluid velocity

(U0/em) = Mach number based on mixture sonic speed

(8.39)

(8.40)

(8.41)

(8.42)

(8.43)

(8.44)

(8.45)
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The solids and the fluid momentum balances, Eqs. (8.28) and (8.29), show that
for some typical values such as

(8.46-8.48)

the viscous effects vanish away from the surfaces. The momentum balances reduce
themselves to the inviscid flow studied in Chapter 7 and used by Glicksman (1984).

The granular dimensionless sonic velocity defined by the scale factor, Eq.
(8.44), vanishes for dilute flow. It is of the order of unity, however, near minimum
fluidization. The Mach number based on the sonic velocity is small, except at high
flows, of the order of 10 mls. The deletion of these terms by Glickman (1984) in
scaling fluidized beds will not generally lead to errors.

By using the Ergun equation for the friction coefficient, Glickman observed
that the drag group, Eq. (8.39), could be expressed in terms of the particle
Reynolds number, defined by Eq. (8.41) in the viscous limit. In this limit, his scale
factors that are obtained from the momentum balances are then the Reynolds
number, the Froude number, and the sphericity, which occurs in the Ergun equa
tion. For high particle Reynolds numbers, the corresponding scale factors are the
number, the Froude density ratio and the sphericity. As pointed out by Glicksman
(1990) these groups help to explain Geldart's classification of particles. In Chapter
6 it has already been shown that the transition between the bubbling B group and
the disperse D group depended upon the use of the first, viscous, or the second,
inertial, term in the Ergun equation for A and D groups, respectively. The
transition to the A group depends upon the minimum bubbling velocity. Hence, it
involves the group given by Eq. (8.44), the granular sonic velocity group, not used
by Glicksman. The transition to Geldart C category involves the cohesive force
which was not used in the constitutive equation for traction. Electrical forces of
importance for fine particles were also not included in the theory developed in this
chapter. Application of the present theory to dispersed gas-liquid flow will involve
consideration of the surface tension. This will lead to another fundamental group,
called the Weber number (Lyczkowski et al., 1982). Dimensionalization of the
boundary, inlet, outlet and the initial conditions will lead to additional scale factors,
most of which were recognized by Glicksman (1984). For no slip boundary
conditions at the walls, the only dimensionless groups will be the geometric length
ratios recognized by Glicksman (1984):

(L;fdp ) = Geometric scale factors, i =1,2,3.

With particle slip at the wall, a slip ratio group may appear.

(8.49)
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With a prescribed inlet fluid velocity U0' a pressure P;n, and no entering solids
- that is, for a batch system, such as a bubbling bed - there exists a pressure
scale factor recognized by Glicksman (1984) and given below:

( ~n / PgoU0
2 ) = Pressure scale factor. (8.50)

The outlet pressure may be used as a reference pressure. For zero gradients at the
outlet, there are no scale factors contributing to the preceding list.

For large times of practical interest in scaling, the influence of the initial
conditions will disappear, except for the inventory of particles in a batch system.
The inventory contributes an initial height of particles, ~nitial, and the additional
scale factor shown below:

(Linitial/dp) = Inventory height. (8.51)

The scale factor (8.51) is clearly an important group overlooked by Glicksman
(1984) in scaling fluidized beds. It is well known that shallow beds and deep beds
do not operate in the same flow regime. For example, deep beds will slug.

For a flow system, in place of the dimensionless inventory, an inlet solids flux
or an inlet porosity must be prescribed to completely characterize the system
(Arastoopour and Gidaspow, 1979). For example, pressure drop data for circulat
ing fluidized beds are generally given as a function of gas flow rate and solids flux
(Yerushalmi, 1986).

This will clearly lead to an additive dimensionless group. In such a flow
system such a group will replace the scale factor (8.51).

Other geometrical factors and flow ratios will result from use of complex ge
ometries with several inlet flows. The presence of so many scale factors that must
be the same for complete similarity makes the traditional scale-up of fluidized beds
quite difficult. An alternate approach is to simply numerically solve the equations
of change.

8.4 CFB or Riser Flow: Experimental

Circulating fluidized beds (CFB) are common in the petroleum industry, in
which the older bubbling fluidized bed reactors are being replaced by the circulat
ing fluidized bed risers because of the recently developed highly active catalysts.
The second major emerging application is to circulating fluidized bed combustors,
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which are being built to burn high-sulfur coals. These combustors offer the po
tential of burning coal and incinerating wastes with low SO 2 and NO x emissions.

Figure 5.1 shows a schematic of flow in a CFB. The standpipe is filled with
solids which may be fluidized to yield fast recirculation rates. The flow in the riser
section discussed here lies in the range between the minimum fluidization volume
fraction which may occur near the bottom of the riser and the dilute pneumatic
transport discussed in Chapter 2. The pressure drop versus the superficial velocity
behavior is to the left of the minimum shown in Fig. 2.8. Gas velocities are in the
range of 5 to 15 mls.

Although CFBs are widely used in the petroleum and chemical industries, the
understanding of riser flow hydrodynamics came slowly. A systematic study began
at the City College of New York. (Squires et aI., 1985; Yerushalmi, 1986).
Pressure drop, solids flux and gas velocity data were correlated in terms of a slip,
as shown below:

(8.52)

where Gs is the measured solids flux and where Es , the solids volume fraction, was
determined by assuming that the pressure drop equals the weight of the solids.
These slip velocities turned out to be many times the terminal solids velocity. The
explanation given was that the solids formed clusters which behaved like large
particles. Indeed, high-speed movies do show the formation of dense regions of
particles, especially near the walls. However, later measurements at the City
College of New York (Weinstein et aI., 1986), at Bradford in England (Geldart and
Rhodes, 1986; Rhodes et al., 1989), at IGT (Bader et al., 1988), in France (Galtier
et al., 1989) and elsewhere showed that there exist large radial non-uniformities
and that the flow can be characterized as a core-annular flow with particles
descending down the walls either in the form of sheets or clusters. Figure 8.1
shows an idealized velocity profile constructed by Miller (1991). Solids are
transported up the riser pipe in a dilute core. For them to flow up, the axial
pressure drop must be larger than the weight of the dilute core in developed flow.
At the walls there exists a thick dense annular region. The weight of this annulus
exceeds the axial pressure drop. Hence, this annular region moves down slowly.
The core is generally thinner at the bottom of the riser than near the top. There
exists internal refluxing. Particles move from the annular region to the core near
the bottom of the riser. They move from the core to the annulus near the top. The
flow is never steady, but oscillates slowly.

Some typical data obtained by Miller (Miller and Gidaspow, 1992; Miller,
1991) are presented below to clarify the observed hydrodynamics. Time-averaged
data were obtained for flow of 75 urn FCC catalyst particles in a 7.5 em
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Fig. 8.1 Particle velocity profile for dense, vertical transport of 75 11m FCC catalyst particles in the
CFB shown in Fig. 8.2. (From Miller and Gidaspow, 1992. Reproduced by permission of the American
Institute of Chemical Engineers. Copyright © 1992 AIChE. All rights reserved.)

diameter clear acrylic riser shown in Fig. 8.2 for the central section as a function of
gas and solids flow rates. Particle concentrations obtained using the probe in Fig.
8.3 are shown in Fig. 8.4. We see a dilute core and the central dense annulus. To
obtain particle velocities, fluxes were measured using the extraction probe depicted
in Fig. 8.5. Flux data are shown in Fig. 8.6 for three sections. The largest
downflow at the wall is near the bottom. This flux exceeds the average feed by
several times, illustrating the internal refluxing, A video of the experiment shows
an oscillating downflow at the wall. A similar high-speed video of a more dilute
flow of Geldart group B 500 urn p~icles showed the flow to be in the form of
clusters (Gidaspow et al., 1989a). They descended down the wall at a rate of about
1 mls.

Flux and concentration data were used to construct radial particle velocity
profiles. Figure 8.7 shows such typical curves for the three sections at one gas
velocity. At the wall, the solids descend at velocities of 10 cmls to 1.5 mls.
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Fig. 8.4 Typical 75 urn FCC particle concentration: dense layer at the wall with a dilute core. (From
Miller and Gidaspow, 1992. Reproduced by permission of the American Institute of Chemical
Engineers. Copyright © 1992 AIChE. All rights reserved.)

A fully developed flow momentum balance in Fig. 8.8 shows how the velocity,
concentration and pressure drop data can be used to obtain the mixture solids vis
cosities. The pressure drop minus the radially integrated weight of the bed over the
core equals the shear at the core-annular interface. For developed flow, the solids
shear equals the mixture viscosity times the radial velocity gradient that was
computed from least square fits of data such as those shown in Fig. 8.7. Such com
putations produced the viscosities shown in Fig. 8.8. The dashed lines show the
95% confidence levels. When a correction is made for developing flow (Miller and
Gidaspow, 1992; Miller, 1991) the values of the viscosities decrease a little, but not
significantly. The viscosities shown in Fig. 8.8 extrapolate to the bubbling bed
viscosities which are of the order of poises (Schtigerl, 1971). Like the viscosities
for liquid-solid systems reviewed by Jeffrey and Acrivos (1976), the viscosities
measured for CFB flow correlate with the solids volume fraction.
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Fig. 8.6 Typical flux profile in lIT's CFB for 75 urnFCC particles. Note large downward flux near the
wall. (From Miller and Gidaspow, 1992. Reproduced by permission of the American Institute of
Chemical Engineers. Copyright © 1992 AIChE. All rights reserved.)

8.5 Need for Clusters in One-D Modeling

CFB or riser flow involves vertical transport of solids with downflow either in
the form of cluster-like solid waves or in the form of a more continuous downward
moving sheet of solids. One-dimensional modeling of the type described in
Chapter 2 clearly cannot give two solids velocities without breaking up the pipe
region into at least two parts: a downward-moving region and an upward-moving
region. Insistence on the use of the convenient one-dimensional model led to the
concept of a cluster. Slip was simply increased artificially by the use of a large
cluster diameter in place of the actual particle size (Arastoopour and Gidaspow,
1979). This trick, which unfortunately can also be supported by visual observation
of clusters, produced the correct large particle concentration in the pipe and the
correspondingly large pressure drop. Other investigators had modified the drag
correlations in different ways or simply presented the particle distribution as an
empirical correlation. To show that one-dimensional modeling using standard drag
relations produces a particle concentration in the riser that is too low, the
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Fig. 8.7 Typical particle velocities in lIT's CFB for 75 J.1m FCC particles determined from flux and
concentration measurements. Note acceleration and the deceleration due to top bend. (From Miller and
Gidaspow, 1992. Reproduced by permission of the American Institute of Chemical Engineers.
Copyright © 1992 AIChE. All rights reserved.)

following problem was solved by Tsuo and Gidaspow (1990). Glass beads
520 11m in diameter were conveyed vertically upward with a gas at a velocity of 5
mis, with a solids flux of 25 kg/rn? in a grounded 7.67 em diameter acrylic plastic
pipe in a set-up similar to that shown in Fig. 8.2. For this low gas velocity, a high
speed motion picture showed that the solids were descending down the wall in the
form of clusters. The clusters disappeared when the velocity was raised to 5.5 mls.
The axial particle concentration profile was similar to that shown in Fig. 2.4 for the
pneumatic transport regime. In the cluster regime, at 5 m1s the fully developed
particle volume fraction was 0.0115.

To obtain the computed axial concentration profile the transient version of the
steady state one-dimensional equations fully discussed in Chapter 2 were solved.
Table 8.1 shows these equations. As in the experiment, the pipe was initially free
of solids. At zero time the solids were introduced into the pipe, as
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shown in Fig. 8.9. This figure also shows the computed axial distribution as a
function of time. The system reached a steady state after a period of five seconds.
The computed solids volume fraction in the fully developed region was only
0.0065, or almost half the measured value. Two-dimensional analysis described in
the next section produced much more realistic results.

8.6 Computation ofCluster Flow

Two-dimensional computations were done using the equations shown in Table
8.2 for the geometry shown in Fig. 8.10. As a crude approximation constant inlet
conditions were used. Characteristics discussed in Chapter 7 demand that outlet
conditions be prescribed. For naturally occurring downtlow, there are no simple
outlet conditions that can be assigned (Tsuo and Gidaspow, 1990). Hence, a bend
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Table 8.1 ONE-DIMENSIONAL EQUATIONS OF CHANGE

Gas Continuity Equation

Solid Continuity Equation

a(psEs) a(psEsUs)---+ =0at ax
Gas Momentum Equation

(T.l)

(T.2)

Solids Momentun Equation

a(psEsUs) a(psEsUsUs) _ ( _ )_ dEs 2fsEsPsUs2 ( _) (T.4)
at + ax -p ug Us G dx + D + Ps Pg Esg

The Ideal Gas Equation

Inter-phase Friction Coefficient ~: Based on Ergun Equation

e 2.. P lu -u 1£
£g~0.8 ~=150 s r» 2+1.75 g g s s

(Egdp$s) (Egdp$s)

Based, on Single Sphere Drag

lu -u lp e
£g ~0.8 ~=tCd g s g s £g-2.65

dp<Ps
with

Cd = 0.44 Res ~ 1000

(T.6)

(T.7)

(T.8)

(T.9)

(T.lO)
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Table 8.1 (CONTINUED)

lUg -usldpPgEg
Res =------------

flg

Solids Stress Modulus

C(e
g

) = aps = 1O-8.76Eg+S.43

dEs

Friction Factors: Modified Hagen-Poiseuille Expression

f g = (16j Reg) for Reg:S;2100

where

Konno's Correlation

(T.II)

(T.12)

(T.13)

(T.14)

(T.IS)

(T.16)

(T.I?)

in the pipe was included as part of the computational geometry. There continuous
outflow was assigned, as shown in Fig. 8.9. At the walls a no slip boundary
condition is a good approximation for both the gas and fine solids. A viscosity
coefficient of 0.509 Pa-s was used in the computation.

The two-dimensional simulation was done for 18 s. It took a 4 s period to fully
fill the empty pipe with particles. Tsuo (1989) shows the outlet solids mass flux as
a function of time. The outlet solids mass flux reached the inlet solids mass flux of
25 kg/m 2 -s at 11 s of real fluidization time. Outlet mass flux of solids oscillated at
an average period of 5 s. This very low frequency of around 0.2 H is consistent
with the observed and computed wall cluster descent speed of about 1 mls. Similar
speeds and low frequencies were reported by Weinstein et ale (1986) and Abed
(1984) in their CFB systems.
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Fig. 8.9 One-dimensional simulation of transient vertical conveying. (Tsuo and Gidaspow, 1990.
Reproduced by permission of the American Institute of Chemical Engineers. Copyright © 1992 AIChE.
All rights reserved.)

Figure 8.10 shows the solids concentration profiles as a function of time. The
first cluster of particles forms after 3.0 s in the center region (Tsuo, 1989). The
cluster at first grows larger and denser, then it starts falling down. Later several
clusters form near the wall and start to run down. A few clusters join together and
create a significant downflow. The typical wall clusters observed descend at a
velocity of 1.1 mls. The average cluster size is about 2 to 3 em. All these
phenomena were observed in the high speed motion pictures of the experiment.

The cluster behaves as a hydrodynamic unit or as a particle of a large effective
diameter, as arbitrarily assumed in the modeling study of Arastoopour and
Gidaspow (1979). Figure 8.10 shows the negative velocities of the clusters.

Figure 8.11 shows typical computed time-averaged and measured radial pro
files of solids concentration in a developed region. Both the model and the ex
periment show a much higher solids concentration at the wall of the tube due to the
formation of clusters near the wall.

Figure 8.12 shows typical computed time-average and measured radial distri
bution of axial solids velocities at an axial location of 3.4 m. In general, a
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comparison between the experimental and the computed radial distribution of axial
solids velocities is good. There are some discrepancies in the center region. The
solids volume fraction in the center region is around 0.005. The x-ray densi
tometer, which was used in Luo's (1987) experiment for measuring the solids
concentration, is not considered to be accurate for such small values of solids con
centration. Therefore, the experimental solids velocity, computed from the meas
ured local flux using a ball probe and the.measured local concentration, is also not
accurate in the center region. Figure 8.13 shows typical computed time-average
and measured radial distributions of axial gas velocity at an axial location of 3.4 m.
A comparison between the experimental and the computed radial distributions of
axial gas velocities is good.
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Table 8.2 VISCOSITY COEFFICIENT HYDRODYNAMIC MODEL B

Hydrodynamic .Model

Continuity Equations

Gas Phase

(T.I)

Solid Phase

(T.2)

Momentum Equations

Gas Momentum

where

Solids Momentum

a(psEs VS ) ( ) ( )at +V· PsEsVsVs =~ vs-vg

-GVEs + V· EsTs +(Ps - Pg )Esg

where
2Ts =2J.1scV v s - 2 / 3J.1scV,vsI

VSv =l.[Vv + v- T]s 2 s s

£g+£s=l

(T.4)

(T.5)

(T.6)

(T.7)

(T.8)

(T.9)

(T.IO)
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Table 8.2 (CONTINUED)

Constitutive Equations

Ideal Gas Equation
Pg = P/RT

Interphase Friction Coefficient ~

e 2.. P Iv - v 1£
£g ~0.8 ~=150 s r e 2 +1.75 g g s s

(Egdp$s) (Egdp$sJ

Based on single sphere drag

with

Cd = 24 (1+0. 15Reo.687 ) Re'5. 1,000
Re

Cd = 0.44 Re ~ 1,000

IVg-VsldpPgEg
Re =.:.------..;:....---

Jlg

Solids Stress Modulus

(T.II)

(T.l2)

(T.13)

(T.14)

(T.l5)

(T.16)

(T.I?)

Several parametric studies were conducted in order to understand the forma
tion of clusters in CFB risers (Tsuo and Gidaspow, 1990). Cluster density in
creased with an increasing solids flux, with a decreasing gas velocity and with a
decreasing pipe radius, as expected. The cluster flow appeared to change into a
smoother core - annular flow as the particle size was decreased to 100 urn,
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8.7 Computation ofCore-Annular Regime

At the time of computation typical dense CFB data have been obtained by
Weinstein et ale (1984) at the City College of New York and by Bader et al. (1988)
at the Institute of Gas Technology (IGT). The experimental conditions of Bader et
al. were chosen for the computer simulation. The simulations and the experiment
were conducted in a 30.5 em diameter riser with 76 J1m FCC catalyst. The
superficial gas velocity is 3.7 mJs and the circulating solids flux is 98 kg/m 2 -so
Figure 8.14 shows the configuration of the system and the computational
conditions. A viscosity coefficient of 0.724 Pa-s was used.

The computer simulation was done for 18 s of the real fluidization time. It
took 8 s to fully fill the empty pipe with particles.

The computed volume fraction data were converted into a series of density
plots. The number of black dots is proportional to the volume fraction of the solid
phase. Figure 8.15 shows the density plots for the solids volume fraction at times
of 10 and 16 s after the start-up of particle injection. The empty pipe was fully
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30.5 ern

t- 30.5 em --l ! ...----+
Particle Diameter = 76 urn

Particle Density = 1.714 g/cm3

Initial Conditions:

Pipe with no Solids

Inlet Conditions:

11.2 m

1ttt1t tt1t -~

Vs = 0.228 m]»

Vg = 3.7 m]»

ES = 0.25

P = 1.02 atm

Outlet Conditions:

Continuation condition

M=o
f can be P, Eg, Ug and U.s.

Computational Conditions:

6% = 1.0167 em

fJy = 30.5 ern

fJt = 0.0005 see

Fig. 8.14 lOT system configuration and computational inlet conditions. (Tsuo and Gidaspow, 1990.
Reproduced by permission of the American Institute of Chemical Engineers. Copyright © 1992
AIChE. All rights reserved.)

filled with particles after 8 s of real fluidization time. From the dot density plots,
the non-homogeneous distribution of solid particles can be seen in both the axial
and the radial directions. There is a dense annular layer at the wall and a dilute
core at the center of the riser. Typical computed distributions of porosity in the
riser at two axial locations equal to 4.1 and 9.1 m above the solids entry port are
shown in Figs. 8.16 and 8.17, respectively. The experimental data of Bader et ale
(1988) are also included in Figs. 8.16 and 8.17. The match between the computed
and the measured porosities is reasonably good. Both the theory and the
computation show high solids concentrations near the wall of the riser
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FCC particles in the lOT riser. (Tsuo and Oidaspow, 1990. Reproduced by pennission of the American
Institute of Chemical Engineers. Copyright © 1992 AIChE. All rights reserved.)

corresponding to porosities of 0.85 and 0.75, but much higher porosities, 0.95 to
0.98, at the center of the riser.

Figures 8.18 and 8.19 show typical radial distributions of axial time-averaged
solids velocities at ~xial locations of 4.1 and 9.1 m, respectively. The particle ve
locity in the center of the riser was computed to be two to three times the superfi
cial gas velocity in the riser.

This sharp rise of the center velocity is caused by the fact that the thick annular
region seen in Fig. 8.15 blocks the upward motion of the gas and the particles. By
conservation of mass the smaller effective flow area leads to a correspondingly
larger gas, and through the drag, a larger central particle velocity. This effect is
also seen in all of the measurements obtained by Miller (1991). For example, Fig.
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Averaged from 12 to 18 s for computed results. (Tsuo and Gidaspow, 1990. Reproduced by permission
of the American Institute of Chemical Engineers. Copyright © 1992 AIChE. All rights reserved.)

8.7 shows the particle velocity near the center for the middle section of the riser to
be about 6 m1s for an inlet gas velocity of 2.9 mls. Miller's upper section shows a
lower velocity due to the bend close to the upper section. In his lowest section the
particles had not fully accelerated as yet. Miller's calculations showed a significant
acceleration effect in this lowest section.

Figures 8.18 and 8.19 also show the experimental data of Bader et al. (1988).
They determined their particle velocities directly by use of a Pitot tube, averaging
the wild fluctuations in pressure. The flux was obtained by the extraction probe
already discussed in the previous paragraph. The porosity plotted in Figs. 8.17 and
8.18 was obtained indirectly from the flux and the solids velocity. In Figs. 8.18
and 8.19, the downward and the upward refer to the upward or downward position
of the Pitot tube. The difference between the data shows the order of fluctuations
of velocity. Such fluctuations were observed in Miller's experiments visually. In
view of these experimental difficulties and the use of only a rough value of the
solids viscosity in the model, highly idealized inlet conditions and a slice
approximation for radial geometry, the comparison between Bader et al.'s (1988)
experiment and the theory is very reasonable.
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Figure 8.20 shows typical distributions of axial gas velocity at the two loca
tions. For 76 urn FCC particle flow, the gas flow pattern is similar to the solids
flow patterns.

Figure 8.21 shows radial distributions of radial solids velocities at 15 s of real
fluidization time at the two locations of 4.1 and 9.1 m. The particles at the 4.1 m
level moved from the wall to the center and at the 9.1 m level moved in the reverse
direction, from the center to the wall in the left-hand side of the pipe at 15 s after
start-up. These velocities oscillate in a turbulent manner. The radial velocities are
small compared with the axial velocities.

8.8 Radial Profiles and Turbulence

The objective of comparing the viscous model radial particle concentration
profiles to experiments was to determine whether the model could predict the radial
inhomogeneities observed in real systems and in experiments. An alternate
approach was to use an extension of semi-empirical turbulence models widely
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(Tsuo and Gidaspow, 1990.Reproduced by permission of the American Institute of Chemical
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used in single-phase flows. Such an approach involves the substitution of average
plus fluctuating components of all dependent variables into the conservation laws,
performing a time averaging and then using some semi-empirical equations for the
unknown Reynolds stresses. Although such an approach had a considerable
success in single phase flow, the low-frequency turbulence normally observed in
dense two-phase flow makes it possible to directly compute the large-scale turbu
lence. The small-scale turbulence related to the isotropic part of the Reynolds
stresses is computed in the kinetic theory chapter using our equation for an oscil
lating kinetic energy. Hence, there is no need to introduce two-phase turbulence.
As in low Reynolds number single-phase flow, turbulence is computed by direct
numerical simulation. However, as in single-phase flow, such direct numerical
simulations take longer, since all the oscillations must be resolved.

At the time of the simulation, the only radial concentration data that were
available were those of Weinstein et al. (1986) from CCNY. Their system was
approximated as shown in Fig. 8.22. Two simulations were performed by feeding
particles into an initially empty pipe. A viscosity coefficient of 7.24 poises was
used. Figure 8.23 shows the particle velocity and concentrations 12 seconds after
injection for the high flux simulation. There exists a dilute core of rapidly rising
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particles with a dense slowly descending annulus. For the conditions of the ex
periment, flow never develops. The bottom half of the pipe is much denser than
the top half. In Fig. 8.23, the first meter of the pipe does not correspond to the
experiment because of an unrealistic assumption of constant inlet conditions.
Figure 8.24 shows a comparison of time averaged particle concentration to
Weinstein et al.ts (1986) data. The agreement is very good. The model predicts
the observed behavior.
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Fig. 8.23 Computed velocities and concentrations
for CCNY riser for "'s=121. (From Gidaspow et
al. 1991. Reproduced by permission of Hemisphere
Publishing, Washington D.C.)
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Exercises

1. Scale Factors and Flow Regimes for Homogeneous Two Phase Flow
Consider homogeneous; that is, equal velocity, two phase particulate flow.

(a) Show that for the incompressible case, analogous to single phase flow, there
exists a natural scale factor, called Reynolds number, which divides high-velocity
and creeping flow cases.

However, for the two phase homogeneous flow the Reynolds number is
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where the mixture density is

and where the other symbols are as in Eq. (8.41).
(b) Show that for dense gas-solid flow,

In other words, the gas turbulence has no effect on the particulate flow.
(c) Show that for dilute flow, e.g., Es < 0.001, gas-phase turbulence will govern
the flow.

2. Boundary Layer on a Plate in a Two Phase Flow "Wind Tunnel"
Consider gas-particle flow over a flat plate located in the center of a pneu

matic conveyor in the developed flow region, where the pressure drop equals the
weight of the bed and buoyancy is balanced by drag (see Fig. 8.25). Since
Ps » Pg' the mixture momentum boundary layer equation for a constant solid
kinematic viscosity Vs = ~s/Ps becomes, in terms of Cs = PsEs, as follows. The
boundary layer equation for Cs in terms of a solids diffusion coefficient D, also
follows:

x

At Y • 0,
U • 0

s

v • 0

BC!l =0
By

Plate

Boundary
Layer

u
s . CD

y

Fig. 8.25 Momentum boundary layer due to particulate viscosity.
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Mixture Momentum Boundary Layer
2su, eu, a Us

Csus --+ c,Vs--=Vs --2-'
ax ay ay

Solids Concentration Boundary Layer

U acs +V acs =D a2c
s

s ax s ay s ay 2 .

Find:
(a) A solids stream function 'l's.
(b) A similarity variable 11 that will reduce the preceding partial differential equa
tions into ordinary differential equations.
(c) The ordinary differential equations for the boundary layer.
(d) The drag on the plate.
(e) The thickness of the concentration boundary layer in terms of the thickness of
the momentum boundary layer.
(f) Note that the time-average drag on this plate suspended in the two phase flow
will be zero for a zero solids viscosity. Hence, suggest a new method of measuring
viscosity in particulate two-phase flow. Discuss potential problems and the ap
proximation made in deriving the solids concentration boundary layer equations
(see Schlichting, 1960, for very similar mathematics).

3. Developed Time-Averaged Two Phase Flow
In developed two phase flow the variations of velocity in the basic direction of

flow are set to zero. The equations reduce themselves to ordinary differential
equations. For single phase incompressible flow in a pipe or between parallel
plates such solutions give a parabolic velocity distribution. Reduce the two-phase
flow equations for such a case. For a kinetic theory approach, see Sinclair and
Jackson (1989).
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9.1 Introduction

Bagnold (1954) is generally credited with starting the kinetic theory approach
of granular flow. By using a very primitive expression for collision frequency of
particles, he derived an expression for the repulsive pressure of particles for uni
form shear flow. His repulsive pressure is proportional to the square of the velocity
gradient and particle diameter and directly proportional to the particle density.
This same dependence is found in the modern theories discussed in this chapter. In
1980, Ogawa, Umemura and Oshima (1980) suggested that the mechanical energy
of granular flow is first transformed into random particle motion and then
dissipated into internal energy (see Fig. 9.1). They formulated a conservation of
energy equation for this random kinetic energy in which this kinetic energy was

239
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MECIIANICAL ENERGY
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DISSIPA1'ION ENERGY or RANDOM MOTION
MECIIANISM

INTERNAL ENERGY /

Fig. 9.1 Energy flow in granular and particulate multiphase flows.

produced by shear and dissipated by a heatlike flux vector and a sink. Savage and
Jeffrey (1981) related this fluctuating velocity to the absolute value of the shear
gradient by means of a dimensionless group and observed that the dense phase
kinetic theory, as described in the classical book by Chapman and Cowling (1961),
could be put to use. Earlier Soo (1967) had used a similar approach. Jenkins and
Savage (1983) continued the development of the kinetic theory approach by
modifying the classical treatment of the dynamics of encounter of two particles by
introducing the concept of the restitution coefficient and by using the Boltzmann
transport equation for dense gases. Lun et al. (1984) continued this development.
Shahinpour and Ahmadi (1983) and Johnson and Jackson (1987) also contributed
to the development of this approach. A number of investigators including the
group at the Morgantown Energy Technology Center (Syamlal, 1987), tried to
include the drag into these equations to generalize the treatment to multiphase flow.
The following description is based on the work of Ding and Gidaspow (1990).

9.2 Maxwellian Distribution for Particles

The frequency distribution of velocities I of particles is a function of time t,
position r and instantaneous velocity c consistent with the Newton's law of motion:

1= I(t, r, c). (9.1)

The number of particles per unit volume n is

n = JI de.

The mean value of a quantity <I> is defined to be

n < <I> > =J<1>1 de.

(9.2)

(9.3)
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Hence, the hydrodynamic velocity v becomes

1
v=-fef de.

n
(9.4)

Based on limited experimental measurements of instantaneous velocities of
particles in a liquid fluidized by Carlos and Richardson (1968), it is reasonable to
assume that the particles oscillate about mean values in a chaotic manner. Hence,
the velocity distribution follows a normal distribution about its mean. In the theory
of probability and statistics the normal or Gaussian probability function fN is
expressed as follows about its mean J.l with a standard deviation 0:

(9.5)

Its properties can be better understood when one observes that it is also the unit
source solution of the Green's function in an infinite medium for the diffusion
equation (Carlslaw and Jaeger, 1959):

(9.6)

where 0 2 plays the role of time in diffusion. Thus, the unit source condition is

(9.7)

The variance 0
2 is given in statistics by a formula similar to Eq. (9.3):

(9.8)

For three-dimensional space equipartition of energy is assumed. This means the
probability distributions are multiplicative. Then the variance of the square of the
velocity about zero mean is

where

2_ 2 -fff20c ss n « e > - e fxfyfz dc, (9.9)

(9.10)
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When

(9.11)

(9.12)

Hence, the normal distribution for velocities, called the Maxwellian distribution,
can be written as

(9.13)

In granular flow, Jenkins and Savage (1983) and those who continued their work
called one-third the mean square velocity the granular temperature, called 8 here to
distinguish it from T, the thermal temperature:

(9.14 )

In terms of this temperature, the Maxwellian distribution for particles in three
dimensions is

n [ (C-V)2]f(r,c) = t2 exp .
(21t8) 2 28

9.3 Properties ofthe Maxwellian State

(9.15)

To illustrate the integrations involved in the kinetic theory, the mean speed is
computed. The mean value of any function < <t> > is given by Eq. (9.3). Hence, the
mean speed < c> about zero hydrodynamic velocity using (9.15) is

< C >= 1 Y2 Jcexp[-~] dc.
(21t8) 2 28

With complete spherical symmetry,

2de = dcx dcy de; = 41tc dc .

(9.16)

(9. 16a)
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Hence, (9.16) becomes

[
2 ]41t 00 3 C

<c>= Y2 1 c exp -- de.
(21t8) 2 0 28

(9.17)

Infinite integrals of the type given by Eq. (9.17) frequently occur in kinetic theory.
The simplest of these integrals is the error function integral, erf:

2 rY 2
erfy = /it Jo e- X dx ,

where
erf 00 = 1,.

Chapman and Cowling (1961) using gamma functions show that

roo e _ac
2 cr de - Ji .1. ..1..i ... r-l ex-(r+l)/2

Jo - 2 2 2 2 2 '

where r is an even integer, and

1
00 -ac2 r 1 -(r+l)/2 (r -1)e e de="2(X -- !,
o 2

where r is an odd integer greater than minus one. Using (9.21),

1
00 3-c2

/ (28 ) 1( 1 )-2e e de=- - .
o 2 28

Hence, Eq. (9.17) gives

(9.18)

(9.19)

(9.20)

(9.21)

(9.22)

(9.23)

This is the same expression as that for the mean value of the molecular speed given
by Chapman and Cowling's Eq. (4.11-2) when one lets the ratio of the Boltzmann
constant to the molecular mass equal one.

The mean value of e2 can also be obtained using the same formulas:

[
2 ]2 41t 00 4 C

< c > = Y2 1 c exp - - de.
(21t8) 2 0 28

(9.24)
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Integration using Eq. (9.20) gives

< c2 > =38.

Hence, as in kinetic theory of gases,

( 3 1t ) ~
< c2 >Y2=< c > 8 =1.086< C >.

The two average velocities differ by less than 10 percent.

