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“Vallis writes explanations as clear as tropical ocean waters, bringing fresh new light to complex
concepts. This expanded text will be immediately useful both for graduate students and seasoned
researchers in the field.”

Dargan M. W. Frierson, University of Washington

“In 2006, Vallis’ first edition of AOFD offered the atmospheric and oceanic sciences community a
truly great book, marking a milestone in our discipline. Well, Vallis has done it again! This second
edition of AOFD represents the pinnacle of a maturing discipline. It is The Great Book of the
field, and it will remain so for a generation or longer. AOFD-2 dives deep into atmospheric and
oceanic fluid dynamics, spanning a wealth of topics while offering the reader lucid, pedagogical,
and thorough presentations across a universe of knowledge. There are really three books here:
one focused on geophysical fluid dynamic fundamentals; a second on atmospheric dynamics; and
a third on oceanic dynamics. Each part offers new material relative to the first edition, as well as the
reworking of earlier presentations to enhance pedagogy and update understanding based on recent
research. . . . the reader is privileged to receive a unified presentation from a master scientific writer
whose pedagogy is unmatched in the discipline. This book is a truly grand achievement. It will be
well used by fluid dynamicists, oceanographers, atmospheric scientists, applied mathematicians, and
physicists for decades to come. Each sentence, paragraph, section, chapter, and figure, are thoughtful
and erudite, providing the reader with insights and rigor needed to truly capture the physical and
mathematical essence of each topic.”

Stephen M. Griffies, Geophysical Fluid Dynamics Laboratory and Princeton University

“Vallis speaks my language. He successfully weaves together fundamental theory, physical intuition,
and observed phenomena to tell the story of geophysical fluid behavior at local and global scales.
This multi-pronged approach makes this an ideal text for both beginners and experts alike - there
is something for everyone. This is why it is the book I use for my class, the book I recommend
to incoming graduate students (no matter their background) and the book I go to first when I need
clarity on GFD topics. The first edition of this book has been my go-to text since it was first published
. . . With the new edition, we now get an even more comprehensive view of how the fundamental
processes that dictate the evolution of our atmosphere and oceans drive the complex phenomena we
observe.”

Elizabeth A. Barnes, Colorado State University

“The first edition . . . provided an exceptionally valuable introduction to the dynamical theory of
the large-scale circulation of the atmosphere and ocean . . . This second edition is a further major
achievement ... It includes significant new material on the atmosphere and on the ocean, presented in
two separate later sections of the book, but building carefully and clearly on the ‘unified’ material in
the first part of the book ... The second edition will be an exceptionally valuable resource for those
designing advanced-level courses, for the students taking those courses and for researchers, many
of whom will surely be stimulated by the clear presentation of existing theory to identify what such
theory does not explain and where progress is needed.”

Peter Haynes, University of Cambridge

“This second edition is even more comprehensive than the first. It now covers subjects such as the
derivation of the first law of thermodynamics, the fundamental physics involved in the meridional
overturning of the ocean, and equatorial oceanography. The book concentrates on the fundamentals
of each subject, with sufficient motivation to make the exposition clear. For good reason, the first
edition is now the standard text for courses in oceanography, and this will clearly continue with this
second edition, helping all of us, not just students, to clarify our understanding of this field.”

Trevor J. McDougall, University of New South Wales

“Researchers looking for an informative and coherent treatment of the dynamics of the atmosphere
and ocean, starting at a fundamental level, and proceeding to advanced topics, will find that this book
is a truly superb resource. The book is particularly notable for its even-handed treatment of the ocean
and the atmosphere and its synthetic discussion of observations, numerics and analytic methods.”

William R. Young, Scripps Institution of Oceanography
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The Falconer
Turning and turning in the widening gyre

W. B. Yeats.

Soaring and diving in the spiraling gyre
The freed falcon divines

Earth’s air and water.
B. A. Wingate, 2017.
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the main narrative are marked with a black diamond, ♦. Sections that contain material that is
still not settled or that describe active areas of research are marked with a dagger, †††.



The sea obscured by vapour that … slid in one mighty mass along the sea shore …The distant
country, overhung by straggling clouds that sailed over it, appeared like the darker clouds,
seen at a great distance apparently motionless, while the nearer ones pass quickly over them,
driven by the lower winds. I never saw such a union of earth, sky and sea. The clouds beneath
our feet spread to the water, and the clouds of the sky almost joined them.
Dorothy Wordsworth, Alfoxden Journal, 1798.

Preface

This is a book on the dynamics of the atmosphere and ocean, with an emphasis on the
fundamentals and on the large-scale circulation. By ‘large-scale’ I mean scales between that
of the weather (a few hundred kilometres in the atmosphere and a few tens of kilometres

in the ocean, which indeed has its own weather) and the global scale. My focus is our own planet
Earth, for that is where we live, but the principles and methodology used should be appropriate for
the study of the atmospheres and oceans of other planets. And even if we stay at home, I try to take
the reader on a journey — from the most basic and classical material to the frontiers of knowledge.

The book is written at a level appropriate for advanced undergraduate or graduate courses; it is
alsomeant to be a useful reference for researchers, and some aspects of the book have the nature of a
researchmonograph. Prior knowledge of fluid dynamics is helpful but is not a requirement, for the
fluid equations are introduced in the first chapter. Similarly, some knowledge of thermodynamics
will ease the reader’s path, but is not essential. On the other hand, the reader is assumed to have a
working knowledge of vector calculus and to know what a partial differential equation is.

Atmospheric and oceanic fluid dynamics (aofd) is both pure and applied. It is a pure because
it involves some of the most fundamental and unsolved problems in fluid dynamics — problems
in turbulence and wave–mean flow interaction, in chaos and predictability, and in the general
circulation itself. It is applied because the climate and weather so profoundly affect the human
condition, and the practice of weather forecasting is a notable example of a successful (yes it is)
applied science. The field is also broad, encompassing such subjects as the general circulation,
instabilities, gyres, boundary layers, waves, convection and turbulence. My goal in this book is
to present a coherent selection of these topics so that the reader will gain a solid grounding in
the fundamentals, motivated by and with an appreciation for the problems of the real world. The
book is primary a theoretical one, but in a number of places observations are used to illustrate the
dynamics and define the problems. And I have tried to lead the reader to the edge of active areas
of research — for a book that limits itself to what is absolutely settled would, I think, be rather dry,
a quality best reserved for martinis and humour.

This book is a major revision of one that first appeared in 2006, and about half of the material
here is new or rewritten. Some of the changes were motivated by the fact that half of the planet lies
equatorward of 30°, that about 20%of themass of the atmosphere lies above 10 km, and that it rains.
Overall, I have tried to encompass the most important aspects of the dynamics and circulation of
both atmosphere and ocean, for the similarities and differences between the two are so instructive
that even if one’s interest is solely in one there is much to be learned by studying the other. Where
the subject matter verges on areas of research, I have focused on ideas and topics that, I think, will
be of lasting value rather than of current fashion; however, this choice is undoubtedly influenced
by my own interests and expertise, not to mention my prejudices.

xiii



xiv Preface

How to Use this Book

This book is a long one, but it might help to think of it as four short ones with a common theme.
These books are on the fundamentals of geophysical fluid dynamics (gfd); waves, instabilities and
turbulence; atmospheric circulation; and ocean circulation. Each short book forms a Part in this
book, and each might form the basis for a course of about a term or a semester, although there is
more material in each than can comfortably be covered unless the course hums along at a torrid
pace. The ordering of the topics follows a logical sequence, but is not the order that the book need
be read. For example, Chapter 1 covers the basic equations of motion for a fluid, including the
requisite thermodynamics. The thermodynamics of seawater belongs to and is included in that
chapter, but this material is quite advanced and is not needed to understand many of the later
chapters, and may be skipped on a first reading. Typically, sections that are more advanced or that
are peripheral to the main narrative are marked with a black diamond, ♦, and sections that contain
matters that are not settled or that describe active areas of research are marked with a dagger, †††,
but there is some overlap and arbitrariness in the markings. In some of these areas the book may
be thought of as a entrance to the original literature and it gives my own view on the subject.

Putting the various topics together in one book will, I hope, emphasize their coherence as part
of a single field. Still, there are many paths through the woods and the following notes may help
steer the reader, although I do not wish to be prescriptive and experienced instructors will chart
their own course. In a nutshell, the material of Part I forms the basis of all that follows, and sub-
sequent Parts may then be read in any order if the reader is willing to cross refer, often to Part II.
With care, one may also construct a single course that combines aspects of Parts II, III and/or IV.

A basic gfd course

A first course in gfd might cover much of Part I and, in many cases, Rossby waves and possibly
baroclinic instability from Part II. If the students have already had a course in fluid dynamics then
much of Chapter 1 can be skipped. Some of the thermodynamics may in any case be omitted on a
first reading, and a basic course might encompass the following:

For students with no fluid mechanics:
Equations of motion, Sections 1.1–1.6, omitting starred sections.
Compressibility, Sections 1.8 and 1.9.
Energetics, Section 1.10 (optional).

Then, for all students:

Rotational effects and Boussinesq equations, Sections 2.1–2.4.
Pressure coordinates, Section 2.6 (optional, mainly for meteorologists).
Hydrostatic and geostrophic balance, Sections 2.7 and 2.8.
Static instability, Section 2.10.
Shallow water equations and geostrophic adjustment: Sections 3.1, 3.2, 3.5, 3.7–3.9.
Vorticity, Sections 4.1–4.4 (for students with no fluids background).
Potential vorticity, some or all of Sections 4.5 and 4.6.
Geostrophic theory, Sections 5.1–5.5.
Ekman layers, Section 5.7.
Rossby waves, Sections 6.4 and 6.5, and possibly Section 16.5 on vertical propagation.
Jet formation, Section 15.1.
Baroclinic instability, Sections 9.5 and/or 9.6.

One option is to use only the Boussinesq equations (and later the shallow water equations) and
the beta plane, eschewing pressure co-ordinates and sphericity, coming back to them later for at-
mospheric applications. This option also makes the derivation of quasi-geostrophy a little easier.
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But meteorologists may well prefer to introduce these topics from the outset, and use pressure co-
ordinates and not the Boussinesq approximation. Many first courses will end after Rossby waves,
although a rapidly-moving course for well-prepared students might cover some aspects of baro-
clinic instability. If waves are being covered separately, then an alternative is to cover some aspect
of the general circulation of the atmosphere or ocean, for example the Stommel model of ocean
gyres in Section 19.1, which is a pedagogical delight.

Subsequent reading
Theother three short books, or Parts to this book, are loosely based onmore advanced courses that
I have taught at various times, and taken together are an attempt to pull together classical ideas and
recent developments in the field into a coherent whole. Each Part is more-or-less self-contained,
although some aspects of Parts III and IV build on Part II, especially the sections on Rossby waves
and baroclinic instability. An understanding of the essentials of geostrophic turbulence and tur-
bulent diffusion will also help. Provided these sections and the material in Part I is mastered the
remaining Parts may be read in any order if the reader is willing to flip pages occasionally and con-
sult other sections as needed. I won’t suggest any specific syllabus to follow apart from the contents
of the book itself, but let me make a few remarks.

Part II: Waves, instabilities and turbulence
Rossby waves, gravity waves and baroclinic instability could form the first half of a second course
on gfd, with wave–mean-flow interaction and/or turbulence the second half. Any one of these
topics could be a full course, especially if supplemented from other sources. wkb methods are
very useful in a variety of practical problems and can readily be taught in an elementary way. If
needs be equatorial waves (Chapter 8) could be treated separately, for it is a little mathematical,
and perhaps folded into a course covering equatorial circulation more generally. One might also
construct a course based around geostrophic turbulence and the mid-latitude circulation of the
atmosphere and/or ocean.

Part III: Atmospheric circulation
My focus here is on the large scale, and on the fundamental aspects of the general circulation —
how wide is the Hadley Cell? why do the surface winds blow eastward in mid-latitudes? why is
there a tropopause and why is it 10 km high and not 5 or 50 km? and so forth. A basic knowledge
of gfd, such as is in the sample course above, is a pre-requisite; other sections of Part II may be
needed but can be consulted as necessary. Chapters 14 and 15 form a pair and should be read
consecutively, and Chapter 16 is in some ways a continuation of Chapter 5 on waves. There are
numerous ways to navigate through these chapters — one might omit the stratosphere chapter,
or it could form the basis for an entire course if other literature were added. The same applies to
Chapter 18 on the tropics, and here especially the material cuts close to the bone of what is known
and other researchers might write a very different chapter.

Part IV: Oceanic circulation
Many of the above comments on atmospheric circulation apply here, as my goal is to describe and
explain the fundamental dynamical processes determining the large-scale structure and circulation
of the ocean—why go gyres havewestern boundary currents? what determines the structure of the
thermocline? why does El Niño occur? As for Part III, a basic knowledge of gfd, such as is in the
sample course above, is a pre-requisite. Chapter 19 onwind-driven gyres is the foundation ofmuch
that follows, and Chapter 20 flows naturally from it. The chapters on the meridional overturning
circulation and El Niño delve into active areas of research, and again others might have written
differently. Both here and in my discussion of atmospheric circulation I take the position of a
practical theoretician; such a person seeks theories or explanations of phenomena, but they should
be relevant to the world about us.
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Miscellany and Acknowledgements
Thebookwaswritten in LATEXusingMinion fonts for text andMinionMath fromTypoma for equa-
tions. I fear that the references at the end disproportionately represent articles written in English
and by British and North American authors, for that is the community I have mainly socialized
with. The references are simply those with which I happen to most familiar — but this is a lazy
choice and I apologize for it. Student exercises, various codes, and all of the figures, may be down-
loaded from the cup website or my own website, which is best obtained using a search engine.

Many, many, colleagues and students have helped in the writing of this book, both by offering
constructive suggestions and by gently and not so gently pointing out errors and misconceptions.
Many thanks to all of you! I acknowledge your input in the endnotes after each chapter, although
I am afraid that I have omitted many of you. If you have additional input or find mistakes, please
email me. I would also like to thank three of my predecessor authors. The pioneering books by
Joe Pedlosky and Adrian Gill paved the way and if those books had not existed I would have had
neither the knowledge nor the courage to write mine. And the book by Rick Salmon taught me
that careful arguments can be couched in plain language, and that an easy-to-read style can at the
same time be clear and precise. I have tried to follow that example.

As with the first edition, this book ultimately owes its existence to my own hubris and selfish-
ness: hubris to think that others might wish to read what I have written, and selfishness because
the enjoyable task of writing such a book masquerades as work.
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NOTATION

Variables are normally set in italics, constants (e.g, π, i) in roman (i.e., upright), differential oper-
ators in roman, vectors in bold, and tensors in bold sans serif. Thus, vector variables are in bold
italics, vector constants (e.g., unit vectors) in bold upright, and tensor variables are in bold slanting
sans serif. A subscript denotes a derivative only if the subscript is a coordinate, such as 𝑥, 𝑦, 𝑧 or
𝑡, or when so denoted in the text. A subscript 0 generally denotes a reference value (e.g., 𝜌0). The
components of a vector are denoted by superscripts. If a fraction contains only two terms in the
denominator then brackets are not always used; thus 1/2π = 1/(2π) ≠ π/2.

The lists below contain only the more important variables or instances of ambiguous notation,
in quasi-alphabetical order, first of Roman characters and then of mainly Greek characters and
operators. Distinct meanings are separated with a semi-colon.

Variable Description

𝑎 Radius of Earth.
𝑏 Buoyancy, −𝑔𝛿𝜌/𝜌0 or 𝑔𝛿𝜃/𝜃.
𝐵 Planck function, often 𝜎𝑇4.
𝒄𝑔 Group velocity, (𝑐𝑥𝑔 , 𝑐

𝑦
𝑔 , 𝑐𝑧𝑔).

𝑐𝑝 Phase speed; heat capacity at constant pressure.
𝑐𝑣 Heat capacity at constant volume.
𝑐𝑠 Sound speed.
𝑓, 𝑓0 Coriolis parameter, and its reference value.
𝒈, 𝑔 Vector acceleration due to gravity, magnitude of 𝒈.
g Gibbs function.
𝐢, 𝐣, 𝐤 Unit vectors in (𝑥, 𝑦, 𝑧) directions.
𝑖; i An integer index; square root of minus one.
𝐼 Internal energy.
𝒌 Wave vector, with components (𝑘, 𝑙, 𝑚) or (𝑘𝑥, 𝑘𝑦, 𝑘𝑧).
𝑘𝑑 Wave number corresponding to deformation radius.
𝐿𝑑 Deformation radius.
𝐿,𝐻 Horizontal length scale, vertical (height) scale.
𝑚 Angular momentum about the Earth’s axis of rotation.
𝑁 Buoyancy, or Brunt–Väisälä, frequency.
𝑝, 𝑝𝑅 Pressure, and a reference value of pressure.
Pr Prandtl ratio, 𝑓0/𝑁.
𝑞 Quasi-geostrophic potential vorticity; water vapour specific humidity.
𝑄 Potential vorticity (in particular Ertel PV).
�̇� Rate of heating.
Ra Rayleigh number.
Re ; Re Real part of expression; Reynolds number, 𝑈𝐿/𝜈.
Ro Rossby number, 𝑈/𝑓𝐿.
𝑆 Salinity; source term on right-hand side of an evolution equation.
𝑆𝑜, 𝑺𝑜 Solenoidal term, solenoidal vector.
𝑇 Temperature; scaling value for time.
𝑡 Time.
𝒖 Two-dimensional (horizontal) velocity, (𝑢, 𝑣).
𝒗 Three-dimensional velocity, (𝑢, 𝑣, 𝑤).
𝑤 Vertical velocity; water vapour mixing ratio.
𝑥, 𝑦, 𝑧 Cartesian coordinates, usually in zonal, meridional and vertical directions.
𝑍 Log-pressure, −𝐻 log𝑝/𝑝𝑅; scaling for 𝑧.
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Variable Description

𝒜 Wave activity.
𝛼 Inverse density, or specific volume; aspect ratio.
𝛽; 𝛽∗ Rate of change of 𝑓 with latitude, 𝜕𝑓/𝜕𝑦; 𝛽∗ = 𝛽 − 𝑢𝑦𝑦
𝛽𝑇, 𝛽𝑆, 𝛽𝑝 Coefficient of expansion with respect to temperature, salinity and pressure, respectively.
𝜖 Generic small parameter (epsilon).
𝜀 Cascade or dissipation rate of energy (varepsilon).
𝜂 Specific entropy; perturbation height; enstrophy cascade or dissipation rate.
𝓕 Eliassen Palm flux, (ℱ𝑦,ℱ𝑧).
𝛾 The ratio 𝑐𝑝/𝑐𝑣; Vorticity gradient, e.g., 𝛽 − 𝑢𝑦𝑦.
𝛤 Lapse rate (sometimes subscripted, e.g., 𝛤𝑧, but here this does not denote a differential).
𝜅 Diffusivity; the ratio 𝑅/𝑐𝑝.
𝒦 Kolmogorov or Kolmogorov-like constant.
𝛬 Shear, e.g., 𝜕𝑈/𝜕𝑧.
𝜇 Viscosity; chemical potential.
𝜈 Kinematic viscosity, 𝜇/𝜌.
𝑣 Meridional component of velocity.
𝒫 Pseudomomentum.
𝜙 Pressure divided by density, 𝑝/𝜌.
𝜑 Passive tracer.
𝛷 Geopotential, usually 𝑔𝑧; scaling value of 𝜙.
𝛱 Exner function,𝛱 = 𝑐𝑝𝑇/𝜃 = 𝑐𝑝(𝑝/𝑝𝑅)𝑅/𝑐𝑝 ; an enthalpy-like quantity.
𝝎 Vorticity.
𝛺,𝜴 Rotation rate of Earth and associated vector.
𝜓 Streamfunction.
𝜌 Density.
𝜌𝜃 Potential density.
𝜎 Layer thickness, 𝜕𝑧/𝜕𝜃; Prandtl number 𝜈/𝜅; measure of density, 𝜌 − 1000.
𝝉 Stress vector, often wind stress.
𝝉 Kinematic stress, 𝝉/𝜌 .
𝜏 Zonal component or magnitude of wind stress; eddy turnover time; optical depth.
𝜃; 𝛩 Potential temperature; generic thermodynamic variable, often conservative temperature.
𝜗, 𝜆 Latitude, longitude.
𝜁 Vertical component of vorticity.

(𝜕𝑎
𝜕𝑏
)
𝑐

Derivative of 𝑎 with respect to 𝑏 at constant 𝑐.

�𝜕𝑎
𝜕𝑏
|
𝑐

Derivative of 𝑎 with respect to 𝑏 evaluated at 𝑏 = 𝑐.

∇𝑎 Gradient operator at constant value of coordinate 𝑎. Thus, ∇𝑧 = 𝐢𝜕𝑥 + 𝐣𝜕𝑦.
∇𝑎⋅ Divergence operator at constant value of coordinate 𝑎. Thus, ∇𝑧⋅ = (𝐢𝜕𝑥 + 𝐣𝜕𝑦)⋅.
∇⟂ Perpendicular gradient, ∇⟂𝜙 ≡ 𝐤 × ∇𝜙.
curl𝑧 Vertical component of ∇× operator, curl𝑧𝑨 = 𝐤 ⋅ ∇ × 𝑨 = 𝜕𝑥𝐴𝑦 − 𝜕𝑦𝐴𝑥.
D
D𝑡

Material derivative (generic).

D𝑔
D𝑡

Material derivative using geostrophic velocity, for example 𝜕/𝜕𝑡 + 𝒖𝑔 ⋅ ∇.



Part I

FUNDAMENTALS OF
GEOPHYSICAL FLUID DYNAMICS





To begin at the beginning:
It is spring, moonless night in the small town,
starless and bible-black, the cobblestreets silent
and the hunched, courters’-and-rabbits’ wood limping invisible down
to the sloeblack, slow, black, crowblack, fishingboat-bobbing sea.
Dylan Thomas, Under Milk Wood, 1954.

CHAPTER 1

Equations of Motion

Having nothing but a blank slate, we begin by establishing the governing equations of
motion for a fluid, with particular attention to the fluids of Earth’s atmosphere and ocean.
These equations determine how a fluid flows and evolves when forces are applied to it, or

when it is heated or cooled, and so involve both dynamics and thermodynamics. And because the
equations of motion are nonlinear the two become intertwined and at times inseparable.

1.1 TIME DERIVATIVES FOR FLUIDS
The equations of motion of fluid mechanics differ from those of rigid-body mechanics because flu-
ids form a continuum, and because fluids flow and deform. Thus, even though the same relatively
simple physical laws (Newton’s laws and the laws of thermodynamics) govern both solid and fluid
media, the expression of these laws differs between the two. To determine the equations of motion
for fluids we must clearly establish what the time derivative of some property of a fluid actually
means, and that is the subject of this section.

1.1.1 Field and Material Viewpoints
In solid-body mechanics one is normally concerned with the position and momentum of identifi-
able objects — the angular velocity of a spinning top or the motions of the planets around the Sun
are two well-worn examples. The position and velocity of a particular object are then computed as
a function of time by formulating equations of the form

d𝑥𝑖
d𝑡
= 𝐹({𝑥𝑖}, 𝑡), (1.1)

where {𝑥𝑖} is the set of positions and velocities of all the interacting objects and the operator 𝐹 on
the right-hand side is formulated using Newton’s laws of motion. For example, two massive point
objects interacting via their gravitational field obey

d𝒓𝑖
d𝑡
= 𝒗𝑖,

d𝒗𝑖
d𝑡
=
𝐺𝑚𝑗
(𝒓𝑖 − 𝒓𝑗)2

̂𝒓𝑖,𝑗, 𝑖 = 1, 2; 𝑗 = 3 − 𝑖. (1.2)

We thereby predict the positions, 𝒓𝑖, and velocities, 𝒗𝑖, of the objects given their masses, 𝑚𝑖, and
the gravitational constant 𝐺, and where ̂𝒓𝑖,𝑗 is a unit vector directed from 𝒓𝑖 to 𝒓𝑗.

3
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In fluid dynamics such a procedure would lead to an analysis of fluid motions in terms of
the positions and momenta of different fluid parcels, each identified by some label, which might
simply be their position at an initial time. We call this a material point of view, because we are
concerned with identifiable pieces of material; it is also sometimes called a Lagrangian view, after
J.-L. Lagrange. The procedure is perfectly acceptable in principle, and if followed would provide a
complete description of the fluid dynamical system. However, from a practical point of view it is
much more than we need, and it would be extremely complicated to implement. Instead, for most
problems we would like to know what the values of velocity, density and so on are at fixed points in
space as time passes. (Aweather forecast wemight care about tells us howwarm it will be where we
live and, if we are given that, we do not particularly care where a fluid parcel comes from, or where
it subsequently goes.) Since the fluid is a continuum, this knowledge is equivalent to knowing how
the fields of the dynamical variables evolve in space and time, and this is often known as the field
or Eulerian viewpoint, after L. Euler.1 Thus, whereas in the material view we consider the time
evolution of identifiable fluid elements, in the field view we consider the time evolution of the fluid
field from a particular frame of reference. That is, we seek evolution equations of the general form

𝜕
𝜕𝑡
𝜑(𝑥, 𝑦, 𝑧, 𝑡) = 𝒢(𝜑, 𝑥, 𝑦, 𝑧, 𝑡), (1.3)

where the field 𝜑(𝑥, 𝑦, 𝑧, 𝑡) represents all the dynamical variables (velocity, density, temperature,
etc.) and 𝒢 is some operator to be determined from Newton’s laws of motion and appropriate
thermodynamic laws.

Although the field viewpoint will often turn out to be the most practically useful, the material
description is invaluable both in deriving the equations and in the subsequent insight it frequently
provides. This is because the important quantities from a fundamental point of view are often those
which are associated with a given fluid element: it is these which directly enter Newton’s laws of
motion and the thermodynamic equations. It is thus important to have a relationship between the
rate of change of quantities associated with a given fluid element and the local rate of change of a
field. The material or advective derivative provides this relationship.

1.1.2 The Material Derivative of a Fluid Property
A fluid element is an infinitesimal, indivisible, piece of fluid — effectively a very small fluid parcel
of fixed mass. The material derivative is the rate of change of a property (such as temperature or
momentum) of a particular fluid element or finitemass of fluid; that is, it is the total time derivative
of a property of a piece of fluid. It is also known as the ‘substantive derivative’ (the derivative associ-
ated with a parcel of fluid substance), the ‘advective derivative’ (because the fluid property is being
advected), the ‘convective derivative’ (convection is a slightly old-fashioned name for advection,
still used in some fields), or the ‘Lagrangian derivative’ (after Lagrange).

Let us suppose that a fluid is characterized by a given velocity field 𝒗(𝒙, 𝑡), which determines its
velocity throughout. Let us also suppose that the fluid has another property 𝜑, and let us seek an
expression for the rate of change of 𝜑 of a fluid element. Since 𝜑 is changing in time and in space
we use the chain rule,

𝛿𝜑 = 𝜕𝜑
𝜕𝑡
𝛿𝑡 + 𝜕𝜑
𝜕𝑥
𝛿𝑥 + 𝜕𝜑
𝜕𝑦
𝛿𝑦 + 𝜕𝜑
𝜕𝑧
𝛿𝑧 = 𝜕𝜑
𝜕𝑡
𝛿𝑡 + 𝛿𝒙 ⋅ ∇𝜑. (1.4)

This is true in general for any 𝛿𝑡, 𝛿𝑥, etc. The total time derivative is then

d𝜑
d𝑡
= 𝜕𝜑
𝜕𝑡
+ d𝒙

d𝑡
⋅ ∇𝜑. (1.5)

If this equation is to represent a material derivative we must identify the time derivative in the
second term on the right-hand side with the rate of change of position of a fluid element, namely
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its velocity. Hence, the material derivative of the property 𝜑 is

d𝜑
d𝑡
= 𝜕𝜑
𝜕𝑡
+ 𝒗 ⋅ ∇𝜑. (1.6)

The right-hand side expresses the material derivative in terms of the local rate of change of 𝜑 plus
a contribution arising from the spatial variation of 𝜑, experienced only as the fluid parcel moves.
Because the material derivative is so common, and to distinguish it from other derivatives, we
denote it by the operator D/D𝑡. Thus, the material derivative of the field 𝜑 is

D𝜑
D𝑡
= 𝜕𝜑
𝜕𝑡
+ (𝒗 ⋅ ∇)𝜑. (1.7)

The brackets in the last term of this equation are helpful in reminding us that (𝒗 ⋅ ∇) is an operator
acting on 𝜑. The operator 𝜕/𝜕𝑡 + (𝒗 ⋅ ∇) is the Eulerian representation of the Lagrangian derivative
as applied to a field. We use the notation D/D𝑡 rather generally for Lagrangian derivatives, but the
operator may take a different form when applied to other objects, such as a fluid volume.

Material derivative of vector field
The material derivative may act on a vector field 𝒃, in which case

D𝒃
D𝑡
= 𝜕𝒃
𝜕𝑡
+ (𝒗 ⋅ ∇)𝒃. (1.8)

In Cartesian coordinates this is
D𝒃
D𝑡
= 𝜕𝒃
𝜕𝑡
+ 𝑢𝜕𝒃
𝜕𝑥
+ 𝑣 𝜕𝒃
𝜕𝑦
+ 𝑤𝜕𝒃
𝜕𝑧
, (1.9)

and for a particular component of 𝒃, 𝑏𝑥 say,
D𝑏𝑥
D𝑡
= 𝜕𝑏
𝑥

𝜕𝑡
+ 𝑢𝜕𝑏

𝑥

𝜕𝑥
+ 𝑣𝜕𝑏

𝑥

𝜕𝑦
+ 𝑤𝜕𝑏

𝑥

𝜕𝑧
, (1.10)

and similarly for 𝑏𝑦 and 𝑏𝑧. In Cartesian tensor notation the expression becomes

D𝑏𝑖
D𝑡
= 𝜕𝑏𝑖
𝜕𝑡
+ 𝑣𝑗
𝜕𝑏𝑖
𝜕𝑥𝑗
= 𝜕𝑏𝑖
𝜕𝑡
+ 𝑣𝑗𝜕𝑗𝑏𝑖 , (1.11)

where the subscripts denote the Cartesian components, repeated indices are summed, and 𝜕𝑗𝑏𝑖 ≡
𝜕𝑏𝑖/𝜕𝑥𝑗. In coordinate systems other than Cartesian the advective derivative of a vector is not sim-
ply the sum of the advective derivative of its components, because the coordinate vectors them-
selves change direction with position; this will be important when we deal with spherical coordi-
nates. Finally, we remark that the advective derivative of the position of a fluid element, 𝒓 say, is
its velocity, and this may easily be checked by explicitly evaluating D𝒓/D𝑡.

1.1.3 Material Derivative of a Volume
The volume that a given, unchanging, mass of fluid occupies is deformed and advected by the fluid
motion, and there is no reason why it should remain constant. Rather, the volume will change as
a result of the movement of each element of its bounding material surface, and in particular will
change if there is a non-zero normal component of the velocity at the fluid surface. That is, if the
volume of some fluid is ∫ d𝑉, then

D
D𝑡
∫
𝑉
d𝑉 = ∫

𝑆
𝒗 ⋅ d𝑺, (1.12)
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where the subscript 𝑉 indicates that the integral is a definite integral over some finite volume 𝑉,
although the limits of the integral will be functions of time if the volume is changing. The integral
on the right-hand side is over the closed surface, 𝑆, bounding the volume. Although intuitively
apparent (to some), this expression may be derived more formally using Leibniz’s formula for the
rate of change of an integral whose limits are changing. Using the divergence theorem on the
right-hand side, (1.12) becomes

D
D𝑡
∫
𝑉
d𝑉 = ∫

𝑉
∇ ⋅ 𝒗 d𝑉. (1.13)

The rate of change of the volume of an infinitesimal fluid element of volume 𝛥𝑉 is obtained by
taking the limit of this expression as the volume tends to zero, giving

lim
𝛥𝑉→0
1
𝛥𝑉

D𝛥𝑉
D𝑡
= ∇ ⋅ 𝒗. (1.14)

We will often write such expressions informally as

D𝛥𝑉
D𝑡
= 𝛥𝑉∇ ⋅ 𝒗, (1.15)

with the limit implied.
Consider now the material derivative of some fluid property, 𝜉 say, multiplied by the volume of

a fluid element, 𝛥𝑉. Such a derivative arises when 𝜉 is the amount per unit volume of 𝜉-substance
— the mass density or the amount of a dye per unit volume, for example. Then we have

D
D𝑡
(𝜉𝛥𝑉) = 𝜉D𝛥𝑉

D𝑡
+ 𝛥𝑉D𝜉

D𝑡
. (1.16)

Using (1.15) this becomes
D
D𝑡
(𝜉𝛥𝑉) = 𝛥𝑉(𝜉∇ ⋅ 𝒗 + D𝜉

D𝑡
) , (1.17)

and the analogous result for a finite fluid volume is just

D
D𝑡
∫
𝑉
𝜉d𝑉 = ∫

𝑉
(𝜉∇ ⋅ 𝒗 + D𝜉

D𝑡
) d𝑉. (1.18)

This expression is to be contrasted with the Eulerian derivative for which the volume, and so the
limits of integration, are fixed and we have

d
d𝑡
∫
𝑉
𝜉d𝑉 = ∫

𝑉

𝜕𝜉
𝜕𝑡

d𝑉. (1.19)

Now consider the material derivative of a fluid property 𝜑 multiplied by the mass of a fluid
element, 𝜌𝛥𝑉, where 𝜌 is the fluid density. Such a derivative arises when 𝜑 is the amount of 𝜑-
substance per unit mass (note, for example, that the momentum of a fluid element is 𝜌𝒗𝛥𝑉). The
material derivative of 𝜑𝜌𝛥𝑉 is given by

D
D𝑡
(𝜑𝜌𝛥𝑉) = 𝜌𝛥𝑉D𝜑

D𝑡
+ 𝜑 D

D𝑡
(𝜌𝛥𝑉). (1.20)

But 𝜌𝛥𝑉 is just the mass of the fluid element, and that is constant — that is how a fluid element is
defined. Thus the second term on the right-hand side vanishes and

D
D𝑡
(𝜑𝜌𝛥𝑉) = 𝜌𝛥𝑉D𝜑

D𝑡
and D

D𝑡
∫
𝑉
𝜑𝜌d𝑉 = ∫

𝑉
𝜌D𝜑

D𝑡
d𝑉, (1.21a,b)
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Material and Eulerian Derivatives

The material derivatives of a scalar (𝜑) and a vector (𝒃) field are given by:

D𝜑
D𝑡
= 𝜕𝜑
𝜕𝑡
+ 𝒗 ⋅ ∇𝜑, D𝒃

D𝑡
= 𝜕𝒃
𝜕𝑡
+ (𝒗 ⋅ ∇)𝒃. (D.1)

Various material derivatives of integrals are:

D
D𝑡
∫
𝑉
𝜑d𝑉 = ∫

𝑉
(D𝜑

D𝑡
+ 𝜑∇ ⋅ 𝒗) d𝑉 = ∫

𝑉
(𝜕𝜑
𝜕𝑡
+ ∇ ⋅ (𝜑𝒗)) d𝑉, (D.2)

D
D𝑡
∫
𝑉
d𝑉 = ∫

𝑉
∇ ⋅ 𝒗 d𝑉, (D.3)

D
D𝑡
∫
𝑉
𝜌𝜑d𝑉 = ∫

𝑉
𝜌D𝜑

D𝑡
d𝑉. (D.4)

These formulae also hold if 𝜑 is a vector. The Eulerian derivative of an integral is:

d
d𝑡
∫
𝑉
𝜑d𝑉 = ∫

𝑉

𝜕𝜑
𝜕𝑡

d𝑉, (D.5)

so that

d
d𝑡
∫
𝑉

d𝑉 = 0 and d
d𝑡
∫
𝑉
𝜌𝜑d𝑉 = ∫

𝑉

𝜕𝜌𝜑
𝜕𝑡

d𝑉. (D.6)

where (1.21b) applies to a finite volume. That expression may also be derived more formally using
Leibniz’s formula for the material derivative of an integral, and the result also holds when 𝜑 is
a vector. The result is quite different from the corresponding Eulerian derivative, in which the
volume is kept fixed; in that case we have:

d
d𝑡
∫
𝑉
𝜑𝜌d𝑉 = ∫

𝑉

𝜕
𝜕𝑡
(𝜑𝜌) d𝑉. (1.22)

Various material and Eulerian derivatives are summarized in the shaded box above.

1.2 THE MASS CONTINUITY EQUATION
In classical mechanics mass is absolutely conserved and in solid-body mechanics we normally do
not need an explicit equation of mass conservation. However, in fluid mechanics fluid flows into
and away from regions, and fluid density may change, and an equation that explicitly accounts for
the flow of mass is one of the equations of motion of the fluid.

1.2.1 An Eulerian Derivation
We will first derive the mass conservation equation from an Eulerian point of view; that is to say,
our reference frame is fixed in space and the fluid flows through it.
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Fig. 1.1 Mass conservation in an Eule-
rian cuboid control volume. The mass
convergence, −𝜕(𝜌𝑢)/𝜕𝑥 (plus contribu-
tions from the 𝑦 and 𝑧 directions), must
be balanced by a density increase, 𝜕𝜌/𝜕𝑡 .

Cartesian derivation
Consider an infinitesimal, rectangular cuboid, control volume,𝛥𝑉 = 𝛥𝑥𝛥𝑦𝛥𝑧 that is fixed in space,
as in Fig. 1.1. Fluidmoves into or out of the volume through its surface, including through its faces
in the 𝑦–𝑧 plane of area 𝛥𝐴 = 𝛥𝑦𝛥𝑧 at coordinates 𝑥 and 𝑥+𝛥𝑥. The accumulation of fluid within
the control volume due to motion in the 𝑥-direction is evidently

𝛥𝑦𝛥𝑧[(𝜌𝑢)(𝑥, 𝑦, 𝑧) − (𝜌𝑢)(𝑥 + 𝛥𝑥, 𝑦, 𝑧)] = �−𝜕(𝜌𝑢)
𝜕𝑥
|
𝑥,𝑦,𝑧
𝛥𝑥𝛥𝑦𝛥𝑧. (1.23)

To this must be added the effects of motion in the 𝑦- and 𝑧-directions, namely

− [ �𝜕(𝜌𝑣)
𝜕𝑦
+ 𝜕(𝜌𝑤)
𝜕𝑧
]�𝛥𝑥𝛥𝑦𝛥𝑧. (1.24)

This net accumulation of fluid must be accompanied by a corresponding increase of fluid mass
within the control volume. This is

𝜕
𝜕𝑡
(density × volume) = 𝛥𝑥𝛥𝑦𝛥𝑧𝜕𝜌

𝜕𝑡
, (1.25)

because the volume is constant. Thus, because mass is conserved, (1.23), (1.24) and (1.25) give

𝛥𝑥𝛥𝑦𝛥𝑧 [𝜕𝜌
𝜕𝑡
+ 𝜕(𝜌𝑢)
𝜕𝑥
+ 𝜕(𝜌𝑣)
𝜕𝑦
+ 𝜕(𝜌𝑤)
𝜕𝑧
] = 0. (1.26)

The quantity in square brackets must be zero and we therefore have

𝜕𝜌
𝜕𝑡
+ ∇ ⋅ (𝜌𝒗) = 0. (1.27)

This is called themass continuity equation for it recognizes the continuous nature of themass field in
a fluid. There is no diffusion term in (1.27), no term like 𝜅∇2𝜌. This is because mass is transported
by the macroscopic movement of molecules; even if this motion appears diffusion-like any net
macroscopic molecular motion constitutes, by definition, a velocity field.

Vector derivation
Consider an arbitrary control volume𝑉 bounded by a surface 𝑆, fixed in space, with by convention
the direction of 𝑺 being toward the outside of 𝑉, as in Fig. 1.2. The rate of fluid loss due to flow
through the closed surface 𝑆 is then given by

fluid loss = ∫
𝑆
𝜌𝒗 ⋅ d𝑺 = ∫

𝑉
∇ ⋅ (𝜌𝒗) d𝑉, (1.28)
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Fluid loss

Surface element, 

points outward

Mass increase

=

∫
S

ρv · dS

=

∫
V

∇ · (ρv)dV

dS

Mass increase

d

Fig. 1.2 Mass conservation in an arbitrary
Eulerian control volume 𝑉 bounded by a sur-
face 𝑆. The mass increase, ∫

𝑉
(𝜕𝜌/𝜕𝑡) d𝑉 is

equal to the mass flowing into the volume,
−∫
𝑆
(𝜌𝒗) ⋅ d𝑺 = −∫

𝑉
∇ ⋅ (𝜌𝒗) d𝑉.

using the divergence theorem.
Thismust be balanced by a change in themass𝑀 of the fluid within the control volume, which,

since its volume is fixed, implies a density change. That is

fluid loss = −d𝑀
d𝑡
= − d

d𝑡
∫
𝑉
𝜌d𝑉 = −∫

𝑉

𝜕𝜌
𝜕𝑡

d𝑉. (1.29)

Equating (1.28) and (1.29) yields

∫
𝑉
[𝜕𝜌
𝜕𝑡
+ ∇ ⋅ (𝜌𝒗)] d𝑉 = 0. (1.30)

Because the volume is arbitrary, the integrand must vanish and we recover (1.27).

1.2.2 Mass Continuity via the Material Derivative
We now derive the mass continuity equation (1.27) from a material perspective. This is the most
fundamental approach of all since the principle of mass conservation states simply that the mass
of a given element of fluid is, by definition of the element, constant. Thus, consider a small mass
of fluid of density 𝜌 and volume 𝛥𝑉.Then conservation of mass may be represented by

D
D𝑡
(𝜌𝛥𝑉) = 0. (1.31)

Both the density and the volume of the parcel may change, so

𝛥𝑉D𝜌
D𝑡
+ 𝜌D𝛥𝑉

D𝑡
= 𝛥𝑉(D𝜌

D𝑡
+ 𝜌∇ ⋅ 𝒗) = 0, (1.32)

where the second expression follows using (1.15). Since the volume element is arbitrary, the term
in brackets must vanish and

D𝜌
D𝑡
+ 𝜌∇ ⋅ 𝒗 = 0. (1.33)

After expansion of the first term this becomes identical to (1.27). This result may be derived more
formally by rewriting (1.31) as the integral expression

D
D𝑡
∫
𝑉
𝜌d𝑉 = 0. (1.34)
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Expanding the derivative using (1.18) gives

D
D𝑡
∫
𝑉
𝜌d𝑉 = ∫

𝑉
(D𝜌

D𝑡
+ 𝜌∇ ⋅ 𝒗) d𝑉 = 0. (1.35)

Because the volume over which the integral is taken is arbitrary the integrand itself must vanish
and we recover (1.33). Summarizing, equivalent partial differential equations representing conser-
vation of mass are:

D𝜌
D𝑡
+ 𝜌∇ ⋅ 𝒗 = 0, 𝜕𝜌

𝜕𝑡
+ ∇ ⋅ (𝜌𝒗) = 0. (1.36a,b)

1.2.3 A General Continuity Equation
The derivation of a continuity equation for a general scalar property of a fluid is similar to that for
density, except that there may be an external source or sink, and potentially a means of transfer-
ring the property from one location to another differently than by fluid motion, for example by
diffusion. If 𝜉 is the amount of some property of the fluid per unit volume (the volume concen-
tration, sometimes simply called the concentration), and if the net effect per unit volume of all
non-conservative processes is denoted by 𝑄[𝑣,𝜉], then the continuity equation for concentration
may be written:

D
D𝑡
(𝜉𝛥𝑉) = 𝑄[𝑣,𝜉]𝛥𝑉. (1.37)

Expanding the left-hand side and using (1.15) we obtain

D𝜉
D𝑡
+ 𝜉∇ ⋅ 𝒗 = 𝑄[𝑣,𝜉], or 𝜕𝜉

𝜕𝑡
+ ∇ ⋅ (𝜉𝒗) = 𝑄[𝑣,𝜉]. (1.38)

If we are interested in a tracer that is normally measured per unit mass of fluid (which is typical
when considering thermodynamic quantities) then the conservation equation would be written

D
D𝑡
(𝜑𝜌𝛥𝑉) = 𝑄[𝑚,𝜑]𝜌𝛥𝑉, (1.39)

where 𝜑 is the tracer mixing ratio or mass concentration — that is, the amount of tracer per unit
fluid mass — and𝑄[𝑚,𝜑] represents non-conservative sources of 𝜑 per unit mass. Then, since 𝜌𝛥𝑉
is constant we obtain

D𝜑
D𝑡
= 𝑄[𝑚,𝜑] or 𝜕(𝜌𝜑)

𝜕𝑡
+ ∇ ⋅ (𝜌𝜑𝒗) = 𝜌𝑄[𝑚,𝜑], (1.40)

using the mass continuity equation, (1.36), to obtain the equation on the right. The source term
𝑄[𝑚,𝜑] is evidently equal to the rate of change of 𝜑 of a fluid element. When this is so, we often
write it simply as �̇�, so that

D𝜑
D𝑡
= �̇�. (1.41)

A tracer obeying (1.41) with �̇� = 0 is said to be materially conserved. If a tracer is materially
conserved except for the effects of sources or sinks, or diffusion terms, then it is sometimes (if
rather loosely) said to be an ‘adiabatically conserved’ variable, although adiabatic properly means
with no heat exchange. If those sources and sinks are in the form of the divergence of a flux with
𝜑 satisfying 𝜌D𝜑/D𝑡 = ∇ ⋅ 𝑭𝜑 or equivalently, using the mass continuity equation, 𝜕(𝜌𝜑)/𝜕𝑡 + ∇ ⋅
(𝜌𝒗𝜑) = ∇⋅𝑭𝜑, then𝜑 is said to be a conservative variable because, with no flux boundary conditions,
∫ 𝜌𝜑 d𝑉 = constant. Although momentum as a whole is conserved, momentum is not a materially
conserved variable, as we are about to see.



1.3 The Momentum Equation 11

1.3 THE MOMENTUM EQUATION
The momentum equation is a partial differential equation that describes how the velocity or mo-
mentum of a fluid responds to internal and imposed forces. We will derive it using material meth-
ods, with a very heuristic treatment of the terms representing pressure and viscous forces.

1.3.1 Advection
Let𝒎(𝑥, 𝑦, 𝑧, 𝑡) be the momentum-density field (momentum per unit volume) of the fluid. Thus,
𝒎 = 𝜌𝒗 and the total momentum of a volume of fluid is given by the volume integral ∫𝑉𝒎d𝑉.
Now, for a fluid the rate of change of a momentum of an identifiable fluid mass is given by the
material derivative, and by Newton’s second law this is equal to the force acting on it. Thus,

D
D𝑡
∫
𝑉
𝜌𝒗d𝑉 = ∫

𝑉
𝑭d𝑉, (1.42)

where 𝑭 is the force per unit volume. Now, using (1.21b) (with 𝜑 replaced by 𝒗) to transform the
left-hand side of (1.42), we obtain

∫
𝑉
(𝜌D𝒗

D𝑡
− 𝑭) d𝑉 = 0. (1.43)

Because the volume is arbitrary the integrand itself must vanish and we obtain

𝜌D𝒗
D𝑡
= 𝑭 or 𝜕𝒗

𝜕𝑡
+ (𝒗 ⋅ ∇)𝒗 = 𝑭

𝜌
, (1.44a,b)

having used (1.8) to expand the material derivative.
We have thus obtained an expression for how a fluid accelerates if subject to known forces.

These forces are, however, not all external to the fluid itself: a stress arises from the direct contact
between one fluid parcel and another, giving rise to pressure and viscous forces, sometimes referred
to as contact forces. Because a complete treatment of these forces would be very lengthy, and is
available elsewhere, we treat them informally and intuitively.

1.3.2 Pressure and Viscous Forces
Pressure
Within or at the boundary of a fluid the pressure is the normal force per unit area due to the
collective action of molecular motion. Thus

d𝑭𝑝 = −𝑝 d𝑺, (1.45)

where 𝑝 is the pressure, 𝑭𝑝 is the pressure force and d𝑺 an infinitesimal surface element. If we
grant ourselves this intuitive notion, it is a simple matter to assess the influence of pressure on a
fluid, for the pressure force on a volume of fluid is the integral of the pressure over its boundary
and so

𝑭𝑝 = −∫
𝑆
𝑝d𝑺. (1.46)

The minus sign arises because the pressure force is directed inwards, whereas 𝑺 is a vector normal
to the surface and directed outwards. Applying a form of the divergence theorem to the right-hand
side gives

𝑭𝑝 = −∫
𝑉
∇𝑝d𝑉, (1.47)

where the volume𝑉 is bounded by the surface 𝑆. Thepressure force per unit volume,𝑭𝑝, is therefore
just −∇𝑝, and the force per unit mass is ∇𝑝/𝜌. The force is evidently non-zero only if the pressure
varies in space and for this reason it is more properly known as the pressure-gradient force.
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Table 1.1 Experimental values of viscosity for air, water and mercury
at room temperature and pressure. 𝜇 ( kgm−1 s−1) 𝜈 (m2 s−1)

Air 1.8 × 10−5 1.5 × 10−5
Water 1.1 × 10−3 1.1 × 10−6
Mercury 1.6 × 10−3 1.2 × 10−7

Viscosity
Viscosity, like pressure, is a force due to the internalmotion ofmolecules. The effects of viscosity are
apparent in many situations — the flow of treacle or volcanic lava are obvious examples. In other
situations, for example large-scale flow in the atmosphere, viscous effects are negligible. However,
for a constant density fluid viscosity is the only way that energy may be removed from the fluid, so
that if energy is being added in some way viscosity must ultimately become important if the fluid
is to reach an equilibrium in which energy input equals energy dissipation. When tea is stirred in
a cup, it is viscous effects that cause the fluid to eventually stop spinning after we have removed
our spoon.

A number of textbooks show that, for most Newtonian fluids, the viscous force per unit vol-
ume is approximately equal to 𝜇∇2𝒗, where 𝜇 is the viscosity. Obtaining this expression involves
making an incompressibility assumption and is not exact, but it is in fact a good approximation for
most liquids and gases. With this term and the pressure-gradient force the momentum equation
becomes,

𝜕𝒗
𝜕𝑡
+ (𝒗 ⋅ ∇)𝒗 = −1

𝜌
∇𝑝 + 𝜈∇2𝒗 + 𝑭𝑏, (1.48)

where 𝜈 ≡ 𝜇/𝜌 is the kinematic viscosity and 𝑭𝑏 represents external body forces (per unit mass)
such as gravity, 𝒈. Equation (1.48) is sometimes called the Navier–Stokes equation. For gases,
dimensional arguments suggest that the magnitude of 𝜈 should be given by

𝜈 ∼ mean free path ×mean molecular velocity, (1.49)

which for a typical molecular velocity of 300ms−1 and a mean free path of 7×10−8m gives the not
unreasonable estimate of 2.1 × 10−5m2 s−1, within a factor of two of the experimental value (Table
1.1). Interestingly, the kinematic viscosity is smaller for water and mercury than it is for air.

1.3.3 Hydrostatic Balance
Thevertical component— the component parallel to the gravitational force,𝒈—of themomentum
equation is

D𝑤
D𝑡
= −1
𝜌
𝜕𝑝
𝜕𝑧
− 𝑔, (1.50)

where𝑤 is the vertical component of the velocity and𝒈 = −𝑔𝐤. If the fluid is static the gravitational
term is balanced by the pressure term and we have

𝜕𝑝
𝜕𝑧
= −𝜌𝑔, (1.51)

and this relation is known as hydrostatic balance, or hydrostasy. It is clear in this case that the
pressure at a point is given by the weight of the fluid above it, provided 𝑝 = 0 at the top of the fluid.
It might also appear that (1.51) would be a good approximation to (1.50) provided that vertical
accelerations, D𝑤/D𝑡, are small compared to gravity, which is nearly always the case in the atmo-
sphere and ocean. While this statement is true if we need only a reasonable approximate value of
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the pressure at a point or in a column, the satisfaction of this condition is not sufficient to ensure
that (1.51) provides an accurate enough pressure to determine the horizontal pressure gradients
responsible for producing motion. We return to this point in Section 2.7.

1.4 THE EQUATION OF STATE
In three dimensions the momentum and continuity equations provide four equations, but contain
five unknowns — three components of velocity, density and pressure. Obviously other equations
are needed, and an equation of state is an expression that diagnostically relates the various ther-
modynamic variables to each other. The conventional equation of state, or the thermal equation
of state, is an expression that relates temperature, pressure, composition (the mass fraction of the
various constituents) and density, and we may write it, rather generally, as

𝑝 = 𝑝(𝜌, 𝑇, 𝜑𝑛), (1.52)

where 𝜑𝑛 is mass fraction of the 𝑛th constituent. An equation of this form is not the most funda-
mental equation of state from a thermodynamic perspective, an issue we visit later, but it connects
readily measurable quantities.

For an ideal gas (and the air in the Earth’s atmosphere is very close to ideal) the thermal equa-
tion of state is

𝑝 = 𝜌𝑅𝑇, (1.53)
where 𝑅 is the gas constant for the gas in question and 𝑇 is temperature. 𝑅 is a specific constant,
and is related to the universal gas constant 𝑅∗ by 𝑅 = 𝑅∗/𝜇, where 𝜇 is the mean molar mass
(molecular weight in kg/mol) of the constituents of the gas. Equivalently, 𝑅 = 𝑛𝑚𝑘𝐵, where 𝑘𝐵 is
Boltzmann’s constant and 𝑛𝑚 is the number of molecules per unit mass, so that 𝑅 is proportional
to the number of molecules contained in a unit mass. Since 𝑅∗ = 8.314 Jmol−1K−1 and, for dry
air, 𝜇 = 29.0 × 10−3 kgmol−1 we obtain 𝑅 = 287 J kg−1K−1. Air has virtually constant composition
except for variations in water vapour; these variations make the gas constant, 𝑅, in the equation of
state for air a weak function of the water vapour content but for now we regard 𝑅 as a constant.

For a liquid such as seawater no simple expression akin to (1.53) is easily derivable, and semi-
empirical equations are usually resorted to. For water in a laboratory setting a reasonable approxi-
mation of the equation of state is 𝜌 = 𝜌0[1−𝛽𝑇(𝑇−𝑇0)], where𝛽𝑇 is a thermal expansion coefficient
and 𝜌0 and 𝑇0 are constants. In the ocean the density is also significantly affected by pressure and
dissolved salts: seawater is a solution ofmany ions in water— chloride (≈ 1.9% by weight), sodium
(1%), sulfate (0.26%), magnesium (0.13%) and so on, with a total average concentration of about
35‰ (ppt, or parts per thousand). The ratios of the fractions of these salts are almost constant
throughout the ocean, and their total concentration may be parameterized by a single measure,
the salinity, 𝑆.2 Given this, the density of seawater is a function of three variables — pressure,
temperature, and salinity — and we may write the conventional equation of state as

𝜌 = 𝜌(𝑇, 𝑆, 𝑝) or 𝛼 = 𝛼(𝑇, 𝑆, 𝑝), (1.54)

where 𝛼 = 1/𝜌 is the specific volume, or inverse density. For small variations around a reference
value we have

d𝛼 = (𝜕𝛼
𝜕𝑇
)
𝑆,𝑝

d𝑇 + (𝜕𝛼
𝜕𝑆
)
𝑇,𝑝

d𝑆 + (𝜕𝛼
𝜕𝑝
)
𝑇,𝑆

d𝑝 = 𝛼(𝛽𝑇 d𝑇 − 𝛽𝑆 d𝑆 − 𝛽𝑝 d𝑝), (1.55)

where the rightmost expression serves to define the thermal expansion coefficient 𝛽𝑇, the saline
contraction coefficient 𝛽𝑆, and the compressibility coefficient (or inverse bulk modulus) 𝛽𝑝. In
general these quantities are not constants, but for small variations around a reference state they
may be treated as such and we have

𝛼 = 𝛼0 [1 + 𝛽𝑇(𝑇 − 𝑇0) − 𝛽𝑆(𝑆 − 𝑆0) − 𝛽𝑝(𝑝 − 𝑝0)] . (1.56)
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Typical values of these parameters, with variations typically encountered through the ocean, are:
𝛽𝑇 ≈ 2(±1.5) × 10−4K−1, 𝛽𝑆 ≈ 7.6 (±0.2) × 10−4 ppt−1, 𝛽𝑝 ≈ 4.4 (±0.5) × 10−10Pa−1. The value of
𝛽𝑝 is also related to the speed of sound, 𝑐𝑠, by 𝛽𝑝 = 𝛼0/𝑐2𝑠 . Since the variations around the mean
density are small, (1.56) implies that

𝜌 = 𝜌0 [1 − 𝛽𝑇(𝑇 − 𝑇0) + 𝛽𝑆(𝑆 − 𝑆0) + 𝛽𝑝(𝑝 − 𝑝0)] . (1.57)

In the ocean the pressure term leads to larger density changes than either the salinity or temperature
terms but it is not normally as important for the dynamics, because pressure is largely determined
by the hydrostatic pressure giving a large vertical density gradient. It is the lateral variations in
density that are often more important for the dynamics and these are affected just as much by the
saline and temperature terms.

A linear equation of state for seawater is emphatically not accurate enough for quantitative
oceanography; as mentioned the 𝛽 parameters in (1.56) themselves vary with pressure, tempera-
ture and (more weakly) salinity so introducing nonlinearities to the equation. The most important
of these are captured by an equation of state of the form

𝛼 = 𝛼0 [1 + 𝛽𝑇(1 + 𝛾∗𝑝)(𝑇 − 𝑇0) +
𝛽∗𝑇
2
(𝑇 − 𝑇0)2 − 𝛽𝑆(𝑆 − 𝑆0) − 𝛽𝑝(𝑝 − 𝑝0)] . (1.58)

The starred constants 𝛽∗𝑇 and 𝛾∗ capture the leading nonlinearities: 𝛾∗ is the thermobaric parame-
ter, which determines the extent to which the thermal expansion depends on pressure, and 𝛽∗𝑇 is
the second thermal expansion coefficient.3 Even this equation of state has some quantitative defi-
ciencies and more complicated empirical formulae are often used if very high accuracy is needed.
The variation of density of seawater with temperature, salinity and pressure is illustrated in Fig. 1.3,
with more discussion in Section 1.7.2.

Clearly, the equation of state introduces, in general, a sixth unknown, temperature, and we will
have to introduce another physical principle — one coming from thermodynamics — to obtain a
complete set of equations. However, if the equation of state were such that it linked only density
and pressure, without introducing another variable, then the equations would be complete; the
simplest case of all is a constant density fluid for which the equation of state is just 𝜌 = constant. A
fluid forwhich the density is a function of pressure alone is called a barotropic fluid or a homentropic
fluid; otherwise, it is a baroclinic fluid. (In this context, ‘barotropic’ is a shortening of the original
phrase ‘auto-barotropic’.) Equations of state of the form 𝑝 = 𝐶𝜌𝛾, where 𝛾 is a constant, are called
‘polytropic’.

1.5 THERMODYNAMIC RELATIONS
In this section we review a few aspects of thermodynamics. We provide neither a complete nor
an a priori development of the subject; rather, we focus on aspects that are particularly relevant
to fluid dynamics, and that are needed to derive a ‘thermodynamic equation’ for fluids. Readers
whose interest is solely in an ideal gas or a simple Boussinesq fluid may skim this section and then
refer to it later as needed.

1.5.1 A Few Fundamentals
A fundamental postulate of thermodynamics is that the internal energy of a system in equilibrium
is a function of its extensive properties: volume, entropy, and the mass of its various constituents.
Extensive means that the property value is proportional to the amount of material present, in con-
trast to an intensive property such as temperature. For our purposes it is more convenient to divide
all of these quantities by the mass of fluid present, so expressing the internal energy per unit mass
(or the specific internal energy) 𝐼, as a function of the specific volume 𝛼 = 𝜌−1, the specific entropy
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Fig. 1.3 Contours of density as a function of temperature and salinity for seawater. Contour labels
are (density − 1000) kg m-3. Left panel: at sea-level (𝑝 =105 Pa, or 1000 mb). Right panel: at 𝑝 =
4 ×107 Pa (about 4 km depth). In both cases the contours are slightly convex, so that if two parcels
at the same density but different temperatures and salinities are mixed, the resulting parcel is of
higher density. (The average temperature is not exactly conserved on mixing, but it very nearly is.)

𝜂, and the mass fractions of its various components. (However, multiplying by the mass does not
turn an intensive variable into a properly extensive one.) Our interest is in two-component fluids
(dry air and water vapour, or water and salinity) so that we may parameterize the composition by
a single parameter, 𝑆. (We follow conventional thermodynamical notation as much as possible,
except that we use 𝐼 instead of 𝑢 for internal energy, since 𝑢 is a fluid velocity, and 𝜂 instead of 𝑆
for entropy, since 𝑆 is salinity.) We can also write entropy in terms of internal energy, density and
salinity, and thus we have

𝐼 = 𝐼(𝛼, 𝜂, 𝑆) or 𝜂 = 𝜂(𝐼, 𝛼, 𝑆). (1.59a,b)

Given the functional forms on the right-hand sides, either of these expressions constitutes a
complete description of the macroscopic state of a system in equilibrium, and we call either of
them the fundamental equation of state. The thermal equation of state can be derived from (1.59),
but not vice versa. The first differential of (1.59a) gives, formally,

d𝐼 = (𝜕𝐼
𝜕𝜂
)
𝛼,𝑆

d𝜂 + ( 𝜕𝐼
𝜕𝛼
)
𝜂,𝑆

d𝛼 + (𝜕𝐼
𝜕𝑆
)
𝛼,𝜂

d𝑆. (1.60)

We will now ascribe physical meaning to these differentials.
Conservation of energy states that the internal energy of a body may change because of work

done by or on it, or because of a heat input, or because of a change in its chemical composition.
We write this as

d𝐼 = đ𝑄 + đ𝑊+ đ𝐶, (1.61)

where đ𝑊 is the work done on the body, đ𝑄 is the heat input to the body, and đ𝐶 is the change in
internal energy caused by a change in its chemical composition (e.g., its salinity, or water vapour
content), sometimes called the ‘chemical work’. The infinitesimal quantities on the right-hand side
(denotedwith a đ) are so-called imperfect or inexact differentials:4 𝑄,𝑊 and𝐶 are not functions of
the state of a body, and the internal energy cannot be regarded as the sumof a ‘heat’ and a ‘work’. We
should think of heat and work as having meaning only as fluxes of energy, or rates of energy input,
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and not as amounts of energy; their sum changes the internal energy of a body, which is a function
of its state. Equation (1.61) is sometimes called ‘the first law of thermodynamics’ (discussed more
in Appendix B at the end of the chapter). We first consider the causes of variations of the quantities
on the right-hand side, and then make a connection to (1.60).

Heat input: In an infinitesimal quasi-static or reversible process, if an amount of heat đ𝑄 (per unit
mass) is externally supplied then the specific entropy 𝜂 will change according to

𝑇 d𝜂 = đ𝑄. (1.62)

The entropy is a function of the state of a body and is, by definition, an adiabatic invariant.
As we are dealing with the amount of a quantity per unit mass, 𝜂 is the specific entropy,
although we will often refer to it just as the entropy. We may regard (1.61) as defining the
heat input, đ𝑄, by way of a statement of conservation of energy, and (1.62) then says that
there is a function of state, the entropy, that changes by an amount equal to the heat input
divided by the temperature.

Work done: The work done on a body during a reversible process is equal to the pressure times its
change in volume, and the work is positive if the volume change is negative. Thus if an in-
finitesimal amount of work đ𝑊 (per unit mass) is applied to a body then its thermodynamic
state will change according to

− 𝑝 d𝛼 = đ𝑊, (1.63)

where 𝛼 = 1/𝜌 is the specific volume of the fluid and 𝑝 is the pressure.

Composition: The chemical work, which produces a change in internal energy due to a small
change in composition, d𝑆, is given by

đ𝐶 = 𝜇 d𝑆, (1.64)

where 𝜇 is the chemical potential of the solution. In the ocean, salinity is the compositional
variable and changes arise through precipitation and evaporation at the surface and molec-
ular diffusion. When salinity changes the internal energy of a fluid parcel changes by (1.64),
but this change is usually small compared to other changes in internal energy. In practice,
the most important effect of salinity is that it changes the density of seawater. In the atmo-
sphere the composition of a parcel of air varies mainly according to the amount of water
vapour present. Since water vapour and dry air have different chemical potentials these vari-
ations cause changes in internal energy, but in the absence of phase-changes the changes
are small. An important compositional effect does arise when condensation or evaporation
occurs, for then energy is released (or required), as discussed in Chapter 18.

Collecting equations (1.61)–(1.64) together we have

d𝐼 = 𝑇 d𝜂 − 𝑝 d𝛼 + 𝜇 d𝑆. (1.65)

We refer to this as the fundamental thermodynamic relation. The fundamental equation of state,
(1.59), describes the properties of a particular fluid, and the fundamental relation, (1.65), is as-
sociated with conservation of energy. Much of classical thermodynamics follows from these two
expressions.
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1.5.2 Thermodynamic Potentials and Maxwell Relations
Given the fundamental thermodynamic relation, various other ‘thermodynamic potentials’ and
relations between variables can be derived that prove extremely useful. The thermodynamic po-
tentials are, like internal energy and entropy, functions of the state but they have different natural
variables by which they are expressed.

If we begin with the internal energy itself, then from (1.60) and (1.65) it follows that

𝑇 = (𝜕𝐼
𝜕𝜂
)
𝛼,𝑆
, 𝑝 = −( 𝜕𝐼

𝜕𝛼
)
𝜂,𝑆
, 𝜇 = (𝜕𝐼

𝜕𝑆
)
𝜂,𝛼
. (1.66a,b,c)

These may be regarded as the defining relations for these variables; because of the connection
between (1.61) and (1.65) these are not just formal definitions, and the pressure and temperature
so defined are indeed related to our intuitive concepts of these variables and to the motion of the
fluid molecules. If we write

d𝜂 = 1
𝑇

d𝐼 + 𝑝
𝑇

d𝛼 − 𝜇
𝑇

d𝑆, (1.67)

it is also clear that

𝑝 = 𝑇(𝜕𝜂
𝜕𝛼
)
𝐼,𝑆
, 𝑇−1 = (𝜕𝜂

𝜕𝐼
)
𝛼,𝑆
, 𝜇 = −𝑇(𝜕𝜂

𝜕𝑆
)
𝐼,𝛼
. (1.68a,b,c)

We also see that 𝐼 and 𝛼 (and 𝑆) are the natural variables for entropy.
Because the right-hand side of (1.65) is equal to an exact differential, the second derivatives

are independent of the order of differentiation. That is,

𝜕2𝐼
𝜕𝜂 𝜕𝛼
= 𝜕
2𝐼
𝜕𝛼 𝜕𝜂
, (1.69)

and therefore, using (1.66)

(𝜕𝑇
𝜕𝛼
)
𝜂
= −(𝜕𝑝
𝜕𝜂
)
𝛼
. (1.70)

This is one of the Maxwell relations, which are a collection of four similar relations that follow
directly from the fundamental thermodynamic relation (1.65) and simple relations between second
derivatives. (Additional Maxwell-like relations exist if we consider chemical effects.) To derive
the other Maxwell relations we will introduce thermodynamic potentials enthalpy, ℎ, the Gibbs
function, g, and the free energy, 𝑓. These are all closely related to the internal energy and they
are all extensive functions (and then denoted with an uppercase letter), but for fluid-dynamical
purposes it is convenient to divide them by the mass and use their specific forms, denoted with a
lowercase letter (with the exception of 𝐼 itself, the specific internal energy).

Define the enthalpy of a fluid by
ℎ ≡ 𝐼 + 𝑝𝛼, (1.71)

and then (1.65) becomes
dℎ = 𝑇 d𝜂 + 𝛼 d𝑝 + 𝜇 d𝑆. (1.72)

Evidently, the natural variables for enthalpy are entropy and pressure so that, in general,

dℎ = (𝜕ℎ
𝜕𝜂
)
𝑝,𝑆

d𝜂 + (𝜕ℎ
𝜕𝑝
)
𝜂,𝑆

d𝑝 + (𝜕ℎ
𝜕𝑆
)
𝜂,𝑝

d𝑆. (1.73)

Comparing the last two equations we have

𝑇 = (𝜕ℎ
𝜕𝜂
)
𝑝,𝑆
, 𝛼 = ( 𝜕ℎ

𝜕𝑝
)
𝜂,𝑆
, 𝜇 = (𝜕ℎ

𝜕𝑆
)
𝜂,𝑝
. (1.74)
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Noting that
𝜕2ℎ
𝜕𝜂 𝜕𝑝
= 𝜕
2ℎ
𝜕𝑝 𝜕𝜂

(1.75)

we evidently must have

(𝜕𝑇
𝜕𝑝
)
𝜂
= (𝜕𝛼
𝜕𝜂
)
𝑝
, (1.76)

and this is our second Maxwell relation.
To obtain the third, we write

d𝐼 = 𝑇 d𝜂 − 𝑝 d𝛼 + 𝜇 d𝑆 = d(𝑇𝜂) − 𝜂 d𝑇 − d(𝑝𝛼) + 𝛼 d𝑝 + 𝜇 d𝑆, (1.77)

or
dg = −𝜂 d𝑇 + 𝛼 d𝑝 + 𝜇 d𝑆 where g ≡ 𝐼 − 𝑇𝜂 + 𝑝𝛼 = ℎ − 𝑇𝑆. (1.78a,b)

The quantity g is theGibbs function, also known as the ‘Gibbs free energy’ or ‘Gibbs potential’. (We
use 𝑔 for gravity and g for the specific Gibbs function.) Now, formally, we have,

dg = ( 𝜕g
𝜕𝑇
)
𝑝,𝑆

d𝑇 + (𝜕g
𝜕𝑝
)
𝑇,𝑆

d𝑝 + (𝜕g
𝜕𝑆
)
𝑇,𝑝

d𝑆. (1.79)

Comparing the last two equations we see that

𝜂 = −( 𝜕g
𝜕𝑇
)
𝑝,𝑆
, 𝛼 = (𝜕g

𝜕𝑝
)
𝑇,𝑆
, 𝜇 = (𝜕g

𝜕𝑆
)
𝑇,𝑝
. (1.80)

Furthermore, because
𝜕2g
𝜕𝑝 𝜕𝑇
= 𝜕
2g
𝜕𝑇 𝜕𝑝

(1.81)

we have our third Maxwell equation,

( 𝜕𝜂
𝜕𝑝
)
𝑇
= −(𝜕𝛼
𝜕𝑇
)
𝑝
. (1.82)

The Gibbs function is unique among the thermodynamic potentials in that its natural variables, 𝑇
and 𝑝, are intensive quantities.

The fourth Maxwell equation makes use of the specific free energy or Helmholtz function, 𝑓,
where

𝑓 ≡ 𝐼 − 𝑇𝜂, and d𝑓 = −𝜂 d𝑇 − 𝑝 d𝛼 + 𝜇 d𝑆, (1.83)

giving

(𝜕𝜂
𝜕𝛼
)
𝑇
= (𝜕𝑝
𝜕𝑇
)
𝛼
, (1.84)

and all four of these Maxwell equations are summarized in the box on the next page. All of them
follow from the fundamental thermodynamic relation, (1.65), which is the real silver hammer of
thermodynamics. The fundamental relation can also be written in the following form connecting
internal energy, enthalpy and entropy,

d𝐼 + 𝑝 d𝛼 = dℎ − 𝛼 d𝑝 = 𝑇d𝜂 + 𝜇 d𝑆, (1.85)

which turns out to be useful for fluid dynamical applications.
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Thermodynamic Functions and Maxwell Relations

The four canonical Maxwell relations, with their associated potentials, are

Internal energy: Enthalpy:
𝐼 = 𝐼, ℎ = 𝐼 + 𝑝𝛼,
d𝐼 = 𝑇 d𝜂 − 𝑝 d𝛼 + 𝜇 d𝑆, dℎ = 𝑇 d𝜂 + 𝛼 d𝑝 + 𝜇 d𝑆,

(𝜕𝑇
𝜕𝛼
)
𝜂,𝑆
= −(𝜕𝑝
𝜕𝜂
)
𝛼,𝑆
. (𝜕𝑇

𝜕𝑝
)
𝜂,𝑆
= (𝜕𝛼
𝜕𝜂
)
𝑝,𝑆
.

Gibbs function: Helmholtz free energy:
g = 𝐼 − 𝑇𝜂 + 𝑝𝛼, 𝑓 = 𝐼 − 𝑇𝜂,
dg = −𝜂 d𝑇 + 𝛼 d𝑝 + 𝜇 d𝑆, d𝑓 = −𝜂 d𝑇 − 𝑝 d𝛼 + 𝜇 d𝑆,

( 𝜕𝜂
𝜕𝑝
)
𝑇,𝑆
= −(𝜕𝛼
𝜕𝑇
)
𝑝,𝑆
. ( 𝜕𝜂

𝜕𝛼
)
𝑇,𝑆
= (𝜕𝑝
𝜕𝑇
)
𝛼,𝑆
.

Meaning of the state functions

Internal energy, enthalpy, the Gibbs function, the free energy and the entropy are all state functions
from which other thermodynamic quantities can be derived, but with different meanings and uses.
The utility of these quantities will become apparent as we proceed, but here is a brief summary.

The internal energy of a body is the total energy within a body, excluding the kinetic energy and
the potential energy due to external fields like gravity. It is an invariant if the volume is fixed and
there is no heating or chemical change to the body (this is the first law). The other state functions
are related to internal energy by Legendre transformations, but they are not necessarily equal to the
energy that a body contains. The enthalpy is the Legendre transformation of the internal energy (a
function of entropy, density and composition) to a function of entropy, pressure and composition,
and it is important in fluids because the energy transfer between a fluid parcel and its environment
is associated with a flux of enthalpy, not internal energy. If a parcel is adiabatically displaced its
change in potential energy will be balanced by a change in enthalpy, for it is enthalpy that accounts
for the work done by pressure forces. When two adjacent parcels at the same pressure mix, their
total enthalpy is conserved.

TheGibbs function is useful because it is constant for systems at constant temperature, pressure
and composition. Its natural variables, temperature, pressure and composition are all measurable
and for that reason it finds use as the fundamental state function from which all other thermody-
namic variables may be derived. TheHelmholtz free energy is also sometimes used as a fundamen-
tal state variable, and is useful for systems at constant temperature, density and composition for
then it is constant. For small isothermal and isohaline changes, the increase of free energy is equal
to the work done on the system. Free energy is not in fact commonly used in the atmospheric
or oceanic sciences. Finally, whole books have been written on entropy (which is not a Legendre
transformation of the internal energy and is not a thermodynamic potential in the same sense as
the others). Suffice it to say here that entropy is the state function that responds directly to heating
and it is a measure of the disorder of a system.5
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Fundamental equation of state
The fundamental equation of state (1.59) gives complete information about a fluid in thermody-
namic equilibrium, and given this we can obtain expressions for the temperature, pressure and
chemical potential using (1.66). These expressions are also equations of state; however, each
of them, taken individually, contains less information than the fundamental equation because a
derivative has been taken. Equivalent to the fundamental equation of state are, using (1.72), an ex-
pression for the enthalpy as a function of its natural variables pressure, entropy and composition,
or, using (1.78), the Gibbs function as a function of pressure, temperature and composition. Of
these, the Gibbs function is particularly useful in practice because the pressure, temperature and
composition may all be measured in the laboratory. Given the fundamental equation of state, the
thermodynamic state of a body is fully specified by a knowledge of any two of 𝑝, 𝜌, 𝑇, 𝜂 and 𝐼, plus
its composition. The thermal equation of state, (1.52), is obtained by using (1.59a) to eliminate
entropy from (1.66a) and (1.66b).

One simple fundamental equation of state is to take the internal energy to be a function of
density and not entropy; that is, 𝐼 = 𝐼(𝛼). Bodies with such a property are called homentropic.
Using (1.66), temperature and chemical potential have no role in the fluid dynamics and the density
is a function of pressure alone — the defining property of a barotropic fluid.6 Neither water nor air
is, in general, homentropic but under some circumstances the flow may be adiabatic and 𝑝 = 𝑝(𝜌).

In an ideal gas the molecules do not interact except by elastic collisions, and the volume of the
molecules is presumed to be negligible compared to the total volume they occupy. The internal
energy of the gas then depends only on temperature, and not on density. A simple ideal gas, also
called a perfect gas (although nomenclature in the literature varies), is an ideal gas for which the
heat capacity is constant, so that

𝐼 = 𝑐𝑇, (1.86)
where 𝑐 is a constant. Using this and the conventional ideal gas equation, 𝑝 = 𝜌𝑅𝑇 (where 𝑅
is also constant), along with the fundamental thermodynamic relation (1.65), we can infer the
fundamental equation of state; however, we will defer that until we discuss potential temperature
in Section 1.6.1 — if curious, look ahead to page 25. A general ideal gas also obeys 𝑝 = 𝜌𝑅𝑇, but
has heat capacities that may be a function of temperature (but only of temperature, if composition
is fixed), but in this book we only deal with simple ideal gases.

Internal energy and specific heats
We can obtain some useful relations between the internal energy and specific heat capacities, and
some useful estimates of their values, by some simple manipulations of the fundamental thermo-
dynamic relation. Assuming that the composition of the fluid is constant, (1.65) is

𝑇 d𝜂 = d𝐼 + 𝑝 d𝛼, (1.87)

so that, taking 𝐼 to be a function of 𝛼 and 𝑇,

𝑇 d𝜂 = ( 𝜕𝐼
𝜕𝑇
)
𝛼,𝑆

d𝑇 + [( 𝜕𝐼
𝜕𝛼
)
𝑇,𝑆
+ 𝑝] d𝛼. (1.88)

From this, we see that the heat capacity at constant volume (i.e., constant 𝛼) 𝑐𝑣 is given by

𝑐𝑣 ≡ 𝑇(
𝜕𝜂
𝜕𝑇
)
𝛼,𝑆
= ( 𝜕𝐼
𝜕𝑇
)
𝛼,𝑆
. (1.89)

Thus, 𝑐 in (1.86) is equal to 𝑐𝑣.
Similarly, using (1.72) we have

𝑇 d𝜂 = dℎ − 𝛼 d𝑝 = ( 𝜕ℎ
𝜕𝑇
)
𝑝,𝑆

d𝑇 + [(𝜕ℎ
𝜕𝑝
)
𝑇,𝑆
− 𝛼] d𝑝. (1.90)
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The heat capacity at constant pressure, 𝑐𝑝, is then given by

𝑐𝑝 ≡ 𝑇(
𝜕𝜂
𝜕𝑇
)
𝑝,𝑆
= ( 𝜕ℎ
𝜕𝑇
)
𝑝,𝑆
. (1.91)

For an ideal gas ℎ = 𝐼 + 𝑅𝑇 = 𝑇(𝑐𝑣 + 𝑅). But 𝑐𝑝 = (𝜕ℎ/𝜕𝑇)𝑝, and hence 𝑐𝑝 = 𝑐𝑣 + 𝑅. For future
use we define 𝛾 ≡ 𝑐𝑝/𝑐𝑣 and 𝜅 ≡ 𝑅/𝑐𝑝, and (𝛾 − 1)/𝛾 = 𝜅. Statistical mechanics tells us that for a
simple ideal gas the internal energy is equal to 𝑘𝑇/2 per molecule, or 𝑅𝑇/2 per unit mass, for each
excited degree of freedom, where 𝑘 is the Boltzmann constant and𝑅 the gas constant. The diatomic
molecules𝑁2 and𝑂2 that formmost of our atmosphere have two rotational and three translational
degrees of freedom, so that 𝐼 ≈ 5𝑅𝑇/2, and so 𝑐𝑣 ≈ 5𝑅/2 and 𝑐𝑝 ≈ 7𝑅/2, both being constants.
These are in fact very good approximations to the measured values for the Earth’s atmosphere, and
give 𝑐𝑣 ≈ 714 J kg−1K−1 and 𝑐𝑝 ≈ 1000 J kg−1K−1 (whereas 𝑐𝑝 ismeasured to be 1003J kg−1K−1). The
internal energy is simply 𝑐𝑣𝑇 and the enthalpy is 𝑐𝑝𝑇. For a liquid, especially one like seawater that
contains dissolved salts, no such simple relations are possible: the heat capacities are functions
of the state of the fluid, and the internal energy is a function of pressure (or density) as well as
temperature and composition.

1.6 THERMODYNAMIC EQUATIONS FOR FLUIDS
The thermodynamic relations— for example (1.65)— apply to identifiable bodies or systems; thus,
the heat input affects the fluid parcel to which it is applied, and we can apply thematerial derivative
to the above thermodynamic relations to obtain equations of motion for a moving fluid. In doing
so we make two assumptions:
(i) That locally the fluid is in thermodynamic equilibrium. This means that, although the ther-

modynamic quantities like temperature, pressure and density vary in space and time, locally
they are related by the thermodynamic relations such as the equation of state and Maxwell’s
relations.

(ii) That macroscopic fluid motions are reversible and so not entropy producing. Thus, such
effects as the viscous dissipation of energy, radiation, and conduction may produce entropy
whereas the macroscopic fluid motion itself does not.

The first point requires that the temperature variation on the macroscopic scales must be slow
enough that there can exist a volume that is small compared to the scale of macroscopic variations,
so that temperature is effectively constant within it, but that is also sufficiently large to contain
enough molecules so that macroscopic variables such as temperature have a proper meaning.

Now from (1.61), conservation of energy for an infinitesimal fluid parcel may be written as

d𝐼 = −𝑝 d𝛼 + đ𝑄𝐸, (1.92)

where 𝑝 d𝛼 is the work done by the parcel and đ𝑄𝐸 is the total energy input to the parcel with
contributions from heating and changes in composition. Given the first assumption above, we
may form the material derivative of (1.92) to obtain

D𝐼
D𝑡
+ 𝑝D𝛼

D𝑡
= �̇�𝐸, (1.93)

where �̇�𝐸 is the rate of total energy input, per unit mass, with (as for đ𝑄𝐸) possible contributions
from thermal fluxes (including radiative heating, thermal diffusion and heat generated by viscous
damping) and fluxes of composition, and note that �̇�𝐸 does not include anymechanical effects. (In
general, both the diffusion of heat and composition depend on the gradients of both temperature
and composition, although the thermal flux is largely determined by the temperature gradient, and
the compositional flux by the gradient of composition.)
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Using the mass continuity equation in the form D𝛼/D𝑡 = 𝛼∇ ⋅ 𝒗, we write (1.93) as

D𝐼
D𝑡
+ 𝑝𝛼∇ ⋅ 𝒗 = �̇�𝐸. (1.94)

This is the internal energy equation for a fluid. Internal energy is not a conservative variable because
of the compression term involving ∇⋅𝒗. The internal energy equation may also be written in terms
of enthalpy, and using (1.71) and (1.93) we obtain the equivalent equation,

Dℎ
D𝑡
− 𝛼D𝑝

D𝑡
= �̇�𝐸. (1.95)

Because �̇�𝐸 contains, in general, energy fluxes due to changes in composition, we need to know
that composition. The composition of a fluid parcel is carried with it as it moves, and changes only
if there are non-conservative sources and sinks, such as diffusive fluxes. Thus, and analogously to
(1.41), the evolution of composition is determined by

D𝑆
D𝑡
= ̇𝑆, (1.96)

where ̇𝑆 represents all the non-conservative terms.
Rather than use an internal energy equation, we may use the fundamental thermodynamic

relation to infer an evolution equation for entropy. Thus, forming the material derivative from
(1.65) and using (1.94) and (1.96), we obtain the entropy equation

D𝜂
D𝑡
= 1
𝑇
�̇�𝐸 −
𝜇
𝑇
̇𝑆 ≡ 1
𝑇
�̇�, (1.97)

where �̇� is the heating rate per unit mass. This equation is simply the material derivative of (1.62),
along with assumption (ii) above. The heating of a fluid parcel generally needs to be derived, since
it involves the viscous dissipation of energy as well as radiative and diffusive fluxes. The derivation
is the topic of Appendix A at the chapter end, and from now on we assume the heating and energy
input are known quantities.

The entropy equation is not independent of the internal energy equation, but is connected via
the thermodynamic relations of Sections 1.5.1 and 1.5.2, and by the equation of state. If we use
the internal energy equation we can in principle then calculate the entropy using the equation of
state in the form 𝜂 = 𝜂(𝐼, 𝛼, 𝑆), or if we use the entropy equation we can then calculate the internal
energy using 𝐼 = 𝐼(𝜂, 𝛼, 𝑆). Indeed, the internal energy equation and the entropy equation are
both commonly referred to as ‘the thermodynamic equation’. The heating term, �̇�, is, however,
not always easy to accurately determine in practice — it is affected by gradients of composition as
well as viscosity and radiative fluxes — and the use of the internal energy equation may be more
straightforward than the use of an entropy equation, especially in multi-component fluids. On the
other hand, internal energy is affected by the ∇ ⋅ 𝒗 term in (1.94) and in a liquid this is small but
non-zero and that may cause difficulties. See Section 1.7.3 for more discussion.

In any case, given evolution equations for composition and internal energy or entropy, and
given the fundamental equation of state, we have, in principle, a complete set of equations for a
fluid, as summarized in the shaded box on the facing page. Let us now look at the special, but very
important, case of a dry ideal gas.
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Fundamental Equations of Motion of a Fluid

The following equations constitute, in principle, a complete set of equations for a fluid
heated at a rate �̇� and whose composition, 𝑆, changes at a rate ̇𝑆.

Evolution equations for velocity, density and composition

D𝒗
D𝑡
= −1
𝜌
∇𝑝 + 𝜈∇2𝒗 + 𝑭, D𝜌

D𝑡
+ 𝜌∇ ⋅ 𝒗 = 0, D𝑆

D𝑡
= ̇𝑆, (F.1)

where 𝑭 is some body force per unit mass, such as gravity.

Internal energy equation or entropy equation (the ‘thermodynamic’ equation)

D𝐼
D𝑡
+ 𝑝
𝜌
∇ ⋅ 𝒗 = �̇�𝐸 or D𝜂

D𝑡
= 1
𝑇
�̇�, (F.2)

where �̇� is the heating and �̇�𝐸 = �̇� + 𝜇 ̇𝑆 is the total rate of energy input.

Fundamental equation of state for internal energy, 𝐼, entropy, 𝜂, or Gibbs function, g

𝐼 = 𝐼(𝜌, 𝜂, 𝑆), 𝜂 = 𝜂(𝜌, 𝐼, 𝑆) or g = g(𝑇, 𝑝, 𝑆). (F.3)

Diagnostic equations for temperature and pressure

𝑇 = (𝜕𝐼
𝜕𝜂
)
𝛼,𝑆

or 𝑇−1 = (𝜕𝜂
𝜕𝐼
)
𝛼,𝑆
. (F.4)

𝑝 = −( 𝜕𝐼
𝜕𝛼
)
𝜂,𝑆
= 𝜌2 ( 𝜕𝐼
𝜕𝜌
)
𝜂,𝑆

or 𝑝 = 𝑇(𝜕𝜂
𝜕𝛼
)
𝐼,𝑆
. (F.5)

The actual method of solution of these equations will depend on the equation of state. For
example, for an ideal gas 𝑇 = 𝐼/𝑐𝑣 and the thermal equation of state, 𝑝 = 𝜌𝑅𝑇, may be
used to infer pressure.

The equations describing fluid motion are called the Euler equations if the viscous term
is omitted, and theNavier–Stokes equations if viscosity is included.7 These appellations are
often taken to mean only the momentum and mass conservation equations, and the Euler
equations are sometimes taken to be the equations for a fluid of constant density.

1.6.1 Thermodynamic Equation for an Ideal Gas

For a dry ideal gas the internal energy is a function of temperature only and d𝐼 = 𝑐𝑣 d𝑇. The first
law of thermodynamics becomes

đ𝑄 = 𝑐𝑣 d𝑇 + 𝑝d𝛼, or đ𝑄 = 𝑐𝑝 d𝑇 − 𝛼d𝑝, (1.98a,b)

where the second expression is derived using 𝛼 = 𝑅𝑇/𝑝 and 𝑐𝑝 − 𝑐𝑣 = 𝑅. Forming the material
derivative of the above gives two forms of the internal energy equation:

𝑐𝑣
D𝑇
D𝑡
+ 𝑝D𝛼

D𝑡
= �̇� or 𝑐𝑝

D𝑇
D𝑡
− 𝑅𝑇
𝑝

D𝑝
D𝑡
= �̇�. (1.99a,b)
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Using the mass continuity equation, (1.99a) may be written as

𝑐𝑣
D𝑇
D𝑡
+ 𝑝𝛼∇ ⋅ 𝒗 = �̇�. (1.100)

This is one of the most common and useful forms of the thermodynamic equation for the atmo-
sphere. A less common but equivalent form arises if we use the ideal gas equation to eliminate 𝑇
in favour of 𝑝, giving

D𝑝
D𝑡
+ 𝛾𝑝∇ ⋅ 𝒗 = �̇�𝜌𝑅

𝑐𝑣
. (1.101)

The Earth’s atmosphere also contains water vapour with mixing ratio 𝑞 (commonly referred to
as specific humidity), and an evolution equation for it takes the form

D𝑞
D𝑡
= ̇𝑞, (1.102)

where ̇𝑞 represents the effects of condensation and evaporation. The main thermodynamic effects
of water vapour occur when it condenses and latent heat is released; this heating appears in the
thermodynamic equation, with �̇� = −𝐿 ̇𝑞, where 𝐿 is the latent heat of condensation, as discussed
in Chapter 18.

Potential temperature, potential density and entropy
We can use entropy instead of temperature for our thermodynamic equation, and this corresponds
to using (1.97) instead of (1.94). However, it is common inmeteorology to express entropy in terms
of a temperature-like quantity, potential temperature, which has a more intuitive appeal to some.8
Seawater also has a potential temperature variable, but with a different form.