9.4 Dynamics ofan Encounter between Two Particles

(9.25)

(9.26)

The following analysis differs from the classical kinetic theory by the intro
duction of a restitution coefficient first introduced by Jenkins and Savage (1983)
into the kinetic theory of granular flow. As in classical theory, consider the dy
namics of an encounter of two particles of mass mt and m2. Let rt and r2 be
vectors in the rest frame from a fixed origin to the two particles. Introduce the
vector rc from the origin to the center of mass of particles:

(9.27)

The equations of motion for the particles are

(9.28)

(9.29)

where the law of action and reaction has been used. On differentiation of Eq.
(9.27) twice with respect to time and using Eqs. (9.28) and (9.29), the result is

(9.30)



Kinetic Theory Approach 245

Since Eq. (9.30) shows that the acceleration of the center of mass vanishes, the
center of mass is in uniform rectilinear motion. As in Chapman and Cowling
(1961), let G be this center of mass velocity and m., be the sum of ml and m2. If
the velocities of the particles before collision are cl and c2 and after collision ci
and C2' then conservation of momentum shows that

(9.31)

Let c12 be the relative velocity of particles. The relative velocity of the particles
after collision is

(9.32)

Let k be a unit vector directed form the center of the first particle to that of the
second upon contact. Consider the particles to be smooth but inelastic with a
restitution coefficient e which ranges between zero and one, depending upon the
material. When e equals one, the relative velocities of the center of the particles
are reversed upon collision, as described in Chapman and Cowling (1961) in
paragraph 3.41. For inelastic particles, Jenkins and Savage (1983) let

(9.33)

The individual particle velocities can be expressed in terms of the relative and
the center of mass velocity as in Chapman and Cowling (1961) by solving Eq.
(9.31) together with the definition of the relative velocity. For example, to obtain
cl and c2, solution of the equations

obtained by determinants gives

Ct =G+(m2/mo)c12'

c2 =G-(ml/mo)c12·

Similarly, using Eqs. (9.31) and (9.32),

(9.34)

(9.35)

(9.36)

(9.37)

(9.38)
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(9.39)

Using Eqs. (9.36) and (9.37) it can be shown that the sum of the kinetic energies of
the particles is as follows:

(9.40)

Similarly, Eqs. (9.38) and (9.39) give

(9.41)

Then the translational kinetic energy change during collision till is

(9.42)

since the center of mass velocity of the two particles stays the same. Then using
Eq. (9.33),

(9.43)

For the case of equal mass particles,

(9.44)

Equation (9.43) is Jenkins and Savage's (1983) Eq. (8), written as

(9.45)

Two other relations will be used in further development of the theory. Using Eqs.
(9.36), (9.38) and then (9.33), it follows that

(9.46)

which for equal masses becomes



Kinetic Theory Approach 247

(9.47)

Similarly, using Eqs. (9.37) and (9.39) and then (9.33) for equal masses, it follows
that

(9.48)

9.5 The Frequency ofCollisions

The objective of this section is to derive the classical binary frequency of col
lisions corrected for the dense packing effect, as done with the factor X in Chapter
16 in Chapman and Cowling (1961). Analogously to the single frequency distri
bution function given by Eq. (9.1), a collisional pair distribution function, t'" is
introduced:

It is defined such that

(2) (2)( )t =t c 1' rl ' c2 ,r2 . (9.49)

(9.50)

is the probability of finding a pair of particles in the volume dt, dr2 centered on
points rl, r2 and having velocities within the ranges Cl and cI +dCI and c2 and
C2 +dC2. Figure 9.2 shows the geometry of collisions. It is that given by Savage
and Jeffrey (1981) with a generalization to two rigid spheres of unequal diameters.
Figure 9.3 shows the spherical geometry and the solid angle dk.

The number of binary collisions per unit time per unit volume NI2 can be
expressed as follows:

where
C21 . k dk = e21 cos esin ede d<l> ,

since the volume of the collision cylinder is

dr = dI2
2 sine de d<l>·C21 cose·dt

as seen in Fig. 9.4.

(9.51)

(9.52)
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C12' k = C12cosf)

Fig. 9.2 Geometry of a collision of two spheres of diameters, d1and d2 •

Chapman and Cowling (1961) treat dense gases by assuming that

where X is a quantity that is unity for ordinary gases, and increases with increa-sing
density, becoming infinite as the gas approaches the state in which the molecules
are packed so closely that motion is impossible. Savage and Jeffrey (1981) have
associated Xwith the radial distribution function in statistical mechanics of liquids.

The dependence on position indicated in Eq. (9.53) can be related to the vol
ume fraction of the solid. A form successfully used by Ding and Gidaspow (1990)
is

(9.53a)
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%

r sin 9dtb

~--+-+-----:t----Y

/B

I.~I
Element of solid aqle.

(Relative velocity)

x

z = r ,cosO

Element of surface area = "dO . r sin {} . d¢

= 7.
2 sin 6df/Jd6

Solid angle =dk
~----------------~ =sin8d¢d6

I
I

o< ¢J < 211"

o< {} < 1r /2 for C12 . 'k > 0

Unit Vector k = hcos 01 + i sin () cos 4» + j sin esin 4»

Fig. 9.3 Spherical coordinates and solid angle, dk.
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("712 • k= C21 cos ()

n

(9.53b)

Fig. 9.4 Geometryof collisions.

This form requires, as an empirical input, the maximum packed solids fraction,
Ex max. A better form might be that obtained from a consolidometer directly.
Then f(2) becomes

(2) _ nln2 [(C1 - V )
2

+ (c 2 - v )
2

]
f - go 3 exp .

(21t8) 28

For a uniform, steady state, v is zero. The integrals over k as seen from Eq. (9.52)
give

and

s: cos esin ede =1-

f
21t
o d<t> = 21t.

(9.54a)

(9.54b)

Thus, the number of collisions per unit time per unit volume using (9.51) to (9.54)
in Eq. (9.51) is as follows:

(9.55)

In view of the definition of granular temperature given by Eq. (9.14) or equiva
lently with the use of the Maxwellian distribution without the mass of the particles,
the present theory is restricted to collision of equal mass particles. Hence, it does
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not give an expression for NI2 as general as that found in classical kinetic theory of
gases. Hence, for ml =ma- Eq. (9.40) becomes

(9.56)

In Eq. (9.55) the coordinates are transformed from CI, C2 to G, C12. As in
Chapman and Cowling (1961), the Jacobian of transformation using Eq. (9.36) is

From spherical symmetry,

dG = 41tG2 dG

and

Hence, using (9.56) through (9.59), Eq. (9.55) becomes

(9.58)

(9.59)

Using Eq. (9.21), the integral over c21 becomes

[ 2] ()-200 3 c21 1 1 2fo C21 exp --- de21 ="'2 - = 88 ,
48 48

and using (9.20), the integral over G yields

roo 2 [G2
] In 3/Jj G exp -- =_81 2

.
084

Collecting all terms, the collision frequency becomes

(9.61)

(9.62)

(9.63)
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This checks with the classical kinetic theory of gases result, Chapman and
Cowling's (1961) Eq. (5.21-4), given below:

(9.64)

for dilute gases, since

and
kB/m = 1

(9.65)

(9.66)

in the definition of the granular temperature 8.
Equation (9.66) shows the difference between the granular and the thermal

temperature. In the latter, the Boltzmann constant kB serves to assign the scale of
the temperature. In Eq. (9.63) as go becomes infinite at maximum packing, the
number of collisions becomes infinite, but at this point the granular temperature is
expected to approach zero, leaving NI2 undefined.

9.6 Mean Free Path

In dilute kinetic theory of gases, the intuitive concept of the mean free path
plays a very important role. Through the use of this concept, transport coefficients
such as viscosity are obtained that are surprisingly close to those obtained from the
exact theory.

The mean time between successive collisions, called the collision time ~, is
obtained as shown below for dilute flow where go is one:

(9.67)

Hence,

(9.68)

The mean free path t is the product of the average velocity and the collision time:

t =< c >~.

Using Eqs. (9.23) and (9.68), the mean free path becomes independent of 8:

(9.69)
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Using the relation

1 0.707
t= =----

TtJ2n1dp
2 nn dp2go

(9.70)

(9.71)

one obtains a formula for the mean free path that gives the intuitively correct de
pendence of the mean free path on the particle diameter. Equation (9.70) becomes

(9.72)

Table 9.1 shows some typical values of collision frequencies and mean free paths
for particles and molecules.

9.7 Elementary Treatment of Transport Coefficients

It is well known in kinetic theory of gases that a simple, non-rigorous treatment
of transport phenomena produced surprisingly accurate values of transport
coefficients. Such a treatment is presented below. .

Consider some flowing quantity Q, such as mass flux, momentum flux, or
current, at two points x and x + t, where t is the mean free path. By Taylor series,

dQ
Q(x+t) = Q(x)+t '-,

dx
(9.73)

where the derivative of Q is evaluated at some mean value. Then the change in this
quantity Q is

Let Q be the mass flux of species A:

AQ=t dQ.

dx
(9.74)

(9.75)
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Table 9.1 TYPICAL VELOCITIES, COLLISION FREQUENCIES AND

MEAN FREE PATHS FOR MOLECULES AND PARTICLES

Molecule: co., T = 273 K

2 ~For Mea = 44, <C > 2= 394 m / s •
2

N S · I' (YRT)~ote: orne ve ocity :: M =258m / s

2 2(1CkBT)~Nll = 4n d12 --;;;-

Diameter of molecule = d12 == 3x 10-10 m

n 6.023 x 10
23

molecules/ mole 2.68 x 1025 molecules/ m3

22.411/ mole

Hence, NIl =1.06 x1035 molecules / m3 . s

Collision frequency = t NIl / n == 2 x 109 s-l

Mean free path = t

= <c2 > ~ /(Collision frequency) == 2 x 10-7 m

Conclusion: Since t»d12 , dilute kinetic theory

is valid.

Particle: 500 urn Glass Beads

Exp. discharge velocity » 1 m / s •

n = (6Es )/ (1Ulp3 )

NIl = 1445S-Je
2 d 4

1t P

Nll == 1014 particles/ m3·s

Collision frequency =t~ =
nl

At minimum fluidization, t =118 Jlm
For pneumatic transport, Es =0.001, t == 6 em

Conclusions: For fluidization, we need dense
theory; for transport, wall collisions are

essential.

where in Eq. (9.75) a collisional interpretation was used. Hence,

(9.76)
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The Pick's law of diffusion in mass units is

(9.77)

where D is the diffusion coefficient and v, the mass average velocity, is zero in this
case. Comparing Eqs, (9.76) and (9.77) it is clear that

(9.78)

The diffusivity is simply the product of an average velocity and the distance be
tween collisions.

Using Eqs. (9.72) and (9.23),

1 J8dp
D=---. (9.79)

3.Ji t s

To estimate a value for this diffusion coefficient one must first know the
granular temperature 8. This "temperature" or kinetic oscillation energy can be
found from an oscillation kinetic energy to be derived in later sections.

To obtain the viscosity of the particulate phase, let the momentum flux be

Q= pv<v >.

Then for a constant density p, the change in momentum' flux is

dv
ilQ=fp<v>-.

dx

The viscosity Jl for fully developed incompressible flow is defined by

dv
Shear = Jl-.

dx

The momentum transport ilQ equals the force per unit area:

ilQ =Shear.

Therefore the viscosity assumes the form

Jl =tp<v >.

(9.80)

(9.81)

(9.82)

(9.83)

(9.84)
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From Eq. (9.78) it can be seen that

Jl = pD, (9.85)

as in the kinetic theory of gases. Therefore, using Eq. (9.79), a simple formula for
the collisional viscosity is

(9.86)

When the granular temperature, 8, is obtained from a kinetic oscillation energy
balance, Eq. (9.86) can then be used to obtain a rough value of the collisional vis
cosity of the particulate phase. Table 9.2 shows an estimate of the particulate vis
cosity using a more exact formula from Chapman and Cowling (1961). The dif
ference between the more exact formula and that given by Eq. (9.86) is a factor of
two. The particulate viscosity is of the order of poise, 100 times that of water.

9.8 Boltzmann Integral-Differential Equation

The Boltzmann equation for the frequency distributionj, as given by Eq. (9.1),
can be derived, as any conservation equation, using the Reynolds transport
theorem. The conservation principle is as follows:

d (af )-j, J. f(t,r,c)drdc=j, J. - drdc.
dt r c r c at coIl

(9.87)

Rate of change off for a system of a number of particles = Rate at whichfis altered by encounters

(dr dCJmoving with a mean generalized "velocity" -,-
dt dt

Then an application of the usual Reynolds transport theorem, as presented in
Chapter 1 and illustrated in population balance problems of that chapter, gives the
well-known Boltzmann equation

(9.88)

where c and r were regarded to be as independent coordinates and where Newton's
law of motion
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Table 9.2 SOLIDS VISCOSITY FOR DILUTE FLOW

For smooth rigid spherical molecules of diameter dp (Chapman and Cowling, p. 218),

S (kBmTJX 1t 3[f.11]=--2 -- ,wherem=pp-dp'
16dp 1t 6

k
To convert T to granular temperature 8, let JL =1. Thus,

m

S.[;, 1L
DILUTE f.1 =--P d 8 72

•
s 96 p p

Interpretation

DILUTE 11 = 55 .(p E ).( dp
) . 8 X

s 96 p s E
s

VISCOSITY = (Constant) . (Bulk density) . (Mean free path) . (Oscillation velocity)

Numerical Values

8 ::::: 1 m1sfrom critical flow experiments

Kinematic viscosity» Vs =f.1s/pp = (Constant) . dp m / s

(T9.1)

S.[;,
Constant=--= 0.0923 (Eq. (T9.1»; Constant = 0.186 (approximate value), (Eq. (9.86»

96

For SOO urn particles, Vs == 0.1 x Sx 10-4 = Sxl0-5 m2
/ s (close to gas diffusivity)

For pp = 2000 kg / m3
, f.1 s == S x 10-5 m2

/ s .2000 kg / m3 = 0.1 kg / m - s

1 poise =1 g/cm-s =0.1 kg/m-s

Particulate viscosity f.1s == 1 poise (recall f.1water = 1cp, f.1C02 (Table 9.1) == 10-2cp)

Force de
----=F=-
Unit mass dt

(9.89)

with the force F independent of e was substituted to replace the instantaneous ac
celeration. This derivation is equivalent to using the Eulerian type balance pre
sented in Chapman and Cowling (1961), Chapter 3, and in most other kinetic
theory texts. In such a derivation one considers velocities in the range e + F dt
equivalent to Eq. (9.89). Chapman and Cowling (1961) extend the Boltzmann
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equation to a mixture by merely assigning a new label to f. For type S particles, it
becomes Is and the force becomes Fs.

For binary collisions of rigid particles, the right-hand side of the Boltzmann
equation (9.88) assumes the form

(9.90)

where the primes again indicate the quantities after collision and 1(2) is the product
of the respective single particle distributions as given by Eq. 9.53). Hence, the
Boltzmann equation is an integral-differential equation. Because of its non
linearity it must be solved by iteration. For the first approximation, one takes the
Maxwellian distribution. The second approximation, as shown in detail in Chapter
7 in Chapman and Cowling (1961), will give rise to a Navier-Stokes type equation.
This is done efficiently using an altered form of the Boltzmann operator, as
presented below.

Chapman and Cowling (1961) introduce a relative velocity that they and others
call the peculiar velocity, which is the difference between the velocity e and some
reference velocity co. For convenience of presentation, equate this velocity e to
the hydrodynamic velocity v. Let

C=e-v(t,r).

Change the coordinates from e to C. Then

I (t,r, c) = I c (t,r, C) .

By chain rules of calculus,

al =a/c
ae ac

al a/c a/c av
-=----
at at sc at

al a/c a/c av
-=---.-
ax ax ac ax

lx3·3xl SCALAR

(9.91)

(9.92)

(9.93)

(9.94)

(9.95)
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In view of (9.95), differentiation gives

at atc atc av
-=----
ar ar ac ar

1x3 =1x 3 - 1x 3 .3 x 3 Vector

(9.96)

Then, multiplication of Eq. (9.96) by C produces the double dot sum useful in the
derivation of the Navier-Stokes equation:

c.at =c. atc _ atc (ci.)v.
ar ar ac ar

(9.97)

Using the notation of Chapman and Cowling (1961) for the convective derivative
following the hydrodynamic velocity,

D a a
-=-+V-,
Dt at ar

the Boltzmann equation takes the modified form

Dt +cat +(F- DV) at _ at c av =(at) ,
Dt ar Dt ac ac ar at colI

(9.98)

(9.99)

where the subscript on the function was dropped following the usual convention in
physics where two functions are given the same symbol when their meaning stays
the same.

9.9 Maxwell's Transport Equation

A transport equation for a quantity 'JI can be obtained starting with the
Boltzman equation (9.88) by multiplying it by 'JI and integrating over e as shown
below:

(af af af ) (af )f '1/ - + e.- + F.- de =f 'JI - de .
at ar ae at colI

(9.100)

As in Chapman and Cowling (1961), Chapter 3, these integrals can be transformed
by means of equations such as
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(9.101a)

I at a I I a'l' an < 'l'c >'l'cx-de=- 'l'cxf de- fcx-de= x
ax ax ax ax

(9.101b)

I af II ]C =00 I a'l' a'l''I'-de= ['I'! x de de - t-de=-n<- >.
a C =-00 Y x a aCx x Cx Cx

(9.101c)

In (9.101b) as e is independent of r, the variable Cx is not included in the
differentiation with respect to x; in (9.101c), an integration by parts is performed,
and the integrated part vanishes because, by hypothesis, 'I'! tends to zero as cx
tends to infinity in either direction.

In this way it is found that

= J'I'(a
f)

deat colI

(9.102)

Maxwell's equation refers to a function 'I'(e) only, so that the terms (a'l')/(at)
and (a'l')/(ar) do not occur in it. The left-hand side of the balance is then simply
an accumulation plus a modified divergence or net rate of outflow of 'I' with respect
to rand e.

This equation can be again written in a form more convenient for some appli
cations by changing 'I' into the peculiar velocity C dependence given by Eq. (9.91).
Using the chain rules for 'I' as given by Eqs. (9.93) to (9.97), Chapman and
Cowling's (1961) Eq. (2), paragraph 3.13, becomes as follows for 'I' = 'I' < C >
only:

Dn < 'I' > av a (DV) a'l'---+n<'I'>-+-n<'I'C>-n F-- <->
Dt ar ar Dt ac

a'l' av
-n < -C > : - = n'l' .

ac ar C

(9.103)
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9.10 Conservation Laws with No Collisions

By substituting for ur mass, momentum and energy, the corresponding con
servation laws are easily obtained from the Maxwell's Eq. (9.103).

Case 1. Conservation ofMass
Let 'II = m . Then (9.103) becomes the conservation of particles equation

shown below:
D(nm) av
---+nm-=O.

Dt ar
(9.104)

Since PsEs =nm=p, Eq. (9.104) is the standard continuity equation with no
phase change, which in this case follows more simply from Eq. (9.102):

a(ESPS) a(EspsVs)---+ =0.
at ar

(9.105)

The subscript S was added to emphasize that the velocity in Eq. (9.104) is the solid
particle velocity.

Case 2. Conservation ofMomentum
Let 'II = mC, the relative velocity of the particles relative to its hydrodynamic

velocity. It is clear that
<C>=<c>-v=O (9.106)

by definition of v, Eq. (9.4).
Hence, the first two terms in Eq. (9.103) vanish. The tensor P < CC > is de

fined to be the kinetic part of the stress (see Table 9.3):

Pk=p<CC>.

The last term in Eq. (9.103) gives

arne
< --C >=m< C >=0.

ac

(9.107)

(9.108)

Therefore, in this case we recover the inviscid momentum balances of the
particles shown below. Table 9.4 shows an alternate derivation:
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aPk _ P(F- DVJ =o.
dr Dt

(9.109)

Case 3. Conservation ofEnergy

Let 'I' = t mC2 , the relative kinetic energy of the particles, where t C2 is the

granular temperature 8. The heat flux qK is defined as

The fourth term in Eq. (9.103) vanishes because

<(atmc2 )/(ac) >= m< C >= O.

Table 9.3 KINETIC STRESS TENSOR

(9.110)

(9.111)

[

p<C; >

Pk == P< CC >= P< cycx >

p < czcx >

Since n < CC > =JCCf dC ,

p<CxCy >

p<c~ >

p<CZcy >

[

pJC;f dC pJCxCyf dC pJCxCzf dC]

Pk = pJCyCxfdC pJC~fdC PJCyCzfdC,

pJCzCxfdC pJCzCyfdC PJC:f dC

where p =BULK DENSITY =EsPs and where f =f(C).

NOTE that if f( C) = t, (Cx)· f y(cy). f z(Cz) as in Maxwellian distribution, then

r;= PJCXCyf(C)dC = pJ:j~ dCzI: Cyfy dCyJ~oo <:ac;

Hence, for a Maxwellian distribution, Pxy = Pzx = P;j = 0 (i *" j ).
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Hence, Eq. (9.103) becomes

3[DPe av] aqK av"2 --+p8- +--+p<CC>:-=O.
Dt ar ar ar

(9.112)

Using the continuity Eq. (9.104) and the definition of the kinetic pressure, Eq.
(9.107), the equation for the granular temperature becomes

3 De dqK av
zP-=----PK:-·

Dt ar ar
. (9.113)

This is the granular or oscillating energy equation for granular flow without energy
dissipation. It shows that the source of production of oscillation is the shear double
dotted with the gradient of velocity. This equation can be compared to the
corresponding thermal energy balance with a constant specific heat, Cv , written as

DT aq av
Cvp-=---p:-·

Dt ar ar
(9.114)

Thus, the apparent constant volume heat capacity for granular flow is 1- rather than

tkB /rn, where «» is the Boltzmann constant.

9.11 Second Approximation to the Frequency Distribution

The Boltzmann equation, following Chapman and Cowling (1961), for binary
collision of rigid particles can be written as

where the differential operator Df is defined to be

af af af
Df:=-+e-+F-

at ar de

and the integral operator for dilute particles is

(9.115)

(9.116)
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Table 9.4 CONSERVATION EQUATIONS USING THE TRANSPORT EQUATION

an < '" > n F a", ° ith 11" 1 ibuti---+ v n < 'Ve> -n < -- > = ,WI no co ISlona contn ution
at ae

Conservation ofMass

Let 'V = m, since nm = esps:

Conservation ofMomentum

Let'V=mc:

n < 'Ve>= nm <ee >= p < (C+v)(C+v) >= pJ[CC+2Cv+v2]rde = Pk +pvv,

since Pk = P < CC > and < C >= 0,

Conservation ofEnergy

Let'V=tme2:

n < \jIc >= n:; < c
2c >=tp < (CC+2Cv+v2 )(C+v) >=tpJ[C2C+(v2 +C2 + 2CC)VVdc .

Note qk = tpfC
2Cf

de = t nm < C
2C

> and since E> = t < C
2

>,

Subtract v- momentum to obtain Eq, (9.113),

(9.117)

as in Chapman and Cowling Chapter 7 or as given by the more general equation
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(9.90) for dense mixtures of particles. The Boltzmann equation is solved by it
eration as follows. Expressfas an infinite series:

(9.118)

Then

By (9.115),

C;(I) (lO) ,j(l)) =0,

C;(2)(lO) ,j(I) ,l2»)= O.

(9.120)

(9.121)

(9.122)

The function ftV) was the Maxwellian distribution. Equation (9.121) de
termines the second approximation to the Boltzmann equation. The third ap
proximation can then be obtained from (9.122).

A convenient form for Dfis given by Eq. (9.99). By (9.121) D(l) is then

Dividing both sides of Eq. (9.123) by f tV) , expressing the derivative in terms of a
logarithm and using the inviscid momentum balance, Eq. (9.109), the preceding
expression can be written as follows:

(1)/ (0) Do In/(O) aln/(O) 1 aPk aln/(O)
D f = +C· +

Dt dr p dr sc

Using the Maxwell's distribution, Eq. (9.15),

aln/(O) av
---C:_o . (9.124)

ac dr
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2
(0) n C

In! =const+ In-3- - - ,

8~ 28

and its derivative becomes

alnj(O) C
=ac 8

(9.125)

(9.126)

To determine the convective derivative of r». one must first obtain the first
approximation to the conservation equation. The first approximation to the con
vective operation DIDt is

Then the continuity equation (9.104) becomes

Don av 0
--=-n--,

Dt ar

and the momentum equation (9.109) is

D v 1 ap(O)
_o_=F k_ ,

Dt p ar

where the kinetic pressure is

(9.127)

(9.128)

(9.129)

(9.130)

From the properties of the Maxwellian distribution it can be shown that the non
diagonal elements of the stress PkO) vanish (see Table 9.3). Consider the mean,

When f = .f(O) ,

<cx>=o,

(9.131)

(9.132)
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since the contribution due to the positive and the negative parts of the integral
cancel. In general, for any odd integer K,

Consider a component of stress in (9.130), p~):

p(O) =pfoo j(O) dC foo /(0)C dC foo /(0)C dC .
xy -00 Z Z -00 Y Y Y -00 x x x

(9.133)

(9.134)

The two integrals over x and yare both zero by (9.131). Hence, for a
Maxwellian distribution the viscosity J..l is also zero, where for developed flow,

(0) dV~O)
Pxy =-J..l--.

dy

The diagonal elements of (9.130) give the kinetic pressure P. We have

and

Since
/:/= 3,

let

P = l p (O) . /
3 k ..

Furthermore, since e =t(C
2

) , Eqs. (9.139) and (9.137) show that

P=p8.

(9.135)

(9.136)

(9.137)

(9.138)

(9.139)

(9.140)

Equation (9.140) is the equation of state for granular flow. It differs from the
ideal gas equation,

(9.141)
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where kB is the Boltzmann constant and T the thermal temperature by the intro
duction of the absolute temperature scale in defining T to be 273 K at the freezing
point of water and 373 K at its boiling point (see Table 9.5). The heat flux q was
defined by Eq. (9.110). Its rth iterate can be written as

(9.142)

where E =tmC2. But if I(r) =1(0), that is, when 1 is Maxwellian, formula

(9.133) shows that

(9.143)

With these preliminaries, the first approximation to the convective derivative
can then be evaluated. The first approximations to the mass, momentum, and
energy equations from Eqs. (9.104), (9.109), and (9.113) are as follows:

since

Mass Conservation

Don av 0
--=-n--,

Dt ar

Momentum Conservation

Dov 1 ap
--=F---,

Dt P ar

P(o) -IP·k - ,

Energy Conservation

De avtp_o- = _pE>__o
Dt ar

(9.144)

(9.145)

(9.145a)

(9.146)

using Eq. (9.140).
Combining the energy conservation equation (9.146) with the conservation of

mass equation (9.144), one obtains

3 DoE> 1 Don
---=---
2E> Dt n Dt

(9.147a)
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Table 9.5 IDEAL GAS LAW FOR GASES, POWDERS, AND CONVERSIONS

Molecular

Definition of thermal temperature T:

Granular Powder

Definition of granular temperature e:

(lA) (lB)

Hence, eliminating < C
2

> in Eqs. (1) and (2)
gives the

where the Boltzmann constant kB converts

kinetic energy into temperature:

kB = 1.380Sx 10-23 J/K .

Definition of hydrostatic pressure P:

P=tp<c2 >,

wherep =nm.
(2A)

where the 3 is due to motion in three directions.
To convert from Tto e, set kBlm =1in

standard kinetic theory formulas.

Definition of particulate pressure P:

(2B)

where p, the bulk density, is p =EsPs
and the t is due to isotropy and

Pxx + Pyy + Pzz = P< C2 >. Hence we have the

Ideal Gas Law

p =nkBT. (3A)

Particulate Ideal State Equation

p=pe (3B)

With Avogadro's number Nand n =N/V ,
where V is the molar volume and R = NkB' Eq.

(3A) gives

or

Using Eqs. (SA) and (IB), we obtain the

The internal energy per unit molecule of the gas,
(U), or

PV=RT. (4A)

(SA)

Powder Internal Energy (U)

(u)=tme

< =(a(U)]=tm .
ae

(SB)

(6B)

Hence, using Eq. (IA),

Then

Molar C, =tR.

(6A)

(7A)

Since temperature exists, there is an entropy S

1 p de dEs
dS=-dU+-dV=Cvp - - - (7B)

e e e Es

s=Cvp Ine -lnEs +constant. (8B)
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or

Do Inn/e'Y2 =O.

Dt
(9. 147b)

Equation (9.147b) shows that the particle density p is proportional to the three- half
power of the granular temperature, as shown below:

p oc 8%.

Using Eq. (9. 147b), convective differentiation of (9.125) gives

Do In/D) _ c 2 Doe

Dt - 202 IJ;'

and using (9.146) and (9.144),. this equation becomes

D In /(0) C2 dVo =-t-_o.
Dt 0 dr

(9.148)

(9.149)

(9.150)

Then the sum of the first and the last terms in the equation for D(l) in equation
(9.124) becomes

_1 C
2

dVo + CC. avo =~Co c. avo
3 . ..

e dr 0 ar 0 ar
(9.151)

Using (9.126) and (9.150) and the definition of the non-divergent tensor employed
by Chapman and Cowling (1961)

the third term in Eq. (9.124) can be expressed as follows:

1aPk aln/D
) _ 1a(ne) ( C)_ C a(nEl)-_. ----.,.._. -- -----

p dr de n dr e n8 dr

(9.152)

(9.153)

using Eq. (~.1~O). Using Eq, (9.153), the sum of the two middle terms in Eq.
(9.124) can be written as
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(9.154)

But the Maxwellian distribution, Eq. (9.15), can be written as

(9.155)

Differentiation of (9.155) with respect to r shows that Eq. (9.154) can be expressed
as

(alnj(O) InE» (alnE>-~ C
2

aE» alnE>[, c2
)

C =C +--2- =c-- -1+- . (9.156)
ar ar 2E> ar ar 2E>

Therefore, using (9.151) and (9.156), the final expression for D(l) becomes as
follows:

(9.157)

If one lets

(9.158)

one obtains a linear nonhomogeneous Fredholm integral equation for <1>(1) as
follows.' Boltzmann Eq. (9.115) for the ~econd order approximation for j is

D(I) +i1)=o,

where DO) is given by Eq.' (9.157) and

(9.159)

(9.160)

Chapman andCowling (1961)"p. 85, find it convenient to define an integrall
by means of the expression'

(9.161)
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Using (9.161), J(l) becomes

J(lO)/ 1(0)$(1»)+ J(lO)$(I)I/°») =

(9.162)
JJ1(0)fj(O) ($(1) +$~1) - $,(1) - $i(I) ~1 d; dkdc == n21($(1»).

Equation (9.159) shows that this expression is the negative of D(1) given by
(9.157). Hence, the linear nonhomogeneous integral equation for ~{1) is as
follows:

(9.163)

9.12 Integral Equation Solver Strategy

The second approximation to the Boltzmann equation t(1) is given by the
product of the Maxwell-Boltzmann distribution and <1>(1). In the preceding para
graph it was shown that <1>(1) is determined by the nonhomogeneous linear integral
equation (9.163). As shown in detail in Chapman and Cowling, this equation can
be solved as follows.

First, note that <1>(1) is a scalar. Hence only scalar solutions of (9.163) are
considered. Second, note that Eq. (9.162) shows that 1($(1») is linear in $(1).
Hence, superposition applies. The solution to the integral equation is the sum of
the homogeneous equation I (<t>O) ) = 0 plus a particular solution. The latter con
sists of (1) a linear combination of the components of de/dr: for this to be a sca
lar, it must be given by a scalar product of de/dr and another vector, (2) a linear
combination of the components of dV/dr: this must be the double dot product of
av/ar and another second order tensor. Thus, one can write

(1) 1 1
<t> =--A·Vlne=-B:Vv+a·'I',

n n
(9.164)

where A and B are the vector and tensor functions of C, respectively, while a is
independent of the velocity. The components of V Ine and Vv are equated. Thus,
the integral equations for A and B are obtained:
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nI(A) = f(Q)[£-1)C'
20

nI(B) =(/0)/e)cc.
The conditions of solubility of these integral equations are

(9.165)

(9.166)

(9.167)

(9.168)

where i = 1,2,3.
Now let us briefly consider how to determine A and B. They are functions of

n, 0, and C. Since I is a linear, rotationally invariant operator and the right
member of (9.165) is a vector in the direction of C, the vector A must also be in the
direction of C. Thus,

A = A(C)C, (9.169)

where A is a scalar function of n, 0, and C.
Since the right member of (9.166) is a symmetric traceless tensor, B must be of

the form

B=B(C)CC, (9.170)

where B is some function of n, 0, and C. The quantities A and B are determined by
expressing them in terms of polynomials, as shown in Chapman and Cowling
(1961). In Eq. (9.164) ex can be set to zero. Here the algebraic details are of little
interest. In view of (9.169) and (9.170) <1>(1) becomes

(1) 1 1 0

<t> =--A(C)C· Vln0--B(C)CC:Vv.
n n

(9.171)
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9.13 Viscous Kinetic Stress Tensor

The equation for the second approximation to the kinetic stress tensor p~l) is

as follows (see Table 9.3):

(9.172)

in view of the definition of <1>(1) given by Eq. (9.158). Into this, substitute Eq.
(9.171) . Note that the integrals of odd powers of C vanish, since the Maxwellian
distribution function j(O) is even. Hence,

(9.173)

The double dot product in parentheses is Eq. (9.173), which can be transformed to
give a traceless symmetric gradient of the hydrodynamic velocity, using the identity
for two tensors X and Y: '

where

o Os
X:Y=X:Y ,

o. 1
X=X- 3trX·I,

(9.174)

(9.174a)

and the superscript s indicates that the tensor Y is symmetric. Identity (9.174) can
be derived from the basic definition of the double dot product as the double sum of
the components of the two tensors. Identity (9.174) applied to the expression in
parenthesis of (9.173) gives

CC:Vv=CC:Vsv,'

where in various notations the rate ofshear tensor S is

(9.,175)

o aC 1 ( ) 1 ( ) 1 (avj av.) 1 av·VSv=S=-=2: Vv+Vsv -3 Vv:I 1=2: _+_' -3-' bij' (9.176)
ar ax· ax· ax·l J I
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Using (9.173), the viscous kinetic stress tensor is rewritten as

(9.177)

Thus, an algebraic rearrangement produced the rate of shear tensor that was
expected from continuum mechanics. Furthermore, since VS v is not a function of
C, integration and differentiation with respect to the spatial coordinates can be
rearranged in Eq. (9.177). This can be accomplished using the following identity,
given.in Chapman and Cowling (1961), which the interested reader should take the
time to derive to understand the theory.

For any tensor W independent of C,

IF(C)CC(CC:W)cic=-kWsIF(C{CC:CC)dC = IF(C{CC:WSfCdC.
(9.178)

With W =Vv, (9.177) using identity (9.178) becomes as follows:

(9.119)

o
in which B(C)CC can be replaced with the tensor B using expression (9.170),

while j(O)CC is replaced with nI(B)8 using Eq. (9.166). Then the viscous

kinetic stress tensor becomes the double integral given by

The viscosity Jl is defined by means of

(1) ~
P =-2JlV v.

Hence, f.l is the scalar
me

f.l = -fB:1(B)dc.
10

(9.180)

(9.181)

(9.182)
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Except for a conversion to granular temperature, this is the expression for
viscosity given by the bracket integral (7.41-1) in Chapman and Cowling (1961).
Its computation is lengthy and is shown in the reference cited. The first approxi
mation gives

(9.183)

Table 9.2 shows that such particular viscosities are of the order of one poise
for 500 urn glass beads oscillating at velocities of about one meter per second.
Such reasonable values of particulate viscosities provide a motivation for applying
the kinetic theory of gases to dispersed multiphase flow. Equation (9.183) is Lun et
al.'s (1984) Eq. (4.9) for perfectly elastic particles. For non-elastic particles there
is a correction involving the restitution coefficient. This correction is small. For
example; for a restitution coefficient of one-half, the viscosity is 1~5 that given by
Eq. (9.183). For a restitution coefficient of 0.9 the correction is less than 0.3
percent. In view of the approximations made such as neglect of the charge of
particles, rotation, etc., Lun et al.'s correction will be neglected.

9.14 Dense Transport Theorem

Jenkins and Savage (1983) and Lun et al. (1984) have derived a useful dense
fluid transport theorem. It generalizes the transport theorem valid for dilute gases
and particles used up to now. Savage (1983) calls this theorem the Maxwell
Chapman transport equation since its essence is found in Chapter 16 in Chapman
and Cowling's book (1961).

The objective is to derive a useful expression for the mean change of the col
lisional property < 'I'c > given by the Maxwell transport equation (9.102). Equa
tion (9.90) suggests that for dilute particle mixtures,

(9.184)

where
(9.185)

After collision - Before collision

where the one half in (9.184) is necessary so as not to count the property twice in
view of (9.185). The difference between the dilute and the dense cases is that 1(2)
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associated with particles one and two is at different locations, as indicated in Fig.
9.2. Hence, the integrals must be evaluated separately for particles one and two, as
described below. The collisional rate of change of '1'1 is

where dp 2C 12 . kdk is the collision cylinder per unit volume, /(2) is the pair distri
bution function evaluated at the position r +dpk and the integral is evaluated for
particles about to collide, i.e., c12' k > 0 . To evaluate the collisional rate of
change for particle 2, due to symmetry, this can be done by interchanging the labels
1 and 2 and by replacing k by -k:

Then, as in Eqs. (9.184) and (9.185),

< 'I' c >= t < 'I' cl > +t < 'I' c2 >. (9.188)

The values of 1(2) separated by a distance dpk in Eqs. (9.186) and (9.187) are
related to each other by means of the Taylor series

(9.189)

Substituting Eq. (9.189) into (9.187) and adding the result to (9.186), the mean
value of the collisional integral as in (9.188) can be written in the form

(9.190)

where the collisional stress contribution is

(9.191)
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and the sourcelike contribution is

To first order, the collisional stress contribution simplifies to

(9.193)

since the mean positions of the two particles are the points r ±;;dpk, while the

mean position of the point of impact is the point r. With the decompositions

(9.190) the Maxwell transport equation (9.102) can be written as

an < 'II > ( ) d'll---+V· n<c'll>+Pc =<nFs->+Nc,at dC
(9.194)

where Fs is the force acting on the system in place of the force per unit mass pro
duced by the system in (9.102). Equation (9.194) will be refered to as the dense or
the Jenkins-Savage transport theorem for convenience.

A form more convenient for some applications can be obtained using Eqs.
(9.190) and (9.103):

_D_n_<_",_> +n < '" > Vv+ V(n < ",C > +nPc)-n(F--
D-V

) < _a'll_ >
Dt Dt ac

d'll
-n <-c >:Vv = nNc,

ac

(9.195)

where C is the peculiar velocity. As pointed out in Chapman and Cowling (1961),
in the remark at the bottom of page 279, care must be taken in using 'I' so that it is
not position dependent. It will be taken to coincide with the motion with the mass
average velocity.

Next, a more useful expression for Pc, the collisional part of the vector of flow
of "', is derived. This is done by expanding Ii and 12 in a Taylor series and by
dropping terms of order higher than the first. With the pair-distribution function a
product of the distribution functions given by Eq. (9.53), expansion in Taylor series
gives the expression
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(2) ( dp . I ). _ ( ) ( dp ) (I )I r-2k,CI,r+"2dpk,C2 - go es II r-2k,CI .h r+"2 dpk,c2

(9.196)

=go(eJ[fi (r,cI)· h (r,c2)+! dpkh (r,c2)V/I -!dp~ft Vh],

which can be written in a more convenient form as

(9.197)

Substitution of (9.197) into (9.193) gives a more useful expression for the colli
sional part of the vector of flow of'JI shown below:

Pc =-t go(Es )d~ fff ('JIi - 'JII)flf2k(c12 .k)dkdcI dC2
Cl2 ·k>O

f (9.198)
-igo(Es)d; fff ("'I -'JI1).lif2kVln-2k(C12 .k)dkdcI dC2'

cl2,k>O .Ii

Since the second term of Eq. (9.198) already involves derivatives, fi andf2 at
the point r can be replaced by the Maxwellian distribution functions.

9.15 Particulate Momentum Equation

With the decomposition of the collision integral as given by Eq. (9.190) the
Jenkins-Savage transport theorem conveniently expressed by Eq. (9.195) can be
used to obtain the conservation equations for mass, momentum and energy, as
already done in Section 9.10 for the case of no collisions. By taking", to be m,
since m is the same before and after collision, Eq. (9.195) gives the conservation of
mass equation (9.104) or (9.105).

To obtain the momentum equation for the particulate phase, let

'"=me. (9.190)

Then, as in Section 9.10, the first two terms in Eqs. (9.195) vanish. The gradient of
the first part of the third term gives the kinetic pressure, as defined by Eq.
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(9.107). The last term as in Eq. (9.108) gives zero. Nc also becomes zero since
momentum is conserved in a collision.

Hence, (9.195) reduces itself to

(9.200)

The sign convention for the kinetic pressure is that used in Chapman and Cowling.
It is the negative of that used in Chapter 1 for the traction and that used by Ding
and Gidaspow (1990) for the kinetic pressure.

The force F in Eq. (9.200) consists of the externally applied force and the
force of interaction between phases as given by Eq. (1.8). The latter force consists
of the drag between the phases and other forces such as the added mass force
clearly illustrated by Birkhoff (1960) for acceleration of a gas bubble injected into
a liquid. In such a situation the gas bubble displaces and accelerates a fluid that is
1000 times denser than itself. Following Lamb (1932), Birkhoff adds one half the
displaced mass to the acceleration to account for this effect. The relative velocity
equation presented in Chapter 2 and derived by Gidaspow (1977) takes care of the
extra acceleration. Others, such as Drew and Lahey (1979) and Pauchon and
Banerjee (1988), accounted for this effect by adding a convective form of relative
acceleration corrected by an empirical coefficient. Another force that may play a
significant role in fluids with a neutrally buoyant particle is the Saffman (1965) lift
force. Rotational effects recently measured by Ye et al. (1990) are perhaps best
introduced into this theory by modifying the Maxwell-Boltzmann distribution by
the addition of an 1m2 term and by constructing an energy equation for a rotational
temperature, as done by Condiff et al. (1964) and others based on Chapman and
Cowling's (1961) analysis for rough spherical molecules described in their Chapter
11. For flow of solid particles in a pipe, Roco and Cader (1990) give their
evaluation of the importance of some of the forces they came across in modeling
flow of slurries in pipelines. Clearly, Eq. (9.200) does not include the static
particle-to-particle stress that was discussed in earlier chapters and in Chapter 12.
The gradient of this solids stress must be either added to (9.200) or the kinetic
theory approach restricted to flows with no dead regions. The former approach is
clearly preferable. For dilute suspensions, fluid turbulence must also be included
inFo

For now the only effects included are the gravity, the drag and the buoyancy
effect which appears through the gradient of fluid pressure in Model A. Then

(9.201)
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Hence, using (9.201), the particulate momentum balance vs , Eq. (9.200), can
be written as follows in conservative form:

For Model B the first term on the right-hand side of Eq. (9.202) would not be pre
sent.

9.16 Fluctuating Kinetic Energy Equation

To obtain the equation for the translational granular temperature equation, let

(9.203)

in the collisional transport theorem equation (9.194).
As in Table 9.4,

(9.204)

and

(9.205)

The collisional part of Pc in Eq. (9.194) using the substitution c = C +v de
composes into a collisional heat flux qc and v .Pc as follows:

(9.206)

where

(9.207)

to give

dp(.l0+ l V
2 )

2 2 +V.[Qk+qC+ vp(t 0+!v2)+V(Pk+ PJ]at (9.208)

=P< Fsc > +Nc ( '; c2
) .
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The mechanical energy balance is obtained by multiplying momentum equa
tion (9.200) by v and rearranging it, as done in single phase fluid mechanics, to
give

To obtain the fluctuating kinetic energy equation, Eq. (9.209) is subtracted
from Eq. (9.208). This gives rise to the production of the fluctuations due to the
shear (Pk +Pc):Vv, already seen in Eqs. (9.113) and (9.146), and due to fluctua
tions in drag. The latter may be expressed as

p < Fc > -pF-y = ~A[ < Cp {c, -Cp ) > -yP .(yg -yp)]

=~A < Cg ·C p > -3~Ae,
(9.210)

where < CgCp > is the correlation between the velocity fluctuations of the gas and
the particles. Louge et al. (1990) proposed how to relate it to the drag and the
granular temperature. Ding and Gidaspow (1990) neglected this effect. Through
this term, gas oscillations produce oscillations of particles.

The final form of the granular temperature equation, therefore, is

t[:t (cspse)+v.cspsyse] =

(Pk +Pc):Vv- V(qk +qc)
Production of fluctuations Dissipation + Collisional heat
by shear by kinetic flow

+Nc('2 C2 )

Dissipation due to inelastic
collisions

+

(9.211)

Production due to fluid turbulence Dissipation due to
or due to collision with molecules interaction with fluid

where, using (9.192), (9.45), and (9.197),

( m 2) d; J1 (2)( )2 [(0) (0) 1 (0) (O)V fiO)]
Nc T C =2 4 m e -1 k-cl2 -go II h +"2 dpi l h In Jj(O) dkdcl dc2 '

(9.212)
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Jenkins and Savage (1983) were the first to evaluate such an integral using the
methods of dense phase kinetic theory illustrated for determination of the solids
viscosity in the section. Ding and Gidaspow's (1990) result, equal to that of
Jenkins and Savage for a = 0, is

(9.213)

For elastic particles, that is, for e = 1, Nc is zero.
In the fluctuating energy equation (9.211) Pk is given by Eq. (9.181) as twice

the viscosity expressed by Eq. (9.183) times the traceless symmetrical gradient of
the velocity. The collisional part of the stress will be evaluated in the next section.
The kinetic part of the heat flux from dilute kinetic theory of gases (Chapman and
Cowling, 1961) is expressed as follows for elastic particles:

(9.214)

where
(9.215)

since Cv is t, as found in Table 9.5.

The viscosity is given by Eq. (9.183). The collisional flux for a Maxwellian
distribution is

(9.216)

where

(9.217)

as evaluated by Jenkins and Savage (1983) and Ding and Gidaspow (1990). In both
papers the kinetic conductivity was zero, since only the Maxwellian distribution
was considered, rather than its second perturbation (see Section 9.18 for a more
complete discussion).

Note that Eq. (9.211) is valid for a non-flow situation. Consider small, elastic
particles suspended in a liquid. These particles are known to exhibit random-like
motion due to collision with the molecules of the fluid. Such a motion is called
Brownian movement. In Eq. (9.211) the molecules produce periodic oscillations
through the term J3 A < Cg . Cp .>, where egis the molecular velocity and Cp is
the particulate velocity. For a stationary fluid, all terms in Eq. (9.211) vanish,
except this term and the granular accumulation and dissipation terms. Equation
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(9.211) becomes a heat conduction equation with a time dependent source. For
small particles, equations such as (9.217) for granular conductivity show that this
conductivity is small. Hence the granular diffusivity le c / Ps is small. Therefore,
molecular motion will produce a corresponding motion of particles. Large
particles have a large granular conductivity, so molecular motion will not affect
them and may be neglected.

9.17 Viscosity-Collisional Momentum Transfer

The collisional part of the flow of a quantity 'I' was shown to be given by Eq.
(9.198). To obtain the collisional stress tensor Pc, let

'I' = me = m(c-v). (9.218)

Then (9.198), using Eq. (9.47), becomes the sum of two integrals denoted by
PCI +PC2 :

where the second integral is denoted by PC2 ; Maxwellian distributions are used. In
PCI the second approximation will be used here. Integrations with respect to k can
be carried out using Chapman and Cowling's (1961) identities 16.6-16.8, which are

(9.220)

Jkklv- k)( c12 .k)2 dk= 1~ [v. c12(C12C12 + C~2I) IC12 + c12 (VC12 +c12v)J
(9.221)

Using identity (9.220) the first collisional integral becomes

(9.222)

From the definition of the mean for any function <1>,
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(9.223)

Since < Cl >=< C 2 >= 0 and in view of the integration over Cl and c2, these
variables are arbitrary and may be replaced by c. Hence,

2 2 2 2
< C12 >=< Ct +C2 -2C1C2 >= 2 < C >.

Then the first collision integral becomes

Using the volume fraction relation

the collision integral gives

2(1+e) 2( 2)
Pc = goppcs 2<CC>+C I .

1 5

For a Maxwellian distribution,

(9.224)

(9.225)

(9.226)

(9.227)

(9.228)

and C'2 = 38; hence, Eq. (9.227) gives the collisional contribution to the solid
pressure:

(9.229)

When to Eq. (9.229) the kinetic pressure, Eq. (9.140), is added, the result is
the solid phase pressure derived by Ding and Gidaspow (1990):

Solid Phase Pressure

r, =csPp[1+ 2(1+e)gocs]8. (9.230)

Equation (9.230) is identical with the Van der Waal's equation of state for a
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gas given by Chapman and Cowling's (1961) Eqs. (16.51-2) when a change is
made from the thermal to the granular temperature and Chapman and Cowling's X
is interpreted as the product of go and -;- (1+ e). Thus, the solids modulus G, which
is very important in modeling fluidized beds, becomes

Solids modulus = G = (~~: ) = pp[1+4(1 +e)go£s]8. (9.231)

The solids modulus has the correct property of becoming very large as the
volume fraction of solids approaches the maximum packing where go becomes
infinite. The collisional term becomes small as the volume fraction of solids be
comes small, again as required by the.physics. Its only problem is that it vanishes
when e is zero, that is, when there is no motion. This is not surprising, since when
there is little or no motion the static stress must be added to the solids pressure.

For a non-Maxwellian distribution < CC > can be expressed in terms of the
symmetric gradient of the velocity using the second approximation to the frequency
distribution in the manner illustrated in Sections 9.11-9.13 and presented in detail
in Chapter 16 in Chapman and Cowling (1961). The result is

(1) 2 [4 ()] ~ sp<CC> = (l+e)go l+ s£sgO l+e 2~dilute v V

for e near one.
Similarly, the kinetic flow of heat is

(9.232)

(9.233)

where KdiIute and Jldilute are the conductivity and viscosity for dilute suspensions,
corresponding to those for a normal gas.

Equations (9.232) and (9.233) with e equal to one are Chapman and Cowling's
(1961) Eqs. (16.34-2) and (16.34-3), respectively, where go is Chapman and
Cowling's X and,

(9.234)

Note that Eqs. (9.232) and (9.233) do not reduce themselves to the viscosity and
the conductivity for dilute suspensions unless the restitution coefficient is set to
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one. In deriving the corresponding equations, Lun et ale (1984) do not use
Chapman and Cowling's (1961) rigorous method. They use the more approximate
and simpler moment method. In this method they find it necessary to use a third
term involving a gradient of n in a trial function for <l> which is of the form given by
Eq. (9.157) and (9.158). The trial function used by them is

[ 2) [2)o 5 C 5 C
<l>=al CC:Vv+a2 --- C·Vln8+a3 --- C·Vlnn.

2 20 2 20
(9.235)

Thus, Lun et al. 's expressions are somewhat more complicated than those pre
sented here. For simple shear flow, Lun et ale (1984) find that their dimensionless
shear and normal stresses increase with a decreasing volume fraction at low values
of the volume fraction. Because of a division by an energy dissipation which
vanishes as the square of the volume fraction and which also vanishes for a resti
tution coefficient of unity, these stresses become infinite for perfectly elastic par
ticles and for a pure fluid. Lun et ale (1984) describe an instability problem which
they ascribe to a primitive treatment of the restitution coefficient. In view of these
uncertainties the formulas involving solids viscosities and conductivities should be
restricted to values' of the restitution coefficient near unity, as indicated below Eq.'
(9.232). A viable simple ad hoc approach to extend the treatment by Ding and
Gidaspow (1990) to non-Maxwellian distributions and thus to non-dense conditions
is to add to their dense phase viscosities and conductivities the dilute gas viscosity
given by Eq. (9.183) and (9.215), respectively. Such a simple treatment used "by
Louge et ale (1990) for pneumatic transport amounts to neglecting the second term
in brackets in Eqs. (9.232) and (9.233).

The second collision integral in (9.219) will give rise to the dense phase vis
cosity derived by Ding and Gidaspow (1990). The theory of evaluating the second
integral was already presented. The steps are, however, quite involved algebrai
cally.

Using identity (9.221), the second integral becomes
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(9.237)

Hence,

(9.238)

In the integral (9.236) the ter~s involving va vanish in integration since they are
odd function's of C. Then the integral becomes

(9.239)

To evaluate (9.239), change the variables from CI,CI to Cl2 and G. Then as in
Section 9.5, dCI ,dC2 is replaced by dG,dcl2 given by Eqs. (9.58) and (9.59), and

(9.240)

Formula (9.21) with r = 5 and Eq. (9.62) produce a typical term in Eq. (9.239)
involving a component of the gradient of v equal to

(9.241)

The trial function <1> given by Eq. (9.235) suggest that the terms in (9.239) in
volving Vv will involve the traceless symmetric gradient of v using identity
(9.174). Components of the type given by (9.241) must be grouped using integral
theorems of the type derived by Chapman and Cowling (1961), paragraph 1.421.
The result is (Chapman and Cowling, 1961; Ding and Gidaspow, 1990)

P _ ..fi(1+ e) d4 2 E>~ [.1. ~s + 1.v. I]
c - go r" m 5 v v 3 v V ,

2 3 ,
(9.242)



Kinetic Theory Approach 289

or substituting for m and nm = EsP p and rearranging Eq. (9.242), the result is Ding
and Gidaspow's second half of Eq. (A.19):

(9.243)

The coefficient of the brackets is Chapman and Cowling's ro. The second part
of the collisional integral as given by Eq. (9.243) can be written in the form

(9.244)

where Jlsc is the coefficient of viscosity simply called solids viscosity by Ding and
Gidaspow (1990) and ~s is the solids bulk phase viscosity. Both are defined in
such a way that as the volume fraction Es approaches zero, the momentum equation
vanishes. Comparing Eqs. (9.244) and (9.243), the viscosity coefficients are as
follows:

(9.245)

(9.246)

The solids phase viscosity JlscE s can be expressed in terms of the dilute phase
viscosity (T9.1) as follows: dense phase viscosity from second collision integral +

dilute phase viscosity =2Jlsc Es / Jls (dilute):

384 ( ) 2 () 2251t go l+e Es =4.889go l+e Es . (9.247)

Equation (9.247) shows that for a porosity of 0.99, i.e., for a volume fraction
of solids of one percent, the contribution of the dense phase integral is negligible.
In such a situation it is appropriate to use the dilute phase viscosity.

The value of the collisional stress tensor Pc is the sum of that given by Eq.
(9.227) and (9.243) for Pq and PC2 ' respectively. To obtain the total stress tensor
the kinetic contribution given by P < CC > must be added:

P = Pc +Pc +Pk . (9.248)
1 2

Then the total stress tensor becomes
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(9.249)

where p < CC > is given by Eq. (9.232) and C'2 =38. Making these substitutions
the total stress becomes

where Jls is the dilute viscosity given by Eq. (T9.1) in Table 9.2. The viscosity of
the dense suspension is the expression in the curly brackets in Eq. (9.250). It is the
sum of EsJlsc given by Eq. (9.245) and the dilute phase viscosity corrected for a
large solids volume fraction and a non-unit restitution coefficient. The viscosity is
still a product of a mean free path times the oscillation velocity, that is, granular
temperature, and times a density corrected for the large volume fraction and the
non-unit restitution coefficient.

9.18 Granular Conductivity

The granular heat flow vector q is computed in much the same way as the
pressure tensor. It consists of a kinetic part qk and two collisional parts qCI and

QC2·
With the quantity 'V given by Eq. (9.203), the kinetic heat flux is given by

(9.251)

When f is the Maxwellian distribution given by Eq. (9.15), the integral in Eq.
(9.251) becomes

2 [2](0) _ 1 00 C C C
qk --2 Pj ~exp -- dC.

-00 (2n8) 2 28
(9.252)
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Since the integral in (9.252) is odd, it was already shown in Section 9.11 that

(9.253)

The second iteration is obtained by using <t>O) given by Eq. (9.171). Since this
<t>O) was derived for dilute conditions only, the resulting qk will also be valid for
dilute flow. Then (9.251) becomes

q~l) =t mJj(t)C2CdC =tmJiO)<l>(I)C2CdC

dilute (9.254)

In (9.254) when using (9.171), the integral involving odd functions of the
components of C vanished. Using Chapman and Cowling's (1961) formula (1.42
2),

JF(C)CCdC =tIJ F(C)C
2

dC, (9.255)

or their Eq. (1.42-4), the first iterate for the dilute granular conductivity, as given
by (9.254), can be expressed as

q~) =-t: VIneJj(O)c4A(C)dC.
dilute

(9.256)

Then using Eq. (9.168), followed by (9.165) and (9.169), the conductivity be
comes as follows:

q~) =-t:ve'JcA(c)iO)(~2 -!)CdC=t:VeJAI(A)dC. (9.257)
dilute

Then in the analogue of Fourier's law of conduction,

q=-KVE>, (9.258)

dilute phase granular conductivity K is given by what is known as a bracket inte
gral, shown in Eq. (9.259):

Kdilute =t mJAI(A)dC. (9.259)
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The integral in (9.259) is evaluated in terms of Sonine polynomials in C2

(Chapman and Cowling, 1961). A good approximation of the conductivity for
restitution coefficient of one is

where Jldiluteis given in Eq. (9.183) and

C - 3v -"2.

(9.260)

(9.261)

The granular conductivity can be expressed as an "eddy type" conductivity
expressed in meters squared per second as follows:

lCdilute =7SJ1t d eYl 0

Pp 384 p
(9.262)

Equation (9.262) is Lun et al. 's (1984) Eq. (4.10) for a restitution coefficient of
one. For non-electric collisions Lun et al. (1984) provide a correction involving
the restitution coefficient which they associate with the first coefficient in the
Sonine's polynomial solution. In view of the highly approximate nature of Lun et
al. 's solution and the unavailability of the more exact solution using Chapman and
Cowling's (1961) method as discussed in Section 9.17, Lun et al.'s solution is not
presented here. Lun et al.'s conductivity given by their Eq. (4.10) is smaller than
the elastic conductivity given by Eq. (9.262). This means that dissipation given by
the conductivity times the gradient square is smaller for elastic than non-elastic
particles. The results to follow will be restricted to restitution coefficients near
unity. With this restriction the kinetic flow of heat for a dense suspension is given
by Eq. (9.233).

The collisional granular conductivity is obtained by substituting '1/ given by
Eq. (9.203) into Eq. (9.198). Then the collisional granular heat flux qc is

qc = tmgod~m(c;Z - Cf)Jihk(Ct2 ok)dkdCtdC2

(0) (9.263)

+tmgod; m(c;z - cl)JihkV1n 1(0) k(C12 0 k)dkdCtdC2 0

fi

Using Eq. (9.47), it is easy to show that
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(9.264)

Upon substitution of (9.264) into the integrals in (9.263), integrations with re
spect to k are performed as summarized by Chapman and Cowling (1961) and
Ferziger and Kaper (1972). The first integral gives

(9.265)

For a Maxwellian distribution, qCl is zero, as in Eq. (9.252). Using the second
approximation to the velocity distribution an extension of the analysis to dense
flow presented in Section 9.11 and summarized in Chapman and Cowling (1961)
for dense gases gives

As explained, Eqs. (9.262), (9.265) and (9.266) are restricted to restitution
coefficients near unity. The second integral in (9.263), as evaluated by Ding and
Gidaspow (1990), does not have this restriction. Its value using Eq. (9.238) to in
troduce the gradient of granular temperature is as follows:

(9.267)

where the granular conductivity from the second collision integral is

(9.268)

The value of the conductivity given by Eq. (9.268) equals the specific heat,
which is two-thirds times the value of the coefficient in brackets of (9.243),
referred to as co in Chapman and Cowling (1961). Surprisingly, their conductivity
is again smaller for a smaller restitution coefficient. The extra dissipation due to
non-elastic collisions must be compensated by the generation of heat through the
source term that has a restitution coefficient to the second power.

The total granular heat flux is the sum of the kinetic flux and the collisional
flux given by the sum of qCl and qC2 :

(9.269)

where
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Hence, using (9.265) and (9.267), the total flux is

1 2 (1)[6 ( )]q=2"PpEs < C C > 1+s Esgo1+e -K
C2

ve.

(9.270)

(9.271)

Substituting for the approximate average given by Eq. (9.266) the total flux is

then expressed in a Fourier's type law of conduction:

(9.272)

where Kdiluteis given by Eq. (9.262) and K C2 is expressed by Eq. (9.268). This

expression differs from Lun et al. (1984) for values of restitution coefficients

significantly different from one. The approach taken here was to follow the well

accepted kinetic theory of dense gases and to apply it to particulate flow.

All the theory holds for perfectly elastic particles. The restitution coefficient

served the role of a minor correction.
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10.1 Granular Shear Flow

The simplest solution to the Navier-Stokes equation for a fluid is that of shear
or Couette flow (Schlichting, 1960). It is assumed that the flow is steady,
incompressible and fully developed. The latter condition insures that the velocity
is nonzero in one direction, say, in the x direction only. Then the continuity
equation with constant porosity shows that the gradient of velocity is zero. Hence,
all accelerations vanish and the momentum balance for granular flow is simply

v·p=o, (10.1)

where P is given by Eq. (9.250). Furthermore, analogous to the fluid pressure, one
assumes the solids pressure in the x direction to be constant. The momentum bal
ance then assumes the simple form

du
Jls __s = constant.

dy

297

(10.2)
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In the simple shear flow one assumes a no slip boundary condition at one wall.
The second wall is assumed to move with velocity U. With the fluid adhering to
the wall, the boundary conditions are

aty=O,us =Oandaty=h,us =U.

The velocity profile is then
Us = Uy/h.

(10.2a)

(10.3)

Although Eq. (10.2) does not permit a direct determination of viscosity as is done
in the Poiseuille viscometer in which the pressure in Eq, (10.1) varies with length
of flow, it turns out that the granular temperature balance, Eq. (9.211), permits one
to estimate the viscosity, as developed in Sections 10.1.1 to 10.1.3.:

10.1.1 Dissipation-Production Balance

With the same assumptions made for the simple shear flow discussed in the
previous paragraph, the granular temperature, Eq. (9.211), with no production due
to fluid turbulence or molecular fluid collisions, is

( )

2
aus

-P:VVs = /ls dY = 'Y-3~aE>+'Yw.

Production of oscillations by = Dissipation due to + Dissipation in + Dissipation by
surface forces inelastic collisions the fluid the wall

(10.4)

(10.4a)

In obtaining the dissipation by the wall in Eq. (10.4), it was assumed that the
granular heat flux in Eq. (9.211) is a constant and that the granular heat flow was
developed, as is done in the thermal forced convection problems. For an elastic
particle collision with a non-vibrating wall, the dissipation by the wall vanishes. In
Eq. (10.4) 'Y is the symbol used for the collisional source contribution, defined as

(10.5)

where Nc was given by Eq. (9.192). Although the value of this integral was given
previously by Eq. (9.213), it is instructive to present an approximate derivation of
this integral. Physically, the integral given by Eq. (9.192) can be regarded as the
product of the loss of the kinetic energy of the particles per collision
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(10.6)

and a mean binary collision frequency given by Eq. (9.51). As a very rough ap
proximation, we can assume that this collision frequency is independent of C2 in
Eq. (10.6). Then it is given by Eq. (9.63), while the change in kinetic energy is
given by Eq. (9.45). In terms of particle diameter dp' and the granular temperature
8, the latter becomes

(10.7)

Multiplication of liE by N12 from Eq. (9.63) gives an approximate average value
of j that is three times the value given by Eq. (9.213).

The use of the exact value obtained from Eq. (9.21~) gives

(10.8)

Equation (10.8) shows that the dissipation is proportional to the cube of the random
velocity and to the square of the particle concentration. The latter dependence
arose because of the assumptions that the binary probability of collision is the
product of the single frequency distributions, the so-called "chaos" assump-tion.
The dissipation also strongly depends upon the empirically based value of go,
which depends upon the collision velocity and the fluid medium.

Shen and Ackerman (1982), in analyzing the energy dissipation due to the
collisions, liE given by Eq. (10.7), also include a dissipation due to a change of
velocity in a direction perpendicular to the normal direction. This gives rise to a
coefficient of kinetic friction. Using such a concept, Eq. (10.8) for the dissipation 'Y
would include the restitution coefficient and the kinetic friction. For rough
spherical particles, Shen and Ackerman's (1982) kinetic friction should be related
to the tangential restitution coefficient of Araki and Tremaine (1986). The latter
authors consider particle translation and rotation. They have extended the analysis
presented in Chapman and Cowling's Chapter 11 (1961) for rough spherical
molecules to include kinetic energy losses due to normal and tangential restitution
coefficients.

The dissipation due to the presence of a fluid is given by the product of the
friction coefficient and the random velocity which is expressed in terms of the
granular temperature in Eq. (10.4),. For low particle Reynolds numbers and dense
suspensions, the friction coefficient is obtained from the first term in the Ergun
equation. It becomes
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(10.9)

It involves the fluid viscosity J..lf' and a reciprocal of a permeability.

10.1.2 Granular Temperature for Dense Flow

For a dense suspension in a fluid of a small viscosity, the production
dissipation balance, Eq. (10.4), reduces itself to

(au
s )-Pxy dy =y. (10.10)

The shear Pxy is a component of the general stress given by Eq. (9.250). For
the dense suspension or for a Maxwellian velocity distribution, it is

(10.11)

The use of'Ygiven by Eq. (10.8) gives an equation for the granular temperature 8,

or for the random velocity < C 2 >72,

~ < C2 >72=_1_ dus dp .

J5 dy

(10.12)

(10.13)

Equation (10.13) gives rise to the dimensionless group R introduced by Savage
(1983):

dpi ~ I particle diameter- shear rate
R - - ----------

- < C 2 > - random velocity
(10.14)
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Equation (10.13) shows that the value of R depends only upon the restitution co
efficient as shown below:

R=~5(1-e). (10.15)

This value of R differs from Savage's (1983) value given by his Eq. (4.4) be
cause he used an earlier version of his kinetic theory.

An equation similar to Eq. (10.13) was obtained by Shen and Ackerman
(1982). It involves their kinetic friction coefficient, as well as the drag term from
Eq. (10.4).

To obtain kinetic coefficients, such as viscosity and conductivity, the granular
temperature must be known. However, Eq. (10.13) makes it clear that the random
velocity cannot be estimated without a knowledge of the restitution coefficient.
The example below shows the problem.