We begin with the observation that when a fluid parcel changes pressure adiabatically, it will
expand or contract and, using (1.98b) with đ𝑄 = 0, its temperature change is determined by
𝑐𝑝 d𝑇 = 𝛼d𝑝. This temperature change is plainly not caused by heating, but we may construct
a temperature-like quantity that changes only if diabatic effects are present; specifically potential
temperature, 𝜃, is defined to be the temperature that a fluid would have if moved adiabatically and
at constant composition to some reference pressure (usually taken to be 1000 hPa, which is close
to the pressure at the Earth’s surface). Thus, in adiabatic flow the potential temperature obeys
D𝜃/D𝑡 = 0.

In order to relate 𝜃 to the other thermodynamic variables we use (1.98b) and the equation of
state for an ideal gas to write the fundamental thermodynamic relation as

d𝜂 = 𝑐𝑝 d ln𝑇 − 𝑅 d ln𝑝. (1.103)

If we move a parcel adiabatically (d𝜂 = 0) from 𝑝 to 𝑝𝑅 the temperature changes, by definition,
from 𝑇 to 𝜃, and (1.103) gives

∫
𝜃

𝑇
𝑐𝑝d ln𝑇 − ∫

𝑝𝑅

𝑝
𝑅d ln𝑝 = 0. (1.104)

For constant 𝑐𝑝 and 𝑅 this equation may be solved to give

𝜃 = 𝑇(𝑝𝑅
𝑝
)
𝜅
, (1.105)
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where 𝑝𝑅 is the reference pressure and 𝜅 ≡ 𝑅/𝑐𝑝. (Another derivation of this result is given in
Appendix A.) It follows from (1.103) and (1.105) that potential temperature is related to entropy
by

d𝜂 = 𝑐𝑝 d ln 𝜃, (1.106)
and, if 𝑐𝑝 is constant, which it nearly is for Earth’s atmosphere,

𝜂 = 𝑐𝑝 ln 𝜃. (1.107)

Forming the material derivative of (1.107) and using (1.97) we obtain

𝑐𝑝
D𝜃
D𝑡
= 𝜃
𝑇
�̇� , (1.108)

with 𝜃 given by (1.105). Equations (1.100), (1.101) and (1.108) are all equivalent forms of the
thermodynamic equation for an ideal gas.

The potential density, 𝜌𝜃, is the density that a fluid parcel would have if moved adiabatically and
at constant composition to a reference pressure, 𝑝𝑅. If the equation of state is written as 𝜌 = 𝑓(𝑝, 𝑇)
then the potential density is just 𝜌𝜃 = 𝑓(𝑝𝑅, 𝜃) and for an ideal gas we therefore have

𝜌𝜃 =
𝑝𝑅
𝑅𝜃
= 𝜌(𝑝𝑅
𝑝
)
1/𝛾
. (1.109)

Finally, for later use, a little manipulation of the equation of state for an ideal gas, for small
variations around a reference state, reveals that

𝛿𝜃
𝜃
= 𝛿𝑇
𝑇
− 𝜅𝛿𝑝
𝑝
= 1
𝛾
𝛿𝑝
𝑝
− 𝛿𝜌
𝜌
. (1.110)

The fundamental equation of state for an ideal gas
Equations (1.107) and (1.105) are closely related to the fundamental equation of state, and using
𝐼 = 𝑐𝑣𝑇 and the equation of state 𝑝 = 𝜌𝑅𝑇, we can express the entropy explicitly in terms of the
density and the internal energy. Similarly, we may derive an expression for Gibbs function as a
function of pressure and temperature, and we find

𝜂 = 𝑐𝑣 ln 𝐼 − 𝑅 ln 𝜌 + 𝐴, g = 𝑐𝑝𝑇(1 − ln𝑇) + 𝑅𝑇 ln𝑝 + 𝐵𝑇 + 𝐶, (1.111a,b)

where𝐴,𝐵 and𝐶 are constants. Either of these two expressionsmay be regarded as the fundamental
equation of state for a simple ideal gas. They could in fact be used to define a simple ideal gas
(although we have not motivated that approach) and if we were to begin with either of them we
could derive all the other thermodynamic quantities of interest. For example, using (1.68a) and
(1.111a) we immediately recover 𝑝 = 𝜌𝑅𝑇, and using (1.68b) we obtain 𝑇 = 𝑐𝑣/𝐼. Similarly, from
the Gibbs function we obtain 𝛼 = (𝜕g/𝜕𝑝)𝑇 = 𝑅𝑇/𝑝, and the entropy satisfies 𝜂 = −(𝜕g/𝜕𝑇)𝑝.
We provide a more complete set of derivations from the Gibbs function in Appendix A on page 47
and, for moist air, the appendix on page 720.

1.6.2 ♦ Other Forms of the Thermodynamic Equation
For a liquid such as seawater no simple exact equation of state exists and writing down a useful
thermodynamic equation is not easy. Thus, although (1.97) holds in general, we need to be able
to evaluate the heating and we need an expression relating entropy to the other thermodynamic
variables — that is, an equation of state. For quantitative modelling and observational work such
an equation of state must be quite accurate and we come back to this in Section 1.7. However, we
can gain understanding — for both liquids and gases — by beginning with the entropy equation
and making simplifications to it, as follows.
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Forms of the Thermodynamic Equation

General form

D𝐼
D𝑡
+ 𝑝D𝛼

D𝑡
= �̇�𝐸 or D𝐼

D𝑡
+ 𝑝𝛼∇ ⋅ 𝒗 = �̇�𝐸, (T.1a,b)

where 𝐼 is the internal energy and �̇�𝐸 is the rate of energy input, per unit mass. This may
be written in terms of enthalpy, ℎ, or entropy, 𝜂

Dℎ
D𝑡
− 𝛼D𝑝

D𝑡
= �̇�𝐸, 𝑇

D𝜂
D𝑡
= �̇�𝐸 − 𝜇 ̇𝑆 = �̇�, (T.2a,b)

where �̇� is the heating rate and ̇𝑆 the rate of change of composition. For a fluid parcel of
constant composition, 𝑐𝑝 d ln 𝜃 = d𝜂 and (T.2b) may be written as a potential temperature
equation.

Ideal gas

For an ideal gas d𝐼 = 𝑐𝑣 d𝑇, dℎ = 𝑐𝑝d𝑇, d𝜂 = 𝑐𝑝d ln 𝜃 and the adiabatic thermodynamic
equation may be written in the following equivalent, exact, forms:

𝑐𝑝
D𝑇
D𝑡
− 𝛼D𝑝

D𝑡
= 0, D𝑝

D𝑡
+ 𝛾𝑝∇ ⋅ 𝒗 = 0,

𝑐𝑣
D𝑇
D𝑡
+ 𝑝𝛼∇ ⋅ 𝒗 = 0, D𝜃

D𝑡
= 0,

(T.3)

where 𝜃 = 𝑇(𝑝𝑅/𝑝)𝜅, and energy or heating terms in various forms appear on the right-
hand sides as needed. The two expressions on the second line are usually the most useful
in modelling and theoretical work in meteorology.

I. Thermodynamic equation using pressure and density
If we regard 𝜂 as a function of pressure and density, and salinity 𝑆 where appropriate, we obtain

𝑇 d𝜂 = 𝑇(𝜕𝜂
𝜕𝜌
)
𝑝,𝑆

d𝜌 + 𝑇( 𝜕𝜂
𝜕𝑝
)
𝜌,𝑆

d𝑝 + 𝑇(𝜕𝜂
𝜕𝑆
)
𝜌,𝑝

d𝑆

= 𝑇(𝜕𝜂
𝜕𝜌
)
𝑝,𝑆

d𝜌 − 𝑇(𝜕𝜂
𝜕𝜌
)
𝑝,𝑆
(𝜕𝜌
𝜕𝑝
)
𝜂,𝑆

d𝑝 + 𝑇(𝜕𝜂
𝜕𝑆
)
𝜌,𝑝

d𝑆. (1.112)

Forming the material derivative, and using (1.97) and (1.96), we obtain for a moving fluid

𝑇(𝜕𝜂
𝜕𝜌
)
𝑝,𝑆

D𝜌
D𝑡
− 𝑇(𝜕𝜂
𝜕𝜌
)
𝑝,𝑆
(𝜕𝜌
𝜕𝑝
)
𝜂,𝑆

D𝑝
D𝑡
= �̇� − 𝑇(𝜕𝜂

𝜕𝑆
)
𝜌,𝑝
̇𝑆. (1.113)

But (𝜕𝑝/𝜕𝜌)𝜂,𝑆 = 𝑐2𝑠 where 𝑐𝑠 is the speed of sound (see Section 1.8). This is a measurable quantity
in a fluid, and often nearly constant, and so useful to keep in an equation. The thermodynamic
equation may then be written in the form

D𝜌
D𝑡
− 1
𝑐2𝑠

D𝑝
D𝑡
= 𝑄[𝜌,𝑝], (1.114)
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where 𝑄[𝜌,𝑝] ≡ (𝜕𝜌/𝜕𝜂)𝑝,𝑆�̇�/𝑇 + (𝜕𝜌/𝜕𝑆)𝜂,𝑝 ̇𝑆 represents the effects of entropy and salinity source
terms. This form of the thermodynamic equation is valid for both liquids and gases.

Approximations using pressure and density
The speed of sound in a fluid is related to its compressibility — the less compressible the fluid, the
greater the sound speed. In a liquid, sound speed is often sufficiently high that the second term in
(1.114) can be neglected, and the thermodynamic equation takes the simple form:

D𝜌
D𝑡
= 𝑄[𝜌,𝑝]. (1.115)

The above equation is a very good approximation formany laboratory fluids. It is a thermodynamic
equation, arising from the principle of conservation of energy for a liquid; it is a very different
equation from the mass conservation equation, which for compressible fluids is also an evolution
equation for density.

In the ocean the enormous pressures resulting from columns of seawater kilometres deepmean
that although the second term in (1.114) may be small, it is not negligible, and a better approxi-
mation results if we suppose that the pressure is given by the weight of the fluid above it — the
hydrostatic approximation. In this case d𝑝 = −𝜌𝑔 d𝑧 and (1.114) becomes

D𝜌
D𝑡
+ 𝜌𝑔
𝑐2𝑠

D𝑧
D𝑡
= 𝑄[𝜌,𝑝]. (1.116)

In the second term the height field varies much more than the density field, so a good approxi-
mation is to replace 𝜌 by a constant, 𝜌0, in this term only. Taking the speed of sound also to be
constant gives

D
D𝑡
(𝜌 + 𝜌0𝑧
𝐻𝜌
) = 𝑄[𝜌,𝑝], where 𝐻𝜌 = 𝑐2𝑠 /𝑔. (1.117a,b)

𝐻𝜌 is the density scale height of the ocean. In water, 𝑐𝑠 ≈ 1500ms−1 so that 𝐻𝜌 ≈ 200km. The
quantity in brackets on the left-hand side of (1.117a) is (in this approximation) the potential density,
this being the density that a parcel would have if moved adiabatically and with constant composi-
tion to the reference height 𝑧 = 0. The adiabatic lapse rate of density is the rate at which the density
of a parcel changes when undergoing an adiabatic displacement. From (1.117) it is approximately

− (𝜕𝜌
𝜕𝑧
)
𝜂
≈ 𝜌0𝑔
𝑐2𝑠
≈ 5 (kgm−3)/km, (1.118)

so that if a parcel is moved adiabatically from the surface to the deep ocean (5 km depth, say) its
density will increase by about 25 kgm−3, a fractional change of about 1/40 or 2.5%.

II. Thermodynamic equation using pressure and temperature
Taking entropy to be a function of pressure and temperature (and salinity if appropriate), we have

𝑇 d𝜂 = 𝑇( 𝜕𝜂
𝜕𝑇
)
𝑝,𝑆

d𝑇 + 𝑇( 𝜕𝜂
𝜕𝑝
)
𝑇,𝑆

d𝑝 + 𝑇(𝜕𝜂
𝜕𝑆
)
𝑇,𝑝

d𝑆

= 𝑐𝑝 d𝑇 + 𝑇(
𝜕𝜂
𝜕𝑝
)
𝑇,𝑆

d𝑝 + 𝑇(𝜕𝜂
𝜕𝑆
)
𝑇,𝑝

d𝑆. (1.119)

For a moving fluid, and using (1.97) and (1.96), this implies,

D𝑇
D𝑡
+ 𝑇
𝑐𝑝
( 𝜕𝜂
𝜕𝑝
)
𝑇,𝑆

D𝑝
D𝑡
= 𝑄[𝑇,𝑝], (1.120)
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where 𝑄[𝑇,𝑝] ≡ �̇�/𝑐𝑝 − 𝑇𝑐−1𝑝 ̇𝑆(𝜕𝜂/𝜕𝑆). Now substitute the Maxwell relation (1.82) in the form

( 𝜕𝜂
𝜕𝑝
)
𝑇
= 1
𝜌2
(𝜕𝜌
𝜕𝑇
)
𝑝

(1.121)

to give

D𝑇
D𝑡
+ 𝑇
𝑐𝑝𝜌2
(𝜕𝜌
𝜕𝑇
)
𝑝

D𝑝
D𝑡
= 𝑄[𝑇,𝑝], or D𝑇

D𝑡
− 𝑇
𝑐𝑝
(𝜕𝛼
𝜕𝑇
)
𝑝

D𝑝
D𝑡
= 𝑄[𝑇,𝑝]. (1.122a,b)

The density and temperature are related through a coefficient of thermal expansion 𝛽𝑇 where

(𝜕𝜌
𝜕𝑇
)
𝑝
= −𝛽𝑇𝜌. (1.123)

Equation (1.122) then becomes

D𝑇
D𝑡
− 𝛽𝑇𝑇
𝑐𝑝𝜌

D𝑝
D𝑡
= 𝑄[𝑇,𝑝] . (1.124)

This form of the thermodynamic equation is valid for both liquids and gases. In an ideal gas we
have 𝛽𝑇 = 1/𝑇, whereas in a liquid 𝛽𝑇 is usually quite small.

Approximations using pressure and temperature
In the hydrostatic approximation we suppose that the pressure in (1.124) varies according only to
the weight of the fluid above it. Then d𝑝 = −𝜌𝑔 d𝑧 and (1.124) becomes

1
𝑇

D𝑇
D𝑡
+ 𝛽𝑇𝑔
𝑐𝑝

D𝑧
D𝑡
=
𝑄[𝑇,𝑝]
𝑇
. (1.125)

For an ideal gas we have 𝛽𝑇 = 1/𝑇, whence, if 𝑐𝑝 is constant,

D
D𝑡
(𝑐𝑝𝑇 + 𝑔𝑧) = 𝑐𝑝𝑄[𝑇,𝑝]. (1.126)

The quantity 𝑐𝑝𝑇+𝑔𝑧 is known as the dry static energy and we will encounter it again throughout
the book. The above equation is closely related to the potential temperature form of the thermo-
dynamic equation, since in hydrostatic balance a little manipulation reveals that

𝑇
𝜃
𝜕𝜃
𝜕𝑧
= 𝜕𝑇
𝜕𝑧
+ 𝑔
𝑐𝑝
. (1.127)

The quantity 𝑇 + 𝑔𝑧/𝑐𝑝 is a height form of potential temperature for an ideal gas in hydrostatic
balance, being the temperature that a fluid at a level 𝑧 and temperature 𝑇 would have if moved
adiabatically to a reference level of 𝑧 = 0.

If 𝛽𝑇 is constant, which is a fair approximation for many liquids, then for small variations of
temperature around the value 𝑇0, (1.125) simplifies to

D
D𝑡
(𝑇 + 𝑇0𝑧
𝐻𝑇
) = 𝑄[𝑇,𝑝], where 𝐻𝑇 =

𝑐𝑝
𝛽𝑇𝑔
. (1.128a,b)
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The quantity 𝐻𝑇 is the temperature scale height of the fluid, and with the oceanic values 𝛽𝑇 ≈
2×10−4K−1 and 𝑐𝑝 ≈ 4×103 J kg−1K−1 we obtain𝐻𝑇 ≈ 2000km. The field 𝑇+𝑇0𝑧/𝐻𝑇 is a height
form of potential temperature for liquids; that is,

𝜃 ≈ 𝑇 + 𝛽𝑇𝑔𝑇0
𝑐𝑝
𝑧. (1.129)

The temperature changes because of the work done by or on the fluid parcel as it expands or is
compressed. In seawater the expansion coefficient 𝛽𝑇 and 𝑐𝑝 are functions of pressure and (1.129)
is not good enough if high accuracy is required, whereas in a laboratory setting we can often simply
neglect the term involving 𝛽𝑇.

The adiabatic lapse rate of temperature is the rate at which the temperature of a parcel changes
in the vertical when undergoing an adiabatic displacement. From (1.125) it is

𝛤z ≡ −(
𝜕𝑇
𝜕𝑧
)
𝜂
= 𝑇𝑔𝛽𝑇
𝑐𝑝
. (1.130)

In general 𝛤z is a function of temperature, salinity and pressure, but it is a calculable quantity if 𝛽𝑇
is known and, with the oceanic values above, it is approximately 0.15Kkm−1. Equation (1.130) is
not accurate enough for quantitative oceanography because the expansion coefficient is a function
of pressure; nor is it a good measure of stability, because of the effects of salt. In a dry atmosphere
the ideal gas relationship gives 𝛽𝑇 = 1/𝑇 and so

𝛤z =
𝑔
𝑐𝑝
, (1.131)

which is approximately 10Kkm−1. The only approximation involved in deriving this is the use of
the hydrostatic relationship.

It is noteworthy that the scale heights given by (1.117b) and (1.128b) differ so much. The first
is due to the pressure compressibility of seawater [and so related to 𝑐2𝑠 , or 𝛽𝑝 in (1.57)] whereas
the second is due to the change of density with temperature [𝛽𝑇 in (1.57)], and is the distance
over which the difference between temperature and potential temperature changes by an amount
equal to the temperature itself (i.e., by about 273K). The two heights differ so much because the
value of the thermal expansion coefficient is not directly related to the pressure compressibility
— for example, fresh water at 4° C has zero thermal expansivity, and so would have an infinite
temperature scale height, but its pressure compressibility differs little from water at 20° C.

III. Thermodynamic equation using density and temperature
Taking entropy to be a function of density and temperature (and salinity if appropriate) we have

𝑇 d𝜂 = 𝑇( 𝜕𝜂
𝜕𝑇
)
𝛼,𝑆

d𝑇 + 𝑇(𝜕𝜂
𝜕𝛼
)
𝑇,𝑆

d𝛼 + 𝑇(𝜕𝜂
𝜕𝑆
)
𝑇,𝛼

d𝑆

= 𝑐𝑣 d𝑇 + 𝑇(
𝜕𝜂
𝜕𝛼
)
𝑇,𝑆

d𝛼 + 𝑇(𝜕𝜂
𝜕𝑆
)
𝑇,𝛼

d𝑆. (1.132)

For a moving fluid this implies,

D𝑇
D𝑡
+ 𝑇
𝑐𝑣
(𝜕𝜂
𝜕𝛼
)
𝑇,𝑆

D𝛼
D𝑡
= 𝑄[𝑇,𝛼], (1.133)

where 𝑄[𝑇,𝛼] ≡ �̇�/𝑐𝑣 − 𝑇𝑐−1𝑣 ̇𝑆(𝜕𝜂/𝜕𝑆).
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For an ideal gas, and using (1.84), which is one of Maxwell’s relations, (1.133) may be written
as

𝑐𝑣
D𝑇
D𝑡
+ 𝑝D𝛼

D𝑡
= �̇�, (1.134)

so recovering the internal energy equation (1.99a). On the other hand, for a liquid of nearly con-
stant density, the second term on the left-hand side of (1.133) is small, and 𝑐𝑝 ≈ 𝑐𝑣, and we have
to a first approximation D𝑇/D𝑡 = 𝑄[𝑇,𝛼].

Various forms of the thermodynamic equation are summarized in the box on page 26. For an
ideal gas, (1.114) and (1.124) are exactly equivalent to (1.100) or (1.101), and numerical models of
an ideal gas usually use either a prognostic equation for internal energy 𝑐𝑣𝑇 or potential tempera-
ture. A discussion of an accurate thermodynamic equation for seawater is given below, with some
summary remarks in the box on the next page.

1.7 ♦ THERMODYNAMICS OF SEAWATER
We now discuss the thermodynamics of liquids such as seawater in a little more detail. Readers
whose interest is mainly in an ideal gas may skim this section. We begin with a phenomenological
discussion of potential temperature and potential density followed by a more accurate treatment
of the equation of state.

1.7.1 Potential Temperature, Potential Density and Entropy
Potential temperature and entropy
The potential temperature is defined as the temperature that a parcel would have if moved adiabat-
ically and at constant composition to a given reference pressure 𝑝𝑅, often taken as 105Pa (or 1000
hPa, or 1000 mb, approximately the pressure at the sea-surface). Thus it may be calculated, at least
in principle, by the integral

𝜃(𝑆, 𝑇, 𝑝, 𝑝𝑅) = 𝑇 + ∫
𝑝𝑅

𝑝
𝛤′ad(𝑆, 𝑇, 𝑝′)d𝑝′, (1.135)

where 𝛤′ad = (𝜕𝑇/𝜕𝑝)𝜂,𝑆. Such integrals may be hard to calculate, and if we know the equation of
state in the form 𝜂 = 𝜂(𝑆, 𝑇, 𝑝) then we can calculate potential temperature more directly because
potential temperature must satisfy

𝜂(𝑆, 𝑇, 𝑝) = 𝜂(𝑆, 𝜃, 𝑝𝑅). (1.136)

Solving this equation for 𝜃 gives, in principle, 𝜃 = 𝜃(𝜂, 𝑆, 𝑝𝑅) = 𝜃(𝑇, 𝑆, 𝑝), and examples will be
given in (1.152) and in Appendix A. Potential temperature is not a materially conserved variable
in the presence of salinity changes.

For a parcel of constant composition, changes in entropy are directly related to changes in
potential temperature because, from the right-hand side of (1.136),

d𝜂 = (𝜕𝜂(𝑆, 𝜃, 𝑝𝑅)
𝜕𝜃
)
𝑆
d𝜃. (1.137)

Thus, if a fluid parcel moves adiabatically and at constant composition then d𝜂 = 0 and d𝜃 = 0.
Furthermore, if we express entropy as a function of temperature and pressure then

𝑇 d𝜂 = 𝑇( 𝜕𝜂
𝜕𝑇
)
𝑝,𝑆

d𝑇 + 𝑇( 𝜕𝜂
𝜕𝑝
)
𝑇,𝑆

d𝑝 + 𝑇(𝜕𝜂
𝜕𝑆
)
𝑝,𝑇

d𝑆 = 𝑐𝑝 d𝑇 + 𝑇(
𝜕𝜂
𝜕𝑝
)
𝑇,𝑆

d𝑝 + 𝑇(𝜕𝜂
𝜕𝑆
)
𝑝,𝑇

d𝑆,

(1.138)
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Thermodynamics of Liquids

Liquids, unlike ideal gases, do not have a simple equation of state and this has ramifica-
tions for the thermodynamic equation. For seawater, a very accurate, albeit equally com-
plex, equation of state is given by teos-10. The simpler expression for the Gibbs function,
(1.146), is a good approximation in many circumstances and using it we can derive the
thermal equation of state and some useful forms of the thermodynamic equation.

Thermal equation of state

A very useful expression for many purposes is given by

𝛼 = 𝛼0 [1 + 𝛽𝑇(1 + 𝛾∗𝑝)(𝑇 − 𝑇0) +
𝛽∗𝑇
2
(𝑇 − 𝑇0)2 − 𝛽𝑆(𝑆 − 𝑆0) − 𝛽𝑝(𝑝 − 𝑝0)] . (TL.1)

For laboratory situations where pressure variations are not large a useful approximation is

𝛼 = 𝛼0 [1 + 𝛽𝑇(𝑇 − 𝑇0) − 𝛽𝑆(𝑆 − 𝑆0)] . (TL.2)

Thermodynamic equation

Using entropy or potential enthalpy, as discussed in Section 1.7.3, as a primary thermo-
dynamic variable is the best way to proceed if high accuracy is required. For idealized or
laboratory work we can make further approximations, as follows.
Entropy evolution:
Using the hydrostatic approximation and simplifying (1.148) gives

D𝜂
D𝑡
= 0, 𝜂 = 𝑐𝑝0 ln

𝑇
𝑇0
[�1 + 𝛽∗𝑆 (𝑆 − 𝑆0)]� + 𝑔𝑧𝛽𝑇. (TL.3)

Given entropy and salinity we can infer temperature and, using (TL.1), density.
Potential temperature and potential density:
Potential temperature or potential density are could also be used as thermodynamic vari-
ables. Accurate expressions can be derived, but approximate expressions are

D𝜃
D𝑡
= 0, 𝜃 = 𝑇 + 𝛽𝑇𝑔𝑇0𝑧

𝑐𝑝0
, (TL.4)

or D𝜌𝜃
D𝑡
= 0, 𝜌𝜃 = 𝜌 +

𝜌0𝑔𝑧
𝑐2𝑠
. (TL.5)

Given 𝜃 or 𝜌𝜃, as well as salinity, we then infer density using an appropriate equation of
state as needed.

using the definition of 𝑐𝑝. If we evaluate this expression at the reference pressure, where 𝑇 = 𝜃
and d𝑝 = 0, and consider isohaline changes with d𝑆 = 0, then we have 𝜃 d𝜂 = 𝑐𝑝(𝑝𝑅, 𝜃, 𝑆)d𝜃, and
therefore

d𝜂 = 𝑐𝑝(𝑝𝑅, 𝜃, 𝑆)
d𝜃
𝜃
, (1.139)
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and d𝜂/d𝜃 = 𝑐𝑝(𝑝𝑅, 𝜃, 𝑆)/𝜃. In the special case of constant 𝑐𝑝 integration yields

𝜂 = 𝑐𝑝 ln 𝜃 + constant, (1.140)

as for a simple ideal gas — see (1.107). Given (1.139), the thermodynamic equation can be written

𝑐𝑝
D𝜃
D𝑡
= 𝜃
𝑇
�̇�, (1.141)

where the right-hand side represents heating. We can use (1.141) as a thermodynamic equation
instead of (1.97), although we must now relate 𝜃 instead of 𝜂 to the other state variables via an
equation of state.

The notion of potential temperature is useful because it is connected to the actual tempera-
ture, with which we are familiar; roughly speaking, potential temperature is temperature plus a
correction for the effects of thermal expansion. Entropy, on the other hand, may seem alien and
unnecessarily exotic. However, the use of potential temperature brings no true simplifications to
the equations of motion beyond those already afforded by the use of entropy as a thermodynamic
variable.

Potential density
Potential density, 𝜌𝜃, is the density that a parcel would have if it were moved adiabatically and with
fixed composition to a given reference pressure, 𝑝𝑅, that is often, but not always, taken as 105Pa,
or 1 bar. If the equation of state is of the form 𝜌 = 𝜌(𝑆, 𝑇, 𝑝) then by definition we have

𝜌𝜃 = 𝜌(𝑆, 𝜃, 𝑝𝑅). (1.142)

For a parcel moving adiabatically and at fixed salinity its potential density is therefore conserved,
and it is the vertical gradient of potential density that provides the appropriate measure of stability
(as we find in Section 2.10.1). Because density of seawater is nearly constant we can obtain an
approximate expression for potential density by Taylor-expanding the density around the potential
density at the reference level at which 𝑇 = 𝜃 and 𝑝 = 𝑝𝑅. At first order we then have

𝜌(𝑆, 𝜃, 𝑝) ≈ 𝜌(𝑆, 𝜃, 𝑝𝑅) + (𝑝 − 𝑝𝑅) (
𝜕𝑝
𝜕𝜌
)
𝑆,𝜃
. (1.143)

The first term on the right hand side is, by definition, the potential density and the derivative in
the second term is the inverse of the square of speed of sound, evaluated at the reference level, and
so

𝜌𝜃 ≈ 𝜌 −
1
𝑐2𝑠
(𝑝 − 𝑝𝑅) ≈ 𝜌 +

𝜌0𝑔𝑧
𝑐2𝑠
. (1.144)

To obtain the right-most expression we use hydrostatic balance and take 𝑝 = −𝜌0𝑔𝑧 and 𝑝𝑅 = 0
(at 𝑧 = 0), giving the same expression as occurs in (1.117).

Because the density of seawater is nearly constant, it is common in oceanography to subtract
the amount 1000 kgm-3 before quoting its value; then, depending on whether we are referring to
in situ density or the potential density the results are called 𝜎𝑇 (‘sigma-tee’) or 𝜎𝜃 (‘sigma-theta’)
respectively. Thus,

𝜎𝑇 = 𝜌(𝑝, 𝑇, 𝑆) − 1000, 𝜎𝜃 = 𝜌(𝑝𝑅, 𝜃, 𝑆) − 1000. (1.145a,b)

Instead of the subscript 𝜃, a number can be used to denote the level to which potential density is
referenced. Thus, 𝜎0 is the potential density referenced to the surface and𝜎2 is the potential density
referenced to 200 bars of pressure, or about 2 kilometres depth.
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Parameter Description Value

𝜌0 Reference density 1.027 ×103 kgm−3

𝛼0 Reference specific volume 9.738×10−4m3 kg−1
𝑇0 Reference temperature 283K
𝑆0 Reference salinity 35 ppt = 35 g kg–1

𝑐𝑠0 Reference sound speed 1490m s−1

𝛽𝑇 First thermal expansion coefficient 1.67×10−4K−1
𝛽∗𝑇 Second thermal expansion coefficient 1.00×10−5K−2
𝛽𝑆 Haline contraction coefficient 0.78×10−3 ppt−1

𝛽𝑝 Compressibility coefficient (= 𝛼0/𝑐2𝑠0) 4.39×10−10ms2 kg−1

𝛾∗ Thermobaric parameter (≈ 𝛾′∗) 1.1×10−8 Pa−1
𝑐𝑝0 Specific heat capacity at constant pressure 3986 J kg−1K−1

𝛽∗𝑆 Haline heat capacity coefficient 1.5×10−3 ppt−1

Table 1.2 Various thermodynamic and equation-of-state parameters appropriate for the seawa-
ter equations of state (1.58) and (1.146). The unit ppt (or ‰) is parts per thousand by
weight, or g/kg.

We cannot use 𝑝𝑅 = 0 everywhere and maintain accuracy. Thus, for a parcel near 2 km, 𝜎2
is more relevant than 𝜎0. The ‘neutral density’ (or quasi-neutral density) is a semi-empirical way
to avoid this reference-level difficulty. Neutral density is, by construction, a quantity such that
the buoyancy force is locally perpendicular to its iso-surfaces, so that a parcel that is displaced
adiabatically along a neutral density iso-surface will remain neutrally buoyant.9 Neutral density is
not a thermodynamic state variable and because of form of the seawater equation of state there is
no continuous, unique field of neutral density extending through the ocean. Wherever it appears
in figures in this book it can be assumed that potential density would look similar.

1.7.2 Equation of State for Seawater
Oceanographers go to great lengths to obtain an accurate equation of state and other physical prop-
erties of seawater, and we noted in Section 1.4 that seawater has some nonlinear properties that,
although small, are nevertheless important. We need to be able to calculate these properties, and in
this section we illustrate how the thermodynamic variables for seawater — the conventional equa-
tion of state, an expression for potential temperature, and so on — can be obtained directly from
the fundamental equation of state. Writing the fundamental equation in the form 𝐼 = 𝐼(𝜂, 𝑆, 𝛼)
is not practically useful, because the variables are not easily measured in the laboratory. How-
ever, if we cast the fundamental equation in terms of the Gibbs function, g = 𝐼 − 𝑇𝜂 + 𝑝𝛼, then
dg = −𝜂 d𝑇 + 𝛼 d𝑝 + 𝜇 d𝑆 and the independent variables are the familiar and measurable (𝑇, 𝑆, 𝑝).
A similar, but simpler, procedure is carried out for an ideal gas in Appendix A.

A Gibbs function that reproduces the properties of seawater with high accuracy is very com-
plicated, but we can write down a Gibbs function that, although slightly less accurate, captures the
most important properties with a certain degree of economy and transparency. The expression is10

g = g0 − 𝜂0(𝑇 − 𝑇0) + 𝜇0(𝑆 − 𝑆0) − 𝑐𝑝0𝑇[� ln(𝑇/𝑇0) − 1] � [1 + 𝛽∗𝑆 (𝑆 − 𝑆0)]

+ 𝛼0(𝑝 − 𝑝0)[�1 + 𝛽𝑇(𝑇 − 𝑇0) − 𝛽𝑆(𝑆 − 𝑆0) −
𝛽𝑃
2
(𝑝 − 𝑝0)

+ 𝛽𝑇𝛾
∗

2
(𝑝 − 𝑝0)(𝑇 − 𝑇0) +

𝛽∗𝑇
2
(𝑇 − 𝑇0)2]� .

(1.146)
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In this equation the variables are g, 𝑇, 𝑆 and 𝑝. The parameters (which, as in (1.58), all have sub-
scripts or stars, with the starred parameters giving rise to nonlinear effects) are all constants that
could in principle be determined in the laboratory with the help of the derived quantities like heat
capacity, and their approximate values are given in Table 1.2. We will take 𝑝0 = 0 and 𝛽𝑝 = 𝛼0/𝑐2𝑠0,
where 𝑐𝑠0 is a reference sound speed. Equation (1.146) is in fact quite accurate for most oceano-
graphic situations, and from it we may derive the following quantities of interest:

– The conventional or thermal equation of state, 𝛼 = (𝜕g/𝜕𝑝)𝑇,𝑆:

𝛼 = 𝛼0 [1 + 𝛽𝑇(1 + 𝛾∗𝑝)(𝑇 − 𝑇0) +
𝛽∗𝑇
2
(𝑇 − 𝑇0)2 − 𝛽𝑆(𝑆 − 𝑆0) − 𝛽𝑝𝑝] . (1.147)

– The entropy, 𝜂 = −(𝜕g/𝜕𝑇)𝑝,𝑆:

𝜂 = 𝜂0 + 𝑐𝑝0 ln
𝑇
𝑇0
[�1 + 𝛽∗𝑆 (𝑆 − 𝑆0)] � − 𝛼0𝑝 [𝛽𝑇 + 𝛽𝑇𝛾∗

𝑝
2
+ 𝛽∗𝑇(𝑇 − 𝑇0)] . (1.148)

For temperatures in the range 0°–30° Celsius, entropy increases linearly with temperature to
within a few percent.

– The heat capacity, 𝑐𝑝 = 𝑇(𝜕𝜂/𝜕𝑇)𝑝,𝑆:

𝑐𝑝 = 𝑐𝑝0 [1 + 𝛽∗𝑆 (𝑆 − 𝑆0)] − 𝛼0𝑝𝛽∗𝑇𝑇. (1.149)

This is to a first approximation constant, varying mildly with salinity and more weakly with
temperature and pressure.

– The thermal expansion coefficient, 𝛽𝑇 = 𝛼−1(𝜕𝛼/𝜕𝑇)𝑆,𝑝:

𝛽𝑇 = (𝛼0/𝛼) [𝛽𝑇 + 𝛽𝑇𝛾∗𝑝 + 𝛽∗𝑇(𝑇 − 𝑇0)] , (1.150)

where 𝛼 is given by (1.147).

– The adiabatic lapse rate, 𝛤 = (𝜕𝑇/𝜕𝑝)𝜂,𝑆. Using (1.138) gives

𝛤 = (𝜕𝑇
𝜕𝑝
)
𝜂,𝑆
= − 𝑇
𝑐𝑝
( 𝜕𝜂
𝜕𝑝
)
𝑇,𝑆
= 𝑇
𝑐𝑝
𝛼0[𝛽𝑇(1 + 𝛾∗𝑝) + 𝛽∗𝑇(𝑇 − 𝑇0)]. (1.151)

where 𝑐𝑝 is given by (1.149).

Potential temperature and potential density, revisited
An expression for the potential temperature, 𝜃, may be obtained by solving (1.136) for 𝜃. In general,
such an equationmust be solved numerically, but for our equation of state, using (1.148) and taking
𝑝𝑅 = 0, we find

𝜃 = 𝑇 exp{−𝛼0𝛽𝑇𝑝
𝑐′𝑝
[�1 + 1
2
𝛾∗𝑝 + 𝛽

∗
𝑇
𝛽𝑇
(𝑇 − 𝑇0)]�} , (1.152)

where 𝑐′𝑝 = 𝑐𝑝0 [1 + 𝛽∗𝑆 (𝑆 − 𝑆0)]. Equation (1.152) is a relationship between𝑇, 𝜃 and𝑝 analogous to
(1.105) for an ideal gas. The exponent itself is small, the second and third terms in square brackets
are small compared to unity, the deviations of both 𝑇 and 𝜃 from 𝑇0 are also presumed to be small,
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Fig. 1.4 Examples of the variation of potential temperature of seawater with pressure, temperature and
salinity. Left panel: the sloping lines show potential temperature as a function of pressure at fixed salinity
(𝑆 = 35 psu) and temperature (10° C). The solid line is computed using an accurate, empirical equation of
state, the almost-coincident dashed line uses the simpler expression (1.152) and the dotted line (labelled L)
uses the linear expression (1.153c). The near vertical solid line, labelled S, shows the variation of potential
temperature with salinity at fixed temperature and pressure. Right panel: Contours of the difference be-
tween temperature and potential temperature, (𝑇 − 𝜃) in the pressure–temperature plane, for 𝑆 = 35 psu.
The dashed lines use (1.152) and the solid lines use an accurate empirical formula. (Note: 100 bars of
pressure (107 Pa or 10 MPa) is approximately 1 km depth.)

and 𝑐′𝑝 is nearly constant. Taking advantage of all of this enables (1.152) to be rewritten, with
increasing levels of approximation, as

𝑇′ ≈ 𝑇0𝛼0𝛽𝑇
𝑐𝑝0
𝑝(1 + 1
2
𝛾∗𝑝 + 𝑇0

𝛼0𝛽∗𝑇
𝑐𝑝0
𝑝) + 𝜃′ (1 + 𝑇0

𝛼0𝛽∗𝑇
𝑐𝑝0
𝑝) (1.153a)

≈ 𝑇0𝛼0𝛽𝑇
𝑐𝑝0
𝑝(1 + 1
2
𝛾∗𝑝) + 𝜃′ (1 + 𝑇0

𝛼0𝛽∗𝑇
𝑐𝑝0
𝑝) (1.153b)

≈ 𝑇0𝛼0𝛽𝑇
𝑐𝑝0
𝑝 + 𝜃′, (1.153c)

where 𝑇′ = 𝑇 − 𝑇0 and 𝜃′ = 𝜃 − 𝑇0. The last of the three, (1.153c), holds for a linear equation
of state, and is useful for calculating approximate differences between temperature and potential
temperature; making use of the hydrostatic approximation reveals that it is essentially the same
as (1.129). Plots of the difference between temperature and potential temperature, using both a
highly accurate empirical equation of state and using the simplified equation, (1.152), are given in
Fig. 1.4, and some examples of the density variation of seawater are given in Fig. 1.5.

To obtain an equation of state that gives density in terms of potential temperature, pressure and
salinity we use (1.153b) in the equation of state, (1.147), to give

𝛼 ≈ 𝛼0 [1 −
𝛼0𝑝
𝑐′2𝑠0
+ 𝛽𝑇(1 + 𝛾′∗𝑝)𝜃′ +

1
2
𝛽∗𝑇𝜃′2 − 𝛽𝑆(𝑆 − 𝑆0)] , (1.154)

where 𝛾′∗ = 𝛾∗ + 𝑇0𝛽∗𝑇𝛼0/𝑐𝑝0 and 𝑐−2𝑠0 = 𝑐′−2𝑠0 − 𝛽2𝑇𝑇0/𝑐𝑝. The parameters 𝛾∗ and 𝛾′∗ differ by a few
percent, and 𝑐2𝑠 and 𝑐′2𝑠 differ by a few parts in a thousand, and we may neglect the differences. We
may further approximate (1.154) by using the hydrostatic pressure instead of the actual pressure;
thus, letting 𝑝 = −𝑔(𝑧 − 𝑧0)/𝛼0 where 𝑧0 is the nominal value of 𝑧 at which 𝑝 = 0, we obtain

𝛼 ≈ 𝛼0 [1 +
𝑔(𝑧 − 𝑧0)
𝑐2𝑠0
+ 𝛽𝑇 (1 − 𝛾∗

𝑔(𝑧 − 𝑧0)
𝛼0
)𝜃′ + 𝛽

∗
𝑇
2
𝜃′2 − 𝛽𝑆(𝑆 − 𝑆0)] . (1.155)
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(a) (b)

(c) (d)

Fig. 1.5 Examples of the variation of density of seawater, (𝜌 − 1000) kgm–3. (a) With potential
temperature (° C); (b) with salt (g/kg); and (c) with pressure (Pa), for seawater. Panel (d), shows the
thermal expansion coefficient, 𝛽𝑇 = −𝜌−1(𝜕𝜌/𝜕𝑇)𝑝,𝑆K−1, for each of the two curves in panel (a).

Using 𝑧 instead of 𝑝 in the equation of state entails a slight loss of accuracy, but is necessary to
ensure that the Boussinesq equations maintain good conservation properties, as will be discussed
in Sections 2.4 and 4.7.1.

Given an expression for density in terms of potential temperature we can write down an ex-
pression for potential density, 𝜌𝜃, since by definition it is just the density at a reference pressure,
𝑝𝑅. From (1.147) we have, assuming density variations are small,

𝜌𝜃 ≈ 𝜌0 [1 +
𝛼0𝑝𝑅
𝑐2𝑠0
− 𝛽𝑇(1 + 𝛾∗𝑝𝑅)𝜃′ −

1
2
𝛽∗𝑇𝜃′2 + 𝛽𝑆(𝑆 − 𝑆0)] , (1.156a)

≈ 𝜌 + (𝑝𝑅 − 𝑝) (
1
𝑐2𝑠0
− 𝛽𝑇𝛾∗𝜌0𝜃′) . (1.156b)

This expression may be compared to the more approximate one, (1.144). The second term in large
brackets in (1.156b) is quite small and is a manifestation of the thermobaric effect, that the com-
pressibility of seawater is a weak function of temperature.

1.7.3 Potential Enthalpy as a Thermodynamic Variable
As discussed in Section 1.6, there are various forms of thermodynamic equation that are, in prin-
ciple, equivalent. However, they are not equivalent in practice, even if the fundamental equation
of state of is known. Thus, for example, for a nearly incompressible fluid like seawater the velocity
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divergence is small but non-zero and numerically integrating the internal energy equation, (1.94),
may be awkward and inaccurate. An ideal choice might be some conservative variable that obeys

𝜌D𝜒
D𝑡
= ∇ ⋅ 𝑭𝜒 or equivalently 𝜕

𝜕𝑡
(𝜌𝜒) + ∇ ⋅ (𝜌𝒗𝜒) = ∇ ⋅ 𝑭𝜒, (1.157)

where 𝜒 is a thermodynamical variable fromwhich all the other variables can be inferred using the
fundamental equation of state, and 𝑭𝜒 represents molecular and radiative fluxes. Unfortunately,
there is no variable that exactly has an advective left-hand side and a right-hand side that is the
divergence of a flux — but some are nearly so, as we discuss.

Entropy
Anobvious choice for a primary thermodynamic variable is entropy, an advected variable satisfying

D𝜂
D𝑡
= �̇�
𝑇
, (1.158)

where �̇� is the heating. The main difficulties with an entropic approach are the determination of
the heating and the accurate treatment of that heating once determined. The right-hand side does
not have a conservative form even in the case which the heating is due solely to diffusive molecular
fluxes and radiation. A further, albeit minor, complication is that heating is affected by irreversible
molecular fluxes of salt in the interior. Further difficulties arise in using (1.158) in a turbulent
ocean, because heating is affected not only by thermal effects but also by freshwater fluxes at the
ocean surface and unresolved fluxes of salinity in the ocean interior. Care must taken to ensure
that parameterized fluxes of temperature and salinity do produce (and not reduce) entropy.

Potential temperature, 𝜃, provides no fundamental advantage over entropy, because 𝜃 is a func-
tion of both entropy and salinity and still requires a computation of heating. Indeed, because
d𝜂 ≈ 𝑐𝑝d ln 𝜃 the evolution equation for potential temperature properly involves the heat capac-
ity, 𝑐𝑝, which is a function (albeit a weak one) of both salinity and pressure. Having said all this,
the above problems are not in practice large ones, and entropy and (more commonly) potential
temperature have been used very successfully in quantitative ocean models.

Potential enthalpy
An alternative to entropy is to construct a near-conservative variable related to enthalpy. Consider
first the fundamental thermodynamic relation, (1.85), in the form

D𝐼
D𝑡
+ 𝑝D𝛼

D𝑡
= 𝑇D𝜂

D𝑡
+ 𝜇D𝑆

D𝑡
= Dℎ

D𝑡
− 𝛼D𝑝

D𝑡
= �̇�𝐸, (1.159)

where �̇�𝐸 = �̇�+𝜇 ̇𝑆 is the total rate of non-mechanical energy input per unit mass, �̇� is the heating
and ̇𝑆 represents saline sources and sinks. Now, it is usually easier and more accurate to determine
energy input, �̇�𝐸, than the heating, �̇�, because �̇�𝐸 is very nearly equal to the divergence of an energy
flux. That is to say, 𝜌�̇�𝐸 ≈ ∇ ⋅ 𝑭𝐸 where 𝑭𝐸 is an energy flux, with the small difference arising from
the heating due to viscous dissipation of kinetic energy — see Appendix B. This property suggests
the use of internal energy or enthalpy as a primary thermodynamical variable, but neither are
conservative quantities because of the D𝛼/D𝑡 and D𝑝/D𝑡 terms in (1.159). However we can form
a quantity, potential enthalpy, that very nearly is conservative, as follows.11

Thepotential enthalpy, ℎ0, is defined to be the enthalpy that a fluid parcel has if taken at constant
composition and entropy from its current location to a fixed reference pressure, 𝑝𝑅. Thus,

ℎ0(𝑆, 𝜂, 𝑝𝑅) ≡ ℎ(𝑆, 𝜂, 𝑝) + ∫
𝑝𝑅

𝑝
(𝜕ℎ
𝜕𝑝
)
𝑆,𝜂

d𝑝′ = ℎ(𝑆, 𝜂, 𝑝) + ∫
𝑝𝑅

𝑝
𝛼d𝑝′, (1.160)
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using (1.74). That is, ℎ = ℎ0 + ℎ𝑑 where

ℎ𝑑(𝜂, 𝑝, 𝑆) = −∫
𝑝𝑅

𝑝
(𝜕ℎ
𝜕𝑝
)
𝑆,𝜂

d𝑝′ = −∫
𝑝𝑅

𝑝
𝛼d𝑝′ (1.161)

is the ‘dynamic enthalpy’. The material derivative of the dynamic enthalpy is given by

Dℎ𝑑
D𝑡
= D𝜂

D𝑡
𝜕ℎ𝑑
𝜕𝜂
+ D𝑆

D𝑡
𝜕ℎ𝑑
𝜕𝑆
+ 𝛼D𝑝

D𝑡
. (1.162)

To obtain this expression we have used (𝜕ℎ𝑑/𝜕𝑝)𝜂,𝑆 = (𝜕ℎ/𝜕𝑝)𝜂,𝑆 = 𝛼, because ℎ0 is not a function
of pressure. Using (1.162) and (1.160) we obtain

Dℎ0
D𝑡
= Dℎ

D𝑡
− Dℎ𝑑

D𝑡
= Dℎ

D𝑡
− [𝛼D𝑝

D𝑡
+ D𝜂

D𝑡
𝜕ℎ𝑑
𝜕𝜂
+ D𝑆

D𝑡
𝜕ℎ𝑑
𝜕𝑆
] , (1.163)

and using the fundamental thermodynamic relation, (1.159), we can write this equation as

Dℎ0
D𝑡
= �̇�𝐸 −
𝜕ℎ𝑑
𝜕𝜂
̇𝜂 − 𝜕ℎ
𝑑

𝜕𝑆
̇𝑆. (1.164)

The second and third terms on the right-hand side are much smaller than the other terms and can
be neglected in most oceanographic applications. To see this, realize that an approximate size of
the first term on the right-hand side is 𝑐𝑝d𝜃/d𝑡, whereas the approximate size of the second term
is (𝜕ℎ𝑑/𝜕𝜂) × (𝑐𝑝𝜃−1d𝜃/d𝑡). That is, the second term is smaller than the first by the factor

𝛾 = 1
𝜃
𝜕ℎ𝑑
𝜕𝜂
= 1
𝑐𝑝
𝜕ℎ𝑑
𝜕𝜃
∼ 1
𝑐𝑝
𝜕𝛼
𝜕𝜃
𝛥𝑝, (1.165)

using (1.161), where 𝛥𝑝 = 𝑝 − 𝑝𝑅 ≤ 4 × 107 Pa. Putting in values from the seawater equation of
state, (1.154), we find

𝛾 ∼ 1
𝑐𝑝
𝜕𝛼
𝜕𝜃
𝛥𝑝 ≈ 𝛽𝑇𝛥𝑝
𝜌0𝑐𝑝
≈ 1.7 × 10

−4 4 × 107
103 4 × 103

≈ 1.7 × 10−3, (1.166)

with a similarly small value for the saline term, where the smallness of these terms ultimately stems
from the near incompressibility of seawater. These terms may actually be smaller than (1.166)
suggests if we choose 𝑝𝑅 appropriately. Most of the energy flux into the ocean occurs at the ocean
surface and if we choose 𝑝𝑅 = 0 the fluxes affect enthalpy and potential enthalpy in the same way.

Given the above arguments, an accurate and computable thermodynamic equation for seawater
is (1.164) with the last two terms neglected and the source term in flux form, namely

𝜌Dℎ
0

D𝑡
= ∇ ⋅ 𝑭𝐸 or 𝜕

𝜕𝑡
(𝜌ℎ0) + ∇ ⋅ (𝜌𝒗ℎ0) = ∇ ⋅ 𝑭𝐸. (1.167)

Given that the right-hand side is a flux divergence, in steady state the interior fluxes of potential en-
thalpy are (in this approximation) in exact balance with the energy fluxes at the ocean boundaries.
The integral of 𝜌ℎ0 is thus a sensible measure of the total non-kinetic energy, or ‘heat content’, of
the ocean because it responds almost exactly to energy fluxes at the ocean surface.12

Why does internal energy not have these same advantages since, from (1.94), it too is conser-
vative apart from a small compression term? The reason is that internal energy can be changed
by processes that are entirely internal to the ocean, whereas enthalpy cannot. When two adjacent
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fluid parcels mix, the total enthalpy is conserved because of the form of the thermodynamic equa-
tion, 𝜌Dℎ/D𝑡 −D𝑝/D𝑡 = 𝜌𝑄𝐸. If 𝜌𝑄𝐸 is the divergence of a flux then the total enthalpy (∫ 𝜌ℎ d𝑉)
is conserved on mixing (because the parcels are at the same pressure), but this conservative prop-
erty is not shared by internal energy, because of the compression term, 𝑝D𝛼/D𝑡, in the internal
energy equation. Indeed, when two parcels at different temperatures and salinities are mixed the
density of the resulting parcel is higher than the average of the two (see Fig. 1.3); this effect is called
cabbeling and the contraction leads to a small increase in internal energy. (The differences in the
conservation of enthalpy and internal energy arise from the differences in the equation of motion
for enthalpy and internal energy and not directly from the equation of state.) Thus, internal energy
is not a goodmeasure of the ‘heat content’ of the ocean and, furthermore, in practice the very small
compression term would be hard to treat accurately. In contrast, internal energy often is used as a
primary thermodynamic variable in ideal-gas atmospheric models, where 𝐼 = 𝑐𝑣𝑇.

Thus, in short, the practical advantages of potential enthalpy are three-fold: (i) Potential en-
thalpy is nearly conservative, as in (1.167); (ii) As a consequence, potential enthalpy is itself a useful
measure of the non-kinetic energy of the ocean; (iii) Energy flux is a little more easily and more
accurately computed than heating. Property (ii) is not shared by internal energy, since that is not
conserved when parcels mix in the interior. In practice, potential enthalpy is almost proportional
to potential temperature, as we now see.

Conservative temperature and an expression for potential enthalpy

Tomake a connection to the perhapsmore familiar potential temperature it is convenient to define
conservative temperature, 𝛩, by

𝛩 ≡ ℎ
0(𝜂, 𝑝𝑅, 𝑆)
𝑐0𝑝
, (1.168)

where 𝑐0𝑝 = 3991.87 J kg−1K−1 is the average heat capacity at the ocean surface and 𝑝𝑅 = 0. (Poten-
tial enthalpy can have any reference pressure; conservative temperature has, by definition 𝑝𝑅 = 0.)
As we see below, conservative temperature is then very similar to potential temperature.

The enthalpy is given in terms of the Gibbs function by

ℎ = g + 𝑇𝜂 = g − 𝑇( 𝜕g
𝜕𝑇
)
𝑝,𝑆
. (1.169)

The potential enthalpy is therefore given by

ℎ0(𝑆, 𝑇, 𝑝) = ℎ(𝑆, 𝜃, 𝑝𝑅) = g(𝑆, 𝜃, 𝑝𝑅) − 𝑇
𝜕
𝜕𝑇

g(𝑆, 𝜃, 𝑝𝑅), (1.170)

where 𝜃 is the potential temperature referenced to 𝑝 = 𝑝𝑅 (and 𝑝𝑅 = 0) and the last term is the
derivative of the Gibbs function evaluated at 𝑇 = 𝜃 and 𝑝 = 𝑝𝑅. We can evaluate the derivative
using the seawater equation of state, (1.146), giving, to within a constant factor,

ℎ(𝑇, 𝑝, 𝑆) = 𝜇0𝑆 + 𝑐𝑝0𝑇[�1 + 𝛽∗𝑆 (𝑆 − 𝑆0)]�

+ 𝛼0𝑝[�1 − 𝛽𝑇𝑇0 − 𝛽𝑆(𝑆 − 𝑆0) −
𝛽𝑃𝑝
2
− 𝛽𝑇𝛾

∗

2
𝑝𝑇0 +
𝛽∗𝑇
2
(𝑇20 − 𝑇2)]�,

(1.171)

and
ℎ0(𝜃, 0, 𝑆) = ℎ(𝜃, 0, 𝑆) = 𝜃𝑐𝑝0[�1 + 𝛽∗𝑆 (𝑆 − 𝑆0)]� + 𝜇0𝑆. (1.172)

The last term on the right-hand side of the above equation, 𝜇0𝑆, is over two orders of magnitude
smaller than the first. Also, from (1.149), the factormultiplying 𝜃 in (1.172) is just the heat capacity
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at 𝑝 = 0, namely 𝑐0𝑝, which varies only by few percent over the ocean. Thus, using the definition of
conservative temperature given in (1.168), we have to a good approximation

𝑐0𝑝𝛩 ≡ ℎ0(𝜃, 0, 𝑆) ≈ 𝑐0𝑝 𝜃. (1.173)

That is, to this approximation, conservative temperature equals potential temperature. Finally, if
we are to use potential enthalpy (or entropy) as a thermodynamic variable we must manipulate the
equation of state to obtain variables such as pressure or density from it, analogous to (1.154).

1.8 SOUND WAVES

Full of sound and fury, signifying nothing.
William Shakespeare, Macbeth, c. 1606.

We now consider, rather briefly, one of the most common phenomena in fluid dynamics, yet one
which is in most circumstances relatively unimportant for geophysical fluid dynamics — sound
waves. Their unimportance stems from the fact that the pressure disturbances produced by sound
waves are a tiny fraction of the ambient pressure and are too small to affect the circulation. For
example, the ambient surface pressure in the atmosphere is about 105Pa and variations due to large-
scale weather phenomena are about 103Pa or larger, whereas sound waves of 70 dB (i.e., a loud
conversation) produce pressure variations of about 0.06Pa. (To convert, dBs = 20 log10(𝛥𝑝/𝑝𝑟)
where 𝛥𝑝 is the pressure change in Pascals and 𝑝𝑟 = 2 × 10−5.)

The smallness of the disturbance produced by sound waves justifies a linearization of the equa-
tions of motion and we do so about a spatially uniform basic state that is a time-independent
solution to the equations of motion. Thus, we write 𝒗 = 𝒗0 + 𝒗′, 𝜌 = 𝜌0 + 𝜌′ (where a subscript
0 denotes a basic state and a prime denotes a perturbation) and so on, substitute in the equations
of motion, and neglect terms involving products of primed quantities. By choice of our reference
frame we will simplify matters further by setting 𝒗0 = 0. The linearized momentum and mass
conservation equations are then, respectively,

𝜌0
𝜕𝒗′
𝜕𝑡
= −∇𝑝′, 𝜕𝜌′

𝜕𝑡
= −𝜌0∇ ⋅ 𝒗′. (1.174a,b)

(These linear equations do not in themselves determine the magnitude of the disturbance.) Now,
sound waves are largely adiabatic. Thus,

d𝑝
d𝑡
= (𝜕𝑝
𝜕𝜌
)
𝜂

d𝜌
d𝑡
, (1.175)

where (𝜕𝑝/𝜕𝜌)𝜂 is the derivative at constant entropy, whose particular form is given by the equa-
tion of state for the fluid at hand. Then, from (1.174) and (1.175) we obtain a single equation for
pressure,

𝜕2𝑝′
𝜕𝑡2
= 𝑐2𝑠∇2𝑝′, (1.176)

where 𝑐2𝑠 = (𝜕𝑝/𝜕𝜌)𝜂. Equation (1.176) is the classical wave equation; solutions propagate at a
speed 𝑐𝑠, which may be identified as the speed of sound. For adiabatic flow in an ideal gas, man-
ipulation of the equation of state leads to 𝑝 = 𝐶𝜌𝛾, where 𝛾 = 𝑐𝑝/𝑐𝑣, whence 𝑐2𝑠 = 𝛾𝑝/𝜌 = 𝛾𝑅𝑇.
Values of 𝛾 typically range from 5/3 for a monatomic gas to 7/5 for a diatomic gas, and so for air,
which is almost entirely diatomic, we find 𝑐𝑠 ≈ 350ms−1 at 300K. In seawater no such theoretical
approximation is easily available, but measurements show that 𝑐𝑠 ≈ 1500ms−1.
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1.9 COMPRESSIBLE AND INCOMPRESSIBLE FLOW
Although there may be no fluids of truly constant density, in many cases the density of a fluid will
vary so little that it is a very good approximation to consider the density effectively constant. The
fluid is then said to be incompressible. (Some sources take incompressible to mean that density
is unaffected by pressure. We take it to mean that density is also unaffected by temperature and
composition.) For example, in the Earth’s oceans the density varies by less than 5% (usually much
less) even though the pressure at the ocean bottom is several hundred times that at the surface. We
first consider how the mass continuity equation simplifies when density is truly constant, and then
consider conditions under which treating density as constant is a good approximation.

1.9.1 Constant Density Fluids
If a fluid is strictly of constant density then the mass continuity equation, D𝜌/D𝑡 + 𝜌∇ ⋅ 𝒗 = 0,
simplifies to

∇ ⋅ 𝒗 = 0. (1.177)

The prognostic equation (1.36) has become a diagnostic equation (1.177), or a constraint to be sat-
isfied by the velocity. The volume of each material fluid element is therefore constant; to see this
recall that conservation of mass is D(𝜌𝛥𝑉)/D𝑡 = 0 and if 𝜌 is constant this becomes D𝛥𝑉/D𝑡 = 0,
whence (1.177) is recovered because D𝛥𝑉/D𝑡 = 𝛥𝑉∇ ⋅ 𝒗 .

1.9.2 Incompressible Flows
In reality no fluid is truly incompressible and for (1.177) to approximately hold we just require that

|D𝜌
D𝑡
| ≪ 𝜌(|𝜕𝑢

𝜕𝑥
| + | 𝜕𝑣
𝜕𝑦
| + |𝜕𝑤
𝜕𝑧
|) ; (1.178)

that is, the material derivative of density is much smaller than the individual terms constituting
the divergence. As a working definition we say that in an incompressible fluid, density changes
are so small that they have a negligible effect on the mass balance. We do not need to assume that
the densities of differing fluid elements are similar to each other, but in the ocean (and in most
liquids) variations in density, 𝛿𝜌, are in fact everywhere small compared to the mean density, 𝜌0.
A sufficient condition for incompressibility, then, is that

𝛿𝜌
𝜌0
≪ 1. (1.179)

The fact that∇⋅𝒗 = 0 does not imply that wemay independently useD𝜌/D𝑡 = 0. Indeed for a liquid
with an equation of state 𝜌 = 𝜌0(1 − 𝛽𝑇(𝑇 −𝑇0)) and a thermodynamic equation 𝑐𝑝𝐷𝑇/𝐷𝑡 = �̇� we
have

D𝜌
D𝑡
= −𝛽𝑇𝜌0
𝑐𝑝
�̇�. (1.180)

Furthermore, incompressibility does not necessarily imply the neglect of density variations in the
momentum equation — it is only in the mass continuity equation that density variations are ne-
glected, as will become apparent in our discussion of the Boussinesq equations in chapter 2.

Conditions for incompressibility
The conditions under which incompressibility is a good approximation to the full mass continuity
equation depend not only on the physical nature of the fluid but also on the flow itself. The condi-
tion that density is largely unaffected by pressure gives one necessary condition for the legitimate
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use of (1.177), as follows. First assume adiabatic flow, and omit the gravitational term. Then

d𝑝
d𝑡
= (𝜕𝑝
𝜕𝜌
)
𝜂

d𝜌
d𝑡
= 𝑐2𝑠

d𝜌
d𝑡
, (1.181)

so that the density and pressure variations of a fluid parcel are related by

𝛿𝑝 ∼ 𝑐2𝑠𝛿𝜌. (1.182)

From the momentum equation we estimate

𝑈2
𝐿
∼ 1
𝐿
𝛿𝑝
𝜌0
, (1.183)

where 𝑈 and 𝐿 are typical velocities and lengths and where 𝜌0 is a representative value of the den-
sity. Using (1.182) and (1.183) gives 𝑈2 ∼ 𝑐2𝑠𝛿𝜌/𝜌0. The incompressibility condition (1.179) then
becomes

𝑈2
𝑐2𝑠
≪ 1. (1.184)

Thus, for a flow to be incompressible the fluid velocities must be less than the speed of sound; that
is, the Mach number,𝑀 ≡ 𝑈/𝑐𝑠, must be small.

In the Earth’s atmosphere it is apparent that density changeswith height. To estimate howmuch
density does change, let us first assume hydrostatic balance and an ideal gas, so that 𝜕𝑝/𝜕𝑧 = −𝜌𝑔.
If we also assume that atmosphere is isothermal then

𝜕𝑝
𝜕𝑧
= (𝜕𝑝
𝜕𝜌
)
𝑇

𝜕𝜌
𝜕𝑧
= 𝑅𝑇0
𝜕𝜌
𝜕𝑧
. (1.185)

Using hydrostasy and (1.185) gives

𝜌 = 𝜌0 exp(−𝑧/𝐻𝜌), (1.186)

where 𝐻𝜌 = 𝑅𝑇0/𝑔 is the (density) scale height of the atmosphere. (It is also the pressure scale
height here.) It is easy to see that density changes are negligible only if we concern ourselves with
motion less than the scale height, so this is another necessary condition for incompressibility.

In the atmosphere, although the Mach number is small for most flows, vertical displacements
often exceed the scale height and the flow cannot then be considered incompressible. In the ocean,
density changes from all causes are small and in most circumstances the ocean may be considered
to contain an incompressible fluid.

1.10 THE ENERGY BUDGET
The total energy of a fluid includes the kinetic, potential and internal energies. Both fluid flow and
pressure forces will, in general, move energy from place to place, but we nevertheless expect, even
demand, energy to be conserved in an enclosed volume. Is it?

1.10.1 Constant Density Fluid
For a constant density fluid the momentum equation and the mass continuity equation ∇ ⋅ 𝒗 = 0,
are sufficient to completely determine the evolution of a system. The momentum equation is

D𝒗
D𝑡
= −∇ (𝜙 + 𝛷) + 𝜈∇2𝒗, (1.187)
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where 𝜙 = 𝑝/𝜌0 and 𝛷 is the potential for any conservative force per unit mass (e.g., 𝑔𝑧 for a
uniform gravitational field). We can rewrite the advective term on the left-hand side using the
identity,

(𝒗 ⋅ ∇)𝒗 = −𝒗 × 𝝎 + ∇(𝒗2/2), (1.188)
where𝝎 ≡ ∇×𝒗 is the vorticity, discussed more in later chapters. Then, omitting viscosity, we have

𝜕𝒗
𝜕𝑡
+ 𝝎 × 𝒗 = −∇𝐵, (1.189)

where 𝐵 = (𝜙+𝛷+𝒗2/2) is the Bernoulli function for constant density flow. Consider for amoment
steady flows (𝜕𝒗/𝜕𝑡 = 0). Streamlines are, by definition, parallel to 𝒗 everywhere, and the vector
𝒗 × 𝝎 is everywhere orthogonal to the streamlines, so that taking the dot product of the steady
version of (1.189) with 𝒗 gives 𝒗 ⋅ ∇𝐵 = 0. That is, for steady flows the Bernoulli function is
constant along a streamline, and D𝐵/D𝑡 = 0.

Reverting to the time-varying case, take the dot product of (1.189) with 𝒗 and include the
density to yield

1
2
𝜕𝜌0𝒗2
𝜕𝑡
+ 𝜌0𝒗 ⋅ (𝝎 × 𝒗) = −𝜌0𝒗 ⋅ ∇𝐵. (1.190)

The second term on the left-hand side vanishes identically. Defining the kinetic energy density𝐾,
or energy per unit volume, by 𝐾 = 𝜌0𝒗2/2, (1.190) becomes an expression for the rate of change
of𝐾,

𝜕𝐾
𝜕𝑡
+ ∇ ⋅ (𝜌0𝒗𝐵) = 0. (1.191)

Because 𝛷 is time-independent this may be written

𝜕𝐸
𝜕𝑡
+ ∇ ⋅ (𝜌0𝒗𝐵) = 0, (1.192)

where 𝐸 = 𝐾 + 𝜌0𝛷 is the total energy density (i.e, the total energy per unit volume). This has
the form of a general conservation equation in which a local change in a quantity is balanced by
the divergence of its flux. However, the energy flux, 𝜌0𝒗𝐵 = 𝜌0𝒗(𝒗2/2 + 𝛷 + 𝜙), is not simply the
velocity times the energy density 𝜌0(𝒗2/2 + 𝛷); there is an additional term, 𝒗𝑝, that represents the
energy transfer occurring when work is done by the fluid against the pressure force.

Now consider a volume through which there is no mass flux, for example a domain bounded
by rigid walls. The rate of change of energy within that volume is then given by the integral of
(1.192),

d
d𝑡
∫
𝑉
𝐸d𝑉 = −∫

𝑉
∇ ⋅ (𝜌0𝒗𝐵)d𝑉 = −∫

𝑆
𝜌0𝐵𝒗 ⋅ d𝑺 = 0, (1.193)

using the divergence theorem. Thus, the total energy within the volume is conserved. The total
kinetic energy is also conserved, total gravitational potential energy is equal to ∫𝑉 𝜌0𝑔𝑧d𝑉, and
this is a constant, unaffected by a rearrangement of the fluid. Thus, in a constant density fluid
there is no exchange between kinetic energy and potential energy.

1.10.2 Variable Density Fluids
We start with the inviscid momentum equation with a time-independent potential 𝛷,

𝜌D𝒗
D𝑡
= −∇𝑝 − 𝜌∇𝛷, (1.194)

and take its dot product with 𝒗 to obtain an equation for the evolution of kinetic energy,

1
2
𝜌D𝒗
D𝑡
2
= −𝒗 ⋅ ∇𝑝 − 𝜌𝒗 ⋅ ∇𝛷 = −∇ ⋅ (𝑝𝒗) + 𝑝∇ ⋅ 𝒗 − 𝜌𝒗 ⋅ ∇𝛷. (1.195)
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The internal energy equation for adiabatic flow is

𝜌D𝐼
D𝑡
= −𝑝∇ ⋅ 𝒗. (1.196)

Finally, and somewhat trivially, the potential energy density obeys

𝜌D𝛷
D𝑡
= 𝜌𝒗 ⋅ ∇𝛷. (1.197)

Adding (1.195), (1.196) and (1.197) we obtain

𝜌 D
D𝑡
(1
2
𝒗2 + 𝐼 + 𝛷) = −∇ ⋅ (𝑝𝒗), (1.198)

which, on expanding the material derivative and using the mass conservation equation, becomes

𝜕
𝜕𝑡
[𝜌 (1
2
𝒗2 + 𝐼 + 𝛷)] + ∇ ⋅ [𝜌𝒗 (1

2
𝒗2 + 𝐼 + 𝛷 + 𝑝/𝜌)] = 0. (1.199)

This may be written
𝜕𝐸
𝜕𝑡
+ ∇ ⋅ [𝒗(𝐸 + 𝑝)] = 0, (1.200)

where𝐸 = 𝜌(𝒗2/2+𝐼+𝛷) is the total energy per unit volume of the fluid. This is the energy equation
for an unforced, inviscid and adiabatic, compressible fluid. The energy flux term vanishes when
integrated over a closed domain with rigid boundaries, implying that the total energy is conserved.
However, there can be an exchange of energy between kinetic, potential and internal components.
It is the divergent term, ∇ ⋅ 𝒗, that connects the kinetic energy equation, (1.195), and the internal
energy equation, (1.196). In an incompressible fluid this term is absent, and the internal energy
is divorced from the other components of energy. This consideration will be important when we
consider the Boussinesq equations in Section 2.4. Note finally that the flux of energy, 𝑭𝐸 = 𝒗(𝐸+𝑝)
is not equal to the velocity times the energy; rather, energy is also transferred by pressure. We may
write the energy flux as

𝑭𝐸 = 𝜌𝒗( �
𝒗2
2
+ 𝛷 + ℎ) �, (1.201)

where ℎ = 𝐼+𝑝/𝜌 is the enthalpy. That is, the local rate of change of energy is effected by the fluxes
of kinetic and potential energy and enthalpy, not internal energy.

Bernoulli’s theorem
The quantity

𝐵 = (𝐸 + 𝑝
𝜌
) = (1
2
𝒗2 + 𝐼 + 𝛷 + 𝑝𝛼) = (1

2
𝒗2 + ℎ + 𝛷) , (1.202)

is the general form of the Bernoulli function, equal to the sum of the kinetic energy, the potential
energy and the enthalpy. Equation (1.200) may be written as

𝜕𝐸
𝜕𝑡
+ ∇ ⋅ (𝜌𝑣𝐵) = 0. (1.203)

This equationmay also bewritten 𝜕(𝜌𝐵)/𝜕𝑡+∇⋅(𝜌𝑣𝐵) = 𝜕𝑝/𝜕𝑡, so obviously the Bernoulli function
itself is not conserved, even for adiabatic flow. For steady flow ∇ ⋅ (𝜌𝒗) = 0, and the 𝜕/𝜕𝑡 terms
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vanish so that (1.203)may be written 𝒗⋅∇𝐵 = 0, or evenD𝐵/D𝑡 = 0. The Bernoulli function is then
a constant along streamlines, a result commonly known as Bernoulli’s theorem.13 For adiabatic
flow at constant composition we also have D𝜃/D𝑡 = 0. Thus, steady flow is both along surfaces of
constant 𝜃 and along surfaces of constant 𝐵, and the vector

𝒍 = ∇𝜃 × ∇𝐵 (1.204)

is parallel to streamlines. A related result for unsteady flow is given in Section 4.8.

Viscous effects
We might expect that viscosity will always act to reduce the kinetic energy of a flow, and we will
demonstrate this for a constant density fluid. Retaining the viscous term in (1.187), the energy
equation becomes

d𝐸
d𝑡
≡ d

d𝑡
∫
𝑉
𝐸d𝑉 = 𝜇∫

𝑉
𝒗 ⋅ ∇2𝒗d𝑉. (1.205)

The right-hand side is negative definite. To see this we use the vector identity

∇ × (∇ × 𝒗) = ∇(∇ ⋅ 𝒗) − ∇2𝒗, (1.206)

and because ∇ ⋅ 𝒗 = 0 we have ∇2𝒗 = −∇ × 𝝎, where 𝝎 ≡ ∇ × 𝒗. Thus,

d𝐸
d𝑡
= −𝜇∫

𝑉
𝒗 ⋅ (∇ × 𝝎)d𝑉 = −𝜇∫

𝑉
𝝎 ⋅ (∇ × 𝒗)d𝑉 = −𝜇∫

𝑉
𝝎2 d𝑉, (1.207)

after integrating by parts, providing 𝒗 × 𝝎 vanishes at the boundary. Thus, viscosity acts to extract
kinetic energy from the flow. The loss of kinetic energy reappears as an irreversible warming of the
fluid (called ‘Joule heating’), and the total energy of the fluid is conserved, but this effect plays no
role in a constant density fluid. The heating is normally locally small, at least in the Earth’s ocean
and atmosphere, but it is needed to preserve total energy.

1.10.3 Enthalpy, Static Energy and Energy Flux
We saw above that it is the quantity

𝐵 = kinetic energy + potential energy + enthalpy, (1.208)

that, when multiplied by 𝜌𝒗, fluxes the energy. However, the conserved energy contains only the
kinetic and potential energies plus the internal energy. The difference between 𝐵 and energy is
the fluid dynamical analogue of the thermodynamical principle that it is the flux of enthalpy that
changes the energy of a system, because this accounts for work done by the pressure.

For an example, consider an ideal gas in a uniform gravitational field for which 𝐼 = 𝑐𝑣𝑇 and
𝑝𝛼 = 𝑅𝑇 so that 𝐵 = 𝑐𝑣𝑇 + 𝑅𝑇 + KE + 𝑔𝑧 = 𝑐𝑝𝑇 + KE + 𝑔𝑧. The sum of the enthalpy and the
potential energy,

ℎ∗𝑑 ≡ 𝑐𝑝𝑇 + 𝑔𝑧, (1.209)

is known as the dry static energy. Dry static energy is not an integral conserved quantity nor is it a
measure of the total energy itself. To see the importance of enthalpy fluxes, consider an adiabatic
rearrangement of a fluid with d𝜂 = 0. From (1.87) we then have d𝐼 = −𝑝 d𝛼, meaning that the
internal energy changes because of work done. At the same time, from (1.72) with d𝜂 = 0 we also
have dℎ = 𝛼 d𝑝. For a fluid in hydrostatic balance, (1.51), we have that d𝑝 = −𝑔 d𝑧/𝛼 and thus

d(ℎ + 𝑔𝑧) = 0. (1.210)
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The change in potential energy of a parcel arises from a change in the enthalpy, not the internal
energy, because of the work that must be done by the pressure force to move the parcel.

The form of the conservation law (1.210) is different from the total energy conservation previ-
ously derived. Equation (1.200) is an integral conservation law, whereas (1.210) is a parcel conser-
vation law, which we might write in fluid dynamical form as

D
D𝑡
(ℎ + 𝑔𝑧) = 0. (1.211)

Equation (1.211) is a form of the thermodynamic equation for adiabatic changes to an ideal gas
in hydrostatic balance, similar to (1.126) or (1.141). The equivalence arises because changes in ℎ∗𝑑
and 𝜃 are related by dℎ∗𝑑 = 𝑐𝑝 d𝑇 + 𝑔d𝑧 = 𝑐𝑝(𝑇/𝜃)d𝜃, as in (1.127).

Potential enthalpy (see Section 1.7.3 for an oceanographic discussion) is the enthalpy that a
parcel would have if adiabaticallymoved to a reference pressure, and since the enthalpy for an ideal
gas is 𝑐𝑝𝑇, the potential enthalpy is just 𝑐𝑝𝜃. The dry static energy, 𝑐𝑝𝑇 + 𝑔𝑧, is the enthalpy that
a parcel at a height 𝑧 and temperature 𝑇 would have if moved adiabatically and hydrostatically to
𝑧 = 0, and is thus a special formof potential enthalpy (and sometimes called ‘generalized enthalpy’).
Energy and enthalpy both play major roles in the chapters ahead, but let’s round off this chapter
with an introduction to scaling in a pure fluid-dynamical setting.

1.11 AN INTRODUCTION TO NONDIMENSIONALIZATION AND SCALING

The units we use to measure length, velocity and so on are irrelevant to the dynamics and it is
useful to express the equations of motion in terms of ‘nondimensional’ variables, by which we
mean expressing every variable as the ratio of its value to some reference value. We choose the
reference as a natural one for a given flow so that, as far as possible, the nondimensional variables
are order-unity quantities, and doing this is called scaling the equations. There is no reference that
is universally appropriate, and much of the art of fluid dynamics lies in choosing sensible scaling
factors for the problem at hand. We introduce the methodology here with a simple example.

1.11.1 The Reynolds Number

Consider the constant-density momentum equation in Cartesian coordinates. If a typical velocity
is 𝑈, a typical length is 𝐿, a typical time scale is 𝑇, and a typical value of the pressure deviation is
𝛷, then the approximate sizes of the various terms in the momentum equation are given by

𝜕𝒗
𝜕𝑡
+ (𝒗 ⋅ ∇)𝒗 = −∇𝜙 + 𝜈∇2𝒗, (1.212a)

𝑈
𝑇

𝑈2
𝐿
∼ 𝛷
𝐿
𝜈𝑈
𝐿2
. (1.212b)

The ratio of the inertial terms to the viscous terms is (𝑈2/𝐿)/�(𝜈𝑈/𝐿2) = 𝑈𝐿/𝜈, and this is the
Reynolds number.14 More formally, we can nondimensionalize themomentum equation bywriting

𝒗 = 𝒗
𝑈
, 𝒙 = 𝒙

𝐿
, ̂𝑡 = 𝑡

𝑇
, 𝜙 = 𝜙

𝛷
, (1.213)

where the terms with hats on are nondimensional values of the variables and the capitalized quan-
tities are known as scaling values, and these are the approximate magnitudes of the variables. We
now choose the scaling values so that the nondimensional variables are of order unity, or 𝑢 = 𝒪(1).
Thus, for example, we choose 𝑈 so that 𝑢 = 𝒪(𝑈), where this notation should be taken to mean
that the magnitude of the variable 𝑢 is of order 𝑈, or that 𝑢 ∼ 𝑈, and we say that ‘𝑢 scales like 𝑈’.
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Because there are no external forces in this problem, appropriate scaling values for time and
pressure are

𝑇 = 𝐿
𝑈
, 𝛷 = 𝑈2. (1.214)

Substituting (1.213) and (1.214) into the momentum equation gives

𝑈2
𝐿
[𝜕𝒗
𝜕 ̂𝑡
+ (𝒗 ⋅ ∇)𝒗] = −𝑈

2

𝐿
∇𝜙 + 𝜈𝑈
𝐿2
∇2𝒗, (1.215)

where we use the convention that when ∇ operates on a nondimensional variable it is a nondimen-
sional operator. Equation (1.215) then simplifies to

𝜕𝒗
𝜕 ̂𝑡
+ (𝒗 ⋅ ∇)𝒗 = −∇𝜙 + 1

Re
∇2𝒗, where Re ≡ 𝑈𝐿

𝜈
. (1.216a,b)

The parameter Re is, as before, the Reynolds number. If we have chosen our length and velocity
scales sensibly — that is, if we have scaled them properly — each variable in (1.216a) is order unity,
with the viscous term being multiplied by 1/Re. There are two important conclusions:

(i) The ratio of the importance of the inertial terms to the viscous terms is given by the Reynolds
number, defined above. In the absence of other forces, such as those due to gravity and
rotation, the Reynolds number is the only nondimensional parameter explicitly appearing in
themomentumequation. Hence its value, alongwith the boundary conditions and geometry,
controls the behaviour of the system.

(ii) More generally, by scaling the equations of motion appropriately the parameters determin-
ing the behaviour of the system become explicit. Scaling the equations is intelligent nondi-
mensionalization.

Nondimensionalizing the equations does not, however, absolve the investigator from the respon-
sibility of producing dimensionally correct equations. One should regard ‘nondimensional’ equa-
tions as dimensional equations in units appropriate for the problem at hand.

APPENDIX A: THERMODYNAMICS OF AN IDEAL GAS FROM THE GIBBS FUNCTION
All the thermodynamic quantities of interest for a simple ideal gas, sometimes called a perfect gas,
may be derived in a straightforward way from the fundamental equation of state. (An analogous
treatment for moist air is given in Appendix A of Chapter 18.) To show this we begin with the
specific Gibbs function, g = 𝐼 − 𝑇𝜂 + 𝑝𝛼, which for an ideal gas is given by

g = 𝒞𝑝𝑇(1 − ln𝑇) + ℛ𝑇 ln𝑝 + 𝐵𝑇 + 𝐶, (1.217)

where 𝒞𝑝, ℛ, 𝐵 and 𝐶 are constants (and our notation anticipates what 𝒞𝑝 and ℛ really are). The
procedure below is especially useful when the Gibbs function is more complex than (1.217), with
the main difficulty then lying in obtaining the Gibbs function in the first instance.

Density and the thermal equation of state
From the fundamental relation involving the Gibbs function, (1.78a), specific volume is given by

𝛼 = (𝜕g
𝜕𝑝
)
𝑇
= ℛ𝑇
𝑝
, or 𝑝 = 𝜌ℛ𝑇. (1.218)

Thus, 𝑅, the gas constant used elsewhere in this chapter, is equal to ℛ.



48 Chapter 1. Equations of Motion

Entropy

𝜂 = −( 𝜕g
𝜕𝑇
)
𝑝
= 𝒞𝑝 ln𝑇 − ℛ ln𝑝 − 𝐵 (1.219)

Using (1.218) and (1.221) in (1.219), the entropy may be expressed in terms of 𝐼 and 𝛼, giving
𝜂 = (𝒞𝑝 − 𝑅) ln 𝐼 − ℛ ln 𝜌 + constant, as in (1.111).

The internal energy
Using (1.218) and (1.219) in the definition of the Gibbs function, g = 𝐼 − 𝑇𝜂 + 𝑝𝛼, gives

𝐼 = g + 𝑇𝜂 − 𝑝𝛼 = g − 𝑇( 𝜕g
𝜕𝑇
)
𝑝
− 𝑝(𝜕g
𝜕𝑝
)
𝑇
, (1.220)

and so
𝐼 = (𝒞𝑝 − ℛ)𝑇 + 𝐶 = 𝒞𝑣𝑇 + 𝐶, (1.221)

where 𝒞𝑣 ≡ 𝒞𝑝 − ℛ. Equation (1.221) also suggests we may sensibly take 𝐶 = 0, but no physical
result in classical mechanics depends on this choice.

Heat capacities
Let 𝑐𝑝 be the heat capacity at constant pressure. We have

𝑐𝑝 ≡ 𝑇(
𝜕𝜂
𝜕𝑇
)
𝑝
= 𝒞𝑝. (1.222)

To obtain the heat capacity at constant volume, 𝑐𝑣, first rewrite the entropy using the thermal equa-
tion of state as

𝜂 = (𝒞𝑝 ln𝑇 − ℛ ln𝑇 + ℛ ln𝛼) + constant. (1.223)
We then have

𝑐𝑣 ≡ 𝑇(
𝜕𝜂
𝜕𝑇
)
𝛼
= 𝒞𝑝 − ℛ. (1.224)

Adiabatic lapse rate
The adiabatic lapse rate, 𝛤𝑝, is the rate of change of temperature with pressure at constant entropy.
Thus

𝛤𝑝 ≡ (
𝜕𝑇
𝜕𝑝
)
𝜂
, (1.225)

Now, from (1.138) we have
(𝜕𝑇
𝜕𝑝
)
𝜂
= −
𝑇
𝒞𝑝
( 𝜕𝜂
𝜕𝑝
)
𝑇
, (1.226)

and using (1.219) to evaluate the right-hand side gives

𝛤𝑝 = −
𝑇
𝒞𝑝
( 𝜕𝜂
𝜕𝑝
)
𝑇
=
𝑇
𝒞𝑝
ℛ
𝑝
= 1𝒞𝑝𝜌
, (1.227)

using the thermal equation of state. It is common to write this expression in terms of a rate of
change of temperaturewith respect to height by using the hydrostatic approximation, d𝑝 = −𝜌𝑔 d𝑧,
whence

𝛤z ≡ −(
𝜕𝑇
𝜕𝑧
)
𝜂
=
𝑔
𝒞𝑝
. (1.228)

The physical significance of this quantity is explored in Chapter 2.
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Potential temperature
As in (1.136), potential temperature, 𝜃, satisfies

𝜂(𝑇, 𝑝) = 𝜂(𝜃, 𝑝𝑅). (1.229)

That is to say, 𝜃 is the temperature that a parcel will have if moved at constant entropy from a
pressure 𝑝 to a reference pressure 𝑝𝑅. Using (1.219) gives

𝒞𝑝 ln𝑇 − ℛ ln𝑝 = 𝒞𝑝 ln 𝜃 − ℛ ln𝑝𝑅, or ln(𝑇/𝜃)𝒞𝑝 = ln(𝑝/𝑝𝑅)ℛ . (1.230)

Re-arranging gives

𝜃 = 𝑇(𝑝𝑅
𝑝
)
ℛ/𝒞𝑝
. (1.231)

We can derive the same result by noting that, by definition, potential temperature satisfies

𝜃 ≡ 𝑇(𝑝𝑅) = 𝑇(𝑝) + ∫
𝑝𝑅

𝑝
( 𝜕𝑇
𝜕𝑝′
)
𝜂
d𝑝′ = 𝑇(𝑝) + ∫

𝑝𝑅

𝑝

ℛ𝑇
𝒞𝑝𝑝′

d𝑝′, (1.232)

where the rightmost expression uses (1.227). It is easy to verify that the solution to this integral
equation is𝑇 = 𝜃(𝑝/𝑝𝑅)ℛ/𝒞𝑝 , although solving the equation ab initio is a littlemore difficult. Finally,
in an ideal gas potential temperature can be related to entropy using (1.219) and (1.231), giving
𝜂 = 𝒞𝑝 ln 𝜃 + constant.

Enthalpy and potential enthalpy
Enthalpy is related to the Gibbs function by

ℎ = g + 𝑇𝜂 = g − 𝑇( 𝜕g
𝜕𝑇
)
𝑝
= 𝒞𝑝𝑇. (1.233)

Potential enthalpy, ℎ0, is the enthalpy that a parcel would have if moved adiabatically to a reference
pressure. It therefore satisfies an equation similar to (1.229), namely 𝜂(ℎ, 𝑝) = 𝜂(ℎ0, 𝑝𝑅). Since
ℎ = 𝒞𝑝𝑇 we immediately obtain

ℎ0 = 𝒞𝑝𝜃. (1.234)

That is, the potential enthalpy is equal to the potential temperature times the heat capacity at con-
stant pressure.

APPENDIX B: THE FIRST LAW OF THERMODYNAMICS FOR FLUIDS
In its usual form the first law states that changes in the internal energy of a body are equal to the
sum of heat supplied, the work done, and changes due to composition (the chemical work), and in
a reversible process the entropy of a body then changes according to the heat supplied. However,
the heating is not known a priori and the first law may be regarded as a definition of heating by
way of energy conservation; heating should then be considered a derived quantity, as we noted in
our discussion of (1.61) and (1.62). The real problem is to determine what the heating actually is,
and this is not wholly trivial for fluids that also have mechanical energy and viscosity, as well as
thermal and compositional diffusion. The first law is not a statement of total energy conservation,
since it does not involve kinetic energy.

To obtain an unambiguous prescription for the heating — and hence a useful thermodynamic
equation — we begin with total energy conservation and work backwards to obtain the heating,
and since energy conservation is the more fundamental physical law this procedure is natural.15
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Effectively, we subtract off the evolution of mechanical energy from an equation for total energy
conservation, and the remainder is the thermodynamic equation. Equivalently (and this is howwe
proceed below) we demand consistency between total energy conservation and an energy equation
derived in a forward fashion using a thermodynamic equation representing the first law but with
the heating unspecified, and thereby deduce an explicit expression for that heating. Underlying this
procedure is the fundamental notion that the work done and the generation of mechanical energy
are less ambiguous than heating because they can be measured and/or arise through well-defined
forces in the momentum equation. We will assume that energy and energy fluxes are knowable
or calculable, but we will not discuss the questions of what energy fundamentally is or why it is
conserved.

For reference, we first write down the fundamental thermodynamic relation, (1.85), and its
inputs,

D𝐼
D𝑡
+ 𝑝D𝛼

D𝑡
= 𝑇D𝜂

D𝑡
+ 𝜇D𝑆

D𝑡
= Dℎ

D𝑡
− 𝛼D𝑝

D𝑡
= �̇�𝐸, (1.235)

where �̇�𝐸 = �̇� + 𝜇 ̇𝑆 accounts for the total energy input to a fluid parcel from both heating, �̇�, and
compositional changes, 𝜇 ̇𝑆. The inclusion of the term �̇�𝐸 connects the above equation to the first
law, but the first law is not useful until we know what the heating is.

B.1 Single Component Fluid
Consider the energetics of a fluid as in Section 1.10.2, with two additional effects: the fluid is
viscous, and there is an additional energy source in the fluid, for example radiation or thermal
conduction, that does not appear in the momentum equation. We write the momentum equation,
(1.194), in Cartesian tensor notation (where repeated indices are summed) as

𝜌D𝑣𝑖
D𝑡
= − 𝜕𝑝
𝜕𝑥𝑖
− 𝜌𝜕𝛷
𝜕𝑥𝑖
+ 𝜇𝜈
𝜕2𝑣𝑖
𝜕𝑥𝑗 𝜕𝑥𝑗
, (1.236)

where 𝜇𝜈 is the coefficient of viscosity and𝛷 is a time-independent external potential field, such as
𝑔𝑧. The form of the viscous term is exact only for incompressible fluids with constant viscosity but
it is usually an excellent approximation in the atmosphere and ocean, because the Mach number is
small and the scale on which dissipation occurs is very much smaller than the density scale height.
(In any case those restrictions can be relaxed.) We also write the entropy equation as

𝑇D𝜂
D𝑡
= �̇�, (1.237)

where �̇� is the heating, whose form we do not yet know. In a single component fluid we can use
the fundamental thermodynamic relation, (1.235), to write (1.237) as an internal energy equation,

𝜌D𝐼
D𝑡
+ 𝑝∇ ⋅ 𝒗 = 𝜌�̇�, (1.238)

also having used D𝛼/D𝑡 = 𝛼∇ ⋅ 𝒗.
We obtain a kinetic energy equation by multiplying (1.236) by 𝑣𝑖 to give

1
2
𝜌D𝑣
2
𝑖

D𝑡
= −𝜕𝑖(𝑝𝑣𝑖) + 𝑝𝜕𝑖𝑣𝑖 − 𝜌𝑣𝑖𝜕𝑖𝛷 + 𝜇𝜈 𝑣𝑖𝜕𝑗(𝜕𝑗𝑣𝑖), (1.239)

where 𝜕𝑖 ≡ 𝜕/𝜕𝑥𝑖. The viscous term may be written as

𝜇𝜈 𝑣𝑖𝜕𝑗(𝜕𝑗𝑣𝑖) = 𝜇𝜈 [𝜕𝑗(𝑣𝑖𝜕𝑗𝑣𝑖) − (𝜕𝑗𝑣𝑖)2] . (1.240)
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The first term on the right-hand side is the divergence of a flux, and so is energy conserving, and
the second term is negative definite, representing kinetic energy dissipation.