For millimeter-size particle diameters used by Savage and shear rates as high
as 103 s-1 with a restitution coefficient of 0.9 used by Savage, we have, using Eq.
(10.13),

(10.16)

Such oscillations are quite reasonable in view of hopper, critical flow rates and
Carlos and Richardson's (1968) direct measurements of oscillations in a fluidized
bed, as simulated by Gidaspow et ale (1991). However, for flow of 100 micron
particles in a vertical pipe where shear rates are of the order of 102 s-1 , we have

For an oscillation velocity of one meter per second, we have roughly

l-e == 10-4.

(10.17)

(10.18)

In this theory the restitution coefficient must be much closer to one to obtain
reasonable values of viscosities. Computations of a restitution coefficient from an
analysis of a collision of two slightly non-elastic spheres (Kuwabura and Kono,
1987) shows that the restitution coefficient approaches unity as the velocity of
collision is reduced.
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10.1.3 Granular Temperature for Dilute Flow

The use of the dilute limit viscosity given by Eq. (9.183) in the balance given
by Eq. (10.4), and neglecting the dissipation due to the walls and the fluid, with "I
given by Eq. (10.8), produces an expression for the granular temperature shown in
the following equation:

( )

2
2 2 51t au 2

12£ (1-e )0=(-) _S d.
S 96 ay P

(10.19)

This expression is similar to Eq. (10.12). The essential difference is the pres
ence of the square of the particle concentration that multiplies the granular tem
perature. Since the right-hand side of Eq. (10.19) is finite as the particle
concentration approaches zero, the granular temperature approaches infinity. This
apparently strange behavior is present throughout the theory of Lun et al. (1984).
It also occurs in the molecular dynamics computer simulations of Campbell and
Brennan (1983) and Walton and Braun (1986).

To clarify the behavior exhibited by Eq. (10.19), this equation can be rewritten
in terms of the mean free path given by Eq. (9.72). The mean free path, except for
the constant in Eq. (9.72), is a ratio of the particle diameter to the volume fraction
of the solid. Hence (10.19) becomes

(10.20)

(10.21)

Random velocity =Mean free path- Shear rate

The highest mean free path that a particle can achieve equals the diameter of its
containing vessel. This restricts the highest value that can be achieved by the
granular temperature. Hence, the mathematical singularity in the dilute limit in Eq.
(10.19) does not occur. Equation (10.19) should be restricted by the inequality

1 (dp )Forl=-- -- ~Dpipe' t=Dpipe'6.J2 £s

Sinclair and Jackson (1989) use such a concept for modeling developed riser
flow. Equation (10.13) for the random velocity for dense flow is then essentially
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the same equation as the dilute flow Eq. (10.20). In (10.13), the mean free path is
the particle diameter divided by a constant, since the porosity is about one-half.

Then, the constant shear viscosity for this dilute limit, using Eq. (9.183) is

51CJ5 ((Jus) 1J.1 =--p d t - .
s 288..fi P P (Jy ~1-e2

(10.22)

For a constant shear the viscosity increases as the particle concentration decreases
or as the mean free path between the particles increases. The viscosity is also non
Newtonian.

In the presence of a fluid, there is also dissipation of oscillations by the fluid,
as given by Eq. (10.4). Consider the limiting case of no dissipation between the
particles, that is, restitution coefficient of unity then, using Eq. (10.9), the expres
sion for granular temperature becomes

(10.23)

Again, the granular temperature is high for dilute flow, that is, for small number
density of particles n. As expected, the particle oscillations become small in a fluid
of a high viscosity J.1f. The unexpected result is that the particle viscosity will vary
with the square of the shear gradient. Hence, the shear in such a situation will vary
with the cube of the shear rate. Again, in Eq. (10.23), the number density n cannot
be too low. Below some low value of n, the dissipation by the wall, as given by
Eq. (10.4), becomes dominant. In such a situation the granular temperature is finite
for a given shear due to the finite 'Yw in (10.4). Hence in a complete analysis of
dilute transport, dissipation by the wall must be considered.

10.1.4 Transition from Viscous to Grain Inertia Regime

For dilute viscous flow of elastic particles, Savage's dimensionless R given by
Eq. (10.14) can be evaluated by substituting Eq. (10.23) for the oscillation velocity.
The result is

R =_5_18_4_E~s ._-:-J.1-.;;.f~_
5J3i Idus Id2 .Pp dy p

(10.24)
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It is a ratio of the fluid viscosity to a particular phase viscosity due to colli
sions. Except for the concentration dependence its inverse is the dimensionless
shear strain group found by Bagnold (1954):

d21 dus IPp p dy inertial stress
NBagnold = = . .

f.l VISCOUS stress
(10.25)

Equation (10.25) suggests that for a sufficiently small NBagnold, fluid shear will
dominate the stresses, while for a large NBagnold i grain inertia will determine the
flow processes. NBagnold can also be looked at as a type of a Reynolds number. In
his review, Savage (1983) has also included a concentration effect into the defini
tion' of this dimensionless group.

Bagnold (1954) constructed an annular" shear cell in which he determined the
shear by measuring the force exerted on a stationary wall and determined the
normal force of neutrally buoyant millimeter-size particles suspended in the annular
compartment by measuring the fluid pressure. The relations he found were

shear =constantlAdp )2 ( ~; r, forlarge :; ;

3/ du, du,
shear = constant }!2 f.l f --, for small --.

dy dy

(10.26)

(10.27)

The grain concentration A is defined as the ratio of grain diameter to the distance
between the grains s, as shown below:

(10.28)

It is related to the radial distribution function go by means of the relation

(10.29)

Hence, the function go can be interpreted as the dimensionless distance between
spheres as follows:
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(10.30)

For uniform spheres £s,max = 1t /3.../2 = 0.7405. Bagnold also found that the ratio
of the shear to the normal force per unit area, the solids pressure, was constant in
the grain inertia regime and equal to about 0.3.

10.1.5 Grain Inertia Regime

The Bagnold number, Eq. (10.25), shows that we will always be in the grain
inertia regime for suspensions of particles in air, since the gas viscosity is very low.
Hence, Savage (1983) and students had constructed an annular shear cell for
studying shear and solids pressure for particles suspended in air. Their cell was
similar to that of Bagnold (1954), except that the height of the annular compart
ment could be varied, while the particles were rotated, by putting various weights
on top of the cell. The weights gave them a direct measure of the normal pressure.
The volume fraction of particles was determined from the initial weight of the
particles and the height of the compartment during rotation. Only the average
value of the volume fraction of solids could be determined. The shear was meas
ured by means of a spring balance. The shear rate was determined as in Bagnold's
experiment-by means of the formula

da, Rmw
-=--
dy oR

(10.31)

where Rm is the mean radius of the assembly, w is the rotational speed and oR is
the gap width.

Figures 10.1 and 10.2 show the measured dimensionless shear and pressure,
respectively, and a comparison to various versions of the kinetic theory. Ding and
Gidaspow's (1990) theory only considered the dense regime, similarly to that dis
cussed by Savage (1983). For this situation, the dimensionless shear can be ob
tained by substituting the granular temperature from Eq. (10.12) into the shear
given by Eq. (10.11). The result is

(10.32)



306 Multiphase Flow and Fluidization

.---

Ding and Gidaspow, 1990
Lun et al (1984) and Present model
Jenkins and Savage (1983)
Experiment of Savage and Sayed (1084)10 :-

~

N

~ 1 .~-.....-
N~
"tj

~
e:t.
<;

;:n 0.1 :-
~

0.01 -

O.UOIn.n

--",-
/

/

/
I

I

I. L.L., I I ,

0.1 0.2
I I I

0.3
1-L-1.....L-l.~L..L.~

0.4 0.5 0.6 0.7

Fig. 10.1 Non-dimensional shear stress versus solid volume fraction for the case of simple shear flow.
(From Ding and Gidaspow, 1990. Reproduced by permission of the American Institute of Chemical
Engineers. Copyright © 1990 AIChE. All rights reserved.)
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Fig. 10.2 Non-dimensional normal stress versus solid volume fraction for the case of simple shear
flow. (From Ding and Gidaspow, 1990. Reproduced by permission of the American Institute of
Chemical Engineers. Copyright © 1990 AIChE. All rights reserved.)
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Similarly, the pressure is obtained by substituting the granular temperature from
Eq. (10.12) into Eq. (9.230):

Ps 2 = Es [1+2Esgo(1+e)].Ppd;( ~; ) 15(1-e)

The data of Savage and Sayed (1984) obtained from the shear cell for millimeter
size particles are close to the values computed from Eqs. (10.32) and (10.33) using
restitution coefficients of 0.8 or 0.9. Shen and Ackerman's (1982) expressions give
much lower shear and pressures because they did not include go into their theory,
which is of the order of 10. The shear and the pressures in the more complete
theory and that of Lun et al. (1984) shown in Figs. 10.1 and 10.2 have a minimum
because of the increase of the mean free path and hence granular temp-erature at
low volume fraction of solids. For high go the ratio of shear to the solids pressure
is given by

(10.34)

The ratio of the shear to the normal stress can be interpreted to be the tangent of the
dynamic angle of repose <t> d :

(10.35)

Hence, in this dense regime, this angle depends only upon the restitution coef
ficient.

10.2 Flow Down a Chute

As a second simple example, consider fully developed two-dimensional, free
surface flow of granular material down a rough plane inclined at an angle ~ to the
horizontal as shown in Fig. 10.3. The fully developed condition implied that flow
properties vary only in the y direction, normal to the surface. The momentum
equations, similarly to single-phase flow, are then

Momentum Balance Normal to the Surface

dP
_s =gcos~Pb'
dy

(10.36)
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g

Fig. 10.3 Gravity flow of granular material down an inclined plane.

Momentum Balance Parallel to the Surface

dP
~=gsin~Pb'

dy
(10.37)

For an elastic, nonvibrating wall there is no flux of granular temperature into
the surface. There is also a zero gradient of granular temperature at the free sur
face. Hence for granular thermally developed flow the granular flux is zero. For
steady developed flow, the convective derivative of the granular temperature also
vanishes. Then the granular temperature Eq. (9.211) reduces itself to Eq. (10.10).
Therefore the granular temperature e is a constant and is given by Eq. (10.12). In
view of the constancy of (3, the shear is also a constant. The velocity gradient is
then given by

dus = [15(1-e)8]Y2

dy dp

(10.37)
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For no slip boundary condition at y = h, integration of Eq. (10.37) gives the linear
velocity distribution obtained by Savage (1983):

Similarly, with a zero pressure at the free interphase

~(O)=o,

integration of Eq. (10.36) gives

r, =gppcOS~·f:EsdY.

(10.38)

(10.39)

(10.40)

But for constant shear, the solids pressure was found to be given by Eq. (10.33).
Substitution of Eq. (10.38) into (10.33) and use of (10.40) gives the expression

for the granular temperature found by Savage (1983):

gcoS~.f.YEsdy
e= 2 0 = constant.

2Es go (1+e)

Then assuming the mean values below are approximately equal

(10.41)

(10.42)

Savage (1983) finds that the particle concentration distribution across the
width of the chute is given by the relation shown below:

(10.43)

To evaluate the concentration profile, a value of the volume fraction at the
bottom of the chute, Esh, must be specified. Figure 10.4 shows the velocity,
granular temperature and concentration profiles corresponding to flow down an
inclined chute with a 30° inclination angle studied experimentally by Ishida and
Shirai (1979). Their particles were glass beads in the diameter range of 350 to 500
J..Lm. Using a fiber optic probe, they obtained velocity distributions for several
inclination angles. In constructing the plots in Fig. 10.4, Savage assumed the
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Fig. 10.4 Predicted profiles for velocity, granular temperature and solids fraction during flow down an
inclined chute.

restitution coefficient to be 0.8, a steady height of 6 mm and the volume fraction of
the solids at the surface to be 0.5. Numerical simulations performed by Ding
roughly agree with Savage's analysis. However, flow never develops fully. Hence,
the computed behavior is more complex.

A relation between the normal pressure and the shear follows directly from
Eqs. (10.36) and (10.37):
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dp
-s-=tan~.
dpxy

Then Eq. (10.34) shows that

72 p
tan~=%[15/1t(1-e)] 2 =_s .

Pxy

(10.44)

(10.45)

This implies that for a given value of restitution coefficient there is only one angle
of inclination for which there exists steady, fully developed flow. Equation (10.45)
also shows that for nearly elastic particles, the solids pressure is small compared
with the shear. In view of the incompleteness of the theory, caution must be
exercised in interpreting relations such as Eq. (10.45).

10.3 Bubbling Bed: Flow Patterns

Inviscid two-phase flow models were able to predict the formation, the growth
and the bursting of bubbles in gas fluidized beds with large jets. In such situations
the jet establishes the flow pattern. However, many industrial fluidized beds are
built with complex gas distributors that can be approximated by assuming the gas
enters the bed uniformly. The gas actually enters the bed through a number of
multi-jet tuyers which may have the shape of bubble caps. To prevent these tuyers
from being made inoperative by blockage of solids, a distributor having a pressure
drop of at least 20% of the bed weight is frequently used (Whitehead, 1971, 1985).
Such a two-dimensional bed was constructed at Illinois Institute of Technology to
determine the flow patterns as a function of gas velocity and bed height (Gamwo,
1992). The purpose of this study was to determine the predictive capability of the
hydrodynamic models. Obstacles were also put into the bed to simulate horizontal
heat exchange tubes. The computations were made using the dense phase kinetic
theory with the Maxwellian distribution (Ding and Gidaspow, 1990). Table 10.1
summarizes the equations used. For the Maxwellian distribution J.ls,dilute and
Ks,dilute are zero. The restitution coefficient was taken to be 0.8, based on Savage's
(1983) annular shear cell studies.

For uniform inlet flow, at low gas velocities or for shallow beds, bubbles form
between the center of the bed and the wall. Figure 10.5 shows the observed and
the computed bubbles and the flow pattern for a two-dimensional bed with a uni
form inlet velocity of air of 100 cm/s. This flow pattern and the bubble forma-
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Fig. 10.5 (b) Experimental bubbles at t =2.08 s.

tion can be explained qualitatively based on the inviscid analysis presented in
Chapter 7, where an equation for the solids vorticity had been derived. In the ab
sence of viscosity the rate of change of solids vorticity, 1;, can be related to the
gradient of porosity as

d1; g at
=

dtS (1-E mf )ay'
(10.46)

where Emf is the porosity at minimum fluidization. Downward particle motion at
the wall sets up the circulation or vorticity. The solids vorticity then gives rise to
the vertical porosity gradient, as shown by the above equation. A non-uniform
porosity gradient at the bottom of the bed causes non-uniform void propagation.
For Geldart type B particles, the void moves faster in the dilute region. There is a
catch-up effect, an intersection of void paths. Hence; bubbles form in the region
between the walls and the center of the bed, as shown in the flow patterns in Fig.
10.5. The angle that the bubbles make with the horizontal depends on the fluid
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Table 10.1 KINETIC THEORY MODEL FOR MULTIPHASE FLOW

Continuity Equation for Phase k(=g, s)

Momentum Equation for Phase (k = g,s; 1= g,s; 1,* k)

i-(EkPkVk)+ V '(EkPkVkVk) = EkPkFk +V ·'tk +~B(Vl-vk)+mkvk

Acceleration of phasek = Gravity + Stress + Drag force + Phase change momentum

Constitutive Equation for Stress and Buoyancy

where

s, =t[VVg+(VvJ]-tv·vgl
Fg =g/Eg

Constitutive Equation for Solid Phase Stress and Buoyancy

where

Fs = g(1-Pg / Ps )

Solids Phase Stress

Kinetic Theory Model (Gidaspow's 1991 extension of Savage (1983) and Ding and
Gidaspow's 1990 expressions to dilute and dense flow)

Solids Phase Pressure

Solids Phase Bulk Viscosity

): 4 2 ()(e)~~s =3Esppdpgo t+e 1t

(TI0.!)

(TI0.2)

(TI0.3)

(TI0.3a)

(TI0A)

(TI0.4a)

(TI0.S)

(TI0.6)

(TtO.7)

(TI0.8)

(TtO.9)
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Table 10.1 (continued)

Solids Phase Stress (cont.)

Solids Phase Dilute Viscosity

Jl = slit P d E>~
Sdil 96 P p

Radial Distribution Function

Fluctuating Energy [e=t < c' » Equation

t[f(ESpse)+ V.(EsPSv.fe)] = 'ts:Vvs - V·q-y

Collisional Energy Dissipation 'Y

Flux ofFluctuating Energy q

q = -leVa

Conductivity of Fluctuating Energy

Dilute Phase (Eddy Type) Granular Conductivity

75 C ~
ledil = 384 'Vnp pdpa

Gas-Solid Drag Coefficients

For Eg < 0.8 (based on Ergun equation)

E
2Jl P E Iv -vIf3

B
=150 ; ~ +1.75 g s g .f

E dp Edp

(TI0.I0)

(TI0.11)

(TIO.12)

(TI0.13)

(TI0.14)

(TI0.15)

(TI0.16)

(TI0.17)
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Table 10.1 (Continued)

Gas-Solid Drag Coefficient« (cont.)

For Eg > 0.8 (based on empirical correlation)

3 EsPglvg -v.\·1 -2.65
~B =4'Cd E

dp

where

Cd =R% [1+O.l5Re~·687]for Rep <l000

c,= O.44for Rep> 1000

Rep = (EPglvg -Vsldp ) j!J.g

(TlO.l8)

(TlO.l9)

(TIO.20)

(TlO.2l)

velocity, the height of the bed, and the geometry. In the case of fluidization with a
jet, the bubble always forms at the jet. A strength of the present model is that it can
correctly predict bubbling fluidization with a uniform injection velocity.

The downward flow at the center of the bed is due to conservation of mass of
the particles and symmetry. Lun et ale (1984) measured such time-averaged flow
patterns using radioactive tracer particles. As the bubbles form at the bottom, rise
and break on top, there is, of course, some variation in the flow patterns, as shown
in Fig. 10.5.

Figure 10.6 shows the computed time-averaged granular temperature. The
computed values seem reasonable. The random velocity is higher in the top half of
the bed due to the presence of larger bubbles. The peaks are caused by the bubbles
breaking at the surface, as seen in Fig. 10.5. The time-averaged solids viscosity
shown in Fig. 10.7 is not unreasonable, although it appears to be somewhat low.
This may be due to the use of a restitution coefficient that is too low.

The second basic flow pattern for uniform inlet flow occurs for higher flow
rates and taller beds. As the bed is filled with particles to a higher and higher level,
the bubbles coalesce to a single central bubble. Such a situation is illustrated in
Fig. 10.8 for a cylindrical fluidized bed. This simulation corresponds to a
radioactive particle tracking experiment of Lin et ale (1985). Figure 10.9 is a
comparison of the computed and measured time averaged velocities of the parti
cles, Both the simulation and the experiment show the centrally moving upward
region caused by the bubble shown in Fig. 10.8. Conservation of mass then re
quires that there exist a downward flow near the wall. Lin et ale 's (1985) experi
ments show that as the velocity is reduced to 45 cmls and less, the flow pattern
changes to that described for the two-dimensional bed simulation at a velocity of
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Fig. 10.6 Time-averaged granular temperature cm2 I s2 in the bed (Ding, Gidaspow and Gamwo, 1990

Annual AIChE Meeting),
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Fig. 10.7 Time-averaged solids viscosity (Pa- s) in the bed.

100 cm/s. The differences in the velocities at which the flow pattern changes for
the two-dimensional and the cylindrical simulations are probably due to the wall
effect.
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1.55 sec 1.60 sec

1.65 sec 1.70 sec

Fig. 10.8 Computed bubbles in a cylindrical bed at several times, inlet air velocity 64.1 cm/s. Bed
diameter, 13.8 ern; static bed height, 11.3 em; particle diamter, 500 urn; particle density, 2.5 g/cm>.
(From Ding and Gidaspow, 1990. Reproduced by Permission of the American Institute of Chemical
Engineers. Copyright © 1990 AIChE. All rights reserved.)

The two basic flow patterns - central downflow at low velocities and low bed
levels, and central upflow and bubble coalescence at high velocities and high bed
heights - are also observed for bubbling gas-liquid flow. These patterns can be
explained by two concepts: (1) vorticity generation due to wall effects and (2) large
bubble formation due to shock formation" caused by the intersection of char
acteristic paths.

An effort to determine the circulation patterns in bubble columns using a ra
dioactive particle tracking facility is underway (Moslemian et al., 1990). Their
preliminary observations are consistent with the general description given earlier.

10.4 Liquid-Solid Fluidization

Carlos and Richardson (1968) measured particle velocities in a liquid-solid
fluidized bed with a uniform distribution by photographing the movement of
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Fig. 10.9 Experimental and computed solids velocities in cylindrical bed, inlet air velocity 64.1 cmls

(Lin et al., 1985).

tracer particles in a completely transparent bed of glass particles fluidized with
dimethyl phthalate. The latter liquid has the same refractive index as the particles.
Hence, only a blackened tracer particle is visible. Photographs of the tracer parti
cles were taken at equally spaced periods. From the coordinates of the tracer par
ticles, the velocity was determined. In constructing histograms of radial, tangential
and axial velocities, Carlos and Richardson neglected the position dependence of
velocities. In view of this and to illustrate the technique, an artificial example is
shown in Fig. 10.10, which corresponds to the data in Carlos and Richardson's
paper (1968) for a ratio of inlet to fluidization velocities of two. At a given posi
tion, such data can be obtained by use of a laser-doppler velocity meter. In Fig.
10.10, the hypothetical velocity data has been subdivided into intervals of 0.6 cm/s.

The ordinate is the frequency, f, expressed as the fraction of the total number
of velocities falling in the interval, divided by the size of the interval. The area
under the histogram is unity. A normal distribution with a standard deviation of
unity fits the data. Since the standard deviation is the square root of the granular
temperature, these measurements give a granular temperature of 1 cm2 / s2 at the
location indicated in Fig. 10.10. Unfortunately, Carlos and Richardson lumped
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NOTE: As 0' -+ 0,
f N -+Dirac delta functional

=- 0.-1 cm/sec

tI .. 1.0 cm/sec

-1 o v=2 3 4 5

atey =v;

AXIAL PARTICLE VELC?CITIES, cv , ern/sec

Fig. 10.10 An idealized fit of a histogram of mean axial velocities of particles in a circular liquid
fluidized bed at the center of the bed, 8 em above a uniform distributor to a Maxwellian or normal
distribution, IN:

where o =standard deviation =.J(8),

e = granular temperature and the hydrodynamic velocity is v,

J
OO Joo 2

V = -00 eylN dey; e = -00 (ey -v) IN dey

1IN =0.4=--
. J(21t)cr

all their position-dependent data into overall histograms where mean velocities are
zero.

Numerical simulations were performed for a 122 em long, 10 em diameter
column filled with 0.889 em diameter glass beads of density of 2.49 g/cm '. Table
10.2 summarizes the flow conditions used in the simulation. The density of the
liquid is 1.19 g/cm '.

The computations were made using the dense phase kinetic theory with the
Maxwellian or the normal velocity distribution (Gidaspow et al., 1991). Table 10.1
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Table 10.2 FLOW CONDITIONS:

Umf 4.8 ctu]»; Height of fluidized bed =26 em

Superficial liquid velocity U (cm/s) U/ Umf

7.6 1.6
9.4 2.0
11.7 2.4
15.1 3.1

Voidage

0.53
0.58
0.63
0.70

10.1 summarizes the equations used, where for the Maxwellian distribution
Jls,dilute and Ks,dilute are zero, as in the previous gas-fluidized bed example.
Angular symmetry was assumed to exist.

Both the experiment and the computations show that the flow pattern consists
of an upward movement of the particles in the center and downward movement at
the walls. Figure 10.11 shows a comparison of the computed and the measured
mean axial velocities. Figure 10.12 shows marked inward radial movement near
the bottom of the bed and outward radial movement higher in the bed. Figure
10.13 shows the computed time-averaged granular temperature. There is a great
deal of stirring in the lower section of the bed. In view of this, both the computed
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Fig. 10.11 Mean axial velocities (U/Umj =2.0), #1 - Carlos and Richardson (1968). (Reprinted with

permission from Gidaspow et al., 1991.)
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Fig. 10.12 Mean radial velocities (UIUmj =2.0), #1 - Carlos and Richardson (1968). (Reprinted with
permission from Gidaspow et al., 1991.)

Fig. 10.13 Computed granular temperature in the bed (UIUmj =2.0). (Reprinted with permission from
Gidaspow et al., 1991.)
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Fig. 10.14 Computed solids shear viscosity as a function of radial distance at various bed heights
(U/Umj =2.0). (Reprinted with permission from Gidaspow et al., 1991.)

30

N

E
u
<,

U1
Q)
c
~20
u

W
0:::
:::>
(f)
(f)
w
~ 10-

(/)

o
:J
o
(/)

BED HEIGHT, H

H 1.3 em
H 3.9 em
H 6.5 em
H 9.1 em
H 1"1.7 em
H 14.3 em
H 24.7 em

3 4
DISTANCE, em

Fig. 10.15 Computed solids pressure as a function of radial distance at various bed heights (U/Umj =
2.0). (Reprinted with permission from Gidaspow et al., 1991.)
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viscosity shown in Fig. 10.14 and the granular pressure shown in Fig. 10.15 are
high in the lower section of the bed. The high value of viscosity, 1 to 20 poises, is
expected in such systems because of the large particle diameter.

10.5 Circulating Fluidized Bed Loop Simulation

The complete set of equations shown in Table 10.1 were solved for the circu
lating fluidized bed loop shown in Fig. 10.16 (Gidaspow et al., 1990; Gidaspow et
al., 1992; Bezbaruah, 1991). This loop is a simplified version of an actual
PYROFLOW circulating fluidized bed system built for Goodrich Co. In Henry,
Illinois (Johnk and Wietske, 1989). The main difference is the replacement of the
hot gas cyclone by a screen type gas-solid separator that allows the gas to leave but
not the solids. To prevent the separators from plugging up, it was extended beyond
the dimensions shown in the PYROFLOW system. An ideal circulating fluidized
bed (CFB) normally operates at velocities of 2 to 10 mis, with loadings of 10 to
15% solids by volume and with a flux of 400 kg/m2-s or larger. Since the pressure
drop in a CFB is approximately equal to the weight of the solids, such operation
requires the use of high-pressure blowers. Thus, some CFB boilers using
inexpensive blowers operate at loadings of only a few percent solids in the riser. In
the simulation we assumed that the CFB operates in an ideal mode. To obtain the
desirable high loadings in the riser, we assumed that at time zero, the CFB was
filled with 150 urn particle solids to a height of 4.5 rn..as shown in Fig. 10.16.
The solids were assumed to be at minimum fluidization. This height of solids gives
a pressure drop of 0.455 atm. To allow for some losses due to friction, the inlet
pressure was increased by another 5%. The exit pressure was assumed to be 1 atm.
These requirements give an inlet pressure of 0.153 MPa. Simulations using dense
phase kinetic theory and turbulence in the riser were done at three velocities
ranging from 2 to 5 mls (Gidaspow et al., 1990). To permit operation at high
fluxes, the solids in the standpipe were fluidized. To obtain dense flow in the
standpipe, the fluidization velocity was kept as low as possible. It was at its
minimum fluidization. In the simulation presented by Gidaspow et al. (1990) using
dense phase kinetic theory and turbulence in the dilute phase, the results were not
sensitive to the restitution coefficient. Thus, a restitution coefficient of 0.8 gave
satisfactory results. However, with no imposed turbulence and the use of the
complete kinetic theory model, the results become sensitive to the restitution
coefficient. To obtain values of solids viscosities in agreement with Miller's
measurements (1991), a restitution coefficient of 0.999 was used.



Applications ofKinetic Theory 325

p =0.101 MPa
~------"0I--

I! I

= 2.5 cmls
= 2.5 m1s
= 4.5m
= 0.42

Initial Conditions
Particle Diameter = 150 Jim
Particle Density = 1714 kg/rrr'
Particle Terminal Velocity = 1.1 m1s
eras Flow Rate at Bottom

of Standpipe
Air Inlet Velocities
Initial Bed Height
Initial Porosity

301

Riser

3m

Fluidized
standpipe

Boundary Conditions
Mass Flux (at outlet):

Continuation Condition
(same as Ding and Gidaspow, 1990)

Gas Phase Velocity (at the wall):
No Slip

Solid Phase Velocities (at the wall):
Slip R.C
(same as Ding and Gidaspow, 1990)

Granular Temperature (at the wall):
Energy Flux Is Zero

lln

~--l-

I l t I I
F gin = 200cm/s - 500Cln/S

p = 0.153 l\1Pa

Fig. 10.16 Schematic of CFB loop with initial and boundary conditions.

Figure 10.17 shows the particle concentrations, velocities, the granular tem
perature and the solids viscosities 5 s after start-up. There is the expected dense
flow in the lower section of the downcomer, strong downflow at both walls of the
riser, reasonable values of the granular temperature and solids viscosity. A color
representation of the particle concentrations shown in Fig. 10.17 clearly shows the
film like dense annular region in the riser. It also shows the density distributions in
the downcomer which cannot be seen in the dot plot representation in Fig. 10.17.
A color video for an inlet velocity of 2 mls shows the turbulent structure of the
particles as a function of time. Cluster like dense regions ar~ discharged from
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Fig 10.17 Particle concentration, velocities, granular temperatures (cm/sj? and solid viscosities (poise)
for Vgin = 5 m /·s . .
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Fig. 10.18 Effect of restitution coefficient on solids viscosity.

the downcomer. They move up in the riser. Velocity plots show a vortex
formation at the bottom of the riser. The granular temperature and hence the
viscosity was adjusted to have reasonable values by varying the restitution
coefficient. Both the granular temperature and the viscosity are very high,
however, in the dilute regions. Probably the restitution coefficient must be made
velocity-dependent to prevent the occurrence of such high oscillations. Clearly, the
restitution coefficient must decrease, as the oscillations rise. Figure 10.18 shows
how the solids viscosity varies with the restitution coefficient for an inlet velocity
of 2 mls. It is interesting to observe that the viscosity is constant in the core of the
riser. Experimental measurements by Miller support such an observation. The
experimental and the computed solids velocities, at the wall undergo cyclic
oscillations.

Figure 10.19 shows this behavior at the right wall of the riser. Figure 10.20
displays the discharge from the standpipe to the riser. The discharge velocity
oscillates about the 1 mls velocity typical of discharge velocities from hoppers.
This computed velocity is independent of the gas velocity into the riser (Gidaspow
et al., 1990). It represents the critical discharge velocity. Thus, the theory
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Fig. 10.21 Time averaged radial mass flux profile.

suggests that a restriction in the dense phase of the loop will limit the circulation
velocity in the CFB. The next section gives a derivation for the maximum circu
lation rate which is not limited by this critical velocity.

Figure 10.21 shows a comparison of the kinetic theory model to Ding's model
(Gidaspow et al., 1992) with turbulence for the mass flux as a function of radial
distance. The viscosity does not affect the system behavior greatly once its value is
reasonable. The strong asymmetry disappears at a higher gas velocity. An average
value of the solids flux at velocities of 2 to 3 m1s is about 350 kg/m2-s, a value used
in some commercial CFB units. Figure 10.22 displays the solids velocities for the
same operating conditions and at the same location as in Fig. 10.21. The particle
velocities are much higher than the inlet velocities because of area blockage by
solids. Such behavior is found to be true experimentally (Miller, 1991).

Figure 10.23 shows a comparison of the area-averaged solids volume fractions
for the two models and for two inlet gas velocities. In each case the average
volume fraction is higher near the solids inlet, as expected. At the two meter inlet
velocity there is no fully developed region. At a velocity of 5 m1s the
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Fig. 10.22 Time-averaged radial solids velocity profile.

riser particle concentration is smaller and there exists an approximate developed
region.

The simulation of the CFB has shown the power of the method to make pre
dictions. The method should be useful for making design improvements.

10.6 Maximum Solids Circulation in a CFB

Squires et al. (1985) have called a circulating fluidized bed a fast bed and have
pointed out the advantages of operating in this flow regime. Hence, it is of great
interest to determine the maximum possible circulation rate. It was already pointed
out that if there is an area restriction in the flow, the velocity will reach a critical
flow condition. Hence, the total rate will be restricted by this maximum possible
velocity. It is nevertheless useful to derive another maximum velocity in the
absence of a critical flow restriction.

To understand the behavior of solids circulation it is useful to obtain a sim
plified analytical solution to the problem. To do this a number of drastic assump
tions must be made in the .multidimensional two phase flow equations. Based on
order of magnitude estimates it is possible to:
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Fig. 10.23 Area-averaged axial solids volume fraction profile.

(1) Neglect gas momentum with respect to solids momentum because of the
much larger density of the solid compared with that of the gas.
(2) Neglect the momentum head in the downcomer region because of small
solids velocities.
(3) Neglect wall friction and solids pressure.