We now proceed, just as in Section 1.10.2, to obtain a total energy equation from (1.238) and
(1.239) and the result is

𝜕
𝜕𝑡
[𝜌 (1
2
𝑣2𝑖 + 𝐼 + 𝛷)] + 𝜕𝑖 [𝜌𝑣𝑖 (

1
2
𝑣2𝑗 + 𝐼 + 𝛷 + 𝑝/𝜌)] = 𝜇𝜈 [𝜕𝑗(𝑣𝑖𝜕𝑗𝑣𝑖) − (𝜕𝑗𝑣𝑖)2] + 𝜌�̇�. (1.241)

Now, the general form of the energy conservation law for a fluid takes the form

𝜕
𝜕𝑡
[𝜌 (1
2
𝑣2𝑖 + 𝐼 + 𝛷)] + 𝜕𝑖 [𝜌𝑣𝑖 (

1
2
𝑣2𝑗 + 𝐼 + 𝛷 + 𝑝/𝜌)] = 𝜕𝑗 [𝜇𝜈 𝑣𝑖𝜕𝑗𝑣𝑖 + 𝐹𝐸𝑗] , (1.242)

where 𝐹𝐸𝑗 (or 𝑭𝐸, and 𝜕𝑗𝐹𝐸𝑗 = ∇ ⋅ 𝑭𝐸) is the total energy flux due to radiation, conduction and any
other effects— the important point being that the right-hand side of (1.242)must be the divergence
of a flux in order to guarantee energy conservation. We have not used the first law to obtain (1.242),
just the fundamental thermodynamic relation, the momentum equation and energy conservation.
The above two equations are consistent only if the heating termhas the form 𝜌�̇� = 𝜕𝑗𝐹𝐸𝑗+𝜇𝜈(𝜕𝑗𝑣𝑖)2,
and the internal energy and entropy equations are then

𝜌D𝐼
D𝑡
+ 𝑝∇ ⋅ 𝒗 = ∇ ⋅ 𝑭𝐸 + 𝜇𝜈(𝜕𝑗𝑣𝑖)2, 𝜌𝑇

D𝜂
D𝑡
= ∇ ⋅ 𝑭𝐸 + 𝜇𝜈(𝜕𝑗𝑣𝑖)2. (1.243a,b)

Evidently, the ‘heating’ of a fluid is given by the sum of the energy fluxes and a positive definite
term due to viscous dissipation. Either of the above equivalent equations may be considered to
be statements of the first law with explicit expressions for energy input and heating, and either of
them then provides a useful predictive thermodynamic equation for a fluid.

B.2 Multi-Component Fluids
Consider now a two component fluid, such as dry air and water vapour or water and salinity. We
refer to the second component as concentration and we assume it obeys

𝜌D𝑆
D𝑡
= ∇ ⋅ 𝑭𝑆. (1.244)

The only difference from the previous derivation is that, using the fundamental relation, the inter-
nal energy equation is now

𝜌D𝐼
D𝑡
+ 𝑝∇ ⋅ 𝒗 = �̇� + 𝜇∇ ⋅ 𝑭𝑆, (1.245)

where 𝜇 is the chemical potential and the second term on the right-hand side accounts for the
effects of concentration fluxes on internal energy (i.e., the chemical work). Proceeding to calculate
the energy equation as before, we find that (1.241) then has an additional term 𝜇∇ ⋅ 𝑭𝑆 on the
right-hand side. This is consistent with (1.242) only if the internal energy and entropy equations
obey

𝜌D𝐼
D𝑡
+ 𝑝∇ ⋅ 𝒗 = ∇ ⋅ 𝑭𝐸 + 𝜇𝜈(𝜕𝑗𝑣𝑖)2, 𝜌𝑇

D𝜂
D𝑡
= ∇ ⋅ 𝑭𝐸 − 𝜇∇ ⋅ 𝑭𝑆 + 𝜇𝜈(𝜕𝑗𝑣𝑖)2, (1.246a,b)

where the energy flux, 𝑭𝐸, now includes the effects of any fluxes of composition. Again, either of
the above two equations is a statement of the first law, and the right-hand side of (1.246b) is the
heating. Additional terms may appear on the right-hand sides of the above equations if there are
additional source or sink terms, for example a source of concentration.
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Equation (1.246) differs from the single component case by the addition of a concentration flux.
However, in a two component fluid the diffusion of temperature and of concentration are affected
by gradients of both temperature and concentration, so that the heat flux itself differs from the
single component case. Thermodynamics provides constraints on these fluxes, but the readermust
look elsewhere to learn about them.16 Finally, in both oceanography and meteorology the viscous
heating term is small, at least on Earth, but it must be included if energy balance is desired — for
example if incoming solar radiation is to balance outgoing infrared radiation.

Notes
1 Joseph-Louis Lagrange (1736–1813) was a Franco-Italian, born and raised in Turin who then lived

and worked mainly in Germany and France. He made notable contributions in analysis, number
theory and mechanics and was recognized as one of the greatest mathematicians of the eighteenth
century. He laid the foundations of the calculus of variations (to wit, the ‘Lagrange multiplier’) and
first formulated the principle of least action, and his treatise Mécanique Analytique (1788) provides
a unified analytic framework (it contains no diagrams, a feature emulated in Whittaker’s Treatise
on Analytical Dynamics, 1927) for all Newtonian mechanics.

Leonard Euler (1707–1783), a Swiss mathematician who lived and worked for extended periods in
Berlin and St. Petersburg, made important contributions in many areas of mathematics and me-
chanics, including the analytical treatment of algebra, the theory of equations, calculus, number
theory and classical mechanics. He was the first to establish the form of the equations of motion of
fluidmechanics, writing downboth the field description of fluids andwhatwe now call thematerial
or advective derivative.

Truesdell (1954) points out that ‘Eulerian’ and ‘Lagrangian’, especially the latter, are inappropriate
eponyms. The Eulerian description was introduced by d’Alembert in 1749 and generalized by Euler
in 1752, and the so-called Lagrangian description was introduced by Euler in 1759. (It is sometimes
said that advances in mathematics are named after the next person to discover them after Euler —
the Coriolis effect is another example.) The modern confusion evidently stems from a monograph
by Dirichlet in 1860 that credits Euler in 1757 and Lagrange in 1788 for the respective methods.

Clifford Truesdell (1919–2000) was a remarkable figure himself, known both for his own contribu-
tions to many areas of continuum mechanics and for his scholarly investigations on the history of
mathematics and science. He also had a trenchant and at times pungent writing style. Ball & James
(2002) provide a biography.

2 Salinity is a mass fraction and thus is nondimensional, but it is commonly referred to in units of
g/kg. For many years the measure of salinity of seawater that was used in oceanography was based
on electrical conductivity and referred to as ‘practical salinity’, 𝑆𝑃, since this was (and still is) more
easilymeasured. In thermodynamical calculations practical salinity is now largely dropped in favour
of the true salinity, generally referred to as absolute salinity and denoted 𝑆𝐴. Differences between
practical and absolute salinity are small but not negligible (Millero et al. 2008, ioc et al. 2010).

3 See also de Szoeke (2004). Nycander & Roquet (2015) and Roquet et al. (2015) show that this
equation of state can, in fact, be used to give a quantitatively accurate simulation of the ocean.

4 The use of inexact differentials in thermodynamics is questionable for they do not have a straight-
forward mathematical foundation. Their use can be avoided and, were this a rigorous treatise on
thermodynamics, probably should be avoided, but here they are useful artifacts. Reif (1965) and
Callen (1985) both make use of them but Truesdell (1969) is particularly scathing on the matter.

5 It is said that the early students of ideas related to entropy were unusually prone to suicide, Ludwig
Boltzmann being a tragic example. Thankfully there are many counter-examples, such as William
Thompson (Lord Kelvin). He did foundational work early in his career on thermodynamics and
among other achievements put forward a formulation of the second law. Neither this nor his much
less successful later work seems to have caused him too much distress, and he lived for 83 years.
Perhaps Truesdell (1969) gets it right when he says that entropy gives ‘intense headaches to those
who have studied thermodynamics’.



Notes 53

6 Because the word barotropic has other meanings — sometimes it is just taken to mean the vertical
average — it might be better to always refer to fluids for which density is a function only of pressure
as homentropic. Unfortunately the current usage is deeply ingrained and to insist on homentropic
would be tilting at windmills.

7 Claude-Louis-Marie-Henri Navier (1785–1836) was a French civil engineer, professor at the École
Polytechnique and later at the École des Ponts et Chaussée. He was an expert in road and bridge
building (he developed the theory of suspension bridges) and, relatedly, made lasting theoretical
contributions to the theory of elasticity, being the first to publish a set of general equations for
the dynamics of an elastic solid. In fluid mechanics, he laid down the now-called Navier–Stokes
equations, including the viscous terms, in 1822.

GeorgeGabriel Stokes (1819–1903). Irish born (in Skreen, County Sligo), hewas a professor ofmath-
ematics at Cambridge from 1849 until his retirement. As well as having a role in the development
of fluid mechanics, especially through his considerations of viscous effects, Stokes worked on the
dynamics of elasticity, fluorescence, the wave theory of light, and was (perhaps rather ill-advisedly
in hindsight) a proponent of the idea of an ether permeating all space.

8 Potential temperature was known to William Thomson in 1857.

9 Jackett & McDougall (1997), extending McDougall (1987). A similar quantity was described by
Eden & Willebrand (1999). de Szoeke (2000), Nycander (2011) and Tailleux (2016) provide more
discussion.

10 Building from de Szoeke (2004) and with input from W. R. Young. See also Fofonoff (1959) and
Warren (2006) for some historical background. A very accurate semi-empirical formula for the
Gibbs function is given by Feistel (2008). Using this as a basis, seawater equations of state are now
available in the form of the teos-10 standard (ioc et al. 2010) and from Roquet et al. (2015), and
these fit laboratory measurements close to the accuracy of the measurements themselves.

11 Potential enthalpy was introduced to oceanography by McDougall (2003) and its use is advocated
in ioc et al. (2010). The advantages and disadvantages of various thermodynamic variables, includ-
ing entropy and potential enthalpy, are discussed there and in Graham & McDougall (2013). Useful
discussion is also to be found in Warren (1999), Young (2010) and Nycander (2011). I am very grate-
ful to T. McDougall for discussions on these and other thermodynamic matters.

12 Referring to the ‘heat content’ of a fluid borders on dangerous language, because heat itself is a
type of energy transfer, like work, and not a state variable. On the other hand, heat content has an
intuitive appeal and, provided it is properly understood, conveys a usefulmeaning in oceanography,
since the compression work done on the ocean is small (as water is almost incompressible) and
kinetic energy is small compared to internal and potential energy.

13 Bernoulli’s theorem was developed mainly by Daniel Bernoulli (1700–1782). It was based on earlier
work on the conservation of energy that Daniel had done with his father, Johann Bernoulli (1667–
1748), and so perhaps should be known as Bernoullis’ theorem. The two men fell out when Daniel
was a young man, reputedly because of Johann’s jealousy of Daniel’s abilities, and subsequently
had a very strained relationship. The Bernoulli family produced several (at least eight) talented
mathematicians over three generations in the seventeenth and eighteenth centuries, and is often
regarded as the most mathematically distinguished family of all time.

14 Osborne Reynolds (1842–1912) was an Irish born (Belfast) physicist who was professor of engineer-
ing at Manchester University from 1868–1905. His early work was in electricity and magnetism, but
he is now most famous for his work in hydrodynamics. The ‘Reynolds number’, which determines
the ratio of inertial to viscous forces, and the ‘Reynolds stress’, which is the stress on the mean flow
due to the fluctuating components, are both named after him. Hewas also one of the first scientists
to think about the concept of group velocity.

15 See also Landau & Lifshitz (1987) and ioc et al. (2010). For an interesting and somewhat idiosyn-
cratic view of the first law applied to the ocean, read Warren (2006).

16 Onsager (1931), Salmon (1998). For example, in a single component fluid, total entropy increases
if the heat flux is proportional to a downgradient temperature flux.
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Further Reading
General fluid dynamics
There are numerous books on hydrodynamics, an early one being

Lamb, H., 1932. Hydrodynamics.
Lamb’s book is a classic in the field, although now too dated to make it useful as an introduction.

Two somewhat more modern references, at a fairly advanced level, are

Batchelor, G. K., 1967. An Introduction to Fluid Dynamics.
Landau, L. D. & Lifshitz, E. M., 1987. Fluid Mechanics.

These two books both contain a detailed derivation of the equations of motion, including viscous
and pressure forces.

At a more elementary level we have

Kundu, P., Cohen, I. &. Dowling, D., 2015. Fluid Mechanics.
This book is written at the advanced undergraduate/beginning graduate level, is easier-going than
Batchelor or Landau & Lifshitz, and contains material on geophysical fluid dynamics.

For the connoisseur, a more specialized treatment is

Truesdell, C., 1954. The Kinematics of Vorticity.
Written in Truesdell’s inimitable style, this book discusses many aspects of vorticity with numerous
historical references. Truesdell’s books are all gems in their own way.

Thermodynamics
There are many books on thermodynamics, and two that I have found particularly useful are

Reif, F., 1965. Fundamentals of Statistical and Thermal Physics.
Callen, H. B., 1985. Thermodynamics and an Introduction to Thermostatistics.

Reif’s book has become something of a classic, and Callen provides an axiomatic approach that will
be an antidote for those who feel that thermodynamic reasoning is mysterious or even circular.

For the subtopic of atmospheric thermodynamics see the further reading section at the end of Chapter 14.

Geophysical fluid dynamics
Gill, A. E., 1982. Atmosphere–Ocean Dynamics.

A richly textured book, especially strong on equatorial dynamics and gravity wave motion.
Pedlosky, J., 1987. Geophysical Fluid Dynamics.

A primary reference for flow at low Rossby number. Although the book requires some effort, there
is a handsome pay-off for those who study it closely.

Holton, J. R. & Hakim, G., 2012. An Introduction to Dynamical Meteorology.
A very well-known textbook at the undergraduate/beginning graduate level.

Salmon, R., 1998. Lectures on Geophysical Fluid Dynamics.
Covers the fundamentals as well as Hamiltonian fluid dynamics, geostrophic turbulence and oceanic
circulation.



The heavens themselves, the planets, and this centre
Observe degree, priority, and place,
Insisture, course, proportion, season, form,
Office, and custom, in all line of order.
And therefore is the glorious planet Sol
In noble eminence enthroned and sphered.
William Shakespeare, Troilus and Cressida, c. 1602.

Eppur si muove. (And yet it does move.)
Galileo Galilei, apocryphal, 1633.

CHAPTER 2

Effects of Rotation and Stratification

T he atmosphere and ocean are shallow layers of fluid on a sphere, ‘shallow’ because their
thickness is much less than their horizontal extent. Their motion is strongly influenced
by two effects: rotation and stratification, the latter meaning that there is a mean vertical

gradient of (potential) density that is often large compared with the horizontal gradient. Here we
consider how the equations of motion are affected by these effects. First, we consider some elemen-
tary effects of rotation on a fluid and derive the Coriolis and centrifugal forces, and write down the
equations of motion appropriate for motion on a sphere. Then we discuss some approximations
to the equations of motion that are appropriate for large-scale flow in the ocean and atmosphere,
in particular the hydrostatic and geostrophic approximations, and finally we look at the possible
static instability of stratified flows.

2.1 EQUATIONS OF MOTION IN A ROTATING FRAME
Newton’s second law ofmotion, that the acceleration of a body is proportional to the imposed force
divided by the body’s mass, applies in so-called inertial frames of reference; that is, frames that are
stationary or moving only with a constant rectilinear velocity relative to the distant galaxies. Now
Earth spins round its own axis with a period of almost 24 hours (23h 56m, the difference due to
Earth’s rotation around the Sun) and so the surface of the Earth manifestly is not an inertial frame.
Nevertheless, it is very convenient to describe the flow relative to Earth’s surface (which in fact
is moving at speeds of up to a few hundreds of metres per second), rather than in some inertial
frame.1 This necessitates recasting the equations into a form appropriate in a rotating frame of
reference, and that is the subject of this section.

2.1.1 Rate of Change of a Vector
Consider first a vector 𝑪 of constant length rotating relative to an inertial frame at a constant
angular velocity𝜴. Then, in a frame rotating with that same angular velocity it appears stationary
and constant. If in a small interval of time 𝛿𝑡 the vector 𝑪 rotates through a small angle 𝛿𝜆 then
the change in 𝑪, as perceived in the inertial frame, is given by (see Fig. 2.1)

𝛿𝑪 = |𝑪| cos 𝜗 𝛿𝜆𝒎, (2.1)
55
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Fig. 2.1 A vector 𝑪 rotating at an angular
velocity 𝜴. It appears to be a constant vec-
tor in the rotating frame, whereas in the iner-
tial frame it evolves according to (d𝑪/d𝑡)𝐼 =
𝜴 × 𝑪.

where the vector 𝒎 is the unit vector in the direction of change of 𝑪, which is perpendicular to
both 𝑪 and 𝜴. But the rate of change of the angle 𝜆 is just, by definition, the angular velocity so
that 𝛿𝜆 = |𝜴|𝛿𝑡 and

𝛿𝑪 = |𝑪||𝜴| sin 𝜗𝒎𝛿𝑡 = 𝜴 × 𝑪𝛿𝑡, (2.2)
using the definition of the vector cross product, where 𝜗 = (π/2 − 𝜗) is the angle between𝜴 and 𝑪.
Thus

(d𝑪
d𝑡
)
𝐼
= 𝜴 × 𝑪, (2.3)

where the left-hand side is the rate of change of 𝑪 as perceived in the inertial frame.
Now consider a vector 𝑩 that changes in the inertial frame. In a small time 𝛿𝑡 the change in 𝑩

as seen in the rotating frame is related to the change seen in the inertial frame by

(𝛿𝑩)𝐼 = (𝛿𝑩)𝑅 + (𝛿𝑩)rot, (2.4)

where the terms are, respectively, the change seen in the inertial frame, the change due to the vector
itself changing as measured in the rotating frame, and the change due to the rotation. Using (2.2)
(𝛿𝑩)rot = 𝜴 × 𝑩𝛿𝑡, and so the rates of change of the vector 𝑩 in the inertial and rotating frames
are related by

(d𝑩
d𝑡
)
𝐼
= (d𝑩

d𝑡
)
𝑅
+ 𝜴 × 𝑩. (2.5)

This relation applies to a vector 𝑩 that, as measured at any one time, is the same in both inertial
and rotating frames.

2.1.2 Velocity and Acceleration in a Rotating Frame
The velocity of a body is not measured to be the same in the inertial and rotating frames, so care
must be taken when applying (2.5) to velocity. First apply (2.5) to 𝒓, the position of a particle to
obtain

(d𝒓
d𝑡
)
𝐼
= (d𝒓

d𝑡
)
𝑅
+ 𝜴 × 𝒓 (2.6)
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or
𝒗𝐼 = 𝒗𝑅 + 𝜴 × 𝒓. (2.7)

We refer to 𝒗𝑅 and 𝒗𝐼 as the relative and inertial velocity, respectively, and (2.7) relates the two.
Apply (2.5) again, this time to the velocity 𝒗𝑅 to give

(d𝒗𝑅
d𝑡
)
𝐼
= (d𝒗𝑅

d𝑡
)
𝑅
+ 𝜴 × 𝒗𝑅, (2.8)

or, using (2.7)

( d
d𝑡
(𝒗𝐼 − 𝜴 × 𝒓))

𝐼
= (d𝒗𝑅

d𝑡
)
𝑅
+ 𝜴 × 𝒗𝑅, (2.9)

or

(d𝒗𝐼
d𝑡
)
𝐼
= (d𝒗𝑅

d𝑡
)
𝑅
+ 𝜴 × 𝒗𝑅 +

d𝜴
d𝑡
× 𝒓 + 𝜴 × (d𝒓

d𝑡
)
𝐼
. (2.10)

Then, noting that

(d𝒓
d𝑡
)
𝐼
= (d𝒓

d𝑡
)
𝑅
+ 𝜴 × 𝒓 = (𝒗𝑅 + 𝜴 × 𝒓), (2.11)

and assuming that the rate of rotation is constant, (2.10) becomes

(d𝒗𝑅
d𝑡
)
𝑅
= (d𝒗𝐼

d𝑡
)
𝐼
− 2𝜴 × 𝒗𝑅 − 𝜴 × (𝜴 × 𝒓). (2.12)

This equationmay be interpreted as follows. The term on the left-hand side is the rate of change
of the relative velocity asmeasured in the rotating frame. Thefirst termon the right-hand side is the
rate of change of the inertial velocity as measured in the inertial frame (the inertial acceleration,
which is, by Newton’s second law, equal to the force on a fluid parcel divided by its mass). The
second and third terms on the right-hand side (including the minus signs) are the Coriolis force
and the centrifugal force per unit mass. Neither of these is a true force — they may be thought of
as quasi-forces (i.e., ‘as if ’ forces); that is, when a body is observed from a rotating frame it behaves
as if unseen forces are present that affect its motion. If (2.12) is written, as is common, with the
terms +2𝜴 × 𝒗𝑟 and +𝜴 × (𝜴 × 𝒓) on the left-hand side then these terms should be referred to as
the Coriolis and centrifugal accelerations.2

Centrifugal force

If 𝒓⟂ is the perpendicular distance from the axis of rotation (see Fig. 2.1 and substitute 𝒓 for𝑪), then,
because𝜴 is perpendicular to 𝒓⟂,𝜴 × 𝒓 = 𝜴 × 𝒓⟂. Then, using the vector identity𝜴 × (𝜴 × 𝒓⟂) =
(𝜴 ⋅ 𝒓⟂)𝜴 − (𝜴 ⋅ 𝜴)𝒓⟂ and noting that the first term is zero, we see that the centrifugal force per
unit mass is just given by

𝑭ce = −𝜴 × (𝜴 × 𝒓) = 𝛺2𝒓⟂. (2.13)

This may usefully be written as the gradient of a scalar potential,

𝑭ce = −∇𝛷ce , (2.14)

where 𝛷ce = −(𝛺2𝑟2⟂)/2 = −(𝜴 × 𝒓⟂)2/2.
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Coriolis force
The Coriolis force per unit mass is given by

𝑭Co = −2𝜴 × 𝒗𝑅. (2.15)

It plays a central role in much of geophysical fluid dynamics and will be considered extensively
later on. For now, we just note three basic properties:
(i) There is no Coriolis force on bodies that are stationary in the rotating frame.
(ii) The Coriolis force acts to deflect moving bodies at right angles to their direction of travel.
(iii) The Coriolis force does no work on a body because it is perpendicular to the velocity, and so
𝒗𝑅 ⋅ (𝜴 × 𝒗𝑅) = 0.

2.1.3 Momentum Equation in a Rotating Frame
Since (2.12) simply relates the accelerations of a particle in the inertial and rotating frames, then
in the rotating frame of reference the momentum equation may be written

D𝒗
D𝑡
+ 2𝜴 × 𝒗 = −1

𝜌
∇𝑝 − ∇𝛷, (2.16)

incorporating the centrifugal term into the potential, 𝛷. We have dropped the subscript 𝑅; hence-
forth, unless we need to be explicit (as in the next section), all velocities without a subscript will
be considered to be relative to the rotating frame.

2.1.4 Mass and Tracer Conservation in a Rotating frame
Let 𝜑 be a scalar field that, in the inertial frame, obeys

D𝜑
D𝑡
+ 𝜑∇ ⋅ 𝒗𝐼 = 0. (2.17)

Now, observers in both the rotating and inertial frame measure the same value of 𝜑. Further,
D𝜑/D𝑡 is simply the rate of change of 𝜑 associated with a material parcel, and therefore is refer-
ence frame invariant. Thus, without further ado, we write

(D𝜑
D𝑡
)
𝑅
= (D𝜑

D𝑡
)
𝐼
, (2.18)

where (D𝜑/D𝑡)𝑅 = (𝜕𝜑/𝜕𝑡)𝑅 + 𝒗𝑅 ⋅ ∇𝜑 and (D𝜑/D𝑡)𝐼 = (𝜕𝜑/𝜕𝑡)𝐼 + 𝒗𝐼 ⋅ ∇𝜑, and the local tempo-
ral derivatives (𝜕𝜑/𝜕𝑡)𝑅 and (𝜕𝜑/𝜕𝑡)𝐼 are evaluated at fixed locations in the rotating and inertial
frames, respectively.

Further, using (2.7), we have that

∇ ⋅ 𝒗𝐼 = ∇ ⋅ (𝒗𝑅 + 𝜴 × 𝒓) = ∇ ⋅ 𝒗𝑅, (2.19)

since ∇ ⋅ (𝜴 × 𝒓) = 0. Thus, using (2.18) and (2.19), (2.17) is equivalent to

D𝜑
D𝑡
+ 𝜑∇ ⋅ 𝒗𝑅 = 0, (2.20)

where all observables are measured in the rotating frame. Thus, the equation for the evolution
of a scalar whose measured value is the same in rotating and inertial frames is unaltered by the
presence of rotation. In particular, the mass conservation equation is unaltered by the presence of
rotation.
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Although we have taken (2.18) as true a priori, the individual components of the material
derivative differ in the rotating and inertial frames. In particular

(𝜕𝜑
𝜕𝑡
)
𝐼
= (𝜕𝜑
𝜕𝑡
)
𝑅
− (𝜴 × 𝒓) ⋅ ∇𝜑, (2.21)

because𝜴 × 𝒓 is the velocity, in the inertial frame, of a uniformly rotating body. Similarly,

𝒗𝐼 ⋅ ∇𝜑 = (𝒗𝑅 + 𝜴 × 𝒓) ⋅ ∇𝜑. (2.22)

Adding the last two equations reprises and confirms (2.18).

2.2 EQUATIONS OF MOTION IN SPHERICAL COORDINATES
The Earth is very nearly spherical and it might appear obvious that we should cast our equations
in spherical coordinates. Although this does turn out to be true, the presence of a centrifugal force
causes some complications that we should first discuss. The reader who is willing ab initio to treat
the Earth as a perfect sphere and to neglect the horizontal component of the centrifugal force may
skip the next section.

2.2.1 ♦ The Centrifugal Force and Spherical Coordinates
The centrifugal force is a potential force, like gravity, and so we may therefore define an ‘effec-
tive gravity’ equal to the sum of the true, or Newtonian, gravity and the centrifugal force. The
Newtonian gravitational force is directed approximately toward the centre of the Earth, with small
deviations due mainly to the Earth’s oblateness. The line of action of the effective gravity will in
general differ slightly from this, and therefore have a component in the ‘horizontal’ plane, that is
the plane perpendicular to the radial direction. The magnitude of the centrifugal force is 𝛺2𝑟⟂,
and so the effective gravity is given by

𝒈 ≡ 𝒈eff = 𝒈grav + 𝛺2𝒓⟂, (2.23)

where 𝒈grav is the Newtonian gravitational force due to the gravitational attraction of the Earth and
𝒓⟂ is normal to the rotation vector (in the direction 𝑪 in Fig. 2.2), with 𝑟⟂ = 𝑟 cos 𝜗. Both gravity
and centrifugal force are potential forces and therefore wemay define the geopotential,𝛷, such that

𝒈 = −∇𝛷. (2.24)

Surfaces of constant𝛷 are not quite spherical because 𝑟⟂, and hence the centrifugal force, vary with
latitude (Fig. 2.2); this has certain ramifications, as we now discuss.

The components of the centrifugal force parallel and perpendicular to the radial direction are
𝛺2𝑟 cos2 𝜗 and 𝛺2𝑟 cos 𝜗 sin 𝜗. Newtonian gravity is much larger than either of these, and at the
Earth’s surface the ratio of centrifugal to gravitational terms is approximately, and no more than,

𝛼 ≈ 𝛺
2𝑎
𝑔
≈ (7.27 × 10

−5)2 × 6.4 × 106
9.8

≈ 3 × 10−3. (2.25)

(At the equator and pole the horizontal component of the centrifugal force is zero and the effective
gravity is aligned with Newtonian gravity.) The angle between 𝒈 and the line to the centre of
the Earth is given by a similar expression and so is also small, typically around 3×10−3 radians.
However, the horizontal component of the centrifugal force is still large compared to the Coriolis
force, the ratio of their magnitudes in mid-latitudes being given by

horizontal centrifugal force
Coriolis force

≈ 𝛺
2𝑎 cos 𝜗 sin 𝜗
2𝛺|𝑢|

≈ 𝛺𝑎
4|𝑢|
≈ 10, (2.26)
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Fig. 2.2 Left: directions of forces and coordinates in true spherical geometry. 𝒈 is the effective gravity
(including the centrifugal force, 𝑪) and its horizontal component is evidently non-zero. Right: a modified
coordinate system, in which the vertical direction is defined by the direction of 𝒈, and so the horizontal
component of 𝒈 is identically zero. The dashed line schematically indicates a surface of constant geopo-
tential. The differences between the direction of 𝒈 and the direction of the radial coordinate, and between
the sphere and the geopotential surface, are much exaggerated and in reality are similar to the thickness
of the lines themselves.

using 𝑢 = 10ms−1. The centrifugal term therefore dominates over the Coriolis term, and is largely
balanced by a pressure gradient force. Thus, if we adhered to true spherical coordinates, both the
horizontal and radial components of the momentum equation would be dominated by a static
balance between a pressure gradient and gravity or centrifugal terms. Although in principle there
is nothing wrong with writing the equations this way, it obscures the dynamical balances involving
the Coriolis force and pressure that determine the large-scale horizontal flow.

A way around this problem is to use the direction of the geopotential force to define the vertical
direction, and then for all geometric purposes to regard the surfaces of constant 𝛷 as if they were
true spheres.3 The horizontal component of effective gravity is then identically zero, and we have
traded a potentially large dynamical error for a very small geometric error. In fact, over time, the
Earth has developed an equatorial bulge to compensate for and neutralize the centrifugal force, so
that the effective gravity does act in a direction virtually normal to the Earth’s surface; that is, the
surface of the Earth is an oblate spheroid of nearly constant geopotential. The geopotential 𝛷 is
then a function of the vertical coordinate alone, and for many purposes we can just take 𝛷 = 𝑔𝑧;
that is, the direction normal to geopotential surfaces, the local vertical, is, in this approximation,
taken to be the direction of increasing 𝑟 in spherical coordinates. It is because the oblateness is very
small (the polar diameter is about 12 714 km, whereas the equatorial diameter is about 12 756 km)
that using spherical coordinates is a very accurate way to map the spheroid. If the angle between
effective gravity and a natural direction of the coordinate system were not small then more heroic
measures would be called for.

If the solid Earth did not bulge at the equator, the behaviour of the atmosphere and ocean
would differ significantly from that of the present system. For example, the surface of the ocean
is, necessarily, very nearly a geopotential surface; if the solid Earth were exactly spherical then the
ocean would perforce become much deeper at low latitudes and the ocean basins would dry out
completely at high latitudes. We could still choose to use the spherical coordinate system discussed
above to describe the dynamics, but the shape of the surface of the solid Earth would have to
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be represented by a topography, with the topographic height increasing monotonically polewards
nearly everywhere.

2.2.2 Some Identities in Spherical Coordinates
The location of a point is given by the coordinates (𝜆, 𝜗, 𝑟)where 𝜆 is the angular distance eastwards
(i.e., longitude), 𝜗 is angular distance polewards (i.e., latitude) and 𝑟 is the radial distance from the
centre of the Earth — see Fig. 2.3. (In some other fields of study co-latitude is used as a spherical
coordinate.) If 𝑎 is the radius of the Earth, then we also define 𝑧 = 𝑟 − 𝑎. At a given location we
may also define the Cartesian increments (𝛿𝑥, 𝛿𝑦, 𝛿𝑧) = (𝑟 cos 𝜗𝛿𝜆, 𝑟𝛿𝜗, 𝛿𝑟).

For a scalar quantity 𝜙 the material derivative in spherical coordinates is

D𝜙
D𝑡
= 𝜕𝜙
𝜕𝑡
+ 𝑢
𝑟 cos 𝜗
𝜕𝜙
𝜕𝜆
+ 𝑣
𝑟
𝜕𝜙
𝜕𝜗
+ 𝑤𝜕𝜙
𝜕𝑟
, (2.27)

where the velocity components corresponding to the coordinates (𝜆, 𝜗, 𝑟) are

(𝑢, 𝑣, 𝑤) ≡ (𝑟 cos 𝜗D𝜆
D𝑡
, 𝑟D𝜗

D𝑡
, D𝑟
D𝑡
) . (2.28)

That is, 𝑢 is the zonal velocity, 𝑣 is themeridional velocity and𝑤 is the vertical velocity. If we define
(𝐢, 𝐣, 𝐤) to be the unit vectors in the direction of increasing (𝜆, 𝜗, 𝑟) then

𝒗 = 𝐢𝑢 + 𝐣𝑣 + 𝐤𝑤. (2.29)

Note also that D𝑟/D𝑡 = D𝑧/D𝑡.
The divergence of a vector 𝑩 = 𝐢 𝐵𝜆 + 𝐣𝐵𝜗 + 𝐤𝐵𝑟 is

∇ ⋅ 𝑩 = 1
cos 𝜗
[1
𝑟
𝜕𝐵𝜆
𝜕𝜆
+ 1
𝑟
𝜕
𝜕𝜗
(𝐵𝜗 cos 𝜗) + cos 𝜗

𝑟2
𝜕
𝜕𝑟
(𝑟2𝐵𝑟)] . (2.30)

The vector gradient of a scalar is:

∇𝜙 = 𝐢 1
𝑟 cos 𝜗
𝜕𝜙
𝜕𝜆
+ 𝐣1
𝑟
𝜕𝜙
𝜕𝜗
+ 𝐤𝜕𝜙
𝜕𝑟
. (2.31)

The Laplacian of a scalar is:

∇2𝜙 ≡ ∇ ⋅ ∇𝜙 = 1
𝑟2 cos 𝜗

[ 1
cos 𝜗
𝜕2𝜙
𝜕𝜆2
+ 𝜕
𝜕𝜗
(cos 𝜗𝜕𝜙
𝜕𝜗
) + cos 𝜗 𝜕

𝜕𝑟
(𝑟2 𝜕𝜙
𝜕𝑟
)] . (2.32)

The curl of a vector is:

curl𝑩 = ∇ × 𝑩 = 1
𝑟2 cos 𝜗

|
|

𝐢 𝑟 cos 𝜗 𝐣 𝑟 𝐤
𝜕/𝜕𝜆 𝜕/𝜕𝜗 𝜕/𝜕𝑟
𝐵𝜆𝑟 cos 𝜗 𝐵𝜗𝑟 𝐵𝑟

|
|
. (2.33)

The vector Laplacian ∇2𝑩 (used for example when calculating viscous terms in the momentum
equation) may be obtained from the vector identity:

∇2𝑩 = ∇(∇ ⋅ 𝑩) − ∇ × (∇ × 𝑩). (2.34)

Only in Cartesian coordinates does this take the simple form:

∇2𝑩 = 𝜕
2𝑩
𝜕𝑥2
+ 𝜕
2𝑩
𝜕𝑦2
+ 𝜕
2𝑩
𝜕𝑧2
. (2.35)

The expansion in spherical coordinates is of itself, to most eyes, rather uninformative.
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Fig. 2.3 The spherical coordinate system. The or-
thogonal unit vectors 𝐢, 𝐣 and 𝐤 point in the direction
of increasing longitude 𝜆, latitude 𝜗, and altitude 𝑧.
Locally, one may apply a Cartesian system with vari-
ables 𝑥, 𝑦 and 𝑧measuring distances along 𝐢, 𝐣 and 𝐤.

Rate of change of unit vectors

In spherical coordinates the defining unit vectors are 𝐢, the unit vector pointing eastwards, parallel
to a line of latitude; 𝐣 is the unit vector pointing polewards, parallel to a meridian; and 𝐤, the unit
vector pointing radially outward. The directions of these vectors change with location, and in fact
this is the case in nearly all coordinate systems, with the notable exception of the Cartesian one,
and thus their material derivative is not zero. One way to evaluate this is to consider geometrically
how the coordinate axes change with position. Another way, and the way that we shall proceed, is
to first obtain the effective rotation rate𝜴flow, relative to the Earth, of a unit vector as it moves with
the flow, and then apply (2.3). Specifically, let the fluid velocity be 𝒗 = (𝑢, 𝑣, 𝑤). The meridional
component, 𝑣, produces a displacement 𝑟𝛿𝜗 = 𝑣𝛿𝑡, and this gives rise to a local effective vector
rotation rate around the local zonal axis of −(𝑣/𝑟)𝐢, the minus sign arising because a displacement
in the direction of the north pole is produced by negative rotational displacement around the 𝐢 axis.
Similarly, the zonal component, 𝑢, produces a displacement 𝛿𝜆𝑟 cos 𝜗 = 𝑢𝛿𝑡 and so an effective
rotation rate, about the Earth’s rotation axis, of 𝑢/(𝑟 cos 𝜗). Now, a rotation around the Earth’s
rotation axis may be written as (see Fig. 2.4)

𝜴 = 𝛺(𝐣 cos 𝜗 + 𝐤 sin 𝜗). (2.36)

If the scalar rotation rate is not 𝛺 but is 𝑢/(𝑟 cos 𝜗), then the vector rotation rate is

𝑢
𝑟 cos 𝜗
(𝐣 cos 𝜗 + 𝐤 sin 𝜗) = 𝐣𝑢

𝑟
+ 𝐤𝑢 tan 𝜗
𝑟
. (2.37)
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Thus, the total rotation rate of a vector that moves with the flow is

𝜴flow = −𝐢
𝑣
𝑟
+ 𝐣𝑢
𝑟
+ 𝐤𝑢 tan 𝜗
𝑟
. (2.38)

Applying (2.3) to (2.38), we find

D𝐢
D𝑡
= 𝜴flow × 𝐢 =

𝑢
𝑟 cos 𝜗
(𝐣 sin 𝜗 − 𝐤 cos 𝜗), (2.39a)

D𝐣
D𝑡
= 𝜴flow × 𝐣 = −𝐢

𝑢
𝑟

tan 𝜗 − 𝐤𝑣
𝑟
, (2.39b)

D𝐤
D𝑡
= 𝜴flow × 𝐤 = 𝐢

𝑢
𝑟
+ 𝐣𝑣
𝑟
. (2.39c)

2.2.3 Equations of Motion
Mass conservation and thermodynamic equation
The mass conservation equation, (1.36a), expanded in spherical co-ordinates, is

𝜕𝜌
𝜕𝑡
+ 𝑢
𝑟 cos 𝜗
𝜕𝜌
𝜕𝜆
+ 𝑣
𝑟
𝜕𝜌
𝜕𝜗
+ 𝑤𝜕𝜌
𝜕𝑟
+ 𝜌
𝑟 cos 𝜗
[𝜕𝑢
𝜕𝜆
+ 𝜕
𝜕𝜗
(𝑣 cos 𝜗) + 1

𝑟
𝜕
𝜕𝑟
(𝑤𝑟2 cos 𝜗)] = 0. (2.40)

Equivalently, using the form (1.36b), this is

𝜕𝜌
𝜕𝑡
+ 1
𝑟 cos 𝜗
𝜕(𝑢𝜌)
𝜕𝜆
+ 1
𝑟 cos 𝜗
𝜕
𝜕𝜗
(𝑣𝜌 cos 𝜗) + 1

𝑟2
𝜕
𝜕𝑟
(𝑟2𝑤𝜌) = 0. (2.41)

The thermodynamic equation, (1.108), is a tracer advection equation. Thus, using (2.27), its
(adiabatic) spherical coordinate form is

D𝜃
D𝑡
= 𝜕𝜃
𝜕𝑡
+ 𝑢
𝑟 cos 𝜗
𝜕𝜃
𝜕𝜆
+ 𝑣
𝑟
𝜕𝜃
𝜕𝜗
+ 𝑤𝜕𝜃
𝜕𝑟
= 0, (2.42)

and similarly for tracers such as water vapour or salt.

Momentum equation
Recall that the inviscid momentum equation is:

D𝒗
D𝑡
+ 2𝜴 × 𝒗 = −1

𝜌
∇𝑝 − ∇𝛷, (2.43)

where 𝛷 is the geopotential. In spherical coordinates the directions of the coordinate axes change
with position and so the component expansion of (2.43) is

D𝒗
D𝑡
= D𝑢

D𝑡
𝐢 + D𝑣

D𝑡
𝐣 + D𝑤

D𝑡
𝐤 + 𝑢D𝐢

D𝑡
+ 𝑣D𝐣

D𝑡
+ 𝑤D𝐤

D𝑡
(2.44a)

= D𝑢
D𝑡
𝐢 + D𝑣

D𝑡
𝐣 + D𝑤

D𝑡
𝐤 + 𝜴flow × 𝒗, (2.44b)

using (2.39). Using either (2.44a) and the expressions for the rates of change of the unit vectors
given in (2.39), or (2.44b) and the expression for𝜴flow given in (2.38), (2.44) becomes

D𝒗
D𝑡
= 𝐢 (D𝑢

D𝑡
− 𝑢𝑣 tan 𝜗
𝑟
+ 𝑢𝑤
𝑟
) + 𝐣 (D𝑣

D𝑡
+ 𝑢
2 tan 𝜗
𝑟
+ 𝑣𝑤
𝑟
) + 𝐤(D𝑤

D𝑡
− 𝑢
2 + 𝑣2
𝑟
) . (2.45)



64 Chapter 2. Effects of Rotation and Stratification

Fig. 2.4 (a) On the sphere the rotation vector𝜴 can be decomposed into two components, one
in the local vertical and one in the local horizontal, pointing toward the pole. That is,𝜴 = 𝛺𝑦𝐣+𝛺𝑧𝐤
where𝛺𝑦 = 𝛺 cos 𝜗 and𝛺𝑧 = 𝛺 sin𝜗. In geophysical fluid dynamics, the rotation vector in the local
vertical is often the more important component in the horizontal momentum equations. On a
rotating disk, (b), the rotation vector𝜴 is parallel to the local vertical 𝐤.

Using the definition of a vector cross product the Coriolis term is:

2𝜴 × 𝒗 = |
|

𝐢 𝐣 𝐤
0 2𝛺 cos 𝜗 2𝛺 sin 𝜗
𝑢 𝑣 𝑤

|
|

= 𝐢 (2𝛺𝑤 cos 𝜗 − 2𝛺𝑣 sin 𝜗) + 𝐣 2𝛺𝑢 sin 𝜗 − 𝐤 2𝛺𝑢 cos 𝜗. (2.46)

Using (2.45) and (2.46), and the gradient operator given by (2.31), the momentum equation (2.43)
becomes:

D𝑢
D𝑡
− (2𝛺 + 𝑢

𝑟 cos 𝜗
) (𝑣 sin 𝜗 − 𝑤 cos 𝜗) = − 1

𝜌𝑟 cos 𝜗
𝜕𝑝
𝜕𝜆
, (2.47a)

D𝑣
D𝑡
+ 𝑤𝑣
𝑟
+ (2𝛺 + 𝑢

𝑟 cos 𝜗
) 𝑢 sin 𝜗 = − 1

𝜌𝑟
𝜕𝑝
𝜕𝜗
, (2.47b)

D𝑤
D𝑡
− 𝑢
2 + 𝑣2
𝑟
− 2𝛺𝑢 cos 𝜗 = −1

𝜌
𝜕𝑝
𝜕𝑟
− 𝑔. (2.47c)

The terms involving 𝛺 are called Coriolis terms, and the quadratic terms on the left-hand sides
involving 1/𝑟 are often called metric terms.

2.2.4 The Primitive Equations
The so-called primitive equations of motion are simplifications of the above equations frequently
used in atmospheric and oceanic modelling.4 Three related approximations are involved:

(i) The hydrostatic approximation. In the vertical momentum equation the gravitational term
is assumed to be balanced by the pressure gradient term, so that

𝜕𝑝
𝜕𝑧
= −𝜌𝑔. (2.48)

The advection of vertical velocity, the Coriolis terms, and the metric term (𝑢2 + 𝑣2)/𝑟 are all
neglected.



2.2 Equations of Motion in Spherical Coordinates 65

(ii) The shallow-fluid approximation. We write 𝑟 = 𝑎+𝑧where the constant 𝑎 is the radius of the
Earth and 𝑧 increases in the radial direction. The coordinate 𝑟 is then replaced by 𝑎 except
where it is used as the differentiating argument. Thus, for example,

1
𝑟2
𝜕(𝑟2𝑤)
𝜕𝑟
→ 𝜕𝑤
𝜕𝑧
. (2.49)

(iii) The traditional approximation. Coriolis terms in the horizontal momentum equations in-
volving the vertical velocity, and the still smaller metric terms 𝑢𝑤/𝑟 and 𝑣𝑤/𝑟, are neglected.

The second and third of these approximations should be taken, or not, together, the underlying
reason being that they both relate to the presumed small aspect ratio of the motion, so the ap-
proximations succeed or fail together. If we make one approximation but not the other then we
are being asymptotically inconsistent, and angular momentum and energy conservation are not
assured.5 The hydrostatic approximation also depends on the small aspect ratio of the flow, but
in a slightly different way. For large-scale flow in the terrestrial atmosphere and ocean all three
approximations are in fact very accurate approximations. We defer a more complete treatment
until Section 2.7, in part because a treatment of the hydrostatic approximation is done most easily
in the context of the Boussinesq equations, derived in Section 2.4.

Making these approximations, the momentum equations for a shallow layer are

D𝑢
D𝑡
− 2𝛺 sin 𝜗𝑣 − 𝑢𝑣

𝑎
tan 𝜗 = − 1

𝑎𝜌 cos 𝜗
𝜕𝑝
𝜕𝜆
, (2.50a)

D𝑣
D𝑡
+ 2𝛺 sin 𝜗𝑢 + 𝑢

2 tan 𝜗
𝑎
= − 1
𝜌𝑎
𝜕𝑝
𝜕𝜗
, (2.50b)

0 = −1
𝜌
𝜕𝑝
𝜕𝑧
− 𝑔, (2.50c)

where
D
D𝑡
= ( 𝜕
𝜕𝑡
+ 𝑢
𝑎 cos 𝜗
𝜕
𝜕𝜆
+ 𝑣
𝑎
𝜕
𝜕𝜗
+ 𝑤 𝜕
𝜕𝑧
) . (2.51)

We note the ubiquity of the factor 2𝛺 sin 𝜗, and take the opportunity to define the Coriolis param-
eter, 𝑓 ≡ 2𝛺 sin 𝜗. The associated mass conservation equation for a shallow fluid layer is:

𝜕𝜌
𝜕𝑡
+ 𝑢
𝑎 cos 𝜗
𝜕𝜌
𝜕𝜆
+ 𝑣
𝑎
𝜕𝜌
𝜕𝜗
+ 𝑤𝜕𝜌
𝜕𝑧
+ 𝜌 [ 1
𝑎 cos 𝜗
𝜕𝑢
𝜕𝜆
+ 1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(𝑣 cos 𝜗) + 𝜕𝑤

𝜕𝑧
] = 0, (2.52)

or equivalently,
𝜕𝜌
𝜕𝑡
+ 1
𝑎 cos 𝜗
𝜕(𝑢𝜌)
𝜕𝜆
+ 1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(𝑣𝜌 cos 𝜗) + 𝜕(𝑤𝜌)

𝜕𝑧
= 0. (2.53)

2.2.5 Primitive Equations in Vector Form
The primitive equations on a sphere may be written in a compact vector form provided we make a
slight reinterpretation of the material derivative of the coordinate axes. Instead of (2.39) we take
the material derivative of the unit vectors to be

D𝐢
D𝑡
= �̃�flow × 𝐢 = 𝐣

𝑢 tan 𝜗
𝑎
, (2.54a)

D𝐣
D𝑡
= �̃�flow × 𝐣 = −𝐢

𝑢 tan 𝜗
𝑎
, (2.54b)
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where �̃�flow = 𝐤𝑢 tan 𝜗/𝑎, which is the vertical component of (2.38) with 𝑟 replaced by 𝑎. Given
(2.54), the primitive equations (2.50a) and (2.50b) may be written as

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −1

𝜌
∇𝑧𝑝, (2.55)

where 𝒖 = 𝑢𝐢 + 𝑣𝐣 + 0 𝐤 is the horizontal velocity, ∇𝑧𝑝 = [(𝑎 cos 𝜗)−1𝜕𝑝/𝜕𝜆, 𝑎−1𝜕𝑝/𝜕𝜗] is the
gradient operator at constant 𝑧, and 𝒇 = 𝑓𝐤 = 2𝛺 sin 𝜗𝐤. In (2.55) the material derivative of the
horizontal velocity is given by

D𝒖
D𝑡
= 𝐢D𝑢

D𝑡
+ 𝐣D𝑣

D𝑡
+ 𝑢D𝐢

D𝑡
+ 𝑣D𝐣

D𝑡
. (2.56)

The advection of the horizontal wind 𝒖 is still by the three-dimensional velocity 𝒗.
The vertical momentum equation is the hydrostatic equation, (2.50c), and the mass conserva-

tion equation is
D𝜌
D𝑡
+ 𝜌∇ ⋅ 𝒗 = 0 or 𝜕𝜌

𝜕𝑡
+ ∇ ⋅ (𝜌𝒗) = 0, (2.57)

where D/D𝑡 is given by (2.51), and the second expression is written out in full in (2.53).

2.2.6 The Vector Invariant Form of the Momentum Equation
The ‘vector invariant’ form of the momentum equation is so-called because it appears to take the
same form in all coordinate systems — there is no advective derivative of the coordinate system
to worry about. With the aid of the identity (𝒗 ⋅ ∇)𝒗 = −𝒗 × 𝝎 + ∇(𝒗2/2), where 𝝎 ≡ ∇ × 𝒗
is the relative vorticity (which we explore at greater length in Chapter 4) the three-dimensional
momentum equation, (2.16), may be written:

𝜕𝒗
𝜕𝑡
+ (2𝜴 + 𝝎) × 𝒗 = −1

𝜌
∇𝑝 − 1
2
∇𝒗2 + 𝒈, (2.58)

and this is the vector invariant momentum equation. In spherical coordinates the relative vorticity
is given by:

𝝎 = ∇ × 𝒗 = 1
𝑟2 cos 𝜗

|
|

𝐢 𝑟 cos 𝜗 𝐣 𝑟 𝐤
𝜕/𝜕𝜆 𝜕/𝜕𝜗 𝜕/𝜕𝑟
𝑢𝑟 cos 𝜗 𝑟𝑣 𝑤

|
|

(2.59)

= 𝐢 1
𝑟
(𝜕𝑤
𝜕𝜗
− 𝜕(𝑟𝑣)
𝜕𝑟
) − 𝐣 1
𝑟 cos 𝜗
(𝜕𝑤
𝜕𝜆
− 𝜕
𝜕𝑟
(𝑢𝑟 cos 𝜗)) + 𝐤 1

𝑟 cos 𝜗
(𝜕𝑣
𝜕𝜆
− 𝜕
𝜕𝜗
(𝑢 cos 𝜗)) .

We can write the horizontal momentum equations of the primitive equations in a similar way.
Making the traditional and shallow fluid approximations, the horizontal components of (2.58)
become

𝜕𝒖
𝜕𝑡
+ (𝒇 + 𝐤 𝜁) × 𝒖 + 𝑤𝜕𝒖

𝜕𝑧
= −1
𝜌
∇𝑧𝑝 −
1
2
∇𝒖2, (2.60)

where 𝒖 = (𝑢, 𝑣, 0), 𝒇 = 𝐤 2𝛺 sin 𝜗 and ∇𝑧 is the horizontal gradient operator (the gradient at a
constant value of 𝑧). Using (2.59), 𝜁 is given by

𝜁 = 1
𝑎 cos 𝜗
𝜕𝑣
𝜕𝜆
− 1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(𝑢 cos 𝜗) = 1

𝑎 cos 𝜗
𝜕𝑣
𝜕𝜆
− 1
𝑎
𝜕𝑢
𝜕𝜗
+ 𝑢
𝑎

tan 𝜗. (2.61)

The separate components of the momentum equation are given by:

𝜕𝑢
𝜕𝑡
− (𝑓 + 𝜁)𝑣 + 𝑤𝜕𝑢

𝜕𝑧
= − 1
𝑎 cos 𝜗
(1
𝜌
𝜕𝑝
𝜕𝜆
+ 1
2
𝜕𝒖2
𝜕𝜆
) , (2.62)
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and
𝜕𝑣
𝜕𝑡
+ (𝑓 + 𝜁)𝑢 + 𝑤𝜕𝑣

𝜕𝑧
= −1
𝑎
(1
𝜌
𝜕𝑝
𝜕𝜗
+ 1
2
𝜕𝒖2
𝜕𝜗
) . (2.63)

2.2.7 Angular Momentum
The zonal momentum equation can be usefully expressed as a statement about axial angular mo-
mentum; that is, angular momentum about the rotation axis. The zonal angular momentum per
unit mass is the component of angular momentum in the direction of the axis of rotation and it is
given by, without making any shallow atmosphere approximation,

𝑚 = (𝑢 + 𝛺𝑟 cos 𝜗)𝑟 cos 𝜗. (2.64)

The evolution equation for this quantity follows from the zonal momentum equation and has the
simple form

D𝑚
D𝑡
= −1
𝜌
𝜕𝑝
𝜕𝜆
, (2.65)

where the material derivative is

D
D𝑡
= 𝜕
𝜕𝑡
+ 𝑢
𝑟 cos 𝜗
𝜕
𝜕𝜆
+ 𝑣
𝑟
𝜕
𝜕𝜗
+ 𝑤 𝜕
𝜕𝑟
. (2.66)

Using the mass continuity equation, (2.65) can be written as

D𝜌𝑚
D𝑡
+ 𝜌𝑚∇ ⋅ 𝒗 = −𝜕𝑝

𝜕𝜆
(2.67)

or
𝜕𝜌𝑚
𝜕𝑡
+ 1
𝑟 cos 𝜗
𝜕(𝜌𝑢𝑚)
𝜕𝜆
+ 1
𝑟 cos 𝜗
𝜕
𝜕𝜗
(𝜌𝑣𝑚 cos 𝜗) + 1

𝑟2
𝜕
𝜕𝑟
(𝜌𝑚𝑤𝑟2) = −𝜕𝑝

𝜕𝜆
. (2.68)

This is an angular momentum conservation equation.
If the fluid is confined to a shallow layer near the surface of a sphere, then we may replace 𝑟,

the radial coordinate, by 𝑎, the radius of the sphere, in the definition of 𝑚, and we define �̃� ≡
(𝑢 + 𝛺𝑎 cos 𝜗)𝑎 cos 𝜗. Then (2.65) is replaced by

D�̃�
D𝑡
= −1
𝜌
𝜕𝑝
𝜕𝜆
, (2.69)

where now
D
D𝑡
= 𝜕
𝜕𝑡
+ 𝑢
𝑎 cos 𝜗
𝜕
𝜕𝜆
+ 𝑣
𝑎
𝜕
𝜕𝜗
+ 𝑤 𝜕
𝜕𝑧
. (2.70)

In the shallow fluid approximation (2.68) becomes

𝜕𝜌𝑚
𝜕𝑡
+ 1
𝑎 cos 𝜗
𝜕(𝜌𝑢𝑚)
𝜕𝜆
+ 1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(𝜌𝑣𝑚 cos 𝜗) + 𝜕

𝜕𝑧
(𝜌𝑚𝑤) = −𝜕𝑝

𝜕𝜆
, (2.71)

which is an angular momentum conservation equation for a shallow atmosphere.

♦ From angular momentum to the spherical component equations
An alternative way of deriving the three components of themomentum equation in spherical polar
coordinates is to begin with (2.65) and the principle of conservation of energy. That is, we take the
equations for conservation of angular momentum and energy as true a priori and demand that
the forms of the momentum equation be constructed to satisfy these. Expanding the material
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derivative in (2.65), noting that D𝑟/D𝑡 = 𝑤 and Dcos 𝜗/D𝑡 = −(𝑣/𝑟) sin 𝜗, immediately gives
(2.47a). Multiplication by 𝑢 then yields

𝑢D𝑢
D𝑡
− 2𝛺𝑢𝑣 sin 𝜗 + 2𝛺𝑢𝑤 cos 𝜗 − 𝑢

2𝑣 tan 𝜗
𝑟
+ 𝑢
2𝑤
𝑟
= − 𝑢
𝜌𝑟 cos 𝜗

𝜕𝑝
𝜕𝜆
. (2.72)

Now suppose that the meridional and vertical momentum equations are of the form
D𝑣
D𝑡
+ Coriolis and metric terms = − 1

𝜌𝑟
𝜕𝑝
𝜕𝜗
, (2.73a)

D𝑤
D𝑡
+ Coriolis and metric terms = −1

𝜌
𝜕𝑝
𝜕𝑟
, (2.73b)

but that we do not know what form the Coriolis and metric terms take. To determine that form,
construct the kinetic energy equation by multiplying (2.73) by 𝑣 and 𝑤, respectively. Now, the
metric terms must vanish when we sum the resulting equations along with (2.72), so that (2.73a)
must contain the Coriolis term 2𝛺𝑢 sin 𝜗 as well as the metric term 𝑢2 tan 𝜗/𝑟, and (2.73b) must
contain the term−2𝛺𝑢 cos𝜙 as well as themetric term 𝑢2/𝑟. But if (2.73b) contains the term 𝑢2/𝑟 it
must also contain the term 𝑣2/𝑟 by isotropy, and therefore (2.73a) must also contain the term 𝑣𝑤/𝑟.
In this way, (2.47) is precisely reproduced, although the sceptic might argue that the uniqueness of
the form has not been demonstrated.

A particular advantage of this approach arises in determining the appropriatemomentumequa-
tions that conserve angular momentum and energy in the shallow-fluid approximation. We begin
with (2.69) and expand to obtain (2.50a). Multiplying by 𝑢 gives

𝑢D𝑢
D𝑡
− 2𝛺𝑢𝑣 sin 𝜗 − 𝑢

2𝑣 tan 𝜗
𝑎
= − 𝑢
𝜌𝑎 cos 𝜗

𝜕𝑝
𝜕𝜆
. (2.74)

To ensure energy conservation, the meridional momentum equation must contain the Coriolis
term 2𝛺𝑢 sin 𝜗 and the metric term 𝑢2 tan 𝜗/𝑎, but the vertical momentum equation must have
neither of the metric terms appearing in (2.47c). Thus we deduce the following equations:

D𝑢
D𝑡
− (2𝛺 sin 𝜗 + 𝑢 tan 𝜗

𝑎
) 𝑣 = − 1
𝜌𝑎 cos 𝜗

𝜕𝑝
𝜕𝜆
, (2.75a)

D𝑣
D𝑡
+ (2𝛺 sin 𝜗 + 𝑢 tan 𝜗

𝑎
) 𝑢 = − 1
𝜌𝑎
𝜕𝑝
𝜕𝜗
, (2.75b)

D𝑤
D𝑡
= −1
𝜌
𝜕𝜌
𝜕𝑟
− 𝑔. (2.75c)

This equation set, when used in conjunction with the thermodynamic and mass continuity equa-
tions, conserves appropriate forms of angular momentum and energy. In the hydrostatic approx-
imation the material derivative of 𝑤 in (2.75c) is additionally neglected. Thus, the hydrostatic
approximation is mathematically and physically consistent with the shallow-fluid approximation,
but it is an additional approximation with slightly different requirements that one may choose,
rather than being required, to make. From an asymptotic perspective, the difference lies in the
small parameter necessary for either approximation to hold, namely:

shallow fluid and traditional approximations: 𝛾 ≡ 𝐻
𝑎
≪ 1, (2.76a)

small aspect ratio for hydrostatic approximation: 𝛼 ≡ 𝐻
𝐿
≪ 1, (2.76b)

where 𝐿 is the horizontal scale of the motion and 𝑎 is the radius of the Earth. For hemispheric or
global scale phenomena 𝐿 ∼ 𝑎 and the two approximations coincide. (Requirement (2.76b) for the
hydrostatic approximation will be derived in Section 2.7.)
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2.3 CARTESIAN APPROXIMATIONS: THE TANGENT PLANE
2.3.1 The f-plane
Although the rotation of the Earth is central for many dynamical phenomena, the sphericity of
the Earth is not always so. This is especially true for phenomena on a scale somewhat smaller
than global where the use of spherical coordinates becomes awkward, and it is more convenient
to use a locally Cartesian representation of the equations. Referring to the red line in Fig. 2.4 we
will define a plane tangent to the surface of the Earth at a latitude 𝜗0, and then use a Cartesian
coordinate system (𝑥, 𝑦, 𝑧) to describe motion on that plane. For small excursions on the plane,
(𝑥, 𝑦, 𝑧) ≈ (𝑎𝜆 cos 𝜗0, 𝑎(𝜗 − 𝜗0), 𝑧). Consistently, the velocity is 𝒗 = (𝑢, 𝑣, 𝑤), so that 𝑢,𝑣 and 𝑤 are
the components of the velocity in the tangent plane, in approximately in the east–west, north–south
and vertical directions, respectively.

The momentum equations for flow in this plane are then

𝜕𝑢
𝜕𝑡
+ (𝒗 ⋅ ∇)𝑢 + 2(𝛺𝑦𝑤 − 𝛺𝑧𝑣) = −1

𝜌
𝜕𝑝
𝜕𝑥
, (2.77a)

𝜕𝑣
𝜕𝑡
+ (𝒗 ⋅ ∇)𝑣 + 2(𝛺𝑧𝑢 − 𝛺𝑥𝑤) = −1

𝜌
𝜕𝑝
𝜕𝑦
, (2.77b)

𝜕𝑤
𝜕𝑡
+ (𝒗 ⋅ ∇)𝑤 + 2(𝛺𝑥𝑣 − 𝛺𝑦𝑢) = −1

𝜌
𝜕𝑝
𝜕𝑧
− 𝑔, (2.77c)

where the rotation vector 𝜴 = 𝛺𝑥𝐢 + 𝛺𝑦𝐣 + 𝛺𝑧𝐤 and 𝛺𝑥 = 0, 𝛺𝑦 = 𝛺 cos 𝜗0 and 𝛺𝑧 = 𝛺 sin 𝜗0. If
we make the traditional approximation, and so ignore the components of𝜴 not in the direction of
the local vertical, then the above equations become

D𝑢
D𝑡
− 𝑓0𝑣 = −

1
𝜌
𝜕𝑝
𝜕𝑥
, D𝑣

D𝑡
+ 𝑓0𝑢 = −

1
𝜌
𝜕𝑝
𝜕𝑦
, D𝑤

D𝑡
= −1
𝜌
𝜕𝑝
𝜕𝑧
− 𝑔, (2.78a,b,c)

where 𝑓0 = 2𝛺𝑧 = 2𝛺 sin 𝜗0. Defining the horizontal velocity vector 𝒖 = (𝑢, 𝑣, 0), the first two
equations may be written as

D𝒖
D𝑡
+ 𝒇0 × 𝒖 = −

1
𝜌
∇𝑧𝑝, (2.79)

where D𝒖/D𝑡 = 𝜕𝒖/𝜕𝑡 + 𝒗 ⋅ ∇𝒖, 𝒇0 = 2𝛺 sin 𝜗0𝐤 = 𝑓0𝐤, and 𝐤 is the direction perpendicular to the
plane. These equations are, evidently, exactly the same as the momentum equations in a system
in which the rotation vector is aligned with the local vertical, as illustrated in panel (b) of Fig. 2.4.
They will describe flow on the surface of a rotating sphere to a good approximation provided the
flow is of limited latitudinal extent so that the effects of sphericity are unimportant; we have made
what is known as the 𝑓-plane. We may in addition make the hydrostatic approximation, in which
case (2.78c) becomes the familiar 𝜕𝑝/𝜕𝑧 = −𝜌𝑔.

2.3.2 The Beta-plane Approximation
The magnitude of the vertical component of rotation varies with latitude, and this has important
dynamical consequences. We can approximate this effect by allowing the effective rotation vector
to vary. Thus, noting that, for small variations in latitude,

𝑓 = 2𝛺 sin 𝜗 ≈ 2𝛺 sin 𝜗0 + 2𝛺(𝜗 − 𝜗0) cos 𝜗0, (2.80)

then on the tangent plane we may mimic this by allowing the Coriolis parameter to vary as

𝑓 = 𝑓0 + 𝛽𝑦, (2.81)
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where 𝑓0 = 2𝛺 sin 𝜗0 and 𝛽 = 𝜕𝑓/𝜕𝑦 = (2𝛺 cos 𝜗0)/𝑎. This important approximation is known
as the beta-plane, or 𝛽-plane, approximation; it captures the the most important dynamical effects
of sphericity, without the complicating geometric effects, which are not essential to describe many
phenomena. The momentum equations (2.78) are unaltered except that 𝑓0 is replaced by 𝑓0 + 𝛽𝑦
to represent a varying Coriolis parameter. Thus, sphericity combined with rotation is dynami-
cally equivalent to a differentially rotating system. For future reference, we write down the 𝛽-plane
horizontal momentum equations:

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −1

𝜌
∇𝑧𝑝, (2.82)

where 𝒇 = (𝑓0 + 𝛽𝑦)̂𝐤. In component form this equation becomes

D𝑢
D𝑡
− 𝑓𝑣 = −1

𝜌
𝜕𝑝
𝜕𝑥
, D𝑣

D𝑡
+ 𝑓𝑢 = −1

𝜌
𝜕𝑝
𝜕𝑦
. (2.83a,b)

The mass conservation, thermodynamic and hydrostatic equations in the 𝛽-plane approximation
are the same as the usual Cartesian, 𝑓-plane, forms of those equations.

2.4 EQUATIONS FOR A STRATIFIED OCEAN: THE BOUSSINESQ APPROXIMATION
The density variations in the ocean are quite small compared to the mean density, and we may
exploit this to derive somewhat simpler but still quite accurate equations of motion. Let us first
examine how much density does vary in the ocean.

2.4.1 Variation of Density in the Ocean
The variations of density in the ocean are due to three effects: the compression of water by pressure
(which we denote as 𝛥𝑝𝜌), the thermal expansion of water if its temperature changes (𝛥𝑇𝜌), and
the haline contraction if its salinity changes (𝛥𝑆𝜌). How big are these? An appropriate equation of
state to approximately evaluate these effects is the linear one

𝜌 = 𝜌0 [1 − 𝛽𝑇(𝑇 − 𝑇0) + 𝛽𝑆(𝑆 − 𝑆0) + 𝛽𝑝𝑝] , (2.84)

where 𝛽𝑇 ≈ 2 × 10−4K−1, 𝛽𝑆 ≈ 10−3 g/kg−1 and 𝛽𝑝 = 1/(𝜌0𝑐2𝑠 ) ≈ 4.4 × 10−10Pa−1 with 𝑐𝑠 ≈
1500ms−1 (see Table 1.2 on page 33). The three effects may then be evaluated as follows:

Pressure compressibility. We have 𝛥𝑝𝜌 ≈ 𝛥𝑝/𝑐2𝑠 ≈ 𝜌0𝑔𝐻/𝑐2𝑠 where𝐻 is the depth we evaluate the
pressure change (quite accurately) using the hydrostatic approximation. Thus,

|𝛥𝑝𝜌|
𝜌0
≈ 𝑔𝐻
𝑐2𝑠
∼ 4 × 10−2, (2.85)

with 𝐻 = 8 km and 𝑐2𝑠 /𝑔 ≈ 200km. The latter quantity is the density scale height of the
ocean. Thus, the pressure at the bottom of the ocean, enormous as it is, is insufficient to
compress the water enough to make a significant change in its density. Changes in density
due to dynamical variations of pressure are small if the Mach number is small, and this is
also usually the case.

Thermal expansion. We have 𝛥𝑇𝜌 ≈ −𝛽𝑇𝜌0𝛥𝑇 and therefore

|𝛥𝑇𝜌|
𝜌0
≈ 𝛽𝑇𝛥𝑇 ∼ 4 × 10−3 (2.86)

with 𝛥𝑇 = 20K. Evidently we would require temperature differences of order 𝛽−1𝑇 , or 5000K
to obtain order one variations in density.
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Saline contraction. We have 𝛥𝑆𝜌 ≈ 𝛽𝑆𝜌0𝛥𝑆 and therefore

|𝛥𝑆𝜌|
𝜌0
≈ 𝛽𝑆𝛥𝑆 ∼ 1.5 × 10−3, (2.87)

with 𝛥𝑆 = 5g kg−1. The fractional change in the density of seawater due to salinity variations
is thus also very small.

Evidently, fractional density changes in the ocean are very small due to the above effects.

2.4.2 The Boussinesq Equations
The Boussinesq equations are a set of equations that exploit the smallness of density variations in
liquids.6 An asymptotic derivation is given in Appendix A (page 101) but in what follows we are
more heuristic. To set notation we write

𝜌 = 𝜌0 + 𝛿𝜌(𝑥, 𝑦, 𝑧, 𝑡) (2.88a)
= 𝜌0 + 𝜌(𝑧) + 𝜌′(𝑥, 𝑦, 𝑧, 𝑡) (2.88b)
= 𝜌(𝑧) + 𝜌′(𝑥, 𝑦, 𝑧, 𝑡), (2.88c)

where 𝜌0 is a constant and we assume that

|𝜌|, |𝜌′|, |𝛿𝜌| ≪ 𝜌0. (2.89)

We need not assume that |𝜌′| ≪ |𝜌|, but this is often the case in the ocean. The horizontal gradients
(i.e., gradients at constant 𝑧, ∇𝑧 ) satisfy ∇𝑧𝑝 = ∇𝑧𝑝′ = ∇𝑧𝛿𝑝. To obtain the Boussinesq equations
we will just use (2.88a), but (2.88c) will be useful for the anelastic equations considered later.

Associated with the reference density is a reference pressure that is defined to be in hydrostatic
balance with it. That is,

𝑝 = 𝑝0(𝑧) + 𝛿𝑝(𝑥, 𝑦, 𝑧, 𝑡), (2.90)

where |𝛿𝑝| ≪ 𝑝0 and
d𝑝0
d𝑧
≡ −𝑔𝜌0. (2.91a,b)

Momentum equations
Letting 𝜌 = 𝜌0 + 𝛿𝜌 the momentum equation can be written, without approximation, as

(𝜌0 + 𝛿𝜌) (
D𝒗
D𝑡
+ 2𝜴 × 𝒗) = −∇𝛿𝑝 − 𝜕𝑝0

𝜕𝑧
𝐤 − 𝑔(𝜌0 + 𝛿𝜌)𝐤, (2.92)

and using (2.91) this becomes, again without approximation,

(𝜌0 + 𝛿𝜌) (
D𝒗
D𝑡
+ 2𝜴 × 𝒗) = −∇𝛿𝑝 − 𝑔𝛿𝜌𝐤. (2.93)

If 𝛿𝜌/𝜌0 ≪ 1 then we may neglect the 𝛿𝜌 term on the left-hand side and the above equation
becomes

D𝒗
D𝑡
+ 2𝜴 × 𝒗 = −∇𝜙 + 𝑏𝐤, (2.94)

where 𝜙 = 𝛿𝑝/𝜌0 and 𝑏 = −𝑔 𝛿𝜌/𝜌0 is the buoyancy. We should not and do not neglect the term
𝑔 𝛿𝜌, for there is no reason to believe it to be small: 𝛿𝜌may be small, but 𝑔 is big! Equation (2.94)
is the momentum equation in the Boussinesq approximation, and it is common to say that the
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Boussinesq approximation ignores all variations of density of a fluid in the momentum equation,
except when associated with the gravitational term.

For most large-scale motions in the ocean the deviation pressure and density fields are also
approximately in hydrostatic balance, and in that case the vertical component of (2.94) becomes

𝜕𝜙
𝜕𝑧
= 𝑏. (2.95)

A condition for (2.95) to hold is that vertical accelerations are small compared to 𝑔 𝛿𝜌/𝜌0, and not
compared to the acceleration due to gravity itself. For more discussion of this point, see Section 2.7.

Mass continuity
The unapproximated mass continuity equation is

D𝛿𝜌
D𝑡
+ (𝜌0 + 𝛿𝜌)∇ ⋅ 𝒗 = 0. (2.96)

Provided that time scales advectively — that is to say that D/D𝑡 scales in the same way as 𝒗 ⋅ ∇—
then we may approximate this equation by

∇ ⋅ 𝒗 = 0, (2.97)

which is the same as that for a constant density fluid. This absolutely does not allow one to go back
and use (2.96) to say that 𝐷𝛿𝜌/𝐷𝑡 = 0; the evolution of density is given by the thermodynamic
equation in conjunction with an equation of state, and this should not be confused with the mass
conservation equation. Note also that in eliminating the time-derivative of density we eliminate
the possibility of sound waves.

Thermodynamic equation and equation of state
The Boussinesq equations are closed by the addition of an equation of state, a thermodynamic
equation and, as appropriate, a salinity equation. Neglecting salinity for the moment, a useful
starting point is to write the thermodynamic equation, (1.114), as

D𝜌
D𝑡
− 1
𝑐2𝑠

D𝑝
D𝑡
= �̇�
(𝜕𝜂/𝜕𝜌)𝑝𝑇

≈ −�̇�(𝜌0𝛽𝑇
𝑐𝑝
) (2.98)

using (𝜕𝜂/𝜕𝜌)𝑝 = (𝜕𝜂/𝜕𝑇)𝑝(𝜕𝑇/𝜕𝜌)𝑝 ≈ −𝑐𝑝/(𝑇𝜌0𝛽𝑇). Given the expansions (2.88a) and (2.90a),
(2.98) can be written to a good approximation as

D𝛿𝜌
D𝑡
− 1
𝑐2𝑠

D𝑝0
D𝑡
= −�̇�(𝜌0𝛽𝑇

𝑐𝑝
) , (2.99)

or, using (2.91a),
D
D𝑡
(𝛿𝜌 + 𝜌0𝑔
𝑐2𝑠
𝑧) = −�̇�(𝜌0𝛽𝑇

𝑐𝑝
) . (2.100)

The term in brackets on left-hand side is the potential density, as in (1.117). The severest approxi-
mation to this is to neglect the second term there, and noting that 𝑏 = −𝑔𝛿𝜌/𝜌0 we obtain

D𝑏
D𝑡
= �̇�, (2.101)
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where �̇� = 𝑔𝛽𝑇�̇�/𝑐𝑝. The momentum equation (2.94), mass continuity equation (2.97) and ther-
modynamic equation (2.101) then form a closed set, called the simple Boussinesq equations.

In the ocean the compressibility effect can be important and it is convenient to write the ther-
modynamic equation as

D𝑏𝜎
D𝑡
= �̇�𝜎, (2.102)

where 𝑏𝜎 is the potential buoyancy given by

𝑏𝜎 ≡ −𝑔
𝛿𝜌𝜃
𝜌0
= − 𝑔
𝜌0
(𝛿𝜌 + 𝜌0𝑔𝑧

𝑐2𝑠
) = 𝑏 − 𝑔 𝑧

𝐻𝜌
, (2.103)

where𝐻𝜌 = 𝑐2𝑠 /𝑔. Buoyancy itself is obtained from 𝑏𝜎 by the ‘equation of state’, 𝑏 = 𝑏𝜎 + 𝑔𝑧/𝐻𝜌.
In many applications we may need to use a still more accurate equation of state. In that case

(and see Section 1.7.3) we replace (2.101) by the thermodynamic equations

D𝛩
D𝑡
= �̇�, D𝑆

D𝑡
= ̇𝑆, (2.104a,b)

where 𝛩 is an appropriate thermodynamic state variable, such as potential enthalpy or entropy, 𝑆
is salinity, and an equation of state then gives the buoyancy. The equation of state has the general
form 𝑏 = 𝑏(𝛩, 𝑆, 𝑝), but to be consistent with the level of approximation in the other Boussinesq
equations we replace 𝑝 by the hydrostatic pressure calculated with the reference density, that is by
−𝜌0𝑔𝑧, and the equation of state then takes the general form

𝑏 = 𝑏(𝛩, 𝑆, 𝑧). (2.105)

An example of (2.105) is (1.155), taken with the definition of buoyancy 𝑏 = −𝑔𝛿𝜌/𝜌0. The closed
set of equations (2.94), (2.97), (2.104) and (2.105) are sometimes called the general Boussinesq
equations, or, in oceanographic contexts, the seawater Boussinesq equations. Using an accurate
equation of state and the Boussinesq approximation is the procedure used in many comprehensive
ocean general circulationmodels. The Boussinesq equations, which with the hydrostatic and tradi-
tional approximations are often considered to be the oceanic primitive equations, are summarized
in the shaded box on the following page.

♦ Mean stratification and the buoyancy frequency
The processes that cause density to vary in the vertical often differ from those that cause it to vary
in the horizontal. For this reason it is sometimes useful to write 𝜌 = 𝜌0 + 𝜌(𝑧) + 𝜌′(𝑥, 𝑦, 𝑧, 𝑡) and
define �̃�(𝑧) ≡ −𝑔𝜌/𝜌0 and 𝑏′ ≡ −𝑔𝜌′/𝜌0. Using the hydrostatic equation to evaluate pressure, the
thermodynamic equation (2.98) becomes, to a good approximation,

D𝑏′
D𝑡
+ 𝑁2𝑤 = 0, (2.106)

where D/D𝑡 remains a three-dimensional operator and

𝑁2(𝑧) = (d�̃�
d𝑧
− 𝑔
2

𝑐2𝑠
) = d�̃�𝜎

d𝑧
, (2.107)

where �̃�𝜎 = �̃� − 𝑔𝑧/𝐻𝜌. The quantity 𝑁2 is a measure of the mean stratification of the fluid, and
is equal to the vertical gradient of the mean potential buoyancy. 𝑁 is known as the buoyancy
frequency, something we return to in Section 2.10. Equations (2.106) and (2.107) also hold in the
simple Boussinesq equations, but with 𝑐2𝑠 = ∞.
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Summary of Boussinesq Equations

The simple Boussinesq equations are, for an inviscid fluid:

momentum equations: D𝒗
D𝑡
+ 𝒇 × 𝒗 = −∇𝜙 + 𝑏𝐤, (B.1)

mass conservation: ∇ ⋅ 𝒗 = 0, (B.2)

buoyancy equation: D𝑏
D𝑡
= �̇�. (B.3)

A more general form replaces the buoyancy equation by:

thermodynamic equation: D𝛩
D𝑡
= �̇�, (B.4)

salinity equation: D𝑆
D𝑡
= ̇𝑆, (B.5)

equation of state: 𝑏 = 𝑏(𝛩, 𝑆, 𝑧). (B.6)

An equation of state of the form 𝑏 = 𝑏(𝛩, 𝑆, 𝜙) is not asymptotically correct and
good conservation properties are not assured.

2.4.3 Energetics of the Boussinesq System
In a uniform gravitational field but with no other forcing or dissipation, we write the simple Boussi-
nesq equations as

D𝒗
D𝑡
+ 2𝜴 × 𝒗 = 𝑏𝐤 − ∇𝜙, ∇ ⋅ 𝒗 = 0, D𝑏

D𝑡
= 0. (2.108a,b,c)

From (2.108a) and (2.108b) the kinetic energy density evolution (cf. Section 1.10) is given by

1
2
D𝑣2
D𝑡
= 𝑏𝑤 − ∇ ⋅ (𝜙𝒗), (2.109)

where the constant reference density 𝜌0 is omitted. Let us now define the potential𝛷 ≡ −𝑧, so that
∇𝛷 = −𝐤 and

D𝛷
D𝑡
= ∇ ⋅ (𝒗𝛷) = −𝑤, (2.110)

and using this and (2.108c) gives
D
D𝑡
(𝑏𝛷) = −𝑤𝑏. (2.111)

Adding (2.111) to (2.109) and expanding the material derivative gives
𝜕
𝜕𝑡
(1
2
𝒗2 + 𝑏𝛷) + ∇ ⋅ [𝒗 (1

2
𝒗2 + 𝑏𝛷 + 𝜙)] = 0. (2.112)

This constitutes an energy equation for the Boussinesq system, and may be compared to (1.199).
The energy density (divided by 𝜌0) is just 𝒗2/2+𝑏𝛷. What does the term 𝑏𝛷 represent? Its integral,
multiplied by 𝜌0, is the potential energy of the flow minus that of the basic state, or ∫𝑔(𝜌−𝜌0)𝑧d𝑧.
If there were a heating term on the right-hand side of (2.108c) this would directly provide a source
of potential energy, rather than internal energy as in the compressible system. Because the fluid is
incompressible, there is no conversion from kinetic and potential energy into internal energy.
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♦ Energetics with a general equation of state
Now consider the energetics of the general Boussinesq equations. Suppose first that we allow the
equation of state to be a function of pressure; the equations of motion are then (2.108) except that
(2.108c) is replaced by

D𝛩
D𝑡
= 0, D𝑆

D𝑡
= 0, 𝑏 = 𝑏(𝛩, 𝑆, 𝜙). (2.113a,b,c)

where 𝛩 is some conservative thermodynamic variable and 𝑆 is salinity. A little algebraic experi-
mentation will reveal that no energy conservation law of the form (2.112) generally exists for this
system! The problem arises because, by requiring the fluid to be incompressible, we eliminate the
proper conversion of internal energy to kinetic energy. However, if we use the approximation
𝑏 = 𝑏(𝛩, 𝑆, 𝑧), the system does conserve an energy, as we now show.7

Define the potential, 𝛱, as the integral of 𝑏 at constant potential temperature and salinity,
namely

𝛱(𝛩, 𝑆, 𝑧) ≡ −∫
𝑧

𝑎
𝑏d𝑧′, (2.114)

where 𝑎 is a constant, so that 𝜕𝛱/𝜕𝑧 = −𝑏. (The quantity𝛱 is related to the dynamic enthalpy of
Section 1.7.3.) Taking the material derivative of the left-hand side gives

D𝛱
D𝑡
= (𝜕𝛱
𝜕𝛩
)
𝑆,𝑧

D𝛩
D𝑡
+ (𝜕𝛱
𝜕𝑆
)
𝛩,𝑧

D𝑆
D𝑡
+ (𝜕𝛱
𝜕𝑧
)
𝛩,𝑆

D𝑧
D𝑡
= −𝑏𝑤, (2.115)

using (2.113a,b). Combining (2.115) and (2.109) gives

𝜕
𝜕𝑡
(1
2
𝒗2 + 𝛱) + ∇ ⋅ [𝒗 (1

2
𝒗2 + 𝛱 + 𝜙)] = 0. (2.116)

Thus, energetic consistency is maintained with an arbitrary equation of state, provided that the
buoyancy (or density) is taken as a function of 𝑧 and not pressure — as Appendix A indicates is
the proper thing to do.

2.5 EQUATIONS FOR A STRATIFIED ATMOSPHERE: THE ANELASTIC APPROXIMATION
2.5.1 Preliminaries
In the atmosphere the density varies significantly, especially in the vertical. However, deviations
of both 𝜌 and 𝑝 from a statically balanced state are often quite small, and the relative vertical
variation of potential temperature is also small. We can usefully exploit these observations to give
a somewhat simplified set of equations, useful both for theoretical and numerical analyses because
sound waves are eliminated by way of an ‘anelastic’ approximation.8 To begin we set

𝜌 = 𝜌(𝑧) + 𝛿𝜌(𝑥, 𝑦, 𝑧, 𝑡), 𝑝 = 𝑝(𝑧) + 𝛿𝑝(𝑥, 𝑦, 𝑧, 𝑡), (2.117a,b)

where we assume that |𝛿𝜌| ≪ |𝜌| and we define 𝑝 such that

𝜕𝑝
𝜕𝑧
≡ −𝑔𝜌(𝑧). (2.118)

The notation is similar to that for the Boussinesq case except that, importantly, the density basic
state is now a (given) function of the vertical coordinate. As with the Boussinesq case, the idea
is to ignore dynamic variations of density (i.e., of 𝛿𝜌) except where associated with gravity. First
recall a couple of ideal gas relationships involving potential temperature, 𝜃. If we define 𝑠 = log 𝜃
(so that 𝑠 is entropy divided by 𝑐𝑝) then

𝑠 = log 𝜃 = log𝑇 − 𝑅
𝑐𝑝

log𝑝 = 1
𝛾

log𝑝 − log 𝜌, (2.119)
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where 𝛾 = 𝑐𝑝/𝑐𝑣, implying

𝛿𝑠 = 𝛿𝜃
𝜃
= 1
𝛾
𝛿𝑝
𝑝
− 𝛿𝜌
𝜌
≈ 1
𝛾
𝛿𝑝
𝑝
− 𝛿𝜌
𝜌
. (2.120)

Further, if ̃𝑠 ≡ 𝛾−1 log𝑝 − log 𝜌 then

d ̃𝑠
d𝑧
= 1
𝛾𝑝

d𝑝
d𝑧
− 1
𝜌

d𝜌
d𝑧
= −𝑔𝜌
𝛾𝑝
− 1
𝜌

d𝜌
d𝑧
. (2.121)

In the atmosphere, the left-hand side is, typically, much smaller than either of the two terms on
the right-hand side.

2.5.2 The Momentum Equation
The exact inviscid horizontal momentum equation is

(𝜌 + 𝛿𝜌) (D𝒖
D𝑡
+ 𝒇 × 𝒖) = −∇𝑧𝛿𝑝. (2.122)

Neglecting 𝛿𝜌 where it appears with 𝜌 leads to

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −∇𝑧𝜙, (2.123)

where 𝜙 = 𝛿𝑝/𝜌, and this is similar to the corresponding equation in the Boussinesq approxima-
tion.

The vertical component of the inviscid momentum equation is, without approximation,

(𝜌 + 𝛿𝜌)D𝑤
D𝑡
= −𝜕𝑝
𝜕𝑧
− 𝜕𝛿𝑝
𝜕𝑧
− 𝑔𝜌 − 𝑔𝛿𝜌 = −𝜕𝛿𝑝

𝜕𝑧
− 𝑔𝛿𝜌, (2.124)

using (2.118). Neglecting 𝛿𝜌 on the left-hand side we obtain

D𝑤
D𝑡
= −1
𝜌
𝜕𝛿𝑝
𝜕𝑧
− 𝑔𝛿𝜌
𝜌
= − 𝜕
𝜕𝑧
(𝛿𝑝
𝜌
) − 𝛿𝑝
𝜌2
𝜕𝜌
𝜕𝑧
− 𝑔𝛿𝜌
𝜌
. (2.125)

This is not a useful form for a gaseous atmosphere, since the variation of the mean density cannot
be ignored. However, we may eliminate 𝛿𝜌 in favour of 𝛿𝑠 using (2.120) to give

D𝑤
D𝑡
= 𝑔 𝛿𝑠 − 𝜕

𝜕𝑧
(𝛿𝑝
𝜌
) − 𝑔
𝛾
𝛿𝑝
𝑝
− 𝛿𝑝
𝜌2
𝜕𝜌
𝜕𝑧
, (2.126)

and using (2.121) gives
D𝑤
D𝑡
= 𝑔 𝛿𝑠 − 𝜕

𝜕𝑧
(𝛿𝑝
𝜌
) + d ̃𝑠

d𝑧
𝛿𝑝
𝜌
. (2.127)

What have these manipulations gained us? Two things:
(i) The gravitational term now involves 𝛿𝑠 rather than 𝛿𝜌 which enables a more direct connec-

tion with the thermodynamic equation.
(ii) Thepotential temperature scale height (∼ 100 km) in the atmosphere is much larger than the

density scale height (∼ 10 km), and so the last term in (2.127) is small.
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The second item thus suggests that we choose our reference state to be one of constant potential
temperature. The term d ̃𝑠/d𝑧 then vanishes and the vertical momentum equation becomes

D𝑤
D𝑡
= 𝑔 𝛿𝑠 − 𝜕𝜙

𝜕𝑧
, (2.128)

where 𝛿𝑠 = 𝛿𝜃/𝜃0, where 𝜃0 is a constant. If we define a buoyancy by 𝑏𝑎 ≡ 𝑔𝛿𝑠 = 𝑔𝛿𝜃/𝜃0, then
(2.123) and (2.128) have the same form as the Boussinesqmomentum equations, but with a slightly
different definition of buoyancy.

2.5.3 Mass Conservation
Using (2.117a) the mass conservation equation may be written, without approximation, as

𝜕𝛿𝜌
𝜕𝑡
+ ∇ ⋅ [(𝜌 + 𝛿𝜌)𝒗] = 0. (2.129)

We neglect 𝛿𝜌 where it appears with 𝜌 in the divergence term. Further, the local time derivative
will be small if time itself is scaled advectively (i.e., 𝑇 ∼ 𝐿/𝑈 and sound waves do not dominate),
giving

∇ ⋅ 𝒖 + 1
𝜌
𝜕
𝜕𝑧
(𝜌𝑤) = 0. (2.130)

It is here that the eponymous anelastic approximation arises: the elastic compressibility of the fluid
is neglected, and this serves to eliminate sound waves. For reference, in spherical coordinates the
equation is

1
𝑎 cos 𝜗
𝜕𝑢
𝜕𝜆
+ 1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(𝑣 cos 𝜗) + 1

𝜌
𝜕(𝑤𝜌)
𝜕𝑧
= 0. (2.131)

In an ideal gas, the choice of constant potential temperature determines how the reference density
𝜌 varies with height. In some circumstances it is convenient to let 𝜌 be a constant, 𝜌0 (effectively
choosing a different equation of state), in which case the anelastic equations become identical to
the Boussinesq equations, albeit with the buoyancy interpreted in terms of potential temperature
in the former and density in the latter.

2.5.4 Thermodynamic Equation
The thermodynamic equation for an ideal gas may be written

D ln 𝜃
D𝑡
= �̇�
𝑇𝑐𝑝
. (2.132)

In the anelastic equations, 𝜃 = 𝜃0 + 𝛿𝜃, where 𝜃0 is constant, and the thermodynamic equation is

D𝛿𝑠
D𝑡
= 𝜃
𝑇𝑐𝑝
�̇�. (2.133)

Summarizing, the complete set of anelastic equations, with rotation but with no dissipation or
diabatic terms, is

D𝒗
D𝑡
+ 2𝜴 × 𝒗 = 𝐤𝑏𝑎 − ∇𝜙,

D𝑏𝑎
D𝑡
= 0,

∇ ⋅ (𝜌𝒗) = 0,

(2.134a,b,c)
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where 𝑏𝑎 = 𝑔𝛿𝑠 = 𝑔𝛿𝜃/𝜃0. The anelastic equations are sometimes called the ‘weak Boussinesq
equations’, with the original incompressible set then called the ‘strong Boussinesq equations’.

The main difference between the anelastic and Boussinesq sets is in the mass continuity equa-
tion, and when 𝜌 = 𝜌0 = constant the two equation sets are identical. However, whereas the
Boussinesq approximation is a very good one for ocean dynamics, the anelastic approximation is
less so for large-scale atmosphere flow: the constancy of the reference potential temperature state is
not a particularly good approximation, and the deviations in density from its reference profile are
not especially small, leading to inaccuracies in the momentum equation. Nevertheless, the anelas-
tic equations have been used very productively in limited area ‘large-eddy simulations’ where one
does not wish to make the hydrostatic approximation but where sound waves are unimportant.9
The equations also provide a good jumping-off point for theoretical studies and for the still simpler
models of Chapter 5.

2.5.5 ♦ Energetics of the Anelastic Equations

Conservation of energy follows in much the same way as for the Boussinesq equations, except that
𝜌 enters. Take the dot product of (2.134a) with 𝜌𝒗 to obtain

𝜌 D
D𝑡
(1
2
𝒗2) = −∇ ⋅ (𝜙𝜌𝒗) + 𝑏𝑎𝜌𝑤. (2.135)

Now, define a potential 𝛷(𝑧) such that ∇𝛷 = −𝐤, and so

𝜌D𝛷
D𝑡
= −𝑤𝜌. (2.136)

Combining this with the thermodynamic equation (2.134b) gives

𝜌D(𝑏𝑎𝛷)
D𝑡
= −𝑤𝑏𝑎𝜌. (2.137)

Adding this to (2.135) gives

𝜌 D
D𝑡
(1
2
𝒗2 + 𝑏𝑎𝛷) = −∇ ⋅ (𝜙𝜌𝒗), (2.138)

or, expanding the material derivative,

𝜕
𝜕𝑡
[𝜌 (1
2
𝒗2 + 𝑏𝑎𝛷)] + ∇ ⋅ [𝜌𝒗 (

1
2
𝒗2 + 𝑏𝑎𝛷 + 𝜙)] = 0. (2.139)

This equation has the form
𝜕𝐸
𝜕𝑡
+ ∇ ⋅ [𝒗(𝐸 + 𝜌𝜙)] = 0, (2.140)

where 𝐸 = 𝜌(𝒗2/2 + 𝑏𝑎𝛷) is the energy density of the flow. This is a consistent energetic equation
for the system, and when integrated over a closed domain the total energy is evidently conserved.
The total energy density comprises the kinetic energy and a term 𝜌𝑏𝑎𝛷, which is analogous to
the potential energy of a simple Boussinesq system. However, it is not exactly equal to potential
energy because 𝑏𝑎 is the buoyancy based on potential temperature, not density; rather, the term
combines contributions from both the internal energy and the potential energy into an enthalpy-
like quantity.
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2.6 PRESSURE AND OTHER VERTICAL COORDINATES
Although using 𝑧 as a vertical coordinate is a natural choice given our Cartesian worldview, it is
not the only option, nor is it always the most useful one. Any variable that has a one-to-one corre-
spondence with 𝑧 in the vertical, so any variable that varies monotonically with 𝑧, could be used;
pressure and, more surprisingly, entropy, are common choices. In the atmosphere pressure almost
always falls monotonically with height, and using it instead of 𝑧 provides a useful simplification
of the mass conservation and geostrophic relations, as well as a more direct connection with ob-
servations, which are often taken at fixed values of pressure. (In the ocean pressure coordinates
are essentially almost the same as height coordinates because density is almost constant.) Entropy
seems an exotic vertical coordinate, but it is very useful in adiabatic flow and we consider it in
Chapter 3.

2.6.1 General Relations
First consider a general vertical coordinate, 𝜉. Any variable𝛹 that is a function of the coordinates
(𝑥, 𝑦, 𝑧, 𝑡)may be expressed instead in terms of (𝑥, 𝑦, 𝜉, 𝑡) by considering 𝜉 to be a function of the
independent variables (𝑥, 𝑦, 𝑧, 𝑡). Derivatives with respect to 𝑧 and 𝜉 are related by

𝜕𝛹
𝜕𝜉
= 𝜕𝛹
𝜕𝑧
𝜕𝑧
𝜕𝜉

and 𝜕𝛹
𝜕𝑧
= 𝜕𝛹
𝜕𝜉
𝜕𝜉
𝜕𝑧
. (2.141a,b)

Horizontal derivatives in the two coordinate systems are related by the chain rule,

(𝜕𝛹
𝜕𝑥
)
𝜉
= (𝜕𝛹
𝜕𝑥
)
𝑧
+ (𝜕𝑧
𝜕𝑥
)
𝜉

𝜕𝛹
𝜕𝑧
, (2.142)

and similarly for time.
Thematerial derivative in 𝜉 coordinatesmay be derived by transforming the original expression

in 𝑧 coordinates using the chain rule, but because (𝑥, 𝑦, 𝜉, 𝑡) are independent coordinates, and
noting that the ‘vertical velocity’ in 𝜉 coordinates is just ̇𝜉 (i.e., D𝜉/D𝑡, just as the vertical velocity
in 𝑧 coordinates is 𝑤 = D𝑧/D𝑡), we can write down

D𝛹
D𝑡
= (𝜕𝛹
𝜕𝑡
)
𝑥,𝑦,𝜉
+ 𝒖 ⋅ ∇𝜉𝛹 + ̇𝜉

𝜕𝛹
𝜕𝜉
, (2.143)

where∇𝜉 is the gradient operator at constant 𝜉. The operator D/D𝑡 is the same in 𝑧 or 𝜉 coordinates
because it is the total derivative of some property of a fluid parcel, and this is independent of the
coordinate system. However, the individual terms within it will differ between coordinate systems.

2.6.2 Pressure Coordinates
In pressure coordinates the analogue of the vertical velocity is 𝜔 ≡ 𝐷𝑝/𝐷𝑡, and the advective
derivative itself is given by

D
D𝑡
= 𝜕
𝜕𝑡
+ 𝒖 ⋅ ∇𝑝 + 𝜔

𝜕
𝜕𝑝
. (2.144)

Note, though, that the advective derivative is the same operator as it is in height coordinates, since
it is just the total derivative of a given fluid parcel; it is just written with different coordinates.

To obtain an expression for the pressure force, now let 𝜉 = 𝑝 in (2.142) and apply the relation-
ship to 𝑝 itself to give

0 = (𝜕𝑝
𝜕𝑥
)
𝑧
+ (𝜕𝑧
𝜕𝑥
)
𝑝

𝜕𝑝
𝜕𝑧
, (2.145)
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which, using the hydrostatic relationship, gives

(𝜕𝑝
𝜕𝑥
)
𝑧
= 𝜌(𝜕𝛷
𝜕𝑥
)
𝑝
, (2.146)

where 𝛷 = 𝑔𝑧 is the geopotential. Thus, the horizontal pressure force in the momentum equations
is

1
𝜌
∇𝑧𝑝 = ∇𝑝𝛷, (2.147)

where the subscripts on the gradient operator indicate that the horizontal derivatives are taken at
constant 𝑧 or constant 𝑝. The horizontal momentum equation thus becomes

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −∇𝑝𝛷, (2.148)

where D/D𝑡 is given by (2.144). The hydrostatic equation in height coordinates is 𝜕𝑝/𝜕𝑧 = −𝜌𝑔
and in pressure coordinates this becomes

𝜕𝛷
𝜕𝑝
= −𝛼 or 𝜕𝛷

𝜕𝑝
= − 𝑝
𝑅𝑇
. (2.149)

The mass continuity equation simplifies attractively in pressure coordinates, if the hydrostatic
approximation is used. Recall that the mass conservation equation can be derived from the mate-
rial form

D
D𝑡
(𝜌 𝛿𝑉) = 0, (2.150)

where 𝛿𝑉 = 𝛿𝑥 𝛿𝑦 𝛿𝑧 is a volume element. But by the hydrostatic relationship 𝜌𝛿𝑧 = −(1/𝑔)𝛿𝑝
and thus

D
D𝑡
(𝛿𝑥 𝛿𝑦 𝛿𝑝) = 0. (2.151)

This is completely analogous to the expression for the material conservation of volume in an in-
compressible fluid, (1.15). Thus, without further ado, we write the mass conservation in pressure
coordinates as

∇𝑝 ⋅ 𝒖 +
𝜕𝜔
𝜕𝑝
= 0, (2.152)

where the horizontal derivative is taken at constant pressure.
The (adiabatic) thermodynamic equation is still D𝜃/D𝑡 = 0, and 𝜃 may be related to pres-

sure and temperature using its definition and the ideal gas equation to complete the equation set.
However, because the hydrostatic equation is written in terms of temperature and not potential
temperature it is convenient to write the thermodynamic equation accordingly. To do this we be-
gin with the thermodynamic equation in the form of (1.99b), namely 𝑐𝑝D𝑇/D𝑡 − 𝛼D𝑝/D𝑡 = 0.
Since 𝜔 ≡ D𝑝/D𝑡 this equation is simply

𝑐𝑝
D𝑇
D𝑡
− 𝑅𝑇
𝑝
𝜔 = 0, (2.153)

which is an appropriate thermodynamic equation in pressure coordinates. It is sometimes useful
to write this as

𝜕𝑇
𝜕𝑡
+ 𝑢𝜕𝑇
𝜕𝑥
+ 𝑣𝜕𝑇
𝜕𝑦
− 𝜔𝑆𝑝 = 0, where 𝑆𝑝 =

𝜅𝑇
𝑝
− 𝜕𝑇
𝜕𝑝
= −𝑇
𝜃
𝜕𝜃
𝜕𝑝
, (2.154a,b)
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Equations of Motion in Pressure and Log-pressure Coordinates

The adiabatic, inviscid primitive equations in pressure coordinates are:

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −∇𝑝𝛷, (P.1)

𝜕𝛷
𝜕𝑝
= −𝑅𝑇
𝑝
, (P.2)

∇𝑝 ⋅ 𝒖 +
𝜕𝜔
𝜕𝑝
= 0, (P.3)

𝑐𝑝
D𝑇
D𝑡
− 𝑅𝑇
𝑝
𝜔 = 0 or 𝜕𝑇

𝜕𝑡
+ 𝑢𝜕𝑇
𝜕𝑥
+ 𝑣𝜕𝑇
𝜕𝑦
− 𝜔𝑆𝑝 = 0. (P.4)

where 𝑆𝑝 = 𝜅𝑇/𝑝−𝜕𝑇/𝜕𝑝 and 𝜅 = 𝑅/𝑐𝑝. The above equations are, respectively, the horizon-
tal momentum equation, the hydrostatic equation, the mass continuity equation and the
thermodynamic equation. Using hydrostasy and the ideal gas relation, the thermodynamic
equation may also be written as

𝜕𝑇
𝜕𝑡
+ 𝑢𝜕𝑇
𝜕𝑥
+ 𝑣𝜕𝑇
𝜕𝑦
+ 𝜔 𝜕𝑠
𝜕𝑝
= 0, (P.5)

where 𝑠 = 𝑇 + 𝑔𝑧/𝑐𝑝 is the dry static energy divided by 𝑐𝑝.
The corresponding equations in log-pressure coordinates are

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −∇𝑍𝛷, (P.6)

𝜕𝛷
𝜕𝑍
= 𝑅𝑇
𝐻
, (P.7)

∇𝑍 ⋅ 𝒖 +
1
𝜌𝑅
𝜕𝜌𝑅𝑊
𝜕𝑧
= 0, (P.8)

𝑐𝑝
D𝑇
D𝑡
+ 𝑊𝑅𝑇
𝐻
= 0 or 𝜕𝑇

𝜕𝑡
+ 𝑢𝜕𝑇
𝜕𝑥
+ 𝑣𝜕𝑇
𝜕𝑦
+𝑊𝑆𝑍 = 0. (P.9)

where 𝜌𝑅 = 𝜌0 exp(−𝑍/𝐻) and 𝑆𝑍 = 𝜅𝑇/𝐻 + 𝜕𝑇/𝜕𝑍. The thermodynamic equation may
also be written as

𝜕
𝜕𝑡
𝜕𝛷
𝜕𝑍
+ 𝑢 𝜕
𝜕𝑥
𝜕𝛷
𝜕𝑧
+ 𝑣 𝜕
𝜕𝑦
𝜕𝛷
𝜕𝑧
+𝑊𝑁2∗ = 0, (P.10)

where𝑁2∗ = (𝑅/𝐻)𝑆𝑍.

having used the ideal gas equation and the definition of potential temperature, with 𝜅 = 𝑅/𝑐𝑝.
Evidently, 𝑆𝑝 is an appropriate measure of static stability in pressure coordinates and it is closely
related to the buoyancy frequency𝑁, as we see in the next subsection.

The main practical difficulty with the pressure-coordinate equations is the lower boundary
condition. Using

𝑤 ≡ D𝑧
D𝑡
= 𝜕𝑧
𝜕𝑡
+ 𝒖 ⋅ ∇𝑝𝑧 + 𝜔

𝜕𝑧
𝜕𝑝
, (2.155)
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and (2.149), the boundary condition of 𝑤 = 0 at 𝑧 = 𝑧𝑠 becomes

𝜕𝛷
𝜕𝑡
+ 𝒖 ⋅ ∇𝑝𝛷 − 𝛼𝜔 = 0, (2.156)

at 𝑝(𝑥, 𝑦, 𝑧𝑠, 𝑡). In theoretical studies, it is common to assume that the lower boundary is in fact a
constant pressure surface and simply assume that𝜔 = 0, or that𝜔 = −𝛼−1𝜕𝛷/𝜕𝑡. Formore realistic
studies the fact that the level 𝑧 = 0 is not a coordinate surfacemust be properly considered. For this
reason, and especially if the lower boundary is uneven because of the presence of topography, so-
called sigma coordinates are sometimes used, in which the vertical coordinate is chosen so that the
lower boundary is itself a coordinate surface. Sigma coordinates may use height itself as a vertical
measure (typical in oceanic applications) or use pressure (typical in atmospheric applications). In
the latter case the vertical coordinate is 𝜎 = 𝑝/𝑝𝑠 where 𝑝𝑠(𝑥, 𝑦, 𝑡) is the surface pressure. The
difficulty of applying (2.156) is replaced by a prognostic equation for the surface pressure, derived
from the mass conservation equation.

Interestingly, the pressure coordinate equations (collected together in the shaded box on the
previous page) are isomorphic to the hydrostatic, salt-free general Boussinesq equations (see the
shaded box on page 74) with 𝑧 ⇔ −𝑝, 𝑤 ⇔ −𝜔, 𝜙 ⇔ 𝛷, 𝑏 ⇔ 𝛼, 𝛩 ⇔ 𝜃 and an equation of state
𝑏 = 𝑏(𝛩, 𝑧) ⇔ 𝛼 = 𝛼(𝜃, 𝑝) (and in an ideal gas 𝛼 = (𝜃𝑅/𝑝𝑅)(𝑝𝑅/𝑝)1/𝛾). The dynamics of one
system can often therefore be expected to have an analogue in the other.

2.6.3 Log-pressure Coordinates
A variant of pressure coordinates arises by using log-pressure coordinates, in which the vertical
coordinate is𝑍 = −𝐻 ln(𝑝/𝑝𝑅)where 𝑝𝑅 is a reference pressure (say 1000 mb) and𝐻 is a constant
(for example a scale height 𝑅𝑇0/𝑔where 𝑇0 is a constant) so that𝑍 has units of length. (Uppercase
letters are conventionally used for some variables in log-pressure coordinates, and these are not to
be confused with scaling parameters.) The ‘vertical velocity’ for the system is now

𝑊 ≡ D𝑍
D𝑡
, (2.157)

and the advective derivative is
D
D𝑡
≡ 𝜕
𝜕𝑡
+ 𝒖 ⋅ ∇𝑝 +𝑊

𝜕
𝜕𝑍
. (2.158)

The horizontal momentum equation is unaltered from (2.148), although we use (2.158) to evaluate
the advective derivative. It is straightforward to show that the hydrostatic equation becomes

𝜕𝛷
𝜕𝑍
= 𝑅𝑇
𝐻
. (2.159)

The mass continuity equation (2.152) becomes

𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 𝜕𝑊
𝜕𝑍
− 𝑊
𝐻
= 0, (2.160)

which may be written as

∇𝑍 ⋅ 𝒖 +
1
𝜌𝑅
𝜕(𝜌𝑅𝑊)
𝜕𝑧
= 0, (2.161)

where ∇𝑍 ⋅ is the divergence at constant𝑍 and 𝜌𝑅 = 𝜌0 exp(−𝑍/𝐻), so giving a form similar to the
mass conservation equation in the anelastic equations. (The value of the constant 𝜌0 may be set to
one.)
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As with pressure coordinates, it is convenient to write the thermodynamic equation in terms
of temperature and not potential temperature, and in an analogous procedure to the one leading
to (2.153) we obtain

𝑐𝑝
D𝑇
D𝑡
+ 𝑊𝑅𝑇
𝐻
= 0. (2.162)

This equation may be written as

𝜕𝑇
𝜕𝑡
+ 𝑢𝜕𝑇
𝜕𝑥
+ 𝑣𝜕𝑇
𝜕𝑦
+𝑊𝑆𝑍 = 0, (2.163)

where
𝑆𝑍 =
𝜅𝑇
𝐻
+ 𝜕𝑇
𝜕𝑍
, (2.164)

and we may note that 𝑆𝑍 = 𝑆𝑝𝑝/𝐻. Using the hydrostatic equation we may write (2.163) as

𝜕
𝜕𝑡
𝜕𝛷
𝜕𝑍
+ 𝑢 𝜕
𝜕𝑥
𝜕𝛷
𝜕𝑧
+ 𝑣 𝜕
𝜕𝑦
𝜕𝛷
𝜕𝑧
+𝑊𝑁2∗ = 0, (2.165)

where𝑁2∗ = (𝑅/𝐻)𝑆𝑍. The quantity𝑁∗ is not exactly equal to the square of the buoyancy frequency
as normally defined (for an ideal gas 𝑁2 = (𝑔/𝜃)𝜕𝜃/𝜕𝑧), but the two can be shown to be related
by 𝑁∗/𝑁 = 𝑝/(𝜌𝑔𝐻) = 𝑅𝑇/𝑔𝐻, and are equal for an isothermal atmosphere.10 Integrating the
hydrostatic equation between two pressure levels gives, with 𝛷 = 𝑔𝑧,

𝑧(𝑝2) − 𝑧(𝑝1) = −
𝑅
𝑔
∫
𝑝2

𝑝1
𝑇d ln𝑝. (2.166)

Thus, the thickness of the layer is proportional to the average temperature of the layer, and at
constant temperature the geometric height increases linearly with the logarithm of pressure. At
a temperature of 240K (280K) the scale height, 𝑅𝑇/𝑔, is about 7 km (8.2 km). A useful rule of
thumb for Earth’s atmosphere (and one that holds at 240K) is that geometric height increases by
about 16 km for each factor of ten decrease in pressure, and pressures of 1000 hPa, 100 hPa, 10 hPa
roughly correspond to heights of 0, 16 km 32 km and so on.

2.7 SCALING FOR HYDROSTATIC BALANCE
We first encountered hydrostatic balance in Section 1.3.3; we now look in more detail at the condi-
tions required for it to hold. Along with geostrophic balance, considered in the next section, it is
one of themost fundamental balances in geophysical fluid dynamics. The corresponding states, hy-
drostasy and geostrophy, are not exactly realized, but their approximate satisfaction has profound
consequences on the behaviour of the atmosphere and ocean.

2.7.1 Preliminaries
Consider the relative sizes of terms in (2.77c):

𝑊
𝑇
+ 𝑈𝑊
𝐿
+ 𝑊
2

𝐻
+ 𝛺𝑈 ∼ | 1

𝜌
𝜕𝑝
𝜕𝑧
| + 𝑔. (2.167)

For most large-scale motion in the atmosphere and ocean the terms on the right-hand side are or-
ders of magnitude larger than those on the left, and therefore must be approximately equal. Explic-
itly, suppose𝑊 ∼ 1 cm s−1, 𝐿 ∼ 105m,𝐻 ∼ 103m, 𝑈 ∼ 10ms−1, 𝑇 = 𝐿/𝑈. Then by substituting
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into (2.167) it seems that the pressure term is the only one which could balance the gravitational
term, and we are led to approximate (2.77c) by,

𝜕𝑝
𝜕𝑧
= −𝜌𝑔. (2.168)

This equation, which is a vertical momentum equation, is known as hydrostatic balance.
However, (2.168) is not always a useful equation! Let us suppose that the density is a constant,
𝜌0 . We can then write the pressure as

𝑝(𝑥, 𝑦, 𝑧, 𝑡) = 𝑝0(𝑧) + 𝑝′(𝑥, 𝑦, 𝑧, 𝑡), where 𝜕𝑝0
𝜕𝑧
≡ −𝜌0𝑔. (2.169)

That is, 𝑝0 and 𝜌0 are in hydrostatic balance. On the 𝑓-plane, the inviscid vertical momentum
equation becomes, without approximation,

D𝑤
D𝑡
= − 1
𝜌0
𝜕𝑝′
𝜕𝑧
. (2.170)

Thus, for constant density fluids the gravitational term has no dynamical effect: there is no buoy-
ancy force, and the pressure term in the horizontal momentum equations can be replaced by 𝑝′.
Hydrostatic balance, and in particular (2.169), is not a useful vertical momentum equation in this
case. If the fluid is stratified, we should therefore subtract off the hydrostatic pressure associated
with the mean density before we can determine whether hydrostasy is a useful dynamical approxi-
mation, accurate enough to determine the horizontal pressure gradients. This is automatic in the
Boussinesq equations, where the vertical momentum equation is

D𝑤
D𝑡
= −𝜕𝜙
𝜕𝑧
+ 𝑏, (2.171)

and the hydrostatic balance of the basic state is already subtracted out. In the more general equa-
tion,

D𝑤
D𝑡
= −1
𝜌
𝜕𝑝
𝜕𝑧
− 𝑔, (2.172)

we need to compare the advective term on the left-hand side with the pressure variations arising
from horizontal flow in order to determine whether hydrostasy is an appropriate vertical momen-
tum equation. Nevertheless, if we only need to determine the pressure for use in an equation of
state then we simply need to compare the sizes of the dynamical terms in (2.77c) with 𝑔 itself, in
order to determine whether a hydrostatic approximation will suffice.

2.7.2 Scaling and the Aspect Ratio
In a Boussinesq fluid we write the horizontal and vertical momentum equations as

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −∇𝑧𝜙,

D𝑤
D𝑡
= −𝜕𝜙
𝜕𝑧
+ 𝑏. (2.173a,b)

With 𝒇 = 0, (2.173a) implies the scaling

𝜙 ∼ 𝑈2. (2.174)

If we use mass conservation, ∇𝑧 ⋅ 𝒖 + 𝜕𝑤/𝜕𝑧 = 0, to scale vertical velocity then

𝑤 ∼ 𝑊 = 𝐻
𝐿
𝑈 = 𝛼𝑈, (2.175)
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where 𝛼 ≡ 𝐻/𝐿 is the aspect ratio. The advective terms in the vertical momentum equation all
scale as

D𝑤
D𝑡
∼ 𝑈𝑊
𝐿
= 𝑈
2𝐻
𝐿2
. (2.176)

Using (2.174) and (2.176) the ratio of the advective term to the pressure gradient term in the vertical
momentum equations then scales as

|D𝑤/D𝑡|
|𝜕𝜙/𝜕𝑧|

∼ 𝑈
2𝐻/𝐿2
𝑈2/𝐻

∼ (𝐻
𝐿
)
2
. (2.177)

Thus, the condition for hydrostasy, that |D𝑤/D𝑡|/|𝜕𝜙/𝜕𝑧| ≪ 1, is:

𝛼2 ≡ (𝐻
𝐿
)
2
≪ 1. (2.178)

The advective term in the vertical momentum may then be neglected. Thus, hydrostatic balance
arises from a small aspect ratio approximation.

We can obtain the same result more formally by nondimensionalizing the momentum equa-
tions. Using uppercase symbols to denote scaling values we write

(𝑥, 𝑦) = 𝐿(𝑥, 𝑦), 𝑧 = 𝐻𝑧, 𝒖 = 𝑈𝒖, 𝑤 = 𝑊𝑤 = 𝐻𝑈
𝐿
𝑤,

𝑡 = 𝑇; ̂𝑡 = 𝐿
𝑈
̂𝑡, 𝜙 = 𝛷𝜙 = 𝑈2𝜙, 𝑏 = 𝐵�̂� = 𝑈

2

𝐻
�̂�,

(2.179)

where the hatted variables are nondimensional and the scaling for 𝑤 is suggested by the mass con-
servation equation, ∇𝑧 ⋅ 𝒖 + 𝜕𝑤/𝜕𝑧 = 0. Substituting (2.179) into (2.173) (with 𝒇 = 0) gives us the
nondimensional equations

D𝒖
D ̂𝑡
= −∇𝜙, 𝛼2D𝑤

D ̂𝑡
= −𝜕𝜙
𝜕𝑧
+ �̂�, (2.180a,b)

where D/D ̂𝑡 = 𝜕/𝜕 ̂𝑡 + 𝑢𝜕/𝜕𝑥 + 𝑣𝜕/𝜕𝑦 + 𝑤𝜕/𝜕𝑧 and we use the convention that when ∇ operates
on nondimensional quantities the operator itself is nondimensional. From (2.180b) it is clear that
hydrostatic balance pertains when 𝛼2 ≪ 1.

2.7.3 ♦ Effects of Stratification on Hydrostatic Balance
To include the effects of stratification we need to involve the thermodynamic equation, so let us
first write down the complete set of non-rotating dimensional equations:

D𝒖
D𝑡
= −∇𝑧𝜙,

D𝑤
D𝑡
= −𝜕𝜙
𝜕𝑧
+ 𝑏′, (2.181a,b)

D𝑏′
D𝑡
+ 𝑤𝑁2 = 0, ∇ ⋅ 𝒗 = 0. (2.182a,b)

We have written, without approximation, 𝑏 = 𝑏′(𝑥, 𝑦, 𝑧, 𝑡)+�̃�(𝑧), with𝑁2 = d�̃�/d𝑧; this separation
is useful because the horizontal and vertical buoyancy variations may scale in different ways, and
often𝑁2may be regarded as given. (We have also redefined 𝜙 by subtracting off a static component
in hydrostatic balance with �̃�.) We nondimensionalize (2.182) by first writing

(𝑥, 𝑦) = 𝐿(𝑥, 𝑦), 𝑧 = 𝐻𝑧, 𝒖 = 𝑈𝒖, 𝑤 = 𝑊𝑤 = 𝜖𝐻𝑈
𝐿
𝑤,

𝑡 = 𝑇 ̂𝑡 = 𝐿
𝑈
̂𝑡, 𝜙 = 𝑈2𝜙, 𝑏′ = 𝛥𝑏�̂�′ = 𝑈

2

𝐻
�̂�′, 𝑁2 = 𝑁2�̂�2,

(2.183)
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where 𝜖 is, for the moment, undetermined, 𝑁 is a representative constant value of the buoyancy
frequency and 𝛥𝑏 scales only the horizontal buoyancy variations. Substituting (2.183) into (2.181)
and (2.182) gives

D𝒖
D ̂𝑡
= −∇𝑧𝜙, 𝜖𝛼2

D𝑤
D𝑡
= −𝜕𝜙
𝜕𝑧
+ �̂�′ (2.184a,b)

𝑈2

𝑁2𝐻2
D�̂�′
D ̂𝑡
+ 𝜖𝑤�̂�2 = 0, ∇ ⋅ 𝒖 + 𝜖𝜕𝑤

𝜕𝑧
= 0. (2.185a,b)

where now D/D ̂𝑡 = 𝜕/𝜕 ̂𝑡 + 𝒖 ⋅ ∇𝑧 + 𝜖𝑤𝜕/𝜕𝑧. To obtain a non-trivial balance in (2.185a) we choose
𝜖 = 𝑈2/(𝑁2𝐻2) ≡ Fr2, where Fr is the Froude number, a measure of the stratification of the flow.
A strong stratification corresponds to a small Froude number. From (2.183), the vertical velocity
then scales as

𝑊 = Fr
2𝑈𝐻
𝐿

(2.186)

and if the flow is highly stratified the vertical velocity will be even smaller than a pure aspect ratio
scaling might suggest. (There must, therefore, be some cancellation in horizontal divergence in
the mass continuity equation; that is, |∇𝑧 ⋅ 𝒖| ≪ 𝑈/𝐿.) With this choice of 𝜖 the nondimensional
Boussinesq equations may be written:

D𝒖
D ̂𝑡
= −∇𝑧𝜙, Fr2𝛼2D𝑤

D ̂𝑡
= −𝜕𝜙
𝜕𝑧
+ �̂�′, (2.187a,b)

D�̂�′
D ̂𝑡
+ 𝑤�̂�2 = 0, ∇ ⋅ 𝒖 + Fr2 𝜕𝑤

𝜕𝑧
= 0. (2.188a,b)

The nondimensional parameters in the system are the aspect ratio and the Froude number (in
addition to �̂�, but by construction this is just an order one function of 𝑧). From (2.187b) the
condition for hydrostatic balance to hold is evidently that

Fr2𝛼2 ≪ 1, (2.189)

so generalizing the aspect ratio condition (2.178) to a stratified fluid. Because Fr is a measure of
stratification, (2.189) formalizes our intuitive expectation that the more stratified a fluid the more
vertical motion is suppressed and therefore themore likely hydrostatic balance is to hold. Equation
(2.189) is equivalent to

𝑈2

𝑁2𝐻2
𝐻2
𝐿2
= 𝑈
2

𝐿2𝑁2
≪ 1, (2.190)

and in a hydrostatic model the condition is always, by construction, satisfied.
Why bother with any of this scaling? Why not just say that hydrostatic balance holds when
|𝐷𝑤/𝐷𝑡| ≪ |𝜕𝜙/𝜕𝑧|? One reason is that we do not have a good idea of the value of 𝑤 from direct
measurements, and it may change significantly in different oceanic and atmospheric parameter
regimes. On the other hand the Froude number and the aspect ratio are familiar nondimensional
parameters with a wide applicability in other contexts, and which we can control in a laboratory
setting or estimate in the ocean or atmosphere. Still, when equations are scaled, ascertaining which
parameters are to be regarded as given and which should be derived is often a choice, rather than
being set a priori.

2.7.4 Hydrostasy in the Ocean and Atmosphere
Is the hydrostatic approximation in fact a good one in the ocean and atmosphere?
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In the ocean

For the large-scale ocean circulation, let 𝑁 ∼ 10−2 s−1, 𝑈 ∼ 0.1ms−1 and 𝐻 ∼ 1 km. Then Fr =
𝑈/(𝑁𝐻) ∼ 10−2 ≪ 1. Thus, Fr2𝛼2 ≪ 1 even for unit aspect-ratio motion. In fact, for larger scale
flow the aspect ratio is also small; for basin-scale flow𝐿 ∼ 106mand Fr2𝛼2 ∼ 0.012×0.0012 = 10−10
and hydrostatic balance is an extremely good approximation.

For intense convection, for example in the Labrador Sea, the hydrostatic approximation may
be less appropriate, because the intense descending plumes may have an aspect ratio (𝐻/𝐿) of one
or greater and the stratification is very weak. The hydrostatic condition then often becomes the
requirement that the Froude number is small. Representative orders of magnitude are 𝑈 ∼ 𝑊 ∼
0.1ms−1, 𝐻 ∼ 1 km and 𝑁 ∼ 10−3 s−1 to 10−4 s−1. For these values Fr ranges between 0.1 and 1,
and at the upper end of this range hydrostatic balance is violated.

In the atmosphere

Over much of the troposphere 𝑁 ∼ 10−2 s−1 so that with 𝑈 = 10ms−1 and 𝐻 = 1 km we find
Fr ∼ 1. Hydrostasy is then maintained because the aspect ratio𝐻/𝐿 is much less than unity. For
larger scale synoptic activity a larger vertical scale is appropriate, and with 𝐻 = 10 km both the
Froude number and the aspect ratio are much smaller than one; indeed with 𝐿 = 1000 km we find
Fr2𝛼2 ∼ 0.12 × 0.012 = 10−6 and the flow is hydrostatic to a very good approximation indeed.
However, for smaller scale atmospheric motions associated with fronts and, especially, convection,
there can be little expectation that hydrostatic balance will be a good approximation.

For large-scale flows in both atmosphere and ocean, the conceptual and practical simplifica-
tions afforded by the hydrostatic approximation can hardly be overemphasized.

2.8 GEOSTROPHIC AND THERMAL WIND BALANCE
Wenowconsider the dominant dynamical balance in the horizontal components of themomentum
equation. In the horizontal plane (meaning along geopotential surfaces) we find that the Coriolis
term is much larger than the advective terms and the dominant balance is between it and the
horizontal pressure force. This balance is called geostrophic balance, and it occurs when the Rossby
number is small, as we now investigate.

2.8.1 The Rossby Number

The Rossby number characterizes the importance of rotation in a fluid.11 It is, essentially, the ratio
of the magnitude of the relative acceleration to the Coriolis acceleration, and it is of fundamen-
tal importance in geophysical fluid dynamics. It arises from a simple scaling of the horizontal
momentum equation, namely

𝜕𝒖
𝜕𝑡
+(𝒗 ⋅ ∇)𝒖 + 𝒇 × 𝒖 = −1

𝜌
∇𝑧𝑝, (2.191a)

𝑈2/𝐿 𝑓𝑈, (2.191b)

where 𝑈 is the approximate magnitude of the horizontal velocity and 𝐿 is a typical length scale
over which that velocity varies. (We assume that𝑊/𝐻 ≲ 𝑈/𝐿, so that vertical advection does not
dominate the advection.) The ratio of the sizes of the advective and Coriolis terms is defined to be
the Rossby number,

Ro ≡ 𝑈
𝑓𝐿
. (2.192)

If the Rossby number is small then rotation effects are important and, as the values in Table 2.1
indicate, this is the case for large-scale flow in both ocean and atmosphere.
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Variable Scaling Meaning Atmos. value Ocean value
symbol

(𝑥, 𝑦) 𝐿 Horizontal length scale 106m 105m
𝑡 𝑇 Time scale 1 day (105 s) 10 days (106 s)
(𝑢, 𝑣) 𝑈 Horizontal velocity 10ms−1 0.1ms−1

Ro Rossby number, 𝑈/𝑓𝐿 0.1 0.01

Table 2.1 Scales of large-scale flow in atmosphere andocean. The choices given are representative
of large-scale mid-latitude eddying motion in both systems.

Another intuitive way to think about the Rossby number is in terms of time scales. The Rossby
number based on a time scale is

Ro𝑇 ≡
1
𝑓𝑇
, (2.193)

where 𝑇 is a time scale associated with the dynamics at hand. If the time scale is an advective one,
meaning that 𝑇 ∼ 𝐿/𝑈, then this definition is equivalent to (2.192). Now, 𝑓 = 2𝛺 sin 𝜗, where 𝛺
is the angular velocity of the rotating frame and equal to 2π/𝑇𝑝 where 𝑇𝑝 is the period of rotation
(24 hours). Thus,

Ro𝑇 =
𝑇𝑝
4π𝑇 sin 𝜗

= 𝑇𝑖
𝑇
, (2.194)

where𝑇𝑖 = 1/𝑓 is the ‘inertial time scale’, about three hours inmid-latitudes. Thus, for phenomena
with time scales much longer than this, such as the motion of the Gulf Stream or a mid-latitude
atmospheric weather system, the effects of the Earth’s rotation can be expected to be important,
whereas a short-lived phenomenon, such as a cumulus cloud or tornado, may be oblivious to such
rotation.

2.8.2 Geostrophic Balance

If the Rossby number is sufficiently small in (2.191a) then the rotation term will dominate the
nonlinear advection term, and if the time period of the motion scales advectively then the rotation
term also dominates the local time derivative. The only term that can then balance the rotation
term is the pressure term, and therefore we must have

𝒇 × 𝒖 ≈ −1
𝜌
∇𝑧𝑝, (2.195)

or, in Cartesian component form

𝑓𝑢 ≈ −1
𝜌
𝜕𝑝
𝜕𝑦
, 𝑓𝑣 ≈ 1

𝜌
𝜕𝑝
𝜕𝑥
. (2.196)

This balance is known as geostrophic balance, and its consequences are profound, giving geophysi-
cal fluid dynamics a special place in the broader field of fluid dynamics. We define the geostrophic
velocity by

𝑓𝑢𝑔 ≡ −
1
𝜌
𝜕𝑝
𝜕𝑦
, 𝑓𝑣𝑔 ≡

1
𝜌
𝜕𝑝
𝜕𝑥
, (2.197)
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Fig. 2.5 Geostrophic flow with a positive value
of the Coriolis parameter 𝑓. Flow is parallel to the
lines of constant pressure (isobars). Cyclonic flow
is anticlockwise around a low pressure region and
anticyclonic flow is clockwise around a high. If
𝑓 were negative, as in the Southern Hemisphere,
(anti)cyclonic flow would be (anti)clockwise.

and for low Rossby number flow 𝑢 ≈ 𝑢𝑔 and 𝑣 ≈ 𝑣𝑔. In spherical coordinates the geostrophic
velocity is

𝑓𝑢𝑔 = −
1
𝜌𝑎
𝜕𝑝
𝜕𝜗
, 𝑓𝑣𝑔 =

1
𝑎𝜌 cos 𝜗

𝜕𝑝
𝜕𝜆
, (2.198)

where 𝑓 = 2𝛺 sin 𝜗. Geostrophic balance has a number of immediate ramifications:

• Geostrophic flow is parallel to lines of constant pressure (isobars). If 𝑓 > 0 the flow is anti-
clockwise round a region of low pressure and clockwise around a region of high pressure
(see Fig. 2.5).

• If the Coriolis force is constant and if the density does not vary in the horizontal the geo-
strophic flow is horizontally non-divergent and

∇𝑧 ⋅ 𝒖𝑔 =
𝜕𝑢𝑔
𝜕𝑥
+
𝜕𝑣𝑔
𝜕𝑦
= 0. (2.199)

We may define the geostrophic streamfunction, 𝜓, by

𝜓 ≡ 𝑝
𝑓0𝜌0
, whence 𝑢𝑔 = −

𝜕𝜓
𝜕𝑦
, 𝑣𝑔 =

𝜕𝜓
𝜕𝑥
. (2.200)

The vertical component of vorticity, 𝜁, is then given by

𝜁 = 𝐤 ⋅ ∇ × 𝒗 = 𝜕𝑣
𝜕𝑥
− 𝜕𝑢
𝜕𝑦
= ∇2𝑧𝜓. (2.201)

• If theCoriolis parameter is not constant, then cross-differentiating (2.197) gives, for constant
density geostrophic flow,

𝑣𝑔
𝜕𝑓
𝜕𝑦
+ 𝑓∇𝑧 ⋅ 𝒖𝑔 = 0. (2.202)

Using the mass continuity equation, ∇𝑧 ⋅ 𝒖𝑔 = −𝜕𝑤/𝜕𝑧, we then obtain

𝛽𝑣𝑔 = 𝑓
𝜕𝑤
𝜕𝑧
, (2.203)

where 𝛽 ≡ 𝜕𝑓/𝜕𝑦 = 2𝛺 cos 𝜗/𝑎. This geostrophic vorticity balance is sometimes known as
‘Sverdrup balance’, although that expression is better restricted to the case when the vertical
velocity comes from a wind stress, as considered in Chapter 19.
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2.8.3 Taylor–Proudman Effect
If 𝛽 = 0, then (2.203) implies that the vertical velocity is not a function of height. In fact, in that
case none of the components of velocity vary with height if density is also constant. To show this,
in the limit of zero Rossby number we first write the three-dimensional momentum equation as

𝒇0 × 𝒗 = −∇𝜙 − ∇𝜒, (2.204)

where 𝒇0 = 2𝜴 = 2𝛺𝐤, 𝜙 = 𝑝/𝜌0, and ∇𝜒 represents other potential forces. If 𝜒 = 𝑔𝑧 then the
vertical component of this equation represents hydrostatic balance, and the horizontal components
represent geostrophic balance. On taking the curl of this equation, the terms on the right-hand
side vanish and the left-hand side becomes

(𝒇0 ⋅ ∇)𝒗 − 𝒇0∇ ⋅ 𝒗 − (𝒗 ⋅ ∇)𝒇0 + 𝒗∇ ⋅ 𝒇0 = 0. (2.205)

But ∇ ⋅ 𝒗 = 0 by mass conservation, and because 𝒇0 is constant both ∇ ⋅ 𝒇0 and (𝒗 ⋅ ∇)𝒇0 vanish.
Equation (2.205) thus reduces to

(𝒇0 ⋅ ∇)𝒗 = 0, (2.206)

which, since 𝒇0 = 𝑓0𝐤, implies 𝑓0𝜕𝒗/𝜕𝑧 = 0, and in particular we have

𝜕𝑢
𝜕𝑧
= 0, 𝜕𝑣
𝜕𝑧
= 0, 𝜕𝑤
𝜕𝑧
= 0. (2.207)

All three components of velocity are uniform along the axis of rotation.
A different presentation of this argument proceeds as follows. If the flow is exactly in geo-

strophic and hydrostatic balance then

𝑣 = 1
𝑓0
𝜕𝜙
𝜕𝑥
, 𝑢 = − 1

𝑓0
𝜕𝜙
𝜕𝑦
, 𝜕𝜙
𝜕𝑧
= −𝑔. (2.208a,b,c)

Differentiating (2.208a,b) with respect to 𝑧, and using (2.208c) yields

𝜕𝑣
𝜕𝑧
= −1
𝑓0
𝜕𝑔
𝜕𝑥
= 0, 𝜕𝑢

𝜕𝑧
= 1
𝑓0
𝜕𝑔
𝜕𝑦
= 0. (2.209)

Noting that the geostrophic velocities are horizontally non-divergent (∇𝑧 ⋅ 𝒖 = 0), and using mass
continuity then gives 𝜕𝑤/𝜕𝑧 = 0, as before.

If there is a solid horizontal boundary anywhere in the fluid, for example at the surface, then
𝑤 = 0 at that surface and thus 𝑤 = 0 everywhere. Hence the motion occurs in planes that lie
perpendicular to the axis of rotation, and the flow is effectively two dimensional. This result is
known as the Taylor–Proudman effect, namely that for constant density flow in geostrophic and
hydrostatic balance the vertical derivatives of the horizontal and the vertical velocities are zero.12
At zero Rossby number, if the vertical velocity is zero somewhere in the flow then it is zero every-
where in that vertical column; furthermore, the horizontal flow has no vertical shear, and the fluid
moves like a slab. The effects of rotation have provided a stiffening of the fluid in the vertical.

In neither the atmosphere nor the ocean do we observe precisely such vertically coherent flow,
mainly because of the effects of stratification. However, it is typical of geophysical fluid dynamics
that the assumptions underlying a derivation are not fully satisfied, yet there are manifestations of
it in real flow. For example, one might have naïvely expected, because 𝜕𝑤/𝜕𝑧 = −∇𝑧 ⋅ 𝒖, that the
scales of the various variables would be related by𝑊/𝐻 ∼ 𝑈/𝐿. However, if the flow is rapidly
rotating we expect that the horizontal flowwill be in near geostrophic balance and therefore nearly
divergence free; thus ∇𝑧 ⋅ 𝒖 ≪ 𝑈/𝐿, and𝑊 ≪ 𝐻𝑈/𝐿.



2.8 Geostrophic and Thermal Wind Balance 91

2.8.4 Thermal Wind Balance
Thermal wind balance arises by combining the geostrophic and hydrostatic approximations, and
this is most easily done in the context of the anelastic (or Boussinesq) equations, or in pressure
coordinates. For the anelastic equations, geostrophic balance may be written

− 𝑓𝑣𝑔 = −
𝜕𝜙
𝜕𝑥
= − 1
𝑎 cos 𝜗
𝜕𝜙
𝜕𝜆
, 𝑓𝑢𝑔 = −

𝜕𝜙
𝜕𝑦
= −1
𝑎
𝜕𝜙
𝜕𝜗
. (2.210a,b)

Combining these relations with hydrostatic balance, 𝜕𝜙/𝜕𝑧 = 𝑏, gives

−𝑓
𝜕𝑣𝑔
𝜕𝑧
= − 𝜕𝑏
𝜕𝑥
= − 1
𝑎 cos 𝜆
𝜕𝑏
𝜕𝜆
,

𝑓
𝜕𝑢𝑔
𝜕𝑧
= − 𝜕𝑏
𝜕𝑦
= −1
𝑎
𝜕𝑏
𝜕𝜗
.

(2.211a,b)

These equations represent thermal wind balance, and the vertical derivative of the geostrophicwind
is the ‘thermal wind’. Equation (2.211) may be written in terms of the zonal angular momentum as

𝜕𝑚𝑔
𝜕𝑧
= − 𝑎
2𝛺 tan 𝜗

𝜕𝑏
𝜕𝑦
, (2.212)

where 𝑚𝑔 = (𝑢𝑔 + 𝛺𝑎 cos 𝜗)𝑎 cos 𝜗. Potentially more accurate than geostrophic balance is the so-
called gradient wind balance, discussed more in Section 2.9, which retains a centrifugal term in
the momentum equation. The meridional momentum equation (2.50b) becomes

2𝑢𝛺 sin 𝜗 + 𝑢
2

𝑎
tan 𝜗 ≈ −𝜕𝜙

𝜕𝑦
= −1
𝑎
𝜕𝜙
𝜕𝜗
. (2.213)

For large-scale flow this only differs significantly from geostrophic balance very close to the equa-
tor. Taking the vertical derivative of (2.213) and using the hydrostatic relation 𝜕𝜙/𝜕𝑧 = 𝑏 gives a
modified thermal wind relation, and this may be put in the simple form

𝜕𝑚2
𝜕𝑧
= −𝑎
3 cos3 𝜗
sin 𝜗
𝜕𝑏
𝜕𝑦
, (2.214)

where𝑚 = (𝑢 + 𝛺𝑎 cos 𝜗)𝑎 cos 𝜗 is the annular angular momentum.
If the density or buoyancy is constant then there is no shear and (2.211) or (2.214) give the

Taylor–Proudman result. But suppose that the temperature falls in the poleward direction. Then
thermal wind balance implies that the (eastward) wind will increase with height — just as is ob-
served in the atmosphere! In general, a vertical shear of the horizontal wind is associated with
a horizontal temperature gradient, and this is one of the most simple and far-reaching effects in
geophysical fluid dynamics. The underlying physical mechanism is illustrated in Fig. 2.6.

Geostrophic and thermal wind balance in pressure coordinates
In pressure coordinates geostrophic balance is just

𝒇 × 𝒖𝑔 = −∇𝑝𝛷, (2.215)

where 𝛷 is the geopotential and ∇𝑝 is the gradient operator taken at constant pressure. If 𝑓 is
constant, it follows from (2.215) that the geostrophic wind is non-divergent on pressure surfaces.
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Fig. 2.6 The mechanism of thermal wind. A cold
fluid is denser than a warm fluid, so by hydrostasy
the vertical pressure gradient is greater where the
fluid is cold. Thus, pressure gradients form as
shown, where ‘higher’ and ‘lower’ mean relative to
the average at that height. Thehorizontal pressure
gradients are balanced by the Coriolis force, pro-
ducing (for 𝑓 > 0) the horizontal winds shown.
Only the wind shear is given by the thermal wind.

-

-

Higher pressure Lower pressure

Higher pressureLower pressure

Warm,
light

Cold,
dense

Taking the vertical derivative of (2.215) (that is, its derivative with respect to 𝑝) and using the
hydrostatic equation, 𝜕𝛷/𝜕𝑝 = −𝛼, gives the thermal wind equation

𝒇 ×
𝜕𝒖𝑔
𝜕𝑝
= ∇𝑝𝛼 =

𝑅
𝑝
∇𝑝𝑇, (2.216)

where the last equality follows using the ideal gas equation and because the horizontal derivative
is at constant pressure. In component form this is

− 𝑓
𝜕𝑣𝑔
𝜕𝑝
= 𝑅
𝑝
𝜕𝑇
𝜕𝑥
, 𝑓
𝜕𝑢𝑔
𝜕𝑝
= 𝑅
𝑝
𝜕𝑇
𝜕𝑦
. (2.217)

In log-pressure coordinates, with 𝑍 = −𝐻 ln(𝑝/𝑝𝑅), thermal wind is

𝒇 ×
𝜕𝒖𝑔
𝜕𝑍
= − 𝑅
𝐻
∇𝑍𝑇. (2.218)

The effect in all these cases is the same: a horizontal temperature gradient, or a temperature gradi-
ent along an isobaric surface, is accompanied by a vertical shear of the horizontal wind.

2.8.5 ♦ Vertical Velocity and Hydrostatic Balance
Scaling for vertical velocity
If the Coriolis parameter is constant then flows that are in geostrophic balance have zero horizontal
divergence (∇𝑥 ⋅ 𝒖 = 0) and zero vertical velocity. We can therefore expect that any flow with small
Rossby number will have a correspondingly small vertical velocity. Let us make this statement
more precise using the rotating Boussinesq equations, (2.173) with constant Coriolis parameter.
Let 𝒖 = 𝒖𝑔 + 𝒖𝑎 where the geostrophic flow satisfies 𝒇0 × 𝒖𝑔 = −∇𝜙. The horizontal momentum
equation, with corresponding scales for each term, then becomes

𝜕𝒖
𝜕𝑡
+ 𝒖 ⋅ ∇𝒖 + 𝑤𝜕𝒖

𝜕𝑧
+ 𝒇0 × 𝒖𝑎 = 0, (2.219)

𝑈2
𝐿
𝑈2
𝐿
𝑊𝑈
𝐻
𝑓0𝑈𝑎. (2.220)

This equation suggests a scaling for the ageostrophic flow of

𝑈𝑎 =
𝑈
𝑓0𝐿
𝑈 = Ro𝑈. (2.221)
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That is, the ageostrophic flow is Rossby number smaller (at least) than the geostrophic flow. To
obtain a scaling for the vertical velocity we look to the mass continuity equation written in the
form

𝜕𝑤
𝜕𝑧
= −∇ ⋅ 𝒖𝑎, (2.222)

since only the ageostrophic flowhas a divergence. Equations (2.221) and (2.222) suggest the scaling

𝑊 = Ro 𝐻𝑈
𝐿
. (2.223)

That is, the vertical velocity is order Rossby number smaller than an estimate based purely on the
mass continuity equation would suggest.

If the Coriolis parameter is not constant then the geostrophic flow itself is divergent and this
induces a vertical velocity, as in (2.203). The scaling for vertical velocity is now

𝑊 = 𝛽
𝑓
𝐻𝑈 = Ro𝛽

𝐻𝑈
𝐿
, (2.224)

where Ro𝛽 = 𝛽𝐿/𝑓 is the beta Rossby number. It is less than one for all flows except those with a
truly global scale.

Scaling for hydrostatic balance
Let us nondimensionalize the rotating Boussinesq equations, (2.173), by writing

(𝑥, 𝑦) = 𝐿(𝑥, 𝑦), 𝑧 = 𝐻𝑧, 𝒖 = 𝑈𝒖, 𝑡 = 𝑇 ̂𝑡 = 𝐿
𝑈
̂𝑡, 𝒇 = 𝑓0𝒇,

𝑤 = 𝜖𝐻𝑈
𝐿
𝑤, 𝜙 = 𝛷𝜙 = 𝑓0𝑈𝐿𝜙, 𝑏 = 𝐵�̂� =

𝑓0𝑈𝐿
𝐻
�̂�.

(2.225)

These relations are almost the same as (2.179), except for the factor of 𝜖 in the scaling of 𝑤. If
the Coriolis parameter is constant or nearly so then, from (2.223), 𝜖 = Ro, whereas if the Coriolis
parameter varies then 𝜖 = Ro𝛽, as in (2.223). The scaling for 𝜙 and 𝑏′ are suggested by geostrophic
and thermal wind balance with𝑓0 a representative value of𝑓. Substituting these values into (2.173)
we obtain the scaled momentum equations:

Ro D𝒖
D ̂𝑡
+ 𝒇 × 𝒖 = −∇𝜙, Ro 𝜖𝛼2D𝑤

D ̂𝑡
= −𝜕𝜙
𝜕𝑧
− �̂�, (2.226a,b)

where D/D ̂𝑡 = 𝜕/𝜕 ̂𝑡 + 𝒖 ⋅ ∇𝑧 + 𝜖𝑤𝜕/𝜕𝑧. There are two notable aspects to these equations. First
and most obviously, when Ro ≪ 1, (2.226a) reduces to geostrophic balance, 𝒇×𝒖 ≈ −∇𝜙. Second,
the material derivative in (2.226b) is multiplied by three nondimensional parameters, and we can
understand the appearance of each as follows:
(i) The aspect ratio dependence (𝛼2) arises in the same way as for non-rotating flows — that is,

because of the presence of 𝑤 and 𝑧 in the vertical momentum equation as opposed to (𝑢, 𝑣)
and (𝑥, 𝑦) in the horizontal equations.

(ii) The Rossby number dependence (Ro) arises because in rotating flow the pressure gradient
is balanced by the Coriolis force, and the advective terms are Rossby-number smaller.

(iii) The factor 𝜖 arises because in rotating flow 𝑤 is smaller than 𝑢 by 𝜖 times the aspect ratio.
The factor may be the Rossby number itself, or the beta Rossby number.

The factor Ro 𝜖𝛼2 is very small for large-scale flow; the reader is invited to calculate representative
values. Evidently, a rapidly rotating fluid is more likely to be in hydrostatic balance than a non-
rotating fluid, other conditions being equal. The combined effects of rotation and stratification are,
not surprisingly, quite subtle and we leave that topic for Chapter 5.
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Fig. 2.7 A parcel tracing a curved path with ra-
dius of curvature 𝑅, moving a small distance 𝛿𝑟
and through a small angle 𝛿𝜃. Theparcelmay expe-
rience centrifugal forces along 𝒏 as well as Coriolis
forces due to Earth’s rotation.

2.9 ♦ GRADIENT WIND BALANCE
If a flow follows a curved path then our intuition suggests that it will experience a centrifugal force
of some kind in addition to the Coriolis force. We can easily imagine that a parcel then experiences
a three-way balance, between Coriolis, centrifugal and pressure forces, and this balance is called
gradient wind balance. It is a more general, and more accurate, balance than geostrophic balance
but it is not always as useful. To illustrate it we will keep matters simple and consider purely hori-
zontal flow of constant density. We first introduce the notion of natural coordinates and show how
gradient wind balance emerges straightforwardly.13 We then discuss how gradient wind balance
arises in the Eulerian equations of motion in a fixed coordinate system.

2.9.1 Natural Coordinates
For most purposes a coordinate system that is fixed in space, or rotating coincidentally with the
Earth, is the most practically useful. However, it is sometimes useful to use a coordinate system
that is moving with the local flow. To that end, and restricting our attention to horizontal flow,
consider a parcel of fluid moving with velocity 𝒖. We define a natural coordinate system by the set
of unit vectors 𝒔, 𝒏 and 𝐤, where 𝒔 is the unit vector tangential to the flow, 𝒏 is the horizontal unit
vector normal to the flow and 𝐤 is the unit vector in the vertical. Apart from 𝐤, all these vectors
evolve with the flow. Our goal is to split the horizontal momentum equation into components
parallel to and normal to the direction of the local flow and thereby to discern the force balances
in either direction. (Readers who trust their intuition may skip ahead to (2.231), which they may
find obvious.)

If 𝑈 is the speed of the parcel then 𝒖 = 𝑈𝒔 and so

d𝒖
d𝑡
= 𝒔d𝑈

d𝑡
+ 𝑈d𝒔

d𝑡
. (2.227)

Furthermore, if the flow of a parcel follows the curve 𝑟(𝑡)— that is, 𝑟 gives the distance moved by
the parcel — then 𝑈 = d𝑟/d𝑡. To obtain a useful expression for d𝒔/d𝑡 we note that, as in Fig. 2.7,

𝜃 ≡ 𝛿𝑟
𝑅
= |𝛿𝒔|
|𝒔|
= |𝛿𝒔|, (2.228)

where 𝑅 is the radius of curvature and |𝒔| = 1. [The radius of curvature may be evaluated geometri-
cally as follows. Draw a line tangent to the path at some point, and draw a line perpendicular to the
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tangent through that point. An infinitesimal distance along the curve, construct another perpen-
dicular line in the same manner. The two perpendicular lines meet at the center of curvature, and
the distance along one of the perpendicular lines from the center of curvature to the curve itself is
the radius of curvature. By convention, the radius of curvature is positive (negative) if the parcel
is curving to the left (right).]

The change of 𝒔 is directed along 𝒏, and so from (2.228) we infer that

d𝒔
d𝑟
= 𝒏
𝑅
. (2.229)

Thus, the rate of change of 𝒔 is given by

d𝒔
d𝑡
= d𝒔

d𝑟
d𝑟
d𝑡
= 𝒏
𝑅
𝑈, (2.230)

and using this expression in (2.227), the acceleration of the fluid parcel is given by

d𝒖
d𝑡
= 𝒔d𝑈

d𝑡
+ 𝒏𝑈
2

𝑅
. (2.231)

The two terms on the right-hand sidemay be interpreted as being, respectively, the change in speed
of the parcel along its path and the centripetal acceleration owing to the curvature of the path (if
the path is a straight line then 𝑅 is infinite and the centripetal acceleration is zero).

2.9.2 Application to Fluids
Now consider the application of the above to a fluid in a rotating frame of reference. The total time
derivatives of (2.231)may be replaced bymaterial derivatives, and additional pressure andCoriolis
forces act on the flow. The pressure-gradient force, −∇𝜙, has components along and perpendicular
to the flow so that

− ∇𝜙 = −(𝜕𝜙
𝜕𝑟
𝒔 + 𝜕𝜙
𝜕𝑛
𝒏) . (2.232)

Given our convention, 𝜕𝜙/𝜕𝑛 is positive if pressure increases to the left of the trajectory of the flow.
The Coriolis force, −𝒇 × 𝒖, has only a component perpendicular to the flow so that

− 𝒇 × 𝒖 = −𝑓𝑈𝒏. (2.233)

Because 𝒏 is directed to the left of the flow, for positive 𝑓 the Coriolis force is directed to the right
of the flow. Using (2.231), (2.232) and (2.233), and neglecting friction, we can write down the
components of the momentum equation parallel and perpendicular to the flow, namely

D𝑈
D𝑡
= −𝜕𝜙
𝜕𝑟
, 𝑈2
𝑅
+ 𝑓𝑈 = −𝜕𝜙

𝜕𝑛
. (2.234a,b)

These equations tell us, at least in principle, how a fluid field will evolve from some initial con-
ditions. The radius of curvature can only be determined from the instantaneous velocity field for
steady flow: if the flow is unsteady then the radius of curvature for a parcel depends on the pressure
field and differs from the radius of curvature of a streamline.

Gradient wind balance, cyclostrophic balance and inertial flow
Gradient flow (or, as it is commonly called, the gradient wind) is the flow that satisfies (2.234b). We
may always define a gradient wind at a given point by using this equation, and the only forces that
are neglected are frictional ones. Given the pressure field 𝜙 we may use (2.234b) to calculate the
gradient wind using the quadratic formula. Gradient wind balance is thus a better approximation
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to the real flow than is geostrophic balance (which omits the centrifugal term). The gradient wind
will not in general be a steady solution to the equations of motion — the flow will accelerate and
the pressure field will change.

If the flow is in a straight line then the radius of curvature is infinite and (2.234b) reduces
to 𝑓𝑈 = −𝜕𝜙/𝜕𝑛, which is geostrophic balance. For this to hold exactly the flow need not be
steady, just in a straight line. It will be a good approximation to the real flow when 𝑓𝑈 ≫ 𝑈2/𝑅 or
𝑈/𝑓𝑅 ≪ 1, taking all quantities as positive, which is similar to a condition of low Rossby number.
In contrast, cyclostrophic flow occurs when the quantity𝑈/𝑓𝑅 is large and the Coriolis force may
be neglected, giving 𝑈2/𝑅 = −𝜕𝜙/𝜕𝑛.

Inertial flow arises when the pressure gradient vanishes and (2.234b) reduces to 𝑈/𝑅 + 𝑓 = 0.
Now, if the pressure gradient vanishes then, from (2.234a) the speed of fluid parcels is constant.
Thus, if 𝑓 is constant the fluid parcels execute circles, known as inertia circles, of radius 𝑈/𝑓 and
period 2π/𝑓 = 1 day/(2 sin 𝜗) where 𝜗 is latitude. Such a motion is evidently not truly inertial,
for inertial motion is in a straight line and at a constant speed; other forces — gravitational and
centrifugal — must act to keep the flow in the horizontal plane. Inertial motion is rarely a good
approximation to flow in the atmosphere or ocean, although occasionally parcels are observed to
trace approximations to inertia circles, especially in the ocean.

2.9.3 Gradient Wind Balance in the Two-dimensional Eulerian Equations
Let us now consider gradient wind balance in the Eulerian equations ofmotion. The basic ideas can
be exposed by considering unforced constant-density two dimensional flow in a rotating reference
frame, for which the equations of motion are

D𝑢
D𝑡
− 𝑓𝑣 = −𝜕𝜙

𝜕𝑥
, D𝑣

D𝑡
+ 𝑓𝑢 = −𝜕𝜙

𝜕𝑦
, 𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
= 0. (2.235a,b,c)

We may introduce a stream function 𝜓 such that 𝑢 = −𝜕𝜓/𝜕𝑦 and 𝑣 = 𝜕𝜓/𝜕𝑥. If the flow is geo-
strophic then 𝑓 × (𝑢, 𝑣) = (−𝜕𝜙/𝜕𝑦, 𝜕𝜙/𝜕𝑥); however, unless the Coriolis parameter 𝑓 is constant
the streamfunction is not proportional to the pressure field. The vorticity (considered further in
Chapter 4), which is defined to be the curl of the velocity, is given by

𝝎 ≡ ∇ × 𝒖 = 𝐤𝜁, where 𝜁 = (𝜕𝑣
𝜕𝑥
− 𝜕𝑢
𝜕𝑦
) = 𝜕

2𝜓
𝜕𝑥2
+ 𝜕
2𝜓
𝜕𝑦2
≡ ∇2𝑧𝜓. (2.236)

Let us form the evolution equations for vorticity and divergence by taking the curl and diver-
gence of (2.235a,b). After a little algebra the vorticity equation is found to be

𝜕𝜁
𝜕𝑡
+ 𝒖 ⋅ ∇(𝜁 + 𝑓) = 0, or equivalently 𝜕𝜁

𝜕𝑡
+ 𝐽(𝜓, 𝜁 + 𝑓) = 0, (2.237)

where 𝐽(𝑎, 𝑏) ≡ (𝜕𝑎/𝜕𝑥)(𝜕𝑏/𝜕𝑦) − (𝜕𝑎/𝜕𝑦)(𝜕𝑏/𝜕𝑥) is the Jacobian. If 𝑓 = 𝑓(𝑦) then 𝐽(𝜓, 𝑓) =
𝒖 ⋅∇𝑓 = 𝛽𝑣where 𝛽 = 𝜕𝑓/𝜕𝑦. Because the velocity is divergence-free the vorticity equation above
is closed; that is, it may be integrated without the need to solve any other evolution equations, and
in particular without the need to solve for the pressure field. (In general the vorticity equation
alone is not closed.)

If we take the divergence of (2.235a,b) then, using (2.235c) the time derivative disappears and
again after a little algebra we obtain the divergence equation,

2𝐽(𝑢, 𝑣) + ∇ ⋅ (𝑓∇𝜓) = ∇2𝜙. (2.238)

In this context, (2.238) may be regarded as an equation for pressure, 𝜙, given the velocity or the
streamfunction. Equation (2.238) is commonly referred to as the gradient wind balance relation,
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and it is analogous to (2.234b) in that it generalizes and is more accurate than geostrophic balance.
Equation (2.238) is exact for two-dimensional, incompressible, inviscid and unforced flow, even
when time-dependent. If the Rossby number is small then the second term on the left-hand side
of (2.238) dominates the first, and ∇⋅ (𝑓∇𝜓) ≈ ∇2𝜙. This is equivalent to geostrophic balance, and
if 𝑓 is constant the streamfunction and pressure field are proportional to each other.

In the more general case the two-dimensional divergence is not zero; that is 𝜕𝑡(𝜕𝑥𝑢 + 𝜕𝑦𝑣) ≠ 0.
However, if the Rossby number is small and if 𝑓 is nearly constant, then the geostrophic relation
implies that the two-dimensional divergence will be small compared to the two-dimensional vor-
ticity. In this case, gradient wind balance will be a good approximation to the flow, and a somewhat
better approximation, if not more useful, than geostrophic balance alone.

2.10 STATIC INSTABILITY AND THE PARCEL METHOD
In this and the next couple of sections we consider how a fluid might oscillate if it were perturbed
away from a resting state. Our focus is on vertical displacements, and the restoring force is grav-
ity. Given that, the simplest way to approach the problem is to consider from first principles the
pressure and gravitational forces on a displaced parcel, as in Fig. 2.8. To this end, consider a fluid
initially at rest in a constant gravitational field, and therefore in hydrostatic balance. Suppose that
a small parcel of the fluid is adiabatically displaced upwards by the small distance 𝛿𝑧, without
altering the overall pressure field; that is, the fluid parcel instantly assumes the pressure of its en-
vironment. If after the displacement the parcel is lighter than its environment, it will accelerate
upwards, because the upward pressure gradient force is now greater than the downward gravity
force on the parcel; that is, the parcel is buoyant (a manifestation of Archimedes’ principle) and
the fluid is statically unstable. If on the other hand the fluid parcel finds itself heavier than its sur-
roundings, the downward gravitational force will be greater than the upward pressure force and
the fluid will sink back towards its original position and an oscillatory motion will develop. Such
an equilibrium is statically stable. Using such simple parcel arguments we will now develop criteria
for the stability of the environmental profile.

2.10.1 Stability and the Profile of Potential Density
Consider the case of a stationary fluid whose density varies with altitude. We denote this back-
ground state with a tilde, as in 𝜌(𝑧). We then displace a fluid parcel adiabatically a small distance
from 𝑧 to 𝛿𝑧, as in Fig. 2.8. In such a displacement it is the potential density 𝜌𝜃 (not the actual
density) that is materially conserved, because potential density takes into account the effects of
pressure compressibility. Let us also use the pressure at level 𝑧 + 𝛿𝑧 as the reference level, where
potential density equals in situ density.

The parcel at 𝑧 takes on the potential density of its environment so that 𝜌𝜃(𝑧) = 𝜌𝜃(𝑧) and it
preserves this as it rises, so that 𝜌𝜃(𝑧+𝛿𝑧) = 𝜌𝜃(𝑧). But since 𝑧+𝛿𝑧 is the reference level, the in situ
density of the displaced parcel, 𝜌(𝑧+𝛿𝑧), is equal to its potential density 𝜌𝜃(𝑧+𝛿𝑧), which is equal
to 𝜌𝜃(𝑧). Thus, at 𝑧 + 𝛿𝑧 the environment has in situ density equal to 𝜌𝜃(𝑧 + 𝛿𝑧) and the parcel has
in situ density equal to 𝜌𝜃(𝑧). Putting all this together in a single equation, the difference between
the parcel density and the environmental density, 𝛿𝜌, is given by

𝛿𝜌 = 𝜌(𝑧 + 𝛿𝑧) − 𝜌(𝑧 + 𝛿𝑧) = 𝜌𝜃(𝑧 + 𝛿𝑧) − 𝜌𝜃(𝑧 + 𝛿𝑧)
= 𝜌𝜃(𝑧) − 𝜌𝜃(𝑧 + 𝛿𝑧) = 𝜌𝜃(𝑧) − 𝜌𝜃(𝑧 + 𝛿𝑧).

(2.239)

Thus, for small 𝛿𝑧,
𝛿𝜌 = −𝜕𝜌𝜃
𝜕𝑧
𝛿𝑧, (2.240)

where the derivative on the right-hand side is the environmental gradient of potential density. If
the right-hand side is positive, the parcel is heavier than its surroundings and the displacement is
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Fig. 2.8 A parcel is adiabatically displaced
upward from level 𝑧 to 𝑧 + 𝛿𝑧. A tilde de-
notes the value in the environment, and
variables without tildes are those in the par-
cel.
The parcel preserves its potential density,
𝜌𝜃, which it takes from the environment at
level 𝑧. If 𝑧+𝛿𝑧 is the reference level, the po-
tential density there is equal to the actual
density. The parcel’s stability is determined
by the difference between its density and
the environmental density, as in (2.239). If
the difference is positive the displacement
is stable, and if negative the displacement is
unstable.

ρθ(z + δz)

= ρθ(z)

ρθ(z)ρθ(z) = eρθ(z)

z + δz

z

eρ(z + δz) = eρθ(z + δz)

ρ(z + δz) = eρθ(z)

stable. That is, the stability of a parcel of fluid is determined by the gradient of the locally-referenced
potential density.

The conditions for stability are

Stability ∶ 𝜕𝜌𝜃
𝜕𝑧
< 0,

Instability ∶ 𝜕𝜌𝜃
𝜕𝑧
> 0.

(2.241a,b)

The equation of motion of the fluid parcel is then given by a direct application of Newton’s second
law, that the mass times the acceleration is given by the force acting on the parcel. The force is the
above-derived buoyancy force so we have

𝜕2𝛿𝑧
𝜕𝑡2
= 𝑔
𝜌
(𝜕𝜌𝜃
𝜕𝑧
) 𝛿𝑧 = −𝑁2𝛿𝑧, (2.242)

where, noting that 𝜌(𝑧) = 𝜌𝜃(𝑧) to within 𝑂(𝛿𝑧),

𝑁2 = − 𝑔
𝜌𝜃
(𝜕𝜌𝜃
𝜕𝑧
) . (2.243)

A parcel that is displaced in a stably stratified fluid will thus oscillate at the buoyancy frequency𝑁,
proportional to the vertical gradient of potential density. (Thebuoyancy frequency is also known as
the Brunt–Väisälä frequency, after its discovers.) The above expression for the buoyancy frequency
is a general one, true in both liquids and gases in a constant gravitational field. The quantity 𝜌𝜃 is
the locally-referenced potential density of the environment. The reference level turns out not to be
important for the atmosphere, but it is for the ocean: parcels at the same level with the same in situ
density may have different potential densities if their salinity differs. In contrast, for fresh water in
a laboratory setting potential density is virtually equal to in situ density.
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2.10.2 A Dry Ideal-gas Atmosphere
Buoyancy frequency
In the atmosphere potential density is related to potential temperature by 𝜌𝜃 = 𝑝𝑅/(𝜃𝑅), where 𝑝𝑅
is the reference level for potential temperature. Using this expression in (2.243) gives

𝑁2 = 𝑔
𝜃
(𝜕𝜃
𝜕𝑧
) , (2.244)

where 𝜃 is the environmental potential temperature. The reference value 𝑝𝑅 does not appear, and
we are free to choose this value arbitrarily — the surface pressure is a common choice. The con-
ditions for stability, (2.241), then correspond to 𝑁2 > 0 for stability and 𝑁2 < 0 for instability.
On average the atmosphere is stable and in the troposphere (the lowest several kilometres of the
atmosphere) the average 𝑁 is about 0.01 s−1, with a corresponding period, (2π/𝑁), of about 10
minutes. In the stratosphere (which lies above the troposphere)𝑁 is a few times higher than this.

Dry adiabatic lapse rate
The negative of the rate of change of the (real) temperature in the vertical is known as the tem-
perature lapse rate, or often just the lapse rate, and denoted 𝛤. The lapse rate corresponding to
𝜕𝜃/𝜕𝑧 = 0 is called the dry adiabatic lapse rate and denoted 𝛤𝑑. Using 𝜃 = 𝑇(𝑝0/𝑝)𝑅/𝑐𝑝 and
𝜕𝑝/𝜕𝑧 = −𝜌𝑔 we find that the lapse rate and the potential temperature lapse rate are related by

𝑇
𝜃
𝜕𝜃
𝜕𝑧
= 𝜕𝑇
𝜕𝑧
+ 𝑔
𝑐𝑝
, (2.245)

so that the dry adiabatic lapse rate is given by

𝛤𝑑 =
𝑔
𝑐𝑝
, (2.246)

as we derived in (1.131). The conditions for static stability corresponding to (2.241) are thus:

Stability ∶ 𝜕𝜃
𝜕𝑧
> 0, or −𝜕�̃�

𝜕𝑧
< 𝛤𝑑.

Instability ∶ 𝜕𝜃
𝜕𝑧
< 0, or −𝜕�̃�

𝜕𝑧
> 𝛤𝑑.

(2.247a,b)

The observed lapse rate (look ahead to Fig. 15.25) is often less than 7Kkm−1 (corresponding to a
buoyancy frequency of about 10−2 s−1) whereas a dry adiabatic lapse rate is about 10Kkm−1. Why
the discrepancy? Why is the atmosphere so apparently stable? One reason is that in mid-latitudes
heat is transferred upwards by in large-scale weather systems that keep the atmosphere stable even
in the absence of convection. A second reason is that the atmosphere contains water vapour and a
column of air that contains water may be unstable even if its lapse rate is less than dry adiabatic. If
a moist parcel rises then, as it enters a cooler environment, water vapour may condense releasing
more heat and leading to more ascent; that is, a moist atmosphere may be unstable when a dry
atmosphere is stable. We defer more discussion to Chapters 15 and 18.

2.10.3 A Liquid Ocean
No simple, accurate, analytic expression is available for computing static stability in the ocean. If
the ocean had no salt, then the potential density referenced to the surface would generally be a
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measure of the sign of stability of a fluid column, if not of the buoyancy frequency. However, in
the presence of salinity, the surface-referenced potential density is not necessarily even a measure
of the sign of stability, because the coefficients of compressibility 𝛽𝑇 and 𝛽𝑆 vary in different ways
with pressure. To see this, suppose two neighbouring fluid elements at the surface have the same
potential density, but different salinities and temperatures, and displace them both adiabatically to
the deep ocean. Although their potential densities referenced to the surface are still equal, we can
say little about their actual densities, and hence their stability relative to each other, without doing
a detailed calculation because they will each have been compressed by different amounts. It is the
profile of the locally-referenced potential density that determines the stability.

A useful expression for stability arises by noting that in an adiabatic displacement

𝛿𝜌𝜃 = 𝛿𝜌 −
1
𝑐2𝑠
𝛿𝑝 = 0. (2.248)

If the fluid is hydrostatic 𝛿𝑝 = −𝜌𝑔𝛿𝑧, so that if a parcel is displaced adiabatically its density
changes according to

(𝜕𝜌
𝜕𝑧
)
𝜌𝜃
= −𝜌𝑔
𝑐2𝑠
. (2.249)

If a parcel is displaced a distance 𝛿𝑧 upwards then the density difference between it and its new
surroundings is

𝛿𝜌 = −[(𝜕𝜌
𝜕𝑧
)
𝜌𝜃
− (𝜕𝜌
𝜕𝑧
)] 𝛿𝑧 = [𝜌𝑔

𝑐2𝑠
+ (𝜕𝜌
𝜕𝑧
)] 𝛿𝑧, (2.250)

where the tilde again denotes the environmental field. It follows that the stratification is given by

𝑁2 = −𝑔 [ 𝑔
𝑐2𝑠
+ 1
𝜌
(𝜕𝜌
𝜕𝑧
)] . (2.251)

This expression holds for both liquids and gases, and it is proportional to the vertical gradient
of potential density. For ideal gases it is the same as (2.244), as a little algebra will show, using
𝑐2𝑠 = 𝛾𝑝/𝜌. In seawater the expression may be compared to the gradient of (1.144). The factor
of 𝑔/𝑐2𝑠 is small but not negligible; it is a slightly destabilising factor in the sense that a density
profile with an in situ density that increases with depth is not necessarily stable. In liquids, a good
approximation is to use a reference value 𝜌0 for the undifferentiated density in the denominator,
whence (2.251) becomes equal to the Boussinesq expression (2.107). On average the ocean is stati-
cally stable, with typical values of𝑁 in the upper ocean being about 0.01 s−1, falling to 0.001 s−1 in
the more homogeneous abyssal ocean. These frequencies correspond to periods of about 10 and
100 minutes, respectively.

2.10.4 Gravity Waves and Convection Using the Equations of Motion
The parcel approach to oscillations and stability, while simple and direct, seems divorced from the
fluid-dynamical equations of motion. To remedy this, we now use the equations of motion for a
stratified Boussinesq fluid to analyze themotion resulting from a small disturbance. Our treatment
here is brief and introductory, with a fuller treatment given in Chapter 7.

Consider a Boussinesq fluid, initially at rest, in which the buoyancy varies linearly with height.
Linearizing the equations of motion about this basic state gives the linear momentum equations,

𝜕𝑢′
𝜕𝑡
= −𝜕𝜙

′

𝜕𝑥
, 𝜕𝑤′
𝜕𝑡
= −𝜕𝜙

′

𝜕𝑧
+ 𝑏′, (2.252a,b)
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the mass continuity and thermodynamic equations,

𝜕𝑢′
𝜕𝑥
+ 𝜕𝑤
′

𝜕𝑧
= 0, 𝜕𝑏′

𝜕𝑡
+ 𝑤′𝑁2 = 0, (2.253a,b)

where 𝑁2 = d�̃�/d𝑧 is the basic state buoyancy profile, and we assume that the flow is a function
only of 𝑥 and 𝑧. A little algebra reduces the above equations to a single one for 𝑤′,

[( 𝜕
2

𝜕𝑥2
+ 𝜕
2

𝜕𝑧2
) 𝜕
2

𝜕𝑡2
+ 𝑁2 𝜕

2

𝜕𝑥2
]𝑤′ = 0. (2.254)

Seeking solutions of the form 𝑤′ = Re 𝑊 exp[i(𝑘𝑥 + 𝑚𝑧 − 𝜔𝑡)] yields the dispersion relationship
for gravity waves:

𝜔2 = 𝑘
2𝑁2
𝑘2 + 𝑚2

. (2.255)

The frequency (look ahead to Fig. 7.2) is always less than 𝑁, approaching 𝑁 for small horizontal
scales, 𝑘 ≫ 𝑚.

Consider two special cases. First, if we neglect pressure perturbations, as in the parcel argu-
ment, then the two equations,

𝜕𝑤′
𝜕𝑡
= 𝑏′, 𝜕𝑏′

𝜕𝑡
+ 𝑤′𝑁2 = 0, (2.256)

form a closed set and give 𝜔2 = 𝑁2, as in the parcel argument. Second, if we make the hydrostatic
approximation and omit 𝜕𝑤′/𝜕𝑡 in (2.252b) then the dispersion relation becomes 𝜔2 = 𝑘2𝑁2/𝑚2.
The frequency then grows, artifactually, without bound as the horizontal scale becomes smaller.

If the basic state density increases with height then 𝑁2 < 0 and we expect this state to be
unstable. Indeed, the disturbance grows exponentially according to exp(𝜎𝑡) where 𝜎 = i𝜔 =
±𝑘�̃�/(𝑘2 + 𝑚2)1/2, and where �̃�2 = −𝑁2. We have reproduced the result previously obtained by
parcel theory, namely that if the basic state density (or more generally potential density) increases
with height the flow is unstable. Most convective activity in the ocean and atmosphere is, in the
end, related to an instability of this form.

APPENDIX A: ASYMPTOTIC DERIVATION OF THE BOUSSINESQ EQUATIONS
The Boussinesq equations are those equations that are appropriate when the density variations are
very small but gravitational effects are large, andhereweprovide an asymptotic derivation. Twokey
results are that the velocity field is divergence-free, and the buoyancy should be taken as a function
of 𝑧 and not 𝑝 in the equation of state. The first result follows from fact that density variations
are presumptively small, and the second follows because the lowest order balance in the vertical
momentum equation is 𝜕𝑝0/𝜕𝑧 = −𝜌0𝑔, whence 𝑝0 = −𝜌0𝑔𝑧, and 𝑝0 and not 𝑝 should be used
in the equation of state at lowest order. The following derivation, which assumes familiarity with
elementary asymptotics (or which can be taken as a gentle introduction to asymptotics) mainly
just formalizes these results.

Let us suppose that the density varies like 𝜌(𝑥, 𝑦, 𝑧, 𝑡) = 𝜌0+𝛿𝜌(𝑥, 𝑦, 𝑧, 𝑡), where 𝜌0 is a constant
and |𝛿𝜌| ≪ 𝜌0. Specifically, let 𝜖𝜌0 be a typical magnitude for 𝛿𝜌 where 𝜖 ≪ 1 so that

𝛿𝜌 = (𝜖𝜌0)𝛿𝜌 and 𝜌 = 𝜌0(1 + 𝜖𝛿𝜌) (2.257)

where a hat denotes a nondimensional quantity and 𝛿𝜌 is an 𝒪(1) quantity.
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The dimensional vertical momentum equation, omitting rotation and viscosity for simplicity,
is

(𝜌0 + 𝛿𝜌)
D𝑤
D𝑡
= −𝜕𝑝
𝜕𝑧
− (𝜌0 + 𝛿𝜌)𝑔. (2.258)

Now, 𝑔 is ‘big’ and variations in density are ‘small’ and so 𝑔𝛿𝜌 is taken to be the same approximate
size as the advection term 𝜌0D𝑤/D𝑡 on the left-hand side. The term 𝜌0𝑔must then be balanced by
the pressure gradient. Also, there is no necessary difference between vertical and horizontal scales
and velocities. With these points in mind we nondimensionalize with the following scales:

(𝑢, 𝑣, 𝑤) = 𝑈(𝑢, 𝑣, 𝑤), (𝑥, 𝑦, 𝑧) = 𝐿(𝑥, 𝑦, 𝑧), 𝑡 = 𝐿
𝑈
̂𝑡, 𝑝 = 𝜌0

𝑈2
𝜖
𝑝, 𝑔 = 𝑈

2

𝜖𝐿
𝑔, (2.259)

where the hatted quantities are nondimensional and are presumptively 𝒪(1). Equation (2.258)
becomes

(1 + 𝜖𝛿𝜌)D𝑤
D ̂𝑡
= −1
𝜖
𝜕𝑝
𝜕𝑧
− 1
𝜖
(1 + 𝜖𝛿𝜌)𝑔. (2.260)

We now take 𝜖 as an asymptotic ordering parameter and expand the nondimensional fields as
series in 𝜖. Then, with subscripts denoting the asymptotic order (for nondimensional quantities
only), we have

𝛿𝜌 = 𝛿𝜌0 + 𝜖𝛿𝜌1 + 𝜖2𝛿𝜌2…, 𝑝 = 𝑝0 + 𝜖𝑝1 + 𝜖2𝑝2…, 𝑤 = 𝑤0 + 𝜖𝑤1 + 𝜖2𝑤2…, (2.261)

and similarly for 𝑢 and 𝑣. If we substitute the above series into (2.260) and equate terms with the
same power of 𝜖, the first two orders are

𝜕𝑝0
𝜕𝑧
= −𝑔, D𝑤0

D ̂𝑡
= −𝜕𝑝1
𝜕𝑧
− 𝛿𝜌0𝑔. (2.262a,b)

Evidently the leading order pressure, 𝑝0, is hydrostatic. We may now revert to dimensional vari-
ables and (2.262a) gives 𝑝0(𝑧) = −𝜌0𝑔𝑧, and (2.262b) becomes

D𝑤
D𝑡
= − 1
𝜌0
𝜕𝑝′
𝜕𝑧
− 𝛿𝜌
𝜌0
𝑔 or D𝑤

D𝑡
= −𝜕𝜙
𝜕𝑧
+ 𝑏, (2.263)

where 𝑝′ is the deviation from the hydrostatic pressure, 𝜙 = 𝑝′/𝜌0 and 𝑏 = −𝑔𝛿𝜌/𝜌0.
In the horizontal momentum equations only the perturbation pressure 𝑝′ appears since 𝑝0 is

a function of 𝑧 only. Furthermore, the density must be taken to be the constant 𝜌0 (since this is
1/𝜖 larger than 𝛿𝜌). Then, if 𝒖 is the horizontal velocity, (𝑢, 𝑣), and 𝒗 is the three-dimensional one,
(𝑢, 𝑣, 𝑤), we obtain

𝜕𝒖
𝜕𝑡
+ 𝒗 ⋅ ∇𝒖 = − 1

𝜌0
∇𝑧𝑝′ or D𝒖

D𝑡
= −∇𝑧𝜙, (2.264)

where the gradients (i.e.,∇𝑧) on the right-hand side are horizontal, at constant 𝑧. Equations (2.263)
and (2.264) combine to give

D𝒗
D𝑡
= −∇𝜙 + 𝑏𝐤, (2.265)

where 𝐤 is the vertical unit vector and frictional and rotational terms may be added as needed.
The mass continuity equation is

D
D𝑡
(𝜌0 + 𝛿𝜌) + (𝜌0 + 𝛿𝜌)∇ ⋅ 𝒗 = 0. (2.266)

Since D𝜌0/D𝑡 = 0 and 𝜌0 is 1/𝜖 larger than 𝛿𝜌, we see without further ado that the lowest order
mass conservation equation is that of an incompressible, divergence-free fluid, namely ∇ ⋅ 𝒗 = 0.
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Boussinesq thermodynamics
TheBoussinesq equations are completed with a thermal equation of state, an equation of evolution
for the composition (e.g., 𝑆, the salinity), and an equation that provides a thermodynamic state
variable 𝛩 (e.g., entropy or internal energy). The thermal equation of state gives the density in
terms of pressure, composition and the thermodynamic variable and so is of the form 𝑏 = 𝑏(𝑝, 𝛩, 𝑆),
meaning 𝑏 is a function of (𝑝, 𝛩, 𝑆). However, to be consistent with the derivation of (2.263) we
should use the lowest order variables on the right-hand side of (2.267), and specifically we should
use 𝑝0 and not 𝑝 itself. The equation of state becomes

𝑏 = 𝑏(𝑝0, 𝛩, 𝑆) or 𝑏 = 𝑏(𝑧, 𝛩, 𝑆), (2.267)

and an example is (1.155); that equation gives the inverse density, 𝛼, in terms of 𝑧, potential tem-
perature and salinity, and from which an expression for 𝑏 immediately follows.

Evolution of the thermodynamic variable is obtained from the first law, and the discussions of
Sections 1.6 and 1.7.3 generally apply. The internal energy equation is, with no external source or
diffusion,

D𝐼
D𝑡
+ 𝑝𝛼∇ ⋅ 𝒗 = 0. (2.268)

The lowest order velocities are divergence-free and at lowest order we thus have D𝐼/D𝑡 = 0. (To
determine the actual magnitudes of the terms, we can obtain the internal energy from the Gibbs
function using 𝐼 = g + 𝜂𝑇 − 𝑝𝛼 = g − 𝑇𝜕g/𝜕𝑇 − 𝑝𝜕g/𝜕𝑝, and with the seawater Gibbs function,
(1.146), we obtain 𝐼 = 𝑐𝑝0𝑇 + smaller terms. Referring to the values in table 1.2, 𝑐𝑝0𝛥𝑇 is roughly
comparable to 𝑝𝛼, so that 𝑝𝛼∇ ⋅ 𝒗 is indeed much smaller than D𝐼/D𝑡.) If we evolved 𝐼, we would
then need an equation of state of the form 𝑏 = 𝑏(𝑧, 𝐼, 𝑆) to complete the system.

However, as for the full (non-Boussinesq) system it is often advantageous to evolve potential en-
thalpy, or potential temperature or entropy, rather than internal energy. We then obtain buoyancy
using an accurate equation of state but with the hydrostatic pressure instead of the full pressure.
For example, and for idealized or laboratory work with fresh water, a thermodynamic equation
and an approximate equation of state might use (1.128) and a simplified form of (1.155) giving

D𝜃
D𝑡
= 0 and 𝑏 = 𝑔𝛿𝛼

𝛼0
= 𝑔 [𝑔𝑧
𝑐2𝑠
+ 𝛽𝑇(𝜃 − 𝜃0)] , (2.269)

where 𝜃 is potential temperature, 𝜃0 is a constant reference value and 𝑐𝑠 is the speed of sound.
The potential temperature is related to the actual temperature by 𝜃 = 𝑇 + 𝛽𝑇𝑔𝜃0𝑧/𝑐𝑝, but 𝑇 is not
needed to evolve the system. The term in 𝑔𝑧/𝑐2𝑠 is often small enough to be neglected, in which
case the thermodynamic equation becomes an evolution of buoyancy itself, D𝑏/D𝑡 = 0.