With these assumptions the mixture momentum equations become

Mixture Momentum in the Riser Region in Conservative Form

d( 2)_ dPr
dx PsEsrUsr - ---- gPsEsr'

dx
(10.47)

Mixture Momentum in the Downcomer

dPd-- = -gPsEsd·
dx

(10.48)
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Away from the entrance of the downcomer and the riser region, where the
solids are accelerated to be carried pneumatically in the riser region, the momen
tum equations can be expressed in integrated form. With constant solids volume
fraction in each region, we then have the balances

(10.49)

(10.50)

Equation (10.49) is somewhat similar to Yang and Keairns' (1974) equation
(16) for the draft tube. In Eq. (10.49) the wall friction has been neglected. Also,
the kinetic head does not have a factor of one-half in Eq. (10.49). This is because
the mixture momentum equation has been integrated in the conservation form given
by Eq. (10.47). Integrating it in the form PsEsrUsr(dUsr / dx) leads to the one-half
in the Yang and Keairn's formula. However, this involves an additional assumption
of constancy of Esr throughout the riser. Integration of the mixture momentum
equation in the conservative form only assumes that the solid entered the region
with a zero velocity. Thus, in Eq. (10.49) only the value of Esr in the gravity term
has been assumed to be a constant. This constant may further be interpreted as an
average value over the distance x.

Equation (10.50) states that the pressure drop in the downcomer region is all
due to the weight of the solids, as is well known to be approximately true near
minimum fluidization. When the downcomer is not fluidized, part of the weight is
supported by the solids pressure. Furthermore, the boundary conditions suggest
that

(10.51)

Elimination of the pressure drop in Eq. (10.49) gives

(10.52)

From continuity equation for the solid we know that

(10.53)

where Ws is the recirculation rate of solids per unit area. Then multiplication of
Eq. (10.52) by PsEsr and solution for Ws gives the desired formula:
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Solids circulation =Ws =Ps ~ EsrgX ( Esd - Esr ) . (10.54)

This formula for solids circulation flux, ~\', states that circulation is caused by the
differences in densities or solids volume fractions, £ sd - esr» between the two
regions. Qualitatively, this has been known to be the cause of circulation in
fluidized beds for many years. Davidson and Harrison's group has taken advantage
of this cause to suggest various designs involving blowing gases at different flow
rates at various bed positions. The solids circulation formula (10.54) is also related
to the orifice formula, Eq. (39) of Yang and Keairns (1974) and to the empirical
correlations, Eqs. (2) and (3) of Yang and Keairns. All the formulae involve a
driving head due to a column of a solids mixture.

In the solids circulation formula the void fractions in the two regions can be
estimated similarly to that discussed by Yang and Keairns (1974). £sd can be
obtained from the pressure drop, which can be related to the friction given by the
Ergun type equations. £sr can be approximately obtained from a drag or friction
betweeri the phases type expression used by Yang and Keairns.

Approximate Solids Circulation Formula
Away from the entrance region, gradients of relative velocity vanish and we

can simply balance gravity with drag between the phases. Then for constant slip,

(10.55)

where the friction coefficient ~ is related to the standard drag coefficient Cd by the
formulas given in Table 10.1.

Then substituting Ws =£srPsusr into Eq. (10.55), the volume fraction of solids
in the riser region is given by

Ws ( 1 )
E

sr = ~ ugr _ g/~

and the solids circulation rate is

(10.56)

(10.57)
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Although in Eq. (10.57) ~ is implicitly a function of Ws through a dependence of ~

on Cd, as in Arastoopour and Gidaspow (1979), the formula shows the dependence
of circulation on riser velocity Ugr , bed height x, and particle diameter.

For small slip velocity or large bed height,

(10.58)

Thus, for constant ~, the circulation rate increases linearly with riser velocity under
these conditions. Indeed, Gidaspow et ale (1990) find such an approximate rise in
the CFB loop simulation. For the other extreme there is a decrease of circulation
with riser velocity. For constant ~, there is a maximum circulation rate at the
velocity

given by

Ugr, optimum =f +.JiX

W PsEsd rt:
s max =--'\jgx., 2

(10.59)

(10.60)

For a downcomer height of 4.5 meters with particles at minimum fluidization,
.JiX =6.64m/s. (10.61)

Since this value is much higher than the expected 1 mls critical velocity, the huge
discharge rate of 3320 kg/mt-s given by Eq. (10.62) will not materialize. However,
with sufficient aeration the critical velocity will jump to the order of magnitude
higher homogeneous two-phase flow velocity. Using such a strategy the circulation
rates will be very large and limited by the driving head of the solids, as
approximately derived here.
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11.1 Empirical Input: Restitution Coefficients

The first two kinetic theory chapters have shown how to derive mass,
momentum and granular temperature balances and the constitutive relations for
flow of a mixture of uniform size and density particles. Real mixtures consist of
particles of various sizes and densities. These particles may segregate by size and
density. Hence, mixtures must be studied.

The usual input into the hydrodynamic equations, as illustrated in Chapter 8, is
the viscosity of the mixture. The kinetic theory of granular flow allows the
computation of the rheology of the mixture. However, this theory also requires
empirical input. It consists of the normal and the tangential restitution coefficients.
The latter arise when one considers rotation of rough particles.

337
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Figure 10.18 shows the dramatic effect of the normal restitution coefficient on
the computed viscosity. Hence, a brief discussion of how the restitution coefficient
varies with the elastic and dynamic properties is needed. A more complete treat
ment is found in the book by K. L. Johnson (1985). During impact of particles the
work of deformation can be expressed in terms of the elastic pressure Pe and the

plastic pressure Pp , and the deformation volume by means of the usual relation, as

Work of deformation = f: (Pe + Pp )dV. (11.1)

This work equals the relative velocity of impact squared times half the mass. How
ever, the relative kinetic energy equals only the integral of the elastic pressure.
Hence, the restitution coefficient e can be expressed as

(11.2)

where v is the relative velocity before impact and v' is the rebound velocity.
Equation (11.2) suggests that for low velocities, where the plastic deformation is
small, the restitution coefficient will be nearly one. It also clearly shows that the
restitution coefficient is a function of the material properties, as well as the dy
namic properties associated with plastic flow. Indeed, data summarized by
Johnson (1985) show that for hard materials the restitution coefficient is nearly one
for impact velocities of 0.1 m1s and less (see Fig. 11.1). The granular temperatures
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Fig. 11.1 Restitution coefficients for various materials (based on data cited in Johnson, 1985).
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in Fig. 10.17 give impact velocities of this order of magnitude. Hence, the choice
of e = 0.999 made in that example was reasonable, as also demonstrated by a
comparison to measured viscosities.

For higher impact velocities Johnson's (1985) theory shows that e is propor
tional to v-X. It is supported by some experimental measurements. Hence, in the
simulation of the circulating fluidized beds, the restitution coefficient may be made
velocity-dependent to eliminate the small regions where the granular temperature
may be too high.

11.2 Boltzmann Equations for a Mixture

Boltzmann equations can be derived for each component or each phase, as
done in Section 9.8, Eq. (9.87). Considering binary collisions only, the equations
for the freq~ency distributions Ii are

ali ali ali ~ If ( , , \~ 2-+Ci -+Fi - = £. !ilk - !ilk J'=ik ·kdik dCkdk.
at ar ac; k=l

i = 1,2, ... r

(11.3)

Equation (11.3) generalizes the binary frequency distributions for hard sphere
rnodels given by Chapman and Cowling's (1961) Eqs. (4.3.1) and (8.1.1), where the
prime denotes the functions before collisions, with all symbols maintaining the
same meaning. Dahler and Sather (1963) have extended this treatment to include
rotation and have provided an alternate explanation for the collision integral in Eq.
(11.3). Jenkins and Mancini (1987) have based their derivations of balance laws
and constitutive equations for a binary granular mixture on Dahler and Sather's
study of kinetic theory of molecules. This paper by Dahler and his later paper
(Condiff et al., 1965) are important for future development of granular flow theory.
Here only an outline can be given to (one hopes) stimulate future research and to
show the relation to the derivations given previously in greater detail.

11.3 Dense Transport Theorem

Dense transport theorems for a binary for a property 'J1 i = 'J1 i (Ci) have been
given by Farrell et ale (1986) and by Jenkins and Mancini (1987) for a two
dimensional geometry. The expressions quoted below are based on their papers.
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A generalization of the transport equation (9.194) for component i or phase i is

where i = i orj.

The collisional pressure or energy contribution corresponding to Eq. (9.193) is
given by

d3

PC;k =- ~k J("'I; -"'1)k'C21)k.t;~2)(r-!dp;kk'Cl ; r+!dpikk,C2)dkdcldC2'
k,c12>O

(11.5)

The sourcelike contribution corresponding to Eq. (9.192) is

where the binary collisional frequency distribution 1(2) is evaluated as in Eq.
(9.192) with the particle diameter replaced by the mean particle diameter dpik • The
contribution due to the collisions between unlike particles is

i =1= j,

where the mean particle diameter was defined by

(11.8)
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The reader is asked to derive the conservation of species, momentum and energy
equations for components i, and phase i, as well as the mixture equations, as ex
ercises.

11.4 Granular Temperatures and Applications

In kinetic theory of gases, equipartition of energy (Chapman and Cowling,
1961) permits the use of a single temperature for a mixture. Farrell et ale (1986)
point out that in granular flow this may not be true because of different restitution
coefficients between different particle types. However, a definition of the mixture
temperature for a binary, as given below,

(11.9)

where T is the mixture temperature and nA is the number of A particles per unit
volume, shows that one can equate T to TA when nB / nA is small. Thus, as is
physically evident, for diffusion of a small quantity of B into A, we can use the
temperature of A as the system temperature. Jenkins and Mancini (1987) have
apparently used such an approximation in their derivation of a constitutive equation
for a granular binary mixture. They let the granular temperature for phase i, 8i, be
defined by

(11.10)

Then the Maxwellian distribution becomes essentially that used in gas theory with
the Boltzmann constant equal to unity, since the temperature in Eq. (11.10) has the
units of kinetic energy:

( )% [ ](0) m. m. 2t, = n. _,_ exp __, (c. -v.) .
I I 21t8. 28. I I

I I

(11.11)

Equation (11.11) is a generalization of Eq. (9.15).
The pair distribution function fif) is again obtained by assuming chaos. It can

be given by the product
.,(2) _ .,(1) .,(t)
J ik - J i J k gik ' (11.12)
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where the zeroth approximation to 1;(1) is given by the Maxwellian distribution t;(O)

and where the radial distribution function gik is given by Eq. (10.30) with the
particle diameter taken to be the average of the diameter for i and k particles. For a
Maxwellian distribution function the integrals for PC;k and NCij can now be
evaluated when we substitute momentum and energy for 'JI. To carry out the inte
grations the individual particle velocities must be related to the relative and to the
center of mass velocities, as done in Chapter 9. For different particles considered
here this is left as an exercise. Jenkins and Mancini (1987) give the final relation.
We expect that the resulting phase viscosities and conductivities will be valid only
for dense flow. For the complete flow regime, non-Maxwellian effects must be
included. Jenkins and Mancini (1987) generalized the distribution by means of a
Taylor series approach, while Chapman and Cowling (1961) present the traditional
perturbation approach discussed in Chapter 9. Chapman and Cowling's result
applied to particles, with the same approximations made in their Chapter 8, is

(0)[ dInE>· ]
of. = of. l+atC .. -_,+a2C , ·d'k +a3C , ·C .. Vv.
Ji Ji 1 iJr 1 I 1 I' I'

(11.13)

where at, a2 and a3 are constants similar to those in Eq. (9.235). The new group
that appears is the diffusion gradient dik. Its standard form (Hirschfelder et al.,
1954) is

(n.) (n. n.m. ) P'Pk ( )dik =V -L + -L __'_ ' VlnP--'- Fi -Fk .

n n P Pp
(11.14)

This new group leads to diffusion of phase i in phase j. Particularly interesting is
the analogue of thermal diffusion, that is, the outcome of such an analysis. One ob
tains an analogue of Fick's law:

y.-y. =-~[D ..d.. +~VE>.]
1 J n .n . IJ IJ E> . I'

1 J 1

where Dij is the binary diffusion coefficient given by

(11.15)

(11.16)
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Equation (11.16) is very close in numerical value to the more approximate ex
pression given by Eq. (9.79) for equal masses. Approximate equations such as Eq.
(10.13) suggest that Eq. (11.15) can be interpreted as

Flux of phase i =Diffusivity x Concentration gradient +Constant x Gradient of shear. (11.17)

Hence this theory suggests that segregation takes place because of the presence of
shear. Further quantitative analysis is needed.

11.5 Particle-to-Particle Drag

In pneumatic conveying of a binary mixture, particle-to-particle drag has long
been recognized as a momentum source that needs to be included in the separate
phase momentum balances to properly describe the observed segregation
(Nakomura and Capes, 1976; Arastoopour et al., 1980). This particle drag is due
to the head-on collision of particles. Muschelknautz (1959) appears to have been
the first to give it a primitive kinetic theory derivation. The more exact treatment
based on the work of Jenkins and Mancini (1987) starts with the collision integral
given by Eq. (11.7) with Wi replaced by mici. For a uniform granular temperature
and particle concentration, this term corresponds to Jenkins and Mancini's <t>i.
Disregarding the location where 1(2) is evaluated, <t>i can be written as

2 d 2

<Pj = L ~k J(mjC; -mjcj)(koC12)/2)dkdCtdC2 0

k=l

The mechanics of binary collisions shows that

(11.18)

(11.19)

Inspection of the integral given by Eq. (11.18) shows that it can be interpreted as

<l> i =Frequency of collision x Average change of momentum per collision . (11.20)

The frequency of collisions is the integral in (11.18) with momentum equal to
unity. The value is given by Eq. (9.64) with the Boltzmann constant equal to one.
The average change of momentum per collision is
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(11.21)

The product of (11.21) and NI2 given by Eq. (9.64) gives the value of <Pi obtained
by Jenkins and Mancini, except for a constant made in approximating the integral
in (11.18). The exact value of <Pi is then

(11.22)

The particle-particle drag in Eq. (11.22) is of the form of friction coefficient ~ ik

times the relative velocity, as shown below:

(11.23)

The friction coefficient in the theoretical expression is in terms of the granular
temperature 8 i . To make it determinate one needs a kinetic energy equation for
8i. Before the invention of kinetic theory of granular flow, this friction coefficient
had to be evaluated in a more empirical form. The square root of the granular
temperature, a velocity had to be evaluated in a different way. This was done by
evaluating the frequency of collision by dividing the relative velocity of the
particles by the distance between collisions.

Arastoopour (1986) presents correlations based in part on experiments done at
the Institute of Gas Technology. For flow of coarse particles and sand in the range
of 1% by volume and less, he recommends

with
=0 7d-O.l 46

cf . Pk '

(11.24)

(11.25)

where the coarse particle diameter do« is expressed in meters. This correlation is
valid in the range of 7 to 16 mls. For co-current flow of solids in the velocity range
of 0.3 to 4.6 mis, the coefficient cf in Eq. (11.24) was found to be
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1.34d3.37 1.30

d
34.239 Psk Pk Esi

Cf =
Reik

where the Reynolds number was defined as

E P d Iv -v Isi si Pk sk si
Re~= ,

J.lg

(11.26)

(11.27)

and where PSi is in kilograms per cubic meter and d is in meters.
For fluidization of a binary mixture of solids, Gidaspow et al. (1986) used

Nakamura and Capes' (1976) semi-theoretical expression of the type of Eq.
(11.22), with granular temperature replaced by the relative velocity divided by the
mean free path corrected for a packing effect. There is clearly a need to determine
better theoretically based correlations, especially for dense flow and fluidization of
mixtures,

11.6 Summary

Chapter 9 has shown how the kinetic theory of gases can be modified to de
scribe granular flow of spherical inelastic particles of uniform size and density, and
how it can be extended to flow of such particles in a fluid by including drag be
tween the fluid and the particles. The major novelty is the introduction of the con
cept of granular temperature, which is proportional to the square of a random
velocity with which the particles oscillate about a mean hydrodynamic velocity.
The result of the analysis is two coupled Navier-Stokes type equations. The ki
nematic viscosity of the particulate phase can be computed as a product of the
rnean free path, which is the particle diameter divided by the volume fraction of the
particulate phase times the random velocity of the particles. This random velocity
is computed by means of a fluctuating kinetic energy equation which in the kinetic
theory of gases corresponds to the thermal energy equation. The generation of the
random motion is due to shear. The dissipation is due to the inelastic collisions of
the particles and due to the drag with the continuous fluid. Molecules always
undergo random motion, while particles will cease to oscillate when there is no
more shear. The relation between production of random motion and dissipation is
explicitly treated in Chapter 10. Then the theory is applied to several
technologically important flows.
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Table 11.1 GAS MIXTURES: DEFINITIONS AND STATE EQUATIONS

Number density of ith constituent = n; :

n;=J.fi(r;,c;,t)dc;; n = Ln;;

p; =n;m;: p= LP;,

For any property <p;,

n;< <p; >== Jf;<p;dc; ; n < <p >= LJ f;<p; dc.,
;

Since all components flow at the same average velocity (homogeneous flow: v; = Vj)'

< c; >== v; = v. Thus, the peculiar velocity = C; = c; - v :

P< c; >=f.fjm;c; dc; ; pv = Lf .~m;c; de; .
;

The temperature T is defined as T; = Tj =T :

1 2kT;==3'm;<C; >.

The kinetic contribution to the ith pressure tensor is

P;=p; <C;C; >; P= LP; <C;C; >= LP;,

Define the mean partial pressure as P; == t P;:I. Then from the definition of temperature and

Ii =tn;m; < C~ > we obtain the component ideal gas law Ii = kniT;. Using the ideal gas law for the

mixture P = nkT, the partial pressure is related to total pressure by means of

Chapter 11 is an introduction to the theory of multiphase flow of particles of
various sizes and densities. It deals with mixing, and the flow and segregation of
such mixtures. Although segregation by shaking has been used since Biblical times
and is the basis of many industrial and natural processes, a complete quantitative
theory has not yet been developed. The ash agglomerator for removing large beads
of ash from the bottom of a coal gasifier is an example of a potential industrial
process requiring further understanding. The upward movement of manganese



Kinetic Theory ofGranular Mixtures 347

Table 11.2 BINARY GRANULAR MIXTURES' CONSTITUTNE RELATIONS}

Let collisional pressure for phase i == P
Cik

:

Peik = t gikd~ik nink (1 + eik )8i,

2 2 2

Hydrostatic pressure (mixture pressure) =L LPeik + L ni 8i,

i=lk=1 i=1

where temperature =8 i =8 k =tmi < C; >.

Collisional Stress for Phase i

[ ( J ~ ]4 2mimk s 1
P =P'k I-sd --- (V V'+'2V.v.I)

cik Cl Pik 1tm
ikE)i

I I

Phase Momentum Source (Drag)

Phase i Heat Flux

for i:# k

Energy Dissipation

Notation
rnik is defined as mik =(mi + mk ) .

eik is the restitution coefficient for collision between particle i and particle k.

gik is the contact radial distribution function for a mixture of spheres equal to Xij in Chapman and

Cowling (1961), page 292.
('3 i is defined by Eq. (11.10) with other symbols the same as in Chapter 9.

IBased on Jenkins and Mancini, 1987, for equal phase temperature, and Chapman and Cowling, 1961.
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nodules at the bottom of the sea is an example of a naturally occurring process in
need of more quantitative understanding. Separation of minerals, such as pyrites
from finely ground coal, toxic heavy metal oxides from dusts that cannot be buried
safely due to water pollution, or someday, enrichment of ores on the moon or Mars,
can be accomplished by means of an application of a direct electric field in view of
the differences of work functions of the constituent minerals. Invention and design
of efficient processes for such separations will be helped by a better understanding
of the granular motion of such mixtures. Chapman and Cowling (1961) have a
chapter on the kinetic theory in ionized gases. However, there exists no such
analysis for fine particles which naturally carry a surface charge allowing them to
be separated. For example, pyrites are negatively charged, while coal and other
carbon bearing materials in shale are positively charged relative to copper (Gupta
et al., 1993).

As an aid to further development of the kinetic theory of mixtures of particles,
Tables 11.1 and 11.2 are presented. The first table summarizes the elementary
theory of gas mixtures. In terms of multiphase flow, the major assumptions are that
of homogeneous flow and equal component temperatures. Table 11.2 gives some
of the constitutive relations for binary granular mixtures, based primarily on those
given by Jenkins and Mancini (1987), with their effects of unequal temperature
deleted. Except for the energy dissipation that is new, their expressions are
essentially those found in Chapman and Cowling (1961) when one corrects for the
presence of the restitution coefficient. In many ways Chapman and Cowling's
(1961) constitutive relations are more complete.

Exercises for Kinetic Theory (Chapters 9-11)

1. Collision Dynamics
(a) Derive a generalization of Eq. (9.48) for collision of particles of masses mt and
m2 (see Eq. (11.19».
(b) Show that

Explain the meaning of this equation.

2. Mean Values ofith Granular Temperature
Use the definition of the granular temperature of phase i, given by Eq. (11.10)

and the Maxwellian distribution given by Eq. (11.11) to find
(a) < Cj > in terms of Elj ; and
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2 ~(b) < ci > 2 in terms of e i .

3. Collision Frequency for a Binary Mixture
Use the Maxwellian distribution given by Eq. (11.11) to find the collision

frequency for a binary granular mixture. Compare your result to Eq. (9.64).

4. Mean Free Path: Diffusion Coefficient and Viscosity
(a) Generalize Eq. (9.70) to the collision of particles of masses ml and mi using
the collision frequency found in Exercise 3.
(b) Generalize Eq. (9.79) to the case of diffusion of particles of masses ml and m2.

(c) Generalize Eq. (9.86).

5. Multiphase and Multicomponent Collisionless Balances for Mass, Momentum
and Energy
Use the generalization of phase i or component i transport Eq. (9.103) and the

generalization of the collisionless transport equation in Table 9.4 to derive the
following balances.

(a) Conservation of phase i equation. Compare your result to that derived in
Chapter 1.
(b) Conservation of momentum of phase i. See Table 11.1 for an analogous
definition of pressure of phase i.
(c) Energy equation for phase i.
(d) Develop an equation of state for phase i, that is, relate P; and ei.
(e) Repeat (a) through (c) for a multicomponent single-phase mixture. The
temperature 1i is defined by

where kB is the Boltzmann constant and the heat flux qi is defined by

6. Homogeneous Multiphase Mixture Balances for Frictionless Flow
Use the summation of Eq. (11.4) to derive the following equations for equal

velocity, equal granular temperature flow of a mixture.

(a) For 'JI i = 1, obtain the homogeneous flow mixture equation
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dn
-+nV·v=O
dt

with

(b) For Vi = mici- obtain the homogeneous momentum equation

dv
p-+VPm =0,

dt
where

p = ~ ~ n.8.(I+b..g..)m ~~ I I IJ IJ

i=lj=l

with

P=±'Pi ; bij=1-(l+eij)d~ijnj'
i=1

See Eq. (9.109) and Table 11.2.

(c) For Vi =tmicl, obtain the energy equation with no conduction

1 d8; 2Pm t"7
---+--v·v=O,
8 i dt 3n8i

where
d a
-=-+v·V.
dt at

(d) Show that these equations are valid for the case of a Maxwellian distribution.

7. Momentum Equations for Phase i and the Fick's Law for Dense Mixtures
(a) Let 'l'i =mici in Eq. (11.4) and show that the phase i momentum balance be
comes

a
-(p.E.V.)+ V .(p.E.V.V. -rt.) = E.p.F. _th.at I I I I I I I I I I I 'fI"

where

n. = -E.P'[{V' -v){v. -v)+ < E·P·C,C, > +~ PI I I I I I I I I ~ cik

k
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with Ci defined as

l:Jcik is given by Eq. (11.5) and has been evaluated for a binary in Table 11.2. Fi is
the external force per unit mass of phase i:

<Pi has been evaluated in Table 11.2 for a binary mixture of granular solids. The
density Pi is the density of the particle i. The average velocity v is defined by

(b) Generalize the momentum balance to include a continuous fluid between the
mixture of particles.
(c) Show that the mixture momentum balance becomes

dv
p-=-VP+pF,

dt

p = 7[OJ +(v. -v)(Vj -v)] =7(< EjpjCjCj >+~PCik )

Kinetic pressure Collisional pressure

and

The sum of all the momentum sources is zero.
(d) Show that for no flow Vi = 0, Il, is like a partial pressure and is given by

(e) What assumptions in the kinetic theory of granular flow make it impossible to
treat molecules and granular particles in an identical fashion?
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(t) Show that the momentum balance for phase i can be rearranged in terms of a
diffusion velocity, Vi - v and expressed as follows:

(g) Ignore the inertia terms, that is all the accelerations in part f and subtract the
resulting equation for phase i from that for phase j to obtain

1 1 <Pi <P jo=--v·n·+-Vn·+F·-F.+----I J 1 J .
tiPi tiPi tiPi EjP j

(h) Use the equation in part (g) and the phase momentum source term in Table
11.2, <Pi, to obtain the Fick's law of diffusion for a dense binary mixture. This is
essentially the equation developed by Thorne and given in Chapman and Cowling
(1961), page 293. The result should be

Pi [( ')] 2 ni
n

j 3 [[ mi - mj J nj ]}---V n·S· l+b·£·p·g ..+b·£·p·g .. +-1t--d goo --- VlnS·+Vln-
)) ) ) ))) I I I lJ 3 Pij lJ I'

pnSi n mi +mj ni

where the diffusion coefficient Dij is given by the expression

and

b - 2 d 3
iEiPi - 3 1tn i Pu' i =i.],

i =i.].

(i) Interpret the Fick's law expression in terms of driving forces due to particle
concentration, shear and effects of external forces, such as electric fields on parti
cles carrying a different surface charge. When does the shear have the largest ef
fect on particle segregation?
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8. Viscosity ofPhase i
(a) Identify the viscosity of phase i using Table 11.2.
(b) Compare this expression to the more general viscosity for a uniform particle
mixture from Eq. (9.250) and explain the differences.
(c) Find the viscosity of a binary granular mixture using the expression from Table
11.2.

9. Collisional Stress, Momentum Source, and Energy Dissipation
Show how the collisional stress, the momentum source, and the energy dissi

pation in Table 11.2 were obtained.

1.0. Phase i Granular Temperature Equation
In Equation (11.4), let 'IIi = micf and derive an energy equation in terms of

tlhe granular temperature 8i defined by Eq. (11.10), (from Jenkins and Mancini,
1987).
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12.1 Conservation ofParticles

Sedimentation of particles is a physically simple, common example of multi
phase flow. Consider a tall settling column initially containing a uniform dispersed
mixture of particles. For settling of non-colloidal particles of a uniform size after
some time t, a clear interface will appear at the top of the column. For
sedimentation of a dilute suspension of particles there will exist a constant settling
zone in the center. At the bottom of the column the particles will slow down and
form a sludge layer. Figure 12.1 shows the three regions and the system for which
a particle balance is made.

Let n be the number of particles per unit volume. Then a particle balance for
an arbitrary element of a volume fixed in space, as shown in Fig. 12.1, referred to
in the literature as a "shell" or an "Eulerian" balance, is

+d fX+Ax
dt x nadx

Rate of accumulation of particles in
the volume element aAx

]
X+Axnva x

+ Net rate of particles
Outflow

355

= O. (12.1)

=Zero rate of particle
production
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nv = PARTICLE FLUX

=#"PARTICLES/ TI ME-AREA

Pb = BULK DENSITY

= mn

= MASS/PARTICLE·

# PARTICLES /VOLUME

= Es Ps
= SOLIDS VOLUME FRACTION·

SOLIDS DENSITY

area = a
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e
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Es = 0
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Es = Es, INITIAL

or
n = n INITIAL

Fig. 12.1 Settling of a suspension of particles of a uniform size.

An application of the mean value theorem of integral calculus to the integral in
Eq. (12.1), of the mean value theorem of differential calculus to the difference in
fluxes written in terms of Leibnitz notation used in the fundamental theorem of
calculus and an application of the limiting process yields the particle balance

a(na) a(nva)
--+--=0.

at ax
(12.2)

A particle balance made on a system of particle mass moving with a velocity v with
a time-dependent volume aXe!), the so-called "Lagrangian" balance, gives

d jX(t)+Ax(t) d - 0
dt x(r) na x - . (12.3)

Then an application of the Reynolds transport theorem widely used in Chapter 1
produces the same equation (12.2). For a constant area a the particle balance is
simply

an a(nv)
-+--=0.
at ax

A similar balance can be obtained for bulk density Pb where

(12.4)
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Pb <m-n ,

with m equal to the mass of the particle.
The Lagrangian balance, stating the principle of conservation of mass, is

.JLjX(t)+Ax(t) d - 0
dt x(t) Pba x- .

Hence,

(12.5)

(12.6)

(12.7)

With a constant m, Eq. (12.7) is the same as Eq. (12.4), the conservation of parti
cles. Similarly, the particle conservation equation can be expressed in terms of the
particle volume fraction of solids Es using the relation

(12.8)

where Psis the density of the solid particles. When the density of the particles
remains constant, the equivalent of the conservation of particle density is the vol
ume of particles conservation equation

(12.9)

where v = vs ' the only velocity recognized so far. The porosity or voidage, that is,
the volume fraction between the particles E, is

(12.10)

This is the common notation for porosity used in chemical engineering literature.
Although the derivation was with reference to settling of particles in a fluid, the
preceding balances and relations are valid in a vacuum, too.

12.2 Settling in a Sedimentation Column: Introduction

To obtain the concentration of particles in the sedimentation column shown in
Fig, 12.1, the particle balance given by Eq. (12.4) must be supplemented by a
momentum balance for the velocity v. The objective of this book was to show how
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to solve such problems. However, many limiting cases can be solved by use of the
mass balance alone. In the case of slow, dilute sedimentation of non-colloidal
particles, the particle velocity very quickly becomes the velocity of fall of a single
particle in an infinite Newtonian fluid, the Stokes velocity, given by

(12.11)

In such a case, the particle balance is simply the first-order partial differential
equation:

an an
-+v-=o,
at ax

which is equivalent to the ordinary differential equation

dn
-=0
dt

along the path
dx
-=v.
dt

(12.12)

(12.13)

(12.14)

Equation (12.13) shows that the particle concentration stays constant along the
characteristic direction or path given by Eq. (12.14),

n = constant. (12.15)

Hence, there exists a constant settling zone having a constant particle concen
tration, as sketched in Fig. 12.1. In the top zone in Fig. 12.1, this concentration is
zero, since it has been implicitly assumed that zero time in this problem is the time
when the particles acquired the terminal velocity given by Eq. (12.11) and just
began to move away from the top boundary. In the free settling zone, the particle
concentration stays at its initial value.

This elementary analysis can be applied to the settling of particles having a
wide particle-size distribution. Let ni be the number of particles per unit volume of
size i, with diameter d., and density Pi. If there is neither formation of size i
particles nor destruction, then a balance on size i moving with velocity Vi is

d JX(t)+Llx(t) . d - 0
dt x(r) an, x - . (12.16)
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An application of the Reynolds transport theorem in one dimension for a
constant cross-sectional area a gives a generalization of Eq. (12.4):

ani a(niVi)
-+--=0,at ax

i =1,2,3, ... k sizes. (12.17)

If each particle-size travels with its own terminal velocity and if particle-particle
size interactions due to particle collisions are neglected, then in the Stokes regime
each size falls with velocity given by Eq. (12.11) with dp replaced by di and ps
replaced by Pi. Then the k particle differential equations are

an. an·
-'+vi-' =0.at ax

These can be written as k ordinary differential equations as

dn.
_'=0
dt

along the respective paths

dx
-=vi·
dt

Integration of Eq. (12.19) shows that

(12.18)

(12.19)

(12.20)

ni = constant,

along the paths

i =1,2, 3, ... k,

i =1,2, 3,... k.

(12.21)

(12.22)

Hence, the particles separate according to size and density into constant
concentration regions, as sketched in Fig. 12.2 for case Pi > PI. Sedimentation of
multisize particles with a more general drag law, with particle-particle interactions
and with retarding electrical forces, as well as with the momentum effects to be
discussed in this chapter, have been illustrated by Shih et al. (1987). The principal
effect observed is, however, the segregation discussed earlier. If some particles are
lighter than the fluid, they will move to the top, while the denser particles descend.
Separation of minerals by froth flotation works on this principle, where air bubbles,
acting as particles, carry fine tailings to the top of a flotation unit.
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Fig. 12.2 Settling of a mixture of particles of various sizes.

12.3 Free Settling

The introductory treatment of sedimentation neglected fluid motion and the
concentration effects caused by the fact that in settling, the particles are not sus
pended in an infinite fluid, as is assumed in Stokes' law. In a settling column, the
fluid velocity can be related to the particle velocity from simple mass balances al
ready used. The particle balance, Eq. (12.4), when expressed in terms of the vol
ume fraction of the solid, ts, is given by Eq. (12.9) for an incompressible solid. A
similar balance can be written for an incompressible fluid. Since the volume
fractions add up to one, the equation for the mixture is simply the sum

a(esvs +evf )
-----=0.ax

Integration of Eq. (12.23) shows that

(12.23)
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EsV s +EVj = Constant. (12.24)

The integration constant is zero, since at the top of the column both v j and vs
are zero because of the incompressibility of both the solid and the fluid. Hence,
Eq. (12.24) states that the solids flux settling down equals the flux of the liquid
rising:

tsVs =-tVj' (12.25)

The velocity that is needed in the Stokes' law or in any other constitutive re
lation for the drag is the relative velocity, since constitutive equations must be in
dependent of the frame of reference. Let the solids velocity relative to the fluid be
V r :

(12.26)

Then using Eq. (12.25), the relative velocity becomes

(12.27)

Equation (12.27) already indicates that a packing effect will enter the sedimentation
problem. Historically, further progress was made by assuming that the velocity of
fall of a particle depends only upon its local concentration (Kynch, 1952). Before
discussing Kynch's conclusions based on this assumption, consistent with the aim
of this book, a momentum balance is introduced.

For zero particle acceleration, negligible wall effect and zero particle normal
stress, the force balance on the volume element alh in Fig. 12.1 is simply a balance
between buoyancy and drag. In terms of the number of particles per unit volume n,
a fluid-particle friction coefficient ~, and an effective gravitational acceleration g
introduced by Batchelor (1988) in a similar derivation, the balance is

-Jx+~ JX+~amg x ndx+a x ~vr dx =0,
(12.28)

where

Buoyant force + Drag force = 0

Ps
(12.29)
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Simplification of the force balance yields the relation

(12.30)

A more complete momentum balance is derived in Chapter 2. It is given by Eq.
(2.17). Although in the balance given by Eqs. (12.28) and (12.30), the drag on the
particles has been assumed to be equal to the coefficient ~ times the relative
velocity, a momentum balance on the fluid for developed flow is

dP
£-=~Avr·

dx
(12.31)

The multiplication by porosity in Eq. (12.31) is due to the assumption that the
pressure acts on the fluid portion of the mixture only. Since in Eq. (12.30) ~vr is
the dissipation equal to the pressure drop,

(12.32)

The pressure drop can be correlated by the Ergun equation (Bird et al., 1960). This
equation is given by Eq. (2.10) in Chapter 2.

For low Reynolds numbers the first term of this equation can be used. It is

(12.33)

Using Eqs. (12.27), (12.30), (12.32) and (12.33), the solids velocity becomes

v =s
£3 gdP(dp$s f

150£sJl
(12.34)

Although in the form given by Eq. (12.34) a singularity appears in the solids ve
locity at the dilute limit, this apparent problem vanishes when Eq. (12.34) is
substituted into the full conservation of solids volume Eq. (12.9) as follows:

(12.35)
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This is the same result as that obtained using Stokes' law for velocity described in
the previous section, except that the characteristic direction is concentration de
pendent, as can be seen by integrating Eq. (12.35):

along the path

where for convenience we let

dE
-=0
dt

dx 2
-=VoE ,
dt

gAp(dp <l>J
2

v =-----
o 50~

(12.36)

(12.37)

(12.38)

This form of the drag law can now be used to illustrate the dispersion region in
sedimentation first proposed by Kynch (1952) and extended to include the effect of
the sediment layer by Tiller (1981) and Font (1990). Kynch considered the motion
of the clear interface which can be considered to be a discontinuity. Let H be the
height of this interface from the bottom of the container. Then a mass balance
across this shock can be written mathematically as

d r fH+~ d r ]H+~
dt ~~ H-~ aEsps x+ ~~ aEspsvs H-~ =o.
Rate of accumulation of mass + Net rate of mass outflow =0

Differentiation of the integral gives

(12.39)

(12.40)

where the notation ]~ means evaluated right above H minus right below H, similar
to the notation used in the Fundamental Theorem of Integral Calculus. Since' the
integral in (10.40) vanishes for a constant area, the rate of change of the height is
then given by

dH

dt
=

ESPSVS]~
+ .

EsPs]_

(12~41)
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Fig. 12.3 Computation of interfacewith a concentration-dependent settlingrate.

For a constant density and zero volume fraction of solids above the interface, Eq.
(12.41) gives the clear layer interface height as

dB
-=-vs ·
dt

(12.42)

In the example considered,

(12.43)

As an example, consider settling of a mixture initially stirred to a uniform volume
fraction of one percent, so that at time zero, e = 0.99. The settling process
described by the differential equations (12.36), (12.37), (12.42), and (12.43) is
illustrated graphically in Fig. 12.3. Equation (12.36) shows that the porosity is
constant along the paths given by Eq. (12.37). To represent the solution of the
differential equation, it is best to use dimensionless variables in the differential
equations. Let H 0 be the initial height of the settling column filled with the con
stant concentration of the particles. Let
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(12.44)

The equation (12.37) becomes

t = t(;'; ).
o

di 2
-=E.
di

(12.45)

(12.46)

In view of Eq. (12.36), all the dashed lines in Fig. 12.3 in the region ABO are
straight and have a slope of approximately unity, since

(12.47)

The initial constant concentration or void fraction of 0.99 propagates along
these lines. The whole region ABO has the constant porosity of 0.99. To deter
mine the solution in the other regions, boundary conditions must be prescribed at
the bottom of the container. Suppose at the bottom the porosity is 0.5 at zero time.
Then the slope of the line OC is

di 2 1
--=-=(0.5) ="4'
dt

(12.48)

The porosity is 0.5 only along this line. But between Band C we can draw
many straight lines where slopes will vary from (0.99)2 to (0.5)2. The corre
sponding porosities will be constant along these lines and vary between 0.99 and
0.5. A typical line of slope 0.49 is given by line OP. Let us now consider the mo
tion of the clear layer interface H:

Since E =0.99 up to point B,

dH 2
-=-E.
di

(12.49)

(12.50)

as shown in Fig. 12.3. But from B to C, the concentration changes. Hence, Eq.
(12.49) must be integrated, step by step, to obtain the curve
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H =H(t). (12.51)

Figure 12.3 illustrates a very crude two-increment integration. For the line
passing through P of slope 0.49,

dH
-=-0.49.
dt

(12.52)

A slope of minus 0.49 has been drawn through the point B to P. Then at P, a
slope of 0.25 has been constructed. Clearly between the points Band C, there
exists a curved region. The height of the interface is dropping at a decreasing rate.
After a time, corresponding to point B, the column will not have a constant
concentration region any longer. It consists of a clear layer, a layer of decreasing
concentration and a sediment layer. The region to the right and below the line OC
will be influenced by the sediment layer. A shock balance given by Eq. (12.41) can
also be written for the size of the sediment layer. However, since the physical
assumptions made so fat are not valid for the use of the sediment, its surface in Fig.
12.3 is merely sketched in to indicate a possible situation for this problem. The
drop of the clear layer beyond point C has also not been determined, since its
analysis depends upon the rise of the sediment layer, as first pointed out by Tiller
(1981). Eventually the sediment will meet the clear layer at point D. The
mathematics for this problem will be presented in the next section. Kynch's (1952)
analysis of the descent of the interface and dispersion is valid until point C in Fig.
12.3.

12.4 Compression Settling

Kynch's theory was successful in explaining free settling without any effect of
the sediment layer. It cannot be used to analyze the sediment layer, since flux is no
longer a function of particle concentration only, as given by the force balance Eq.
(12.30). An interparticle stress or particle pressure must be added to the buoyancy
equals drag balance. Let 0' be this particle pressure. This particle pressure is a
result either of collision of particles with each other, or of elastic or inelastic
contact between particles, causing a repulsive force. A compressive force must be
applied to bring the particles closer together. With this additional force, the
momentum balance with negligible inertia made on the volume element shown in
Fig. 12.1 is
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-JX+LU JX+LU A ]x+Axamg x ndx+ x atJvr dx-i-aa x = o.
Buoyant force + Drag force + Solids pressure force = 0

(12.53)

An application of the mean value theorems of calculus to the expressions in
Eq. (12.53) and the limiting process, together with the relations given by Eqs.
(12.5), (12.8) and (12.32), gives the force balance below:

(12.54)

This is the same as Eq. (2.17) in Chapter 2 when wall friction is neglected.
Equation (12.54) is also identical with Eq. (10) of Tiller (1981). In place of the
friction coefficient Tiller uses the permeability k. The relation between the two is

2
bili JlEPermea 1 ity = k =-- .

~A
(12.55)

Use of Stokes' law, Eq. (12.11), for the friction coefficient shows that for this
limiting case the permeability becomes

2
dp E

kStokes' =--.
18 £s

(12.56)

The permeability has the units of (lengthj-", The length scale is the particle di
ameter for a medium made up of spheres. The usual capillary flow model for a
porous medium (Scheidegger, 1960) gives the slightly modified value shown be
low:

(12.57)

where dp is now an average pore diameter. Precise values of permeabilities must
be measured, although the Ergun equation discussed in Chapter 2 gives more reli
able values of friction coefficients, and thus permeabilities, than either of the two
rough expressions (12.56) and (12.57).

Equation (12.54) can be rearranged into the usual form used in Pick's law of
diffusion. It reads
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2
-gApEE

Relative solids flux = Esvr = s

~A

EEs dcr

~A dx
(12.58)

To make further progress one must assume a constitutive relation for the stress
cr. In the absence of the usually small effect due to particle collisions, the stress is
a function of the displacement, or

(12.59)

Substitution into Eq. (12.58) requires the knowledge of the derivative of this stress.
Then we let the modulus of "elasticity," G, be

dcr
G=-.

dEs
(12.60)

Then using the relation between relative and solids velocity, Eq. (12.27), the solids
flux relative to the stationary wall EsVs becomes

(12.61)

Substitution of this flux into the conservation of solids equation (12.9) gives the
convective diffusion equation below:

(12.62)

where Vsett is a convective settling velocity

(12.63)

and f is a diffusion or consolidation coefficient used in solid mechanics:

(12.64)
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The consolidation coefficient is a ratio of the solids modulus and the friction co
efficient; just as in the usual Fick's law, the diffusion coefficient is a ratio of
thermal energy to dissipation due to molecular drag given by Stokes' law in terms
of the radius of the molecule. Hence the process of sediment rise can be described
by a diffusion equation. The solution of this convective diffusion equation requires
the knowledge of the particle modulus G. The present state of knowledge of
settling is such that this modulus must be determined from the settling experiment
itself. After settling is essentially complete, when there is no motion, Eq. (12.58)
gives

(12.65)

A measurement of the solids distribution, Es , as a function of height by an x
ray densitometer or by other means gives this solids pressure as a function of the
solids concentration. Attempts to obtain this modulus from osmotic pressure will
be discussed in the following section on consolidation.

A typical example of settling in a sedimentation column from the study of Shih
et ale (1986) is summarized below. Settling of fine and coarse particles in non
aqueous media, which is of interest to the petroleum industry, was carried out in the
sedimentation column equipped with a moveable x-ray densitometer for measuring
particle concentration and with electrodes for applying an electric field for
enhancing settling of colloidal particles as shown in Fig. 12.4.

Figure 12.5 shows typical data obtained for coarse particles with no applied
electric field. Initially, the particles were dispersed in the column by an ultrasonic
wave mixer. The concentrations were measured with the movable x-ray densi
tometer at the times shown in Fig. 12.5. For the 63 urn illite particles dispersed in
toluene we see the constant settling regions and the build-up of the sediment. The
sediment concentration varies from a maximum at the bottom of the column to that
present initially in the free settling zone. In this case, the free settling follows the
simple theory discussed earlier, except that the settling velocity is not the Stokes
velocity but had to be corrected for a packing effect. The solids stress modulus G
was obtained as a function of the volume fraction of solids from the data shown in
Fig, 12.5 and from other similar data. The convective diffusion Eq. (12.62) was
then solved by standard finite difference techniques. The comparison to
experiment shows that the model captures the basic features of the settling process.
It is not predictive, since neither the drag nor the stress modulus were known
before the experiment was conducted. The hope is that the understanding achieved
since Kynch's theory will lead to predictive models, at least for some model
systems.



RECORDER
SYSTEM

370 Multiphase Flow and Fluidization

r---------------l
I -------, I

I I
I I
I I
I I
I I
I I
I Io !

I
I,
I
1
I

HIGH VOLTAGE DC
POWER SUPPLY

SETTLING EQUIPMENT WITH X·RAY DENSIOMETER
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12.5 Consolidation: Relation to Osmotic Pressure

onsolidation is an important civil engineering problem, since buildings, bridges,
and dams are frequently founded on soils. Subsidence can lead to a complete
collapse of such structures. Earthquakes can cause liquifaction and catastrophic
collapse of buildings, as has recently occurred to buildings built in the Marina
district of San Francisco. Consolidation theory can also be applied to
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12.4. (from Shih et al., 1986).

filtration and manufacture of materials by hot pressing of powders. In civil engi
neering, the basic tool for obtaining consolidation coefficients for various soils or
powders is a consolidometer (Wissa et al., 1971; Taylor, 1948; Schiffman et al.,



372 Multiphase Flow and Fluidization
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1985). It is based on Terzaghi's (1943) consolidation theory that will be reviewed
here. \

A typical consolidometer is shown in Fig. 12.6. A test sample is put into the
machine and a given load is applied. The fluid is forced out of the sample through
porous walls. The displacement of the level is measured as a function of time
accurately. This gives the porosity as a function of time, as required for the
solution of Eq. (12.62). When Vsettle is zero, Eq. (12.62) is a diffusion equation for
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the volume fraction of solid or equivalently for porosity. Taylor (1948) shows how
a solution to such a diffusion equation for a constant consolidation coefficient and
experimental displacement data for a step input in load gives a value of the
consolidation coefficient. Although this brief description is the essence of the
consolidation theory, a more complete understanding of Terzaghi's theory and its
extensions requires the consideration of the momentum balance for the mixture.
The origin of this approach dates back to Terzaghi, since the consolidometer, as
shown in Fig. 12.6,measures the fluid pressure, as well as the total applied load.

The mixture momentum equation had been derived in Chapters 1 and 2. Table
2.1 shows that in one dimension with zero acceleration and no wall friction, the
mixture momentum balance shows that the sum of the gradient of the fluid pressure
F' and the intergranular or solids stress 0' is balanced by the weight of the mixture.
Then the mixture momentum balance for the test sample in Fig. 12.6 is

dP da ( )-+-=-g E P +EPf .
dx dx ss

(12.66)

When the weight of the sample can be neglected compared with the large applied
load, the mixture momentum balance shows that

d
-(P+O')=O.
dx

Integration of Eq. (12.67) shows that

P + 0' =Applied load =crt .

(12.67)

(12.68)

In soil mechanics, 0' is called the effective stress. For a constant applied load,

dP =-ao . (12.69)

Furthermore, for zero applied load, the intergranular stress is simply the negative of
the fluid pressure in the pores of the soil which is the osmotic pressure. Hence,
under the restrictive conditions,

0' = -P.
(12.70)

Intergranular stress =-Osmotic pressure

'The utility of this relation is that there exist many theoretical and empirical equa
tions for osmotic pressure. Therefore, the consolidation coefficient which involves
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the derivative of the intergranular stress can be estimated without a measurement,
as done in some recent papers (Auzerais et al., 1988; Buscall, 1990).

Furthermore, the relation between the intergranular stress and the osmotic
pressure, as given by Eq. (12.70) can be used to explain the strength of materials,
as discussed by Taylor (1948). A stiff clay has a cohesive strength a because of
past compression in the ground, where the previous applied load squeezed out the
water of osmotic pressure P. Similarly, Taylor explains the strength of steel which
he considers to be a supercooled liquid. During cooling of the steel from a molten
state, shrinkage occurred, more and more crystals were formed, and the osmotic
pressure between crystals increased until when the steel solidified, large internal
pressures were captured, giving the steel its great strength.

Large values of osmotic pressures can be obtained from equations, such as
used by Auzerais et ale (1988) in their sedimentation studies. They cite the relation

where

. k T ()P = Osmotic pressure = ~£sZ £s '
±1tr
3

( )
_ 1.85

Z £s - ,
0.64-£s

(12.71)

(12.72)

and where kB is the Boltzmann constant, T is the thermal temperature and r is the
radius of a colloidal particle in the mixture.

With this perspective, it is now useful to rederive Terzaghi's linear consoli
dation theory in a few steps. This is normally expressed in terms of a void ratio e,
which is the ratio of a volume of void to the volume of the solid phase. Porosity is
thus expressed as

e
£=--.

l+e
(12.73)

The derivation will be given in terms of the more convenient volume fraction
of solids £s. The flux of solids can be obtained from the momentum balance given
by Eq. (12.53). Neglecting the gravitational force and using the relation between
the relative velocity and the solids velocity, Eq. (12.27), the balance is

£2£ dss
Flux e e v = s_,'

s s ~A dx
(12.74)

where the friction coefficient ~ A may be expressed in terms of the more commonly
used permeability given by Eq. (12.55). The permeability used in soil mechanics
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contains the fluid viscosity, so that the friction coefficient is essentially the inverse
of the effective permeability used in soil mechanics. Substitution of Eq. (12.74)
into the conservation of solids volume, Eq. (12.9), yields

aa = aa aEs = G aEs .

at aEs at at

(12.75)

(12.76)

Then for a constant friction coefficient relation in Eq. (12.75), a combination of
(12.75) and (12.76) gives the differential equation for the intergranular stress,

oa a2a
--J)-
at - ax 2 '

where

idati ffi . E
2E

sG k'Con soh anon coe icient = J) =--= - ,
~A av

with coefficient of volume compressibility av being

_ 1 _ dEs
av - G - - '

da

(12.77)

(12.78)

(12.79)

and with k' an effective soil permeability. For an application of a load Jli in the
consolidometer shown in Fig. 12.6, the initial and boundary conditions are

at t =0, a =Jli ;

at x = 0, a = 0; <.'

atx =L, a =O.

(12.80)
(12.81)

(12.82)

The boundary conditions given by Eqs. (12.81) and (10.82) hold because it
was assumed that the sample is drained at the top and at the bottom, resulting in
zero fluid pressure and hence no intergranular stress. Standard solutions to the
diffusion equation are available for both short and long times (Carslaw and Jaeger,
1959). As discussed in this chapter, the consolidation coefficient may be estimated
from the knowledge of the friction coefficient or permeability for the medium and
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dP
G=--,

des
(12.83)

where P is the osmotic pressure. Such an approach may aid in the interpretation
and better understanding of consolidation.

12.6 Electrokinetic Phenomena: Zeta Potential

Particles suspended in a fluid normally carry a positive or more frequently a
negative surface charge. In gases, particles frequently acquire a surface charge by
triboelectrification, that is, frictional contact with non-conductive surfaces.

Elements in the periodic table can be grouped according to their electronega
tivities, which are related to their work functions. Hence, contact of two different
chemical substances results in a contact-potential difference. Corona discharge, as
in electrostatic precipitation, produces charged particles because of adsorption of
electrons. In air, charged particles exert an electric field over distances much
larger than their size because of the low electrical conductivity and dielectric
constant of air. In fluids, such as water, having a much larger conductivity and
dielectric constant, the electric field produced by the particle acts over distances
much smaller than the size of the particle. In such situations, the concept of the
zeta potential and double-layer thickness pioneered by Debye and Huckel (1923) is
very useful.

In liquids, a surface charge on a particle is frequently produced by adsorption
and partial ionic dissociation of a chemical substance on the surface of the particle,
as shown in Fig. 12.7. In oils processed in the petroleum industry, asphal-tenes
disassociate, adsorb on fine particles and produce colloidal particles that are
difficult to separate. In water, the dissociation is often simpler, involving the
equilibrium

(12.84)

with the hydrogen ion adsorbed on the surface as shown in Fig. 12.7. Hence, in
aqueous solutions, the hydrogen ion concentration, as measured by the pH, often
controls the charge of the suspended colloidal particles. The charge can be con
trolled by simply controlling the pH of the suspension.

In Fig. 12.7, although there is overall electroneutrality, the absorbed charged
ions produce an electric field near the surface. The electric field is described by
one of the Maxwell's equations of electromagnetism. With a zero magnetic field,
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Fig. 12.7 Concept of zeta potential.

the relevant equation is that for the conservation of charge, q. In terms of the
electric potential, and the electrical units used in Levich (1962) and in the Zeta
rneter manuals (1968), the Poisson equation in one dimension is

d
2

<1> 41t
----.-q
dy2 - D '

(12.85)

where D is the dielectric constant.
With the fluid flowing past the surface in laminar flow, the steady state fully

developed momentum balance is

d
2v

fl-2 =-qE,
dy

(12.86)

where J.l is the viscosity and E is the electric field strength. The electric force in
Eq. (12.86) is clearly the product of the charge and the electric field strength as
defined in electrostatics. Elimination of charge between Eqs. (12.85) and (12.86)
gives the equation

(12.87)

Integration of Eq. (12.87) gives the linear function

(12.88)

where Ct and C2 are the integration constants.
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Since far from the wall the velocity is some constant, Ct is set to zero. If <f> s is
the potential when v becomes zero, at or near the wall, then

(12.89)

Far from the wall, the potential <f> E has the constant value <f> 0 equal to the
potential of the bulk of the solution and the wall. Here the velocity is taken to be
vo- Therefore,

(12.90)

The difference in the potential across the mobile portion of the double layer is
called ~-potential:

(12.91)

In colloidal chemistry, the zeta-potential is usually determined by measuring
electrophoretic mobility, EM (Zetameter Manual, 1968):

v
EM =-!L..

E
(12.92)

This measurement is made by determining, under a microscope, the time it
takes a colloidal particle to travel a fixed distance under the application of a con
stant electric field of strength E, where E is simply the voltage divided by the dis
tance between two electrodes.

Sophisticated instruments make such a measurement automatically. Hence the
relation between the electrophoretic mobility and the zeta potential is

EM= D~ .
41tfl

(12.93)

In the literature Eq. (12.93) is known as the Helmholtz-Smoluchowski formula.
Colloidal stability (Davies and Riedeal, 1961) is produced when small sus

pended particles have a sufficiently high zeta potential such that they repel each
other during inevitable collisions. The collisions are produced by Brownian mo
tion in stationary fluids caused by molecular non-uniform bombardment of the
suspended particles. Shear caused by bulk motion also produces similar random
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fluctuations and collisions of particles. In stationary fluids colloidal stability is
achieved when (Davies and Riedeal, 1961)

Work of repulsions> > Thermal energy

(12.94)

In Eq. (12.94) the work of repulsion was roughly estimated by approximately
integrating the charge of the particle, as obtained from Eq. (12.85), times the
product of the electric field over the particle diameter. The thermal energy is the
product of the Boltzmann constant, kB' times the temperature.

Equation (12.94) shows that for a sufficiently low zeta potential or a low di
electric constant, a colloidal suspension will lose its stability. This means that the
particles will not repel each other upon collision. Instead, the attractive van der
Waals forces will cause them to stay together. They may form floes and settle as
particle agglomerates rather than as individual particles.

Since the effective size of such a floc is many times larger than the individual
particle, settling will be quite rapid. Figure 12.8 shows the settling rates in the
constant settling regime of 5 urn illite particles suspended in toluene with various
concentration of Athabosca asphaltene obtained in the sedimentation column de
picted in Fig. 12.4. The zeta potential of the particles was varied by using various
concentrations of asphaltene. At a 10% asphaltene concentration, the zeta potential
was -22.2 mY. The same effect can be produced by using parts per million
concentration of commercial surfactants. Figure 12.8 shows that below a zeta
potential of about 8 mY, the settling rate increased drastically. Microscopic ex
amination of the sediment withdrawn from the settling column showed that the
particles had settled as large floes, Dilution of the suspension to achieve such a
low zeta potential of particles is not economically feasible, nor is charge neutrali
zation because of the large quantities of the positively charged asphaltenes, hence
electrophoresis was tried, as depicted in Fig. 12.8 (Shih et al., 1986).

12.7 Effect ofZeta Potential on Sedimentation

Non-equilibrium thermodynamics (de Groot et al., 1952) can be used to ob
tain qualitative as well as quantitative effects of the zeta potential on sedimen
tation. In non-equilibrium thermodynamics, fluxes are expressed as linear
functions of forces. Charged particles are subjected to two forces: gravity and
electric field. Flow of charged particles produces a current. In terms of mobilities
bij, which can be related to the Onsager friction coefficients, we can write
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Fig. 12.8 Variation of settling velocity. with zeta potential and enhancement of settling velocity by
external electric field (from Shih et al. 1986).

Current = I = bIlE +b12g , (12.95)

(12.96)

For a dilute suspension, b22 can be obtained from Stokes' law, Eq. (12.11) as

(12.97)

The effect of concentration of particles can then be included as in Eq. (12.33)"
since b22 is essentially the permeability. Clearly these equations apply for flow
through porous media where ilp is replaced by the pressure drop using the sim
plified momentum balance.. The coefficient ht 1 is the electrical conductivity. We
can relate bv: or b21 to the zeta-potential, ~ using the well-known relation between
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the electrophoretic mobility and the zeta potential Eq. (12.93). This gives, using
Onsager's relation,

(12.98)

For zero current flow, Eq. (12.95) shows that we can write the ratio of settling
velocity with electric field, v to the settling velocity with zero zeta potential, vo , as

(12.99)

where

(12.100)

according to the Clausius-Duhem inequality. The use of Stokes' law for b22 and
I~q. (12.98) gives

(12.101)

This equation differs from that given by Davies and Riedeal (1961) by the presence
of the numerical value of 18 and the ratio of densities. Its derivation from ther
rnodynamics also permits a ready extension to include concentration effects. Eq.
<:12.101) shows that to speed up settling we can

(a) decrease the dielectric constant, as is done in adding a promoter liquid of a high
characterization factor (Gorin et al., 1977);
(b) decrease the zeta potential by use of some surfactant;
(c) increase the electrical conductivity. It was shown that the retardation of sedi
mentation by surface charges is small for sufficiently large particle sizes. The
dimensionless group in Eq. (12.101) says what is a large particle size.

Equation (12.96) also shows that the mass flux or the settling rate can be
substantially increased by applying an external field E (see Fig. 12.8). This tech
nique will be effective whenever the electrical conductivity, ht 1, is small.
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Exercises

1. Hydrodynamics ofa Thickener
Consider steady state operation of a thickener shown in Fig. 12.9. The volu

metric feed rate is F m2 / hr. The inlet volume fraction of the feed is ESp. The
underflow sludge is withdrawn at a volumetric rate S m3 / hr with a volume frac
tion of solids of ESU. As a first approximation it can be assumed that in the critical
zone, the particles do not contact each other, while in the compression zone the
relative velocity between the liquid and the solid is zero. Using such an as
sumption, estimate the concentrations in the two zones. The step-by-step
procedure is

(a) Find the relation between the volume fractions and Fand S.
(b) Apply the buoyancy equals drag balance discussed in the drift flux chapter.
This analysis assumes the settling velocity as a function of concentration is known
for a given sludge. Explain why in practice it is necessary to obtain such a relation
experimentally.
(c) Sketch a drift flux versus volume fraction of fluid curve and the operating line
involving Fand S. Show the location of the critical zone concentration.

clarification
zone

feed

cri ti cal zone

overflow
- launder

mderf low

Fig. 12.9 The zones in a thickener.
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(d) Note that in the compression zone Eq. (12.62) becomes

dE
Jj __s =Constant.

dx
(12.102)

For a constant consolidation coefficient, find an approximate relation between
the sludge concentration and the thickness of the sludge zone.

2. Electrokinetic Phenomena in Porous Media or in Membranes
Salt water flows through a section of a porous medium or through a membrane.

A manometer records a pressure drop liP and an electrometer shows a voltage
difference Ii'll _ The equations for flow of mass and current, analogous to Eqs.
(12.95) and (12.96), are

(12.103)

(12.104)

Darcy's law is obtained when b2t is zero in the second equation. Ohm's law
follows, for bt2 is zero in Eq. (12.103) and I becomes the streaming current when a
short-circuit is created by setting Ii'll to zero. Electro-osmosis is obtained in Eq.
(12.104) for zero pressure drop.

(a) Find an expression for b22

(b) Show that for zero current

(12.105)

when b12 = b21-

(c) What is the effect of electrokinetics on the permeability of the medium
(McGregor, 1974)?

3. Lamella Electrosettler
Lamella gravity settlers are widely used to separate solid particles from slurries

as described by Mace and Laks (1978). Their kinematics was analyzed by Acrivos
and Herbholzheimer (1979). Their practical operation was given by Probstein et
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al. (1981). They are, however, not useful for separating colloidal particles, since
the inherent settling velocity of such particles is essentially zero. In non-aqueous
liquid suspensions, this settling velocity can be made large by imposing a large
electrostatic field across the suspension, in effect, substituting electrophoresis for
gravity settling. A lamella settler based on this principle was invented and built at
Illinois Institute of Technology. ,Jayaswal et al. (1990) demonstrated that it could
continuously separate a slurry of colloidal particles into a clear liquid and into a
thick suspension.

Figures 12.10 to 12.12 show the apparatus, the model equations and a com
parison of particle concentrations measured with an x-ray densitometer to the
computed steady values obtained from the model.

(a) Explain the equations in Figure 12.11. Why is the particle viscosity much
higher than that of the liquid? Suggest a better model.
(b) Show that during transient operation the dimensionless height of the interface
can be given by

- b [b ) (E Et)H(t) = --sin(a)+ 1+-sin(a) exp __m_ ,
Ho Ho b

(12.106)

Fig. 12.10 Lamella electrosettler at lIT (Jayaswal et al., 1990). Overflow exit, top right; inlet feed, top
left; thickened slurry underflow, bottom left; electrodes, top and bottom plates connected to a high
voltage supply.
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1. Continuity equation for phase k (=/, s)

-ff;tEkPk) +V· (EkPkVk) =0 rr.n

2. Momentum equation for phase k (=.f, s)

f(EkPkVk) + V· (EkPkVkVk) =EkPkg+qkE + V·[tk] + ~kf( v f - vk) (T.2)

3. Constitutive equation for stress

[tk] =[-Pk][I]+ 2EkJ.lk[Sk]

[Sd =t[VVk +(VVkn-tV,vk[I]

3A. Empirical solids viscosity and stress model

Vp,.. =G(Es)VEs

G(Es ) =108.76E~·27 dynes I cm~

u, = 69.3 centipoise (example)

4. Fluid-solid drag coefficients for Ef ~ 0.8 (based on empirical

correlation)

[
(l-Ef)EsJ.lf PfESlvf-vsl] Ps

~sf = 150 2 + 1.75 ()
(E jdp<Ps) Ejdpet>s Ps- PI

for E j > 0.8 (based on empirical correlation)

A 3 EsP fPslvf - vsl -2.65
Psf =4' Cd ( ) E1

dp<Ps Ps -Pj
where

24 [ ()0.687]Cd=- 1+0.15 Res ' for Res < 1,000,
Res

Cd = 0.44, for Res 21,000,

EjP/lv1 -vstdpet>s
Res = ----..;,.------

J.lf

5. Surface charge of particles

9 Jlf·EM

s;='2' (d
p
j2)2 lOs

Electrophoretic mobility
EM =1.02x10-4 .E+6.04x10-4(J.lm/s)/(V Icm)

(T.3a)

(T.3b)

(T.3c)

(T.3d)

(T3.e)

(TAa)

(TAb)

(TAc)

(TAd)

(T.4e)

(T.5a)

(T.5b)

Fig. 12.11 Equations used in modeling electrosettling of colloidal suspensions of alumina particles in
kerosine stabilized with a surfactant.
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I.C.I at t=O; U.\' =Uf =0, vs=vf-O

Es =Es,o

B.C.I aty = 0; v.\' =Vf =\!feed

Es =treed 0< X< xl

Vs=Vj=O Xl < X < X2

Vs =Vf =-Vuj

Es =Euj X2 < X < b

B.C.2 aty = L; VS =Vf =0 for all x

B.C.3 atx =0; Us =Uf =0 0< Y < Yl

Us =Uf =-Uof Yl <Y < L

B.C.4 atx=b; Us =Uf =0 for all y

Definition of the variables

Fig. 12.11 (continued)
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Where H0 is the initial height, Em is the electrophoretic mobility (particle velocity
divided by the electric field E), and other symbols are defined in Fig. 12.11, and
where

H
H =-, H= Ho att =0.

Ho

(12.107)

Hint: If we assume the motion of the interface is governed by the motion of the
particles at the interface, the volume of clarified liquid produced per unit of time is

jt I dV= IUs'DdS, (12.108)
v(t) S(t)

where Us is the slip velocity and is given by either U0 or Em . E. In terms of the
variables defined in Fig. 12.11, the volume balance given by Eq. (12.108) can be
written as

b dH(t)
-------+ IU\,'DdS=O.

cos(a) dt S(t) L

(12.109)

0.05

Ftg, 12.12 Experimental (left) and computed (right) alumina particle concentrations expressed in
volume percent in the lamella electrosettler at a steady state with a feed rate of 112 cm3/min, at an
electric field strength of 1000 volts/em (3 urndiameter alumina particles, with a zeta potential of 50
mY, a liquid viscosity of kerosene of 1.49 centipoises and a solids viscosity of 69 centipoises. a =50°.
(Jayaswal et al., 1990.)
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Noting that Us is identically zero at the walls, Eq. (12.109) integrated over the top
flat and thin electroboundary-layer interfaces gives Eq. (12.106) when gravitational
settling is neglected.
(c) In the lamella electrosettler the particles, as shown in Fig. 12.12, continuously
move down to the right electrode, forming the sludge at the bottom. What is the
cause of this motion? Suggest a more precise way to model this sliding motion
assuming that the particles are spheres that lost their charge upon contact with the
electrode.
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ApPENDICES
FORMULATION OF CONTINUUM

PROBLEMS: INTRODUCTION

The objective of the following presentation is to illustrate the basic mathemati
cal concepts of formulation of continuum problems for a reader whose knowledge
of mathematics does not extend beyond the normal one year of calculus and an
introduction to differential equations course normally required for a bachelor's
degree in engineering. Such a person is a typical first-year graduate student in
chemical engineering encountered by the author in the last 30 years of teaching.