Notes
1 The geocentric view was slowly and contentiously being replaced by the Copernican or heliocentric

view during Shakespeare’s lifetime, with the upheaval ofmatters thought settled and stable. Galileo,
whose telescopes helped confirm the heliocentric view, was born in the same year as Shakespeare,
1564. In the geocentric view Earth’s surface is an inertial frame and there is no Coriolis force.

2 The distinction between Coriolis force and acceleration is not always made in the literature, even
after noting that the force is considered as a force per unit mass. For a fluid in geostrophic balance,
one might either say that there is a balance between the pressure force and the Coriolis force, with
no net acceleration, or that the pressure force produces a Coriolis acceleration. The descriptions
are equivalent, because of Newton’s second law, but should not be conflated.

The Coriolis effect is named after Gaspard Gustave de Coriolis (1792–1843), who discussed the
eponymous force in the context of rotating mechanical systems (Coriolis 1832, 1835), but Euler
was aware of the effect almost a century before. Persson (1998) provides a historical account.
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3 Phillips (1973). A related discussion can be found in Stommel & Moore (1989).

4 Phillips (1966) and White (2002, 2003) form a pleasing set of review articles that synthesize the vari-
ous forms and approximations of the equations of motion. In the early days of numerical modelling
the primitive equations were indeed the most primitive — i.e., the least filtered — equations that
could practically be integrated numerically. Associated with increasing computer power there is a
tendency for comprehensive numerical models to use non-hydrostatic equations of motion that
do notmake the shallow-fluid or traditional approximations, and it is conceivable that themeaning
of the word ‘primitive’ may evolve to accommodate them.

5 It is nevertheless possible to derive dynamically consistent equations for a shallow atmosphere that
donotmake the traditional approximation (Tort&Dubos 2014,Dellar 2011). SeeWhite et al. (2005)
for a related discussion.

6 The Boussinesq approximation is named for Boussinesq (1903), although similar approximations
were used earlier by Oberbeck (1879, 1888). Spiegel & Veronis (1960) give a physically based deriva-
tion for an ideal gas, and Mihaljan (1962) and Gray & Giorgini (1976) provide more systematic
derivations that include the effects of viscosity and diffusion and discussions of the energetics.

7 Young (2010).

8 Various versions of anelastic and pseudo-incompressible equations exist — see Batchelor (1953a),
Ogura & Phillips (1962), Gough (1969), Gilman & Glatzmaier (1981), Lipps & Hemler (1982), and
Durran (1989), although not all have potential vorticity and energy conservation laws (Bannon
1995, 1996; Scinocca & Shepherd 1992). The system we derive is most similar to that of Ogura &
Phillips (1962) and unpublished notes by J. S. A. Green. The connection between the Boussinesq
and anelastic equations is discussed by Lilly (1996) and Ingersoll (2005), and the extension to a
complex equation of state and inclusion of moisture is discussed by Pauluis (2008).

9 A numerical model that explicitly includes sound waves must take very small timesteps in order to
maintain numerical stability, in particular to satisfy the Courant–Friedrichs–Lewy (CFL) criterion.
An alternative is to use implicit timestepping that effectively lets the numerics filter the sound
waves. If wemake the hydrostatic approximation then all soundwaves except those that propagate
horizontally are eliminated, and there is little numerical need to make the anelastic approximation.

10 Gill (1982) provides a longer discussion. Not all authors differentiate between𝑁 and𝑁∗.
11 The Rossby number is named for C.-G. Rossby (see endnote 2 on page 211), but it was also used by

Kibel (1940) and is sometimes called the Kibel or Rossby–Kibel number. The notion of geostrophic
balance and so, implicitly, that of a small Rossby number, predates both Rossby and Kibel.

12 After Taylor (1921b) and Proudman (1916). The Taylor–Proudman effect is sometimes called the
Taylor–Proudman ‘theorem’, but it is more usefully thought of as a physical effect, with manifes-
tations even when the conditions for its satisfaction are not precisely met. In fact, Hough (1897)
seems to have been aware of the effect well before Taylor and Proudman.

13 This discussion owes much to that in Holton (1992). Inertial motion is discussed by Durran (1993).
Jim Holton (1938–2004) made many contributions to atmospheric dynamics over the course of a
distinguished career spent almost entirely at the University of Washington in Seattle. In his early
career he elucidated, with Richard Lindzen of mit, the essential mechanism of the quasi-biennial
oscillation, or qbo, and he continued tomake important contributions towave–mean-flow interac-
tion, stratosphere-troposphere interaction and stratospheric dynamics more generally throughout
his career. He is also known, both to scientists and students, for his popular textbook An Introduc-
tion to Dynamical Meteorology.



Since all models are wrong the scientist cannot obtain a ‘correct’ one by
excessive elaboration… he should seek an economical description of natural
phenomena.
George E. Box, Science and Statistics, 1976.

The sciences do not try to explain… they mainly make models… a mathemat-
ical construct the justification [of which] is that it is expected to work.
John von Neumann, Methods in the Physical Sciences, 1955. CHAPTER 3

Shallow Water Systems

Conventionally, ‘the’ shallow water equations describe a thin layer of constant density
fluid in hydrostatic balance, rotating or not, bounded from below by a rigid surface and
from above by a free surface, above which we suppose is another fluid of negligible inertia.

Such a configuration can be generalized tomultiple layers of immiscible fluids of different densities
lying one on top of another, forming a stably-stratified ‘stacked shallow water’ system, which in
many ways behaves like a continuously stratified fluid. These types of systems are the main subject
of this chapter. We also introduce the notion of available potential energy, which involves thinking
about a continuously stratified system as if it were a stacked shallow water system.

The single-layer model is one of the simplest useful models in geophysical fluid dynamics be-
cause it allows for a consideration of the effects of rotation in a simple framework without the
complicating effects of stratification. A model with just two layers is not only a simple model of a
stratified fluid, it is a surprisingly good model of many phenomena in the ocean and atmosphere.
Such models are more than just pedagogical tools — we will find that there is a close physical and
mathematical analogy between the shallow water equations and a description of the continuously
stratified ocean or atmosphere written in isopycnal or isentropic coordinates, with a meaning be-
yond a coincidental similarity in the equations. Let us begin with the single-layer case.

3.1 DYNAMICS OF A SINGLE SHALLOW LAYER OF FLUID

Shallow water dynamics apply, by definition, to a fluid layer of constant density in which the hori-
zontal scale of the flow is much greater than the layer depth. The fluid motion is fully determined
by the momentum and mass continuity equations, and because of the assumed small aspect ratio
the hydrostatic approximation is well satisfied, and we invoke this from the outset. Consider, then,
fluid in a container above which is another fluid of negligible density (and therefore negligible in-
ertia) relative to the fluid of interest, as illustrated in Fig. 3.1. Our notation is that 𝒗 = 𝑢𝐢+𝑣𝐣+𝑤𝐤 is
the three-dimensional velocity and 𝒖 = 𝑢𝐢 + 𝑣𝐣 is the horizontal velocity. ℎ(𝑥, 𝑦) is the thickness of
the liquid column,𝐻 is its mean height, and 𝜂 is the height of the free surface. In a flat-bottomed
container 𝜂 = ℎ, whereas in general ℎ = 𝜂 − 𝜂𝑏, where 𝜂𝑏 is the height of the floor of the container.
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Fig. 3.1 A shallow water system. ℎ is
the thickness of a water column, 𝐻 its
mean thickness, 𝜂 the height of the free
surface and 𝜂𝑏 is the height of the lower,
rigid, surface above some arbitrary ori-
gin, typically chosen such that the aver-
age of 𝜂𝑏 is zero. 𝛥𝜂 is the deviation free
surface height, so we have 𝜂 = 𝜂𝑏 + ℎ =
𝐻 + 𝛥𝜂.

3.1.1 Momentum Equations
The vertical momentum equation is just the hydrostatic equation,

𝜕𝑝
𝜕𝑧
= −𝜌0𝑔, (3.1)

and, because density is assumed constant, we may integrate this to

𝑝(𝑥, 𝑦, 𝑧, 𝑡) = −𝜌0𝑔𝑧 + 𝑝𝑜. (3.2)

At the top of the fluid, 𝑧 = 𝜂, the pressure is determined by the weight of the overlying fluid and
this is assumed to be negligible. Thus, 𝑝 = 0 at 𝑧 = 𝜂, giving

𝑝(𝑥, 𝑦, 𝑧, 𝑡) = 𝜌0𝑔(𝜂(𝑥, 𝑦, 𝑡) − 𝑧). (3.3)

The consequence of this is that the horizontal gradient of pressure is independent of height. That
is

∇𝑧𝑝 = 𝜌0𝑔∇𝑧𝜂, (3.4)

where
∇𝑧 = 𝐢
𝜕
𝜕𝑥
+ 𝐣 𝜕
𝜕𝑦

(3.5)

is the gradient operator at constant 𝑧. (In the rest of this chapter we will drop the subscript 𝑧 unless
that causes ambiguity. The three-dimensional gradient operator will be denoted by∇3. Wewill also
mostly use Cartesian coordinates, but the shallow water equations may certainly be applied over
a spherical planet — ‘Laplace’s tidal equations’ are essentially the shallow water equations on a
sphere.) The horizontal momentum equations therefore become

D𝒖
D𝑡
= − 1
𝜌0
∇𝑝 = −𝑔∇𝜂. (3.6)

The right-hand side of this equation is independent of the vertical coordinate 𝑧. Thus, if the flow is
initially independent of 𝑧, it must stay so. (This 𝑧-independence is unrelated to that arising from
the rapid rotation necessary for the Taylor–Proudman effect.) The velocities 𝑢 and 𝑣 are functions
of 𝑥, 𝑦 and 𝑡 only, and the horizontal momentum equation is therefore

D𝒖
D𝑡
= 𝜕𝒖
𝜕𝑡
+ 𝑢𝜕𝒖
𝜕𝑥
+ 𝑣𝜕𝒖
𝜕𝑦
= −𝑔∇𝜂. (3.7)

That the horizontal velocity is independent of 𝑧 is a consequence of the hydrostatic equation, which
ensures that the horizontal pressure gradient is independent of height. (Another starting point
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Fig. 3.2 The mass budget for a column of area 𝐴 in a
shallow water system. The fluid leaving the column is
∮𝜌0ℎ𝒖 ⋅ 𝒏d𝑙 where 𝒏 is the unit vector normal to the
boundary of the fluid column. There is a non-zero ver-
tical velocity at the top of the column if the mass con-
vergence into the column is non-zero.

would be to take this independence of the horizontalmotionwith height as the definition of shallow
water flow. In real physical situations such independence does not hold exactly — for example,
friction at the bottom may induce a vertical dependence of the flow in a boundary layer.) In the
presence of rotation, (3.7) easily generalizes to

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −𝑔∇𝜂, (3.8)

where 𝒇 = 𝑓𝐤. Just as with the primitive equations, 𝑓may be constant or may vary with latitude,
so that on a spherical planet 𝑓 = 2𝛺 sin 𝜗 and on the 𝛽-plane 𝑓 = 𝑓0 + 𝛽𝑦.

3.1.2 Mass Continuity Equation
From first principles

The mass contained in a fluid column of height ℎ and cross-sectional area 𝐴 is given by ∫𝐴 𝜌0ℎd𝑨
(see Fig. 3.2). If there is a net flux of fluid across the column boundary (by advection) then this
must be balanced by a net increase in the mass in 𝐴, and therefore a net increase in the height of
the water column. The mass convergence into the column is given by

𝐹𝑚 = mass flux in = −∫
𝑆
𝜌0𝒖 ⋅ d𝑺, (3.9)

where 𝑆 is the area of the vertical boundary of the column. The surface area of the column is
composed of elements of area ℎ𝒏 𝛿𝑙, where 𝛿𝑙 is a line element circumscribing the column and 𝒏 is
a unit vector perpendicular to the boundary, pointing outwards. Thus (3.9) becomes

𝐹𝑚 = −∮𝜌0ℎ𝒖 ⋅ 𝒏d𝑙. (3.10)

Using the divergence theorem in two dimensions, (3.10) simplifies to

𝐹𝑚 = −∫
𝐴
∇ ⋅ (𝜌0𝒖ℎ)d𝐴, (3.11)

where the integral is over the cross-sectional area of the fluid column (looking down from above).
This is balanced by the local increase in height of the water column, given by

𝐹𝑚 =
d
d𝑡
∫ 𝜌0 d𝑉 =

d
d𝑡
∫
𝐴
𝜌0ℎd𝐴 = ∫

𝐴
𝜌0
𝜕ℎ
𝜕𝑡

d𝐴. (3.12)
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Because 𝜌0 is constant, the balance between (3.11) and (3.12) leads to

∫
𝐴
[𝜕ℎ
𝜕𝑡
+ ∇ ⋅ (𝒖ℎ)] d𝐴 = 0, (3.13)

and because the area is arbitrary the integrand itself must vanish, whence,

𝜕ℎ
𝜕𝑡
+ ∇ ⋅ (𝒖ℎ) = 0 or Dℎ

D𝑡
+ ℎ∇ ⋅ 𝒖 = 0. (3.14a,b)

This derivation holds whether or not the lower surface is flat. If it is, then ℎ = 𝜂, and if not ℎ = 𝜂−𝜂𝑏.
Equations (3.8) and (3.14) form a complete set, summarized in the shaded box on the facing page.

From the 3D mass conservation equation
Since the fluid is incompressible, the three-dimensional mass continuity equation is just ∇ ⋅ 𝒗 = 0.
Writing this out in component form

𝜕𝑤
𝜕𝑧
= −(𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = −∇ ⋅ 𝒖. (3.15)

Integrate this from the bottom of the fluid (𝑧 = 𝜂𝑏) to the top (𝑧 = 𝜂), noting that the right-hand
side is independent of 𝑧, to give

𝑤(𝜂) − 𝑤(𝜂𝑏) = −ℎ∇ ⋅ 𝒖. (3.16)

At the top the vertical velocity is thematerial derivative of the position of a particular fluid element.
But the position of the fluid at the top is just 𝜂, and therefore (see Fig. 3.2)

𝑤(𝜂) = D𝜂
D𝑡
. (3.17a)

At the bottom of the fluid we have similarly

𝑤(𝜂𝑏) =
D𝜂𝑏
D𝑡
, (3.17b)

where, apart from earthquakes and the like, 𝜕𝜂𝑏/𝜕𝑡 = 0. Using (3.17a,b), (3.16) becomes

D
D𝑡
(𝜂 − 𝜂𝑏) + ℎ∇ ⋅ 𝒖 = 0 (3.18)

or, as in (3.14b),
Dℎ
D𝑡
+ ℎ∇ ⋅ 𝒖 = 0. (3.19)

3.1.3 A Rigid Lid
The case where the upper surface is held flat by the imposition of a rigid lid is sometimes of interest.
The ocean suggests one such example, since the bathymetry at the bottom of the ocean provides
much larger variations in fluid thickness than do the small variations in the height of the ocean
surface. If we suppose that the upper surface is at a constant height 𝐻, then from (3.14a) with
𝜕ℎ/𝜕𝑡 = 0 the mass conservation equation is

∇ℎ ⋅ (𝒖ℎ𝑏) = 0, (3.20)
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The Shallow Water Equations

For a single-layer fluid, and including the Coriolis term, the inviscid shallow wa-
ter equations are

momentum: D𝒖
D𝑡
+ 𝒇 × 𝒖 = −𝑔∇𝜂. (SW.1)

mass continuity: Dℎ
D𝑡
+ ℎ∇ ⋅ 𝒖 = 0 or 𝜕ℎ

𝜕𝑡
+ ∇ ⋅ (ℎ𝒖) = 0, (SW.2)

where 𝒖 is the horizontal velocity, ℎ is the total fluid thickness, 𝜂 is the height
of the upper free surface and 𝜂𝑏 is the height of the lower surface (the bottom
topography). Thus,

ℎ(𝑥, 𝑦, 𝑡) = 𝜂(𝑥, 𝑦, 𝑡) − 𝜂𝑏(𝑥, 𝑦) (SW.3)

The material derivative is

D
D𝑡
= 𝜕
𝜕𝑡
+ 𝒖 ⋅ ∇ = 𝜕

𝜕𝑡
+ 𝑢 𝜕
𝜕𝑥
+ 𝑣 𝜕
𝜕𝑦
, (SW.4)

with the rightmost expression holding in Cartesian coordinates.

where ℎ𝑏 = 𝐻 − 𝜂𝑏. Note that (3.20) allows us to define an incompressible mass-transport velocity,
𝑼 ≡ ℎ𝑏𝒖.

Although the upper surface is flat, the pressure there is no longer constant because a forcemust
be provided by the rigid lid to keep the surface flat. The horizontal momentum equation is

D𝒖
D𝑡
= − 1
𝜌0
∇𝑝lid, (3.21)

where 𝑝lid is the pressure at the lid, and the complete equations of motion are then (3.20) and
(3.21).1 If the lower surface is flat, the two-dimensional flow itself is divergence-free, and the equa-
tions reduce to the two-dimensional incompressible Euler equations.

3.1.4 Stretching and the Vertical Velocity
Because the horizontal velocity is depth independent, the vertical velocity plays no role in advec-
tion. However, 𝑤 is certainly not zero for then the free surface would be unable to move up or
down, but because of the vertical independence of the horizontal flow 𝑤 does have a simple verti-
cal structure; to determine this we write the mass conservation equation as

𝜕𝑤
𝜕𝑧
= −∇ ⋅ 𝒖, (3.22)

and integrate upwards from the bottom to give

𝑤 = 𝑤𝑏 − (∇ ⋅ 𝒖)(𝑧 − 𝜂𝑏). (3.23)

Thus, the vertical velocity is a linear function of height. Equation (3.23) can be written as

D𝑧
D𝑡
= D𝜂𝑏

D𝑡
− (∇ ⋅ 𝒖)(𝑧 − 𝜂𝑏), (3.24)
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and at the upper surface 𝑤 = D𝜂/D𝑡 so that here we have

D𝜂
D𝑡
= D𝜂𝑏

D𝑡
− (∇ ⋅ 𝒖)(𝜂 − 𝜂𝑏). (3.25)

Eliminating the divergence term from the last two equations gives

D
D𝑡
(𝑧 − 𝜂𝑏) =

𝑧 − 𝜂𝑏
𝜂 − 𝜂𝑏

D
D𝑡
(𝜂 − 𝜂𝑏), (3.26)

which in turn gives
D
D𝑡
(𝑧 − 𝜂𝑏
𝜂 − 𝜂𝑏
) = D

D𝑡
(𝑧 − 𝜂𝑏
ℎ
) = 0. (3.27)

This means that the ratio of the height of a fluid parcel above the floor to the total depth of the
column is fixed; that is, the fluid stretches uniformly in a column, and this is a kinematic property
of the shallow water system.

3.1.5 Analogy with Compressible Flow
The shallow water equations (3.8) and (3.14) are analogous to the compressible gas dynamic equa-
tions in two dimensions, namely

D𝒖
D𝑡
= −1
𝜌
∇𝑝 (3.28)

and
𝜕𝜌
𝜕𝑡
+ ∇ ⋅ (𝒖𝜌) = 0, (3.29)

along with an equation of state which we take to be 𝑝 = 𝑓(𝜌). The mass conservation equations
(3.14) and (3.29) are identical, with the replacement 𝜌 ↔ ℎ. If 𝑝 = 𝐶𝜌𝛾, then (3.28) becomes

D𝒖
D𝑡
= −1
𝜌

d𝑝
d𝜌
∇𝜌 = −𝐶𝛾𝜌𝛾−2∇𝜌. (3.30)

If 𝛾 = 2 then the momentum equations (3.8) and (3.30) become equivalent, with 𝜌 ↔ ℎ and
𝐶𝛾 ↔ 𝑔. In an ideal gas 𝛾 = 𝑐𝑝/𝑐𝑣 and values typically are in fact less than 2 (in air 𝛾 ≈ 7/5);
however, if the equations are linearized, then the analogy is exact for all values of 𝛾, for then (3.30)
becomes 𝜕𝒗′/𝜕𝑡 = −𝜌−10 𝑐2𝑠∇𝜌′ where 𝑐2𝑠 = d𝑝/d𝜌, and the linearized shallow water momentum
equation is 𝜕𝒖′/𝜕𝑡 = −𝐻−1(𝑔𝐻)∇ℎ′, so that 𝜌0 ↔ 𝐻 and 𝑐2𝑠 ↔ 𝑔𝐻. The sound waves of a
compressible fluid are then analogous to shallow water waves, which are considered in Section 3.8.

3.2 REDUCED GRAVITY EQUATIONS
Consider now a single shallowmoving layer of fluid on top of a deep, quiescent fluid layer (Fig. 3.3),
and beneath a fluid of negligible inertia. This configuration is often used as a model of the upper
ocean: the upper layer represents flow in perhaps the upper few hundred metres of the ocean, the
lower layer being the near-stagnant abyss. If we turn the model upside-down we have a perhaps
slightly less realisticmodel of the atmosphere: the lower layer representsmotion in the troposphere
above which lies an inactive stratosphere. The equations of motion are virtually the same in both
cases.

3.2.1 Pressure Gradient in the Active Layer
We will derive the equations for the oceanic case (active layer on top) in two cases, which differ
slightly in the assumption made about the upper surface.
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Fig. 3.3 The reduced gravity shallow water system.
An active layer lies over a deep, denser, quiescent layer.
In a common variation the upper surface is held flat by
a rigid lid, and 𝜂0 = 0.

I Free upper surface
The pressure in the upper layer is given by integrating the hydrostatic equation down from the
upper surface. Thus, at a height 𝑧 in the upper layer

𝑝1(𝑧) = 𝑔𝜌1(𝜂0 − 𝑧), (3.31)

where 𝜂0 is the height of the upper surface. Hence, everywhere in the upper layer,

1
𝜌1
∇𝑝1 = 𝑔∇𝜂0, (3.32)

and the momentum equation is
D𝒖
D𝑡
+ 𝒇 × 𝒖 = −𝑔∇𝜂0. (3.33)

In the lower layer the pressure is also given by the weight of the fluid above it. Thus, at some level
𝑧 in the lower layer,

𝑝2(𝑧) = 𝜌1𝑔(𝜂0 − 𝜂1) + 𝜌2𝑔(𝜂1 − 𝑧). (3.34)

But if this layer is motionless the horizontal pressure gradient in it is zero and therefore

𝜌1𝑔𝜂0 = −𝜌1𝑔′𝜂1 + constant, (3.35)

where 𝑔′ = 𝑔(𝜌2 − 𝜌1)/𝜌1 is the reduced gravity, and normally (𝜌2 − 𝜌1)/𝜌 ≪ 1 and 𝑔′ ≪ 𝑔. The
momentum equation becomes

D𝒖
D𝑡
+ 𝒇 × 𝒖 = 𝑔′∇𝜂1. (3.36)

The equations are completed by the usual mass conservation equation,

Dℎ
D𝑡
+ ℎ∇ ⋅ 𝒖 = 0, (3.37)

where ℎ = 𝜂0 −𝜂1. Because 𝑔 ≫ 𝑔′, (3.35) shows that surface displacements aremuch smaller than
the displacements at the interior interface. We see this in the real ocean where the mean interior
isopycnal displacements may be several tens of metres but variations in the mean height of ocean
surface are of the order of centimetres.

II The rigid lid approximation
The smallness of the upper surface displacement suggests that wewill make little error if we impose
a rigid lid at the top of the fluid. Displacements are no longer allowed, but the lid will in general
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Fig. 3.4 The multi-layer shallow water sys-
tem. The layers are numbered from the top
down. The coordinates of the interfaces are
denoted by 𝜂, and the layer thicknesses by ℎ,
so that ℎ𝑖 = 𝜂𝑖−1 − 𝜂𝑖.

impart a pressure force to the fluid. Suppose that this is 𝑃(𝑥, 𝑦, 𝑡), then the horizontal pressure
gradient in the upper layer is simply

∇𝑝1 = ∇𝑃. (3.38)

The pressure in the lower layer is again given by hydrostasy, and is

𝑝2 = −𝜌1𝑔𝜂1 + 𝜌2𝑔(𝜂1 − 𝑧) + 𝑃 = 𝜌1𝑔ℎ − 𝜌2𝑔(ℎ + 𝑧) + 𝑃, (3.39)

so that
∇𝑝2 = −𝑔(𝜌2 − 𝜌1)∇ℎ + ∇𝑃. (3.40)

Then if ∇𝑝2 = 0 (because the lower layer is stationary) we have 𝑔(𝜌2 − 𝜌1)∇ℎ = ∇𝑃, and the
momentum equation for the upper layer is just

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −𝑔′∇ℎ, (3.41)

where 𝑔′ = 𝑔(𝜌2 − 𝜌1)/𝜌1. These equations differ from the usual shallow water equations only
in the use of a reduced gravity 𝑔′ in place of 𝑔 itself. It is the density difference between the two
layers that is important. Similarly, if we take a shallow water system, with the moving layer on the
bottom, and we suppose that overlying it is a stationary fluid of finite density, then we would easily
find that the fluid equations for the moving layer are the same as if the fluid on top had zero inertia,
except that 𝑔 would be replaced by an appropriate reduced gravity.

3.3 MULTI-LAYER SHALLOW WATER EQUATIONS
We now consider the dynamics of multiple layers of fluid stacked on top of each other. This is a
crude representation of continuous stratification, but it turns out to be a powerful model of many
geophysically interesting phenomena as well as being physically realizable in the laboratory. The
pressure is continuous across the interface, but the density jumps discontinuously and this allows
the horizontal velocity to have a corresponding discontinuity. The set up is illustrated in Fig. 3.4.
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Fig. 3.5 The two-layer shallow water sys-
tem. A fluid of density 𝜌1 lies over a denser
fluid of density 𝜌2. In the reduced gravity case
the lower layer is arbitrarily thick and is as-
sumed stationary and so has no horizontal
pressure gradient. In the ‘rigid-lid’ approxi-
mation the top surface displacement is ne-
glected, but there is then a non-zero pressure
gradient induced by the lid.

In each layer pressure is given by the hydrostatic approximation, and so anywhere in the interior
we can find the pressure by integrating down from the top. Thus, at a height 𝑧 in the first layer we
have

𝑝1 = 𝜌1𝑔(𝜂0 − 𝑧), (3.42)
and in the second layer,

𝑝2 = 𝜌1𝑔(𝜂0 − 𝜂1) + 𝜌2𝑔(𝜂1 − 𝑧) = 𝜌1𝑔𝜂0 + 𝜌1𝑔′1𝜂1 − 𝜌2𝑔𝑧, (3.43)

where 𝑔′1 = 𝑔(𝜌2 − 𝜌1)/𝜌1, and so on. The term involving 𝑧 is irrelevant for the dynamics, because
only the horizontal derivative enters the equation of motion. Omitting this term, for the 𝑛th layer
the dynamical pressure is given by the sum from the top down:

𝑝𝑛 = 𝜌1
𝑛−1
∑
𝑖=0
𝑔′𝑖 𝜂𝑖, (3.44)

where 𝑔′𝑖 = 𝑔(𝜌𝑖+1 − 𝜌𝑖)/𝜌1 (and 𝑔0 = 𝑔). The interface displacements may be expressed in terms
of the layer thicknesses by summing from the bottom up:

𝜂𝑛 = 𝜂𝑏 +
𝑖=𝑁
∑
𝑖=𝑛+1
ℎ𝑖. (3.45)

The momentum equation for each layer may then be written, in general,

D𝒖𝑛
D𝑡
+ 𝒇 × 𝒖𝑛 = −

1
𝜌𝑛
∇𝑝𝑛, (3.46)

where the pressure is given by (3.44) and in terms of the layer depths using (3.46). If we make the
Boussinesq approximation then 𝜌𝑛 on the right-hand side of (3.46) is replaced by 𝜌1.

Finally, the mass conservation equation for each layer has the same form as the single-layer
case, and is

Dℎ𝑛
D𝑡
+ ℎ𝑛∇ ⋅ 𝒖𝑛 = 0. (3.47)

The two- and three-layer cases
The two-layer model (Fig. 3.5) is the simplest model to capture the effects of stratification. Evalu-
ating the pressures using (3.44) and (3.45) we find:

𝑝1 = 𝜌1𝑔𝜂0 = 𝜌1𝑔(ℎ1 + ℎ2 + 𝜂𝑏), (3.48a)



114 Chapter 3. Shallow Water Systems

𝑝2 = 𝜌1[𝑔𝜂0 + 𝑔′1𝜂1] = 𝜌1 [𝑔(ℎ1 + ℎ2 + 𝜂𝑏) + 𝑔′1(ℎ2 + 𝜂𝑏)] . (3.48b)

The momentum equations for the two layers are then

D𝒖1
D𝑡
+ 𝒇 × 𝒖1 = −𝑔∇𝜂0 = −𝑔∇(ℎ1 + ℎ2 + 𝜂𝑏), (3.49a)

and in the bottom layer

D𝒖2
D𝑡
+ 𝒇 × 𝒖2 = −

𝜌1
𝜌2
(𝑔∇𝜂0 + 𝑔′1∇𝜂1)

= −𝜌1
𝜌2
[𝑔∇(𝜂𝑏 + ℎ1 + ℎ2) + 𝑔′1∇(ℎ2 + 𝜂𝑏)] .

(3.49b)

In the Boussinesq approximation 𝜌1/𝜌2 is replaced by unity.
In a three-layer model the dynamical pressures are found to be

𝑝1 = 𝜌1𝑔ℎ, (3.50a)
𝑝2 = 𝜌1 [𝑔ℎ + 𝑔′1(ℎ2 + ℎ3 + 𝜂𝑏)] , (3.50b)
𝑝3 = 𝜌1 [𝑔ℎ + 𝑔′1(ℎ2 + ℎ3 + 𝜂𝑏) + 𝑔′2(ℎ3 + 𝜂𝑏)] , (3.50c)

where ℎ = 𝜂0 = 𝜂𝑏 + ℎ1 + ℎ2 + ℎ3 and 𝑔′2 = 𝑔(𝜌3 − 𝜌2)/𝜌1. More layers can obviously be added in a
systematic fashion.

3.3.1 Reduced-gravity Multi-layer Equation
As with a single active layer, we may envision multiple layers of fluid overlying a deeper stationary
layer. This is a useful model of the stratified upper ocean overlying a nearly stationary and nearly
unstratified abyss. Indeed we use such a model to study the ‘ventilated thermocline’ in Chapter 20
and a detailed treatment may be found there. If we suppose there is a lid at the top, then the model
is almost the same as that of the previous section. However, now the horizontal pressure gradient
in the lowest model layer is zero, and so we may obtain the pressures in all the active layers by
integrating the hydrostatic equation upwards from this layer. Suppose we have 𝑁 moving layers,
then the reader may verify that the dynamic pressure in the 𝑛th layer is given by

𝑝𝑛 = −
𝑖=𝑁
∑
𝑖=𝑛
𝜌1𝑔′𝑖 𝜂𝑖, (3.51)

where as before 𝑔′𝑖 = 𝑔(𝜌𝑖+1 − 𝜌𝑖)/𝜌1. If we have a lid at the top, and take 𝜂0 = 0, then the interface
displacements are related to the layer thicknesses by

𝜂𝑛 = −
𝑖=𝑛
∑
𝑖=1
ℎ𝑖. (3.52)

From these expressions the momentum equation in each layer is easily constructed.

3.4 ♦ FROM CONTINUOUS STRATIFICATION TO SHALLOW WATER
In this section we show that the continuously stratified equations have a close correspondence to
the shallow water equations, without breaking the fluid into discrete layers of differing densities.
In particular, if the continuous equations are linearized and the flow is stably stratified, then each
vertical mode of the continuous equations has the same form as the shallow water equations, with
the modes being distinguished by the phase speed of the associated gravity waves.2
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3.4.1 Vertical Normal Modes of the Linear Equations
We begin with a hydrostatic Boussinesq system, linearized about a state of rest and with fixed
stratification, 𝑁(𝑧), noting that a similar derivation can be applied to an ideal gas using pressure
coordinates. The equations are

𝜕𝑢
𝜕𝑡
− 𝑓𝑣 = −𝜕𝜙

𝜕𝑥
, 𝜕𝑣
𝜕𝑡
+ 𝑓𝑢 = −𝜕𝜙

𝜕𝑦
, 0 = −𝜕𝜙

𝜕𝑧
+ 𝑏, (3.53a,b,c)

∇ ⋅ 𝒖 + 𝜕𝑤
𝜕𝑧
= 0, 𝜕𝑏

𝜕𝑡
+ 𝑤𝑁2 = 0. (3.53c,d)

The first line above contains the 𝑢 and 𝑣momentum equations and the hydrostatic equation, and
the second line contains the mass continuity equation and the buoyancy or thermodynamic equa-
tion, with the∇ operator being purely horizontal (or at constant pressure), and we will take𝑁2 > 0.
We assume a lid at the bottom and top of the domain. Including a free surface at the top, as appro-
priate for an ocean, is a slight extension. Including a ‘leaky’ tropopause with a stratosphere above
is a more major extension.

The difficulty with these equations is that there are five independent variables in three spatial
coordinates so that even the linear problems are algebraically complex, especially when 𝑓 is vari-
able. The equations are more general than is needed, because it is often observed that the vertical
structure of solutions is relatively simple, especially in linear problems. A solution is to project the
vertical structure onto appropriate eigenfunctions, and then to retain a very small number— often
only one — of these eigenfunctions.

To determine what those eigenfunctions should be, we first combine the hydrostatic and buoy-
ancy equations to give

𝜕
𝜕𝑡
( 𝜙𝑧
𝑁2
) + 𝑤 = 0. (3.54)

Differentiating with respect to 𝑧 and using the mass continuity equation gives

𝜕
𝜕𝑡
( 𝜙𝑧
𝑁2
)
𝑧
− ∇ ⋅ 𝒖 = 0. (3.55)

It is this equation that motivates our choice of basis functions: we choose to expand the pressure
and horizontal components of velocity in terms of an eigenfunction that satisfies the following
Sturm–Liouville problem:

d
d𝑧
( 1
𝑁2

d𝐶𝑚
d𝑧
) + 1
𝑐2𝑚
𝐶𝑚 = 0,

d
d𝑧
𝐶𝑚(0) =

d
d𝑧
𝐶𝑚(−𝐻) = 0. (3.56)

The eigenfunctions 𝐶𝑚 are orthogonal in the sense that

∫
0

−𝐻
𝐶𝑚𝐶𝑛 d𝑧 =

𝑐2𝑚
𝑔
𝛿𝑚𝑛 , (3.57)

where 𝛿𝑚𝑛 = 0 unless 𝑚 = 𝑛, in which case it equals one. The normalization is by convention
and the factor of 𝑔 makes the functions 𝐶𝑚 nondimensional. There are an infinite number of
eigenvalues, 𝑐𝑚, namely 𝑐0, 𝑐1, 𝑐2…, normally arranged in descending order of size, and for each
there is a corresponding eigenfunction 𝐶𝑚. The pressure and horizontal velocity components are
then expressed as

[𝑢, 𝑣, 𝜙] =
∞
∑
0
[𝑢𝑚(𝑥, 𝑦, 𝑡), 𝑣𝑚(𝑥, 𝑦, 𝑡), 𝜙𝑚(𝑥, 𝑦, 𝑡)] 𝐶𝑚(𝑧). (3.58)
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The benefit of this procedure is that the 𝑧-derivatives in the equations of motion are replaced
by multiplications, and in particular (3.55) becomes

𝜕𝜙𝑚
𝜕𝑡
+ 𝑐2𝑚∇ ⋅ 𝒖𝑚 = 0 or 𝜕𝜂

∗
𝑚
𝜕𝑡
+ 𝐻𝑚∇ ⋅ 𝒖𝑚 = 0, (3.59a,b)

where 𝜂∗ ≡ 𝜙/𝑔. The quantity𝐻𝑚 = 𝑐2𝑚/𝑔 is the equivalent depth associated with the eigenmode.
Equations (3.59) are evidently of the same form as the familiar linear mass continuity equation in
the shallow water equations, namely

𝜕𝜂
𝜕𝑡
+ 𝑐2∇ ⋅ 𝒖 = 0 or 𝜕𝜂

𝜕𝑡
+ 𝐻∇ ⋅ 𝒖 = 0, (3.60a,b)

where 𝑐 = √𝑔𝐻 and 𝜂 = 𝑔𝜂.
The horizontal momentum equations are simply,

𝜕𝑢𝑚
𝜕𝑡
− 𝑓𝑣𝑚 = −

𝜕𝜙𝑚
𝜕𝑥
, 𝜕𝑣𝑚
𝜕𝑡
+ 𝑓𝑢𝑚 = −

𝜕𝜙𝑚
𝜕𝑦
. (3.61a,b)

Equations (3.59) and (3.61) are a closed set, once we have calculated the equivalent depth𝐻𝑚 for
each mode. If there is a forcing in the momentum equation then the transformed forcing appears
on the right-hand sides of (3.61). If there is a source in the buoyancy equation then a corresponding
term appears on the right-hand side of (3.59), analogous to amass source term in the shallowwater
equations. Note that a thermodynamic source affects 𝜕𝜙/𝜕𝑧 and not 𝜙 itself.

Eigenfunctions for buoyancy and vertical velocity
The vertical velocity and the buoyancy do not satisfy the same boundary conditions and so should
not be expanded in the same way. Rather, we let

[𝑤, 𝑏
𝑁2
] =
∞
∑
0
[𝑤𝑚(𝑥, 𝑦, 𝑡), �̂�𝑚(𝑥, 𝑦, 𝑡)] 𝑆𝑚(𝑧), (3.62)

where the eigenfunctions satisfy

1
𝑁2

d2𝑆𝑚
d𝑧2
+ 1
𝑐2𝑚
𝑆𝑚 = 0, 𝑆𝑚(0) = 𝑆𝑚(−𝐻) = 0, (3.63a,b)

where 𝑆𝑚 = 0 if𝑁 = 0, and we may use the orthonormalization,

∫
0

−𝐻
𝑁2𝑆𝑚𝑆𝑛 d𝑧 = 𝑔𝛿𝑚𝑛. (3.64)

The functions 𝑆𝑚 and 𝐶𝑚 are related by

𝐶𝑚 =
𝑐2𝑚
𝑔

d𝑆𝑚
d𝑧
, 𝑁2𝑆𝑚 = −𝑔

d𝐶𝑚
d𝑧
, (3.65)

and it is these relationships that motivate the form of (3.63). The vertical velocity may be evaluated
from the mass continuity equation, 𝜕𝑤/𝜕𝑧 = −∇ ⋅ 𝒖, which becomes

𝑤𝑚
d𝑆𝑚
d𝑧
= −𝐶𝑚∇ ⋅ 𝒖𝑚 ⟹ 𝑤𝑚 = −

𝑐2𝑚
𝑔
∇ ⋅ 𝒖𝑚. (3.66a,b)

Buoyancy is obtained from (3.53c) which, using (3.65), gives �̂�𝑚 = −𝜙𝑚/𝑔.
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3.4.2 Examples and Approximations
The values of 𝑐𝑚 can be computed by solving the eigenvalue problem for the given stratification,
although in general this must be carried out numerically. Consider, though, the simplest case in
which𝑁 is constant, which is a reasonable approximation for the troposphere, less so for the ocean.
The normal modes are sines and cosines, and for𝑚 = 1, 2… we have

𝐶𝑚(𝑧) = 𝐴𝑚 cos 𝑚π𝑧
𝐻
, 𝑆𝑚(𝑧) = 𝐵𝑚 sin 𝑚π𝑧

𝐻
, 𝑐𝑚 =

𝑁𝐻
𝑚π
, (3.67)

where, for𝑚 > 0, 𝐴𝑚 = 𝑐𝑚/√𝑔𝐻/2 and 𝐵𝑚 = √2𝑔/𝐻𝑁2. The equivalent depth is given by

𝐻𝑚 =
𝑁2𝐻2
𝑔𝑚2π2
= 𝑔
′𝐻
𝑔𝑚2π2
, (3.68)

where 𝑔′ ≡ 𝐻𝑁2 and for a Boussinesq fluid 𝑔′ = (𝑔𝐻/𝜌0)𝜕𝜌/𝜕𝑧. Using (3.67) we see that 𝑐𝑚 =
√𝑔𝐻𝑚 = √𝑔′𝐻/𝑚π, and note the factors of π are significant in these expressions. The mode with
𝑚 = 0 is a special one and is called the barotropic mode with

𝐶0 = 𝐴0/2, 𝑐20 = 𝑔𝐻. (3.69)

The above expressions allow us to estimate equivalent depths and phase speeds for the atmo-
sphere and ocean, with some caveats. For the atmosphere we should properly take into account
its compressibility and a leaky tropopause, but proceeding nevertheless let us take𝐻 = 10 km and
𝑁 = 10−2 s−1 (a typical tropospheric value), whence

𝑐0 ≈ 300ms−1, 𝑐1 ≈ 30ms−1, 𝑐2 ≈ 15ms−1 and 𝐻1 ≈ 100m, 𝐻2 ≈ 25m. (3.70)

These equivalent depths are much smaller than the actual depth of the atmosphere, a fact that tran-
scends our approximations and that greatly affects the properties of atmospheric gravity waves,
as we discover in later chapters. The best fits to observations of internal gravity waves in the at-
mosphere are often in fact made with an equivalent depth of 50m or less and a speed of about
20ms−1.

The oceanic stratification is in fact not constant, but decreases significantly below the thermo-
cline, which is about 1 km thick. We might proceed by simply using values appropriate for the
thermocline in the above, and if we take 𝑁 = 10−2 s−1 and 𝐻 = 1 km we find, using (3.67) and
(3.68),

𝑐0 ≈ 200ms−1, 𝑐1 ≈ 3ms−1, 𝑐2 ≈ 1.5ms−1 and 𝐻1 ≈ 1m, 𝐻2 ≈ 0.25m. (3.71)

The speed 𝑐0 is (as for the atmosphere) vastly larger than any parcel speed in the ocean. In contrast,
the equivalent depths are very small, but this just reflects the smallness of the density variations in
the ocean and the fact that𝐻𝑚 is proportional to 𝑔′/𝑔.

If the oceanic stratification varies reasonably slowly we can use wkb methods (page 247) to
good effect to better evaluate the eigenvalues and eigenfunctions.3 Roughly speaking 𝑁𝐻 is re-
placed by ∫𝑁 d𝑧 in (3.67), and the wkb solution, for𝑚 ≥ 1, is

𝑆𝑚 ∼ 𝑆0 sin(
1
𝑐𝑚
∫
𝑧

−𝐻
𝑁(𝑧)d𝑧) , 𝐶𝑚 ∼ (

𝑐𝑚𝑁𝑆0
𝑔
) cos( 1
𝑐𝑚
∫
𝑧

−𝐻
𝑁(𝑧)d𝑧) ,

𝑐𝑚 ≈
1
𝑚π
∫
0

−𝐻
𝑁d𝑧,

(3.72a,b,c)

where 𝑆0 = (𝑐𝑚/𝑁)1/2. Using (3.72c) still gives values of 𝑐1 of around 2–3m s−1 over the ocean
gyres, less in equatorial regions, providing some post facto justification for using 𝐻 = 1 km pre-
viously. The eigenfunctions, (3.72a,b), are ‘stretched’ sines and cosines, with local wavenumbers
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Fig. 3.6 Geostrophic flow in a shallowwater system, with a positive value of theCoriolis parameter
𝑓, as in the Northern Hemisphere. The pressure force is directed down the gradient of the height
field, and this can be balanced by the Coriolis force if the fluid velocity is at right angles to it. If 𝑓
were negative, the geostrophic flow would be reversed.

proportional to𝑁(𝑧) and so varying more rapidly in the upper ocean than at depth (look ahead to
Fig. 12.12). The vertical velocity eigenfunctions, 𝑆𝑚, have a smaller amplitude in the upper ocean
but the pressure and horizontal velocity amplitudes are larger.

For the remainder of this chapter we will use the shallow water equations in their conventional
form, for if there is a regionwhere density changes rapidly in the vertical then the layered equations
are quite natural, and allow for the incorporation of nonlinearities more easily.

3.5 GEOSTROPHIC BALANCE AND THERMAL WIND
We now turn our attention to the dynamics of shallow water systems, beginning with the effects of
rotation. Geostrophic balance occurs in the shallow water equations, just as in the continuously
stratified equations, when the Rossby number 𝑈/𝑓𝐿 is small and the Coriolis term dominates
the advective terms in the momentum equation. In the single-layer shallow water equations the
geostrophic flow is:

𝒇 × 𝒖𝑔 = −𝑔∇𝜂. (3.73)
Thus, the geostrophic velocity is proportional to the slope of the surface, as sketched in Fig. 3.6.
(For the rest of this section we drop the subscript 𝑔, and take all velocities to be geostrophic.)

In both the single-layer and multi-layer cases, the slope of an interfacial surface is directly
related to the difference in pressure gradient on either side and so, by geostrophic balance, to the
shear of the flow. This is the shallow water analogue of the thermal wind relation. To obtain an
expression for this, consider the interface, 𝜂, between two layers labelled 1 and 2. The pressure in
two layers is given by the hydrostatic relation and so,

𝑝1 = 𝐴(𝑥, 𝑦) − 𝜌1𝑔𝑧 (at some 𝑧 in layer 1), (3.74a)
𝑝2 = 𝐴(𝑥, 𝑦) − 𝜌1𝑔𝜂 + 𝜌2𝑔(𝜂 − 𝑧)
= 𝐴(𝑥, 𝑦) + 𝜌1𝑔′1𝜂 − 𝜌2𝑔𝑧 (at some 𝑧 in layer 2), (3.74b)

where 𝐴(𝑥, 𝑦) is a function of integration. Thus we find
1
𝜌1
∇(𝑝1 − 𝑝2) = −𝑔′1∇𝜂. (3.75)

If the flow is geostrophically balanced and Boussinesq then, in each layer, the velocity obeys

𝑓𝒖𝑖 =
1
𝜌1
𝐤 × ∇𝑝𝑖 . (3.76)
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Fig. 3.7 Margules’ relation: using hydrostasy, the
difference in the horizontal pressure gradient be-
tween the upper and the lower layer is given by
−𝑔′𝜌1𝑠, where 𝑠 = tan𝜙 = 𝛥𝑧/𝛥𝑦 is the interface
slope and 𝑔′ = 𝑔(𝜌2 −𝜌1)/𝜌1. Geostrophic balance
then gives 𝑓(𝑢1 − 𝑢2) = 𝑔′𝑠, which is a special case
of (3.78).

Using (3.75) then gives
𝑓(𝒖1 − 𝒖2) = −𝐤 × 𝑔′1∇𝜂, (3.77)

or in general
𝑓(𝒖𝑛 − 𝒖𝑛+1) = −𝐤 × 𝑔′𝑛∇𝜂. (3.78)

This is the thermal wind equation for the shallow water system. It applies at any interface, and
it implies the shear is proportional to the interface slope, a result known as the Margules relation4

(Fig. 3.7).
Suppose that we represent the atmosphere by two layers of fluid; a meridionally decreasing

temperature may then be represented by an interface that slopes upwards toward the pole. Then,
in either hemisphere, we have

𝑢1 − 𝑢2 =
𝑔′1
𝑓
𝜕𝜂
𝜕𝑦
> 0, (3.79)

and the temperature gradient is associated with a positive shear.

3.6 FORM STRESS
When the interface between two layers varies with position — that is, when it is wavy — the layers
exert a pressure force on each other. Similarly, if the bottom of the fluid is not flat then the topog-
raphy and the bottom layer will in general exert forces on each other. This kind of force (normally
arising as a force per unit area) is known as form stress, and it is an important means whereby
momentum can be added to or extracted from a flow.5 Consider a layer confined between two
interfaces, 𝜂1(𝑥, 𝑦) and 𝜂2(𝑥, 𝑦). Then over some zonal interval 𝐿 the average zonal pressure force
on that fluid layer is given by

𝐹𝑝 = −
1
𝐿
∫
𝑥2

𝑥1
∫
𝜂1

𝜂2

𝜕𝑝
𝜕𝑥

d𝑥 d𝑧. (3.80)

Integrating by parts first in 𝑧 and then in 𝑥, and noting that by hydrostasy 𝜕𝑝/𝜕𝑧 does not depend
on horizontal position within the layer, we obtain

𝐹𝑝 = −
1
𝐿
∫
𝑥2

𝑥1
[𝜕𝑝
𝜕𝑥
𝑧]
𝜂1

𝜂2
d𝑥 = −𝜂1

𝜕𝑝1
𝜕𝑥
+ 𝜂2
𝜕𝑝2
𝜕𝑥
= +𝑝1
𝜕𝜂1
𝜕𝑥
− 𝑝2
𝜕𝜂2
𝜕𝑥
, (3.81)

where 𝑝1 is the pressure at 𝜂1, and similarly for 𝑝2, and to obtain the second line we suppose that
the integral is around a closed path, such as a circle of latitude, and the average is denoted with
an overbar. These terms represent the transfer of momentum from one layer to the next, and at a
particular interface, 𝑖, we may define the form stress, 𝜏𝑖, by

𝜏𝑖 ≡ 𝑝𝑖
𝜕𝜂𝑖
𝜕𝑥
= −𝜂𝑖
𝜕𝑝𝑖
𝜕𝑥
. (3.82)
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The form stress is a force per unit area and its vertical derivative, 𝜕𝜏/𝜕𝑧, is the force (per unit
volume) on the fluid. Form stress is a particularly important means for the vertical transfer of mo-
mentum and its ultimate removal in an eddying fluid, and is one of the main mechanisms whereby
the wind stress at the top of the ocean is communicated to the ocean bottom. At the fluid bottom
the form stress is 𝑝𝜕𝑥𝜂𝑏, where 𝜂𝑏 is the bottom topography, and this is proportional to the mo-
mentum exchange with the solid Earth. This is a significant mechanism for the ultimate removal
of momentum in the ocean, especially in the Antarctic Circumpolar Current where it is likely to
be much larger than bottom (or Ekman) drag arising from small-scale turbulence and friction. In
the two-layer, flat-bottomed case the only form stress occurring is that at the interface, and the
momentum transfer between the layers is just 𝑝1𝜕𝜂1/𝜕𝑥 or −𝜂1𝜕𝑝1/𝜕𝑥; then, the force on each
layer due to the other is equal and opposite, as we would expect from momentum conservation.
(Form stress is discussed more in an oceanographic context in Sections 19.6.3 and 21.7.2.)

For flows in geostrophic balance, the form stress is related to the meridional heat flux. The
pressure gradient and velocity are related by 𝜌𝑓𝑣′ = 𝜕𝑝′/𝜕𝑥 and the interfacial displacement is
proportional to the temperature perturbation, 𝑏′ — in fact one may show that 𝜂′ ≈ −𝑏′/(𝜕𝑏/𝜕𝑧).
Thus −𝜂′𝜕𝑝′/𝜕𝑥 ∝ 𝑣′𝑏′, a correspondence that will recur when we consider the Eliassen–Palm
flux in Chapter 10.

3.7 CONSERVATION PROPERTIES OF SHALLOW WATER SYSTEMS
There are two common types of conservation property in fluids: (i) material invariants; and (ii)
integral invariants. Material invariance occurs when a property (𝜑 say) is conserved on each fluid
element, and so obeys the equation D𝜑/D𝑡 = 0. An integral invariant is one that is conserved after
an integration over some, usually closed, volume; energy is an example.

3.7.1 Potential Vorticity: a Material Invariant
The vorticity of a fluid (considered at greater length in chapter 4), denoted 𝝎, is defined to be
the curl of the velocity field. Let us also define the shallow water vorticity, 𝝎∗, as the curl of the
horizontal velocity. We therefore have:

𝝎 ≡ ∇ × 𝒗, 𝝎∗ ≡ ∇ × 𝒖. (3.83)

Because 𝜕𝑢/𝜕𝑧 = 𝜕𝑣/𝜕𝑧 = 0, only the vertical component of 𝝎∗ is non-zero and

𝝎∗ = 𝐤(𝜕𝑣
𝜕𝑥
− 𝜕𝑢
𝜕𝑦
) = 𝐤 𝜁. (3.84)

Considering first the non-rotating case, we use the vector identity

(𝒖 ⋅ ∇)𝒖 = 1
2
∇(𝒖 ⋅ 𝒖) − 𝒖 × (∇ × 𝒖), (3.85)

to write the momentum equation, (3.8) with 𝑓 = 0, as

𝜕𝒖
𝜕𝑡
+ 𝝎∗ × 𝒖 = −∇(𝑔𝜂 + 1

2
𝒖2) . (3.86)

To obtain an evolution equation for the vorticity we take the curl of (3.86), and make use of the
vector identity

∇ × (𝝎∗ × 𝒖) = (𝒖 ⋅ ∇)𝝎∗ − (𝝎∗ ⋅ ∇)𝒖 + 𝝎∗∇ ⋅ 𝒖 − 𝒖∇ ⋅ 𝝎∗

= (𝒖 ⋅ ∇)𝝎∗ + 𝝎∗∇ ⋅ 𝒖, (3.87)
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using the fact that ∇ ⋅ 𝝎∗ is the divergence of a curl and therefore zero, and (𝝎∗ ⋅ ∇)𝒖 = 0 because
𝝎∗ is perpendicular to the surface in which 𝒖 varies. Taking the curl of (3.86) gives

𝜕𝜁
𝜕𝑡
+ (𝒖 ⋅ ∇)𝜁 = −𝜁∇ ⋅ 𝒖, (3.88)

where 𝜁 = 𝐤 ⋅ 𝝎∗. Now, the mass conservation equation may be written as

− 𝜁∇ ⋅ 𝒖 = 𝜁
ℎ
Dℎ
D𝑡
, (3.89)

and using this (3.88) becomes
D𝜁
D𝑡
= 𝜁
ℎ
Dℎ
D𝑡
, (3.90)

which simplifies to
D𝑄
D𝑡
= 0 where 𝑄 = (𝜁

ℎ
) . (3.91)

The important quantity 𝑄 is known as the potential vorticity, and (3.91) is the potential vorticity
equation. We re-derive this conservation law in a different way in Section 4.6.

Because 𝑄 is conserved on parcels, then so is any function of 𝑄; that is, 𝐹(𝑄) is a material
invariant, where𝐹 is any function. To see this algebraically, multiply (3.91) by𝐹′(𝑄), the derivative
of 𝐹 with respect to 𝑄, giving

𝐹′(𝑄)D𝑄
D𝑡
= D

D𝑡
𝐹(𝑄) = 0. (3.92)

Since 𝐹 is arbitrary there are an infinite number of material invariants corresponding to different
choices of 𝐹.

Effects of rotation
In a rotating frame of reference, the shallow water momentum equation is

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −𝑔∇𝜂, (3.93)

where (as before) 𝒇 = 𝑓𝐤. This may be written in vector invariant form as
𝜕𝒖
𝜕𝑡
+ (𝝎∗ + 𝒇) × 𝒖 = −∇(𝑔𝜂 + 1

2
𝒖2) , (3.94)

and taking the curl of this gives the vorticity equation
𝜕𝜁
𝜕𝑡
+ (𝒖 ⋅ ∇)(𝜁 + 𝑓) = −(𝑓 + 𝜁)∇ ⋅ 𝒖. (3.95)

This is the same as the shallow water vorticity equation in a non-rotating frame, save that 𝜁 is
replaced by 𝜁 + 𝑓, the reason for this being that 𝑓 is the vorticity that the fluid has by virtue of
the background rotation. Thus, (3.95) is simply the equation of motion for the total or absolute
vorticity, 𝝎𝑎 = 𝝎∗ + 𝒇 = (𝜁 + 𝑓)𝐤.

The potential vorticity equation in the rotating case follows, much as in the non-rotating case,
by combining (3.95) with the mass conservation equation, giving

D
D𝑡
(𝜁 + 𝑓
ℎ
) = 0. (3.96)

That is, the potential vorticity in a rotating shallow system is given by 𝑄 = (𝜁 + 𝑓)/ℎ and is a
material invariant. (The same symbol, 𝑄, is commonly used for many of the manifestations of
potential vorticity.)
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Vorticity and circulation
Although vorticity itself is not a material invariant, its integral over a horizontal material area is
invariant. To demonstrate this in the non-rotating case, consider the integral

𝐶 = ∫
𝐴
𝜁d𝐴 = ∫

𝐴
𝑄ℎd𝐴, (3.97)

over a surface𝐴, the cross-sectional area of a columnof height ℎ (as in Fig. 3.2). Taking thematerial
derivative of this gives

D𝐶
D𝑡
= ∫
𝐴

D𝑄
D𝑡
ℎ d𝐴 + ∫

𝐴
𝑄 D

D𝑡
(ℎ d𝐴). (3.98)

On the right-hand side the first term is zero, by (3.91), and the second term is just the derivative
of the volume of a column of fluid of constant density and so it too is zero. Thus,

D𝐶
D𝑡
= D

D𝑡
∫
𝐴
𝜁d𝐴 = 0. (3.99)

Thus, the integral of the vorticity over some cross-sectional area of the fluid is unchanging, al-
though both the vorticity and area of the fluid may individually change. Using Stokes’ theorem, it
may be written as

D𝐶
D𝑡
= D

D𝑡
∮𝒖 ⋅ d𝒍, (3.100)

where the line integral is around the boundary of 𝐴. This is an example of Kelvin’s circulation
theorem, which we shall meet again in a more general form in Chapter 4, where we also consider
the rotating case.

A slight generalization of (3.99) is possible. Consider the integral 𝐼 = ∫𝐹(𝑄)ℎ d𝐴 where again
𝐹 is any differentiable function of its argument. It is clear that

D
D𝑡
∫
𝐴
𝐹(𝑄)ℎd𝐴 = 0. (3.101)

If the area of integration in (3.86) or (3.101) is the whole domain (enclosed by frictionless walls,
for example) then it is clear that the integral of ℎ𝐹(𝑄) is a constant, including as a special case the
integral of 𝜁.

3.7.2 Energy Conservation: an Integral Invariant
Since we have made various simplifications in deriving the shallow water system, it is not self-
evident that energy should be conserved, or indeed what form the energy takes. The kinetic energy
density (KE), meaning the kinetic energy per unit area, is 𝜌0ℎ𝒖2/2. The potential energy density
of the fluid is

PE = ∫
ℎ

0
𝜌0𝑔𝑧d𝑧 =

1
2
𝜌0𝑔ℎ2. (3.102)

The factor 𝜌0 appears in both kinetic and potential energies and, because it is a constant, we will
omit it. For algebraic simplicity we also assume the bottom is flat, at 𝑧 = 0.

Using the mass conservation equation (3.14b) we obtain an equation for the evolution of po-
tential energy density, namely

D
D𝑡
𝑔ℎ2
2
+ 𝑔ℎ2∇ ⋅ 𝒖 = 0 (3.103a)

or
𝜕
𝜕𝑡
𝑔ℎ2
2
+ ∇ ⋅ (𝒖𝑔ℎ

2

2
) + 𝑔ℎ

2

2
∇ ⋅ 𝒖 = 0. (3.103b)



3.8 Shallow Water Waves 123

From the momentum and mass continuity equations we obtain an equation for the evolution of
kinetic energy density, namely

D
D𝑡
ℎ𝒖2
2
+ 𝒖
2ℎ
2
∇ ⋅ 𝒖 = −𝑔𝒖 ⋅ ∇ℎ

2

2
(3.104a)

or
𝜕
𝜕𝑡
ℎ𝒖2
2
+ ∇ ⋅ (𝒖ℎ𝒖

2

2
) + 𝑔𝒖 ⋅ ∇ℎ

2

2
= 0. (3.104b)

Adding (3.103b) and (3.104b) we obtain

𝜕
𝜕𝑡
1
2
(ℎ𝒖2 + 𝑔ℎ2) + ∇ ⋅ [1

2
𝒖 (𝑔ℎ2 + ℎ𝒖2 + 𝑔ℎ2)] = 0, (3.105)

or
𝜕𝐸
𝜕𝑡
+ ∇ ⋅ 𝑭 = 0, (3.106)

where 𝐸 = KE + PE = (ℎ𝒖2 + 𝑔ℎ2)/2 is the density of the total energy and 𝑭 = 𝒖(ℎ𝒖2/2 + 𝑔ℎ2)
is the energy flux. If the fluid is confined to a domain bounded by rigid walls, on which the nor-
mal component of velocity vanishes, then on integrating (3.105) over that area and using Gauss’s
theorem, the total energy is seen to be conserved; that is

d𝐸
d𝑡
= 1
2

d
d𝑡
∫
𝐴
(ℎ𝒖2 + 𝑔ℎ2)d𝐴 = 0. (3.107)

Such an energy principle also holds in the case with bottom topography. Just as we found in the
case for a compressible fluid in Chapter 2, the energy flux in (3.106) is not just the energy density
multiplied by the velocity; it contains an additional term 𝑔𝒖ℎ2/2, and this represents the energy
transfer occurring when the fluid does work against the pressure force.

3.8 SHALLOW WATER WAVES
Let us now look at the gravity waves that occur in shallow water. To isolate the essence we will
consider waves in a single fluid layer, with a flat bottom and a free upper surface, in which gravity
provides the sole restoring force.

3.8.1 Non-rotating Shallow Water Waves
Given a flat bottom the fluid thickness is equal to the free surface displacement (Fig. 3.1), and
taking the basic state of the fluid to be at rest we let

ℎ(𝑥, 𝑦, 𝑡) = 𝐻 + ℎ′(𝑥, 𝑦, 𝑡) = 𝐻 + 𝜂′(𝑥, 𝑦, 𝑡), (3.108a)
𝒖(𝑥, 𝑦, 𝑡) = 𝒖′(𝑥, 𝑦, 𝑡). (3.108b)

The mass conservation equation, (3.14b), then becomes

𝜕𝜂′
𝜕𝑡
+ (𝐻 + 𝜂′)∇ ⋅ 𝒖′ + 𝒖′ ⋅ ∇𝜂′ = 0, (3.109)

and neglecting squares of small quantities this yields the linear equation

𝜕𝜂′
𝜕𝑡
+ 𝐻∇ ⋅ 𝒖′ = 0. (3.110)
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Similarly, linearizing the momentum equation, (3.8) with 𝒇 = 0, yields

𝜕𝒖′
𝜕𝑡
= −𝑔∇𝜂′. (3.111)

Eliminating velocity by differentiating (3.110) with respect to time and taking the divergence
of (3.111) leads to

𝜕2𝜂′
𝜕𝑡2
− 𝑔𝐻∇2𝜂′ = 0, (3.112)

which may be recognized as a wave equation. We can find the dispersion relationship for this by
substituting the trial solution

𝜂′ = Re 𝜂ei(𝒌⋅𝒙−𝜔𝑡), (3.113)

where 𝜂 is a complex constant, 𝒌 = 𝐢𝑘 + 𝐣𝑙 is the horizontal wavenumber and Re indicates that
the real part of the solution should be taken. If, for simplicity, we restrict attention to the one-
dimensional problem, with no variation in the 𝑦-direction, then substituting into (3.112) leads to
the dispersion relationship

𝜔 = ±𝑐𝑘, (3.114)

where 𝑐 = √𝑔𝐻; that is, the wave speed is proportional to the square root of the mean fluid depth
and is independent of the wavenumber — the waves are dispersionless. The general solution is a
superposition of all such waves, with the amplitudes of each wave (or Fourier component) being
determined by the Fourier decomposition of the initial conditions.

Because the waves are dispersionless, the general solution can be written as

𝜂′(𝑥, 𝑡) = 1
2
[𝐹(𝑥 − 𝑐𝑡) + 𝐹(𝑥 + 𝑐𝑡)] , (3.115)

where 𝐹(𝑥) is the height field at 𝑡 = 0. From this, it is easy to see that the shape of an initial
disturbance is preserved as it propagates both to the right and to the left at speed 𝑐.

3.8.2 Rotating Shallow Water (Poincaré) Waves
We now consider the effects of rotation on shallow water waves. Linearizing the rotating, flat-
bottomed 𝑓-plane shallow water equations, (SW.1) and (SW.2) on page 109, about a state of rest
we obtain

𝜕𝑢′
𝜕𝑡
− 𝑓0𝑣′ = −𝑔

𝜕𝜂′
𝜕𝑥
, 𝜕𝑣′
𝜕𝑡
+ 𝑓0𝑢′ = −𝑔

𝜕𝜂′
𝜕𝑦
, 𝜕𝜂′
𝜕𝑡
+ 𝐻(𝜕𝑢

′

𝜕𝑥
+ 𝜕𝑣
′

𝜕𝑦
) = 0. (3.116a,b,c)

To obtain a dispersion relationship we let

(𝑢, 𝑣, 𝜂) = (𝑢, 𝑣, 𝜂)ei(𝒌⋅𝒙−𝜔𝑡), (3.117)

and substitute into (3.116), giving

(
−i 𝜔 −𝑓0 i 𝑔𝑘
𝑓0 −i 𝜔 i 𝑔𝑙

i𝐻𝑘 i𝐻𝑙 −i 𝜔
)(
𝑢
𝑣
𝜂
) = 0. (3.118)

This homogeneous equation has non-trivial solutions only if the determinant of the matrix van-
ishes, and that condition gives

𝜔(𝜔2 − 𝑓20 − 𝑐2𝐾2) = 0, (3.119)

where 𝐾2 = 𝑘2 + 𝑙2 and 𝑐2 = 𝑔𝐻. There are two classes of solution to (3.119). The first is sim-
ply 𝜔 = 0, i.e., time-independent flow corresponding to geostrophic balance in (3.116). Because



3.8 Shallow Water Waves 125

‐3 ‐2 ‐1 0 1 2 3

1

2

3

0

Rotating (Poincaré)

Non-rotating

Fig. 3.8 Dispersion relation for Poincaré waves
and non-rotating shallow water waves. Fre-
quency is scaled by the Coriolis frequency 𝑓, and
wavenumber by the inverse deformation radius
√𝑔𝐻/𝑓. For small wavenumbers the frequency
of the Poincaré waves is approximately 𝑓, and for
high wavenumbers it asymptotes to that of non-
rotating waves.

geostrophic balance gives a divergence-free velocity field for a constant Coriolis parameter the
equations are satisfied by a time-independent solution. (If the Coriolis parameter varies in space
then the 𝜔 = 0 solution morphs into a non-trivial dispersion relation for Rossby waves, considered
in Chapter 5.) The second set of solutions gives the dispersion relation

𝜔2 = 𝑓20 + 𝑐2(𝑘2 + 𝑙2), (3.120)

or
𝜔2 = 𝑓20 + 𝑔𝐻(𝑘2 + 𝑙2) . (3.121)

The corresponding waves are known as Poincaré waves,6 and the dispersion relationship is illus-
trated in Fig. 3.8. Note that the frequency is always greater than the Coriolis frequency 𝑓0. There
are two interesting limits:

(i) The short wave limit. If

𝐾2 ≫ 𝑓
2
0
𝑔𝐻
, (3.122)

where𝐾2 = 𝑘2 + 𝑙2, then the dispersion relationship reduces to that of the non-rotating case
(3.114). This condition is equivalent to requiring that the wavelength be much shorter than
the deformation radius, 𝐿𝑑 ≡ √𝑔𝐻/𝑓. Specifically, if 𝑙 = 0 and 𝜆 = 2π/𝑘 is the wavelength,
the condition is

𝜆2 ≪ 𝐿2𝑑(2π)2. (3.123)
The numerical factor of (2π)2 is more than an order of magnitude, so care must be taken
when deciding if the condition is satisfied in particular cases. Furthermore, the wavelength
must still be longer than the depth of the fluid, otherwise the shallow water condition is not
met.

(ii) The long wave limit. If

𝐾2 ≪ 𝑓
2
0
𝑔𝐻
, (3.124)

that is if the wavelength is much longer than the deformation radius 𝐿𝑑, then the dispersion
relationship is

𝜔 = 𝑓0. (3.125)
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These are known as inertial oscillations. The equations of motion giving rise to them are

𝜕𝑢′
𝜕𝑡
− 𝑓0𝑣′ = 0,

𝜕𝑣′
𝜕𝑡
+ 𝑓0𝑢′ = 0, (3.126)

which are equivalent to material equations for free particles in a rotating frame, uncon-
strained by pressure forces, namely

d2𝑥
d𝑡2
− 𝑓0𝑣 = 0,

d2𝑦
d𝑡2
+ 𝑓0𝑢 = 0. (3.127)

3.8.3 Kelvin Waves
The Kelvin wave is a particular type of gravity wave that exists in the presence of both rotation and
a lateral boundary. Suppose there is a solid boundary at 𝑦 = 0; clearly harmonic solutions in the
𝑦-direction are not allowable, as these would not satisfy the condition of no normal flow at the
boundary. Do any wave-like solutions exist? The affirmative answer to this question was provided
byW.Thomson and the associated waves are now eponymously known asKelvin waves.7 We begin
with the linearized shallow water equations, namely

𝜕𝑢′
𝜕𝑡
− 𝑓0𝑣′ = −𝑔

𝜕𝜂′
𝜕𝑥
, 𝜕𝑣′
𝜕𝑡
+ 𝑓0𝑢′ = −𝑔

𝜕𝜂′
𝜕𝑦
, 𝜕𝜂′
𝜕𝑡
+ 𝐻(𝜕𝑢

′

𝜕𝑥
+ 𝜕𝑣
′

𝜕𝑦
) = 0. (3.128a,b,c)

The fact that 𝑣′ = 0 at 𝑦 = 0 suggests that we look for a solution with 𝑣′ = 0 everywhere, whence
these equations become

𝜕𝑢′
𝜕𝑡
= −𝑔𝜕𝜂

′

𝜕𝑥
, 𝑓0𝑢′ = −𝑔

𝜕𝜂′
𝜕𝑦
, 𝜕𝜂′
𝜕𝑡
+ 𝐻𝜕𝑢

′

𝜕𝑥
= 0. (3.129a,b,c)

Equations (3.129a) and (3.129c) lead to the standard wave equation

𝜕2𝑢′
𝜕𝑡2
= 𝑐2 𝜕
2𝑢′
𝜕𝑥2
, (3.130)

where 𝑐 = √𝑔𝐻, the usual wave speed of shallow water waves. The solution of (3.130) is

𝑢′ = 𝐹1(𝑥 + 𝑐𝑡, 𝑦) + 𝐹2(𝑥 − 𝑐𝑡, 𝑦), (3.131)

with corresponding surface displacement

𝜂′ = √𝐻/𝑔 [−𝐹1(𝑥 + 𝑐𝑡, 𝑦) + 𝐹2(𝑥 − 𝑐𝑡, 𝑦)] . (3.132)

The solution represents the superposition of two waves, one (𝐹1) travelling in the negative 𝑥-
direction, and the other in the positive 𝑥-direction. To obtain the 𝑦 dependence of these functions
we use (3.129b) which gives

𝜕𝐹1
𝜕𝑦
= 𝑓0
√𝑔𝐻
𝐹1,

𝜕𝐹2
𝜕𝑦
= − 𝑓0
√𝑔𝐻
𝐹2, (3.133)

with solutions
𝐹1 = 𝐹(𝑥 + 𝑐𝑡)e𝑦/𝐿𝑑 , 𝐹2 = 𝐺(𝑥 − 𝑐𝑡)e−𝑦/𝐿𝑑 , (3.134)

where 𝐿𝑑 = √𝑔𝐻/𝑓0 is the radius of deformation. If we consider flow in the half-plane in which
𝑦 > 0, then for positive 𝑓0 the solution 𝐹1 grows exponentially away from the wall, and so fails
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to satisfy the condition of boundedness at infinity. It thus must be eliminated, leaving the general
solution

𝑢′ = e−𝑦/𝐿𝑑𝐺(𝑥 − 𝑐𝑡), 𝑣′ = 0,

𝜂′ = √𝐻/𝑔e−𝑦/𝐿𝑑𝐺(𝑥 − 𝑐𝑡).
(3.135a,b,c)

These are Kelvin waves, and they decay exponentially away from the boundary. In general, for
𝑓0 positive the boundary is to the right of an observer moving with the wave. Given a constant
Coriolis parameter, we could equally well have obtained a solution on a meridional wall, in which
case we would find that the wave againmoves such that the wall is to the right of the wave direction.
(This is obvious once it is realized that 𝑓-plane dynamics are isotropic in 𝑥 and 𝑦.) Thus, in the
NorthernHemisphere thewavemoves anticlockwise round a basin, and conversely in the Southern
Hemisphere, and in both hemispheres the direction is cyclonic.

3.9 GEOSTROPHIC ADJUSTMENT
We noted in Chapter 2 that the large-scale, extratropical circulation of the atmosphere is in near-
geostrophic balance. Why is this? Why should the Rossby number be small? Arguably, the magni-
tude of the velocity in the atmosphere and ocean is ultimately given by the strength of the forcing,
and so ultimately by the differential heating between pole and equator (although even this argu-
ment is not satisfactory, since the forcing mainly determines the energy throughput, not directly
the energy itself, and the forcing is itself dependent on the atmosphere’s response). But even sup-
posing that the velocity magnitudes are given, there is no a-priori guarantee that the forcing or
the dynamics will produce length scales that are such that the Rossby number is small. However,
there is in fact a powerful and ubiquitous process whereby a fluid in an initially unbalanced state
naturally evolves toward a state of geostrophic balance, namely geostrophic adjustment. This pro-
cess occurs quite generally in rotating fluids, whether stratified or not. To pose the problem in a
simple form we consider the free evolution of a single shallow layer of fluid whose initial state is
manifestly unbalanced, and we suppose that surface displacements are small so that the evolution
of the system is described by the linearized shallow equations of motion. These are

𝜕𝒖
𝜕𝑡
+ 𝒇 × 𝒖 = −𝑔∇𝜂, 𝜕𝜂

𝜕𝑡
+ 𝐻∇ ⋅ 𝒖 = 0, (3.136a,b)

where 𝜂 is the free surface displacement and𝐻 is the mean fluid depth, and we omit the primes on
the linearized variables.

3.9.1 Non-rotating Flow
We consider first the non-rotating problem set, with little loss of generality, in one dimension. We
suppose that initially the fluid is at rest but with a simple discontinuity in the height field so that

𝜂(𝑥, 𝑡 = 0) = {+𝜂0 𝑥 < 0
−𝜂0 𝑥 > 0,

� (3.137)

and 𝑢(𝑥, 𝑡 = 0) = 0 everywhere. We can realize these initial conditions physically by separating
two fluid masses of different depths by a thin dividing wall, and then quickly removing the wall.
What is the subsequent evolution of the fluid? The general solution to the linear problem is given
by (3.115) where the functional form is determined by the initial conditions so that here

𝐹(𝑥) = 𝜂(𝑥, 𝑡 = 0) = −𝜂0 sgn(𝑥). (3.138)
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Fig. 3.9 The time development of an initial ‘top
hat’ height disturbance, with zero initial velocity,
in non-rotating flow. Fronts propagate in both
directions, and the velocity is non-zero between
fronts, but ultimately the disturbances are radi-
ated away to infinity, and the fluid is left at rest
with zero perturbation height.

�

�

�

Perturbation height

Equation (3.115) states that this initial pattern is propagated to the right and to the left. That is,
two discontinuities in fluid height move to the right and left at a speed 𝑐 = √𝑔𝐻. Specifically, the
solution is

𝜂(𝑥, 𝑡) = −1
2
𝜂0[sgn(𝑥 + 𝑐𝑡) + sgn(𝑥 − 𝑐𝑡)]. (3.139)

The initial conditions may be much more complex than a simple front, but, because the waves are
dispersionless, the solution is still simply a sum of the translation of those initial conditions to the
right and to the left at speed 𝑐. The velocity field in this class of problem is obtained from

𝜕𝑢
𝜕𝑡
= −𝑔𝜕𝜂
𝜕𝑥
, (3.140)

which gives, using (3.115),
𝑢 = − 𝑔
2𝑐
[𝐹(𝑥 + 𝑐𝑡) − 𝐹(𝑥 − 𝑐𝑡)]. (3.141)

Consider the case with initial conditions given by (3.137). At a given location, away from
the initial disturbance, the fluid remains at rest and undisturbed until the front arrives. After the
front has passed, the fluid surface is again undisturbed and the velocity is uniform and non-zero.
Specifically:

𝜂 = {−𝜂0sgn(𝑥)0
� 𝑢 = {0 |𝑥| > 𝑐𝑡

(𝜂0𝑔/𝑐) |𝑥| < 𝑐𝑡.
� (3.142)

The solution with ‘top-hat’ initial conditions in the height field, and zero initial velocity, is a
superposition of two discontinuities similar to (3.142) and is illustrated in Fig. 3.9. Two fronts
propagate in either direction from each discontinuity and, in this case, the final velocity, as well as
the fluid displacement, is zero after all the fronts have passed. That is, the disturbance is radiated
completely away.

3.9.2 Rotating Flow
Rotation makes a profound difference to the adjustment problem of the shallow water system,
because a steady, adjusted, solution can exist with non-zero gradients in the height field — the



3.9 Geostrophic Adjustment 129

associated pressure gradients being balanced by the Coriolis force — and potential vorticity con-
servation provides a powerful constraint on the fluid evolution.8 In a rotating shallow fluid that
conservation is represented by

𝜕𝑄
𝜕𝑡
+ 𝒖 ⋅ ∇𝑄 = 0, (3.143)

where 𝑄 = (𝜁 + 𝑓)/ℎ. In the linear case with constant Coriolis parameter, (3.143) becomes

𝜕𝑞
𝜕𝑡
= 0, 𝑞 = (𝜁 − 𝑓0

𝜂
𝐻
) . (3.144)

This equationmay be obtained either from the linearized velocity andmass conservation equations,
(3.136), or from (3.143) directly. In the latter case, we write

𝑄 = 𝜁 + 𝑓0
𝐻 + 𝜂
≈ 1
𝐻
(𝜁 + 𝑓0) (1 −

𝜂
𝐻
) ≈ 1
𝐻
(𝑓0 + 𝜁 − 𝑓0

𝜂
𝐻
) = 𝑓0
𝐻
+ 𝑞
𝐻
, (3.145)

having used 𝑓0 ≫ |𝜁| and𝐻 ≫ |𝜂|. The term 𝑓0/𝐻 is a constant and so dynamically unimportant,
as is the 𝐻−1 factor multiplying 𝑞. Further, the advective term 𝒖 ⋅ ∇𝑄 becomes 𝒖 ⋅ ∇𝑞, and this
is second order in perturbed quantities and so is neglected. Thus, making these approximations,
(3.143) reduces to (3.144). The potential vorticity field is therefore fixed in space! Of course, this
was also true in the non-rotating case where the fluid is initially at rest. Then 𝑞 = 𝜁 = 0 and
the fluid remains irrotational throughout the subsequent evolution of the flow. However, this is
rather a weak constraint on the subsequent evolution of the fluid; it does nothing, for example,
to prevent the conversion of all the potential energy to kinetic energy. In the rotating case the
potential vorticity is non-zero, and potential vorticity conservation and geostrophic balance are all
we need to infer the final steady state, assuming it exists, without solving for the details of the flow
evolution, as we now see.

With an initial condition for the height field given by (3.137), the initial potential vorticity is
given by

𝑞(𝑥, 𝑦) = {−𝑓0𝜂0/𝐻 𝑥 < 0
𝑓0𝜂0/𝐻 𝑥 > 0,

� (3.146)

and this remains unchanged throughout the adjustment process. The final steady state is then the
solution of the equations

𝜁 − 𝑓0
𝜂
𝐻
= 𝑞(𝑥, 𝑦), 𝑓0𝑢 = −𝑔

𝜕𝜂
𝜕𝑦
, 𝑓0𝑣 = 𝑔

𝜕𝜂
𝜕𝑥
, (3.147a,b,c)

where 𝜁 = 𝜕𝑣/𝜕𝑥 − 𝜕𝑢/𝜕𝑦. Because the Coriolis parameter is constant, the velocity field is hori-
zontally non-divergent and we may define a streamfunction 𝜓 = 𝑔𝜂/𝑓0. Equations (3.147) then
reduce to

(∇2 − 1
𝐿2𝑑
)𝜓 = 𝑞(𝑥, 𝑦), (3.148)

where 𝐿𝑑 = √𝑔𝐻/𝑓0 is known as the Rossby radius of deformation or often just the ‘deformation
radius’ or the ‘Rossby radius’. It is a naturally occurring length scale in problems involving both
rotation and gravity, and arises in a slightly different form in stratified fluids.

The initial conditions (3.146) admit of a nice analytic solution, for the flowwill remain uniform
in 𝑦, and (3.148) reduces to

𝜕2𝜓
𝜕𝑥2
− 1
𝐿2𝑑
𝜓 = 𝑓0𝜂0
𝐻

sgn(𝑥). (3.149)
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Fig. 3.10 Solutions of a linear geo-
strophic adjustment problem. (a) Initial
height field, given by (3.137) with 𝜂0 =
1. (b) Equilibrium (final) height field, 𝜂
given by (3.150) and 𝜂 = 𝑓0𝜓/𝑔. (c) Equi-
librium geostrophic velocity, normal to
the gradient of height field, given by
(3.151). (d) Potential vorticity, given by
(3.146), and this does not evolve.
The distance, 𝑥 is nondimensionalized
by the deformation radius 𝐿𝑑 and the ve-
locity by 𝜂0(𝑔/𝑓0𝐿𝑑). Changes to the ini-
tial state occurwithin𝒪(𝐿𝑑) of the initial
discontinuity.

(a)

(b)

(c)

(d)

We solve this separately for 𝑥 > 0 and 𝑥 < 0 and thenmatch the solutions and their first derivatives
at 𝑥 = 0, also imposing the condition that the velocity decays to zero as 𝑥 → ±∞. The solution is

𝜓 = {−(𝑔𝜂0/𝑓0)(1 − e
−𝑥/𝐿𝑑) 𝑥 > 0

+(𝑔𝜂0/𝑓0)(1 − e𝑥/𝐿𝑑) 𝑥 < 0.
� (3.150)

The velocity field associated with this is obtained from (3.147b,c), and is

𝑢 = 0, 𝑣 = − 𝑔𝜂0
𝑓0𝐿𝑑

e−|𝑥|/𝐿𝑑 . (3.151)

The velocity is perpendicular to the slope of the free surface, and a jet forms along the initial dis-
continuity, as illustrated in Fig. 3.10.

The important point of this problem is that the variations in the height and field are not ra-
diated away to infinity, as in the non-rotating problem. Rather, potential vorticity conservation
constrains the influence of the adjustment to within a deformation radius (we see now why this
name is appropriate) of the initial disturbance. This property is a general one in geostrophic ad-
justment — it also arises if the initial condition consists of a velocity jump.

A snapshot of the time evolution of flow, obtained by a numerical integration of the shallow
water equations for both rotating and non-rotating flow, is illustrated in Fig. 3.11. The initial con-
ditions are a jump in the height field, as in Fig. 3.10. Fronts propagate away at a speed √𝑔𝐻 = 1
in both cases, but in the rotating flow they leave behind a geostrophically balanced state with a
non-zero meridional velocity.

3.9.3 ♦ Energetics of Adjustment

How much of the initial potential energy of the flow is lost to infinity by gravity wave radiation,
and how much is converted to kinetic energy? The linear equations (3.136) lead to

1
2
𝜕
𝜕𝑡
(𝐻𝒖2 + 𝑔𝜂2) + 𝑔𝐻∇ ⋅ (𝒖𝜂) = 0, (3.152)
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Fig. 3.11 The solutions of the shallow water equations obtained by numerically integrating the equations
of motion with and without rotation. The panels show snapshots of the state of the fluid (solid lines) soon
after being released from a stationary initial state (red dashed lines) with a height discontinuity. The rotat-
ing flow is evolving toward an end state similar to Fig. 3.10 whereas the non-rotating flow will eventually
become stationary. In the non-rotating case 𝐿𝑑 is defined using the rotating parameters.9

so that energy conservation holds in the form

𝐸 = 1
2
∫(𝐻𝒖2 + 𝑔𝜂2)d𝒙, d𝐸

d𝑡
= 0, (3.153)

provided the integral of the divergence term vanishes, as it normally will in a closed domain. The
fluid has a non-zero potential energy, (1/2) ∫∞−∞ 𝑔𝜂

2 d𝑥, if there are variations in fluid height, and
with the initial conditions (3.137) the initial potential energy is

𝑃𝐸𝐼 = ∫
∞

0
𝑔𝜂20 d𝑥. (3.154)

This is nominally infinite if the fluid has no boundaries, and the initial potential energy density is
𝑔𝜂20/2 everywhere.

In the non-rotating case, and with initial conditions (3.137), after the front has passed, the po-
tential energy density is zero and the kinetic energy density is𝐻𝑢2/2 = 𝑔𝜂20/2, using (3.142) and
𝑐2 = 𝑔𝐻. Thus, all the potential energy is locally converted to kinetic energy as the front passes,
and eventually the kinetic energy is distributed uniformly along the line. In the case illustrated
in Fig. 3.9, the potential energy and kinetic energy are both radiated away from the initial distur-
bance. (Note that although we can superpose the solutions from different initial conditions, we
cannot superpose their potential and kinetic energies.) The general point is that the evolution of
the disturbance is not confined to its initial location.

In contrast, in the rotating case the conversion from potential to kinetic energy is largely con-
fined to within a deformation radius of the initial disturbance, and at locations far from the initial
disturbance the initial state is essentially unaltered. The conservation of potential vorticity has pre-
vented the complete conversion of potential energy to kinetic energy, a result that is not sensitive
to the precise form of the initial conditions.
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In fact, in the rotating case, some of the initial potential energy is converted to kinetic energy,
some remains as potential energy and some is lost to infinity; let us calculate these amounts. The
final potential energy, after adjustment, is, using (3.150),

𝑃𝐸𝐹 =
1
2
𝑔𝜂20 [∫

∞

0
(1 − e−𝑥/𝐿𝑑)2 d𝑥 + ∫

0

−∞
(1 − e𝑥/𝐿𝑑)2 d𝑥] . (3.155)

This is nominally infinite, but the change in potential energy is finite and is given by

𝑃𝐸𝐼 − 𝑃𝐸𝐹 = 𝑔𝜂20 ∫
∞

0
(2e−𝑥/𝐿𝑑 − e−2𝑥/𝐿𝑑)d𝑥 = 3

2
𝑔𝜂20𝐿𝑑. (3.156)

The initial kinetic energy is zero, because the fluid is at rest, and its final value is, using (3.151),

𝐾𝐸𝐹 =
1
2
𝐻∫𝒖2 d𝑥 = 𝐻( 𝑔𝜂0

𝑓𝐿𝑑
)
2
∫
∞

0
e−2𝑥/𝐿𝑑 d𝑥 = 𝑔𝜂

2
0𝐿𝑑
2
. (3.157)

Thus one-third of the difference between the initial and final potential energies is converted to
kinetic energy, and this is trapped within a distance of the order of a deformation radius of the
disturbance; the remainder, an amount 𝑔𝐿𝑑𝜂20 is radiated away and lost to infinity. In any finite
region surrounding the initial discontinuity the final energy is less than the initial energy.

3.9.4 ♦ General Initial Conditions
Because of the linearity of the (linear) adjustment problem a spectral viewpoint is useful, in which
the fields are represented as the sum or integral of non-interacting Fourier modes. For example,
suppose that the height field of the initial disturbance is a two-dimensional field given by

𝜂(0) = ∬𝜂𝑘,𝑙(0)ei(𝑘𝑥+𝑙𝑦) d𝑘d𝑙, (3.158)

where the Fourier coefficients 𝜂𝑘,𝑙(0) are given, and the initial velocity field is zero. Then the initial
(and final) potential vorticity field is given by

𝑞 = −𝑓0
𝐻
∬𝜂𝑘,𝑙(0)ei(𝑘𝑥+𝑙𝑦) d𝑘d𝑙. (3.159)

To obtain an expression for the final height and velocity fields, we express the potential vorticity
field as

𝑞 = ∬𝑞𝑘,𝑙 d𝑘 d𝑙. (3.160)

The potential vorticity field does not evolve, and it is related to the initial height field by

𝑞𝑘,𝑙 = −
𝑓0
𝐻
𝜂𝑘,𝑙(0). (3.161)

In the final, geostrophically balanced state, the potential vorticity is related to the height field by

𝑞 = 𝑔
𝑓0
∇2𝜂 − 𝑓0
𝐻
𝜂 and 𝑞𝑘,𝑙 = (−

𝑔
𝑓0
𝐾2 − 𝑓0
𝐻
)𝜂𝑘,𝑙, (3.162a,b)

where 𝐾2 = 𝑘2 + 𝑙2. Using (3.161) and (3.162), the Fourier components of the final height field
satisfy

(− 𝑔
𝑓0
𝐾2 − 𝑓0
𝐻
)𝜂𝑘,𝑙 = −

𝑓0
𝐻
𝜂𝑘,𝑙(0) (3.163)
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or
𝜂𝑘,𝑙 =
𝜂𝑘,𝑙(0)
𝐾2𝐿2𝑑 + 1

. (3.164)

In physical space the final height field is just the spectral integral of this, namely

𝜂 = ∬𝜂𝑘,𝑙ei(𝑘𝑥+𝑙𝑦) d𝑘d𝑙 = ∬ 𝜂𝑘,𝑙(0)e
i(𝑘𝑥+𝑙𝑦)

𝐾2𝐿2𝑑 + 1
d𝑘 d𝑙. (3.165)

We see that at large scales (𝐾2𝐿2𝑑 ≪ 1) 𝜂𝑘,𝑙 is almost unchanged from its initial state; the velocity
field, which is then determined by geostrophic balance, thus adjusts to the pre-existing height field.
At large scales most of the energy in geostrophically balanced flow is potential energy; thus, it is
energetically easier for the velocity to change to come into balance with the height field than vice
versa. At small scales, however, the final height field has much less variability than it did initially.

Conversely, at small scales the height field adjusts to the velocity field. To see this, let us suppose
that the initial conditions contain vorticity but have zero height displacement. Specifically, if the
initial vorticity is ∇2𝜓(0), where 𝜓(0) is the initial streamfunction, then it is straightforward to
show that the final streamfunction is given by

𝜓 = ∬�̃�𝑘,𝑙ei(𝑘𝑥+𝑙𝑦) d𝑘d𝑙 = ∬ 𝐾
2𝐿2𝑑�̃�𝑘,𝑙(0)ei(𝑘𝑥+𝑙𝑦)

𝐾2𝐿2𝑑 + 1
d𝑘 d𝑙. (3.166)

The final height field is then obtained from this, via geostrophic balance, by 𝜂 = (𝑓0/𝑔)𝜓. Evidently,
for small scales (𝐾2𝐿2𝑑 ≫ 1) the streamfunction, and hence the vortical component of the velocity
field, are almost unaltered from their initial values. On the other hand, at large scales the final
streamfunction has much less variability than it does initially, and so the height field is largely
governed by whatever variation it (and not the velocity field) had initially. In general, the final
state is a superposition of the states given by (3.165) and (3.166). The divergent component of the
initial velocity field does not affect the final state because it has no potential vorticity, and so all of
the associated energy is eventually lost to infinity.

Finally, we remark that just as in the problem with a discontinuous initial height profile, the
change in total energy during adjustment is negative — this can be seen from the form of the
integrals above, although we leave the specifics as a problem to the reader. That is, some of the
initial potential and kinetic energy is lost to infinity, but some is trapped by the potential vorticity
constraint.

3.9.5 A Variational Perspective
In the non-rotating problem, all of the initial potential energy is eventually radiated away to infinity.
In the rotating problem, the final state contains both potential and kinetic energy. Why is the
energy not all radiated away to infinity? It is because potential vorticity conservation on parcels
prevents all of the energy being dispersed. This suggests that it may be informative to think of
the geostrophic adjustment problem as a variational problem: we seek to minimize the energy
consistent with the conservation of potential vorticity. We stay in the linear approximation in
which, because the advection of potential vorticity is neglected, potential vorticity remains constant
at each point.

The energy of the flow is given by the sum of potential and kinetic energies, namely

energy = ∫(𝐻𝒖2 + 𝑔𝜂2)d𝐴, (3.167)

(where d𝐴 ≡ d𝑥 d𝑦) and the potential vorticity field is

𝑞 = 𝜁 − 𝑓0
𝜂
𝐻
= (𝑣𝑥 − 𝑢𝑦) − 𝑓0

𝜂
𝐻
, (3.168)
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where the subscripts 𝑥, 𝑦 denote derivatives. The problem is then to extremize the energy subject
to potential vorticity conservation. This is a constrained problem in the calculus of variations,
sometimes called an isoperimetricproblembecause of its origins inmaximizing the area of a surface
for a given perimeter.10 The mathematical problem is to extremize the integral

𝐼 = ∫ {𝐻(𝑢2 + 𝑣2) + 𝑔𝜂2 + 𝜆(𝑥, 𝑦)[ �(𝑣𝑥 − 𝑢𝑦) − 𝑓0𝜂/𝐻]�} d𝐴, (3.169)

where 𝜆(𝑥, 𝑦) is a Lagrange multiplier, undetermined at this stage. It is a function of space: if it
were a constant, the integral would merely extremize energy subject to a given integral of potential
vorticity, and rearrangements of potential vorticity (which here we wish to disallow) would leave
the integral unaltered.

As there are three independent variables there are three Euler–Lagrange equations that must
be solved in order to minimize 𝐼. These are

𝜕𝐿
𝜕𝜂
− 𝜕
𝜕𝑥
𝜕𝐿
𝜕𝜂𝑥
− 𝜕
𝜕𝑦
𝜕𝐿
𝜕𝜂𝑦
= 0,

𝜕𝐿
𝜕𝑢
− 𝜕
𝜕𝑥
𝜕𝐿
𝜕𝑢𝑥
− 𝜕
𝜕𝑦
𝜕𝐿
𝜕𝑢𝑦
= 0, 𝜕𝐿

𝜕𝑣
− 𝜕
𝜕𝑥
𝜕𝐿
𝜕𝑣𝑥
− 𝜕
𝜕𝑦
𝜕𝐿
𝜕𝑣𝑦
= 0,

(3.170)

where 𝐿 is the integrand on the right-hand side of (3.169). Substituting the expression for 𝐿 into
(3.170) gives, after a little algebra,

2𝑔𝜂 − 𝜆𝑓0
𝐻
= 0, 2𝐻𝑢 + 𝜕𝜆

𝜕𝑦
= 0, 2𝐻𝑣 − 𝜕𝜆

𝜕𝑥
= 0, (3.171)

and then eliminating 𝜆 gives the simple relationships

𝑢 = − 𝑔
𝑓0
𝜕𝜂
𝜕𝑦
, 𝑣 = 𝑔

𝑓0
𝜕𝜂
𝜕𝑥
, (3.172)

which are the equations of geostrophic balance. Thus, in the linear approximation, geostrophic
balance is the minimum energy state for a given field of potential vorticity.

3.10 ISENTROPIC COORDINATES
We now return to the continuously stratified primitive equations, and consider the use of poten-
tial density as a vertical coordinate. In practice this means using potential temperature in the
atmosphere and (for simple equations of state) buoyancy in the ocean; such coordinate systems
are generically called isentropic coordinates, and sometimes isopycnal coordinates if density is used.
This may seem an odd thing to do but for adiabatic flow the resulting equations of motion have an
attractive form that aids the interpretation of large-scale flow. The thermodynamic equation be-
comes a statement for the conservation of the mass of fluid with a given value of potential density
and, because the flow of both the atmosphere and the ocean is largely along isentropic surfaces, the
momentum and vorticity equations have a quasi-two-dimensional form.

The particular choice of vertical coordinate is determined by the form of the thermodynamic
equation in the equation-set at hand; thus, if the thermodynamic equation is D𝜃/D𝑡 = ̇𝜃, we
transform the equations from (𝑥, 𝑦, 𝑧) coordinates to (𝑥, 𝑦, 𝜃) coordinates. The material derivative
in this coordinate system is

D
D𝑡
= 𝜕
𝜕𝑡
+ 𝑢( 𝜕
𝜕𝑥
)
𝜃
+ 𝑣( 𝜕
𝜕𝑦
)
𝜃
+ D𝜃

D𝑡
𝜕
𝜕𝜃
= 𝜕
𝜕𝑡
+ 𝒖 ⋅ ∇𝜃 + ̇𝜃

𝜕
𝜕𝜃
, (3.173)

where the last term on the right-hand side is zero for adiabatic flow.
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3.10.1 A Hydrostatic Boussinesq Fluid

In the simple Boussinesq equations (see the table on page 74) the buoyancy is the relevant thermo-
dynamic variable. With hydrostatic balance the horizontal and vertical momentum equations are,
in height coordinates,

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −∇𝜙, 𝑏 = 𝜕𝜙

𝜕𝑧
, (3.174)

where 𝑏 is the buoyancy, the variable analogous to the potential temperature 𝜃 of an ideal gas. The
thermodynamic equation is

D𝑏
D𝑡
= �̇�, (3.175)

and because 𝑏 = −𝑔𝛿𝜌/𝜌0, isentropic coordinates are analogous to isopycnal coordinates.
Using (2.142) the horizontal pressure gradient may be transformed to isentropic coordinates:

(𝜕𝜙
𝜕𝑥
)
𝑧
= (𝜕𝜙
𝜕𝑥
)
𝑏
− (𝜕𝑧
𝜕𝑥
)
𝑏

𝜕𝜙
𝜕𝑧
= (𝜕𝜙
𝜕𝑥
)
𝑏
− 𝑏(𝜕𝑧
𝜕𝑥
)
𝑏
= (𝜕𝑀
𝜕𝑥
)
𝑏
, (3.176)

where
𝑀 ≡ 𝜙 − 𝑧𝑏. (3.177)

Thus, the horizontal momentum equation becomes

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −∇𝑏𝑀. (3.178)

where the material derivative is given by (3.173), with 𝑏 replacing 𝜃. Using (3.177) the hydrostatic
equation becomes

𝜕𝑀
𝜕𝑏
= −𝑧. (3.179)

The mass continuity equation may be derived by noting that for a Boussinesq fluid the mass
element may be written as

𝛿𝑚 = 𝜌0
𝜕𝑧
𝜕𝑏
𝛿𝑏 𝛿𝑥 𝛿𝑦. (3.180)

The mass continuity equation, D𝛿𝑚/D𝑡 = 0, becomes

D
D𝑡
𝜕𝑧
𝜕𝑏
+ 𝜕𝑧
𝜕𝑏
∇3 ⋅ 𝒗 = 0, (3.181)

where ∇3 ⋅ 𝒗 = ∇𝑏 ⋅ 𝒖 + 𝜕�̇�/𝜕𝑏 is the three-dimensional derivative of the velocity in isentropic
coordinates. Equation (3.181) may thus be written

D𝜎
D𝑡
+ 𝜎∇𝑏 ⋅ 𝒖 = −𝜎

𝜕�̇�
𝜕𝑏
, (3.182)

where 𝜎 ≡ 𝜕𝑧/𝜕𝑏 is a measure of the thickness between two isentropic surfaces and the material
derivative is given by (3.173) with 𝜃 replaced by 𝑏. Equations (3.178), (3.179) and (3.182) comprise
a closed set, with dependent variables 𝒖,𝑀 and 𝑧 in the space of independent variables 𝑥, 𝑦 and 𝑏.
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3.10.2 A Hydrostatic Ideal Gas

Deriving the equations of motion for this system requires a little more work than in the Boussinesq
case but the idea is the same. For an ideal gas in hydrostatic balance we have, using (1.110),

𝛿𝜃
𝜃
= 𝛿𝑇
𝑇
− 𝜅𝛿𝑝
𝑝
= 𝛿𝑇
𝑇
+ 𝛿𝛷
𝑐𝑝𝑇
= 1
𝑐𝑝𝑇
𝛿𝑀, (3.183)

where 𝛿𝛷 = 𝑔𝛿𝑧 and𝑀 ≡ 𝑐𝑝𝑇 + 𝛷 is the ‘Montgomery potential’, equal to the dry static energy.
(We use some of the same symbols as in the Boussinesq case to facilitate comparison, but their
meanings are slightly different.) From this

𝜕𝑀
𝜕𝜃
= 𝛱, (3.184)

where 𝛱 ≡ 𝑐𝑝𝑇/𝜃 = 𝑐𝑝(𝑝/𝑝𝑅)𝑅/𝑐𝑝 is the ‘Exner function’. Equation (3.184) represents the hydro-
static relation in isentropic coordinates. Note also that𝑀 = 𝜃𝛱 + 𝛷.

To obtain an appropriate form for the horizontal pressure gradient force first note that, in the
usual height coordinates, it is given by

1
𝜌
∇𝑧𝑝 = 𝜃∇𝑧𝛱, (3.185)

where𝛱 = 𝑐𝑝𝑇/𝜃. Using (2.142) gives

𝜃∇𝑧𝛱 = 𝜃∇𝜃𝛱 −
𝜃
𝑔
𝜕𝛱
𝜕𝑧
∇𝜃𝛷. (3.186)

Then, using the definition of 𝛱 and the hydrostatic approximation to help evaluate the vertical
derivative, we obtain

1
𝜌
∇𝑧𝑝 = 𝑐𝑝∇𝜃𝑇 + ∇𝜃𝛷 = ∇𝜃𝑀. (3.187)

Thus, the horizontal momentum equation is

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −∇𝜃𝑀. (3.188)

Much as in the Boussinesq case, the mass continuity equation may be derived by noting that
the mass element may be written as

𝛿𝑚 = −1
𝑔
𝜕𝑝
𝜕𝜃
𝛿𝜃 𝛿𝑥 𝛿𝑦. (3.189)

The mass continuity equation, D𝛿𝑚/D𝑡 = 0, becomes

D
D𝑡
𝜕𝑝
𝜕𝜃
+ 𝜕𝑝
𝜕𝜃
∇3 ⋅ 𝒗 = 0 or D𝜎

D𝑡
+ 𝜎∇𝜃 ⋅ 𝒖 = −𝜎

𝜕 ̇𝜃
𝜕𝜃
, (3.190a,b)

where now 𝜎 ≡ 𝜕𝑝/𝜕𝜃 is a measure of the (pressure) thickness between two isentropic surfaces.
Equations (3.184), (3.188) and (3.190b) form a closed set, analogous to (3.179), (3.178) and (3.182).
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Initial state Minimum potential energy 

state

Fig. 3.12 If a stably stratified initial state
with sloping isentropes (left) is adiabati-
cally rearranged then the state ofminimum
potential energy has flat isentropes, as on
the right, but the amount of fluid con-
tained between each isentropic surface is
unchanged. Thedifference between the po-
tential energies of the two states is the avail-
able potential energy.

3.10.3 ♦ Analogy to Shallow Water Equations
The equations of motion in isentropic coordinates have an analogy with the shallow water equa-
tions, and we may think of the shallow water equations as a finite-difference representation of the
primitive equations written in isentropic coordinates, or think of the latter as the continuous limit
of the shallow water equations as the number of layers increases. For example, consider a two-
isentropic-level representation of (3.184), (3.188) and (3.190), in which the lower boundary is an
isentrope. A natural finite differencing gives

−𝑀1 = 𝛱0𝛥𝜃0, 𝑀1 −𝑀2 = 𝛱1𝛥𝜃1, (3.191a,b)

where the 𝛥𝜃s are constants, and the momentum equations for each layer become

D𝒖1
D𝑡
+ 𝒇 × 𝒖1 = −𝛥𝜃0∇𝛱0,

D𝒖2
D𝑡
+ 𝒇 × 𝒖2 = −𝛥𝜃0∇𝛱0 − 𝛥𝜃1∇𝛱1. (3.192)

Together with themass continuity equation for each level these are similar to the two-layer shallow
water equations (3.49).

3.11 AVAILABLE POTENTIAL ENERGY
We now revisit the issue of the internal and potential energy in stratified flow, motivated by the
following remarks. In adiabatic, inviscid flow the total amount of energy is conserved, and there
are conversions between internal energy, potential energy and kinetic energy. In an ideal gas the
potential energy and the internal energy of a column extending throughout the atmosphere are in a
constant ratio to each other— their sum is called the total potential energy. In a simple Boussinesq
fluid, energetic conversions involve only the potential and kinetic energy, and not the internal
energy. Yet, plainly, in neither a Boussinesq fluid nor an ideal gas can all the total potential energy
in a fluid be converted to kinetic energy, for then all of the fluid would be adjacent to the ground
and the fluid would have no thickness. Given a state of the atmosphere or ocean, how much of its
total potential energy is available for conversion to kinetic energy? In particular, because energy is
conserved only in adiabatic flow, we may usefully ask: how much potential energy is available for
conversion to kinetic energy under an adiabatic rearrangement of fluid parcels?

Suppose that at any given time the flow is stably stratified, but that the isentropes (or more
generally the surfaces of constant potential density) are sloping, as in Fig. 3.12. The potential en-
ergy of the system would be reduced if the isentropes were flattened, for then heavier fluid would
be moved to lower altitudes, with lighter fluid replacing it at higher altitudes. In an adiabatic re-
arrangement the amount of fluid between the isentropes would remain constant, and a state with
flat isentropes (meaning parallel to the geopotential surfaces) evidently constitutes a state of mini-
mum total potential energy. The difference between the total potential energy of the fluid and the
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Fig. 3.13 An isopycnal surface,
𝑏 = 𝑏, and the constant height
surface, 𝑧 = 𝑧, where 𝑧 is the height
of the isopycnal surface after a
rearrangement to a minimum
potential energy state, equal to
the average height of the isopycnal
surface. The values of 𝑧 on the
isopycnal surface, and of 𝑏 on the
constant height surface, can be
obtained by the Taylor expansions
shown. For an ideal gas in pressure
coordinates, replace 𝑧 by 𝑝 and 𝑏
by 𝜃.

total potential energy after an adiabatic rearrangement to a state in which the isentropic surfaces
are flat is called the available potential energy, or APE.11

3.11.1 A Boussinesq Fluid
The potential energy of a column of a Boussinesq fluid of unit area is given by

𝑃 = −∫
𝐻

0
𝑏𝑧d𝑧 = −∫

𝐻

0

𝑏
2

d𝑧2. (3.193)

and the potential energy of the entire fluid is given by the horizontal integral of this. Theminimum
potential energy of the fluid arises after an adiabatic rearrangement in which the isopycnals are
flattened, and the resulting buoyancy is only a function of 𝑧. The available potential energy is then
the difference between the energy of the initial state and of this minimum state, and to obtain an
approximate expression for this we first integrate (3.193) by parts to give

𝑃 = 1
2
∫
𝑏𝑚

0
𝑧2 d𝑏 − [𝑏𝑧

2

2
]
𝐻

0
= 1
2
∫
𝑏𝑚

0
𝑧2 d𝑏 − 𝑏𝑚𝐻

2

2
, (3.194)

where 𝑏𝑚 is the maximum value of 𝑏 in the domain, and we may formally take the upper boundary
to have this value of 𝑏without affecting the final result. The minimum potential energy state arises
when 𝑧 is a function only of 𝑏, 𝑧 = 𝑍(𝑏) say. Because mass is conserved in the rearrangement, 𝑍
is equal to the horizontally averaged value of 𝑧 on a given isopycnal surface, 𝑧, and the surfaces 𝑧
and 𝑏 thus define each other completely. The average available potential energy, per unit area, is
then given by

APE = 1
2
∫
𝑏𝑚

0
(𝑧2 − 𝑧2)d𝑏 = 1

2
∫
𝑏𝑚

0
𝑧′2 d𝑏, (3.195)

where 𝑧 = 𝑧 + 𝑧′; that is, 𝑧′ is the height variation of an isopycnal surface, and the last term on the
right-hand side of (3.194) has cancelled with an identical term in the expression for the potential
energy of the re-arranged state. The available potential energy is thus proportional to the integral
of the variance of the altitude of such a surface, and it is a positive-definite quantity. To obtain an
expression in 𝑧-coordinates, we express the height variations on an isopycnal surface in terms of
buoyancy variations on a surface of constant height by Taylor-expanding the height about its value
on the isopycnal surface. Referring to Fig. 3.13 this gives

𝑧(𝑏) = 𝑧 + �𝜕𝑧
𝜕𝑏
|
𝑏=𝑏
[𝑏 − 𝑏(𝑧)] = 𝑧 − �𝜕𝑧

𝜕𝑏
|
𝑏=𝑏
𝑏′, (3.196)
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where 𝑏′ = 𝑏(𝑧) − 𝑏 is corresponding buoyancy perturbation on the 𝑧 surface and 𝑏 is the average
value of 𝑏 on the 𝑧 surface. Furthermore, 𝜕𝑧/𝜕𝑏|𝑧=𝑏 ≈ 𝜕𝑧/𝜕𝑏 ≈ (𝜕𝑏/𝜕𝑧)

−1, and (3.196) thus
becomes

𝑧′ = 𝑧(𝑏) − 𝑧 ≈ −𝑏′ (𝜕𝑧
𝜕𝑏
) ≈ − 𝑏

′

(𝜕𝑏/𝜕𝑧)
, (3.197)

where 𝑧′ = 𝑧(𝑏) − 𝑧 is the height perturbation of the isopycnal surface, from its average value.
Using (3.197) in (3.195) we obtain an expression for the APE per unit area, to wit

APE ≈ 1
2
∫
𝐻

0

𝑏′2

𝜕𝑏/𝜕𝑧
d𝑧. (3.198)

The total APE of the fluid is the horizontal integral of the above, and so is proportional to the
variance of the buoyancy on a height surface. We emphasize that APE is not defined for a single
column of fluid, for it depends on the variations of buoyancy over a horizontal surface. Note too
that the derivation neglects the effects of topography; this, and the use of a basic-state stratification,
effectively restrict the use of (3.198) to a single ocean basin, and even for that the approximations
used limit the accuracy of the expressions.

3.11.2 An Ideal Gas
The expression for the APE for an ideal gas is obtained, mutatis mutandis, in the same way as for
a Boussinesq fluid and the trusting reader may skip directly to (3.206). The internal energy of an
ideal gas column of unit area is given by

𝐼 = ∫
∞

0
𝑐𝑣𝑇𝜌d𝑧 = ∫

𝑝𝑠

0

𝑐𝑣
𝑔
𝑇 d𝑝, (3.199)

where 𝑝𝑠 is the surface pressure, and the corresponding potential energy is given by

𝑃 = ∫
∞

0
𝜌𝑔𝑧d𝑧 = ∫

𝑝𝑠

0
𝑧d𝑝 = ∫

∞

0
𝑝d𝑧 = ∫

𝑝𝑠

0

𝑅
𝑔
𝑇 d𝑝. (3.200)

In (3.199) we use hydrostasy, and in (3.200) the equalities make successive use of hydrostasy, an
integration by parts, hydrostasy and the ideal gas relation. Thus, the total potential energy (TPE)
is given by

TPE ≡ 𝐼 + 𝑃 =
𝑐𝑝
𝑔
∫
𝑝𝑠

0
𝑇d𝑝. (3.201)

Using the ideal gas equation of state we can write this as

TPE =
𝑐𝑝
𝑔
∫
𝑝𝑠

0
( 𝑝
𝑝𝑠
)
𝜅
𝜃d𝑝 =

𝑐𝑝𝑝𝑠
𝑔(1 + 𝜅)

∫
∞

0
( 𝑝
𝑝𝑠
)
𝜅+1

d𝜃, (3.202)

after an integration by parts. (We omit a term proportional to 𝑝𝑠𝜃𝑠 that arises in the integration
by parts, because it cancels in a similar fashion to the boundary term in the Boussinesq derivation;
or take 𝜃𝑠 = 0.) The total potential energy of the entire fluid is equal to a horizontal integral of
(3.202). The minimum total potential energy arises when the pressure in (3.202) is a function only
of 𝜃, 𝑝 = 𝑃(𝜃), where by conservation of mass 𝑃 is the average value of the original pressure on the
isentropic surface, 𝑃 = 𝑝. The average available potential energy per unit area is then given by the
difference between the initial state and this minimum, namely

APE =
𝑐𝑝𝑝𝑠
𝑔(1 + 𝜅)

∫
∞

0
[( 𝑝
𝑝𝑠
)
𝜅+1
− ( 𝑝
𝑝𝑠
)
𝜅+1
] d𝜃, (3.203)
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which is a positive-definite quantity. A useful approximation to this is obtained by expressing the
right-hand side in terms of the variance of the potential temperature on a pressure surface. We
first use the binomial expansion to expand 𝑝𝜅+1 = (𝑝+𝑝′)𝜅+1. Neglecting third- and higher-order
terms (3.203) becomes

APE =
𝑅𝑝𝑠
2𝑔
∫
∞

0
( 𝑝
𝑝𝑠
)
𝜅+1
(𝑝
′

𝑝
)
2
d𝜃. (3.204)

The variable 𝑝′ = 𝑝(𝜃) − 𝑝 is a pressure perturbation on an isentropic surface, and is related to the
potential temperature perturbation on an isobaric surface by [cf. (3.197)]

𝑝′ ≈ −𝜃′ 𝜕𝑝
𝜕𝜃
≈ − 𝜃

′

𝜕𝜃/𝜕𝑝
, (3.205)

where 𝜃′ = 𝜃(𝑝) − 𝜃(𝑝) is the potential temperature perturbation on the 𝑝 surface. Using (3.205)
in (3.204) we finally obtain

APE =
𝑅𝑝−𝜅𝑠
2
∫
𝑝𝑠

0
𝑝𝜅−1 (−𝑔 𝜕𝜃

𝜕𝑝
)
−1
𝜃′2 d𝑝. (3.206)

The APE is thus proportional to the variance of the potential temperature on the pressure surface
or, from (3.204), proportional to the variance of the pressure on an isentropic surface.

3.11.3 Use and Interpretation

The potential energy of a fluid is reduced when the dynamics acts to flatten the isentropes. Con-
sider, for example, Earth’s atmosphere, with isentropes sloping upwards toward the pole (as in the
left panel of Fig. 3.12 with the pole on the right). Flattening these isentropes amounts to a sinking
of dense air and a rising of light air, and this reduction of potential energy leads to a corresponding
production of kinetic energy. Thus, if the dynamics is such as to reduce the temperature gradient
between equator and pole by flattening the isentropes then APE is converted to KE by that process.
A statistically steady state is achieved because the heating from the Sun continually acts to restore
the horizontal temperature gradient between equator and pole, thus replenishing the pool of APE,
and to this extent the large-scale atmospheric circulation acts like a heat engine.

It is a useful exercise to calculate the total potential energy, the available potential energy and
the kinetic energy of atmosphere and the ocean. One finds

TPE ≫ APE > KE (3.207)

with, very approximately, TPE ∼ 100APE and APE ∼ 10KE. The first inequality should not
surprise us (as it was this that led us to define APE in the first instance), but the second inequality
is not obvious (and in fact the ratio is larger in the ocean). It is related to the fact that the instabilities
of the atmosphere and ocean occur at a scale smaller than the size of the domain, and are unable to
release all the potential energy that might be available. Understanding this more fully is the topic
of Chapters 9 and 12.
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Notes
1 The algorithm to solve these equations numerically differs from that of the free-surface shallow

water equations because the mass conservation equation can no longer be stepped forward in
time. Rather, an elliptic equation for 𝑝lid must be derived by eliminating time derivatives between
(3.21) using (3.20), and this is then solved at each timestep.

2 This correspondence was known to Matsuno (1966). Gill & Clarke (1974), McCreary (1985) and
others also provide derivations of various kinds.

3 Chelton et al. (1998), who also provide maps of the first deformation radius and related quantities
for the world’s oceans.

4 After Margules (1903). Margules sought to relate the energy of fronts to their slope. In this same
paper the notion of available potential energy arose.

5 ‘Form stress’ is an expression derived from ‘formdrag’, an expression commonly used in aerodynam-
ics. In aerodynamics, form drag is the force due to the pressure difference between the front and
rear of an object, or any other ‘form’, moving through a fluid. Aerodynamic form drag may, albeit
uncommonly, also include frictional effects between the wind and the surface itself.

6 (Jules) Henri Poincaré (1854–1912) was a prodigious French mathematician, physicist and phil-
osopher, certainly one of the greatest mathematicians living at the turn of the twentieth century.
He is remembered for his original work in (among other things) algebra, topology, dynamical sys-
tems and celestial mechanics, obtaining many results in what would be called nonlinear dynamics
and chaos when these fields re-emerged some 60 years later — the notion of ‘sensitive dependence
on initial conditions’, for example, is present in his work. He obtained a number of the results of
special relativity independently of Einstein, and worked on the theory of rotating fluids — hence
the Poincaré waves of this chapter. He also wrote extensively and successfully for the general public
on the meaning, importance and philosophy of science. Among other things he discussed whether
scientific knowledge was an arbitrary convention, a notion that remains discussed and controver-
sial to this day. (His answer: ‘convention’, in part, yes; ‘arbitrary’, no.) He was a proponent of the role
of intuition in mathematical and scientific progress, and did not believe that mathematics could
ever be wholly reduced to pure logic.

7 Thomson (1869). William Thompson later became Lord Kelvin.

8 As was considered by Rossby (1938).

9 The code (available from the author’s web site) will also reproduce Fig. 3.9.

10 An introduction to variational problems may be found in Weinstock (1952) and a number of other
textbooks. Applications tomany traditional problems inmechanics are discussedby Lanczos (1970).

11 Margules (1903) introduced the concept of potential energy that is available for conversion to kin-
etic energy, Lorenz (1955) clarified its meaning and derived useful, approximate formulae for its
computation, and there has since been a host of papers on the subject. Thus, for example, Shep-
herd (1993) showed that the APE is just the non-kinetic part of the pseudoenergy, Huang (1998)
looked at some of the limitations of the approximate expressions in an oceanic context, and on the
atmospheric side Pauluis (2007) looked at the effects of moisture.

In addition to his formulation of available potential energy, Edward Lorenz (1917–2008) made enor-
mous contributions to the atmospheric sciences over the course of a long career spent almost en-
tirely at MIT. He is perhaps most famous for being one of the modern founders of chaos theory as
it emerged in the 1960s, and his paper Deterministic non-periodic flow, published in the Journal of
the Atmospheric Sciences in 1963, was not only a watershed in meteorology but it changed the way
we think about irregular systems — see also the endnotes on page 443. Lorenz also introduced the
idea of empirical orthogonal functions to meteorology and wrote with clarity and insight about
the atmospheric general circulation in a monograph in 1967.

In common with a number of meteorologists of his generation (Eric Eady was another), Lorenz was
first educated in mathematics and then, because of World War II, was trained as a weather fore-
caster. After the war he moved to MIT in 1946 for a PhD, and in 1953 was hired on the MIT faculty,
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apparently on Jule Charney’s recommendation, and stayed there for the rest of his career. An avid
hiker who often spent summers in the mountains at ncar in Boulder, he was a quiet, modest man
with nothing to be modest about. See Palmer (2009) and Emanuel (2011) for longer biographical
memoirs.



Strange as it may sound, the power of mathematics rests on its evasion of all
unnecessary thought and on its wonderful saving of mental operations.
Ernst Mach (1838–1916), quoted in Bell (1937).

CHAPTER 4

Vorticity and Potential Vorticity

V orticity and potential vorticity both play a central role in geophysical fluid dynamics,
especially in the dynamics of the large scale circulation. In this chapter we define and
discuss these quantities and deduce some of their dynamical properties and effects. Along

thewaywewill come acrossKelvin’s circulation theorem, one of themost fundamental conservation
laws in all of fluid mechanics, to which the conservation of potential vorticity is intimately tied.

4.1 VORTICITY AND CIRCULATION
4.1.1 Preliminaries
Vorticity, 𝝎, is defined to be the curl of velocity and so is given by

𝝎 ≡ ∇ × 𝒗. (4.1)

Circulation, 𝐶, is defined to be the integral of velocity around a closed fluid loop and so is given by

𝐶 ≡ ∮𝒗 ⋅ d𝒓 = ∫
𝑆
𝝎 ⋅ d𝑺, (4.2)

where the second expression uses Stokes’ theorem and 𝑆 is any surface bounded by the loop. The
circulation around the path is equal to the integral of the normal component of vorticity over any
surface bounded by that path. The circulation is not a field like vorticity and velocity; rather, we
think of the circulation around a particular material line of finite length, and so its value generally
depends on the path chosen. If 𝛿𝑆 is an infinitesimal surface element whose normal points in the
direction of the unit vector �̂�, then

�̂� ⋅ (∇ × 𝒗) = 1
𝛿𝑆
∮
𝛿𝑟
𝒗 ⋅ d𝒓, (4.3)

where the line integral is around the infinitesimal area. Thus at a point the component of vorticity
in the direction of 𝒏 is proportional to the circulation around the surrounding infinitesimal fluid
element, divided by the elemental area bounded by the path of the integral. A heuristic test for
the presence of vorticity is to imagine a small paddle wheel in the flow; the paddle wheel acts as
a ‘circulation-meter’, and rotates if the vorticity is non-zero. Vorticity might seem to be similar
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to angular momentum, in that it is a measure of spin. However, unlike angular momentum, the
value of vorticity at a point does not depend on the particular choice of an axis of rotation; indeed,
the definition of vorticity makes no reference at all to an axis of rotation or to a coordinate system.
Rather, vorticity is a measure of the local spin of a fluid element.

4.1.2 Simple Axisymmetric Examples
Consider axisymmetric motion in two dimensions, so that the flow is confined to a plane. We use
cylindrical coordinates (𝑟, 𝜙, 𝑧), where 𝑧 is the direction perpendicular to the plane, with velocity
components (𝑢𝑟, 𝑢𝜙, 𝑢𝑧). For axisymmetric flow 𝑢𝑧 = 𝑢𝑟 = 0 but 𝑢𝜙 ≠ 0. The following two
examples are quite instructive. (A third example that the reader may wish to consider is solid body
rotation on a sphere, which has a vorticity gradient in latitude.)

Rigid body motion
For a body in rigid body rotation, the velocity distribution is given by

𝑢𝜙 = 𝛺𝑟, (4.4)

where𝛺 is the angular velocity of the fluid and 𝑟 is the distance from the axis of rotation. Associated
with this rotation is a vorticity given by

𝝎 = ∇ × 𝒗 = 𝜔𝑧𝐤, (4.5)

where
𝜔𝑧 = 1
𝑟
𝜕
𝜕𝑟
(𝑟𝑢𝜙) = 1

𝑟
𝜕
𝜕𝑟
(𝑟2𝛺) = 2𝛺. (4.6)

The vorticity of a fluid in solid body rotation is thus twice the angular velocity of the fluid about
the axis of rotation, and is pointed in a direction orthogonal to the plane of rotation.

The ‘𝑣𝑟’ vortex
This vortex is so-called because the tangential velocity (historically denoted by ‘𝑣’ in this context)
is such that the product 𝑣𝑟 is constant. In our notation we would have

𝑢𝜙 = 𝐾
𝑟
, (4.7)

where 𝐾 is a constant determining the vortex strength. Evaluating the 𝑧-component of vorticity
gives

𝜔𝑧 = 1
𝑟
𝜕
𝜕𝑟
(𝑟𝑢𝜙) = 1

𝑟
𝜕
𝜕𝑟
(𝑟𝐾
𝑟
) = 0, (4.8)

except where 𝑟 = 0, at which the expression is singular and the vorticity is infinite. Our paddle
wheel rotates when placed at the vortex center, but, less obviously, does not if placed elsewhere.

The circulation around a circle that encloses the origin is given by

𝐶 = ∮ 𝐾
𝑟
𝑟 d𝜙 = 2π𝐾. (4.9)

This does not depend on the radius, and so it is true even as the radius tends to zero. Since the
vorticity is the circulation divided by the area, the vorticity at the origin must be infinite. Consider
now an integration path that does not enclose the origin, for example the contour A–B–C–D–A
in Fig. 4.1. Over the segments A–B and C–D the velocity is orthogonal to the contour, and so the
contribution is zero. Over B–C and D–A we have

𝐶BC =
𝐾
𝑟2
𝜙𝑟2 = 𝐾𝜙, 𝐶DA = −

𝐾
𝑟1
𝜙𝑟1 = −𝐾𝜙. (4.10)
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Fig. 4.1 Evaluation of circulation in the axisymmetric 𝑣𝑟 vor-
tex. The circulation around the path 𝐴–𝐵–𝐶–𝐷 is zero. This
result does not depend on the radii 𝑟1 or 𝑟2 or the angle 𝜙, and
the circulation around any infinitesimal path not enclosing the
origin is zero. Thus the vorticity is zero everywhere except at
the origin.

Adding these two expressions we see that the net circulation around the contour 𝐶ABCDA is zero.
If we shrink the integration path to an infinitesimal size then, within the path, by Stokes’ theorem,
the vorticity is zero. We can of course place the path anywhere we wish, except surrounding the
origin, and obtain this result. Thus the vorticity is everywhere zero, except at the origin.

4.2 THE VORTICITY EQUATION
Using the vector identity 𝒗 × (∇ × 𝒗) = ∇(𝒗 ⋅ 𝒗)/2 − (𝒗 ⋅ ∇)𝒗, we write the momentum equation as

𝜕𝒗
𝜕𝑡
+ 𝝎 × 𝒗 = −1

𝜌
∇𝑝 − 1
2
∇𝒗2 + 𝑭, (4.11)

where 𝑭 represents viscous and body forces. Taking the curl of (4.11) gives the vorticity equation

𝜕𝝎
𝜕𝑡
+ ∇ × (𝝎 × 𝒗) = 1

𝜌2
(∇𝜌 × ∇𝑝) + ∇ × 𝑭. (4.12)

Now, the vector identity

∇ × (𝒂 × 𝒃) = (𝒃 ⋅ ∇)𝒂 − (𝒂 ⋅ ∇)𝒃 + 𝒂∇ ⋅ 𝒃 − 𝒃∇ ⋅ 𝒂, (4.13)

implies that the second term on the left-hand side of (4.12) may be written as

∇ × (𝝎 × 𝒗) = (𝒗 ⋅ ∇)𝝎 − (𝝎 ⋅ ∇)𝒗 + 𝝎∇ ⋅ 𝒗 − 𝒗∇ ⋅ 𝝎. (4.14)

Because vorticity is the curl of velocity its divergence vanishes, and so (4.12) becomes

𝜕𝝎
𝜕𝑡
+ (𝒗 ⋅ ∇)𝝎 = (𝝎 ⋅ ∇)𝒗 − 𝝎∇ ⋅ 𝒗 + 1

𝜌2
(∇𝜌 × ∇𝑝) + ∇ × 𝑭. (4.15)

The divergence term may be eliminated with the aid of the mass-conservation equation to give

D�̃�
D𝑡
= (�̃� ⋅ ∇)𝒗 + 1

𝜌3
(∇𝜌 × ∇𝑝) + 1

𝜌
∇ × 𝑭, (4.16)

where �̃� ≡ 𝝎/𝜌. We will set 𝑭 = 0 in most of what follows.
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The third term on the right-hand side of (4.15), as well as the second term on the right-hand
side of (4.16), is variously called the baroclinic term, the non-homentropic term, or the solenoidal
term. (A solenoidal vector has no divergence, hence the name.) The solenoidal vector, 𝑺𝑜, is defined
by

𝑺𝑜 ≡
1
𝜌2
∇𝜌 × ∇𝑝 = −∇𝛼 × ∇𝑝. (4.17)

A solenoid is a tube directed perpendicular to both ∇𝛼 and ∇𝑝, with elements of length propor-
tional to ∇𝑝 × ∇𝛼. If the isolines of 𝑝 and 𝛼 are parallel to each other, then solenoids do not exist.
This occurs when the density is a function only of pressure, for then

∇𝜌 × ∇𝑝 = ∇𝜌 × ∇𝜌 d𝑝
d𝜌
= 0. (4.18)

The solenoidal vector may also be written

𝑺𝑜 = −∇𝜂 × ∇𝑇. (4.19)

This follows most easily by first writing the momentum equation in the form 𝜕𝒗/𝜕𝑡 + 𝝎 × 𝒗 =
𝑇∇𝜂 − ∇𝐵, and taking its curl. Evidently the solenoidal term vanishes if: (i) isolines of pressure
and density are parallel; (ii) isolines of temperature and entropy are parallel; (iii) density, entropy,
temperature or pressure are constant. A barotropic fluid has by definition 𝜌 = 𝜌(𝑝) and therefore
no solenoids. A baroclinic fluid is one for which ∇𝑝 is not parallel to ∇𝜌. From (4.16) we see that
the baroclinic term must be balanced by terms involving velocity or its tendency and therefore, in
general, a baroclinic fluid is a moving fluid, even in the presence of viscosity.

For a barotropic fluid the vorticity equation takes the simple form,
D�̃�
D𝑡
= (�̃� ⋅ ∇)𝒗. (4.20)

If the fluid is also incompressible, meaning that ∇ ⋅ 𝒗 = 0, then we have the even simpler form,
D𝝎
D𝑡
= (𝝎 ⋅ ∇)𝒗. (4.21)

When expanded into components, the terms on the right-hand side of (4.20) or (4.21) can be
divided into ‘stretching’ and ‘tipping’ (or ‘tilting’) terms, and we return to that in Section 4.3.1.

An integral conservation property
Consider a single Cartesian component in (4.15). Then, using superscripts to denote components,

𝜕𝜔𝑥
𝜕𝑡
= −𝒗 ⋅ ∇𝜔𝑥 − 𝜔𝑥∇ ⋅ 𝒗 + (𝝎 ⋅ ∇)𝑣𝑥 + 𝑆𝑥𝑜
= −∇ ⋅ (𝒗𝜔𝑥) + ∇ ⋅ (𝝎𝑣𝑥) + 𝑆𝑥𝑜 ,

(4.22)

where 𝑆𝑥𝑜 is the (𝑥-component of the) solenoidal term. Equation (4.22) may be written as
𝜕𝜔𝑥
𝜕𝑡
+ ∇ ⋅ (𝒗𝜔𝑥 − 𝝎𝑣𝑥) = 𝑆𝑥𝑜 , (4.23)

and this implies the Cartesian tensor form of the vorticity equation, namely
𝜕𝜔𝑖
𝜕𝑡
+ 𝜕
𝜕𝑥𝑗
(𝑣𝑗𝜔𝑖 − 𝑣𝑖𝜔𝑗) = 𝑆𝑜𝑖, (4.24)

with summation over repeated indices. The tendency of the components of vorticity is thus given
by the solenoidal term plus the divergence of a vector field, and if the solenoidal term vanishes
the volume integrated vorticity can only be altered by boundary effects. However, in both the
atmosphere and the ocean the solenoidal term is important, although we will see in Section 4.5
that a useful conservation law for a scalar quantity can still be obtained.
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4.2.1 Two-dimensional Flow
In two-dimensional flow the fluid is confined to a surface, and independent of the dimension nor-
mal to that surface. In the simplest case in Cartesian geometry the flow is on a flat plane, and the
velocity normal to the plane and the rate of change of any quantity normal to that plane are zero.
Let the normal direction be the 𝑧-direction; the fluid velocity in the plane, 𝒖, is 𝒖 = 𝑢𝐢+𝑣𝐣, and the
velocity normal to the plane, 𝑤, is zero. Only one component of vorticity is non-zero and this is

𝝎 = 𝐤(𝜕𝑣
𝜕𝑥
− 𝜕𝑢
𝜕𝑦
) . (4.25)

That is, in two-dimensional flow the vorticity is perpendicular to the velocity. We let 𝜁 ≡ 𝜔𝑧 = 𝝎⋅𝐤.
Both the stretching and tilting terms vanish in two-dimensional flow, and the two-dimensional
vorticity equation becomes, for incompressible flow,

D𝜁
D𝑡
= 0, (4.26)

where D𝜁/D𝑡 = 𝜕𝜁/𝜕𝑡+𝒖⋅∇𝜁. That is, in two-dimensional flow vorticity is conserved following the
fluid elements; each material parcel of fluid keeps its value of vorticity even as it is being advected
around. Furthermore, specification of the vorticity completely determines the flow field. To see
this, we use the incompressibility condition to define a streamfunction 𝜓 such that

𝑢 = −𝜕𝜓
𝜕𝑦
, 𝑣 = 𝜕𝜓

𝜕𝑥
, 𝜁 = ∇2𝜓. (4.27a,b,c)

Given the vorticity, the Poisson equation (4.27c) can be solved for the streamfunction and the
velocity fields obtained through (4.27a,b), and this process is called ‘inverting the vorticity’.

Numerical integration of (4.26) is then a process of timestepping plus inversion. The vorticity
equation may then be written as an advection equation for vorticity,

𝜕𝜁
𝜕𝑡
+ 𝒖 ⋅ ∇𝜁 = 0, (4.28)

in conjunction with (4.27). The vorticity is stepped forward one timestep using a finite-difference
representation of (4.28), and the vorticity inverted to obtain a velocity using (4.27).

Two-dimensional flow is not restricted to a Cartesian plane — it exists on the surface of a
sphere for example. In that case the velocity normal to the spherical surface (the ‘vertical velocity’)
vanishes, and the equations are naturally expressed in spherical coordinates. Nevertheless, vorticity
(absolute vorticity if the sphere is rotating) is still conserved on parcels as they move over the
spherical surface.

4.3 VORTICITY AND CIRCULATION THEOREMS
4.3.1 The ‘Frozen-in’ Property of Vorticity
Let us first consider some simple topological properties of the vorticity field and its evolution. We
define a vortex line to be a line drawn through the fluid which is everywhere in the direction of
the local vorticity. This definition is analogous to that of a streamline, which is everywhere in the
direction of the local velocity. A vortex tube is formed by the collection of vortex lines passing
through a closed curve (Fig. 4.2). Amaterial line is just a line that connects material fluid elements.
Suppose we draw a vortex line through the fluid; such a line obviously connects fluid elements
and therefore defines a coincident material line. As the fluid moves the material line deforms, and
the vortex line also evolves in a manner determined by the equations of motion. A remarkable
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Fig. 4.2 A vortex tube passing through a material
sheet. The circulation is the integral of the velocity
around the boundary of 𝐴, and is equal to the integral
of the normal component of vorticity over 𝐴.

ωa

A

property of vorticity is that, for an unforced and inviscid barotropic fluid, the flow evolution is
such that a vortex line remains coincident with the material line that it was initially associated
with. Put another way, a vortex line always contains the same material elements — the vorticity is
‘frozen’ or ‘glued’ to the material fluid.1

To prove this we consider how an infinitesimal material line element 𝛿𝒍 evolves, 𝛿𝒍 being the
infinitesimal material element connecting 𝒍 with 𝒍 + 𝛿𝒍. The rate of change of 𝛿𝒍 following the flow
is given by

D𝛿𝒍
D𝑡
= 1
𝛿𝑡
[𝛿𝒍(𝑡 + 𝛿𝑡) − 𝛿𝒍(𝑡)] , (4.29)

which follows from the definition of the material derivative in the limit 𝛿𝑡 → 0. From the Taylor
expansion of 𝛿𝒍(𝑡) and the definition of velocity it is also apparent that

𝛿𝒍(𝑡 + 𝛿𝑡) = 𝒍(𝑡) + 𝛿𝒍(𝑡) + (𝒗 + 𝛿𝒗)𝛿𝑡 − (𝒍(𝑡) + 𝒗𝛿𝑡) = 𝛿𝒍 + 𝛿𝒗 𝛿𝑡, (4.30)

as illustrated in Fig. 4.3. Substituting (4.30) into (4.29) gives D𝛿𝒍/D𝑡 = 𝛿𝒗, as expected, and
because 𝛿𝒗 = (𝛿𝒍 ⋅ ∇)𝒗 we obtain

D𝛿𝒍
D𝑡
= (𝛿𝒍 ⋅ ∇)𝒗. (4.31)

Comparing this with (4.16), we see that vorticity evolves in the sameway as a line element in an un-
forced barotropic fluid. To see what this means, at some initial time we can define an infinitesimal
material line element parallel to the vorticity at that location, that is,

𝛿𝒍(𝒙, 𝑡 = 0) = 𝐴𝝎(𝒙, 𝑡 = 0), (4.32)

where 𝐴 is a constant. Then, for all subsequent times the magnitude of the vorticity of that fluid
element, even as it moves to a new location 𝒙′, remains proportional to the length of the fluid
element at that point and is oriented in the same way; that is 𝝎(𝒙′, 𝑡) = 𝐴−1𝛿𝒍(𝒙′, 𝑡).

Fig. 4.3 Evolution of an infinitesimal mate-
rial line 𝛿𝒍 from time 𝑡 to time 𝑡 + 𝛿𝑡. It can be
seen from the diagram that D𝛿𝒍/D𝑡 = 𝛿𝒗.
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Fig. 4.4 The tilting of vorticity. Suppose that the vorticity, 𝝎 is
initially directed horizontally, as in the lower figure, so that 𝜔𝑧,
its vertical component, is zero. The material lines, and therefore
also the vortex lines, are tilted by the positive vertical velocity 𝑤
thus creating a non-zero vertically oriented vorticity. This mecha-
nism is important in creating vertical vorticity in the atmospheric
boundary layer, and is connected to the 𝛽-effect in large-scale
flow.

To verify this result in a different way note that a vortex line element is determined by the
condition 𝛿𝒍 = 𝐴𝝎 which implies 𝝎 × 𝛿𝒍 = 0. Now, for any line element we have that

D
D𝑡
(𝝎 × 𝛿𝒍) = D𝝎

D𝑡
× 𝛿𝒍 − D𝛿𝒍

D𝑡
× 𝝎. (4.33)

We also have that
D𝛿𝒍
D𝑡
= 𝛿𝒗 = (𝛿𝒍 ⋅ ∇)𝒗 and D𝝎

D𝑡
= (𝝎 ⋅ ∇)𝒗. (4.34)

If the line element is initially a vortex line element then, at 𝑡 = 0, 𝛿𝒍 = 𝐴𝝎 and, using (4.34), the
right-hand side of (4.33) vanishes. Thus, the tendency of𝝎×𝛿𝒍 is zero, and the vortex line continues
to be a material line.

Stretching and tilting
The terms on the right-hand side of (4.20) or (4.21) may be interpreted in terms of ‘stretching’ and
‘tipping’ (or ‘tilting’). Consider a single Cartesian component of (4.21),

D𝜔𝑥
D𝑡
= 𝜔𝑥 𝜕𝑢
𝜕𝑥
+ 𝜔𝑦 𝜕𝑢
𝜕𝑦
+ 𝜔𝑧 𝜕𝑢
𝜕𝑧
. (4.35)

The second and third terms on the right-hand side are the tilting or tipping terms because they in-
volve changes in the orientation of the vorticity vector. They tell us that vorticity in the 𝑥-direction
may be generated from vorticity in the 𝑦- and 𝑧-directions if the advection acts to tilt the material
lines. Because vorticity is tied to these lines, vorticity oriented in one direction becomes oriented
in another, as in Fig. 4.4.

The first term on the right-hand side of (4.35) is the stretching term, and it acts to intensify the
𝑥-component of vorticity if the velocity is increasing in the 𝑥-direction — that is, if the material
lines are being stretched (Fig. 4.5). The effect arises because a vortex line is tied to a material line,
and therefore vorticity is amplified in proportion to the stretching of the material line aligned
with it. This effect is important in tornadoes, to give one example. If the fluid is incompressible,
stretching of a fluid mass in one direction must be accompanied by convergence in another, and
this leads to the conservation of circulation, as we now discuss.
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Fig. 4.5 A vertical velocity,𝑤, stretches the cylin-
der. Vorticity is tied to material lines and so is
amplified in the direction of the stretching. How-
ever, because the volume of fluid is conserved,
the end surfaces shrink, the material lines through
the cylinder ends converge and the integral of vor-
ticity over a material surface (the circulation) re-
mains constant.

4.3.2 Kelvin’s Circulation Theorem
Kelvin’s circulation theorem states that under certain circumstances the circulation around a ma-
terial fluid parcel is conserved; that is, the circulation is conserved ‘moving with the flow’.2 The
primary restrictions are that body forces are conservative (i.e., they are representable as potential
forces, and therefore that the flow be inviscid), and that the fluid is barotropic with 𝜌 = 𝜌(𝑝). Of
these, the latter is more restrictive for geophysical fluids. The circulation in the theorem is defined
with respect to an inertial frame of reference; specifically, the velocity in (4.39) is the velocity rela-
tive to an inertial frame. To prove the theorem, we begin with the inviscid momentum equation,

D𝒗
D𝑡
= −1
𝜌
∇𝑝 − ∇𝛷, (4.36)

where ∇𝛷 represents the conservative body forces on the system. Applying the material derivative
to the circulation, (4.2), gives

D𝐶
D𝑡
= D

D𝑡
∮ 𝒗 ⋅ d𝒓 = ∮(D𝒗

D𝑡
⋅ d𝒓 + 𝒗 ⋅ d𝒗)

= ∮[(−1
𝜌
∇𝑝 − ∇𝛷) ⋅ d𝒓 + 𝒗 ⋅ d𝒗]

= ∮−1
𝜌
∇𝑝 ⋅ d𝒓,

(4.37)

using (4.36) and 𝐷(d𝒓)/𝐷𝑡 = d𝒗, where d𝒓 is the line element and with the line integration being
over a closed, material, circuit. The second and third terms on the second line vanish separately,
because they are exact differentials integrated around a closed loop. The term on the last line
vanishes if the density is constant or, more generally, if the density is a function of pressure alone,
in which case ∇𝑝 is parallel to ∇𝜌. To see this, note that

∮ 1
𝜌
∇𝑝 ⋅ d𝒓 = ∫

𝑆
∇ × (∇𝑝
𝜌
) ⋅ d𝑺 = ∫

𝑆

−∇𝜌 × ∇𝑝
𝜌2
⋅ d𝑺, (4.38)

using Stokes’ theorem where 𝑆 is any surface bounded by the path of the line integral. The integral
evidently vanishes identically if 𝑝 is a function of 𝜌 alone. The right-most expression above is the
integral of the solenoidal vector, and if it is zero (4.37) becomes

D
D𝑡
∮ 𝒗 ⋅ d𝒓 = 0. (4.39)
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This is Kelvin’s circulation theorem. In words, the circulation around amaterial loop is invariant for
a barotropic fluid that is subject only to conservative forces. Using Stokes’ theorem, the circulation
theorem may also be written as

D
D𝑡
∫
𝑆
𝝎 ⋅ d𝑺 = 0. (4.40)

That is, the area integral of the normal component of vorticity across any material surface is con-
stant, under the same conditions. This form is both natural and useful, and it arises because of the
way vorticity is tied to material fluid elements. Kelvin’s circulation theorem is the one conserva-
tion law that is unique to fluids. Unlike, say, the conservation of energy, it has no analogue in solid
body mechanics. Potential vorticity conservation, which we come to later on, is an extension of
circulation conservation.

Stretching and circulation
Let us informally consider how vortex stretching and mass conservation work together to give the
circulation theorem. Let the fluid be incompressible so that the volume of a fluid mass is constant,
and consider a surface normal to a vortex tube, as in Fig. 4.5. Let the volume of a small material
box around the surface be 𝛿𝑉, the length of the material lines be 𝛿𝑙 and the surface area be 𝛿𝐴.
Then

𝛿𝑉 = 𝛿𝑙 𝛿𝐴. (4.41)

Because of the frozen-in property, the vorticity passing through the surface is proportional to the
length of the material lines. That is, 𝜔 ∝ 𝛿𝑙, and

𝛿𝑉 ∝ 𝜔𝛿𝐴. (4.42)

The right-hand side is just the circulation around the surface. Now, if the corresponding material
tube is stretched 𝛿𝑙 increases, but the volume, 𝛿𝑉, remains constant by mass conservation. Thus,
the circulation given by the right-hand side of (4.42) also remains constant. In other words, be-
cause of the frozen-in property vorticity is amplified by the stretching, but the vortex lines get
closer together in such a way that the product 𝜔𝛿𝐴 remains constant and circulation is conserved.

4.3.3 Baroclinic Flow and the Solenoidal Term
In baroclinic flow, the circulation is not generally conserved, and from (4.37) we have

D𝐶
D𝑡
= −∮ ∇𝑝
𝜌
⋅ d𝒓 = −∮ d𝑝

𝜌
, (4.43)

and this is called the baroclinic circulation theorem.3 Recalling the fundamental thermodynamic
relation 𝑇 d𝜂 = d𝐼 + 𝑝 d𝛼, where 𝛼 = 𝜌−1, we have

𝛼 d𝑝 = d(𝑝𝛼) − 𝑇 d𝜂 + d𝐼, (4.44)

and the first and last terms on the right-hand side will vanish upon integration around a circuit.
The solenoidal term on the right-hand side of (4.43) may therefore be written as

𝑆𝑜 ≡ −∮𝛼 d𝑝 = ∮𝑇 d𝜂 = −∮𝜂 d𝑇 = −𝑅∮𝑇 d log𝑝, (4.45)

where the last equality holds only for an ideal gas. Using Stokes’ theorem, 𝑆𝑜 can also be written as

𝑆𝑜 = −∫
𝑆
∇𝛼 × ∇𝑝 ⋅ d𝑺 = −∫

𝑆
(𝜕𝛼
𝜕𝑇
)
𝑝
∇𝑇 × ∇𝑝 ⋅ d𝑺 = ∫

𝑆
∇𝑇 × ∇𝜂 ⋅ d𝑺. (4.46)
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Fig. 4.6 Solenoids and the circulation theorem.
Solenoids are tubes perpendicular to both ∇𝛼 and
∇𝑝, and they have a non-zero cross-sectional area
if isolines of 𝛼 and 𝑝 do not coincide. The rate
of change of circulation over a material surface is
given by the sum of all the solenoidal areas cross-
ing the surface. If ∇𝛼 × ∇𝑝 = 0 there are no
solenoids.

The rate of change of the circulation across a surface depends on the existence of this solenoidal
term (Fig. 4.6). However, even if the solenoidal vector is in non-zero, circulation is conserved if
the material path is in a surface of constant entropy, 𝜂, and if D𝜂/D𝑡 = 0. The solenoidal term
then vanishes and, because D𝜂/D𝑡 = 0, entropy remains constant on that same material loop as it
evolves. This result gives rise to the conservation of potential vorticity, discussed in Section 4.5.

4.3.4 Circulation in a Rotating Frame
The absolute and relative velocities are related by 𝒗𝑎 = 𝒗𝑟 + 𝜴 × 𝒓, so that in a rotating frame the
rate of change of circulation is given by

D
D𝑡
∮(𝒗𝑟 + 𝜴 × 𝒓) ⋅ d𝒓 = ∮[(

D𝒗𝑟
D𝑡
+ 𝜴 × 𝒗𝑟) ⋅ d𝒓 + (𝒗𝑟 + 𝜴 × 𝒓) ⋅ d𝒗𝑟] . (4.47)

But ∮𝒗𝑟 ⋅ d𝒗𝑟 = 0 and, integrating by parts,

∮(𝜴 × 𝒓) ⋅ d𝒗𝑟 = ∮{�d[(𝜴 × 𝒓) ⋅ 𝒗𝑟] − (𝜴 × d𝒓) ⋅ 𝒗𝑟}�

= ∮{�d[(𝜴 × 𝒓) ⋅ 𝒗𝑟] + (𝜴 × 𝒗𝑟) ⋅ d𝒓}�.
(4.48)

The first term on the right-hand side is zero and so (4.47) becomes

D
D𝑡
∮(𝒗𝑟 + 𝜴 × 𝒓) ⋅ d𝒓 = ∮(

D𝒗𝑟
D𝑡
+ 2𝜴 × 𝒗𝑟) ⋅ d𝒓 = −∮

d𝑝
𝜌
, (4.49)

where the second equality uses the momentum equation. The last term vanishes if the fluid is
barotropic, and if so the circulation theorem is, unsurprisingly,

D
D𝑡
∮(𝒗𝑟 + 𝜴 × 𝒓) ⋅ d𝒓 = 0, or D

D𝑡
∫
𝑆
(𝝎𝑟 + 2𝜴) ⋅ d𝑺 = 0, (4.50a,b)

where the second equation uses Stokes’ theorem and we have used ∇ × (𝜴 × 𝒓) = 2𝜴, and where
𝝎𝑟 = ∇ × 𝒗𝑟 is the relative vorticity.4

4.3.5 The Circulation Theorem for Hydrostatic Flow
Kelvin’s circulation theoremholds for hydrostatic flow, with a slightly different form. For simplicity
we restrict attention to the 𝑓-plane, and start with the hydrostatic momentum equations,

D𝒖𝑟
D𝑡
+ 2𝜴 × 𝒖𝑟 = −

1
𝜌
∇𝑧𝑝, 0 = −

1
𝜌
𝜕𝑝
𝜕𝑧
− ∇𝛷, (4.51a,b)



4.4 Vorticity Equation in a Rotating Frame 153

where 𝛷 = 𝑔𝑧 is the gravitational potential and𝜴 = 𝛺𝐤. The advecting field is three-dimensional,
and in particular we still have D𝛿𝒓/D𝑡 = 𝛿𝒗 = (𝛿𝒓 ⋅ ∇)𝒗. Thus, using (4.51) we have

D
D𝑡
∮(𝒖𝑟 + 𝜴 × 𝒓) ⋅ d𝒓 = ∮[(

D𝒖𝑟
D𝑡
+ 𝜴 × 𝒗𝑟) ⋅ d𝒓 + (𝒖𝑟 + 𝜴 × 𝒓) ⋅ d𝒗𝑟]

= ∮(D𝒖𝑟
D𝑡
+ 2𝜴 × 𝒖𝑟) ⋅ d𝒓

= ∮(−1
𝜌
∇𝑝 − ∇𝛷) ⋅ d𝒓, (4.52)

as with (4.49), having used𝜴×𝒗𝑟 = 𝜴×𝒖𝑟, andwhere the gradient operator∇ is three-dimensional.
The last term on the right-hand side vanishes because it is the integral of the gradient of a potential
around a closed path. The first term vanishes if the fluid is barotropic, so that the circulation
theorem is

D
D𝑡
∮(𝒖𝑟 + 𝜴 × 𝒓) ⋅ d𝒓 = 0. (4.53)

Using Stokes’ theorem we have the equivalent form

D
D𝑡
∫
𝑆
(𝝎hy + 2𝜴) ⋅ d𝑺 = 0, (4.54)

where the subscript ‘hy’ denotes hydrostatic and, in Cartesian coordinates,

𝝎hy = ∇ × 𝒖𝑟 = −𝐢
𝜕𝑣𝑟
𝜕𝑧
+ 𝐣𝜕𝑢𝑟
𝜕𝑧
+ 𝐤( �𝜕𝑣𝑟
𝜕𝑥
− 𝜕𝑢𝑟
𝜕𝑦
)�. (4.55)

4.4 VORTICITY EQUATION IN A ROTATING FRAME
Perhaps the easiest way to derive the vorticity equation appropriate for a rotating reference frame
is to begin with the momentum equation in the form

𝜕𝒗𝑟
𝜕𝑡
+ (2𝜴 + 𝝎𝑟) × 𝒗𝑟 = −

1
𝜌
∇𝑝 − ∇(𝛷 + 1

2
𝒗2𝑟) , (4.56)

where the potential 𝛷 contains the gravitational and centrifugal forces. Take the curl of this and
use the identity (4.13), which here implies

∇ × [(2𝜴 + 𝝎𝑟) × 𝒗𝑟] = (2𝜴 + 𝝎𝑟)∇ ⋅ 𝒗𝑟 + (𝒗𝑟 ⋅ ∇)(2𝜴 + 𝝎𝑟) − [(2𝜴 + 𝝎𝑟) ⋅ ∇]𝒗𝑟, (4.57)

(noting that ∇ ⋅ (2𝜴 + 𝝎) = 0), to give the vorticity equation

D𝝎𝑟
D𝑡
= [(2𝜴 + 𝝎𝑟) ⋅ ∇] 𝒗 − (2𝜴 + 𝝎𝑟)∇ ⋅ 𝒗𝑟 +

1
𝜌2
(∇𝜌 × ∇𝑝). (4.58)

If the rotation rate, 𝜴, is a constant then D𝝎𝑟/D𝑡 = D𝝎𝑎/D𝑡 where 𝝎𝑎 = 2𝜴 + 𝝎𝑟 is the absolute
vorticity. The only difference between the vorticity equation in the rotating and inertial frames of
reference is in the presence of the solid-body vorticity 2𝜴 on the right-hand side. The second term
on the right-hand side may be folded into the material derivative using mass continuity, and after
a little manipulation (4.58) becomes

D
D𝑡
(𝝎𝑎
𝜌
) = 1
𝜌
(2𝜴 + 𝝎𝑟) ⋅ ∇𝒗𝑟 +

1
𝜌3
(∇𝜌 × ∇𝑝). (4.59)

However, note that it is the absolute vorticity, 𝝎𝑎, that now appears on the left-hand side. If 𝜌 is
constant, 𝝎𝑎 may be replaced by 𝝎𝑟.
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Fig. 4.7 The projection of a material circuit on
to the equatorial plane. If a fluid element moves
poleward, keeping its orientation to the local
vertical fixed (i.e., it stays horizontal), then the
area of its projection on to the equatorial plane
increases. If its total (absolute) circulation is
to be maintained, then the vertical component
of its relative vorticity must diminish; that is,
∫
𝐴
(𝝎 + 2𝜴) ⋅ d𝑨 = ∫

𝐴
(𝜁 + 𝑓)d𝐴 = constant. Thus,

the 𝛽 term in D(𝜁 + 𝑓)/D𝑡 = D𝜁/D𝑡+𝛽𝑣 = 0 arises
from the tilting of a parcel relative to the axis of ro-
tation as it moves meridionally.

A

A

4.4.1 The Circulation Theorem and the Beta Effect
What are the implications of the circulation theorem on a rotating, spherical planet? Let us define
relative circulation over some material loop as

𝐶𝑟 ≡ ∮𝒗𝑟 ⋅ d𝒓. (4.60)

Because 𝒗𝑟 = 𝒗𝑎 −𝜴× 𝒓 (where 𝒓 is the distance from the axis of rotation), we use Stokes’ theorem
to give

𝐶𝑟 = 𝐶𝑎 − ∫ 2𝜴 ⋅ d𝑺 = 𝐶𝑎 − 2𝛺𝐴⟂, (4.61)

where 𝐶𝑎 is the total or absolute circulation and 𝐴⟂ is the area enclosed by the projection of the
material circuit on to the plane normal to the rotation vector; that is, on to the equatorial plane
(Fig. 4.7). If the solenoidal term is zero, then the circulation theorem, (4.50), may be written as

D
D𝑡
(𝐶𝑟 + 2𝛺𝐴⟂) = 0. (4.62)

Thus, the relative circulation around a circuit changes if the orientation of the plane changes; that
is, if the area of its projection on to the equatorial plane changes. In large scale dynamics the most
common cause of this is when a fluid parcel changes its latitude. For example, consider the flow of a
two-dimensional, infinitesimal, horizontal (i.e., tangent to the the radial vector), constant-density
fluid parcel at a latitude 𝜗with area𝐴, so that the projection of its area on to the equatorial plane is
𝐴⟂ = 𝐴 sin 𝜗 and𝐶𝑟 = 𝜁𝑟𝐴. If the fluid surface moves, but remains horizontal, its area is preserved
(because it is incompressible) and directly from (4.62) its relative vorticity changes as

D𝜁𝑟
D𝑡
= −2𝛺
𝐴

D𝐴⟂
D𝑡
= −2𝛺 D

D𝑡
sin 𝜗 = −𝑣𝑟

2𝛺 cos 𝜗
𝑎
= −𝛽𝑣𝑟, (4.63)

where
𝛽 ≡ d𝑓

d𝑦
= 2𝛺
𝑎

cos 𝜗. (4.64)

The means by which the vertical component of the relative vorticity of a parcel changes by virtue
of its latitudinal displacement is known as the beta effect, or the 𝛽-effect. It is a manifestation of the
tilting term in the vorticity equation, and it is often the most important means by which relative
vorticity does change in large-scale flow. The 𝛽-effect arises in the full vorticity equation, as we
now see.
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4.4.2 The Vertical Component of the Vorticity Equation

In large-scale dynamics, the most important, although not the largest, component of the vorticity
is often the vertical one, because this contains much of the information about the horizontal flow.
We can obtain an explicit expression for its evolution by taking the vertical component of (4.58),
although care must be taken because the unit vectors (𝐢, 𝐣, 𝐤) are functions of position (see Section
2.2).

An alternative derivation begins with the horizontal momentum equations,

𝜕𝑢
𝜕𝑡
− 𝑣(𝜁 + 𝑓) + 𝑤𝜕𝑢

𝜕𝑧
= −1
𝜌
𝜕𝑝
𝜕𝑥
− 1
2
𝜕
𝜕𝑥
(𝑢2 + 𝑣2) + 𝐹𝑥 (4.65a)

𝜕𝑣
𝜕𝑡
+ 𝑢(𝜁 + 𝑓) + 𝑤𝜕𝑣

𝜕𝑧
= −1
𝜌
𝜕𝑝
𝜕𝑦
− 1
2
𝜕
𝜕𝑦
(𝑢2 + 𝑣2) + 𝐹𝑦, (4.65b)

where in this section we again drop the subscript 𝑟 on variables measured in the rotating frame.
Cross-differentiating gives, after a little algebra,

D
D𝑡
(𝜁 + 𝑓) = − (𝜁 + 𝑓) (𝜕𝑢

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) + (𝜕𝑢
𝜕𝑧
𝜕𝑤
𝜕𝑦
− 𝜕𝑣
𝜕𝑧
𝜕𝑤
𝜕𝑥
)

+ 1
𝜌2
(𝜕𝜌
𝜕𝑥
𝜕𝑝
𝜕𝑦
− 𝜕𝜌
𝜕𝑦
𝜕𝑝
𝜕𝑥
) + (𝜕𝐹

𝑦

𝜕𝑥
− 𝜕𝐹
𝑥

𝜕𝑦
) .

(4.66)

We interpret the various terms as follows:

D𝜁/D𝑡 = 𝜕𝜁/𝜕𝑡 + 𝒗 ⋅ ∇𝜁. The material derivative of the vertical component of the vorticity.

D𝑓/D𝑡 = 𝑣𝜕𝑓/𝜕𝑦 = 𝑣𝛽. The 𝛽-effect. The vorticity is affected by the meridional motion of the
fluid, so that, apart from the terms on the right-hand side, (𝜁 + 𝑓) is conserved on parcels.
Because the Coriolis parameter changes with latitude this is like saying that the system has
differential rotation. This effect is precisely that due to the change in orientation of fluid
surfaces with latitude, as discussed in Section 4.4.1 and illustrated Fig. 4.7.

−(𝜁 + 𝑓)(𝜕𝑢/𝜕𝑥 + 𝜕𝑣/𝜕𝑦). The divergence term, which gives rise to vortex stretching. In an
incompressible fluid this may be written (𝜁 + 𝑓)𝜕𝑤/𝜕𝑧, so that vorticity is amplified if the
vertical velocity increases with height, so stretching the material lines and the vorticity.

(𝜕𝑢/𝜕𝑧)(𝜕𝑤/𝜕𝑦) − (𝜕𝑣/𝜕𝑧)(𝜕𝑤/𝜕𝑥). The tilting term, whereby a vertical component of vorticity
may be generated by a vertical velocity acting on a horizontal vorticity. See Fig. 4.4.

𝜌−2 [(𝜕𝜌/𝜕𝑥)(𝜕𝑝/𝜕𝑦) − (𝜕𝜌/𝜕𝑦)(𝜕𝑝/𝜕𝑥)] = 𝜌−2𝐽(𝜌, 𝑝). The solenoidal term, also called the non-
homentropic or baroclinic term, arising when isosurfaces of pressure and density are not
parallel.

(𝜕𝐹𝑦/𝜕𝑥 − 𝜕𝐹𝑥/𝜕𝑦). The forcing and friction term. If the only contribution is from molecular
viscosity then this term is 𝜈∇2𝜁.

Two-dimensional and shallow water vorticity equations

In an inviscid two-dimensional incompressible flow, all of the terms on the right-hand side of (4.66)
vanish and we have the simple equation

D(𝜁 + 𝑓)
D𝑡
= 0, (4.67)



156 Chapter 4. Vorticity and Potential Vorticity

implying that the absolute vorticity, 𝜁𝑎 ≡ 𝜁 + 𝑓, is materially conserved. If 𝑓 is a constant, then
(4.67) reduces to (4.28), and background rotation plays no role. If 𝑓 varies linearly with 𝑦, so that
𝑓 = 𝑓0 + 𝛽𝑦, then (4.67) becomes

𝜕𝜁
𝜕𝑡
+ 𝒖 ⋅ ∇𝜁 + 𝛽𝑣 = 0, (4.68)

which is known as the two-dimensional 𝛽-plane vorticity equation.
For inviscid shallow water flow, we can show that (see Chapter 3)

D(𝜁 + 𝑓)
D𝑡
= −(𝜁 + 𝑓) (𝜕𝑢

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) . (4.69)

In this equation the vanishing of the tilting term is perhaps the only aspectwhich is not immediately
apparent, but this succumbs to a little thought.

4.5 POTENTIAL VORTICITY CONSERVATION
Too much of a good thing is wonderful.
Mae West (1892–1990).

Although Kelvin’s circulation theorem is a general statement about vorticity conservation, in
its original form it is not always a practically useful statement for two reasons. First, it is not
a statement about a field, such as vorticity itself. Second, it is not satisfied for baroclinic flow,
such as is found in the atmosphere and ocean. (Non-conservative forces such as viscosity also
lead to circulation non-conservation, but this applies to virtually all conservation laws and does
not diminish them.) It turns out that it is possible to derive a beautiful conservation law that
overcomes both of these failings and one that, furthermore, is extraordinarily useful in geophysical
fluid dynamics. This is the conservation of potential vorticity (PV) introduced first by Rossby and
then in amore general formbyErtel.5 The idea is that we can use a scalar field that is being advected
by the flow to keep track of, or to take care of, the evolution of fluid elements. For a baroclinic fluid
this scalar field must be chosen in a special way (it must be a function of the density and pressure
alone), but there is no restriction to a barotropic fluid. Then using the scalar evolution equation
in conjunction with the vorticity equation gives us a scalar conservation equation. In the next few
subsections we derive the equation for potential vorticity conservation in a number of superficially
different ways — different explications but the same explanation.6

4.5.1 PV Conservation from the Circulation Theorem
Barotropic fluids
Let us beginwith the simple case of a barotropic fluid. For an infinitesimal volumewewrite Kelvin’s
theorem as

D
D𝑡
[(𝝎𝑎 ⋅ 𝒏)𝛿𝐴] = 0, (4.70)

where 𝒏 is a unit vector normal to an infinitesimal surface 𝛿𝐴. Now consider a volume bounded by
two isosurfaces of values 𝜒 and 𝜒 + 𝛿𝜒, where 𝜒 is any materially conserved tracer, thus satisfying
D𝜒/D𝑡 = 0, so that 𝛿𝐴 initially lies in an isosurface of 𝜒 (see Fig. 4.8). Since 𝒏 = ∇𝜒/|∇𝜒| and the
infinitesimal volume 𝛿𝑉 = 𝛿ℎ 𝛿𝐴, where 𝛿ℎ is the separation between the two surfaces, we have

𝝎𝑎 ⋅ 𝒏𝛿𝐴 = 𝝎𝑎 ⋅
∇𝜒
|∇𝜒|
𝛿𝑉
𝛿ℎ
. (4.71)
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�
Fig. 4.8 An infinitesimal fluid element, bounded
by two isosurfaces of the conserved tracer 𝜒. As
D𝜒/D𝑡 = 0, then D𝛿𝜒/D𝑡 = 0.

Now, the value of 𝛿ℎmay be obtained from

𝛿𝜒 = 𝛿𝒙 ⋅ ∇𝜒 = 𝛿ℎ|∇𝜒|, (4.72)

and using this in (4.70) we obtain

D
D𝑡
[(𝝎𝑎 ⋅ ∇𝜒)𝛿𝑉
𝛿𝜒
] = 0. (4.73)

Since 𝜒 is conserved on material elements then so is 𝛿𝜒 and it may be taken out of the differentia-
tion. The mass of the volume element 𝜌 𝛿𝑉 is also conserved, so that (4.73) becomes

𝜌𝛿𝑉
𝛿𝜒

D
D𝑡
(𝝎𝑎
𝜌
⋅ ∇𝜒) = 0 (4.74)

or
D
D𝑡
(�̃�𝑎 ⋅ ∇𝜒) = 0, (4.75)

where �̃�𝑎 = 𝝎𝑎/𝜌. Equation (4.75) is a statement of potential vorticity conservation for a barotropic
fluid. The field 𝜒may be chosen arbitrarily, provided that it is materially conserved.

The general case

For a baroclinic fluid the above derivation fails simply because the statement of the conservation
of circulation, (4.70) is not, in general, true: there are solenoidal terms on the right-hand side and
from (4.43) and (4.45) we have

D
D𝑡
[(𝝎𝑎 ⋅ 𝒏)𝛿𝐴] = 𝑺𝑜 ⋅ 𝒏𝛿𝐴, 𝑺𝑜 = −∇𝛼 × ∇𝑝 = −∇𝜂 × ∇𝑇. (4.76a,b)

However, the right-hand side of (4.76a) may be annihilated by choosing the circuit around which
we evaluate the circulation to be such that the solenoidal term is identically zero. Given the form
of 𝑺𝑜, this occurs if the values of any of 𝑝, 𝜌, 𝜂, 𝑇 are constant on that circuit; that is, if 𝜒 = 𝑝, 𝜌, 𝜂
or 𝑇. But the derivation also demands that 𝜒 be a materially conserved quantity, which usually
restricts the choice of 𝜒 to be 𝜂 (or potential temperature), or to be 𝜌 itself if the thermodynamic
equation is D𝜌/D𝑡 = 0. Thus, the conservation of potential vorticity for inviscid, adiabatic flow is

D
D𝑡
(�̃�𝑎 ⋅ ∇𝜃) = 0, (4.77)

where D𝜃/D𝑡 = 0. For diabatic flow source terms appear on the right-hand side, and we derive
these later on. A summary of this derivation is provided by Fig. 4.9.
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Fig. 4.9 Geometry of potential vorticity
conservation. The circulation equation is
D[(𝝎𝑎 ⋅ 𝒏)𝛿𝐴]/D𝑡 = 𝑺𝑜 ⋅ 𝒏𝛿𝐴, where 𝑺𝑜 ∝
∇𝜃 × ∇𝑇. We choose 𝒏 = ∇𝜃/|∇𝜃|, where
𝜃 is materially conserved, to annihilate the
solenoidal term on the right-hand side, and
we note that 𝛿𝐴 = 𝛿𝑉/𝛿ℎ, where 𝛿𝑉 is the
volume of the cylinder, and the height of
the column is 𝛿ℎ = 𝛿𝜃/|∇𝜃|. The circulation
is 𝐶 ≡ 𝝎𝑎 ⋅ 𝒏𝛿𝐴 = 𝝎𝑎 ⋅ (∇𝜃/|∇𝜃|)(𝛿𝑉/𝛿ℎ) =
[𝜌−1𝝎𝑎 ⋅ ∇𝜃](𝛿𝑀/𝛿𝜃), where 𝛿𝑀 = 𝜌𝛿𝑉
is the mass of the cylinder. As 𝛿𝑀 and 𝛿𝜃
are materially conserved, so is the potential
vorticity 𝜌−1𝝎𝑎 ⋅ ∇𝜃.

4.5.2 PV Conservation from the Frozen-in Property
In this section we show that potential vorticity conservation is a consequence of the frozen-in
property of vorticity. This is not surprising, because the circulation theorem itself has a similar
origin. Thus, this derivation is not independent of the derivation in the previous section, just a re-
expression of it. We first consider the case in which the solenoidal term vanishes from the outset.

Barotropic fluids
If 𝜒 is a materially conserved tracer then the difference in 𝜒 between two infinitesimally close fluid
elements is also conserved and

D
D𝑡
(𝜒1 − 𝜒2) =

D𝛿𝜒
D𝑡
= 0. (4.78)

But 𝛿𝜒 = ∇𝜒 ⋅ 𝛿𝒍, where 𝛿𝒍 is the infinitesimal vector connecting the two fluid elements. Thus

D
D𝑡
(∇𝜒 ⋅ 𝛿𝒍) = 0. (4.79)

However, as the line element and the vorticity (divided by density) obey the same equation, we can
replace the line element by vorticity (divided by density) in (4.79) to obtain again

D
D𝑡
(∇𝜒 ⋅ 𝝎𝑎
𝜌
) = 0. (4.80)

That is, the potential vorticity, 𝑄 = (�̃�𝑎 ⋅ ∇𝜒) is a material invariant, where 𝜒 is any scalar quantity
that satisfies D𝜒/D𝑡 = 0.

Baroclinic fluids
In baroclinic fluids we cannot casually substitute the vorticity for that of a line element in (4.79)
because of the presence of the solenoidal term, and in any case a little more detail would not be
amiss. From (4.79) we obtain

𝛿𝒍 ⋅ D∇𝜒
D𝑡
+ ∇𝜒 ⋅ D𝛿𝒍

D𝑡
= 0, (4.81)
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or, using (4.31),

𝛿𝒍 ⋅ D∇𝜒
D𝑡
+ ∇𝜒 ⋅ [(𝛿𝒍 ⋅ ∇)𝒗] = 0. (4.82)

Now, let us choose 𝛿𝒍 to correspond to a vortex line, so that at the initial time 𝛿𝒍 = 𝜖�̃�𝑎. (Note
that in this case the association of 𝛿𝒍 with a vortex line can only be made instantaneously, and we
cannot set D𝛿𝒍/D𝑡 ∝ D𝝎𝑎/D𝑡.) Then,

�̃�𝑎 ⋅
D∇𝜒
D𝑡
+ ∇𝜒 ⋅ [(�̃�𝑎 ⋅ ∇)𝒗] = 0, (4.83)

or, using the vorticity equation (4.16),

�̃�𝑎 ⋅
D∇𝜒
D𝑡
+ ∇𝜒 ⋅ (D�̃�𝑎

D𝑡
− 1
𝜌3
∇𝜌 × ∇𝑝) = 0. (4.84)

This may be written as
D
D𝑡
�̃�𝑎 ⋅ ∇𝜒 =

1
𝜌3
∇𝜒 ⋅ (∇𝜌 × ∇𝑝). (4.85)

The term on the right-hand side is, in general, non-zero for an arbitrary choice of scalar, but it will
evidently vanish if ∇𝑝, ∇𝜌 and ∇𝜒 are coplanar. If 𝜒 is any function of 𝑝 and 𝜌 this will be satisfied,
but 𝜒must also be a materially conserved scalar. If, as for an ideal gas, 𝜌 = 𝜌(𝜂, 𝑝) (or 𝜂 = 𝜂(𝑝, 𝜌))
where 𝜂 is the entropy (which is materially conserved), and if 𝜒 is a function of entropy 𝜂 alone,
then 𝜒 satisfies both conditions. Explicitly, the solenoidal term vanishes because

∇𝜒 ⋅ (∇𝜌 × ∇𝑝) = d𝜒
d𝜂
∇𝜂 ⋅ [( �𝜕𝜌
𝜕𝑝
∇𝑝 + 𝜕𝜌
𝜕𝜂
∇𝜂)� × ∇𝑝] = 0. (4.86)

Thus, provided 𝜒 satisfies the two conditions

D𝜒
D𝑡
= 0 and 𝜒 = 𝜒(𝑝, 𝜌), (4.87)

then (4.85) becomes
D
D𝑡
(𝝎𝑎 ⋅ ∇𝜒
𝜌
) = 0. (4.88)

The natural choice for 𝜒 is potential temperature, whence

D
D𝑡
(𝝎𝑎 ⋅ ∇𝜃
𝜌
) = 0. (4.89)

The presence of a density term in the denominator is not necessary for incompressible flows (i.e.,
if ∇ ⋅ 𝒗 = 0).

4.5.3 PV Conservation: an Algebraic Derivation
Finally, we give an algebraic derivation of potential vorticity conservation. We will take the op-
portunity to include frictional and, diabatic processes, although these may also be included in the
derivations above.7 We begin with the frictional vorticity equation in the form

D�̃�𝑎
D𝑡
= (�̃�𝑎 ⋅ ∇)𝒗 +

1
𝜌3
(∇𝜌 × ∇𝑝) + 1

𝜌
(∇ × 𝑭) , (4.90)
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where 𝑭 represents any non-conservative force term on the right-hand side of the momentum
equation (i.e., D𝒗/D𝑡 = −𝜌−1∇𝑝 + 𝑭). We have also the equation for our materially conserved
scalar 𝜒,

D𝜒
D𝑡
= �̇�, (4.91)

where �̇� represents any sources and sinks of 𝜒. Now

(�̃�𝑎 ⋅ ∇)
D𝜒
D𝑡
= �̃�𝑎 ⋅

D∇𝜒
D𝑡
+ [(�̃�𝑎 ⋅ ∇)𝒗] ⋅ ∇𝜒, (4.92)

which may be obtained just by expanding the left-hand side. Thus, using (4.91),

�̃�𝑎 ⋅
D∇𝜒
D𝑡
= (�̃�𝑎 ⋅ ∇) �̇� − [(�̃�𝑎 ⋅ ∇)𝒗] ⋅ ∇𝜒. (4.93)

Now take the dot product of (4.90) with ∇𝜒:

∇𝜒 ⋅ D�̃�𝑎
D𝑡
= ∇𝜒 ⋅ [(�̃�𝑎 ⋅ ∇)𝒗] + ∇𝜒 ⋅ [�

1
𝜌3
(∇𝜌 × ∇𝑝)] � + ∇𝜒 ⋅ [ � 1

𝜌
(∇ × 𝑭) ]�. (4.94)

The sum of the last two equations yields

D
D𝑡
(�̃�𝑎 ⋅ ∇𝜒) = �̃�𝑎 ⋅ ∇�̇� + ∇𝜒 ⋅ [�

1
𝜌3
(∇𝜌 × ∇𝑝)] � + ∇𝜒

𝜌
⋅ (∇ × 𝑭). (4.95)

This equation reprises (4.85), but with the addition of frictional and diabatic terms. As before,
the solenoidal term is annihilated if we choose 𝜒 = 𝜃(𝑝, 𝜌), so giving the evolution equation for
potential vorticity in the presence of forcing and diabatic terms, namely

D
D𝑡
(�̃�𝑎 ⋅ ∇𝜃) = �̃�𝑎 ⋅ ∇ ̇𝜃 +

∇𝜃
𝜌
⋅ (∇ × 𝑭). (4.96)

4.5.4 Effects of Salinity and Moisture
For seawater the equation of state may be written as

𝜃 = 𝜃(𝜌, 𝑝, 𝑆), (4.97)

where 𝜃 is the potential temperature and 𝑆 is the salinity. In the absence of diabatic terms and
saline diffusion the potential temperature is a materially conserved quantity. However, because of
the presence of salinity, potential temperature cannot be used to annihilate the solenoidal term;
that is

∇𝜃 ⋅ (∇𝜌 × ∇𝑝) = (𝜕𝜃
𝜕𝑆
)
𝑝,𝜌
∇𝑆 ⋅ (∇𝜌 × ∇𝑝) ≠ 0. (4.98)

Strictly speaking then, there is no potential vorticity conservation principle for seawater. However,
such a blunt statement overemphasizes the non-conservation of potential vorticity because the
saline effect is small. In fact, we can derive an approximate potential vorticity conservation law, as
follows.8

Suppose that we use potential density to try to annihilate the solenoidal term. Potential density
is adiabatically conserved but, like 𝜃, it is a function of salinity so that

∇𝜌𝜃 ⋅ (∇𝜌 × ∇𝑝) = (
𝜕𝜌𝜃
𝜕𝑆
)
𝑝,𝜌
∇𝑆 ⋅ (∇𝜌 × ∇𝑝) ≠ 0. (4.99)
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Now, potential densitymay bewritten as function of salinity and potential temperature (or entropy)
with no pressure dependence and therefore we can rewrite the above expression as

(∇𝜌 × ∇𝑝) ⋅ ∇𝜌𝜃 = (∇𝜌𝜃 × ∇𝜌) ⋅ ∇𝑝 (4.100a)

= [( �𝜕𝜌𝜃
𝜕𝑆
∇𝑆 + 𝜕𝜌𝜃
𝜕𝜃
∇𝜃)� × ( �𝜕𝜌

𝜕𝑆
∇𝑆 + 𝜕𝜌
𝜕𝜃
∇𝜃 + 𝜕𝜌
𝜕𝑝
∇𝑝)�] ⋅ ∇𝑝 (4.100b)

= [𝜕𝜌𝜃
𝜕𝑆
∇𝑆 × 𝜕𝜌
𝜕𝜃
∇𝜃 + 𝜕𝜌𝜃
𝜕𝜃
∇𝜃 × 𝜕𝜌
𝜕𝑆
∇𝑆] ⋅ ∇𝑝 (4.100c)

= [𝜕𝜌𝜃
𝜕𝑆
𝜕𝜌
𝜕𝜃
− 𝜕𝜌𝜃
𝜕𝜃
𝜕𝜌
𝜕𝑆
] (∇𝑆 × ∇𝜃) ⋅ ∇𝑝, (4.100d)

If the term in square brackets in (4.100d) is zero then potential vorticity is conserved, and this is
the case if the density and potential density are related by

𝜌(𝑆, 𝜃, 𝑝) = 𝜌𝜃(𝑆, 𝜃) + 𝐹(𝑝), (4.101)

where 𝐹 is some function of 𝑝; the result also follows directly using (4.101) and (4.100a). Equation
(4.101) does not exactly hold because the compressibility of seawater is not in fact just a function of
pressure (this is the thermobaric effect). However, as can be seen from (1.156b), the equation holds
to a good approximation, a result related to the fact that the speed of sound in seawater is nearly
constant. Thus, to this approximation, potential vorticity is adiabatically conserved in seawater if
potential density is used as the scalar variable. The derivation does not care whether density itself
is a function of salinity; rather, it asks that the difference between density and potential density is
a function only of pressure.

Similarly, in a moist atmosphere there is, strictly, no conservation of a conventional poten-
tial vorticity because potential temperature is a function of density, pressure and water vapour,
although the moisture dependence is usually weak. Condensational heating also provides a dia-
batic source term that provides a source of potential vorticity. These effects may accounted for in
part by using a virtual potential temperature in the definition of potential vorticity, and including
the contribution of liquid water to the entropy.9 In any case, and as with seawater, the composi-
tional effects are fairly small, especially in mid-latitudes, and the dynamics of potential vorticity
conservation play a central role in the large-scale dynamics of both atmosphere and ocean.

4.5.5 Effects of Rotation, and Summary Remarks
In a rotating frame the potential vorticity conservation equation is obtained simply by replacing
𝝎𝑎 by 𝝎 + 2𝜴, where 𝜴 is the rotation rate of the rotating frame. The operator D/D𝑡 is reference-
frame invariant, and so may be evaluated using the usual formulae with velocities measured in the
rotating frame.

We have generally referred to the quantity 𝝎𝑎 ⋅ ∇𝜃/𝜌 as the potential vorticity; however, this
form (often referred to as the Ertel or Rossby–Ertel potential vorticity) is not unique. If 𝜃 is a
materially conserved variable, then so is 𝑔(𝜃) where 𝑔 is any function, so that 𝝎𝑎 ⋅ ∇𝑔(𝜃)/𝜌 is also
a potential vorticity. In the atmosphere 𝜃 itself is in fact commonly used, whereas in the ocean
potential density is the more appropriate scalar, with𝑓𝜕𝜌𝜃/𝜕𝑧 being a common approximation for
low Rossby number flows.

The conservation of potential vorticity has profound consequences in fluid dynamics, especially
in a rotating, stratified fluid. The non-conservative terms are often small, and large-scale flow in
both the ocean and the atmosphere is well characterized by conservation of potential vorticity.
Such conservation is a very powerful constraint on the flow, and indeed it turns out that poten-
tial vorticity is usually a more useful quantity for baroclinic, or non-homentropic, fluids than for
barotropic fluids, because the required use of a special conserved scalar imparts additional infor-
mation; in barotropic fluids potential vorticity has little more power than vorticity itself.
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Fig. 4.10 The volume of a column of fluid, ℎ𝐴,
is conserved. Furthermore, the vorticity is tied
to material lines so that 𝜁𝐴 is also a material in-
variant, where 𝜁 = 𝝎 ⋅ 𝐤 is the vertical compo-
nent of the vorticity. From this, 𝜁/ℎmust bema-
terially conserved, or D(𝜁/ℎ)/D𝑡 = 0, which is
the conservation of potential vorticity in a shal-
low water system. With rotation this general-
izes to D[(𝜁 + 𝑓)/ℎ]/D𝑡 = 0.