Only one key idea is used in the formulation of continuum problems, that of
conservation of some countable quantity, such as mass, chemical component, mo
mentum, energy or entropy. For a system of constant mass or constant species, the
rate of increase of such a countable quantity equals its rate of production. Such a
logical construction is applied to continuous physical problems or to discrete socio
economic problems, as in the Club of Rome study of population pollution or in
growth of money in a bank, illustrated by the compound interest formula or by the
oscillation of national income in the classical Samuelson equation (Goldberg,
1958). Some physicists (Spielberg and Anderson, 1987) consider the conservation
principles as one of the seven ideas along with relativity, quantum mechanics, and
the second law of thermodynamics, that shook the universe of physics. While
physicists are primarily concerned with the basic building blocks of matter, it is the
engineers who have perfected the skills of making proper balances.

There are two equivalent ways to derive conservation equations in space and
time. We can choose our system to be a constant volume into which some quantity,
such as mass, momentum or energy, is flowing in and out. This approach is called
the Eulerian view or the shell balance approach in the chemical engineering
literature. In the second approach we consider the system to be a constant mass or
a constant mass of species i moving with its own velocity. Since the mass or
species is conserved, there is no net outflow across the boundary. However, there
may exist internal production, such as formation of species i from species j. This
approach is called the Lagrangian view. Both points of view produce identical
equations. The Lagrangian approach is more useful for making momentum
balances, since Newton's second law of motion, the rate of change of momentum
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392 Multiphase Flow and Fluidization

equals the forces acting on the system, applies to a constant mass system. The
Eulerian approach is often simpler to apply in non-rectangular geometries for en
ergy and species balances. Hence, the two view points must be understood.

In analyzing complex particle motion problems, physicists often use
Hamiltonian mechanics in the place of the Newton's second law. The equivalent
formulation, which involves minimizing an integral using the methods of calculus
of variation, may one day find an application in fluidization and multiphase flow,
but has not been developed to a sufficient extent to merit presentation in the text.
Gidaspow (1978) has derived a relative velocity equation by minimizing the rate of
entropy production. Li et ale (1988, 1992) have used an energy minimization prin
ciple to explain some fluidization characteristics, such as cluster formation.



ApPENDIX A
OVERALL (MACROSCOPIC)

BALANCES

In engineering thermodynamics we choose as our system a unit-for example,
a fuel cell or a compressor. We make balances on this unit. Everything outside the
unit is called the surroundings. Since detailed processes are not considered, we call
such balances overall or macroscopic balances. In such balances the only
independent variable is time, t.

A general conservation scheme for balances of mass, species, momentum, en
ergy, entropy, money, etc., is

A.I Conservation Scheme

Accumulation =Inflow - Outflow + Creation

(Crossing the boundary of the system + (Inside the system).
(A.1)

Thus, accumulation of some quantity such as mass is said to occur because of
either excess or net rate of inflow and because of possible creation of that quantity
inside the system (see Fig. A.1).

SURROUNDINGS

UNIT IN
INFLOW... SPACE

--
(SYSTEM)

EO.JNDARY

....-
OJTFLOW

Fig. A.I System for overall balances.
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394 Multiphase Flow and Fluidization

A.2 Conservation ofMass

Let m = mass, kg;

"'in =mass flow rate into the unit above, kg / s:

Wout = mass flow rate out of the unit above, kg / s:
R = rate of creation of mass in the unit, kg / s.

Then in time increment tf - t , the conservation scheme gives the equation

t < t' < tf t < til < tf t < til' < tf

where () following m, Win, Wout means substitution.
We assume the functions Win, Wout and R are continuous and differentiable.

We divide both side of Eq. (A.2) by t f - t and take the limit as tf ~ t:

I· m(tf ) - m(t) I· [ ( ,) ( ,,) ( ",)] (A.3)im = im '"'in t - Wout t + R t .
1f-:;1 'r:' 1f-:;1

As tf ~ t, t, t" and til' ~ t. The left side of Eq. (A.3) is the derivative of m
with respect to time, by definition:

dm
- = "'in - Wout + R.
dt

Mass is conserved, that is, for mass, R = O. Thus,

dm
- ='"'in - Wout '
dt

We have a steady state when (dm)/ (dt) =O. Then Win =Wout '

A.3 Conservation ofSpecies

(A.4)

(A.S)

For each chemical species we obtain a conservation of species equation in the
same way as that for mass. For species i,
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dm,
__I = Win i - Wout i + Ri ·

dt ' ,
(A.6)

If i were to refer to an element rather than to species such as H20, a conservation
of element principle would apply to a chemical reaction since elements are not
created or destroyed in a chemical reaction. Otherwise, R, is not zero for a species.

A..3.t Fuel Cell: Example of a Species Balance

The reactions taking place in a fuel cell with an acid electrolyte are indicated
in Fig. A.2.

The rate of creation of H20 or the rate of depletion (reaction) of H2 in Eq.
(A.6) can be expressed in terms of current I using Faraday's law. Faraday's law
states that in the electrochemical reaction, F coulombs of charge are produced per
an equivalent of species. F is approximately 96,500. The current I is the rate of
change of charge per unit time. By definition, 1 ampere = 1 coulomb/so

Suppose mA moles of gas A (in this case A is H2) react in the fuel cell per unit
time. Then Faraday's law allows one to equate

(A.7)

AIR~ O2 COMPARTMENT

ELECTROLYTE H+

H2 .COMPARTMENT

EXTERNAL
RESISTANCE

AT THE ANODE:

H2 - 2 (e) ... 2 H+

OVERALL (SUM)

I = current, measured with an ammeter, as indicated.

V = voltage, measured with a voltmeter, as indicated.

Fig. A.2 Hydrogen-air fuel cell.



396 Multiphase Flow and Fluidization

where n is the number of equivalents per mole. To check Eq. (A.7) look at the
units:

mA
moles H 2

s

n

equiv H 2

moles H2

F = I

coulombs coulombs
----=----

equiv s

In Eq. (A.6) the rate of creation is expressed in mass units. To convert to
molar units in Eq. (A.7) we use the molecular weight of the reacting species, H2 in
this case. Let M be the molecular weight of H2. Then, since hydrogen is being
reacted (depleted) rather than being produced, we introduce a negative sign and
obtain

Ri =-mA·M

g moles g
-=--.--

(A.8)

s s mole

With this introduction, let us make a hydrogen balance on the hydrogen com
partment of a fuel cell shown in Fig. A.3. ~

The inlet gas consists of a mixture of hydrogen and carbon dioxide. Such
gases can be produced by reaction of natural gas with steam. The source of
hydrogen may also be coal or biomass, say, garbage or peanut shells. The hydro
gen balance becomes

I
+

(in the form of H )

H & CO
2 2

W
in

y
in

SYSTEM:
H COMPARTMENT

2

unreaeted H
CO 2

2

w
out

y
out

Y = weight fraction of H 2 and the subscripts in and out denote inlet and outlet conditions,

respectively,

Fig. A.3 System for an overall hydrogen balance.



Overall (Macroscopic) Balances 397

1M
"'inlin - WoutYout =.--.'

nF

g _ coulombs/s x ~
sec - equiv X coulombs

mole equiv

(A.9)

Note that Eq. (A.9) is a special case of the more general balance Eq. (A.6). As
long as all hydrogen is consumed by -the electrochemical reactions shown in Fig.
A.2, it is exact. Any imbalance would indicate either leaks, hydrogen burning or
production by some other means, accumulation or instrument errors. Hence, the
importance of the balance made.

A.4 Conservation ofEnergy

Let us choose a constant mass system-as shown in Fig. A.4. Its total energy is
E. The energy of the surroundings is E'.

Since energy is additive, we have

at time t: Eiotal (r) = E(t)+ E'(t),

at time to: Etotal (to) = E(t o) + E'(to),

subtracting: ~total =~ + ss',

where ~ means difference, as shown earlier.
. Since energy.is defined to be,a function that i~ always conserved,

-LlEtotal = 0 .

(A. to)

SURROUNDINGS OF ENERGY E'

BOUNDARY

Fig. A.4 System for an overall energy balance.
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Divide both sides of Eq. (A.IO) by ~t and take the limit as ~t ~ o. Using the
definition of a derivative we obtain

dE dE'
-=--
dt dt

(A.II)

Equation (A.II) says that the energy of our constant mass system, called a "closed"
system, changes because of a corresponding change in the energy of the
surroundings. But surroundings can affect the system only through flow of energy
through its boundary. We say that energy can flow across the boundary in two
forms, as work, W, or as heat, Q. Therefore, we let

dE' dQ dW
--=---

dt dt dt

or using the conservation of energy principle, Eq. (A.II),

dE dQ dW
-=---
dt dt dt

The convention often used for heat and work is

(A.I2)

(A.I3)

into the system:
out of the system:

Heat
+

+

Thus, the net rate of heat outflow is - ~~ . Work done by the system results in a

decrease of energy of the system for zero net rate of heat outflow.
Work is defined in mechanics. Equation (A.13) says that whatever is not work

will be heat.

A.4.1 Constant Pressure Closed System

Make the following simplifications. Let

(1) E =U =internal energy,
(2) dW = P dV where P = pressure = force

dt dt ' area'
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where V = volume of the system. This formula is obtained from the formula in
mechanics:

W = work = JXl (force) dx, where x is distance.
Xo

IX1 f"1Let area = A, then W= PAdx= PdV.
Xo Vo

In terms of the rate of change of volume with respect to time,

dW = It1P dV dt = f\'t P dV ,
to dt \'c)

(A.14)

(A.15)

using the formula from calculus for changing the limits of integration. With these
simplifications Eq. (A.13) gives

dU dV dQ
-+P-=-.
dt dt dt

Let the enthalpy = H = U + PV. In thermodynamics (Callen, 1960) it is shown that
the enthalpy is the Legendre transform of energy with respect to volume and is the
natural energy to use for constant pressure processes. Thus, for constant P we have
the equation

dH dQ
-=-
dt dt

(A.16)

Let m =mass of the closed system, and h = specific enthalpy, J/kg =(H I m). For
a single component substance we know that h = h(P, T), where T is absolute tem
perature. For a constant pressure process, h = h (n only. Therefore,

dH dh (ah) dT-;;=m-;;;=m aT p d;'

by chain rule for composite function.
We define the specific heat at constant pressure as

Cp =(ah) .
aT p

(A.l?)

(A.18)
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Therefore, at a constant pressure the energy balance, Eq. (A.16), becomes

dT
mC p -

dt

dQ

dt
=0.

(A.19)

Accumulation of energy (enthalpy) + Net rate of outflow of heat = 0

A.5 Heat and Work Produced by a Fuel Cell

A simple, nontrivial example of an energy balance is that of a fuel cell, which
is becoming a practical device for producing electricity. See Fig. A.5.

In addition to mechanical work needed to push the gases through the fuel cell,
a fuel cell also produces electrical work. The power (rate of work) produced by the
fuel cell is the voltage V time the current I. Thus, Eq. (A.16) must include an extra
work term. Rather than deriving a general formula, consider a steady state fuel cell
operation. The temperature of the fuel cell is constant. Reactants enter the fuel cell
at this constant temperature. The pressure drop is assumed to be negligible. Thus,
the pressure is also constant. In words, the energy balance is

Rate of enthalpy (outflow - inflow) =Rate of heat flow into the fuel cell
(A.21)

- Power produced by the fuel cell

At a constant pressure and temperature, the reaction

(A.22)

yields a change of enthalpy, -AH per mole of hydrogen reacted. At one atmos
phere at 25° C this is the tabulated heat of reaction of hydrogen. In terms of

-dQldt

H 0
2

\VCR{

er = V.I
Voltage x current

-- FUEL CELL:... .....

-- .OPEN SYSTEM
...

HEAT Pow

"

o
2

Fig. A.5 Open system example.
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moles of hydrogen reacted per unit time given by Eq. (A.7), the energy balance is

dQ
+~·mA =--V·I.

dt
(A.23)

Substituting the species balance, Eq. (A.7) gives the rate of heat produced by the
fuel cell:

_ dQ =(-~ _V)'I.
dt nF

There are two useful limits that may be imposed upon Eq. (A.24).

Limit 1: No power production, V = 0 (short-circuited)

dQ--=-~(I/nF)
dt

All of the heat of reaction results in heat.

(A.24)

(A.25)

Limit 2: Reversible Operation
Practically this can be achieved only for very small I. Thus, in this mode of
operation, power = V· I is again very small. The reversible voltage of an electro
chemical cell can be calculated from the free energy of the reaction from the
formula

i1G=-nFE,

where
E = reversible potential, volts,

i1G = free energy change,
F = Faraday's constant,
n = number of equivalents per mole.

(A.26)

From the definition of G as G = H- TS, at a constant temperature we have
tJ.G =J1H - TtJ.S. Substituting this relation and Eq. (A.26) into Eq. (A.24) ~e find
that

dQ TtJ.S
--=--·1.

dt nF
(A.27)

For a reaction such as C +02 ~ C02, tJ.S is nearly zero. Therefore, the heat
produced by a hypothetical fuel cell burning carbon electrochemically is zero.
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Since ~~ is zero, Eq. (A.23) shows that it is theoretically possible to convert all of

the heat of reaction of carbon into electrical work.

A.S.t Alternate Form of Fuel Cell Energy Balance

Using the definition of the reversible potential E, Eq. (A.26), we can rearrange
the fuel cell energy balance as

dQ T~S
--=(E-V)·/-_·/.

dt nF
(A.28)

Rate of heat production by the fuel =
cell (given off to the surroundings)

Production due to + Heat changes due to reversible
irreversible operation reaction

Equation (A.28) shows that a fuel cell produces heat because of irreversible op
eration. Particularly for molten carbonate fuel cells or for fuel cells with a solid
electrolyte, we can express the difference between reversible and actual operating
potentials in terms of an electrical resistance, R, times the current:

Thus, we find

E-V=/·R.

dQ =/2. R.

dt (irreversible only)

(A.30)

(A.31)

Thus, a fuel cell operating with a nonzero current will convert some of the stored
enthalpy into heat. One of the objects of ongoing fuel cell development is to
minimizeR.

A.6 Open System Energy Balance

Open system energy balances are useful in single phase and in homogeneous
multiphase flow. In the latter the energies and the enthalpies are simply the mixture
quantities. The derivation of the open system energy balance is made on the closed
system shown in Fig. A.6.

Consider closed systems at times to and t. At time to, boundaries are a-a; at
time t, boundaries are b-b.
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a b-------------.

m m
i S

a b

a w
S

Fig. A.6 Open system using a closed system approach.

at time t:
at time to:

Mass of System
ms+mo
ms+mj

Ener~y of System
esms +eomo
esms +ejmj

The change in energy of the system between t and to is

M = esms(t)-esms(to) +eomo -ejmj' (A.32)

The work done by the system at this time interval consists of the work done by
the shaft, the work of expansion at the inlet and the work at the outlet:

The energy balance is

(A.33)

(A.34)

By the definition of a derivative in the limit as t approaches to, Eq. (A.34) becomes

dE dQ dWs -1 dm, -1 dm,
-=----+fjPi ---PoPo --.
dt dt dt dt dt

(A.35)

When the total energy E consists of the kinetic, potential and internal energy, Eq.
(A.35) becomes the conventional macroscopic balance
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(A.36)

In terms of enthalpy, at steady state using the dot notation to represent the time
derivative, this balance reduces itself to the most useful expression,

1 2 Q Wsilh+g&+-ilv =---.2 ..
m m

(A.37)

Hence, for steady state single or multiphase homogeneous flow in the absence of
gravitational or kinetic energy changes, we have the following useful relations.

For heat exchanger:

(A.38)

For an adiabatic compressor:

(A.39)

For a throttling valve:

(A.40)



ApPENDIXB
EULERIAN ApPROACH:

ONE-D ENERGY BALANCE

The shell balance approach of formulating continuum problems can be best
illustrated for an energy balance discussed in Appendix A. In this method, called
the Eulerian approach in the mechanics literature, the system is a fixed small arbi
trary volume element contained in the macroscopic system discussed in Appendix
A.

To begin with, consider the example of heat generation in the rod depicted in
Fig. B.I. The system is shown in Fig. B.2.

---....- X

-I.....--------L-------.....
Physical Situation: A rod of cross-sectional area a starts to generate heat at t = 0 at a rate of'll Btulhr
ft3. What is its temperature distribution at any time t, if it is insulated except for its two ends?

System for derivation ofthe differential equation:
Element: a' L\x fixed in space; x, arbitrary.

Fig. B.1 Insulated rod.

Fig. B.2 Eulerian system for the rod.
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The energy balance at a constant pressure involves the enthalpy and is

Scheme: Rate of energy (enthalpy) increase + Rate of energy outflow
(B.I)

- Rate of energy inflow = Rate of energy generation

The individual quantities in the balance are

Total enthalpy in element a-tsx.H = J;+tll hpdV,

where h is the specific enthalpy and p the density.

(B.2)

Net rate of energy outflow=q(t,x +Ax)· a - q(t,x)' a == q' a]~+Llx , (B.3)

where q is the heat flux, defined + for outflow.
Outflow minus inflow is represented by the Fundamental Theorem of Integral

Calculus notation on the right side of Eq. (B.3).
Energy generation in volume element a- Ax

The balance becomes

fX+tix= x ",adx.

.JL fX+Llx h d ]X+Llx - fX+Llx d
dt x P x + q x - x '" x.

(B.4)

(B.5)

Since the limits of integration are independent of time, the Leibnitz rule for differ
entiating an integral gives simply

.1LfX+Ax h d - fX+Ax a(hp) d
dt P x - x.

x x at

Conservation of mass principle for this system is

d fX+Ax fX+Llx ap
dt pa dx = 0 or - dx = 0,

x x at

since there is no mass flow. Therefore, product differentiating yields

(B.6)

(B.?)
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(B.8)

Since h =h(n only and Cp =(;~)p,h(t,x)=h(T(t,x)), by chain rule of differ

entiation:

Therefore,
d fX+Ax _ fX+Ax aT
dt hpdx - pCp-dx.

x x at

(B.9)

(B.lO)

Extensions of the mean value theorems shown in Figs. B.3 and B.4 to multiplace
functions are needed to complete the derivation.

f(x) SLOPE OF SECANT = Df(x')

---------~---------~ x
a b

Fig. B.3 Differential calculus mean value theorem.

a x' b

Fig. B.4 Integral calculus mean value theorem.
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The Mean Value Theorem ofDifferential Calculus
If the function f is (a) continuous in the closed interval and (b) has a derivative at
every point, then at some point x' of the interval,

f(b)- f(a) =Df(x'),
b-a

a < x' < b.

The Mean Value Theorem ofIntegral Calculus
If f is integrable in (a, b) and has m, M as closest bounds,

Further, ifj(x) is continuous, Jl = !(x'), a < x' < b, then

f:f(X)dx = (b-a)f(x').

Applying the mean value theorem of I.C. to the integral, and the mean value theo
rem of D. C. to the difference, we obtain

ta (') aq(t, x") ("')pCp - t, x ·ax+ ·ax = 'J1 t, x ·ax.
at ax (B.ll)

x<x'<x+ax x < x" < x+ax x < x'" < x+L\x

Divide by ax and let ax ~ O. Then x', x", x" ~ x. Therefore, for any x in the
open interval (note: boundary not included),

By Fourier's law of heat conduction (Carslaw and Jaeger, 1959),

aT
q=-k-.

ax
Substituting, we obtain the diffusion equation with heat generation:

(B.12)
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aT a ( aT)pCp-=- k- +'JI.
at ax ax

(B.13)

'To complete the problem we also need two boundary conditions, and an initial
condition.



ApPENDIXC
LEIBNIZ FORMULA AND

RELATION TO TRANSPORT

Formulas for differentiation integrals are so useful in transport that a brief
review of their calculus is necessary. The formula for differentiating an integral
with variable limits given below is usually called the Leibniz formula:

d b(t) ( ) _ b(t)aG () db ( ) dadtJ()G t,x dx - J(t)-dx+G t.b --G t,a -.
a t a at dt dt

(C.l)

To comprehend it fully, it is useful to present its derivation. Since in the in
tegration t acts as a parameter, we can let G be a partial derivative with respect to
the second place denoted by D2. Hence, let

(C.2)

Using the convenient D notation to represent one place differentiation the
integral on the left side of (C.l) by the Fundamental Theorem of Integral Calculus
becomes

DJ:D2F(t,x) =D[F(t,b)- F(t,a)]. (C.3)

Differentiation of the right side of (C.3) and the use of the fundamental theo
rem of Integral Calculus in reverse gives the three parts of the Leibniz formula in
(C.l):

D1F(t,b)+ D2F(t,b). Db- D1F(t,a)- D2F(t,a)· Da

= J:Dt[D2F(t,x)]+ D2F(t,b)' Db- D2F(t,a)' Da.
(C.4)

In the Lagrangian approach to be discussed in greater detail in Appendix D,
the system chosen is one of constant mass that moves through space. Hence, the
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limits of integration on the volume are a function of time, unlike in the Eulerian
approach discussed in Appendix B. In one dimension conservation of mass for a
unit area states that for an arbitrary volume element 1· Ax, we have

.JLjX(t)+Ax(t) ( ) d - 0
dt x(t) P t, x x - .

Application of the Leibniz formula (C. I) to (C.5) gives the equation

j
X(t)+Ax(t) ap ( ) d ( ) ( ) dx _
() -dx+p t,x+L1x dt x+L1x -p t,x - - O.

xt ili &

Since the velocity is defined to be

dx
V=-,

dt

the balance is

j
X(t)+Ax(t) ap ( ) ( )
()

-dx+pv t,x+Llx -pv t,x = O.
x t at

An application of the mean value theorems of calculus to (C.8) gives

ap(t,x') a(pv)(t,x")
---·Llx+ ·Ax=O.

at ax

(C.5)

(C.6)

(C.?)

(C.8)

(C.9)

x < x' < x+Ax x < x" < x+Llx

The shrinking of the arbitrary element to zero gives the one-dimensional single
phase continuity equation

ap a(pv)
-+--=0
at ax

(C.lO)

This technique can be clearly extended to multiple integrals, providing an
alternate derivation to the Reynolds transport theorem illustrated in subsequent
appendices.



ApPENDIXD
LAGRANGIAN ApPROACH:

ONE-D CONSERVATION OF SPECIES AND
POPULATION BALANCE

The purpose of this section is to illustrate the derivation of conservation laws
using the Lagrangian approach. In this method the system chosen is a constant
mass of some species which moves through space. The space may be real or ab
stract, as in the population balance.

D.l Conservation ofSpecies

As an illustration of one-dimensional balances, consider conservation of spe
cies.

Model: For i components we assume the existence of i distinct continua within
any arbitrary volume. Each space point in the multi-component continuum has n
velocities, Vi, i = I, 2, 3,...n, one velocity for each coexistent continuum. All
functions are assumed to be differentiable.

In contrast to the multiphase balances, the molecules are assumed not to
occupy any space. At the same position, at the same time, all i components are
present. Such an assumption is reasonable in view of the small size of the
molecules compared with a sample volume.

Approach: Take a constant mass of species i and move with the element of
mass i at a velocity Vi (see Fig. D.I).

At time to, the "particle" is at Xo. This identifies the particle. At time t, the
particle is at x and x = x( t, xo ) as we follow the particle. Since the function x is
single-valued and differentiable, its inverse exists and is expressed as

(D.I)
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x

CHOOS~ THIS "PARTICLE"

-----x--+--------....
L!.... CONSTANT

AREA = a

Fig. D.I Element for Lagrangian balance.

The species balance states

d fX+Ax ( )
dt x aPi t,x dx = f

X+Ax
- x ar.M, dx. (D.2)

Rate of change of mass of species i where p; = Rate of consumption of species i by molar rate

of
is the density of species i, kglm3 reaction '; , where M; is the molecular weight of i

The flow velocity or "particle" velocity for the continuum is defined as

(D.3)

The mathematical problem now is to differentiate the integral with variable limits
of integration. The technique is to transform the integral to one with constant limits
of integration. Transform

(x, t) ~ (x0' t) coordinates, (D.4)

where Xo is fixed for the particular particle. We have

d fx(t,Xo)+Ax(t,Xo) ( )d
dt () Pit, x x .x t.x;

(D.5)

Since we have only partial integration and the limits are functions of xo , we recall
that the formula for changing the limits is

fg(b) Jb dg
( )h(x )dx = h{g)·_·dx.

g a a dx
(D.6)
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Proof: Let h = Df, since such an/must exist to integrate.

J
g(b)
g(a)Dj = j(g)(b)- j(g)(a)

by the Fundamental Theorem of Integral Calculus, but

J:D[j(g)] = j(g)(b)- j(g)(a).
Also

J:D[ j(g)] =J:Dj(g) · Dg by chain rule.

'This completes the proof.
Therefore, since in our integral t is suppressed,

(D.?)

(D.8)

(D.9)

Since now the integral is over Xo only, which is not a function of time, only the
integrand is differentiated:

(D.ll)

Note that

a dx(t,x o )
=

axo at = (D.12)

particle
Interchanging order of differentiation By definition of velocity for i-th

Strictly speaking, every x should carry the subscript i for ith particle.
But Vi itself changes as the particle moves:

(0.13)

(0.14)
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avo avo ax_l=_l._,
axo ax axo

(D.15)

(D.16)

Write dldt to emphasize that Xo is held constant and that differentiation has not yet
been performed. Next differentiate using the chain rule and change the limits back
to x:

fx+At(api api aVi )d-+-·vi+Pi- x.
x at ax ax

(D.l?)

Combine the expression in (D. I?) using the product rule of differentiation:

I = Jx+At( ap; + a(p;v;) )dX.
x at ax

Then the balance becomes

Jx+At[ ap; + a(p;v;) +r:M.]dX=O.
x at ax I I

(D.18)

(D.19)

Since the integral above vanishes for an arbitrary volume and the integrand is
continuous, the integrand itself must vanish. This follows from a proof by con
tradiction. Suppose the integrand did not vanish for some point P but were posi
tive. Then since the integrand is continuous it would be positive for some neigh
borhood of P. We may take Llx within this neighborhood entirely, and for this the
integral would not vanish. There is a contradiction. Therefore,

ap. a(PiVi)
_l+ =-r..M..at ax l l

(D.20)

Example: Combustion in a Channel
A dilute mixture of hydrogen in air is burning in a long tube. The reaction is

first order. The flow is highly turbulent. Find the steady state concentration
profile.
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In this system, mass is conserved and therefore mass units should be used.
Also, since the flow is very rapid we may assume that the hydrogen moves with the
total stream velocity, that is, v =Vi.

At steady state, : = a:: = 0 and the conservation of mass and species equations

become
a(pV)
--=0,ax

ali a(pv)
pv-+ f; --=-r.·M·,ax I ax I I

(D.21)

(D.22)

where 1'; is the weight fraction of species so that Pi = ljp. Using the conservation
of mass equation we see that

df;
pv-' =-r.·M·

dx I I
(D.23)

for each reacting species.
For the first order reaction we may express the rate of combustion of hydrogen

as (Gidaspow and Ellington, 1964)

(D.24)

'where kp is the first order rate constant in partial pressure units (for example,
moles H2 / hr - m3 - atm), Pr is the total pressure and y the mole fraction of hy
drogen. The stoichiometry gives the following relation between conversion, mole
and weight fractions for the reaction below:

Total

*Basis: 1 mole of feed

Table D.l*
Feed

I-no

o
1.0

At Any Position

no-n

I-no-0.5n

n

1-0.5n

(D.25)
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In Table 0.1, n is the number of moles of H2 reacted per mole of feed, and no is
the number of moles of H2 in feed per mole of feed. From Table 0.1 it is clear
that

and

n -n
Y =--.;o~_

1-0.5n
(D.26)

(0.27)

where Mmo is the average molecular weight of feed.
Substitution of expressions for mole and weight fractions into the simplified

rate expression yields

(D.28)

Integration yields

(D.29)

For systems with low hydrogen conversion or dilute feeds, 0.5n «1. Then the
preceding expression simplifies to

kpPrMmoJix y
--=----- =In-,

(pv) Yo

where Yo is the inlet hydrogen mole fraction. Then

_ [kpPrMmoAt]y - Yoexp .
[pv)

(D.30)

(0.31)

The conservation of species equation was derived in terms of weight units.
Weight or mass units are most useful when mass is conserved. When the total
number of moles are conserved or often when chemical reactions occur, molar
quantities are more appropriate. The molar concentration of species i, Ci, is re
lated to the partial density, Pi, by
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The conservation of species in terms of C, becomes

aei a(CiVi)
-+ =-ri·
at ax

The total molar density C is

and the average molar velocity becomes

(D.32)

(0.33)

(D.34)

(0.35)

When moles are conserved, Eq. (0.31) can be derived more quickly starting
'with the molar balance, Eq. (D.33).

.D.2 Reynolds Transport Theorem

Starting with the balance expressed by Eq. (D.2) the integral could also have
been differentiated using the Leibniz rule, as illustrated in Appendix C. Both re
sults can be summarized by stating the one-dimensional version of the so-called
Reynolds Transport Theorem:

where

~Jx(t)+..ll(t)g(t,x)dx =JX(t)+L\x(t)(as + (Sv j ))dX'
dt' x(t) x(t) at ax

dx
vi=-"

dr'

(0.36)

(D.37)

Its extension to more than one dimension can be done using either of the techniques
of Appendices C or D.
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D.3 Population Balance

As an application of the Reynolds transport theorem, Eq. (0.36), consider a
population balance made on a well-mixed crystallizer, depicted by Fig. 0.2. The
number of crystals in the size range r to r+Sr, N , is expressed as follows in terms
of the frequency distributionj(r,r):

N =S: S;+AR f drdV.

The balance, in words, for the crystallizers is

Rate of accumulation =Inflow- Outflow

+Productiondue to collisions

With no crystal inflow and no production by collisions, the balance becomes

(0.38)

(0.39)

(0.40)

An application of the Reynolds transport theorem to (0.40) gives the balances
below:

The velocity in (D.41) is the "slow" crystal growth rate, :. Let

(0.41)

Solution
3

F, m /hr

Crystal sizedistribution
3

F, m/hr
3

V,m

Fig. D.2 Stirredtank.



. dr
R=-.

dt
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(D.42)

Then the population balance becomes the simple first order partial differential
equation in terms of the unknown growth rate R:

(D:43)

McCabe's crystal growth rate law assumes that R is a constant. For a steady
state, (D.43) becomes an ordinary differential equation:

. df (F)
Rdr=-V- t .

'To integrate (D.44) the number of nuclei fo must be specified:

f(o)=fo '

Then integration of (D.44) gives the exponential frequency distribution,

For spherical particles the cumulative weight distribution, W, is as follows:

It can be expressed as

f
F~ 3-x

W=t :RX e dx.

(D.44)

(D.45)

(D.46)

(D.47)

(D.48)

The frequency of the weight distribution, fw, is the derivative of W obtained by
using the Leibniz rule in Appendix C:
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( )
3 ( )

F Fr Fr
fw =6VR VR exp - VR .

It has a maximum at

'dominant = (
3~R ).

(0.49)

(0.50)

The dominant crystal size depends upon the hold-up time, VIF and the crystal
growth rate. A similar result holds for an ash agglomerator in a fluidized bed re
actor used to make gas from coal via the U-GAS process (Vora et al., 1980). Coal
is fed into the reactor, as depicted in Fig. 0.2, and ash agglomerates are removed,
just as in the crystallizer. The air and gas production do not enter into this
simplified balance.



ApPENDIXE
REYNOLDS TRANSPORT

THEOREM

Balances are made on some quantity that can be counted and that changes with
time. Following Aris (1962), call this quantity F(t). In space we define a property
per unit volume 3(t, x), where t is time and x the position vector, such that

F(t) = JJJ3(t,x)dV.
V(t)

(E.I)

In the Lagrangian representation let three parameters (XO , yO .z")=XO

identify the individual particle of the continuum. Thus, (XO .v",ZO) are the coor
dinates of the particle at some fixed time to. Then the spatial coordinates of the
particle at any time are given by functions of

( 0 0 0)X=X t;x ,y ,Z ,

( 0 0 0)y=y t,x ,y ,Z ,

( 0 0 0)z=z t,x ,y ,z ,

(E.2)

as shown in Fig. E.I. The functions x, y, z are taken to be single-valued and at least
twice differentiable. The transformations are assumed to be one-to-one, so that the
inverse transformations also exist and are twice continuously differentiable.
Hence,

V(t)

o
(x ,y

Fig. E.I Motion of a system of constant mass.

423
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XO = XO(t,x,y,z),
yO = yO(t,x,y,z),
ZO = ZO(t,x,y,z).

(E.3)

The functions x and x° are inverses. The flow velocities or "particle velocities"
for the continuum are then defined as

dx ax(t,xo)
v(t,x)·=-= .

dt at
(E.4)

Differentiation of (E.l) can be done by changing the region of integration from
the arbitrary volume V(t) in Fig. (E.1) to the fixed initial volume. The mathematics
is essentially that already described in Appendix D. The new aspect presented here
is its generalization to three dimensions. Its extension to six or higher dimensions
needed in the Boltzmann equation formulation should be simple.

To change the limits of integration one makes use of a formula from advanced
calculus (Brand, 1955) also derived in Aris (1962):

dV=JdVO,

where J is the Jacobian determinant. Then differentiation of (E.l) gives

(E.5)

dF(t) = 1t JJI 3(t,x)dV = 1t JJI 3[(t,x(t,xo)]J av", (E.6)
dt v(t) VO

.k-
dXo

whereJ= .k
ayO

.k-
dZo

(E.?)