4.6 ♦ POTENTIAL VORTICITY IN THE SHALLOW WATER SYSTEM
In Chapter 3 we derived potential vorticity conservation by direct manipulation of the shallow wa-
ter equations. In this short section we show that shallow water potential vorticity is also derivable
from the conservation of circulation. Specifically, we will begin with the three-dimensional form
of Kelvin’s theorem, and then make the small aspect ratio assumption (which is the key assump-
tion underlying shallow water dynamics), and thereby recover shallow water potential vorticity
conservation (see also Fig. 4.10).

We begin with
D
D𝑡
(𝝎3 ⋅ 𝛿𝑺) = 0, (4.102)

where 𝝎3 is the curl of the three-dimensional velocity and 𝛿𝑺 = 𝒏 𝛿𝑆 is an arbitrary infinitesimal
vector surface element, with 𝒏 being a unit vector pointing in the direction normal to the surface.
If we separate the vorticity and the surface element into vertical and horizontal components we
can write (4.102) as

D
D𝑡
[(𝜁 + 𝑓)𝛿𝐴 + 𝝎ℎ ⋅ 𝛿𝑺ℎ] = 0, (4.103)

where𝝎ℎ and 𝛿𝑺ℎ are the horizontally directed components of the vorticity and the surface element,
and 𝛿𝐴 = 𝐤 𝛿𝑺 is the area of a horizontal cross-section of a fluid column. In Cartesian form the
horizontal component of the vorticity is

𝝎ℎ = 𝐢 (
𝜕𝑤
𝜕𝑦
− 𝜕𝑣
𝜕𝑧
) − 𝐣 (𝜕𝑤
𝜕𝑥
− 𝜕𝑢
𝜕𝑧
) = 𝐢𝜕𝑤
𝜕𝑦
− 𝐣𝜕𝑤
𝜕𝑥
, (4.104)

where vertical derivatives of the horizontal velocity are zero by virtue of the nature of the shallow
water system. Now, the vertical velocity in the shallow water system is smaller than the horizontal
velocity by the order of the aspect ratio — the ratio of the fluid depth to the horizontal scale of the
motion. Furthermore, the size of the horizontally directed surface element is also smaller than the
vertically-directed component by the aspect ratio; that is,

|𝝎ℎ| ∼ 𝛼|𝜁| and |𝛿𝑺ℎ| ∼ 𝛼|𝛿𝐴|, (4.105)

where 𝛼 = 𝐻/𝐿 is the aspect ratio. Thus𝝎ℎ ⋅𝛿𝑺ℎ is smaller than the term 𝜁𝛿𝐴 by the aspect number
squared, and in the small aspect ratio approximation should be neglected. Kelvin’s circulation
theorem, (4.103), becomes

D
D𝑡
[(𝜁 + 𝑓)𝛿𝐴] = 0 or D

D𝑡
[(𝜁 + 𝑓)
ℎ
ℎ 𝛿𝐴] = 0, (4.106a,b)
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where ℎ is the depth of the fluid column. But ℎ 𝛿𝐴 is the volume of the fluid column, and this is
constant. Thus, (4.106b) gives, as in (3.96),

D
D𝑡
(𝜁 + 𝑓
ℎ
) = 0, (4.107)

where, because horizontal velocities are independent of the vertical coordinate, the advection is
purely horizontal.

4.7 POTENTIAL VORTICITY IN APPROXIMATE, STRATIFIED MODELS
If approximate models of stratified flow (Boussinesq, hydrostatic and so on) are to be useful then
they should conserve an appropriate form of potential vorticity, and we consider a few such cases.

4.7.1 The Boussinesq Equations
A Boussinesq fluid is incompressible; that is, the volume of a fluid element is conserved and the
flow is divergence-free, with ∇ ⋅ 𝒗 = 0. The equation for vorticity itself is then isomorphic to that
for a line element. However, the Boussinesq equations are not barotropic — ∇𝜌 is not parallel to
∇𝑝— and although the pressure gradient term ∇𝜙 disappears on taking its curl (or equivalently
disappears on integration around a closed path) the buoyancy term 𝐤𝑏 does not, and it is this term
that prevents Kelvin’s circulation theorem from holding. Specifically, the evolution of circulation
in the Boussinesq equations obeys

D
D𝑡
[(𝝎𝑎 ⋅ 𝒏)𝛿𝐴] = (∇ × 𝑏𝐤) ⋅ 𝒏𝛿𝐴, (4.108)

where here, as in (4.70), 𝒏 is a unit vector orthogonal to an infinitesimal surface element of area
𝛿𝐴. The right-hand side is annihilated if we choose 𝒏 to be parallel to∇𝑏, because∇𝑏 ⋅∇×(𝑏𝐤) = 0.
In the simple Boussinesq equations the thermodynamic equation is

D𝑏
D𝑡
= 0, (4.109)

and potential vorticity conservation is therefore (with 𝝎𝑎 = 𝝎 + 2𝜴)
D𝑄
D𝑡
= 0, 𝑄 = (𝝎 + 2𝜴) ⋅ ∇𝑏. (4.110a,b)

Expanding (4.110b) in Cartesian coordinates with 2𝜴 = 𝑓𝐤 we obtain:
𝑄 = (𝑣𝑥 − 𝑢𝑦)𝑏𝑧 + (𝑤𝑦 − 𝑣𝑧)𝑏𝑥 + (𝑢𝑧 − 𝑤𝑥)𝑏𝑦 + 𝑓𝑏𝑧. (4.111)

In the general Boussinesq equations 𝑏 itself is not materially conserved. We cannot expect to
obtain a conservation law if salinity is present, but if the equation of state and the thermodynamic
equation are:

𝑏 = 𝑏(𝜃, 𝑧), D𝜃
D𝑡
= 0, (4.112)

then potential vorticity conservation follows, because taking 𝒏 to be parallel to ∇𝜃 will cause the
right-hand side of (4.108) to vanish; that is,

∇𝜃 ⋅ ∇ × (𝑏𝐤) = (𝜕𝜃
𝜕𝑧
∇𝑧 + 𝜕𝜃
𝜕𝑏
∇𝑏) ⋅ ∇ × (𝑏𝐤) = 0. (4.113)

The materially conserved potential vorticity in the Boussinesq approximation, 𝑄𝐵, is thus

𝑄𝐵 = 𝝎𝑎 ⋅ ∇𝜃. (4.114)

Note that if the equation of state is 𝑏 = 𝑏(𝜃, 𝜙), where 𝜙 is the pressure, then potential vorticity is
not conserved because then, in general, ∇𝜙 ⋅ ∇ × (𝑏𝐤) ≠ 0.
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4.7.2 The Hydrostatic Equations
Making the hydrostatic approximation has no effect on whether or not the circulation theorem is
satisfied. Thus, in a baroclinic hydrostatic fluid we have

D
D𝑡
∫(𝝎hy + 2𝜴) ⋅ d𝑺 = −∫∇𝛼 × ∇𝑝 ⋅ d𝑺, (4.115)

where, from (4.55) 𝝎hy = ∇ × 𝒖 = −𝐢𝑣𝑧 + 𝐣𝑢𝑧 + 𝐤(𝑣𝑥 − 𝑢𝑦), but the gradient operator and ma-
terial derivative are fully three-dimensional. Derivation of potential vorticity conservation then
proceeds, as in Section 4.5.1, by choosing the circuit over which the circulation is calculated to be
such that the right-hand side vanishes; that is, to be such that the solenoidal term is annihilated.
Precisely as before, this occurs if the circuit is barotropic, and without further ado we write

D𝑄hy
D𝑡
= D

D𝑡
[
(𝝎hy + 2𝜴) ⋅ ∇𝜃
𝜌

] = 0. (4.116)

Expanding the expression for 𝑄hy in Cartesian coordinates gives

𝑄hy =
1
𝜌
[(𝑣𝑥 − 𝑢𝑦)𝜃𝑧 − 𝑣𝑧𝜃𝑥 + 𝑢𝑧𝜃𝑦 + 2𝛺𝜃𝑧] . (4.117)

In spherical coordinates the hydrostatic approximation is usually accompanied by the traditional
approximation and the expanded expression for a conserved potential vorticity is more compli-
cated. It can still be derived from Kelvin’s theorem, but this is left as an exercise for the reader.

4.7.3 Potential Vorticity on Isentropic Surfaces
If we beginwith the primitive equations in isentropic coordinates then potential vorticity conserva-
tion follows quite simply. Cross-differentiating the horizontal momentum equations (3.178) gives
the vorticity equation

D
D𝑡
(𝜁 + 𝑓) + (𝜁 + 𝑓)∇𝜃 ⋅ 𝒖 = 0, (4.118)

where D/D𝑡 = 𝜕/𝜕𝑡 + 𝒖 ⋅ ∇𝜃. The thermodynamic equation is

D𝜎
D𝑡
+ 𝜎∇ ⋅ 𝒖 = 0, (4.119)

where 𝜎 = 𝜕𝑧/𝜕𝑏 (Boussinesq) or 𝜕𝑝/𝜕𝜃 (ideal gas) is the thickness of an isopycnal layer. Elimi-
nating the divergence between (4.118) and (4.119) gives

D𝑄𝐼𝑆
D𝑡
= 0, where 𝑄𝐼𝑆 = (

𝜁 + 𝑓
𝜎
) . (4.120)

The derivation, and the result, are precisely the same as with the shallow water equations (Sections
3.7.1 and 4.6).

A connection between isentropic and height coordinates
The hydrostatic potential vorticity written in height coordinates may be transformed into a form
that reveals its intimate connection with isentropic surfaces. Let us make the Boussinesq approxi-
mation for which the hydrostatic potential vorticity is, with no rotation,

𝑄hy = (𝑣𝑥 − 𝑢𝑦)𝑏𝑧 − 𝑣𝑧𝑏𝑥 + 𝑢𝑧𝑏𝑦, (4.121)
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where 𝑏 is the buoyancy. We can write this as

𝑄hy = 𝑏𝑧 [(�𝑣𝑥 − 𝑣𝑧
𝑏𝑥
𝑏𝑧
)� − ( �𝑢𝑦 − 𝑢𝑧

𝑏𝑦
𝑏𝑧
) �] . (4.122)

But the terms in the inner brackets are just the horizontal velocity derivatives at constant 𝑏. To see
this, note that

(𝜕𝑣
𝜕𝑥
)
𝑏
= (𝜕𝑣
𝜕𝑥
)
𝑧
+ 𝜕𝑣
𝜕𝑧
(𝜕𝑧
𝜕𝑥
)
𝑏
= (𝜕𝑣
𝜕𝑥
)
𝑧
− 𝜕𝑣
𝜕𝑧
( 𝜕𝑏
𝜕𝑥
)
𝑧
/� 𝜕𝑏
𝜕𝑧
, (4.123)

with a similar expression for (𝜕𝑢/𝜕𝑦)𝑏. (These relationships follow from standard rules of partial
differentiation. Derivatives with respect to 𝑧 are taken at constant 𝑥 and 𝑦.) Thus, we obtain

𝑄hy =
𝜕𝑏
𝜕𝑧
[(𝜕𝑣
𝜕𝑥
)
𝑏
− (𝜕𝑢
𝜕𝑦
)
𝑏
] = 𝜕𝑏
𝜕𝑧
𝜁𝑏. (4.124)

Thus, potential vorticity is simply the horizontal vorticity evaluated on a surface of constant buoy-
ancy, multiplied by the vertical derivative of buoyancy. An analogous derivation, with a similar
result, proceeds for the ideal gas equations, with potential temperature replacing buoyancy.

4.8 ♦ THE IMPERMEABILITY OF ISENTROPES TO POTENTIAL VORTICITY
An interesting property of isentropic surfaces is that they are ‘impermeable’ to potential vorticity,
meaning that the mass integral of potential vorticity (∫𝑄𝜌 d𝑉) over a volume bounded by an isen-
tropic surface remains constant, even in the presence of diabatic sources, provided the surfaces do
not intersect a non-isentropic surface such as the ground.10 This may seem surprising, especially
because unlike most conservation laws the result does not require adiabatic flow, and for that rea-
son it leads to interesting interpretations of a number of phenomena. However, impermeability is
a consequence of the definition of potential vorticity rather than the equations of motion, and in
that sense it is a kinematic and not dynamical property.

To derive the result we define 𝑠 ≡ 𝜌𝑄 = ∇ ⋅ (𝜃𝝎𝑎), where 𝝎𝑎 is the absolute vorticity, and
integrate over some volume 𝑉 to give

𝐼 = ∫
𝑉
𝑠d𝑉 = ∫

𝑉
∇ ⋅ (𝜃𝝎𝑎)d𝑉 = ∫

𝑆
𝜃𝝎𝑎 ⋅ d𝑺, (4.125)

using the divergence theorem, where 𝑆 is the surface surrounding the volume 𝑉. If this is an isen-
tropic surface then we have

𝐼 = 𝜃∫
𝑆
𝝎𝑎 ⋅ d𝑺 = 𝜃∫

𝑉
∇ ⋅ 𝝎𝑎 d𝑉 = 0, (4.126)

again using the divergence theorem. That is, over a volume wholly enclosed by a single isentropic
surface the integral of 𝑠 vanishes. If the volume is bounded by more than one isentropic surface
none of which intersect the surface, for example by concentric spheres of different radii as in
Fig. 4.11(a), the result still holds. The quantity 𝑠 is called ‘potential vorticity concentration’, or ‘PV
concentration’. The integral of 𝑠 over a volume is akin to the total amount of a conserved material
property, such as salt content, and so may be called ‘PV substance’. That is, the PV concentration
is the amount of potential vorticity substance per unit volume and

PV substance = ∫ 𝑠 d𝑉 = ∫𝜌𝑄 d𝑉. (4.127)
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Earth

constant

(a) (b)

Fig. 4.11 (a) Two isentropic surfaces that do not intersect the ground. The integral of PV concen-
tration over the volume between them, 𝑉, is zero, even if there is heating and the contours move.
(b) An isentropic surface,𝐴, intersects the ground, 𝐵, thus enclosing a volume𝑉. The rate of change
of PV concentration over the volume is given by an integral over 𝐵.

Suppose now that the fluid volume is enclosed by an isentrope that intersects the ground, as in
Fig. 4.11(b). Let 𝐴 denote the isentropic surface, 𝐵 denote the ground, 𝜃𝐴 the constant value of 𝜃
on the isentrope, and 𝜃𝐵(𝑥, 𝑦, 𝑡) the non-constant value of 𝜃 on the ground. The integral of 𝑠 over
the volume is then

𝐼 = ∫
𝑉
∇ ⋅ (𝜃𝝎𝑎)d𝑉 = 𝜃𝐴 ∫

𝐴
𝝎𝑎 ⋅ d𝑺 + ∫

𝐵
𝜃𝐵𝝎𝑎 ⋅ d𝑺

= 𝜃𝐴 ∫
𝐴+𝐵
𝝎𝑎 ⋅ d𝑺 + ∫

𝐵
(𝜃𝐵 − 𝜃𝐴)𝝎𝑎 ⋅ d𝑺

= ∫
𝐵
(𝜃𝐵 − 𝜃𝐴)𝝎𝑎 ⋅ d𝑺.

(4.128)

The first term on the second line vanishes after using the divergence theorem. Thus, the value
of 𝐼, and hence its rate of change, is a function only of an integral over the surface 𝐵, and the PV
flux there must be calculated using the full equations of motion. However, we do not need to
be concerned with any flux of PV concentration through the isentropic surface; put another way,
the PV substance in a volume can change only when isentropes enclosing the volume intersect a
boundary such as the Earth’s surface.

4.8.1 Interpretation and Application
Motion of the isentropic surface
How can the above results hold in the presence of heating? The isentropic surfaces must move in
such a way that the total amount of PV concentration contained between them nevertheless stays
fixed, and we now demonstrate this explicitly. The potential vorticity equation may be written

𝜕𝑄
𝜕𝑡
+ 𝒗 ⋅ ∇𝑄 = 𝑆𝑄, (4.129)

where, from (4.96), 𝑆𝑄 = (𝝎𝑎/𝜌) ⋅ ∇ ̇𝜃 + ∇𝜃 ⋅ (∇ × 𝑭)/𝜌. Using mass continuity this may be written
as

𝜕𝑠
𝜕𝑡
+ ∇ ⋅ 𝑱 = 0, (4.130)

where 𝑱 ≡ 𝜌𝒗𝑄 + 𝑵 and ∇ ⋅ 𝑵 = −𝜌𝑆𝑄. Written in this way, the quantity 𝑱/𝑠 is a notional velocity,
𝒗𝑄 say, and 𝑠 satisfies

𝜕𝑠
𝜕𝑡
+ ∇ ⋅ (𝒗𝑄𝑠) = 0. (4.131)
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That is, 𝑠 evolves as if it were being fluxed by the velocity 𝒗𝑄. The concentration of a chemical tracer
𝜒 (i.e., 𝜒 is the amount of tracer per unit volume) obeys a similar equation, to wit

𝜕𝜒
𝜕𝑡
+ ∇ ⋅ (𝒗𝜒) = 0. (4.132)

However, whereas (4.132) implies that D(𝜒/𝜌)/D𝑡 = 0, (4.131) does not imply that 𝜕𝑄/𝜕𝑡 + 𝒗𝑄 ⋅
∇𝑄 = 0 because 𝜕𝜌/𝜕𝑡 + ∇ ⋅ (𝜌𝒗𝑄) ≠ 0.

Now, the impermeability result tells us that there can be no notional velocity across an isen-
tropic surface. How can this be satisfied by the equations of motion? We write the right-hand side
of (4.129) as

𝜌𝑆𝑄 = ∇ ⋅ ( ̇𝜃𝝎𝑎 + 𝜃∇ × 𝑭) = ∇ ⋅ ( ̇𝜃𝝎𝑎 + 𝑭 × ∇𝜃). (4.133)

Thus,𝑵 = − ̇𝜃𝝎𝑎 − 𝑭 × ∇𝜃 and we may write the 𝑱 vector as

𝑱 = 𝜌𝒗𝑄 − ̇𝜃𝝎𝑎 − 𝑭 × ∇𝜃 = 𝜌𝑄(𝒗⟂ + 𝒗∥) − ̇𝜃𝝎∥ − 𝑭 × ∇𝜃, (4.134)

where, making use of the thermodynamic equation,

𝒗∥ = 𝒗 −
𝒗 ⋅ ∇𝜃
|∇𝜃|2
∇𝜃, 𝒗⟂ = −

𝜕𝜃/𝜕𝑡
|∇𝜃|2
∇𝜃, (4.135a)

𝝎∥ = 𝝎𝑎 −
𝝎𝑎 ⋅ ∇𝜃
|∇𝜃|2
∇𝜃 = 𝝎𝑎 −

𝑄𝜌
|∇𝜃|2
∇𝜃. (4.135b)

The subscripts ‘⟂’ and ‘∥’ denote components perpendicular and parallel to the local isentropic
surface, and 𝒗⟂ is the velocity of the isentropic surface normal to itself. Equation (4.134) may be
verified by using (4.135) and D𝜃/D𝑡 = ̇𝜃.

The ‘parallel’ terms in (4.135) are all vectors parallel to the local isentropic surface, and therefore
do not lead to any flux of PV concentration across that surface. Furthermore, the term 𝜌𝑄𝒗⟂ is
𝜌𝑄multiplied by the normal velocity of the surface. That is to say, the notional velocity associated
with the flux normal to the isentropic surface is equal to the normal velocity of the isentropic
surface itself, and so it too provides no flux of PV concentration across that surface (even though
there may well be a mass flux across the surface). Put simply, the isentropic surface always moves
in such a way as to ensure that there is no flux of PV concentration across it. In our proof of
the impermeability result in the previous subsection we used the fact that the potential vorticity
multiplied by the density is the divergence of a vector. In the demonstration above we used the fact
that the terms forcing potential vorticity are the divergence of a vector.

††† Dynamical choices of PV flux and a connection to Bernoulli’s theorem
If we add a non-divergent vector to the flux, 𝑱, then it has no effect on the evolution of 𝑠. This
gauge invariance means that the notional velocity, 𝑣𝑄 = 𝑱/(𝜌𝑄) is similarly non-unique, although
it does not mean that there are not dynamical choices for it that are more appropriate in given cir-
cumstances. To explore this, let us obtain a general expression for 𝑱 by starting with the definition
of 𝑠, so that

𝜕𝑠
𝜕𝑡
= ∇𝜃 ⋅ 𝜕𝝎𝑎
𝜕𝑡
+ 𝝎𝑎 ⋅ ∇

𝜕𝜃
𝜕𝑡

= ∇𝜃 ⋅ ∇ × 𝜕𝒗
𝜕𝑡
+ ∇ ⋅ (𝝎𝑎

𝜕𝜃
𝜕𝑡
) = −∇ ⋅ 𝑱′,

(4.136)

where
𝑱′ = ∇𝜃 × 𝜕𝒗

𝜕𝑡
− 𝜕𝜃
𝜕𝑡
𝝎𝑎 + ∇𝜙 × ∇𝜒. (4.137)
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The last term in this expression is an arbitrary divergence-free vector. If we choose 𝜙 = 𝜃 and
𝜒 = 𝐵, where 𝐵 is the Bernoulli function given by 𝐵 = 𝐼+𝒗2/2+𝑝/𝜌where 𝐼 is the internal energy
per unit mass, then

𝑱′ = ∇𝜃 × (∇𝐵 + 𝜕𝒗
𝜕𝑡
) − 𝝎𝑎( ̇𝜃 − 𝒗 ⋅ ∇𝜃), (4.138)

having used the thermodynamic equation D𝜃/D𝑡 = ̇𝜃. Now, the momentum equation may be
written, without approximation, in the form

𝜕𝒗
𝜕𝑡
= −𝝎𝑎 × 𝒗 + 𝑇∇𝜂 + 𝑭 − ∇𝐵, (4.139)

where 𝜂 is the specific entropy (d𝜂 = 𝑐𝑝 d ln 𝜃). Using (4.138) and (4.139) gives

𝑱′ = 𝜌𝑄𝒗 − ̇𝜃𝝎𝑎 + ∇𝜃 × 𝑭, (4.140)

which is the same as (4.134). Furthermore, using (4.137) for steady flow,

𝑱 = ∇𝜃 × ∇𝐵. (4.141)

That is, the flux of potential vorticity (in this gauge) is aligned with the intersection of 𝜃- and
𝐵-surfaces. For steady inviscid and adiabatic flow the Bernoulli function is constant along stream-
lines; that is, surfaces of constant Bernoulli function are aligned with streamlines, and, because 𝜃
is materially conserved, streamlines are formed at intersecting 𝜃- and 𝐵-surfaces, as in (1.204). In
the presence of forcing, this property is replaced by (4.141), and the flux of PV concentration is
along such intersections.

This choice of gauge leading to (4.140) is physical in that it reduces to the true advective flux
𝒗𝜌𝑄 for unforced, adiabatic flow, but it is not a unique choice, nor is it mandated by the dynamics.
Choosing 𝜒 = 0 leads to the flux

𝑱1 = 𝜌𝑄𝒗 − ̇𝜃𝝎𝑎 + ∇𝜃 × (𝑭 − ∇𝐵), (4.142)

and using (4.137) this vanishes for steady flow, which is a potentially useful property.

Summary remarks
The impermeability result is kinematic, but can provide an interesting point of view and useful
diagnostic tool.11 We make the following summary remarks:
• There can be no net transport of potential vorticity across an isentropic surface, and the

total amount of potential vorticity in a volume wholly enclosed by isentropic surfaces is zero.
Thus, and with hindsight trivially, the amount of potential vorticity contained between two
isentropes isolated from the Earth’s surface in the Northern Hemisphere is the negative of
the corresponding amount in the Southern Hemisphere.
• Potential vorticity flux lines (i.e., lines everywhere parallel to 𝑱) can either close in on them-

selves or begin and end at boundaries (e.g., the ground or the ocean surface). However, 𝑱
may change its character. Thus, for example, at the base of the oceanic mixed layer 𝑱 may
change from being a diabatic flux above to an adiabatic advective flux below. There may be
a similar change in character at the atmospheric tropopause.
• The flux vector 𝑱 is defined only to within the curl of a vector. Thus the vector 𝑱′ = 𝑱+∇×𝑨,

where 𝑨 is arbitrary, is as valid as is 𝑱 in the above derivations.
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Notes
1 The frozen-in property — that vortex lines are material lines — was derived by Helmholtz (1858)

and is sometimes called Helmholtz’s theorem.

2 The theorem originates with William Thomson (1824–1907), who became Lord Kelvin in 1892. The
circulation theorem was published in Thomson (1869) and is a conservation law that is unique to
a fluid: unlike, for example, the conservation of energy, it has no analogue in solid-body mechanics.
Thomson was born in Belfast but spent most of his life in Scotland, becoming a professor at the
University of Glasgow in 1846 (at the age of 22!) and staying there for 53 years. A prolific and
creative scientist, he made a lasting impact on both fluid dynamics and thermodynamics — among
other achievements he proposed an absolute temperature scale and a formulation of the second
law of thermodynamics. Later in life he turned to engineering and was one of the proponents of a
telegraph cable under the Atlantic. To his credit he also had some grand failures — his estimates
of the age of Earth and how long oxygen would last in the atmosphere were both wrong by orders
of magnitude.

3 Silberstein (1896) proved that ‘the necessary and sufficient condition for the generation of vortical
flow…influenced only by conservative forces …is that the surface of constant pressure and sur-
face of constant density…intersect’, as we derived in Section 4.2, and this leads to (4.43). Bjerknes
(1898a,b) explicitly put this into the form of a circulation theorem and applied it to problems of me-
teorological and oceanographic importance (seeThorpe et al. 2003), and the theorem is sometimes
called the Bjerknes theorem or the Bjerknes–Silberstein theorem.

Vilhelm Bjerknes (1862–1951) was a physicist and hydrodynamicist who in 1917 moved to the Uni-
versity of Bergen as founding head of the Bergen Geophysical Institute. Here he did what was prob-
ably his most influential work in meteorology, setting up and contributing to the ‘Bergen School
of Meteorology’. Among other things he and his colleagues were among the first to consider, as a
practical proposition, the use of numerical methods — initial data in conjunction with the fluid
equations of motion — to forecast the state of the atmosphere, based on earlier work describing
how that task might be done (Abbe 1901, Bjerknes 1904). Inaccurate initial velocity fields com-
pounded with the shear complexity of the effort ultimately defeated them, but the effort was con-
tinued (also unsuccessfully) by L. F. Richardson (Richardson 1922), before J. Charney, R. Fjørtoft and
J. Von Neumann eventually made what may be regarded as the first successful numerical forecast
(Charney et al. 1950). Their success can be attributed to the used of a simplified, filtered, set of
equations and the use of an electronic computer.

4 The result (4.50) was given by Poincaré (1893) although it is sometimes attributed to Bjerknes
(1902).

5 The first derivation of the PV conservation law was given for the hydrostatic shallow water equa-
tions by Rossby (1936), with a generalization to the stratified case, via the use of isentropic coordi-
nates, in Rossby (1938) and Rossby (1940). In the 1936 paper Rossby noted — his Eq. (75) — that
a fluid column satisfies 𝑓 + 𝜁 = 𝑐𝐷, where 𝑐 is a constant and 𝐷 is the thickness of a fluid column;
equivalently, (𝑓 + 𝜁)/𝐷 is a material invariant. The expression ‘potential vorticity’ was introduced
in Rossby (1940), as follows: ‘This quantity, which may be called the potential vorticity, represents
the vorticity the air column would have it it were brought, isopycnally or isentropically, to a standard
latitude (𝑓0) and stretched or shrunk vertically to a standard depth𝐷0 or weight 𝛥0.’ (Rossby’s italics.)
That is,

potential vorticity = 𝜁0 = (
𝜁 + 𝑓
𝐷
)𝐷0 − 𝑓0, (4.143)

which follows from his Eq. (11), and this is the sense he uses it in that paper. However, potential
vorticity has come to mean the quantity (𝜁 + 𝑓)/𝐷, which of course does not have the dimensions
of vorticity. We use it in this latter, now conventional, sense throughout this book. Ironically, quasi-
geostrophic potential vorticity as usually defined does have the dimensions of vorticity.

The expression for potential vorticity in a non-hydrostatic, continuously stratified fluid was given
by Ertel (1942a), and its relationship to circulation was given by Ertel (1942b). It is now commonly
known as the Ertel potential vorticity, or the Rossby–Ertel potential vorticity. Interestingly, in Rossby
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(1940) we find the Fermat-like comment ‘It is possible to derive corresponding results for an atmo-
sphere in which the potential temperature varies continuously with elevation…. The generalized
treatment will be presented in another place.’ Given his prior (1938) derivation of the stratified
quantity in isentropic coordinates, he must not have regarded his own derivations as very gen-
eral. Opinions differ as to whether Rossby’s and Ertel’s derivations were independent, and Cress-
man (1996) remarks that the origin of the concept of potential vorticity is a ‘delicate one that has
aroused some passion in private correspondences’. In fact, Ertel visited MIT in autumn 1937 and
presumably talked to Rossby and became aware of his work. It seems almost certain that Ertel knew
of Rossby’s shallow water and isentropic theorems, but it is also clear that Ertel subsequently pro-
vided a significant generalization, most likely independently. Rossby and Ertel apparently remained
on good terms, but further collaboration was stymied by World War II. They later published a pair
of short joint papers, one in German and the other in English, describing related conservation the-
orems (Ertel & Rossby 1949a,b). English translations of a number of Ertel’s papers are to be found
in Schubert et al. (2004). I thank Roger Samelson for enlightening me about the history of Rossby
and Ertel.

6 Native French speakers may be confused by the difference. In English, an explication is a particular
way of performing an analysis or presenting an explanation, so there can be different explications
of the same mechanism.

7 Truesdell (1951, 1954) and Obukhov (1962) were early explorers of the consequences of heating
and friction on potential vorticity. The work of F. P. Bretherton, R. E. Dickinson and J. S. A. Green
(e.g., Bretherton 1966a, Dickinson 1969, Green 1970) helped bring potential vorticity ideas further
into the mainstream of gfd.

8 Many thanks to Stephen Griffies for pointing out this argument, and for many other comments
and discussions on matters related to this book. A study of saline effects on potential vorticity is
to be found in Straub (1999).

9 Schubert et al. (2001) provide more discussion of these matters. They derive a ‘moist PV’ that is an
extension of the dry Ertel PV to moist atmospheres and that has invertibility and impermeability
properties.

10 Haynes & McIntyre (1987, 1990). See also Danielsen (1990), Schär (1993), who obtained the result
(4.141), Bretherton & Schär (1993) and Davies-Jones (2003).

11 See, for example, McIntyre & Norton (1990) and Marshall & Nurser (1992). The latter use 𝑱 vectors
to study the creation and transport of potential vorticity in the oceanic thermocline.



A little inaccuracy sometimes saves a ton of explanation.
H. M. Munro (Saki), The Square Egg, 1924.

Every decoding is another encoding.
David Lodge, in the voice of Morris Zapp, Small World, 1984.

CHAPTER 5

Geostrophic Theory

L arge-scale flow in the ocean and the atmosphere is characterized by an approximate
balance in the vertical direction between the pressure gradient and gravity (hydrostatic bal-
ance), and in the horizontal direction between the pressure gradient and the Coriolis force

(geostrophic balance). In this chapter we exploit these balances to simplify theNavier–Stokes equa-
tions and thereby obtain various sets of simplified ‘geostrophic equations’. Depending on the pre-
cise nature of the assumptions we make, we are led to the quasi-geostrophic (QG) system for hor-
izontal scales similar to that on which most synoptic activity takes place and, for very large-scale
motion, to the planetary-geostrophic (PG) set of equations. By eliminating unwanted or unim-
portant modes of motion, in particular sound waves and gravity waves, and by building in the
important balances between flow fields, these filtered equation sets allow the investigator to better
focus on a particular class of phenomena and to potentially achieve a deeper understanding than
might otherwise be possible.1

Simplifying the equations in this way relies first on scaling the equations. The idea is that we
choose the scales we wish to describe, typically either on some a-priori basis or by using observa-
tions as a guide. We then attempt to derive a set of equations that is simpler than the original set
but that consistently describes motion of the chosen scale. An asymptotic method is one way to
achieve this, for it systematically tells us which terms we can drop and which we should keep. The
combined approach — scaling plus asymptotics — has proven enormously useful, but we should
always remember two things: (i) that scaling is a choice; (ii) that the approach does not explain the
existence of particular scales ofmotion, it just describes themotion thatmight occur on such scales.
We have already employed this general approach in deriving the hydrostatic primitive equations,
but now we go further.

5.1 GEOSTROPHIC SCALING

5.1.1 Scaling in the Shallow Water Equations

Postponing the complications that come with stratification, we begin with the shallow water equa-
tions. With the odd exception, we will denote the scales of variables by capital letters; thus, if 𝐿
is a typical length scale of the motion we wish to describe, and 𝑈 is a typical velocity scale, and
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assuming the scales are horizontally isotropic, we write

(𝑥, 𝑦) ∼ 𝐿 or (𝑥, 𝑦) = 𝒪(𝐿)
(𝑢, 𝑣) ∼ 𝑈 or (𝑢, 𝑣) = 𝒪(𝑈), (5.1)

and similarly for other variables. We may then nondimensionalize the variables by writing

(𝑥, 𝑦) = 𝐿(𝑥, 𝑦), (𝑢, 𝑣) = 𝑈(𝑢, 𝑣), (5.2)

where the hatted variables are nondimensional and, by supposition, are 𝒪(1). The various terms
in the momentum equation then scale as:

𝜕𝒖
𝜕𝑡
+ 𝒖 ⋅ ∇𝒖 + 𝒇 × 𝒖 = −𝑔∇𝜂, (5.3a)

𝑈
𝑇
𝑈2
𝐿
𝑓𝑈 ∼ 𝑔ℋ

𝐿
, (5.3b)

where the ∇ operator acts in the 𝑥–𝑦 plane andℋ is the amplitude of the variations in the surface
displacement. (We use 𝜂 to denote the height of the free surface above some arbitrary reference
level, as in Fig. 3.1. Thus, 𝜂 = 𝐻+𝛥𝜂, where𝛥𝜂 denotes the variation of 𝜂 about its mean position.)

The ratio of the advective term to the rotational term in the momentum equation (5.3) is
(𝑈2/𝐿)/�(𝑓𝑈) = 𝑈/𝑓𝐿; this is the Rossby number,2 first encountered in Chapter 2. Using values
typical of the large-scale circulation (e.g., from Table 2.1) we find that Ro ≈ 0.1 for the atmosphere
and Ro ≈ 0.01 for the ocean: small in both cases. If we are interested in motion that has the
advective time scale 𝑇 = 𝐿/𝑈 then we scale time by 𝐿/𝑈 so that

𝑡 = 𝐿
𝑈
̂𝑡, (5.4)

and the local time derivative and the advective term then both scale as𝑈2/𝐿, and both are smaller
than the rotation term by a factor of the order of the Rossby number. Then, either the Coriolis term
is the dominant term in the equation, in which case we have a state of no motion with −𝑓𝑣 = 0, or
else the Coriolis force is balanced by the pressure force, and the dominant balance is

−𝑓𝑣 = −𝑔𝜕𝜂
𝜕𝑥
, (5.5)

namely geostrophic balance, as encountered in Chapter 2. If we make this non-trivial choice, then
the equation informs us that variations in 𝜂 (i.e., 𝛥𝜂) scale according to

𝛥𝜂 ∼ ℋ = 𝑓𝑈𝐿
𝑔
. (5.6)

We can also writeℋ as
ℋ = Ro 𝑓

2𝐿2
𝑔
= Ro 𝐻𝐿

2

𝐿2𝑑
, (5.7)

where 𝐿𝑑 = √𝑔𝐻/𝑓 is the deformation radius and𝐻 is the mean depth of the fluid. The variations
in fluid height thus scale as

𝛥𝜂
𝐻
∼ Ro 𝐿

2

𝐿2𝑑
, (5.8)

and the height of the fluid may be written as

𝜂 = 𝐻(1 + Ro 𝐿
2

𝐿2𝑑
𝜂) and 𝛥𝜂 = Ro 𝐿

2

𝐿2𝑑
𝐻𝜂, (5.9)

where 𝜂 is the 𝒪(1) nondimensional value of the surface height deviation.
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Nondimensional momentum equation

If we use (5.9) to scale height variations, (5.2) to scale lengths and velocities, and (5.4) to scale time,
then the momentum equation (5.3) becomes

Ro [𝜕𝒖
𝜕 ̂𝑡
+ (𝒖 ⋅ ∇)𝒖] + 𝒇 × 𝒖 = −∇𝜂, (5.10)

where 𝒇 = 𝐤𝑓 = 𝐤𝑓/𝑓0, where 𝑓0 is a representative value of the Coriolis parameter. (If 𝑓 is a
constant, then 𝑓 = 1, but it is informative to explicitly write 𝑓 in the equations. Also, where the
operator ∇ operates on a nondimensional variable then the differentials are taken with respect to
the nondimensional variables 𝑥, 𝑦.) All the variables in (5.10) will be assumed to be of order unity,
and the Rossby number multiplying the local time derivative and the advective terms indicates the
smallness of those terms. By construction, the dominant balance in this equation is the geostrophic
balance between the last two terms.

Nondimensional mass continuity (height) equation

The (dimensional) mass continuity equation can be written as

1
𝐻

D𝜂
D𝑡
+ (1 + 𝛥𝜂
𝐻
)∇ ⋅ 𝒖 = 0. (5.11)

Using (5.2), (5.4) and (5.9) this equation may be written

Ro( 𝐿
𝐿𝑑
)
2 D𝜂

D ̂𝑡
+ [1 + Ro( 𝐿

𝐿𝑑
)
2
𝜂]∇ ⋅ 𝒖 = 0. (5.12)

Equations (5.10) and (5.12) are the nondimensional versions of the full shallow water equations of
motion. Evidently, some terms in the equations of motion are small and may be eliminated with
little loss of accuracy, and theway this is donewill depend on the size of the secondnondimensional
parameter, (𝐿/𝐿𝑑)2, which we come to shortly.

Froude and Burger numbers

The Froude number may be generally defined as the ratio of a fluid particle speed to a wave speed.
In a shallow water system this gives

Fr ≡ 𝑈
√𝑔𝐻
= 𝑈
𝑓0𝐿𝑑
= Ro 𝐿
𝐿𝑑
. (5.13)

The Burger number3 is a useful measure of the scale of motion of the fluid, relative to the deforma-
tion radius, and may be defined by

Bu ≡ (𝐿𝑑
𝐿
)
2
= 𝑔𝐻
𝑓20 𝐿2
= (Ro

Fr
)
2
. (5.14)

It is also useful to define the parameter 𝐹 ≡ Bu−1, which is like the square of a Froude number but
uses the rotational speed 𝑓𝐿 instead of 𝑈 in the numerator.
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5.1.2 Geostrophic Scaling in the Stratified Equations
We now apply the same scaling ideas, mutatis mutandis, to the stratified primitive equations. We
use the hydrostatic anelastic equations, which we write as

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −∇𝑧𝜙, (5.15a)

𝜕𝜙
𝜕𝑧
= 𝑏, (5.15b)

D𝑏
D𝑡
= 0, (5.15c)

∇ ⋅ (𝜌𝒗) = 0, (5.15d)

where 𝑏 is the buoyancy and 𝜌 is a reference density profile. Anticipating that the average stratifi-
cation may not scale in the same way as the deviation from it, let us separate out the contribution
of the advection of a reference stratification in (5.15c) by writing

𝑏 = �̃�(𝑧) + 𝑏′(𝑥, 𝑦, 𝑧, 𝑡). (5.16)

The thermodynamic equation then becomes

D𝑏′
D𝑡
+ 𝑁2𝑤 = 0, (5.17)

where 𝑁2 ≡ 𝜕�̃�/𝜕𝑧 (and the advective derivative is still three-dimensional). We then let 𝜙 =
𝜙(𝑧) + 𝜙′, where 𝜙 is hydrostatically balanced by �̃�, and the hydrostatic equation becomes

𝜕𝜙′
𝜕𝑧
= 𝑏′. (5.18)

Equations (5.17) and (5.18) replace (5.15c) and (5.15b), and 𝜙′ is used in (5.15a).

Nondimensional equations
We scale the basic variables by supposing that

(𝑥, 𝑦) ∼ 𝐿, (𝑢, 𝑣) ∼ 𝑈, 𝑡 ∼ 𝐿
𝑈
, 𝑧 ∼ 𝐻, 𝑓 ∼ 𝑓0, 𝑁 ∼ 𝑁0 (5.19)

where the scaling variables (capitalized, except for 𝑓0) are chosen to be such that the nondimen-
sional variables have magnitudes of the order of unity, and the parameters 𝑁0 and 𝑓0 are repre-
sentative values of 𝑁 and 𝑓. The scales chosen are such that the Rossby number is small; that is
Ro = 𝑈/(𝑓0𝐿) ≪ 1. In the momentum equation the pressure term then balances the Coriolis force,

|𝒇 × 𝒖| ∼ |∇𝜙′|, (5.20)

and so the pressure scales as
𝜙′ ∼ 𝛷 = 𝑓𝑜𝑈𝐿. (5.21)

Using the hydrostatic relation, (5.21) implies that the buoyancy scales as

𝑏′ ∼ 𝐵 = 𝑓0𝑈𝐿
𝐻
, (5.22)

and from this we obtain
(𝜕𝑏′/𝜕𝑧)
𝑁2
∼ Ro 𝐿

2

𝐿2𝑑
, (5.23)
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where 𝐿𝑑 = 𝑁0𝐻/𝑓0 is the deformation radius in the continuously stratified fluid, analogous to the
quantity √𝑔𝐻/𝑓0 in the shallow water system, and we use the same symbol, 𝐿𝑑, for both. In the
continuously stratified system, if the scale of motion is the same as or smaller than the deformation
radius, and the Rossby number is small, then the variations in stratification are small. The choice of
scale is the key difference between the planetary-geostrophic and quasi-geostrophic equations.

Finally, we will nondimensionalize the vertical velocity by using the mass conservation equa-
tion,

1
𝜌
𝜕𝜌𝑤
𝜕𝑧
= −(𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) , (5.24)

and we suppose that this implies
𝑤 ∼ 𝑊 = 𝑈𝐻

𝐿
. (5.25)

This is a naïve scaling for rotating flow: if the Coriolis parameter is nearly constant the geostrophic
velocity is nearly horizontally non-divergent and the right-hand side of (5.24) is small, and𝑊 ≪
𝑈𝐻/𝐿. We might then estimate 𝑤 by cross-differentiating geostrophic balance (with 𝜌 constant
for simplicity) to obtain the linear geostrophic vorticity equation and corresponding scaling:

𝛽𝑣 ≈ 𝑓𝜕𝑤
𝜕𝑧
, 𝑤 ∼ 𝑊 = 𝛽𝑈𝐻

𝑓0
. (5.26a,b)

However, rather than using (5.26b) from the outset, wewill use (5.25) and let the asymptotics guide
us to a proper scaling in the fullness of time. Note that if variations in the Coriolis parameter are
large and 𝛽 ∼ 𝑓0/𝐿, then (5.26b) is the same as (5.25).

Given the scalings above (using (5.25) for 𝑤) we nondimensionalize by setting

(𝑥, 𝑦) = 𝐿−1(𝑥, 𝑦), 𝑧 = 𝐻−1𝑧, (𝑢, 𝑣) = 𝑈−1(𝑢, 𝑣), ̂𝑡 = 𝑈
𝐿
𝑡,

𝑤 = 𝐿
𝑈𝐻
𝑤, 𝑓 = 𝑓

𝑓0
, �̂� = 𝑁

𝑁0
, 𝜙 = 𝜙

′

𝑓0𝑈𝐿
, �̂� = 𝐻
𝑓0𝑈𝐿
𝑏′,

(5.27)

where the hatted variables are nondimensional. The horizontal momentum and hydrostatic equa-
tions then become

Ro D𝒖
D ̂𝑡
+ 𝒇 × 𝒖 = −∇𝜙, (5.28)

and
𝜕𝜙
𝜕𝑧
= �̂�. (5.29)

The nondimensional mass conservation equation is simply

1
𝜌
∇ ⋅ (𝜌𝒗) = (𝜕𝑢

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 1
𝜌
𝜕𝜌𝑤
𝜕𝑧
) = 0, (5.30)

and the nondimensional thermodynamic equation is

𝑓0𝑈𝐿
𝐻
𝑈
𝐿

D�̂�
D ̂𝑡
+ �̂�2𝑁20

𝐻𝑈
𝐿
𝑤 = 0, (5.31)

or

Ro D�̂�
D ̂𝑡
+ (𝐿𝑑
𝐿
)
2
�̂�2𝑤 = 0. (5.32)

The nondimensional primitive equations are summarized in the box on the following page.
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Nondimensional Primitive Equations

Horizontal momentum: Ro D𝒖
D ̂𝑡
+ 𝒇 × 𝒖 = −∇𝜙 (PE.1)

Hydrostatic: 𝜕𝜙
𝜕𝑧
= �̂� (PE.2)

Mass continuity: (𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 1
𝜌
𝜕𝜌𝑤
𝜕𝑧
) = 0 (PE.3)

Thermodynamic: Ro D�̂�
D ̂𝑡
+ (𝐿𝑑
𝐿
)
2
�̂�2𝑤 = 0 (PE.4)

These equations are written for the anelastic equations in a rotating frame of refer-
ence. The Boussinesq equations result if we take 𝜌 = 1. The equations in pressure
coordinates also have a similar form — see Section 2.6.2.

5.2 THE PLANETARY-GEOSTROPHIC EQUATIONS
We now use the low Rossby number scalings above to derive equation sets that are simpler than
the original, ‘primitive’, ones. The planetary-geostrophic equations are probably the simplest such
set of equations, and we derive these equations first for the shallow water equations, and then for
the stratified primitive equations.

5.2.1 Using the Shallow Water Equations
Informal derivation
The advection and time derivative terms in the momentum equation (5.10) are order Rossby num-
ber smaller than the Coriolis and pressure terms (the term in square brackets is multiplied by Ro),
and therefore let us neglect them. The momentum equation straightforwardly becomes

𝒇 × 𝒖 = −∇𝜂. (5.33)

The mass conservation equation (5.12), contains two nondimensional parameters, Ro = 𝑈/(𝑓0𝐿)
(the Rossby number), and 𝐹 = (𝐿/𝐿𝑑)2 (the ratio of the length scale of the motion to the deforma-
tion scale; 𝐹 = Bu−1) and wemust make a choice as to the relationship between these two numbers.
We will choose

𝐹Ro = 𝒪(1), (5.34)
which implies

𝐿2 ≫ 𝐿2𝑑 or equivalently 𝐹 ≫ 1, Bu ≪ 1. (5.35)
That is to say, we suppose that the scales of motion are much larger than the deformation scale.
Given this choice, all the terms in the mass conservation equation, (5.12), are of roughly the same
size, and we retain them all. Thus, the shallow water planetary geostrophic equations are the full
mass continuity equation along with geostrophic balance and a geometric relationship between
the height field and the fluid thickness, and in dimensional form these are:

Dℎ
D𝑡
+ ℎ∇ ⋅ 𝒖 = 0,

𝒇 × 𝒖 = −𝑔∇𝜂, 𝜂 = ℎ + 𝜂𝑏 .
(5.36a,b,c)
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Weemphasize that the planetary-geostrophic equations are only valid for scales ofmotionmuch larger
than the deformation radius. The height variations are then as large as the mean height field itself;
that is, using (5.8), 𝛥𝜂/𝐻 = 𝒪(1).

Formal derivation
We make the following assumptions:

(i) The Rossby number is small. Ro = 𝑈/𝑓0𝐿 ≪ 1.
(ii) Thescale of themotion is significantly larger than the deformation scale. That is, (5.34) holds

or equivalently

𝐹 = Bu−1 = ( 𝐿
𝐿𝑑
)
2
≫ 1 (5.37)

and in particular
𝐹Ro = 𝒪(1). (5.38)

(iii) Time scales advectively, so that 𝑇 = 𝐿/𝑈.
The idea is now to expand the nondimensional velocity and height fields in an asymptotic series
with the Rossby number as the small parameter, substitute into the equations of motion and de-
rive a simpler set of equations. It is a nearly trivial exercise in this instance, and so illustrates the
methodology well. The expansions are

𝒖 = 𝒖0 + Ro 𝒖1 + Ro2 𝒖2 +… and 𝜂 = 𝜂0 + Ro 𝜂1 + Ro2 𝜂2 +… . (5.39a,b)

Substituting (5.39) into the momentum equation then gives

Ro [𝜕𝒖0
𝜕 ̂𝑡
+ 𝒖0 ⋅ ∇𝒖0 + 𝒇 × 𝒖1] + 𝒇 × 𝒖0 = −∇𝜂0 − Ro [∇𝜂1] + 𝒪(Ro2). (5.40)

The Rossby number is an asymptotic ordering parameter; thus, the sum of all the terms at any
particular order in Rossby number must vanish. At lowest order we obtain the simple expression

𝒇 × 𝒖0 = −∇𝜂0. (5.41)

Note that although 𝑓0 is a representative value of 𝑓, we have made no assumptions about the con-
stancy of 𝑓. In particular, 𝑓 is allowed to vary by an order one amount, provided that it does not
become so small that the Rossby number 𝑈/(𝑓𝐿) is not small.

The appropriate height (mass conservation) equation is similarly obtained by substituting (5.39)
into the shallowwater mass conservation equation. Because 𝐹Ro = 𝒪(1) at lowest order we simply
retain all the terms in the equation to give

𝐹Ro [𝜕𝜂0
𝜕𝑡
+ 𝒖0 ⋅ ∇𝜂0] + [1 + 𝐹Ro 𝜂] ∇ ⋅ 𝒖0 = 0. (5.42)

Equations (5.41) and (5.42) are a closed set, namely the nondimensional planetary-geostrophic
equations. The dimensional forms of these equations are just (5.36).

Variation of the Coriolis parameter
Suppose then that 𝑓 is a constant (𝑓0). Then, from the curl of (5.41), ∇ ⋅ 𝒖0 = 0. This means that
we can define a streamfunction for the flow and, from geostrophic balance, the height field is just
that streamfunction. That is, in dimensional form,

𝜓 = 𝑔
𝑓0
𝜂, 𝒖 = 𝐤 × ∇𝜓, (5.43a,b)
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and (5.42) becomes, in dimensional form,

𝜕𝜂
𝜕𝑡
+ 𝒖 ⋅ ∇𝜂 = 0 or 𝜕𝜂

𝜕𝑡
+ 𝐽(𝜓, 𝜂) = 0, (5.44)

where 𝐽(𝑎, 𝑏) ≡ 𝑎𝑥𝑏𝑦 − 𝑎𝑦𝑏𝑥. But since 𝜂 ∝ 𝜓 the advective term is proportional to 𝐽(𝜓, 𝜓), which
is zero. Thus, the flow does not evolve at this order. The planetary-geostrophic equations are
uninteresting if the scale of themotion is such that the Coriolis parameter is not variable. On Earth,
the scale of motion on which this parameter regime exists is rather limited, since the planetary-
geostrophic equations require that the scale of motion also be larger than the deformation radius.
In the Earth’s atmosphere, any scale that is larger than the deformation radius will be such that
the Coriolis parameter varies significantly over it, and we do not encounter this parameter regime.
On the other hand, in the Earth’s ocean the deformation radius is relatively small and there exists
a small parameter regime (called the frontal geostrophic regime) that has scales larger than the
deformation radius but smaller than that on which the Coriolis parameter varies.

Potential vorticity
The shallow water PG equations may be written as an evolution equation for an appropriate poten-
tial vorticity. A little manipulation reveals that (5.36) are equivalent to:

D𝑄
D𝑡
= 0,

𝑄 = 𝑓
ℎ
, 𝒇 × 𝒖 = −𝑔∇𝜂, 𝜂 = ℎ + 𝜂𝑏 .

(5.45)

Thus, potential vorticity is amaterial invariant in the approximate equation set, just as it is in the full
equations. The other variables — the free surface height and the velocity — are diagnosed from
it, a process known as potential vorticity inversion. In the planetary geostrophic approximation,
the inversion proceeds using the approximate form 𝑓/ℎ rather than the full potential vorticity,
(𝑓 + 𝜁)/ℎ. Thus, in a strict sense, we do not approximate potential vorticity, because this is the
evolving variable. Rather, we approximate the inversion relations from which we derive the height
and velocity fields. The simplest way of all to derive the shallow water PG equations is to begin
with the conservation of potential vorticity, and to note that at small Rossby number the expression
(𝜁+𝑓)/ℎmay be approximated by𝑓/ℎ. Then, noting in addition that the flow is geostrophic, (5.45)
immediately emerges. Every approximate set of equations that we derive in this chapter may be
expressed as the evolution of potential vorticity, with the other fields being obtained diagnostically
from it.

5.2.2 Planetary-Geostrophic Equations for Stratified Flow
To explore the stratified system we will use the inviscid and adiabatic Boussinesq equations of
motion with the hydrostatic approximation. The derivation carries through easily enough using
the anelastic or pressure-coordinate equations, but as the PG equations have more oceanographic
than atmospheric importance, using the incompressible equations is quite appropriate.

Simplifying the equations
The nondimensional equations we begin with are (5.28)–(5.32). As in the shallow water case we
expand these in a series in the Rossby number, so that:

𝑢 = 𝑢0 + Ro 𝑢1 + Ro2 𝑢2 +… , �̂� = �̂�0 + Ro �̂�1 + Ro2 �̂�2 +… , (5.46)



5.2 The Planetary-Geostrophic Equations 179

and similarly for 𝑣, 𝑤 and 𝜙. Substituting into the nondimensional equations of motion (on page
176) and equating powers of Ro gives the lowest-order momentum, hydrostatic, and mass conser-
vation equations:

𝒇 × 𝒖0 = −∇𝜙0,
𝜕𝜙0
𝜕𝑧
= �̂�0, ∇ ⋅ 𝒗0 = 0. (5.47a,b,c)

If we also assume that 𝐿𝑑/𝐿 = 𝒪(1), then the thermodynamic equation (5.32) becomes

(𝐿𝑑
𝐿
)
2
�̂�2𝑤0 = 0. (5.48)

Of course we have neglected any diabatic terms in this equation, which would in general provide
a non-zero right-hand side. Nevertheless, this is not a useful equation, because the set of the equa-
tions we have derived, (5.47) and (5.48), can no longer evolve: all the time derivatives have been
scaled away! Thus, although instructive, these equations are not very useful. If instead we assume
that the scale of motion is much larger than the deformation scale then the other terms in the ther-
modynamic equation will become equally important. Thus, we suppose that 𝐿2𝑑 ≪ 𝐿2 or, more
formally, that 𝐿2 = 𝒪(Ro−1)𝐿2𝑑, and then all the terms in the thermodynamic equation are retained.
A closed set of equations is then given by (5.47) and the thermodynamic equation (5.32).

Dimensional equations

Restoring the dimensions, dropping the asymptotic subscripts, and allowing for the possibility of a
source term, denoted by 𝑆[𝑏′], in the thermodynamic equation, the planetary-geostrophic equations
of motion are:

D𝑏′
D𝑡
+ 𝑤𝑁2 = 𝑆[𝑏′],

𝒇 × 𝒖 = −∇𝜙′, 𝜕𝜙′
𝜕𝑧
= 𝑏′, ∇ ⋅ 𝒗 = 0.

(5.49)

The thermodynamic equation may also be written simply as

D𝑏
D𝑡
= �̇�, (5.50)

where 𝑏 now represents the total stratification. The relevant pressure, 𝜙, is then the pressure that is
in hydrostatic balance with 𝑏, so that geostrophic and hydrostatic balance aremost usefully written
as

𝒇 × 𝒖 = −∇𝜙, 𝜕𝜙
𝜕𝑧
= 𝑏. (5.51a,b)

Potential vorticity

Manipulation of (5.49) reveals that we can equivalently write the equations as an evolution equa-
tion for potential vorticity. Thus, the evolution equations may be written as

D𝑄
D𝑡
= �̇�, 𝑄 = 𝑓𝜕𝑏

𝜕𝑧
, (5.52)

where �̇� = 𝑓𝜕�̇�/𝜕𝑧, and the inversion — i.e., the diagnosis of velocity, pressure and buoyancy —
is carried out using the hydrostatic, geostrophic and mass conservation equations.
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Applicability to the ocean and atmosphere
In the atmosphere a typical deformation radius𝑁𝐻/𝑓 is about 1000 km. The constraint that the
scale of motion be significantly larger than the deformation radius is thus hard to satisfy, since
one quickly runs out of room on a planet whose equator-to-pole distance is 10 000 km. Only the
largest planetary waves can satisfy the planetary-geostrophic scaling in the atmosphere and we
should then also write the equations in spherical coordinates. In the ocean the deformation radius
is about 100 km, so there is lots of room for the planetary-geostrophic equations to hold, andmuch
of the theory of the large-scale structure of the ocean involves these equations.

5.3 THE SHALLOW WATER QUASI-GEOSTROPHIC EQUATIONS
We now derive a set of geostrophic equations that is valid (unlike the PG equations) when the hor-
izontal scale of motion is similar to that of the deformation radius. These equations are called the
quasi-geostrophic equations, and are perhaps the most widely used set of equations for theoretical
studies of the atmosphere and ocean. The specific assumptions we make are as follows:

(i) The Rossby number is small, so that the flow is in near-geostrophic balance.

(ii) The scale of the motion is not significantly larger than the deformation scale. Specifically, we
shall require that

Ro( 𝐿
𝐿𝑑
)
2
= 𝒪(Ro). (5.53)

For the shallow water equations, this assumption implies, using (5.9), that the variations in
fluid depth are small compared to its total depth. For the continuously stratified system it im-
plies, using (5.23), that the variations in stratification are small compared to the background
stratification.

(iii) Variations in the Coriolis parameter are small; that is, |𝛽𝐿| ≪ |𝑓0|where 𝐿 is the length scale
of the motion.

(iv) Time scales advectively; that is, the scaling for time is given by 𝑇 = 𝐿/𝑈.

The second and third of these differ from the planetary-geostrophic counterparts: we make the
second assumption because we wish to explore a different parameter regime, and we then find that
the third assumption is necessary to avoid the rather trivial state of 𝛽𝑣 = 0 (as we discuss more
below). All of the assumptions are the same whether we consider the shallow water equations or a
continuously stratified flow, and in this section we consider the former.

5.3.1 Single-layer Shallow Water Quasi-Geostrophic Equations
The algorithm is, again, to expand the variables 𝑢, 𝑣, 𝜂 in an asymptotic series with the Rossby
number as the small parameter, substitute into the equations of motion, and derive a simpler set
of equations. Thus we let

𝑢 = 𝑢𝑜 + Ro 𝑢1 + Ro2 𝑢2 +… , 𝑣 = 𝑣𝑜 + Ro 𝑣1 + Ro2 𝑣2 +… , (5.54a)
𝜂 = 𝜂0 + Ro 𝜂1 + Ro2 𝜂2…. (5.54b)

We recognize the smallness of 𝛽 compared to 𝑓0/𝐿 by letting 𝛽 = 𝛽𝑈/𝐿2, where 𝛽 is assumed to be
a parameter of order unity. Then the expression 𝑓 = 𝑓0 + 𝛽𝑦 becomes

𝑓 = 𝑓/𝑓0 = 𝑓0 + Ro𝛽𝑦, (5.55)
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where 𝑓0 is the nondimensional value of 𝑓0; its value is unity, but it is helpful to denote it explicitly.
Substitute (5.54) into the nondimensional momentum equation (5.10), and equate powers of Ro.
At lowest order we obtain

𝑓0𝑢0 = −
𝜕𝜂0
𝜕𝑦
, 𝑓0𝑣0 =

𝜕𝜂0
𝜕𝑥
. (5.56)

Cross-differentiating gives
∇ ⋅ 𝒖0 = 0, (5.57)

where, as always, when ∇ operates on a nondimensional variable, the derivatives are taken with
respect to the nondimensional coordinates. Evidently the velocity field is divergence-free, with
this property arising from the momentum equation rather than the mass conservation equation.

The mass conservation equation is also, at lowest order, ∇ ⋅ 𝒖0 = 0, and at next order we have

𝐹𝜕𝜂0
𝜕 ̂𝑡
+ 𝐹𝒖0 ⋅ ∇𝜂0 + ∇ ⋅ 𝒖1 = 0. (5.58)

This equation is not closed, because the evolution of the zeroth-order term involves evaluation of
a first-order quantity. For closure, we go to the next order in the momentum equation,

𝜕𝒖0
𝜕 ̂𝑡
+ (𝒖0 ⋅ ∇)𝒖0 + 𝛽𝑦𝐤 × 𝒖0 + 𝑓0𝐤 × 𝒖1 = −∇𝜂1, (5.59)

and take its curl to give the vorticity equation:

𝜕𝜁0
𝜕 ̂𝑡
+ (𝒖0 ⋅ ∇)(𝜁0 + 𝛽𝑦) = −𝑓0∇ ⋅ 𝒖1. (5.60)

The term on the right-hand side is the vortex stretching term. Only vortex stretching by the back-
ground or planetary vorticity is present, because the vortex stretching by the relative vorticity is
smaller by a factor of the Rossby number. Equation (5.60) is also not closed; however, we may use
(5.58) to eliminate the divergence term to give

𝜕𝜁0
𝜕 ̂𝑡
+ (𝒖0 ⋅ ∇)(𝜁0 + 𝛽𝑦) = 𝑓0 (𝐹

𝜕𝜂0
𝜕 ̂𝑡
+ 𝐹𝒖0 ⋅ ∇𝜂0) , (5.61)

or
𝜕
𝜕 ̂𝑡
(𝜁0 − 𝑓0𝐹𝜂0) + (𝒖0 ⋅ ∇)(𝜁0 + 𝛽𝑦 − 𝐹𝑓0𝜂0) = 0. (5.62)

The final step is to note that the lowest-order vorticity and height fields are related through
geostrophic balance, so that using (5.56) we can write

𝑢0 = −
𝜕�̂�0
𝜕𝑦
, 𝑣0 =

𝜕�̂�0
𝜕𝑥
, 𝜁0 = ∇2�̂�0, (5.63)

where �̂�0 = 𝜂0/𝑓0 is the streamfunction. Equation (5.62) can thus be written as

𝜕
𝜕 ̂𝑡
(∇2�̂�0 − 𝑓20 𝐹�̂�0) + (𝒖0 ⋅ ∇)(𝜁0 + 𝛽𝑦 − 𝑓20 𝐹�̂�0) = 0 (5.64)

or
D0
D ̂𝑡
(∇2�̂�0 + 𝛽𝑦 − 𝑓20 𝐹�̂�0) = 0, (5.65)

where the subscript ‘0’ on the material derivative indicates that the lowest order velocity, the geo-
strophic velocity, is the advecting velocity. Restoring the dimensions, (5.65) becomes

D
D𝑡
(∇2𝜓 + 𝛽𝑦 − 1

𝐿2𝑑
𝜓) = 0, (5.66)
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where 𝜓 = (𝑔/𝑓0)𝜂, 𝐿2𝑑 = 𝑔𝐻/𝑓20 , and the advective derivative is

D ⋅
D𝑡
= 𝜕 ⋅
𝜕𝑡
+ 𝑢𝑔
𝜕 ⋅
𝜕𝑥
+ 𝑣𝑔
𝜕 ⋅
𝜕𝑦
= 𝜕 ⋅
𝜕𝑡
− 𝜕𝜓
𝜕𝑦
𝜕 ⋅
𝜕𝑥
+ 𝜕𝜓
𝜕𝑥
𝜕 ⋅
𝜕𝑦
= 𝜕 ⋅
𝜕𝑡
+ 𝐽(𝜓, ⋅). (5.67)

Another form of (5.66) is
D
D𝑡
(𝜁 + 𝛽𝑦 − 𝑓0

𝐻
𝜂) = 0, (5.68)

with 𝜁 = (𝑔/𝑓0)∇2𝜂. Equations (5.66) and (5.68) are forms of the shallow water quasi-geostrophic
potential vorticity equation. The quantity

𝑞 ≡ 𝜁 + 𝛽𝑦 − 𝑓0
𝐻
𝜂 = ∇2𝜓 + 𝛽𝑦 − 1

𝐿2𝑑
𝜓 (5.69)

is the shallow water quasi-geostrophic potential vorticity.

Connection to shallow water potential vorticity

The quantity 𝑞 given by (5.69) is an approximation (except for dynamically unimportant constant
additive and multiplicative factors) to the shallow water potential vorticity. To see the truth of this
statement, begin with the expression for the shallow water potential vorticity,

𝑄 = 𝑓 + 𝜁
ℎ
. (5.70)

Now let ℎ = 𝐻(1 + 𝜂′/𝐻), where 𝜂′ is the perturbation of the free-surface height, and assume that
𝜂′/𝐻 is small to obtain

𝑄 = 𝑓 + 𝜁
𝐻(1 + 𝜂′/𝐻)

≈ 1
𝐻
(𝑓 + 𝜁) (1 − 𝜂

′

𝐻
) ≈ 1
𝐻
(𝑓0 + 𝛽𝑦 + 𝜁 − 𝑓0

𝜂′
𝐻
) . (5.71)

Because 𝑓0/𝐻 is a constant it has no effect in the evolution equation, and the quantity given by

𝑞 = 𝛽𝑦 + 𝜁 − 𝑓0
𝜂′
𝐻

(5.72)

is materially conserved. Using geostrophic balance we have 𝜁 = ∇2𝜓 and 𝜂′ = 𝑓0𝜓/𝑔 so that (5.72)
is identical to (5.69). Only the variation in 𝜂 is important in (5.68) or (5.69).

The approximations needed to go from (5.70) to (5.72) are the same as those used in our earlier,
more long-winded, derivation of the quasi-geostrophic equations. That is, we assumed that𝑓 itself
is nearly constant, and that𝑓0 ismuch larger than 𝜁, equivalent to a lowRossby number assumption.
It was also necessary to assume that𝐻 ≫ 𝜂′ to enable the expansion of the height fieldwhich, using
assumption (ii) on page 180, is equivalent to requiring that the scale of motion not be significantly
larger than the deformation scale. The derivation is completed by noting that the advection of the
potential vorticity should be by the geostrophic velocity alone, and we recover (5.66) or (5.68).

Two interesting limits

There are two interesting limits to the quasi-geostrophic potential vorticity equation which, taking
𝛽 = 0 for simplicity, are as follows:
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(i) Motion on scales much smaller than the deformation radius. That is, 𝐿 ≪ 𝐿𝑑 and thus
Bu ≫ 1 or 𝐹 ≪ 1. Then (5.66) becomes

𝜕𝜁
𝜕𝑡
+ 𝐽(𝜓, 𝜁) = 0, (5.73)

where 𝜁 = ∇2𝜓 and 𝐽(𝜓, 𝜁) = 𝜓𝑥𝜁𝑦 − 𝜓𝑦𝜁𝑥. Thus, the motion obeys the two-dimensional
vorticity equation. Physically, on small length scales the deviations in the height field are
very small and may be neglected.

(ii) Motion on scales much larger than the deformation radius. Although scales are not allowed
to become so large that Ro(𝐿/𝐿𝑑)2 is of order unity, we may, a posteriori, still have 𝐿 ≫ 𝐿𝑑,
whence the potential vorticity equation, (5.66), becomes

𝜕𝜓
𝜕𝑡
+ 𝐽(𝜓, 𝜓) = 0 or 𝜕𝜂

𝜕𝑡
+ 𝐽(𝜓, 𝜂) = 0, (5.74)

because 𝜓 = 𝑔𝜂/𝑓0. The Jacobian term evidently vanishes. Thus, one is left with a trivial
equation that implies there is no advective evolution of the height field. There is nothing
wrong with our reasoning; the mathematics has indeed pointed out a limit interesting in its
uninterestingness. From a physical point of view, however, such a lack of motion is likely to
be rare, because on such large scales the Coriolis parameter varies considerably, and we are
led to the planetary-geostrophic equations.

In practice, often themost severe restriction of quasi-geostrophy is that variations in layer thickness
are small: what does this have to do with geostrophy? If we scale 𝜂 assuming geostrophic balance
then 𝜂 ∼ 𝑓𝑈𝐿/𝑔 and 𝜂/𝐻 ∼ Ro(𝐿/𝐿𝑑)2. Thus, if Ro is to remain small, 𝜂/𝐻 can only be of order
one if (𝐿/𝐿𝑑)2 ≫ 1. That is, the height variations must occur on a large scale, or we are led to a
scaling inconsistency. Put another way, if there are order-one height variations over a length scale
of less than or of the order of the deformation scale, the Rossby number will not be small. Large
height variations are allowed if the scale of motion is large, but this contingency is described by
the planetary-geostrophic equations.

Another flow regime
Although perhaps of little terrestrial interest, we can imagine a regime in which the Coriolis param-
eter varies fully, but the scale ofmotion remains no larger than the deformation radius. This param-
eter regime is not quasi-geostrophic, but it gives an interesting result. Because 𝜂′/𝐻 ∼ Ro(𝐿/𝐿𝑑)2
deviations of the height field are at least of order Rossby number smaller than the reference height
and |𝜂′| ≪ 𝐻. The dominant balance in the height equation is then

𝐻∇ ⋅ 𝒖 = 0, (5.75)

presuming that time still scales advectively. This zero horizontal divergencemust remain consistent
with geostrophic balance,

𝒇 × 𝒖 = −𝑔∇𝜂, (5.76)

where now𝑓 is a fully variable Coriolis parameter. Taking the curl of (that is, cross-differentiating)
(5.76) gives

𝛽𝑣 + 𝑓∇ ⋅ 𝒖 = 0, (5.77)

whence, using (5.75), 𝑣 = 0, and the flow is purely zonal. Although not at all useful as an evolution
equation, this illustrates the constraining effect that differential rotation has onmeridional velocity.
This effect may be the cause of the banded, highly zonal flow on some of the giant planets, and we
will revisit this issue in our discussion of geostrophic turbulence.
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Fig. 5.1 A quasi-geostrophic fluid sys-
tem consisting of two immiscible fluids
of different density. The quantities 𝜂′
are the interface displacements from the
resting basic state, denoted with dashed
lines, with 𝜂𝑏 being the bottom topogra-
phy.

5.3.2 Two-layer and Multi-layer Quasi-Geostrophic Systems

Just as for the one-layer case, the multi-layer shallow water equations simplify to a corresponding
quasi-geostrophic system in appropriate circumstances. The assumptions are virtually the same as
before, although we assume that the variation in the thickness of each layer is small compared to
its mean thickness. The basic fluid system for a two-layer case is sketched in Fig. 5.1 (and see also
Fig. 3.5), and for the multi-layer case in Fig. 5.2.

Let us proceed directly from the potential vorticity equation for each layer. We will also stay
in dimensional variables, foregoing a strict asymptotic approach for the sake of informality and
insight, and use the Boussinesq approximation. For each layer the potential vorticity equation is
just

D𝑄𝑖
D𝑡
= 0, 𝑄𝑖 =

𝜁𝑖 + 𝑓
ℎ𝑖
. (5.78)

Let ℎ𝑖 = 𝐻𝑖 + ℎ′𝑖 where |ℎ′𝑖 | ≪ 𝐻𝑖. The potential vorticity then becomes

𝑄𝑖 ≈
1
𝐻𝑖
(𝜁𝑖 + 𝑓) (1 −

ℎ′𝑖
𝐻𝑖
) — variations in layer thickness are small, (5.79a)

≈ 1
𝐻𝑖
(𝑓 + 𝜁𝑖 − 𝑓

ℎ′𝑖
𝐻𝑖
) — the Rossby number is small, (5.79b)

≈ 1
𝐻𝑖
(𝑓 + 𝜁𝑖 − 𝑓0

ℎ′𝑖
𝐻𝑖
) — variations in Coriolis parameter are small . (5.79c)

Now, because𝑄 appears in the equations only as an advected quantity, it is only the variations in the
Coriolis parameter that are important in the first term on the right-hand side of (5.79c), and given
this all three terms are of the same approximate magnitude. Then, because mean layer thicknesses
are constant, we can define the quasi-geostrophic potential vorticity in each layer by

𝑞𝑖 = (𝛽𝑦 + 𝜁𝑖 − 𝑓0
ℎ′𝑖
𝐻𝑖
) , (5.80)

and this will evolve according to D𝑞𝑖/D𝑡 = 0, where the advective derivative is by the geostrophic
wind. As in the one-layer case, the quasi-geostrophic potential vorticity has different dimensions
from the full shallow water potential vorticity.
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Two-layer model
To obtain a closed set of equations we must obtain an advecting field from the potential vorticity.
We use geostrophic balance to do this, and neglecting the advective derivative in (3.49) gives

𝒇0 × 𝒖1 = −𝑔∇𝜂0 = −𝑔∇(ℎ′1 + ℎ′2 + 𝜂𝑏), (5.81a)
𝒇0 × 𝒖2 = −𝑔∇𝜂0 − 𝑔′∇𝜂1 = −𝑔∇(ℎ′1 + ℎ′2 + 𝜂𝑏) − 𝑔′∇(ℎ′2 + 𝜂𝑏), (5.81b)

where 𝑔′ = 𝑔(𝜌2 − 𝜌1)/𝜌1 and 𝜂𝑏 is the height of any bottom topography, and, because variations
in the Coriolis parameter are presumptively small, we use a constant value of 𝑓 (i.e., 𝑓0) on the
left-hand side. For each layer there is therefore a streamfunction, given by

𝜓1 =
𝑔
𝑓0
(ℎ′1 + ℎ′2 + 𝜂𝑏), 𝜓2 =

𝑔
𝑓0
(ℎ′1 + ℎ′2 + 𝜂𝑏) +

𝑔′
𝑓0
(ℎ′2 + 𝜂𝑏), (5.82a,b)

and these two equations may be manipulated to give

ℎ′1 =
𝑓0
𝑔′
(𝜓1 − 𝜓2) +

𝑓0
𝑔
𝜓1, ℎ′2 =

𝑓0
𝑔′
(𝜓2 − 𝜓1) − 𝜂𝑏. (5.83a,b)

We note as an aside that the interface displacements are given by

𝜂′0 =
𝑓0
𝑔
𝜓1, 𝜂′1 =

𝑓0
𝑔′
(𝜓2 − 𝜓1). (5.84a,b)

Using (5.80) and (5.83) the quasi-geostrophic potential vorticity for each layer becomes

𝑞1 = 𝛽𝑦 + ∇2𝜓1 +
𝑓20
𝑔′𝐻1
(𝜓2 − 𝜓1) −

𝑓20
𝑔𝐻1
𝜓1,

𝑞2 = 𝛽𝑦 + ∇2𝜓2 +
𝑓20
𝑔′𝐻2
(𝜓1 − 𝜓2) + 𝑓0

𝜂𝑏
𝐻2
.

(5.85a,b)

In the rigid-lid approximation the last term in (5.85a) is neglected. The potential vorticity in each
layer is advected by the geostrophic velocity, so that the evolution equation for each layer is just

𝜕𝑞𝑖
𝜕𝑡
+ 𝐽(𝜓𝑖, 𝑞𝑖) = 0, 𝑖 = 1, 2. (5.86)

Multi-layer model
A multi-layer quasi-geostrophic model may be constructed by a straightforward extension of the
above two-layer procedure (see Fig. 5.2). The quasi-geostrophic potential vorticity for each layer
is still given by (5.80). The pressure field in each layer can be expressed in terms of the thickness
of each layer using (3.44) and (3.45), and by geostrophic balance the pressure is proportional to
the streamfunction, 𝜓𝑖, for each layer. Carrying out these steps we obtain, after a little algebra,
the following expression for the quasi-geostrophic potential vorticity of an interior layer, in the
Boussinesq approximation:

𝑞𝑖 = 𝛽𝑦 + ∇2𝜓𝑖 +
𝑓20
𝐻𝑖
(𝜓𝑖−1 − 𝜓𝑖
𝑔′𝑖−1
− 𝜓𝑖 − 𝜓𝑖+1
𝑔′𝑖
) , (5.87)
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Fig. 5.2 A multi-layer
quasi-geostrophic fluid
system. Layers are num-
bered from the top down,
𝑖 denotes a general inte-
rior layer and 𝑁 denotes
the bottom layer.

and for the top and bottom layers,

𝑞1 = 𝛽𝑦 + ∇2𝜓1 +
𝑓20
𝐻1
(𝜓2 − 𝜓1
𝑔′1
) − 𝑓

2
0
𝑔𝐻1
𝜓1, (5.88a)

𝑞𝑁 = 𝛽𝑦 + ∇2𝜓𝑁 +
𝑓20
𝐻𝑁
(𝜓𝑁−1 − 𝜓𝑁
𝑔′𝑁−1

) + 𝑓0
𝐻𝑁
𝜂𝑏. (5.88b)

In these equations𝐻𝑖 is the basic-state thickness of the 𝑖th layer, and 𝑔′𝑖 = 𝑔(𝜌𝑖+1 − 𝜌𝑖)/𝜌1. In each
layer the evolution equation is (5.86), now for 𝑖 = 1…𝑁. The displacements of each interface are
given, similarly to (5.84), by

𝜂′0 =
𝑓0
𝑔
𝜓1, 𝜂′𝑖 =

𝑓0
𝑔′𝑖
(𝜓𝑖+1 − 𝜓𝑖). (5.89a,b)

5.3.3††† Non-asymptotic and Intermediate Models
The form of the derivation of the previous section suggests that we might be able to improve on
the accuracy and the range of applicability of the quasi-geostrophic equations, whilst still filtering
gravity waves. For example, a seemingly improved set of geostrophic evolution equations might
be

𝜕𝑞𝑖
𝜕𝑡
+ 𝒖𝑖 ⋅ ∇𝑞𝑖 = 0, (5.90)

with
𝑞𝑖 =
𝑓 + 𝜁𝑖
ℎ𝑖
, 𝜁𝑖 =

𝜕𝑣𝑖
𝜕𝑥
− 𝜕𝑢𝑖
𝜕𝑦
, (5.91a,b)

and with the velocities given by geostrophic balance, and therefore a function of the layer depths.
Thus, the vorticity, height and velocity fields may all be inverted from potential vorticity. Note
that the inversion does not involve the linearization of potential vorticity about a resting state —
compare (5.91a) with (5.80)] — and we might also choose to keep the full variation of the Coriolis
parameter in (5.81). Thus, the model consisting of (5.90) and (5.91) contains both the planetary
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geostrophic and quasi-geostrophic equations. However, the informality of the derivation hides
the fact that this is not an asymptotically consistent set of equations: it mixes asymptotic orders
in the same equation, and good conservation properties are not assured. The set above does not,
in fact, exactly conserve energy. Models that are either more accurate or more general than the
quasi-geostrophic or planetary-geostrophic equations yet that still filter gravity waves are called
‘intermediate models’.4

A model that is derived asymptotically will, in general, maintain the conservation properties
of the original set. To see this, albeit in a rather abstract way, suppose that the original equations
(e.g., the primitive equations) may be written in nondimensional form, as

𝜕𝜑
𝜕𝑡
= 𝐹(𝜑, 𝜖), (5.92)

where 𝜑 is a set of variables, 𝐹 is some operator and 𝜖 is a small parameter, such as the Rossby
number. Suppose also that this set of equations has various invariants (such as energy and potential
vorticity) that hold for any value of 𝜖. The asymptotically derived lowest-order model (such as
quasi-geostrophy) is simply a version of this equation set valid in the limit 𝜖 = 0, and therefore it
will preserve the invariants of the original set. These invariants may seem to have a different form
in the simplified set: for example, in deriving the hydrostatic primitive equations from the Navier–
Stokes equations the small parameter is the aspect ratio, and this multiplies the vertical velocity.
Thus, in the limit of zero aspect ratio, and therefore in the primitive equations, the kinetic energy
component of the energy invariant has contributions only from the horizontal velocity. In other
cases, some invariants may be reduced to trivialities in the simplified set. On the other hand, there
is nothing to preclude new invariants emerging that hold only in the limit 𝜖 = 0, and enstrophy
(considered later in this chapter) is one example.

5.4 THE CONTINUOUSLY STRATIFIED QUASI-GEOSTROPHIC SYSTEM

We now consider the quasi-geostrophic equations for the continuously stratified hydrostatic sys-
tem. The primitive equations of motion are given by (5.15), and we extract the mean stratification
so that the thermodynamic equation is given by (5.17). We also stay on the 𝛽-plane for simplicity.
Readers whowish for a briefer, more informal derivationmay peruse the box on page 193; however,
it is important to realize that there is a systematic asymptotic derivation of the quasi-geostrophic
equations, for it is this that ensures that the resulting equations have good conservation properties,
as explained above.

5.4.1 Scaling and Assumptions

The scaling assumptions wemake are just those wemade for the shallow water system on page 180,
with a deformation radius now given by 𝐿𝑑 = 𝑁𝐻/𝑓0. The nondimensionalization and scaling are
initially precisely that of Section 5.1.2, and we obtain the following nondimensional equations:

horizontal momentum: Ro D𝒖
D ̂𝑡
+ 𝒇 × 𝒖 = −∇𝑧𝜙, (5.93)

hydrostatic: 𝜕𝜙
𝜕𝑧
= �̂�, (5.94)

mass continuity: 𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 1
𝜌
𝜕𝜌𝑤
𝜕𝑧
= 0, (5.95)

thermodynamic: Ro D�̂�
D ̂𝑡
+ (𝐿𝑑
𝐿
)
2
�̂�2𝑤 = 0. (5.96)
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In Cartesian coordinates we may express the Coriolis parameter as

𝒇 = 𝒇0 + 𝛽𝑦𝐤, (5.97)

where 𝒇0 = 𝑓0 𝐤. The variation of the Coriolis parameter is assumed to be small (this is a key
difference between the quasi-geostrophic system and the planetary-geostrophic system), and in
particular we shall assume that 𝛽𝑦 is approximately the size of the relative vorticity, and so is much
smaller than 𝑓0 itself.5 Thus,

𝛽𝑦 ∼ 𝑈
𝐿
, 𝛽 ∼ 𝑈

𝐿2
, (5.98)

and so we define an 𝒪(1) nondimensional beta parameter by

𝛽 = 𝛽𝐿
2

𝑈
= 𝛽𝐿
Ro𝑓0
. (5.99)

From this it follows that if 𝑓 = 𝑓0 + 𝛽𝑦, the corresponding nondimensional version is

𝑓 = 𝑓0 + Ro 𝛽𝑦. (5.100)

where 𝑓 = 𝑓/𝑓0 and 𝑓0 = 𝑓0/𝑓0 = 1.

5.4.2 Asymptotics
We now expand the nondimensional dependent variables in an asymptotic series in Rossby num-
ber, and write

𝒖 = 𝒖0 + Ro 𝒖1 +… , 𝜙 = 𝜙0 + Ro 𝜙1 +… , �̂� = �̂�0 + Ro �̂�1 +… . (5.101)

Substituting these into the equations of motion, the lowest-order momentum equation is simply
geostrophic balance,

𝒇0 × 𝒖0 = −∇𝜙0, (5.102)

with a constant value of the Coriolis parameter. (Here and for the rest of this chapter we drop the
subscript 𝑧 from the ∇ operator.) From (5.102) it is evident that

∇ ⋅ 𝒖0 = 0. (5.103)

Thus, the horizontal flow is, to leading order, non-divergent; this is a consequence of geostrophic
balance, and is not amass conservation equation. Using (5.103) in themass conservation equation,
(5.95), gives

𝜕
𝜕𝑧
(𝜌𝑤0) = 0, (5.104)

which implies that if 𝑤0 is zero somewhere (e.g., at a solid surface) then 𝑤0 is zero everywhere
(essentially the Taylor–Proudman effect). A physical way of saying this is that the scaling estimate
𝑊 = 𝑈𝐻/𝐿 is an overestimate of the size of the vertical velocity, because even though 𝜕𝑤/𝜕𝑧 ≈
−∇⋅𝒖, the horizontal divergence of the geostrophic flow is small if𝑓 is nearly constant and |∇⋅𝒖| ≪
𝑈/𝐿. We might have anticipated this from the outset, and scaled 𝑤 differently, perhaps using the
geostrophic vorticity balance estimate, 𝑤 ∼ 𝛽𝑈𝐻/𝑓0 = Ro 𝑈𝐻/𝐿, as the scaling factor for 𝑤, but
there is no a-priori guarantee that this would be correct.

At next order the momentum equation is

D0𝒖0
D ̂𝑡
+ 𝛽𝑦𝐤 × 𝒖0 + 𝒇 × 𝒖1 = −∇𝜙1, (5.105)



5.4 The Continuously Stratified Quasi-Geostrophic System 189

where𝐷0/𝐷𝑡 = 𝜕/𝜕 ̂𝑡 + (𝒖0 ⋅ ∇), and the next order mass conservation equation is

∇𝑧 ⋅ (𝜌𝒖1) +
𝜕
𝜕𝑧
(𝜌𝑤1) = 0. (5.106)

From (5.96), the lowest-order thermodynamic equation is just

(𝐿𝑑
𝐿
)
2
�̂�2𝑤0 = 0, (5.107)

provided that, as we have assumed, the scales of motion are not sufficiently large that Ro(𝐿/𝐿𝑑)2 =
𝒪(1). (This is a key difference between quasi-geostrophy and planetary geostrophy.) At next order
we obtain an evolution equation for the buoyancy, and this is

D0�̂�0
D ̂𝑡
+ 𝑤1�̂�2 (

𝐿𝑑
𝐿
)
2
= 0. (5.108)

The potential vorticity equation
To obtain a single evolution equation for lowest-order quantities we eliminate𝑤1 between the ther-
modynamic and momentum equations. Cross-differentiating the first-order momentum equation
(5.105) gives the vorticity equation,

𝜕𝜁0
𝜕 ̂𝑡
+ (𝒖0 ⋅ ∇)𝜁0 + 𝑣0𝛽 = −𝑓0∇𝑧 ⋅ 𝑢1. (5.109)

(In dimensional terms, the divergence on the right-hand side is small, but is multiplied by the large
term 𝑓0, and their product is of the same order as the terms on the left-hand side.) Using the mass
conservation equation (5.106), (5.109) becomes

D0
D ̂𝑡
(𝜁0 + 𝑓) =

𝑓0
𝜌
𝜕
𝜕𝑧
(𝑤1𝜌). (5.110)

Combining (5.110) and (5.108) gives

D0
D ̂𝑡
(𝜁0 + 𝑓) = −

𝑓0
𝜌
𝜕
𝜕𝑧
[D0
D ̂𝑡
(𝐹𝜌�̂�0)] , (5.111)

where 𝐹 ≡ (𝐿/�̂�𝐿𝑑)2. The right-hand side of this equation is

𝜕
𝜕𝑧
(D0�̂�0

D ̂𝑡
) = D0

D ̂𝑡
(𝜕�̂�0
𝜕𝑧
) + 𝜕𝒖0
𝜕𝑧
⋅ ∇�̂�0. (5.112)

The second term on the right-hand side vanishes identically using the thermal wind equation

𝐤 × 𝜕𝒖0
𝜕𝑧
= − 1
𝑓0
∇�̂�0, (5.113)

and so (5.111) becomes
D0
D ̂𝑡
[𝜁0 + 𝑓 +

𝑓0
𝜌
𝜕
𝜕𝑧
(𝜌𝐹�̂�0)] = 0, (5.114)

or, after using the hydrostatic equation,

D0
D ̂𝑡
[𝜁0 + 𝑓 +

𝑓0
𝜌
𝜕
𝜕𝑧
(𝜌𝐹𝜕𝜙0
𝜕𝑧
)] = 0. (5.115)
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Since the lowest-order horizontal velocity is divergence-free, we can define a streamfunction
�̂� such that

𝑢0 = −
𝜕�̂�
𝜕𝑦
, 𝑣0 =

𝜕�̂�
𝜕𝑥
, (5.116)

where also, using (5.102), 𝜙0 = 𝑓0�̂�. The vorticity is then given by 𝜁0 = ∇2�̂� and (5.115) becomes
a single equation in a single unknown:

D0
D ̂𝑡
[∇2�̂� + 𝛽𝑦 + 𝑓

2
0
𝜌
𝜕
𝜕𝑧
(𝜌𝐹𝜕�̂�
𝜕𝑧
)] = 0, (5.117)

where the material derivative is evaluated using 𝒖0 = 𝐤 × ∇�̂�. This is the nondimensional form of
the quasi-geostrophic potential vorticity equation, one of the most important equations in dynam-
ical meteorology and oceanography. In deriving it we have reduced the Navier–Stokes equations,
which are six coupled nonlinear partial differential equations in six unknowns (𝑢, 𝑣, 𝑤, 𝑇, 𝑝, 𝜌) to
a single (albeit nonlinear) first-order partial differential equation in a single unknown.6

Dimensional equations
The dimensional version of the quasi-geostrophic potential vorticity equation may be written as

D𝑞
D𝑡
= 0, 𝑞 = ∇2𝜓 + 𝑓 + 𝑓

2
0
𝜌
𝜕
𝜕𝑧
( 𝜌
𝑁2
𝜕𝜓
𝜕𝑧
) , (5.118a,b)

where only the variable part of 𝑓 (e.g., 𝛽𝑦) is relevant in the second term on the right-hand side
of the expression for 𝑞. The quantity 𝑞 is known as the quasi-geostrophic potential vorticity. It is
analogous to the exact (Ertel) potential vorticity (see Section 5.5 for more about this), and it is
conserved when advected by the horizontal geostrophic flow. All the other dynamical variables
may be obtained from potential vorticity as follows:
(i) Streamfunction, using (5.118b).
(ii) Velocity: 𝒖 = 𝐤 × ∇𝜓 [≡ ∇⊥𝜓 = −∇ × (𝐤𝜓)].
(iii) Relative vorticity: 𝜁 = ∇2𝜓 .
(iv) Perturbation pressure: 𝜙 = 𝑓0𝜓.
(v) Perturbation buoyancy: 𝑏′ = 𝑓0𝜕𝜓/𝜕𝑧.
The length scale, 𝐿𝑑 = 𝑁𝐻/𝑓0, emerges naturally from the quasi-geostrophic dynamics. It is

the scale atwhich buoyancy and relative vorticity effects contribute equally to the potential vorticity,
and is called the deformation radius; it is analogous to the quantity√𝑔𝐻/𝑓0 arising in shallowwater
theory. In the upper ocean, with 𝑁 ≈ 10−2 s−1, 𝐻 ≈ 103m and 𝑓0 ≈ 10−4 s−1, then 𝐿𝑑 ≈ 100km.
At high latitudes the ocean is much less stratified and 𝑓 is somewhat larger, and the deformation
radiusmay be as little as 30 km (see Fig. 12.13 on page 469, where the deformation radius is defined
slightly differently). In the atmosphere, with 𝑁 ≈ 10−2 s−1, 𝐻 ≈ 104m, then 𝐿𝑑 ≈ 1000km. It
is this order of magnitude difference in the deformation scales that accounts for a great deal of
the quantitative difference in the dynamics of the ocean and the atmosphere. If we take the limit
𝐿𝑑 →∞ then the stratified quasi-geostrophic equations reduce to

D𝑞
D𝑡
= 0, 𝑞 = ∇2𝜓 + 𝑓. (5.119)

This is the two-dimensional vorticity equation, identical to (4.67). The high stratification of this
limit has suppressed all vertical motion, and variations in the flow become confined to the hori-
zontal plane. Finally, we note that it is typical in quasi-geostrophic applications to omit the prime
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on the buoyancy perturbations, and write 𝑏 = 𝑓0𝜕𝜓/𝜕𝑧; however, we will keep the prime in this
chapter.