In (E.8) only the integrant was differentiated, since the limits are fixed.

(E.8)
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Differentiation of the Jacobian
For the element of column one we have

since
_ ( 0 0 0) _ dxx - x t, x ,y .z and u - dt .

To carry out d~, note that
dX

_ [ ( 0 0 0 ) ( 0 0 0 ) ( 0 0 0 )]u-u t.x t,x ,y ,Z ,y t,x ,y ,Z ,Z t,x ,y ,Z .

Then

For ~ we obtain the sum of three determinants. The first is

k lL -2L au .A+ au .lL+ aU.-2L lL -2L
axo axo axo ax axo ay axO az axo axo dXo
k lL -2L = dU .A+ au .lL+ au.-2L lL -2L
ayo dyo ()yo dX dyo dy dyo dZ dy0 dyo dyo

k lL -2L dU .A+ dU .~+ dU.~ ~ .k.
dZo azo azo dX dZo dY dZo az dZo dZ~ dZo

A lL ~ lL ~ -2L
dXO dXO dXO dXO dXO dXO

_ au A lL ..k. + au lL lL -2L + au
- dX dyo dyo dyo dy dyo dyo dyo dZ

A lL .k. ~ ~ .k. zero
dZo dyo dZo azo azo dZo

2 identical columns, hence zero

Similarly differentiating the second and the third columns, we find

dJ =(dU + dV + aw). J
dt dX ay dZ '

dJ

dt =V. v =divergence ofv ,
J

(E.9)

(E.IO)

(E.II)

(E.12)

(E.13)

(E.14)

(E. IS)
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or the relative time rate of expansion which is independent of coordinate systems.
Thus, we obtain

t;J; =JfJ[~+S(V'V)]JdVo =JfS(~7+SV'V)dV.
VO

By chain rule,

dS(t,x,y,z) = as + as 'u+ as 'v+ as 'w= as +VS.V,
dt at ax ay az at

(E.16)

(E.1?)

where u, V, ware the x, y, and zcomponents of the velocity.
The derivative in (E.1?) is sometimes referred to as the substantial derivative.

It is, in general,
dS(t,x(t)) as
----=-+v·VS.

dt at

Then using (E.16) and (E.18), the Reynolds transport theorem becomes

(E.18)

(E.19)

It is clearly applicable to an n-dimensional space.
An alternate form of the Reynolds transport theorem can be obtained by use of

the divergence theorem from advanced calculus (Brand, 1955). It states that for
any vector function a that has continuous first partial derivatives,

SSSV ·adV =#a.ndS, (E.20)

where n is the unit normal to the surface S.
Then the Reynolds transport theorem assumes the form obtained naturally

from the Eulerian view:

dF =
dt fff ~7 dV

V(t)

+ #Sv.ndS.
S(t)

(E.21)

Rate of accumulation + Net rate of outflow across the closed
of F surface, where n = outward drawn normal
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A special case useful in single phase balances is presented in Bird et al.
(1960). Thermodynamics quantities are expressed per unit mass, while g in the
Reynolds transport theorem is per unit volume. If p is density, let g equal pf,
where f is the function per unit mass. Then

:t fff pfdV = fff(a(pf) +v· p.fv )dV.
V(t) V(t) at

By the conservation of mass,
ap
-+V·pv=o.at

(E.22)

(E.23)

Then using (E.23) and writing f in convective form, the special case of the
Reynolds transport theorem becomes

1t Hfpf dV =Hfp df dV.
V(t) v(t) dt

In Eq. (E.24), ~ is the substantial derivative. It is often written as

Df

Dt
Since it simply means

df df(t,x(t))
=

dt dt

(E.24)

(E.25)

which can be evaluated by differentiation by the chain rule of calculus, it seems to
the author that creation of a new symbol for differentiation causes unnecessary
confusion for a novice. The notation created by one of the inventors of calculus,
Leibniz is suggestive and hence useful. Despite this criticism, continuum me
chanics engineering scientists (Eringen, 1975) use the DIDt notation. They refer to
the substantial derivative as the "material" derivative, since we follow a path of
constant mass.



ApPENDICES
THE METHODS OF CHARACTERISTICS:

INTRODUCTION
Conservation laws in space and time are expressed in terms of a set of first

order partial differential equations. For single phase flow the equations are the
conservation of mass, momentum, and energy for the dependent variables of pres
sure, velocity vector, and energy, or equivalent variables. In multiphase flow, there
are three n such variables for n phases. Because of the appearance of volume
fraction of the phase as a variable, some of the equations in the literature are not
well-posed as an initial value problem. Since such equations produce numerical
instabilities and non-physical behavior (Lyczkowski et al., 1982) it is necessary to
fully understand the concept of well-posedness and characteristics. Furthermore,
the characteristic directions dictate the prescription of inlet or boundary conditions.
In view of this a short, self-contained description of the method of characteristics is
presented. The technique described here is based on a decoupling method. It is
easier to apply to a large system of equations than the classical technique described
in standard mathematics texts, such as Abbott (1969), Courant and Hilbert (1962)
and Garabedian (1964). The classical method involves forming a compatibility
relation for each variable and solving for the gradient of the dependent variables to
test for its non-uniqueness. This process leads to high order determinants that are
more difficult to evaluate than the method given here. Of course, for a full
comprehension of the subject the classical method must be studied.
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ApPENDIXF
FIRST ORDER PARTIAL DIFFERENTIAL

EQUATION

r.t Integration Theory

Multiphase flow is described by a system of first order partial differential
equations, by a set of balance laws. Sometimes one can reduce the phenomenon to
be described to just one partial differential equation. Hence it is necessary to
understand the mathematics of first order partial differential equations. Although
many texts treat this subject (Sneddon, 1957; Abbott, 1966; Rhee et al., 1986), a
physically motivated description stripped of non-essentials for an elementary
treatment is useful for understanding of multiphase flow.

In one dimension, multiphase flow gives rise to the, following quasi-linear
partial differential equation treated in mathematics courses (Sneddon, 1957):

dZ dX
P-+Q-=R,

ax dg
where

P,Q and R = t, (x,y,z).

The standard equation (F.1) can be written as

dZ Q dZ R
-+--=-.
ax Pdy P

In the form (F.3) it can be expressed in the form of a substantial derivative:

dz(x, y, (x)) R
----=

dx P

where the curve y(x) is determined by

431

(F.1)

(F.2)

(F.3)

(F.4)
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dy Q
-=-
dx P

(F.5)

Differentiation of (F.4) by chain rule shows that (F.4) is equivalent to (F.3) when
the derivative, a velocity in the substantial derivative nomenclature, is set to QIP,
as in (F.5). Then it was shown that the solution of the quasi-linear partial differ
ential equation (F. I) is equivalent to the solution of the two ordinary differential
equations (F.4) and (F.5). Thus it was shown that the solution to the partial dif
ferential equation (F. I) is written in terms of the ratios

dx dy dz
-=-=-
P Q R

F.2 Unsteady Plug Flow Reactor

(F.6)

The method of solution of first order partial differential equations needs to be
illustrated by examples. An unsteady state generalization of conservation of spe
cies in a flow reactor discussed in Appendix D can serve as the first example. For
constant molar density, the first order reaction balance is

d JX+Llx _ Jx+At
dt x(t) C dx - - x(t) kC dx , (F.?)

where C is molar concentration and k is the rate constant. An application of the
Reynolds transport theorem and the limiting process gives the first order partial
differential equations:

ac ac
-+v-=-kC.
at ax

By (F.6) its solution can be written as

dt dx dC
-=-=--
I v -kC

To integrate (F.9) we need an initial and an inlet condition:

(F.8)

(F.9)
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LENGTH

X'

X=L

f(x)

POSITION
DEPENDENT
INITIAL

CONDITION

I

SLOPE = d~
dt

and

TIME
IL--'---'---'--"'----'--~--""--"-'--~--"'-----""____i~ t

c, (t)

TIME DEPENDENT INLET CONDITION

Fig. F.1 Transient plug flow reactor.

att=O, C=f(x)

atx=O, C=Ci(t).

In terms of time the solution to (F.9) is

c= Ae-kt.

The use of the initial condition (F.IO) determines the constant A to give

( )
-ktC=fxe .

(F.IO)

(F. II)

(F.12)

(F.13)

But the solution to

dx
-=v
dt

(F.14)

shows that (F.13) is valid only in the region determined by the initial condition, in
Region I in Fig. F.I. For constant velocity, v, the curves generated by (F~14) are
straight lines.
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Equation (F.8) written as a substantial derivative or Eq. (F.9) shows that

de
-=-kC,
dt

(F.15)

that is, the concentration changes as given by the right-hand side of Eq. (F.15)
along the curve generated by Eq. (F.14). Thus, the concentration coming out of the
reactor at x = L will be determined by the initial condition in Region I. After the
time

t =x]v , (F.16)

the concentration leaving the reactor will be determined by the inlet condition,
which may be time dependent as in (F.ll). Integration of (F.9) with respect to x
shows that in Region II the solution is

C = Ci(t)exp(-kx/v). (F.17)

For a constant inlet condition this is the steady state solution derived in Appendix
D.

F.3 Separation in a Chromatographic Column

F.3.1 Problem Formulation

Separation in a packed chromatographic column is a good illustration of
various characteristic paths. Consider the case of equilibrium sorption dynamics
with no resistance to mass transfer. The problem of sorption with diffusion has
been solved by Chase et ale (1970) using the method of Green's functions for a
linear isotherm and the problem of simultaneous heat and mass transfer for non
linear isotherms, was expressed in terms of a Green's matrix by Roy and Gidaspow
(1972) and applied to the design of desiccant air conditions by Roy and Gidaspow
(1974) and by Ghezelayagh and Gidaspow (1982). Rhee et ale (1986) have given
an exhaustive treatment of chromatographic separation using the methods devel
oped for analysis of compressible fluid flow.

Let the fluid phase concentration by C; and the concentration of species i ab
sorbed or dissolved in the stationary phase be ri. In the absence of appreciable
fluid phase diffusion, all the species i flow with the fluid phase velocity v.

With these assumptions, the species i shell balance on an element of volume
Ax is
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d JX+Ax
dt x £Ci dx + C ]

X+Ax
vs .

l x +

Net rate of species +

in the stationary phase
o

outflow in the flowing phase

Rate of accumulation in +
Rate of accumulation
the flowing phase

An application of the mean value theorems and the limiting process gives the
mixture species balance for constant porosity E:

ac· ar. ac·
E-' +(I-E)-'+VE-' = 0, i = 1,2,3...n phases.at at ax

(F.19)

Equilibrium relationships with no diffusional resistances, that is, complete acces
sibility of reactants, complete the specification of the problem of equilibrium
sorption dynamics, as shown below:

(F.20)

Equilibrium constants Kif are defined to be

ar.
K··= __'

l) ec.'
}

(F.21)

Then, the use of the chain rule on (F.20) and substitution into (F.19) gives the
system of quasi-linear partial differential equations given by (F.22),

ec, sc, n aCj
E-' +V£-'+ L,Kij-(l-E)=O, i=1,2,3...n;

at ax j=l at
(F.22)

(F.23)

The system of quasi-linear partial differential equations can be decoupled
using the techniques to be discussed in the next appendix. Here only the case of
one partial differential equation is treated. The physical assumption made is that
the equilibrium is a function of its own concentration only, that is, interferences are
neglected. Hence,

K.. =0
I}U-:l:i) ,

(F.24)
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and let

Kii = x, (Ci ) ·

F.3.2 Linear Isotherm: Henry's Law

(F.25)

In thermodynamics of solution, Henry's law is frequently applicable for dilute
absorption. It is

(F.26)

Then the equilibrium sorption dynamics equation becomes the decoupled single
partial differential equation for the concentration Cj:

( )
ac. sc,

E+(l-E)K; -'+VE-' =0.
at ax

(F.27)

Using the theory of first order partial differential equations the solution to (F.27)
can be written as a "substantial" or material derivative:

along the "characteristic" path

de; (t,x(t))
----=0,

dt

dx VE
=----

dt E+(l+E)Ki

(F.28)

(F.29)

The validity of (F.28) and (F.29) also follows from using the chain rule on (F.28).
For no sorption or zero K, (F.29) becomes simply the fluid velocity,

dx
-=v.
dt

(F.30)

This means that species i injected at the inlet of the column simply moves with the
fluid velocity as assumed in the formulation.

Chromatographic columns or sorption separation devices are designed such
that K; is large compared with one and K, differs from K2' etc.:
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(F.31)

Then Eq. (F.29) shows that the velocities of propagation of species i will be much
slower than the fluid velocity, and that each species will move through the column
at a distinctly different velocity resulting in separation of a mixture into its com
ponents. Although the preceding discussion was not restricted to the Henry's law
case, an understanding of column operation is best obtained for this simplified
case. Consider the case of constant initial concentration Cf and constant inlet
condition CO' Then as in the unsteady plug flow example in Region I, up to a time

(£+(l-£)K;)x
t; = , (F.32)

V£

the concentration leaving the column of length x will be a constant equal to Cf '
which is normally zero in chromatography. At time t; , it will suddenly jump to Cf .
For a properly chosen sorbent this time t; is different for each i to be separated. In
a chromatographic column the sample is injected for only a period of I1t. Then
purge fluid of zero i is injected. Thus, after a period of I1t, the concentration will
jump down to zero. In this linear isotherm model, a pulse injected into the column
stays as a pulse. In a real column a pulse of fluid to be separated never emerges
from a column as a pulse. The pulse disperses, as depicted in Fig. F.2. This
dispersion is due to the neglect of diffusion in the mobile and in the stationary
phases.

c, ~ INITIALLY C j = 0 )-

OUTLET CONCETRATION

INLET
CONCENTRATION

Cj = Co

= CONSTANT I
I

I
/

\
\
\
\.

I
I

/
I

\
\
\

I
/

I

\
\
\

<,

Fig. F.2 Idealized and real separation in a chromatography column with a linear isotherm.
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x

X=L
EXIT

INITIAL
CONCENTRATION

Co

.>
CONSTANT STATE ~

nr

t I tout

INLET FEED COMPOSITION, CF

Fig. F.3 Dispersionin a chromatograph due to an unfavorable isotherm.

F.3.3 Dispersion

For the case of a nonlinear unfavorable isotherm,

(F.33)

the characteristics determined by Eq. (F.29) will have different slopes when the
concentration jumps from the initial condition of Co to the inlet feed composition
Cf' as illustrated in Fig. F.3. The illustration in this figure is for the case

dx VE
-=------
dt E+(1-E)2KCi

(F.34)

(F.35)

In Region I, the concentration is a constant equal to Co and that in Region III is
Cf . In II it can be determined as follows. Pick a concentration Co + liC. This
concentration is a constant along the path (F.35) with C, replaced by Co + liC.

Using this equation the outlet concentration Co + liC can then be determined
by integration of (F.35) to give expression (F.36) for a column of length L and time
tout in Fig. F.3:
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Fig. F.4 Shock formation in a chromatograph.

L VE=-------- (F.36)

Then the concentration changes gradually from Co to Cf. For a Dirac delta type
input, we obtain a curve that looks like a normal distribution curve as in Fig. F.2.

F.3.4 Shock Formation

For the case of a nonlinear favorable isotherm,

(F.37)

the characteristics starting from the initial and the' inlet conditions for the case
Co < Cf will intersect, as depicted in Fig. F.4 for the case when

ar· K--'=-sc, c,
(F.38)
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The shock velocity Us can be obtained by the rigorous limiting process illus
trated in Chapter 10 for settling. Alternatively, it can be obtained by making a
species balance in which we see from Fig. F.4 that the fluid phase concentration
jumps from Co to Cf forcing the stationary phase composition to jump from ri to
rf. Then the species balance across the shock can be written as

where
[C] = Cf -Co'

[r]=rf-ro ·

(F.39)

(F.40)

(F.41)

The shock velocity then takes the same form as the continuous propagation velocity
for the constant porosity case:

£v
Us = [r] .

£+(l-e)[C]
(F.42)

The dispersion and the shock analysis can be extended to the case of coupled par
tial differential equations given by Eq. (F.22).



ApPENDIXG
SOLUTION OF A HYPERBOLIC SYSTEM OF

FIRST ORDER PARTIAL DIFFERENTIAL
EQUATIONS

(1.1 Decoupling of Quasilinear First Order PDE

Conservation laws in one dimension usually consist of a system of partial
differential equations (PDE):

au +A dU =b,
at ax

(G.l)

where the n x n matrix A is a function of the n-dimensional dependent vector vari
able u:

A=A(u), (G.2)

and where t is time and x is the spatial dimension. For some conservation forms,
such as those involving the relative velocity, time, and space must be reversed to
maintain unity in front of the first term in Eq. (G.t) (Gidaspow et al., 1983). The
standard method (Garabedian, 1964) to diagonalize or to decouple the matrix
equation (G.t) is to multiply it by a diagonalizing matrix W, as shown below:

(G.3)

and to observe that for constant A and W, Eq. (G.3) can be written as an ordinary
differential equation if one lets

'I' = Wu

and rewrites (G.3) in terms of the inverse matrix W- 1 as

441

(0.4)



442 Multiphase Flow and Fluidization

a'll + WAw-1 a'll = Wb.
at ax

The diagonal form is obtained by letting

(G.5)

(G.6)

where A is the diagonal matrix all of whose diagonal elements are one and whose
non-diagonal elements are zero. With these definitions, the vector equation (G.1)
is equivalent to vector ordinary differential equations:

d'll =Wb
dt

(G.7)

along the paths or characteristics generated by the n ordinary differential equations

dx =A.
dt

(G.8)

This theory is the generalization of that discussed in Appendix F for a single partial
differential equation.

Equation (G.6) can be written in the more useful form shown below by mul
tiplying it by W:

W(A-A)=O. (G.9)

Equation (G.9) shows that for non-zero W, the following determinant must be zero:
lA-AI =0. (G.I0)

This determinant is called the characteristic determinant. It determines the char
acteristics, A. The diagonalizing matrix W can then be obtained by solving Eq.
(G.9) for its components. Chase et al. (1969) give an example of this technique for
simultaneous heat and mass transfer in a porous medium with bulk flow, in a
chromatographic column, essentially. Although this technique is useful for illus
trating the theory, it does not give the equations along the characteristic for non
constant A. For the matrix A that is of the form (G.2), the method used by
Gidaspow et al. (1983) and earlier by Koo and Kuo (1977) is more useful than that
found in standard texts.
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In this method one introduces an intermediate vector function z,

z = z(u),

such that the decoupling matrix W is the Jacobian matrix

az
W=--,auT

(G. 11)

(G.12)

where the superscript T denotes the transpose. Multiplication of (G.1) by the
transpose of the vector wi gives the equation

TaU T au T
w: -+w· A-=w· b

I at I ax I

w!A=A.w!
I I I'

which, on using the rule (AB)T =BTAT, can be written as

'Then the following system of homogeneous equations determines wi:

(G.13)

(G.14)

(G.15)

(G.16)

Equation (G.16) also determines the characteristics Ai' Alternatively, the
characteristic determinant given by Eq. (G.10 can be obtained from Eq. (G.14).

Using (G.14) and (G.12), the partial differential equation (G.13) becomes

To obtain an ordinary differential equation from (G.I?) let

dx
Ai =-., i = 1,2,3...n.

dt'

(G.17)

(G.18)
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Then, in view of the chain rule, as in Appendix F, (G.17) becomes the ordinary
differential equation

dz, (uT (t,x(t»)) T
------=w·b

dt I

The chain rule

dz, aZi du; aZi dU2 aZi dUn-=--+----+ --.--
dt aUt dt i aU2 dt i ... o«; dt i

permits one to write (G.19) in the useful form shown below:

dUt dU2 du.; T .
Wil - . +W i 2 --.+ ...Win --. = Wi b, l = 1,2,3...n.

dt ' dt ' dt '

(G.19)

(G.20)

(G.2l)

Thus, the system of n quasi-linear partial differential equations (G. 1) has been
converted into n ordinary differential equations (G.2l) along the n paths or char
acteristics given by (G. 18). The characteristics can be obtained from the .determi
nant (G. 10). The decoupling coefficients Wij are obtained from the solution of
homogeneous equation (G.16). In view of redundancy we can choose Wi equal to
unity. The example to follow will illustrate the method.

The success of this method depends upon our ability to generate n real and
distinct eigenvalues Ai obtained from the n by n characteristic determinant (G.lO).
When all such values are real and distinct, the system of partial differential
equations given by (G.l) is called a hyperbolic system. When two roots of (G.lO)
become equal, then an independent gridwork cannot be generated by Eq. (G.18).
Such a degenerate system is referred to as being parabolic. We obtain an elliptic
system if two or more roots of the characteristic determinant (G.lO) are complex
roots. This would mean that there exists no paths along which information is
propagated. Such a problem is ill-posed as an initial value problem, as described in
Chapter 7. A system of first order partial differential equations with complex
characteristics is called elliptic. Many steady state systems, with t being dimension
one, and x as the second coordinate, are elliptic.

G.2 Transient Pipe Flow

Transient one-dimensional flow is important in transmission of natural gas in
long pipelines and in the analysis of thermalhydraulics of nuclear reactors where a
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homogeneous equilibrium model is used (Moore and Rettig, 1973; Lyczkowski et
al., 1982). The one-dimensional continuity equation for a compressible gas or for a
homogeneous mixture can be written in terms of the flux, F = pv; the pressure, P;
and the sonic velocity, c, as

ap +c2 aF =.0.
at ax

(0.22)

For the purpose of illustrating the decoupling procedure, the velocity square
term is neglected in the momentum equation. Such an approximation is valid for
reasonably small flow of gas in pipelines compared with the sonic velocity, but is
not valid for blow-down in a nuclear reactor where the velocity of discharge may
be near the critical flow. With such an approximation, the momentum balance with
frictional force per unit volume represented by !w, usually given by means of a
Fanning's type expression, as in Chapter 2, Eq. (2.49), is

aF ap
-+-=!w·at ax

(0.23)

In pipe flow, the energy equation is not needed, since the temperature is con
stant, while in homogeneous two phase flow, the energy equation shows that one of
the characteristics is the velocity of the fluid. Hence, Eqs. (G.22) and (G.23)
define the problem. In matrix form they are written as

(
ap) [0 2)( ap) (0)
~ + 1 Co i~ = i; ·

The characteristic determinant is

(0.24)

-A
IA-AI=

1

Hence, the characteristics are

2

c =A2 _ c2=0.

-A

A=±C.

(G.25)

(G.26)

The decoupling coefficients are obtained as follows:
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Let Wit = 1. Then (G.27) gives

( ~ A + W i2 )=(0).
c -Awi2 0

The two equations from (G.28) give

and

But in view of (G.26), Eqs. (G.29) and (G.30) are the same. Hence,

W i2 =±c.

(G.27)

(0.28)

(G.29)

(G.30)

(G.31)

Let i of one be the positive values of c. The right-hand side of (G.21) is evaluated
as

Then, Eq. (G.21) gives the following ordinary differential equations:

dP dF
-+c-=c!w
dt dt

along the path given by
dx
-=c,
dt

and
dP dF
--c-=-c!w
dt dt

along the path given by

dx
-=-c.
dt

(G.32)

(G.33)

(G.34)

(G.35)

(G.36)
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Chapter 4 presents the more general case for granular flow. It can be shown
that Eqs. (G.33) and (G.35) are simply a rearranged form of the original equations
(0.22) and (G.23). By convective differentiation of (G.33) using (G.34), this
equation as partial differential equation is

ap ap aF 2 aF
-+c-+c-+c -=c!w.at ax at ax

(G.37)

But (G.37) is simply the sum of c times Eq. (G.23) plus Eq. (G.22). Equation
(G.35) can be interpreted similarly.

If c2 in Eq. (G.22) were negative, the characteristics in (G.25) would be
imaginary. The system is then called elliptic. The paths given by Eqs. (G.34) and
(G.36) are then imaginary, that is, no real paths exist. Fortunately, the Second Law
of Thermodynamics guarantees that the sonic velocity c is real. It is the so-called
stability condition (Callen, 1960).

6.3 Dimensionless Representation ofPipe Flow

Transient flow in a pipeline was described by Eqs. (G.22) and (G.23) in the
previous section. Now consider a pipe of length L and a characteristic pressure Po
at the inlet of the pipe at zero time. For isothermal transmission of ideal gas, the
sonic velocity c becomes simply the constant group

(G.38)

where T is the absolute temperature, R the ideal gas law constant, and M its mo
lecular weight. Then, in terms of the dimensionless pipe length x,

_ x
x=-,

L

Eq. (G.34) shows that the natural dimensionless time t is

_ tc .
t =- =TIme X Frequency.

L

(0.39)

(0.40)

This group is a ratio of the real time to the time it takes a pressure wave to
move through the pipe. Since c is of the order of 500 mis, the length of the pipe
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must be of the order of 500 m for the transient to be important. This can be more
clearly seen from the basic Eqs. (G.22) and (G.23). For a large c2 , Eq. (G.22)
shows that the flux variation with distance must be near zero and the pressure is
nearly steady. Then the pressure drop is simply balanced by friction, as seen in Eq.
(G.23). Thus, transients are important only for short durations or for long pipes.
Alternatively, we see that transients are of a high frequency for a steady time
averaged flow, where the frequency is elL. For a gas, the frequencies are high. For
a granular solid flow, where c is of the order of one, the frequencies are low.

In terms of the dimensionless variables discussed earlier, the basic Eqs. (G.33)
to (G.35) become

along the path

along the characteristic

dX
-=1,
dt

dP dF _ (Lfw )----- --
dt dt Po

dX
-=-1,
di

(G.41)

(G.42)

(G.43)

(G.44)

where

P
P=-

Po
- (CF)F= -

Po

- Lf,
and f =----!L.

Po
(G.45)

The set of Eqs. (G.41) to (G.44) characterize both the gas flow in transmission
systems and one-dimensional transient granular flow, if c is taken to be simply a
constant.

6.4 Frictionless Flow Example

It was already described in the text that frictionless flow is described by a wave
equation. Such an equation for pressure or flux is equivalent to Eqs. (G.41) to
(G.44) with zero fw. As an illustration of the method of characteristics consider
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frictionless flow in a pipe as illustrated in Fig. G.1. Initially the flow was constant
and equal to 0.1 in terms of the dimensionless flow rate given by Eq. (G.45). The
pressure drop was linear, decreasing to zero at the end of the pipe. At zero time the
pressure at the end of the pipe was decreased to -0.1 of its initial value at the pipe
entrance. The problem is to compute the transient pressure and flow.

For frictionless flow, Eqs. (G.41) to (G.44) show that

P+F=a (G.46)

along the straight line characteristics with a slope of 45 0
, called a characteristics,

and
(G.47)

along the 1350 characteristics, called ~ characteristics.

BOUNDARY
CONDITIONS:

p = -0.1

EQUATION

(G-45) GIVES

F = a + 0.1

x
C DIMENSIONLESS

LENGTH

0.75 1.0

0.25 0
k

0.1 0.1

/
/

/
/

D

E

DIMENSIONLESS
TIME

r

BOUNDARY
CONDITIONS:

P = I

EQUATION

(G-46) GIVES

F= 1-{3

Fig. G.I Frictionless pipe flow: an illustration of the method of characteristics.
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The dimensionless flow and the pressure can be obtained in terms of the pa
rameters a; and ~ by adding and subtracting equation (G.46) and (G.47) to give

p =(a+~)/2,

Ii =(a-~)/2.

(G.48)

(G.49)

The a values in Fig. G.I are obtained by adding the values of P and F from
the initial condition as required by (G.46). Similarly, the values of ~ are obtained
using (G.47). In the triangular region ABC the pressure and the flow rate are
completely determined by the initial condition from the values of a and ~ shown in
the figure and from Eqs. (G.48) and (G.49). To obtain the solution outside this
region, boundary conditions are necessary. By specifying the pressure at the two
boundaries, the flow rate can be obtained as shown in Fig. G.I. The flow rate
increases with time at both ends of the pipe, as expected.

The a; characteristics which begin at the pipe inlet, such as that shown through
point D, are obtained from the prescribed value of the pressure at the boundary and
Eq. (G.46) to be

a=2-~. (G.50)

Thus, the inlet and the initial conditions determine the solution in region BCE.
To obtain the complete solution, a boundary condition at the pipe exit is required.
With the prescribed pressure depicted in Fig. G.I, the values of ~ are determined
using (G.4I) to be

~=-0.2-a.

6.5 Numerical Solution by Characteristics

(G.51)

The numerical solution to the transient pipe flow problem given by Eqs. (G.41)
to (G.45), with the wall friction fw expressed by the Fanning's equation

(G.52)

with the gas friction coefficient given by Eqs. (2.50) to (2.53), can be obtained by
integrating Eqs. (G.4I) and (G.43) along this respective a and ~ characteristics,



Solution ofHyperbolic System 451

t

x

z
Q
t
o
Z
o
u

>
0:
e::to
z
::>
o
CD

R

DOMAIN
OF

DEPENDENCE
OF R

o A B
INITIAL VALUES OF DEPENDENT VARIABLES

Fig. G.2 Integration using the method of characteristics.

as depicted in Fig. G.2. Integration of (G.41) from points A to R gives

(G.53)

The initial conditions give the values of [SA and FA. The integral on the right of
(G.53) can be integrated by various quadrature formulas. The use of the trapezoi
dal approximation gives the average value of 1 at the two points times the length
of the internal. Hence, (G.53) becomes

(G.54)

Similarly, along the ~ characteristic we obtain
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(G.55)

In view of the nonlinearity of 1 as given by Eq. (0.52), Eqs. (G.54) and (G.55) are
two algebraic non-linear equations for ~ and FR. They can be solved simulta
neously by iteration using the secant method. With the given boundary conditions,
as discussed in the previous frictionless case, the complete solution can be
obtained, as illustrated for the two points above. This technique was extended to
unequal velocity two phase flow by Rasouli et ale (1983). A set of six first order
partial differential equations were solved for the case when the discharge from the
pipe could become critical, as illustrated in Chapter 4 for granular flow.

Figure G.2 also illustrates the concepts of the domain of dependence and the
range of influence. The region ABR is called the domain of dependence of point
R. The range of influence of A is the region in between the ex and the ~ character
istics drawn through the point A. The values given at A affect all the values in such
a region. Hence its name. The figure also shows how the boundary information is
propagated along the characteristics for the pipe flow. For the chromatographic
problem given by Eq. (F.22), the characteristics are all real and positive. Chase et
ale (1969) show this for the case of simultaneous heat and mass transfer with a
constant equilibrium constant. In such a situation, which can be easily generalized
to the general variable coefficient case discussed in this section, the characteristics
demand that data be prescribed at the inlet, as indicated in Fig. G.2 by the dashed
line and points A', B', and R', which correspond to points A, B, and R in the pipe
flow problem.

6.6 Uniqueness ofSolution and Boundary Conditions

It has been shown that the n conservation laws given by the set of n quasi-lin
ear partial differential equations (G.1) can be expressed as set of n ordinary differ
ential equations (G.21) along the n paths generated by the n ordinary differential
equations (G.18), when the characteristics given by the determinant (G.10) are all
real and distinct. In chromatographic separation given by Eq. (F.22), when
Kij =Kji' the matrix A is symmetric. Then the stability condition of thermody
namics (Callen, 1960) appears to require the matrix A to be positive definite. Such
requirements lead to real and positive characteristics. Hence, for a chroma
tographic column all information must be prescribed at the inlet, as is done in ac
tual chromatographic chemical analysis, where a sample to be analyzed is injected
at the inlet of the column. Multiphase flow problems give rise to boundary value
problems, as illustrated by the simple gas transmission problem discussed in the
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previous sections where the characteristics were positive and negative. A further
complication with two phase flow problems is that the popular model A where the
pressure drop is divided between the liquid and the gas phases gives rise to com
plex characteristics and hence to numerical instability and 'a violation of the prin
ciple of cause and effect, as illustrated in Fig. 7.1 A decade of numerical solution
with such models has shown that they can,lead to non-physical behavior in regions
where stabilization with a modulus of elasticity or viscosity fails in an unexpected
way in view of the strong nonlinearity. Hence, such models are not considered
further.

Then for real characteristics the paths can be obtained by integrating Eq.
(cJ.18) between points R and point i=l, 2, 3...n:

x(R) - x(i) rt(R) .=)It(') Ai dt, l =1,2,3 ... n.
t(R)-t(i) I

(G.56)

Along each path i generated by (G.56) Eq. (G.21) gives the integral equation
shown below: '

J
t(R) n dUij Jt(R) T
t(i) ~ wij dt i = t(i) wi b

J=1

(G.57)

For the region determined by the initial values, one can apply the contraction
mapping theorem of functional analysis (Collatz, 1966) to show that when the
functions under the integrals in (G.56) and (G.57) satisfy the Lipschitz condition,
these equations will generate a unique solution which can be obtained by integra
tion. The Lipschitz condition restriction is rather mild since the integrals give lit
times a Jacobian matrix evaluated at some mean values and lit can be made arbi
trarily small. Hence, starting with reasonable initial data we are guaranteed a
unique numerical solution. A prediction can be made. When characteristics are
positive and negative, as in pipe flow, initial values do not determine the complete
solution, as illustrated in Fig. G.2. For the general non-linear problem given by Eq.
(G.1), an existence and uniqueness theorem has surprisingly not been given in the
applied mathematics literature. Since the values, of Ai are not arbitrary, but are
obtained from the conservation equations, as illustrated in Chapter 7, such a task
appears to be feasible.
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