5.4.3 Buoyancy Advection at the Surface
The solution of the elliptic equation in (5.118) requires vertical boundary conditions on 𝜓 at the
ground and at the top of the atmosphere, and these are given by use of the thermodynamic equation.
For a flat, slippery, rigid surface the vertical velocity is zero so that the thermodynamic equation
may be written as

D𝑏′
D𝑡
= 0, 𝑏′ = 𝑓0

𝜕𝜓
𝜕𝑧
. (5.120)

We apply this at the ground and at the tropopause, treating the latter as a lid on the lower atmo-
sphere. In the presence of friction and topography the vertical velocity is not zero, but is given
by

𝑤 = 𝑟∇2𝜓 + 𝒖 ⋅ ∇𝜂𝑏, (5.121)

where the first term represents Ekman friction (with the constant 𝑟 proportional to the thickness
of the Ekman layer) and the second term represents topographic forcing. The boundary condition
becomes

𝜕
𝜕𝑡
(𝑓0
𝜕𝜓
𝜕𝑧
) + 𝒖 ⋅ ∇(𝑓0

𝜕𝜓
𝜕𝑧
+ 𝑁2𝜂𝑏) + 𝑁2𝑟∇2𝜓 = 0, (5.122)

where all the fields are evaluated at 𝑧 = 0 or at 𝑧 = 𝐻, the height of the lid. Thus, the quasi-
geostrophic system is characterized by the horizontal advection of potential vorticity in the interior
and the advection of buoyancy at the boundary. Instead of a lid at the top, then in a compressible
fluid such as the atmosphere we may suppose that all disturbances tend to zero as 𝑧 → ∞.

♦ A potential vorticity sheet at the boundary
Rather than regarding buoyancy advection as providing the boundary condition, it is sometimes
useful to think of there being a very thin sheet of potential vorticity just above the ground and
another just below the lid, specifically with a vertical distribution proportional to 𝛿(𝑧 − 𝜖) or 𝛿(𝑧 −
𝐻 + 𝜖), where 𝜖 is small. The boundary condition (5.120) or (5.122) can be replaced by this, along
with the condition that there are no variations of buoyancy at the boundary and 𝜕𝜓/𝜕𝑧 = 0 at
𝑧 = 0 and 𝑧 = 𝐻.7

To see this, we first note that the differential of a step function is a delta function. Thus, a
discontinuity in 𝜕𝜓/𝜕𝑧 at a level 𝑧 = 𝑧1 is equivalent to a delta function in potential vorticity
there:

𝑞(𝑧1) = [
𝑓20
𝑁2
𝜕𝜓
𝜕𝑧
]
𝑧1+

𝑧1−
𝛿(𝑧 − 𝑧1). (5.123)

Now, suppose that the lower boundary condition, given by (5.120), has some arbitrary distribution
of buoyancy on it. We can replace this condition by the simpler condition 𝜕𝜓/𝜕𝑧 = 0 at 𝑧 = 0,
provided we also add to our definition of potential vorticity a term given by (5.123) with 𝑧1 = 𝜖.
This term is then advected by the horizontal flow, as are the other contributions. A buoyancy
source at the boundary must similarly be treated as a sheet of potential vorticity source in the
interior. Any flow with buoyancy variations over a horizontal boundary is thus equivalent to a
flow with uniform buoyancy at the boundary, but with a spike in potential vorticity adjacent to the
boundary. This approach brings notational and conceptual advantages, in that now everything is
expressed in terms of potential vorticity and its advection. However, in practice there may be less
to be gained, because the boundary terms must still be included in any particular calculation that
is to be performed.
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5.4.4 Vertical Velocity and the Omega Equation
The vertical velocity is not needed in order to evolve the quasi-geostrophic equations. However,
it is not zero and a relatively simple recipe can be found that is of practical use in diagnosing the
vertical velocity in weather charts. When deriving the potential vorticity equation, we eliminated
vertical velocity from the vorticity equation and thermodynamic equations to give a single evolu-
tion equation. Here our approach is complementary: we begin with the same two equations, but
eliminate the time derivatives. We will proceed using dimensional variables and write the vorticity
and thermodynamic equations as

𝜕𝜁
𝜕𝑡
+ 𝐽(𝜓, 𝜁) = 𝑓0

𝜌
𝜕(𝜌𝑤)
𝜕𝑧
+ 𝒵, 𝜕𝑏

𝜕𝑧
+ 𝐽(𝜓, 𝑏) + 𝑤𝑁2 = 𝑄, (5.124a,b)

where 𝑏 = 𝑓0 𝜕𝜓/𝜕𝑧 and 𝜁 = ∇2𝜓, 𝒵 and 𝑄 are friction and heating terms that we can leave
unspecified, and 𝜌 is a reference density profile. If we take 𝑓0𝜕/𝜕𝑧 of the first equation and ∇2 of
the second we can eliminate time derivatives to find

𝜕
𝜕𝑧
[𝑓
2
0
𝜌
𝜕(𝜌𝑤)
𝜕𝑧
] + 𝑁2∇2𝑤 = 𝑓0

𝜕
𝜕𝑧
[�𝐽(𝜓, 𝜁)] � − ∇2[�𝐽(𝜓, 𝑏)] � − 𝑓0

𝜕𝒵
𝜕𝑧
+ ∇2𝑄. (5.125)

The equation is called the omega equation because omega (𝜔) is the vertical velocity in pressure
coordinates, which was where the equation first appeared. It is an elliptic equation for 𝑤, and is in
fact a Poisson equation if 𝜌 is a constant. It may be easily solved by numerical methods, given the
state of the flow at any given time. However, there is rarely a need to solve it exactly, for there is no
need to calculate𝑤 to step forward the equations. Rather, the equation finds use as an interpretive
guide for meteorologists: in the thermodynamic equation both heating itself and warm advection
will tend to produce vertical motion, as will the vertical differential of vorticity advection.

5.4.5 Quasi-Geostrophy in Pressure Coordinates
The derivation of the quasi-geostrophic system in pressure coordinates is very similar to that in
height coordinates, with themain difference coming at the boundaries, andwe give only the results.
The starting point is the primitive equations in pressure coordinates, (P.1) on page 81. In pressure
coordinates, the quasi-geostrophic potential vorticity is found to be

𝑞 = 𝑓 + ∇2𝜓 + 𝜕
𝜕𝑝
(𝑓
2
0
𝑆2
𝜕𝜓
𝜕𝑝
) , (5.126)

where 𝜓 = 𝛷/𝑓0 is the streamfunction and 𝛷 the geopotential, and

𝑆2 ≡ −𝑅
𝑝
( 𝑝
𝑝𝑅
)
𝜅 d𝜃
d𝑝
= − 1
𝜌𝜃

d𝜃
d𝑝
, (5.127)

where 𝜃 is a reference profile and a function of pressure only. In log-pressure coordinates, with
𝑍 = −𝐻 ln𝑝, the potential vorticity may be written as

𝑞 = 𝑓 + ∇2𝜓 + 1
𝜌∗
𝜕
𝜕𝑍
(𝜌∗𝑓

2
0
𝑁2𝑍
𝜕𝜓
𝜕𝑍
) , (5.128)

where

𝑁2𝑍 = 𝑆2 (
𝑝
𝐻
)
2
= −( 𝑅
𝐻
)( 𝑝
𝑝𝑅
)
𝜅 d𝜃
d𝑍

(5.129)
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Informal Derivation of Stratified QG Equations

Wewill use the Boussinesq equations, but very similar derivations could be given using the
anelastic equations or pressure coordinates. The first ingredient is the vertical component
of the vorticity equation, (4.66); in the Boussinesq version there is no baroclinic term and
we have

D3
D𝑡
(𝜁 + 𝑓) = −(𝜁 + 𝑓) (𝜕𝑢

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) + (𝜕𝑢
𝜕𝑧
𝜕𝑤
𝜕𝑦
− 𝜕𝑣
𝜕𝑧
𝜕𝑤
𝜕𝑥
) . (QG.1)

We now apply the assumptions on page 180. The advection and the vorticity on the left-
hand side are geostrophic, but we keep the horizontal divergence (which is small) on the
right-hand side where it is multiplied by the big term 𝑓. Furthermore, because 𝑓 is nearly
constant we replace it with 𝑓0 except where it is differentiated. The second term (tilting)
on the right-hand side is smaller than the advection terms on the left-hand side by the
ratio [𝑈𝑊/(𝐻𝐿)]/�[𝑈2/𝐿2] = [𝑊/𝐻]/ �[𝑈/𝐿] ≪ 1, because 𝑤 is small (𝜕𝑤/𝜕𝑧 equals the
divergence of the ageostrophic velocity). We therefore neglect it, and given all this (QG.1)
becomes

D𝑔
D𝑡
(𝜁𝑔 + 𝑓) = −𝑓0 (

𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = 𝑓0
𝜕𝑤
𝜕𝑧
, (QG.2)

where the second equality uses mass continuity and D𝑔/D𝑡 = 𝜕/𝜕𝑡 + 𝒖𝑔 ⋅ ∇.
The second ingredient is the three-dimensional thermodynamic equation,

D3𝑏
D𝑡
= 0. (QG.3)

The stratification is assumed to be nearly constant, so we write 𝑏 = �̃�(𝑧) + 𝑏′(𝑥, 𝑦, 𝑧, 𝑡),
where �̃� is the basic state buoyancy. Furthermore, because 𝑤 is small it only advects the
basic state, and with𝑁2 = 𝜕�̃�/𝜕𝑧 (QG.3) becomes

D𝑔𝑏′

D𝑡
+ 𝑤𝑁2 = 0. (QG.4)

Hydrostatic and geostrophic wind balance enable us to write the geostrophic velocity, vor-
ticity, and buoyancy in terms of streamfunction 𝜓 [= 𝑝/(𝑓0𝜌0)]:

𝒖𝑔 = 𝐤 × ∇𝜓, 𝜁𝑔 = ∇2𝜓, 𝑏′ = 𝑓0𝜕𝜓/𝜕𝑧. (QG.5)

The quasi-geostrophic potential vorticity equation is obtained by eliminating 𝑤 be-
tween (QG.2) and (QG.4), and this gives

D𝑔𝑞
D𝑡
= 0, 𝑞 = 𝜁𝑔 + 𝑓 +

𝜕
𝜕𝑧
(𝑓0𝑏
′

𝑁2
). (QG.6)

This equation is the Boussinesq version of (5.118), and using (QG.5) itmay be expressed en-
tirely in terms of the streamfunction, with D𝑔 ⋅ /D𝑡 = 𝜕/𝜕𝑡 + 𝐽(𝜓, ⋅). The vertical boundary
conditions, at 𝑧 = 0 and 𝑧 = 𝐻 say, are given by (QG.4) with 𝑤 = 0, with straightforward
generalizations if topography or friction are present.
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is the buoyancy frequency and 𝜌∗ = exp(−𝑧/𝐻). Temperature and potential temperature are re-
lated to the streamfunction by

𝑇 = −𝑓0𝑝
𝑅
𝜕𝜓
𝜕𝑝
= 𝐻𝑓0
𝑅
𝜕𝜓
𝜕𝑍
, (5.130a)

𝜃 = −(𝑝𝑅
𝑝
)
𝜅
(𝑓0𝑝
𝑅
) 𝜕𝜓
𝜕𝑝
= (𝑝𝑅
𝑝
)
𝜅
(𝐻𝑓0
𝑅
) 𝜕𝜓
𝜕𝑍
. (5.130b)

In pressure or log-pressure coordinates, potential vorticity is advected along isobaric surfaces, anal-
ogously to the horizontal advection in height coordinates.

The surface boundary condition again is derived from the thermodynamic equation. In log-
pressure coordinates this is

D
D𝑡
(𝜕𝜓
𝜕𝑍
) + 𝑁

2
𝑍
𝑓0
𝑊 = 0, (5.131)

where𝑊 = D𝑍/D𝑡. This is not the real vertical velocity, 𝑤, but it is related to it by

𝑤 = 𝑓0
𝑔
𝜕𝜓
𝜕𝑡
+ 𝑅𝑇
𝑔𝐻
𝑊. (5.132)

Thus, choosing𝐻 = 𝑅𝑇(0)/𝑔, we have, at 𝑍 = 0,

𝜕
𝜕𝑡
(𝜕𝜓
𝜕𝑍
− 𝑁
2
𝑍
𝑔
𝜓) + 𝒖 ⋅ ∇𝜕𝜓

𝜕𝑍
= −𝑁

2

𝑓0
𝑤, (5.133)

where
𝑤 = 𝒖 ⋅ ∇𝜂𝑏 + 𝑟∇2𝜓. (5.134)

This differs from the expression in height coordinates only by the second term in the local time
derivative. In applications where accuracy is not the main issue the simpler boundary condition
D(𝜕𝑍𝜓)/D𝑡 = 0 is sometimes used. Finally, we remark that in pressure coordinates, the equivalent
to vertical velocity, 𝜕𝑝/𝜕𝑡, is denoted𝜔 (omega), but it need not be evaluated to solve the equations.

5.4.6 The Two-level Quasi-Geostrophic System
The quasi-geostrophic system has, in general, continuous variation in the vertical direction (and
horizontal, of course). By finite-differencing the continuous equations we can obtain a multi-level
model, and a crude but important special case of this is the two-level model, also known as the
Phillips model.8 To obtain the equations of motion one way to proceed is to take a crude fi-
nite difference of the continuous relation between potential vorticity and streamfunction given
in (5.118b). In the Boussinesq case (or in pressure coordinates, with a slight reinterpretation of
the meaning of the symbols) the continuous expression for potential vorticity is

𝑞 = 𝜁 + 𝑓 + 𝜕
𝜕𝑧
(𝑓0𝑏
′

𝑁2
) , (5.135)

where 𝑏′ = 𝑓0𝜕𝜓/𝜕𝑧. In the case with a flat bottom and rigid lid at the top (and incorporating
topography is an easy extension) the boundary condition of 𝑤 = 0 is satisfied by D𝜕𝑧𝜓/D𝑡 = 0 at
the top and bottom. An obvious finite-differencing of (5.135) in the vertical direction (see Fig. 5.3)
then gives

𝑞1 = 𝜁1 + 𝑓 +
2𝑓20
𝑁2𝐻1𝐻

(𝜓2 − 𝜓1), 𝑞2 = 𝜁2 + 𝑓 +
2𝑓20
𝑁2𝐻2𝐻

(𝜓1 − 𝜓2). (5.136)
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Fig. 5.3 A two-level quasi-geostrophic
systemwith a flat bottom and rigid lid at
which 𝑤 = 0.

In atmospheric problems it is common to choose𝐻1 = 𝐻2, whereas in oceanic problems wemight
choose to have a thinner upper layer, representing the flow above the main thermocline. Note that
the boundary conditions of 𝑤 = 0 at the top and bottom are already taken care of in (5.136): they
are incorporated into the definition of the potential vorticity — a finite-difference analogue of the
delta-function construction of Section 5.4.3. At each level the potential vorticity is advected by the
streamfunction so that the evolution equation for each level is:

D𝑞𝑖
D𝑡
= 𝜕𝑞𝑖
𝜕𝑡
+ 𝒖𝑖 ⋅ 𝑞𝑖 =

𝜕𝑞𝑖
𝜕𝑡
+ 𝐽(𝜓𝑖, 𝑞𝑖) = 0, 𝑖 = 1, 2. (5.137)

Models with more than two levels can be constructed by extending the finite-differencing proce-
dure in a natural way.

Connection to the layered system
The two-level expressions, (5.136), have an obvious similarity to the two-layer expressions, (5.85).
Noting that𝑁2 = 𝜕�̂�/𝜕𝑧 and that 𝑏 = −𝑔𝛿𝜌/𝜌0 it is natural to let

𝑁2 = − 𝑔
𝜌0
𝜌1 − 𝜌2
𝐻/2
= 𝑔
′

𝐻/2
. (5.138)

With this identification we find that (5.136) becomes

𝑞1 = 𝜁1 + 𝑓 +
𝑓20
𝑔′𝐻1
(𝜓2 − 𝜓1), 𝑞2 = 𝜁2 + 𝑓 +

𝑓20
𝑔′𝐻2
(𝜓1 − 𝜓2). (5.139)

These expressions are identical to (5.85) in the flat-bottomed, rigid lid case. Similarly, a multi-
layered system with 𝑛 layers is equivalent to a finite-difference representation with 𝑛 levels. It
should be said, though, that in the pantheon of quasi-geostrophic models the two-level and two-
layer models hold distinguished places.

5.5 ♦ QUASI-GEOSTROPHY AND ERTEL POTENTIAL VORTICITY
When using the shallow water equations, quasi-geostrophic theory could be naturally developed
beginning with the expression for potential vorticity. Is such an approach possible for the stratified
primitive equations? The answer is yes, but with complications.
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5.5.1 ♦ Using Height Coordinates
Noting the general expression, (4.117), for potential vorticity in a hydrostatic fluid, the potential
vorticity in the Boussinesq hydrostatic equations is given by

𝑄 = [(𝑣𝑥 − 𝑢𝑦)𝑏𝑧 − 𝑣𝑧𝑏𝑥 + 𝑢𝑧𝑏𝑦 + 𝑓𝑏𝑧] , (5.140)

where the 𝑥, 𝑦, 𝑧 subscripts denote derivatives. Without approximation, we write the stratification
as 𝑏 = �̃�(𝑧) + 𝑏′(𝑥, 𝑦, 𝑧, 𝑡), and (5.140) becomes

𝑄 = [𝑓0𝑁2] + [(𝛽𝑦 + 𝜁)𝑁2 + 𝑓0𝑏′𝑧] + [(𝛽𝑦 + 𝜁)𝑏′𝑧 − (𝑣𝑧𝑏′𝑥 − 𝑢𝑧𝑏′𝑦)], (5.141)

where, under quasi-geostrophic scaling, the terms in square brackets are in decreasing order of
size. Neglecting the third term, and taking the velocity and buoyancy fields to be in geostrophic
and thermal wind balance, we can write the potential vorticity as 𝑄 ≈ 𝑄 + 𝑄′, where 𝑄 = 𝑓0𝑁2
and

𝑄′ = (𝛽𝑦 + 𝜁)𝑁2 + 𝑓0𝑏′𝑧 = (𝛽𝑦 + ∇2𝜓)𝑁2 + 𝑓20
𝜕2𝜓
𝜕𝑧2
. (5.142)

The potential vorticity evolution equation is then

D𝑄′
D𝑡
+ 𝑤𝜕𝑄
𝜕𝑧
= 0. (5.143)

The vertical advection is important only in advecting the basic state potential vorticity 𝑄 and so,
neglecting 𝑤𝜕𝑄′/𝜕𝑧 and dividing by𝑁2, (5.143) becomes

𝜕𝑞∗
𝜕𝑡
+ 𝒖𝑔 ⋅ ∇𝑞∗ +

𝑤
𝑁2
𝜕𝑄
𝜕𝑧
= 0, (5.144)

where 𝑞 is
𝑞∗ = (𝛽𝑦 + 𝜁) +

𝑓0
𝑁2
𝑏′𝑧. (5.145)

This is the approximation to the (perturbation) Ertel potential vorticity in the quasi-geostrophic
limit. However, it is not the same as the expression for the quasi-geostrophic potential vortic-
ity, (5.118b) and, furthermore, (5.144) involves a vertical advection. (Thus, we might refer to
the expression in (5.118) as the ‘quasi-geostrophic pseudopotential vorticity’, but the prefix ‘quasi-
geostrophic’ alone normally suffices.) We can derive (5.118) by eliminating𝑤 between (5.144) and
the quasi-geostrophic thermodynamic equation 𝜕𝑏′/𝜕𝑡 + 𝒖𝑔 ⋅ ∇𝑏′ + 𝑤𝜕�̃�/𝜕𝑧 = 0.

5.5.2 Using Isentropic Coordinates
An illuminating and somewhat simpler path fromErtel potential vorticity to the quasi-geostrophic
equations goes by way of isentropic coordinates.9 We begin with the isentropic expression for the
Ertel potential vorticity of an ideal gas,

𝑄 = 𝑓 + 𝜁
𝜎
, (5.146)

where 𝜎 = −𝜕𝑝/𝜕𝜃 is the thickness density (which we will just call the thickness), and in adiabatic
flow the potential vorticity is advected along isopycnals. We now employ quasi-geostrophic scaling
to derive an approximate equation set from this. First, assume that variations in thickness are small
compared with the reference state, so that

𝜎 = �̃�(𝜃) + 𝜎′, |𝜎′| ≪ |𝜎|, (5.147)
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and similarly for pressure and density. Assuming also that the variations in the Coriolis parameter
are small, then on the 𝛽–plane (5.146) becomes

𝑄 ≈ [𝑓0
�̃�
] + [ 1
�̃�
(𝜁 + 𝛽𝑦) − 𝑓0

�̃�
𝜎′
�̃�
] . (5.148)

We now use geostrophic and hydrostatic balance to express the terms on the right-hand side in
terms of a single variable, noting that the first term does not vary along isentropic surfaces. Hy-
drostatic balance is

𝜕𝑀
𝜕𝜃
= 𝛱, (5.149)

where𝑀 = 𝑐𝑝𝑇 + 𝑔𝑧 and𝛱 = 𝑐𝑝(𝑝/𝑝𝑅)𝜅. Writing𝑀 = 𝑀(𝜃) +𝑀′ and𝛱 = �̃�(𝜃) +𝛱′, where𝑀
and �̃� are hydrostatically balanced reference profiles, we obtain

𝜕𝑀′
𝜕𝜃
= 𝛱′ ≈ d�̃�

d𝑝
𝑝′ = 1
𝜃𝜌
𝑝′, (5.150)

where the last equality follows using the equation of state for an ideal gas and 𝜌 is a reference profile.
The perturbation thickness field may then be written as

𝜎′ = − 𝜕
𝜕𝜃
(𝜌𝜃𝜕𝑀

′

𝜕𝜃
) . (5.151)

Geostrophic balance is 𝒇0 × 𝒖 = −∇𝜃𝑀′ where the velocity, and the horizontal derivatives, are
along isentropic surfaces. This enables us to define a flow streamfunction by

𝜓 ≡ 𝑀
′

𝑓0
, (5.152)

and we can then write all the variables in terms of 𝜓:

𝑢 = −(𝜕𝜓
𝜕𝑦
)
𝜃
, 𝑣 = (𝜕𝜓

𝜕𝑥
)
𝜃
, 𝜁 = ∇2𝜃𝜓, 𝜎′ = −𝑓0

𝜕
𝜕𝜃
(𝜌𝜃𝜕𝜓

′

𝜕𝜃
) . (5.153)

Using (5.148), (5.152) and (5.153), the quasi-geostrophic system in isentropic coordinates may be
written

D𝑞
D𝑡
= 0, 𝑞 = 𝑓 + ∇2𝜃𝜓 +

𝑓20
�̃�
𝜕
𝜕𝜃
(𝜌𝜃𝜕𝜓
𝜕𝜃
) , (5.154a,b)

where the advection of potential vorticity is by the geostrophically balanced flow, along isentropes.
The variable 𝑞 is an approximation to the second term in square brackets in (5.148), multiplied by
�̃�.

Projection back to physical-space coordinates
We can recover the height or pressure coordinate quasi-geostrophic systems by projecting (5.154)
on to the appropriate coordinate. This is straightforward because, by assumption, the isentropes
in a quasi-geostrophic system are nearly flat. Recall that, from (2.142), a transformation between
vertical coordinates may be effected by

��� 𝜕
𝜕𝑥
|
𝜃
= 𝜕
𝜕𝑥
|
𝑝
+ 𝜕𝑝
𝜕𝑥
|
𝜃

𝜕
𝜕𝑝
, (5.155)
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but the second term is 𝒪(Ro) smaller than the first one because, under quasi-geostrophic scaling,
isentropic slopes are small. Thus ∇2𝜃𝜓 in (5.154b) may be replaced by ∇2𝑝𝜓 or ∇2𝑧𝜓. The vortex
stretching term in (5.154) becomes, in pressure coordinates,

𝑓20
�̃�
𝜕
𝜕𝜃
(𝜌𝜃𝜕𝜓
𝜕𝜃
) ≈ 𝑓

2
0
�̃�

d𝑝
d𝜃
𝜕
𝜕𝑝
(𝜌𝜃d𝑝

d𝜃
𝜕𝜓
𝜕𝑝
) = 𝜕
𝜕𝑝
(𝑓
2
0
𝑆2
𝜕𝜓
𝜕𝑝
) , (5.156)

where 𝑆2 is given by (5.127). The expression for the quasi-geostrophic potential vorticity in isen-
tropic coordinates is thus approximately equal to the quasi-geostrophic potential vorticity in pres-
sure coordinates. This near-equality holds because the isentropic expression, (5.154b), does not
contain a component proportional to the mean stratification: the second square-bracketed term
on the right-hand side of (5.148) is the only dynamically relevant one, and its evolution along isen-
tropes is mirrored by the evolution along isobaric surfaces of quasi-geostrophic potential vorticity
in pressure coordinates.

5.6 ♦ ENERGETICS OF QUASI-GEOSTROPHY
If the quasi-geostrophic set of equations is to represent a real fluid system in a physicallymeaningful
way then it should have a consistent set of energetics. In particular, the total energy should be
conserved, and there should be analogues of kinetic and potential energy and conversion between
the two. We now show that such energetic properties do hold, using the Boussinesq set as an
example.

Let us write the governing equations as a potential vorticity equation in the interior,

D
D𝑡
[∇2𝜓 + 𝜕

𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕𝜓
𝜕𝑧
)] + 𝛽𝜕𝜓
𝜕𝑥
= 0, 0 < 𝑧 < 1, (5.157)

and buoyancy advection at the boundary,
D
D𝑡
(𝜕𝜓
𝜕𝑧
) = 0, 𝑧 = 0, 1. (5.158)

For lateral boundary conditions we may assume that 𝜓 = constant, or impose periodic condi-
tions. If we multiply (5.157) by −𝜓 and integrate over the domain, using the boundary conditions,
we easily find

d𝐸
d𝑡
= 0, 𝐸 = 1

2
∫
𝑉
[(∇𝜓)2 + 𝑓

2
0
𝑁2
(𝜕𝜓
𝜕𝑧
)
2
] d𝑉. (5.159a,b)

The term involving 𝛽 makes no direct contribution to the energy budget. Equation (5.159) is the
fundamental energy equation for quasi-geostrophic motion, and it states that in the absence of
viscous or diabatic terms the total energy is conserved. The two terms in (5.159b) can be identified
as the kinetic energy (KE) and available potential energy (APE) of the flow, where

KE = 1
2
∫
𝑉
(∇𝜓)2 d𝑉, APE = 1

2
∫
𝑉

𝑓20
𝑁2
(𝜕𝜓
𝜕𝑧
)
2
d𝑉. (5.160a,b)

The available potential energy may also be written as

APE = 1
2
∫
𝑉

𝐻2
𝐿2𝑑
(𝜕𝜓
𝜕𝑧
)
2
d𝑉, (5.161)

where 𝐿𝑑 is the deformation radius𝑁𝐻/𝑓0 and we may choose𝐻 such that 𝑧 ∼ 𝐻. At some scale
𝐿 the ratio of the kinetic energy to the potential energy is thus, roughly,

KE
APE
∼ 𝐿
2
𝑑
𝐿2
. (5.162)

For scalesmuch larger than 𝐿𝑑 the potential energy dominates the kinetic energy, and contrariwise.
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5.6.1 Conversion Between APE and KE
Let us return to the vorticity and thermodynamic equations,

D𝜁
D𝑡
= 𝑓𝜕𝑤
𝜕𝑧
, D𝑏′

D𝑡
+ 𝑁2𝑤 = 0 (5.163a,b)

where 𝜁 = ∇2𝜓, and 𝑏′ = 𝑓0𝜕𝜓/𝜕𝑧. From (5.163a) we form a kinetic energy equation, namely

1
2

d
d𝑡
∫
𝑉
(∇𝜓)2 d𝑉 = −∫

𝑉
𝑓0
𝜕𝑤
𝜕𝑧
𝜓 d𝑉 = ∫

𝑉
𝑓0𝑤
𝜕𝜓
𝜕𝑧

d𝑉. (5.164)

From (5.163b) we form a potential energy equation, namely

d
d𝑡
1
2
∫
𝑉

𝑓20
𝑁2
(𝜕𝜓
𝜕𝑧
)
2
d𝑉 = −∫

𝑉
𝑓0𝑤
𝜕𝜓
𝜕𝑧

d𝑉. (5.165)

Thus, the conversion from APE to KE is represented by

d
d𝑡

KE = − d
d𝑡

APE = ∫
𝑣
𝑓0𝑤
𝜕𝜓
𝜕𝑧

d𝑉. (5.166)

Because the buoyancy is proportional to 𝜕𝜓/𝜕𝑧, when warm fluid rises there is a correlation be-
tween 𝑤 and 𝜕𝜓/𝜕𝑧 and APE is converted to KE. Whether such a phenomenon occurs depends
of course on the dynamics of the flow; however, such a conversion is, in fact, a common feature of
geophysical flows, and in particular of baroclinic instability, as we shall see in Chapter 9.

5.6.2 Energetics of Two-layer Flows
Two-layer or two-level flows are an important special case. For layers of equal thickness let us write
the evolution equations as

D
D𝑡
[∇2𝜓1 −

1
2
𝑘2𝑑(𝜓1 − 𝜓2)] + 𝛽

𝜕𝜓1
𝜕𝑥
= 0, (5.167a)

D
D𝑡
[∇2𝜓2 +

1
2
𝑘2𝑑(𝜓1 − 𝜓2)] + 𝛽

𝜕𝜓2
𝜕𝑥
= 0, (5.167b)

where 𝑘2𝑑/2 = (2𝑓0/𝑁𝐻)2. On multiplying these two equations by −𝜓1 and −𝜓2, respectively, and
integrating over the horizontal domain, the advective term in the material derivatives and the beta
term all vanish, and we obtain

∫
𝐴
[ d
d𝑡
1
2
(∇𝜓1)2 +

1
2
𝑘2𝑑𝜓1

d
d𝑡
(𝜓1 − 𝜓2)] d𝐴 = 0, (5.168a)

∫
𝐴
[ d
d𝑡
1
2
(∇𝜓2)2 −

1
2
𝑘2𝑑𝜓2

d
d𝑡
(𝜓1 − 𝜓2)] d𝐴 = 0. (5.168b)

Adding these gives

d
d𝑡
∫
𝐴
[1
2
(∇𝜓1)2 +

1
2
(∇𝜓2)2 +

𝑘2𝑑
4
(𝜓1 − 𝜓2)2] d𝐴 = 0. (5.169)

This is the energy conservation statement for the two layer model. The first two terms represent
the kinetic energy and the last term represents the available potential energy.
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Energy in the baroclinic and barotropic modes
A useful partitioning of the energy is between the energy in the barotropic and baroclinic modes.
The barotropic streamfunction, 𝜓, is the vertically averaged streamfunction and the baroclinic
mode is the difference between the streamfunctions in the two layers. That is, for equal layer thick-
nesses,

𝜓 ≡ 1
2
(𝜓1 + 𝜓2), 𝜏 ≡

1
2
(𝜓1 − 𝜓2). (5.170)

Substituting (5.170) into (5.169) reveals that

d
d𝑡
∫
𝐴
[(∇𝜓)2 + (∇𝜏)2 + 𝑘2𝑑𝜏2] d𝐴 = 0. (5.171)

The energy density in the barotropic mode is thus just (∇𝜓)2, and that in the baroclinic mode is
(∇𝜏)2 + 𝑘2𝑑𝜏2. This partitioning will prove particularly useful when we consider baroclinic turbu-
lence in Chapter 12.

5.6.3 Enstrophy Conservation
Potential vorticity is advected only by the horizontal flow, and thus it is materially conserved on
the horizontal surface at every height and

D𝑞
D𝑡
= 𝜕𝑞
𝜕𝑡
+ 𝒖 ⋅ ∇𝑞 = 0. (5.172)

Furthermore, the advecting flow is divergence-free so that 𝒖 ⋅ ∇𝑞 = ∇ ⋅ (𝒖𝑞). Thus, on multiplying
(5.172) by 𝑞 and integrating over a horizontal domain 𝐴 we obtain

d𝑍
d𝑡
= 0, 𝑍 = 1

2
∫
𝐴
𝑞2 d𝐴. (5.173)

The result holds in an enclosed domain, with no-normal flow boundary conditions, or in a channel
with periodic boundary conditions in 𝑥 and no-normal flow conditions in 𝑦. The quantity 𝑍 is
known as the enstrophy, and it is conserved at each height as well as, naturally, over the entire
volume. (In a doubly-periodic domain, only the relative enstrophy, ∫ 𝜁2 d𝐴, is conserved.)

The enstrophy is just one of an infinity of invariants in quasi-geostrophic flow. Because the
potential vorticity of a fluid element is conserved, any function of the potential vorticity must be a
material invariant and we can immediately write

D
D𝑡
𝐹(𝑞) = 0. (5.174)

To verify that this is true, simply note that (5.174) implies that (d𝐹/d𝑞)D𝑞/D𝑡 = 0, which is true
by virtue of (5.172). (However, by virtue of the material advection, the function 𝐹(𝑞) need not
be differentiable in order for (5.174) to hold.) Each of the material invariants corresponding to
different choices of 𝐹(𝑞) has a corresponding integral invariant; that is,

d
d𝑡
∫
𝐴
𝐹(𝑞)d𝐴 = 0, (5.175)

with the boundary conditions as before. The enstrophy invariant corresponds to choosing 𝐹(𝑞) =
𝑞2; it plays a particularly important role because, like energy, it is a quadratic invariant, and its pres-
ence profoundly alters the behaviour of two-dimensional and quasi-geostrophic flow compared to
three-dimensional flow (see Section 11.3).
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Fig. 5.4 An idealized boundary layer. The values of a field,
such as velocity, 𝑈, may vary rapidly in a boundary in order
to satisfy the boundary conditions at a rigid surface. The pa-
rameter 𝛿 is a measure of the boundary layer thickness, 𝐻
is a typical scale of variation away from the boundary, and
typically a boundary layer has 𝛿 ≪ 𝐻.

5.7 THE EKMAN LAYER

In the final topic of this chapter we consider the effects of friction. The fluid fields in the interior
of a domain are often set by different physical processes from those occurring at a boundary, and
consequently often change rapidly in a thin boundary layer, as in Fig. 5.4. Such boundary layers
nearly always involve one or both of viscosity and diffusion, because these appear in the terms
of highest differential order in the equations of motion, and so are responsible for the number
and type of boundary conditions that the equations must satisfy — for example, the presence of
molecular viscosity leads to the condition that the tangential flow, as well as the normal flow, must
vanish at a rigid surface.

In many boundary layers in non-rotating flow the dominant balance in the momentum equa-
tion is between the advective and viscous terms. In some contrast, in large-scale atmospheric and
oceanic flow the effects of rotation are large, and this results in a boundary layer, known as the Ek-
man layer, in which the dominant balance is betweenCoriolis and frictional or stress terms.10 Now,
the direct effects of molecular viscosity and diffusion are nearly always negligible at distances more
than a fewmillimetres away from a solid boundary, but it is inconceivable that the entire boundary
layer between the free atmosphere (or free ocean) and the surface is only a few millimetres thick.
Rather, in practice a balance occurs between the Coriolis terms and the forces due to the stress
generated by small-scale turbulent motion, and this gives rise to a boundary layer that has a typi-
cal depth of a few tens to several hundreds of metres. Because the stress arises from the turbulence
we cannot with confidence determine its precise form; thus, we should try to determine what gen-
eral properties Ekman layers may have that are independent of the precise form of the friction, and
these properties turn out to be integral ones such as the total mass flux in the Ekman layer.

The atmospheric Ekman layer occurs near the ground, and the stress at the ground itself is
due to the surface wind (and its vertical variation). In the ocean the main Ekman layer is near
the surface, and the stress at the ocean surface is largely due to the presence of the overlying wind.
There is also a weak Ekman layer at the bottom of the ocean, analogous to the atmospheric Ekman
layer. To analyze all these layers, let us assume that:
• The Ekman layer is Boussinesq. This is a very good assumption for the ocean, and a reason-

able one for the atmosphere if the boundary layer is not too deep.
• The Ekman layer has a finite depth that is less than the total depth of the fluid, this depth

being given by the level at which the frictional stresses essentially vanish. Within the Ekman
layer, frictional terms are important, whereas geostrophic balance holds beyond it.
• The nonlinear and time-dependent terms in the equations of motion are negligible, hydro-
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static balance holds in the vertical, and buoyancy is constant, not varying in the horizontal.
• As needed, the friction can be parameterized by a viscous term of the form 𝜌−10 𝜕𝝉/𝜕𝑧 =
𝐴𝜕2𝒖/𝜕𝑧2, where 𝐴 is constant and 𝝉 is the stress. (In general, stress is a tensor, 𝜏𝑖𝑗, with an
associated force given by 𝐹𝑖 = 𝜕𝜏𝑖𝑗/𝜕𝑥𝑗, summing over the repeated index. It is common in
geophysical fluid dynamics that the vertical derivative dominates, and in this case the force is
𝑭 = 𝜕𝝉/𝜕𝑧. We still use the word stress for 𝝉, but it now refers to a vector whose derivative in
a particular direction (𝑧 in this case) is the force on a fluid.) In laboratory settings𝐴may be
the molecular viscosity, whereas in the atmosphere and ocean it is a so-called eddy viscosity.
In turbulent flows momentum is transferred by the near-random motion of small parcels of
fluid and, by analogy with the motion of molecules that produces a molecular viscosity, the
associated stress is approximately given by using a turbulent or eddy viscosity that may be
orders of magnitude larger than the molecular one.

5.7.1 Equations of Motion and Scaling
Frictional–geostrophic balance in the horizontal momentum equation is:

𝒇 × 𝒖 = −∇𝑧𝜙 +
𝜕𝝉
𝜕𝑧
, (5.176)

where 𝝉 ≡ 𝝉/𝜌0 is the kinematic stress and 𝒇 = 𝑓𝐤, where the Coriolis parameter 𝑓 is allowed to
vary with latitude. If we model the stress with an eddy viscosity, (5.176) becomes

𝒇 × 𝒖 = −∇𝑧𝜙 + 𝐴
𝜕2𝒖
𝜕𝑧2
. (5.177)

The vertical momentum equation is 𝜕𝜙/𝜕𝑧 = 𝑏, i.e., hydrostatic balance, and, because buoyancy is
constant, we may without loss of generality write this as

𝜕𝜙
𝜕𝑧
= 0. (5.178)

The equation set is completed by the mass continuity equation, ∇ ⋅ 𝒗 = 0.

The Ekman number
We nondimensionalize the equations by setting

(𝑢, 𝑣) = 𝑈(𝑢, 𝑣), (𝑥, 𝑦) = 𝐿(𝑥, 𝑦), 𝑓 = 𝑓0𝑓, 𝑧 = 𝐻𝑧, 𝜙 = 𝛷𝜙, (5.179)

where hatted variables are nondimensional. 𝐻 is a scaling for the height, and at this stage we will
suppose it to be some height scale in the free atmosphere or ocean, not the height of the Ekman
layer itself. Geostrophic balance suggests that 𝛷 = 𝑓0𝑈𝐿. Substituting (5.179) into (5.177) we
obtain

𝒇 × 𝒖 = −∇̂𝜙 + Ek𝜕
2𝒖
𝜕𝑧2
, (5.180)

where the parameter

Ek ≡ ( 𝐴
𝑓0𝐻2
) , (5.181)

is the Ekman number, and it determines the importance of frictional terms in the horizontal mo-
mentum equation. If Ek ≪ 1 then the friction is small in the flow interior where 𝑧 = 𝒪(1). How-
ever, the friction term cannot necessarily be neglected in the boundary layer because it is of the
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highest differential order in the equation, and so determines the boundary conditions; ifEk is small
the vertical scales become small and the second term on the right-hand side of (5.180) remains fi-
nite. The case when this term is simply omitted from the equation is therefore a singular limit,
meaning that it differs from the case with Ek→ 0. If Ek ≥ 1 friction is important everywhere, but
it is usually the case that Ek is small for atmospheric and oceanic large-scale flow, and the interior
flow is very nearly geostrophic. (In part this is because 𝐴 itself is only large near a rigid surface
where the presence of a shear creates turbulence and a significant eddy viscosity.)

Momentum balance in the Ekman layer
For definiteness, suppose the fluid lies above a rigid surface at 𝑧 = 0. Sufficiently far away from the
boundary the velocity field is known, and we suppose this flow to be in geostrophic balance. We
then write the velocity field and the pressure field as the sum of the interior geostrophic part, plus
a boundary layer correction:

𝒖 = 𝒖𝑔 + 𝒖𝐸, 𝜙 = 𝜙𝑔 + 𝜙𝐸, (5.182)

where the Ekman layer corrections, denotedwith a subscript𝐸, are negligible away from the bound-
ary layer. Now, in the fluid interior we have, by hydrostatic balance, 𝜕𝜙𝑔/𝜕𝑧 = 0. In the boundary
layer we still have 𝜕𝜙𝑔/𝜕𝑧 = 0 so that, to satisfy hydrostasy, 𝜕𝜙𝐸/𝜕𝑧 = 0. But because 𝜙𝐸 vanishes
away from the boundary we have 𝜙𝐸 = 0 everywhere. Thus, there is no boundary layer in the pres-
sure field. Note that this is a much stronger result than saying that pressure is continuous, which
is nearly always true in fluids; rather, it is a special result for Ekman layers.

Using (5.182) with 𝜙𝐸 = 0, the dimensional horizontal momentum equation (5.176) becomes,
in the Ekman layer,

𝒇 × 𝒖𝐸 =
𝜕𝝉
𝜕𝑧
. (5.183)

The dominant force balance in the Ekman layer is thus between the Coriolis force and the friction.
We can determine the thickness of the Ekman layer if we model the stress with an eddy viscosity
so that

𝒇 × 𝒖𝐸 = 𝐴
𝜕2𝒖𝐸
𝜕𝑧2

or 𝒇 × 𝒖𝐸 = Ek
𝜕2𝒖𝐸
𝜕𝑧2
, (5.184a,b)

where the second equation is nondimensional. It is evident that (5.184b) can only be satisfied if
𝑧 ≠ 𝒪(1), implying that𝐻 is not a proper scaling for 𝑧 in the boundary layer. Rather, if the vertical
scale in the Ekman layer is 𝛿 (meaning 𝑧 ∼ 𝛿) we must have 𝛿 ∼ Ek1/2. In dimensional terms this
means the thickness of the Ekman layer is

𝛿 = 𝐻𝛿 = 𝐻Ek1/2 (5.185)

or, using (5.181),

𝛿 = ( 𝐴
𝑓0
)
1/2
. (5.186)

This estimate also emerges directly from (5.184a). Note that (5.185) can be written as

Ek = ( 𝛿
𝐻
)
2
. (5.187)

That is, the Ekman number is equal to the square of the ratio of the depth of the Ekman layer to
an interior depth scale of the fluid motion. In laboratory flows where 𝐴 is the molecular viscosity
we can thus estimate the Ekman layer thickness, and if we know the eddy viscosity of the ocean or
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atmosphere we can estimate their respective Ekman layer thicknesses. We can invert this argument
and obtain an estimate of𝐴 if we know the Ekman layer depth. In the atmosphere, deviations from
geostrophic balance are very small above 1 km, and using this gives 𝐴 ≈ 102m2 s−1. In the ocean
Ekman depths are often 50m or less, and eddy viscosities are about 0.1m2 s−1.

5.7.2 Integral Properties of the Ekman Layer
What can we deduce about the Ekman layer without specifying the detailed form of the frictional
term? Using dimensional notation we recall frictional–geostrophic balance,

𝒇 × 𝒖 = −∇𝜙 + 1
𝜌0
𝜕𝝉
𝜕𝑧
, (5.188)

where 𝝉 is zero at the edge of the Ekman layer. In the Ekman layer itself we have

𝒇 × 𝒖𝐸 =
1
𝜌0
𝜕𝝉
𝜕𝑧
. (5.189)

Consider either a top or bottom Ekman layer, and integrate over its thickness. From (5.189) we
obtain

𝒇 ×𝑴𝐸 = 𝝉𝑇 − 𝝉𝐵 , where 𝑴𝐸 = ∫
Ek
𝜌0𝒖𝐸 d𝑧. (5.190)

Here𝑴𝐸 is the ageostrophic mass transport in the Ekman layer and 𝝉𝑇 and 𝝉𝐵 are the respective
stresses at the top and the bottom of the Ekman layer at hand. The stress at the top (bottom) will
be zero in a bottom (top) Ekman layer and therefore, from (5.190),

top Ekman layer: 𝑴𝐸 = −
1
𝑓
𝐤 × 𝝉𝑇,

bottom Ekman layer: 𝑴𝐸 =
1
𝑓
𝐤 × 𝝉𝐵.

(5.191a,b)

The transport is thus at right angles to the stress at the surface, and proportional to the magnitude
of the stress. These properties have a simple physical explanation: integrated over the depth of the
Ekman layer the surface stressmust be balanced by the Coriolis force, which in turn acts at right an-
gles to themass transport. A consequence of (5.191) is that themass transports in adjacent oceanic
and atmospheric Ekman layers are equal and opposite, because the stress is continuous across the
ocean–atmosphere interface. Equation (5.191a) is particularly useful in the ocean, where the stress
at the surface is primarily due to the wind, and is largely independent of the interior oceanic flow.
In the atmosphere, the surface stress mainly arises as a result of the interior atmospheric flow, and
to calculate it we need to parameterize the stress in terms of the flow.

Finally, we obtain an expression for the vertical velocity induced by an Ekman layer. The mass
conservation equation is

𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 𝜕𝑤
𝜕𝑧
= 0. (5.192)

Integrating this over an Ekman layer gives

1
𝜌0
∇ ⋅ 𝑴𝑇𝑜 = −(𝑤𝑇 − 𝑤𝐵), (5.193)

where𝑴𝑇𝑜 is the total (Ekman plus geostrophic) mass transport in the Ekman layer,

𝑴𝑇𝑜 = ∫
Ek
𝜌0𝒖d𝑧 = ∫

Ek
𝜌0(𝒖𝑔 + 𝒖𝐸)d𝑧 ≡ 𝑴𝑔 +𝑴𝐸, (5.194)
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and 𝑤𝑇 and 𝑤𝐵 are the vertical velocities at the top and bottom of the Ekman layer; the former
(latter) is zero in a top (bottom) Ekman layer. Equations (5.194) and (5.190) give

𝐤 × (𝑴𝑇𝑜 −𝑴𝑔) =
1
𝑓
(𝝉𝑇 − 𝝉𝐵). (5.195)

Taking the curl of this (i.e., cross-differentiating) gives

∇ ⋅ (𝑴𝑇𝑜 −𝑴𝑔) = curl𝑧[(𝝉𝑇 − 𝝉𝐵)/𝑓], (5.196)

where the curl𝑧 operator on a vector 𝑨 is defined by curl𝑧𝑨 ≡ 𝜕𝑥𝐴𝑦 − 𝜕𝑦𝐴𝑥. Using (5.193) we
obtain, for top and bottom Ekman layers respectively,

𝑤𝐵 =
1
𝜌0
(curl𝑧
𝝉𝑇
𝑓
+ ∇ ⋅ 𝑴𝑔) , 𝑤𝑇 =

1
𝜌0
(curl𝑧
𝝉𝐵
𝑓
− ∇ ⋅ 𝑴𝑔) , (5.197a,b)

where ∇ ⋅ 𝑴𝑔 = −(𝛽/𝑓)𝑴𝑔 ⋅ 𝐣 is the divergence of the geostrophic transport in the Ekman layer,
and this is often small compared to the other terms in these equations. Thus, friction induces a
vertical velocity at the edge of the Ekman layer, proportional to the curl of the stress at the surface,
and this is perhaps the most used result in Ekman layer theory. Numerical models sometimes do
not have the vertical resolution to explicitly resolve an Ekman layer, and (5.197) provides a means
of parameterizing the layer in terms of resolved or known fields. This is useful for the top Ekman
layer in the ocean, where the stress can be regarded as a function of the overlying wind.

5.7.3 Explicit Solutions I: a Bottom Boundary Layer
We now assume that the frictional terms can be parameterized as an eddy viscosity and calculate
the explicit form of the solution in the boundary layer. The frictional–geostrophic balance may be
written as

𝒇 × (𝒖 − 𝒖𝑔) = 𝐴
𝜕2𝒖
𝜕𝑧2
, (5.198a)

where
𝑓(𝑢𝑔, 𝑣𝑔) = (−

𝜕𝜙
𝜕𝑦
, 𝜕𝜙
𝜕𝑥
) . (5.198b)

We continue to assume there are no horizontal gradients of temperature, so that, via thermal wind,
𝜕𝑢𝑔/𝜕𝑧 = 𝜕𝑣𝑔/𝜕𝑧 = 0.

Boundary conditions and solution
Appropriate boundary conditions for a bottom Ekman layer are

at 𝑧 = 0 ∶ 𝑢 = 0, 𝑣 = 0 (the no slip condition) (5.199a)
as 𝑧 → ∞ ∶ 𝑢 = 𝑢𝑔, 𝑣 = 𝑣𝑔 (a geostrophic interior). (5.199b)

Let us seek solutions to (5.198a) of the form

𝑢 = 𝑢𝑔 + 𝐴0e𝛼𝑧, 𝑣 = 𝑣𝑔 + 𝐵0e𝛼𝑧, (5.200)

where 𝐴0 and 𝐵0 are constants. Substituting into (5.198a) gives two homogeneous algebraic equa-
tions

𝐴0𝑓 − 𝐵0𝐴𝛼2 = 0, −𝐴0𝐴𝛼2 − 𝐵0𝑓 = 0. (5.201a,b)
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Fig. 5.5 The idealized Ekman layer solution
in the lower atmosphere, plotted as a hodo-
graph of the wind components: the ar-
rows show the velocity vectors at particular
heights, and the curve traces out the contin-
uous variation of the velocity. The values on
the curve are of the nondimensional variable
𝑧/𝑑, where 𝑑 = (2𝐴/𝑓)1/2, and 𝑣𝑔 is chosen to
be zero.

For non-trivial solutions the solvability condition 𝛼4 = −𝑓2/𝐴2 must hold, from which we find
𝛼 = ±(1 ± i)√𝑓/2𝐴. Using the boundary conditions we then obtain the solution

𝑢 = 𝑢𝑔 − e−𝑧/𝑑 [𝑢𝑔 cos(𝑧/𝑑) + 𝑣𝑔 sin(𝑧/𝑑)] , (5.202a)

𝑣 = 𝑣𝑔 + e−𝑧/𝑑 [𝑢𝑔 sin(𝑧/𝑑) − 𝑣𝑔 cos(𝑧/𝑑)] , (5.202b)

where 𝑑 = √2𝐴/𝑓 is, within a constant factor, the depth of the Ekman layer obtained from scaling
considerations. The solution decays exponentially from the surface with this e-folding scale, so
that 𝑑 is a good measure of the Ekman layer thickness. Note that the boundary layer correction
depends on the interior flow, since the boundary layer serves to bring the flow to zero at the surface.

To illustrate the solution, suppose that the pressure force is directed in the 𝑦-direction (north-
wards), so that the geostrophic current is eastwards. Then the solution, the now-famous Ekman
spiral, is plotted in Figs. 5.5 and 5.6. The wind falls to zero at the surface, and its direction just
above the surface is northeastwards; that is, it is rotated by 45° to the left of its direction in the
free atmosphere. Although this result is independent of the value of the frictional coefficients, it
is dependent on the form of the friction chosen. The force balance in the Ekman layer is between
the Coriolis force, the stress, and the pressure force. At the surface the Coriolis force is zero, and
the balance is entirely between the northward pressure force and the southward stress force.

Transport, force balance and vertical velocity
The cross-isobaric flow is given by (for 𝑣𝑔 = 0)

𝑉 = ∫
∞

0
𝑣d𝑧 = ∫

∞

0
𝑢𝑔e−𝑧/𝑑 sin(𝑧/𝑑) d𝑧 =

𝑢𝑔𝑑
2
. (5.203)

For positive 𝑓, this is to the left of the geostrophic flow — that is, down the pressure gradient. In
the general case (𝑣𝑔 ≠ 0) we obtain

𝑉 = ∫
∞

0
(𝑣 − 𝑣𝑔)d𝑧 =

𝑑
2
(𝑢𝑔 − 𝑣𝑔). (5.204)

Similarly, the additional zonal transport produced by frictional effects is, for 𝑣𝑔 = 0,

𝑈 = ∫
∞

0
(𝑢 − 𝑢𝑔)d𝑧 = −∫

∞

0
e−𝑧/𝑑 sin(𝑧/𝑑) d𝑧 = −

𝑢𝑔𝑑
2
, (5.205)

and in the general case

𝑈 = ∫
∞

0
(𝑢 − 𝑢𝑔)d𝑧 = −

𝑑
2
(𝑢𝑔 + 𝑣𝑔). (5.206)
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Fig. 5.6 Solutions for a bottom Ekman layer
with a given flow in the fluid interior (left),
and for a top Ekman layer with a given sur-
face stress (right), both with 𝑑 = 1. On the
left we have 𝑢𝑔 = 1, 𝑣𝑔 = 0. On the right we
have 𝑢𝑔 = 𝑣𝑔 = 0, 𝜏𝑦 = 0 and√2𝜏𝑥/(𝑓𝑑) = 1.

Thus, the total transport caused by frictional forces is

𝑴𝐸 =
𝜌0𝑑
2
[−𝐢(𝑢𝑔 + 𝑣𝑔) + 𝐣(𝑢𝑔 − 𝑣𝑔)] . (5.207)

The total stress at the bottom surface 𝑧 = 0 induced by frictional forces is

𝝉𝐵 = �𝐴
𝜕𝒖
𝜕𝑧
|
𝑧=0
= 𝐴
𝑑
[𝐢(𝑢𝑔 − 𝑣𝑔) + 𝐣(𝑢𝑔 + 𝑣𝑔)] , (5.208)

using the solution (5.202). Thus, using (5.207), (5.208) and 𝑑2 = 2𝐴/𝑓, we see that the total
frictionally induced transport in the Ekman layer is related to the stress at the surface by𝑴𝐸 =
(𝐤 × 𝝉𝐵)/𝑓, reprising the result of the previous more general analysis, (5.197). From (5.208), the
stress is at an angle of 45° to the left of the velocity at the surface. (However, this result is not
generally true for all forms of stress.) These properties are illustrated in Fig. 5.7.

The vertical velocity at the top of the Ekman layer, 𝑤𝐸, is obtained using (5.207) or (5.208). If
𝑓 is constant we obtain

𝑤𝐸 = −
1
𝜌0
∇ ⋅ 𝑴𝐸 =

1
𝑓0

curl𝑧𝝉𝐵 =
𝑑
2
𝜁𝑔, (5.209)

0

–

Fig. 5.7 An Ekman layer generated from an eastward
geostrophic flow above with associated pressure levels
as shown (blue lines). An overbar denotes a vertical in-
tegral over the Ekman layer, so that −𝒇 × 𝒖𝐸 is the Cori-
olis force on the vertically integrated Ekman velocity.
𝑴𝐸 is the frictionally induced boundary layer transport,
and 𝝉 is the stress.
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Fig. 5.8 An idealized Ekman spiral in a southern hemi-
sphere ocean, driven by an imposed wind stress. A
northern hemisphere spiral would be the reflection of
this in the vertical plane. Such a clean spiral is rarely ob-
served in the real ocean. The net transport is at right
angles to the wind, independent of the detailed form of
the friction. The angle of the surface flow is 45° to the
wind only for a Newtonian viscosity.

where 𝜁𝑔 is the vorticity of the geostrophic flow. Thus, the vertical velocity at the top of the Ekman
layer, which arises because of the frictionally-induced divergence of the cross-isobaric flow in the
Ekman layer, is proportional to the geostrophic vorticity in the free fluid and is proportional to the
Ekman layer height√2𝐴/𝑓0.

Another bottom boundary condition
In the analysis above we assumed a no slip condition at the surface, namely that the velocity tan-
gential to the surface vanishes. This is formally appropriate if 𝐴 is a molecular viscosity, but in a
turbulent flow, where 𝐴 is to be interpreted as an eddy viscosity, the flow close to the surface may
be far from zero. Then, unless we wish to explicitly calculate the flow in an additional very thin
viscous boundary layer the no-slip condition may be inappropriate. An alternative, slightly more
general boundary condition is to suppose that the stress at the surface is given by

𝝉 = 𝜌0𝐶𝒖, (5.210)

where 𝐶 is a constant. The surface boundary condition is then

𝐴𝜕𝒖
𝜕𝑧
= 𝐶𝒖. (5.211)

If 𝐶 is infinite we recover the no-slip condition. If 𝐶 = 0, we have a condition of no stress at the
surface, also known as a free slip condition. For intermediate values of 𝐶 the boundary condition
is known as a ‘mixed condition’. Evaluating the solution in these cases is left as an exercise for the
reader.

5.7.4 Explicit Solutions II: the Upper Ocean
Boundary conditions and solution
The wind provides a stress on the upper ocean, and the Ekman layer serves to communicate this
to the oceanic interior. Appropriate boundary conditions are thus:

at 𝑧 = 0 ∶ 𝐴𝜕𝑢
𝜕𝑧
= 𝜏𝑥, 𝐴𝜕𝑣

𝜕𝑧
= 𝜏𝑦, (a given surface stress) (5.212a)

as 𝑧 → −∞ ∶ 𝑢 = 𝑢𝑔, 𝑣 = 𝑣𝑔, (a geostrophic interior) (5.212b)



5.7 The Ekman Layer 209

where 𝝉 is the given (kinematic) wind stress at the surface. Solutions to (5.198a) with (5.212) are
found by the same methods as before, and are

𝑢 = 𝑢𝑔 +
√2
𝑓𝑑

e𝑧/𝑑 [𝜏𝑥 cos(𝑧/𝑑 − π/4) − 𝜏𝑦 sin(𝑧/𝑑 − π/4)] , (5.213)

and

𝑣 = 𝑣𝑔 +
√2
𝑓𝑑

e𝑧/𝑑 [𝜏𝑥 sin(𝑧/𝑑 − π/4) + 𝜏𝑦 cos(𝑧/𝑑 − π/4)] . (5.214)

Note that the boundary layer correction depends only on the imposed surface stress, and not
the interior flow itself. This is a consequence of the type of boundary conditions chosen, for in
the absence of an imposed stress the boundary layer correction is zero — the interior flow already
satisfies the gradient boundary condition at the top surface. Similarly to the bottomboundary layer,
the velocity vectors of the solution trace a diminishing spiral as they descend into the interior (see
Fig. 5.8, which is drawn for the Southern Hemisphere).

Transport, surface flow and vertical velocity
The transport induced by the surface stress is obtained by integrating (5.213) and (5.214) from the
surface to −∞. We explicitly find

𝑈 = ∫
0

−∞
(𝑢 − 𝑢𝑔)d𝑧 =

𝜏𝑦
𝑓
, 𝑉 = ∫

0

−∞
(𝑣 − 𝑣𝑔)d𝑧 = −

𝜏𝑥
𝑓
, (5.215)

which indicates that the ageostrophic transport is perpendicular to the wind stress, as noted pre-
viously from more general considerations. Suppose that the surface wind is eastward; in this case
𝜏𝑦 = 0 and the solutions immediately give

𝑢(0) − 𝑢𝑔 = 𝜏𝑥/𝑓𝑑, 𝑣(0) − 𝑣𝑔 = −𝜏𝑥/𝑓𝑑. (5.216)

Therefore the magnitudes of the frictional flow in the 𝑥 and 𝑦 directions are equal to each other,
and the ageostrophic flow is 45° to the right (for 𝑓 > 0) of the wind. This result depends on the
form of the frictional parameterization, but not on the size of the viscosity.

At the edge of the Ekman layer the vertical velocity is given by (5.197), and so is proportional
to the curl of the wind stress. (The second term on the right-hand side of (5.197) is the vertical
velocity due to the divergence of the geostrophic flow, and is usually much smaller than the first
term.) The production of a vertical velocity at the edge of the Ekman layer is one of the most
important effects of the layer, especially with regard to the large-scale circulation, for it provides
an efficient means whereby surface fluxes are communicated to the interior flow (see Fig. 5.9).

5.7.5††† Observations of the Ekman Layer
Ekman layers— and in particular the Ekman spiral— are generally quite hard to observe, in either
the ocean or atmosphere, both because of the presence of phenomena that are not included in the
theory and because of the technical difficulties of actually measuring the vector velocity profile,
especially in the ocean. Ekman-layer theory does not take into account the effects of stratification
or of inertial and gravity waves (Section 2.10.4 and Chapter 7), nor does it account for the effects
of convection or buoyancy-driven turbulence. If gravity waves are present, the instantaneous flow
will be non-geostrophic and so time-averaging will be required to extract the geostrophic flow. If
strong convection is present, the simple eddy-viscosity parameterizations used to derive the Ekman
spiral will be rendered invalid, and the spiral Ekman profile cannot be expected to be observed in
either atmosphere or ocean.
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Fig. 5.9 Upper and lower Ekman layers. The upper Ekman layer in the ocean is primarily driven by
an imposed wind stress, whereas the lower Ekman layer in the atmosphere or ocean largely results
from the interaction of interior geostrophic velocity and a rigid lower surface. The upper part of the
figure shows the vertical Ekman ‘pumping’ velocities that result from the given wind stress, and the
lower part of the figure shows the Ekman pumping velocities given the interior geostrophic flow.

In the atmosphere, in convectively neutral cases, the Ekman profile can sometimes be qualita-
tively discerned. In convectively unstable situations the Ekman profile is generally not observed,
but the flow is nevertheless cross-isobaric, from high pressure to low, consistent with the theory.
(For most purposes, it is in any case the integral properties of the Ekman layer that is most impor-
tant.) In the ocean, from about 1980 onwards improved instruments have made it possible to ob-
serve the vector current with depth, and to average that current and correlate it with the overlying
wind, and a number of observations generally consistent with Ekman dynamics have emerged.11
There are some differences between observations and theory, and these can be ascribed to the ef-
fects of stratification (which causes a shallowing and flattening of the spiral), and to the interaction
of the Ekman spiral with turbulence (and the inadequacy of the eddy-diffusivity parameterization).
In spite of these differences, Ekman layer theory remains a remarkable and enduring foundation
of geophysical fluid dynamics.

5.7.6 ♦ Frictional Parameterization of the Ekman Layer

Suppose that the free atmosphere is described by the quasi-geostrophic vorticity equation,

D𝜁𝑔
D𝑡
= 𝑓0
𝜕𝑤
𝜕𝑧
, (5.217)

where 𝜁𝑔 is the geostrophic relative vorticity. Let us further model the atmosphere as a single
homogeneous layer of thickness𝐻 lying above an Ekman layer of thickness 𝑑 ≪ 𝐻. If the vertical
velocity is negligible at the top of the layer (at 𝑧 = 𝐻 + 𝑑) the equation of motion becomes

D𝜁𝑔
D𝑡
= 𝑓0[𝑤(𝐻 + 𝑑) − 𝑤(𝑑)]

𝐻
= −𝑓0𝑑
2𝐻
𝜁𝑔 , (5.218)
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using (5.209). This equation shows that the Ekman layer acts as a linear drag on the interior flow,
with a drag coefficient 𝑟 equal to 𝑓0𝑑/2𝐻 and with associated time scale 𝑇Ek given by

𝑇Ek =
2𝐻
𝑓0𝑑
= 2𝐻
√2𝑓0𝐴
. (5.219)

In the oceanic case the corresponding vorticity equation for the interior flow is

D𝜁𝑔
D𝑡
= 1
𝐻

curl𝑧𝜏𝑠, (5.220)

where 𝜏𝑠 is the surface stress. The surface stress thus acts as if it were a body force on the interior
flow, and neither the Coriolis parameter nor the depth of the Ekman layer explicitly appear in this
formula.

The Ekman layer is a very efficient way of communicating surface stresses to the interior. To
see this, suppose that eddy mixing were the sole mechanism of transferring stress from the surface
to the fluid interior, and there were no Ekman layer. Then the time scale of spindown of the fluid
would be given by using

d𝜁
d𝑡
= 𝐴𝜕
2𝜁
𝜕𝑧2
, (5.221)

implying a turbulent spin-down time, 𝑇turb, of

𝑇turb ∼
𝐻2
𝐴
, (5.222)

where𝐻 is the depth over which we require a spin-down. This is much longer than the spin-down
of a fluid that has an Ekman layer, for we have

𝑇turb
𝑇Ek
= (𝐻

2/𝐴)
(2𝐻/𝑓0𝑑)

= 𝐻
𝑑
≫ 1, (5.223)

using 𝑑 = √2𝐴/𝑓0. The effects of friction are enhanced because of the presence of a secondary cir-
culation confined to the Ekman layers (as in Fig. 5.9) in which the vertical scales are much smaller
than those in the fluid interior and so where viscous effects become significant; these frictional
stresses are then communicated to the fluid interior via the induced vertical velocities at the edge
of the Ekman layers.

Notes
1 The phrase ‘quasi-geostrophic’ seems to have been introduced by Durst & Sutcliffe (1938) and the

concept used in Sutcliffe’s development theory of baroclinic systems (Sutcliffe 1939, 1947). The
first systematic derivation of the quasi-geostrophic equations based on scaling theory was given by
Charney (1948). The planetary-geostrophic equations were used by Robinson & Stommel (1959)
and Welander (1959) in studies of the thermocline (and were first known as the ‘thermocline equa-
tions’), and were put in the context of other approximate equation sets by Phillips (1963).

2 Carl-Gustav Rossby (1898–1957) played a dominant role in the development of dynamical meteo-
rology in the early and middle parts of the twentieth century, and his work permeates all aspects
of dynamical meteorology today. Perhaps the most fundamental nondimensional number in ro-
tating fluid dynamics, the Rossby number, is named for him, as is the perhaps most fundamental
wave, the Rossby wave. He also discovered the conservation of potential vorticity (later generalized
by Ertel) and contributed important ideas to atmospheric turbulence and the theory of air masses.
Swedish born, he studied first with V. Bjerknes before taking a position in Stockholm in 1922 with
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the Swedish Meteorological Hydrologic Service and receiving a ‘Licentiat’ from the University of
Stockholm in 1925. Shortly thereafter he moved to the United States, joining the Government
Weather Bureau, a precursor of NOAA’s National Weather Service. In 1928 he moved to MIT, play-
ing an important role in developing the meteorology department there, while still maintaining
connections with the Weather Bureau. In 1940 he moved to the University of Chicago, where he
similarly helped develop meteorology there. In 1947 he became Director of the newly formed In-
stitute of Meteorology in Stockholm, and subsequently divided his time between there and the
United States. Thus, as well as his scientific contributions, he played an influential role in the insti-
tutional development of the field.

3 Burger (1958).

4 Numerical integrations of the potential vorticity equation using (5.91), and performing the inver-
sion without linearizing potential vorticity, do in fact indicate improved accuracy over either the
quasi-geostrophic or planetary-geostrophic equations (Mundt et al. 1997). In a similar vein, McIn-
tyre&Norton (2000) showhowuseful potential vorticity inversion can be, andAllen et al. (1990a,b)
demonstrate the high accuracy of certain intermediate models. Certainly, asymptotic correctness
should not be the only criterion used in constructing a filtered model, because the parameter range
in which the model is useful may be too limited. Note that there is a difference between extending
the parameter range in which a filtered model is useful, as in the inversion of (5.91), and going to
higher asymptotic order accuracy in a given parameter regime, as in Allen (1993) and Warn et al.
(1995). Using Hamiltonian mechanics it is possible to derive equations that both span different
asymptotic regimes and that have good conservation properties (Salmon 1983, Allen et al. 2002).

5 There is a difference between the dynamical demands of the quasi-geostrophic system in requiring
𝛽 to be small, and the geometric demands of the Cartesian geometry. On Earth the two demands
are similar in practice. But without dynamical inconsistency we may imagine a Cartesian system
in which 𝛽𝑦 ∼ 𝑓, and indeed this is common in idealized, planetary geostrophic models of the
large-scale ocean circulation.

6 Theatmospheric andoceanic sciences are sometimes thought of as not being ‘beautiful’ in the same
way as some branches of theoretical physics. Yet surely quasi-geostrophic theory, and the quasi-
geostrophic potential vorticity equation, are quite beautiful, combining austerity of description
and richness of behaviour.

7 Bretherton (1966b). Schneider et al. (2003) look at the non-QG extension. The equivalence be-
tween boundary conditions and delta-function sources is a common feature of elliptic and similar
problems, and is analogous to the generation of electromagnetic fields by point charges. It is some-
times exploited in the numerical solution of elliptic equations, both as a simple way to include
non-homogeneous boundary conditions and, using the so-called capacitance matrix method, to
solve problems in irregular domains (e.g., Hockney 1970).

8 Phillips (1954, 1956) used a two-level model for instability studies and to construct a simple general
circulation model of the atmosphere.

9 Charney & Stern (1962). See also Berrisford et al. (1993) and Vallis (1996).

10 After Ekman (1905). The problem is said to have been posed to V. W. Ekman (1874–1954), a stu-
dent of Vilhelm Bjerknes, by Fridtjof Nansen, the polar explorer and statesman, who wanted to
understand the motion of pack ice and of his ship, the Fram, embedded in the ice.

11 For oceanic observations see Davis et al. (1981), Price et al. (1987), Rudnick & Weller (1993). For
the atmosphere see, e.g., Nicholls (1985).



Part II

WAVES, INSTABILITIES AND
TURBULENCE





The waves broke and spread their waters swiftly over the shore. One after
another they massed themselves and fell; the spray tossed itself back with
the energy of their fall. The waves were steeped deep-blue save for a pattern
of diamond-pointed light on their backs which rippled as the backs of
great horses ripple with muscles as they move. The waves fell; withdrew
and fell again.
Virginia Woolf, The Waves, 1931.

CHAPTER 6

Wave Fundamentals

Waves are everywhere: on the sea-shore, on piano wires, in football stadiums, and filling
the space between the distant stars and Earth. This chapter provides an introduction to
their properties, paying particular attention to a wave that is especially important to the

large scale flow in both ocean and atmosphere — the Rossby wave. We start with an elementary
introduction to wave kinematics, discussing such basic concepts as phase speed and group velocity.
Then, beginning with Section 6.4, we discuss the dynamics of Rossby waves, and this part may be
considered to be the natural follow-on from the geostrophic theory of the previous chapter. Finally,
in Section 6.7, we return to group velocity in a more general way and illustrate the results using
Poincaré waves, with more applications to gravity and Rossby waves in later chapters.

The reason for such an ordering of topics is that wave kinematics without a dynamical example
is jejune and dry, yet understanding wave dynamics of any sort is hardly possible without appre-
ciating at least some of its formal structure, and readers should flip pages back and forth through
the chapter as needed. Those readers who wish to cut to the chase may skip the first few sections
and begin at Section 6.4, referring back as needed. (Many of the key elementary results are summa-
rized in the shaded box on page 218.) Other readersmay wish to skip the sections on Rossby waves
altogether and, after absorbing the sections on the wave theory move on to Chapter 7 on gravity
waves, returning to Rossby waves (or not) later on. The Rossby wave and gravity wave discussions
are largely independent of each other, although they both require that the reader is familiar with
such ideas as group velocity and phase speed. Rossby waves and gravity waves can co-exist and
close to the equator the two kinds of waves become more intertwined; we deal with the ensuing
waves in Chapter 8. We also extend our discussion of Rossby waves in a global atmospheric context
in Chapter 16.

6.1 FUNDAMENTALS AND FORMALITIES
6.1.1 Definitions and Kinematics
A wave may be more easily recognized than defined. Loosely speaking, a wave is a propagating
disturbance that has a characteristic relationship between its frequency and size, and a linear wave
may be defined as a disturbance that satisfies a dispersion relation. (Nonlinear waves exist, but the
curious reader must look elsewhere to learn about them.1) In order to see what all this means,
and what a dispersion relation is, suppose that a disturbance, 𝜓(𝒙, 𝑡) (where 𝜓 might be velocity,
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streamfunction, pressure, etc.), satisfies the equation

𝐿(𝜓) = 0, (6.1)

where 𝐿 is a linear operator, typically a polynomial in time and space derivatives; one example is
𝐿(𝜓) = 𝜕∇2𝜓/𝜕𝑡 + 𝛽𝜕𝜓/𝜕𝑥. If (6.1) has constant coefficients (if 𝛽 is constant in this example)
then harmonic solutions may often be found that are a superposition of plane waves, each of which
satisfy

𝜓 = Re �̃�ei𝜃(𝒙,𝑡) = Re �̃�ei(𝒌⋅𝒙−𝜔𝑡), (6.2)

where �̃� is a complex constant, 𝜃 is the phase, 𝜔 is the wave frequency and 𝒌 is the vector wave-
number (𝑘, 𝑙, 𝑚) (also written as (𝑘𝑥, 𝑘𝑦, 𝑘𝑧) or, in subscript notation, 𝑘𝑖). The prefix Re denotes
the real part of the expression, but we will drop it if there is no ambiguity.

Earlier, we said that waves are characterized by having a particular relationship between the
frequency and wavevector known as the dispersion relation. This is an equation of the form

𝜔 = 𝛺(𝒌), (6.3)

where 𝛺(𝒌), or 𝛺(𝑘𝑖), and meaning 𝛺(𝑘, 𝑙, 𝑚), is some function determined by the form of 𝐿 in
(6.1) and which thus depends on the particular type of wave — the function is different for sound
waves, light waves and the Rossby waves and gravity waves we will encounter in this book (peek
ahead to (6.60) and (7.56), and there is more discussion in Section 6.1.3). Unless it is necessary to
explicitly distinguish the function 𝛺 from the frequency 𝜔, we will often write 𝜔 = 𝜔(𝒌).

If the medium in which the waves are propagating is inhomogeneous then (6.1) will probably
not have constant coefficients (for example, 𝛽 may vary with 𝑦). Nevertheless, if the medium is
varying sufficiently slowly, wave solutions may often still be found with the general form

𝜓(𝒙, 𝑡) = 𝑎(𝒙, 𝑡)ei𝜃(𝒙,𝑡), (6.4)

where the amplitude 𝑎(𝒙, 𝑡) varies slowly compared to the phase, 𝜃. The frequency and wavenum-
ber are then defined by

𝒌 ≡ ∇𝜃, 𝜔 ≡ −𝜕𝜃
𝜕𝑡
. (6.5)

The example of (6.2) is clearly just a special case of this. Equation (6.5) implies the formal relation
between 𝒌 and 𝜔:

𝜕𝒌
𝜕𝑡
+ ∇𝜔 = 0. (6.6)

The wkb method, described in Appendix A at the end of this chapter, is one way of finding such
solutions.

6.1.2 Wave Propagation and Phase Speed

A common property of waves is that they propagate through space with some velocity, which in
special cases might be zero. Waves in fluids may carry energy and momentum but not normally,
at least to a first approximation, fluid parcels themselves. Further, it turns out that the speed at
which properties like energy are transported (the group speed) may be different from the speed at
which the wave crests themselves move (the phase speed). Let’s try to understand this statement,
beginning with the phase speed. A summary of key results is given on page 218.
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Fig. 6.1 The propagation of a two-dimensional wave. (a) Two lines of constant phase (e.g., two
wavecrests) at a time 𝑡1. The wave is propagating in the direction 𝒌 with wavelength 𝜆. (b) The
same line of constant phase at two successive times. The phase speed is the speed of advancement
of the wavecrest in the direction of travel, and so 𝑐𝑝 = 𝑙/(𝑡2−𝑡1). The phase speed in the 𝑥-direction
is the speed of propagation of the wavecrest along the 𝑥-axis, and 𝑐𝑥𝑝 = 𝑙𝑥/(𝑡2 − 𝑡1) = 𝑐𝑝/ cos𝜙.

Phase speed
Consider the propagation of monochromatic plane waves, for that is all that is needed to introduce
the phase speed. Given (6.2) a wave will propagate in the direction of 𝒌 (Fig. 6.1). At a given instant
and location we can align our coordinate axis along this direction, and we write 𝒌⋅𝒙 = 𝐾𝑥∗, where
𝑥∗ increases in the direction of 𝒌 and 𝐾2 = |𝒌|2 is the magnitude of the wavenumber. With this,
we can write (6.2) as

𝜓 = Re �̃�ei(𝐾𝑥∗−𝜔𝑡) = Re �̃�ei𝐾(𝑥∗−𝑐𝑡), (6.7)

where 𝑐 = 𝜔/𝐾. From this equation it is evident that the phase of the wave propagates at the speed
𝑐 in the direction of 𝒌, and we define the phase speed by

𝑐𝑝 ≡
𝜔
𝐾
. (6.8)

The wavelength of the wave, 𝜆, is the distance between two wavecrests — that is, the distance
between two locations along the line of travel whose phase differs by 2π — and evidently this is
given by

𝜆 = 2π
𝐾
. (6.9)

In (for simplicity) a two-dimensional wave, and referring to Fig. 6.1, the wavelength and wave
vectors in the 𝑥- and 𝑦-directions are given by,

𝜆𝑥 = 𝜆
cos𝜙
, 𝜆𝑦 = 𝜆

sin𝜙
, 𝑘𝑥 = 𝐾 cos𝜙, 𝑘𝑦 = 𝐾 sin𝜙. (6.10)

In general, lines of constant phase intersect both the coordinate axes and propagate along them.
The speed of propagation along these axes is given by

𝑐𝑥𝑝 = 𝑐𝑝
𝑙𝑥
𝑙
=
𝑐𝑝

cos𝜙
= 𝑐𝑝
𝐾
𝑘𝑥
= 𝜔
𝑘𝑥
, 𝑐𝑦𝑝 = 𝑐𝑝

𝑙𝑦
𝑙
=
𝑐𝑝

sin𝜙
= 𝑐𝑝
𝐾
𝑘𝑦
= 𝜔
𝑘𝑦
, (6.11)

using (6.8) and (6.10), and again referring to Fig. 6.1 for notation. The speed of phase propagation
along any one of the axes is in general larger than the phase speed in the primary direction of
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Wave Fundamentals

• A wave is a propagating disturbance that has a characteristic relationship between its
frequency and size, known as the dispersion relation. Waves typically arise as solutions
to a linear problem of the form

𝐿(𝜓) = 0, (WF.1)

where 𝐿 is, commonly, a linear operator in space and time. Two examples are

𝜕2𝜓
𝜕𝑡2
− 𝑐2∇2𝜓 = 0 and 𝜕

𝜕𝑡
∇2𝜓 + 𝛽𝜕𝜓

𝜕𝑥
= 0. (WF.2)

The first example is so common in all areas of physics it is sometimes called ‘the’ wave
equation. The second example gives rise to Rossby waves.
• Solutions to the governing equation are often sought in the form of plane waves that have

the form
𝜓 = Re𝐴ei(𝒌⋅𝒙−𝜔𝑡), (WF.3)

where 𝐴 is the wave amplitude, 𝒌 = (𝑘, 𝑙, 𝑚) is the wavevector, and 𝜔 is the frequency.
• The dispersion relation connects the frequency and wavevector through an equation of

the form 𝜔 = 𝛺(𝒌)where𝛺 is some function. The relation is normally derived by substi-
tuting a trial solution like (WF.3) into the governing equation (WF.1). For the examples
of (WF.2) we obtain 𝜔 = 𝑐2𝐾2 and 𝜔 = −𝛽𝑘/𝐾2 where 𝐾2 = 𝑘2 + 𝑙2 + 𝑚2 or, in two
dimensions, 𝐾2 = 𝑘2 + 𝑙2.
• The phase speed is the speed at which the wave crests move. In the direction of propaga-

tion and in the 𝑥, 𝑦 and 𝑧 directions the phase speeds are given by, respectively,

𝑐𝑝 =
𝜔
𝐾
, 𝑐𝑥𝑝 =

𝜔
𝑘
, 𝑐𝑦𝑝 =

𝜔
𝑙
, 𝑐𝑧𝑝 =

𝜔
𝑚
, (WF.4)

where 𝐾 = 2π/𝜆 and 𝜆 is the wavelength. The wave crests have both a speed (𝑐𝑝) and a
direction of propagation (the direction of 𝒌), like a vector, but the components defined
in (WF.4) are not the components of that vector.
• The group velocity is the velocity at which a wave packet or wave group moves. It is a

vector and is given by

𝒄𝑔 =
𝜕𝜔
𝜕𝒌

with components 𝑐𝑥𝑔 =
𝜕𝜔
𝜕𝑘
, 𝑐𝑦𝑔 =

𝜕𝜔
𝜕𝑙
, 𝑐𝑧𝑔 =

𝜕𝜔
𝜕𝑚
. (WF.5)

Many physical quantities of interest are transported at the group velocity.
• If the coefficients of the wave equation are not constant (for example if the medium is

inhomogeneous) then, if the coefficients are only slowly varying, approximate solutions
may sometimes be found in the form

𝜓 = Re𝐴(𝒙, 𝑡)ei𝜃(𝒙,𝑡), (WF.6)

where the amplitude 𝐴 is also slowly varying and the local wavenumber and frequency
are related to the phase, 𝜃, by 𝒌 = ∇𝜃 and 𝜔 = −𝜕𝜃/𝜕𝑡. The dispersion relation is then a
local one of the form 𝜔 = 𝛺(𝒌; 𝑥, 𝑡).
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the wave. The phase speeds are clearly not components of a vector: for example, 𝑐𝑥𝑝 ≠ 𝑐𝑝 cos𝜙.
Analogously, the wavevector 𝒌 is a true vector, whereas the wavelength 𝜆 is not.

To summarize, the phase speed and its components are given by

𝑐𝑝 =
𝜔
𝐾
, 𝑐𝑥𝑝 =

𝜔
𝑘𝑥
, 𝑐𝑦𝑝 =

𝜔
𝑘𝑦
. (6.12)

Phase velocity
Although it is not particularly useful, there is a way of defining a phase speed so that it is a true
vector, and which might then be called phase velocity. We define the phase velocity to be the
velocity that has the magnitude of the phase speed and the direction in which wave crests are
propagating; that is

𝒄𝑝 ≡
𝜔
𝐾
𝒌
|𝐾|
= 𝑐𝑝
𝒌
|𝐾|
, (6.13)

where 𝒌/|𝐾| is the unit vector in the direction of wave-crest propagation. The components of the
phase velocity in the 𝑥- and 𝑦-directions are then given by

𝑐𝑥𝑝 = 𝑐𝑝 cos𝜙, 𝑐
𝑦
𝑝 = 𝑐𝑝 sin𝜙. (6.14)

Defined this way, the quantity given by (6.13) is a vector velocity. However, the components in
the 𝑥- and 𝑦-directions are manifestly not the speed at which wave crests propagate in those direc-
tions, and it is a misnomer to call these quantities phase speeds. Still, it can be helpful to ascribe a
direction to the phase speed and the quantity given by (6.13) may then be useful.

6.1.3 The Dispersion Relation
The above description is kinematic, in that it applies to almost any disturbance that has a wavevec-
tor and a frequency. The particular dynamics of a wave are determined by the relationship between
the wavevector and the frequency; that is, by the dispersion relation. Once the dispersion relation is
known a great many of the properties of the wave follow in a more-or-less straightforward manner.
Picking up from (6.3), the dispersion relation is a functional relationship between the frequency
and the wavevector of the general form

𝜔 = 𝛺(𝒌). (6.15)

Perhaps the simplest example of a linear operator that gives rise towaves is the one-dimensional
equation

𝜕𝜓
𝜕𝑡
+ 𝑐𝜕𝜓
𝜕𝑥
= 0. (6.16)

Substituting a trial solution of the form 𝜓 = Re𝐴ei(𝑘𝑥−𝜔𝑡) we obtain (−i𝜔 + 𝑐i𝑘)𝐴 = 0, giving the
dispersion relation

𝜔 = 𝑐𝑘. (6.17)

The phase speed of this wave is 𝑐𝑝 = 𝜔/𝑘 = 𝑐. A few other examples of governing equations,
dispersion relations and phase speeds are:

𝜕𝜓
𝜕𝑡
+ 𝒄 ⋅ ∇𝜓 = 0, 𝜔 = 𝒄 ⋅ 𝒌, 𝑐𝑝 = |𝒄| cos 𝜃, 𝑐𝑥𝑝 =

𝒄 ⋅ 𝒌
𝑘
, 𝑐𝑦𝑝 =

𝒄 ⋅ 𝒌
𝑙
, (6.18a)

𝜕2𝜓
𝜕𝑡2
− 𝑐2∇2𝜓 = 0, 𝜔2 = 𝑐2𝐾2, 𝑐𝑝 = ±𝑐, 𝑐𝑥𝑝 = ±

𝑐𝐾
𝑘
, 𝑐𝑦𝑝 = ±

𝑐𝐾
𝑙
, (6.18b)
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Fig. 6.2 Superposition of two sinusoidal
waves with wavenumbers 𝑘 and 𝑘 + 𝛿𝑘, pro-
ducing a wave (solid line) that is modulated
by a slowly varying wave envelope or packet
(dashed).
The envelope moves at the group velocity,
𝑐𝑔 = 𝜕𝜔/𝜕𝑘, and the phase moves at the
group speed, 𝑐𝑝 = 𝜔/𝑘.

𝜕
𝜕𝑡
∇2𝜓 + 𝛽𝜕𝜓

𝜕𝑥
= 0, 𝜔 = −𝛽𝑘

𝐾2
, 𝑐𝑝 =

𝜔
𝐾
, 𝑐𝑥𝑝 = −

𝛽
𝐾2
, 𝑐𝑦𝑝 = −

𝛽𝑘/𝑙
𝐾2
, (6.18c)

where 𝐾2 = 𝑘2 + 𝑙2 and 𝜃 is the angle between 𝒄 and 𝒌, and the examples are all two-dimensional,
with variation in 𝑥 and 𝑦 only.

A wave is said to be nondispersive if the phase speed is independent of the wavelength. This
condition is satisfied for the simple example (6.16) but is manifestly not satisfied for (6.18c), and
these waves (Rossby waves, in fact) are dispersive. Waves of different wavelengths then travel at
different speeds so that a group of waves will spread out — disperse — even if the medium is
homogeneous. When a wave is dispersive there is another characteristic speed at which the waves
propagate, the group velocity, and we come to this shortly.

Most media are inhomogeneous, but if the medium varies sufficiently slowly in space and time
— and in particular if the variations are slow compared to the wavelength and period — we may
still have a local dispersion relation between frequency and wavevector,

𝜔 = 𝛺(𝒌; 𝒙, 𝑡), (6.19)

where 𝑥 and 𝑡 are slowly varying parameters. We’ll resume our discussion of this topic in Section
6.3, but before that we must introduce the group velocity.

6.2 GROUP VELOCITY
Information and energy do not, in general, propagate at the phase speed. Rather, most quantities
of interest propagate at the group velocity, a quantity of enormous importance in wave theory.2
Roughly speaking, group velocity is the velocity at which a packet or a group of waves will travel,
whereas the individual wave crests travel at the phase speed. To introduce the idea we will consider
the superposition of plane waves, noting that a truly monochromatic plane wave already fills all
space uniformly so that there can be no propagation of energy from place to place.

6.2.1 Superposition of Two Waves
Consider the linear superposition of two waves. Limiting attention to the one-dimensional case
for simplicity, consider a disturbance represented by

𝜓 = Re �̃�(ei(𝑘1𝑥−𝜔1𝑡) + ei(𝑘2𝑥−𝜔2𝑡)). (6.20)

Let us further suppose that the two waves have similar wavenumbers and frequency, and, in par-
ticular, that 𝑘1 = 𝑘 + 𝛥𝑘 and 𝑘2 = 𝑘 − 𝛥𝑘, and 𝜔1 = 𝜔 + 𝛥𝜔 and 𝜔2 = 𝜔 − 𝛥𝜔. With this, (6.20)
becomes

𝜓 = Re �̃�ei(𝑘𝑥−𝜔𝑡)[ei(𝛥𝑘𝑥−𝛥𝜔𝑡) + e−i(𝛥𝑘𝑥−𝛥𝜔𝑡)]
= 2Re �̃�ei(𝑘𝑥−𝜔𝑡) cos(𝛥𝑘 𝑥 − 𝛥𝜔 𝑡).

(6.21)
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Theresulting disturbance, illustrated in Fig. 6.2 has two aspects: a rapidly varying component, with
wavenumber 𝑘 and frequency 𝜔, and a more slowly varying envelope, with wavenumber 𝛥𝑘 and
frequency 𝛥𝜔. The envelope modulates the fast oscillation, and moves with velocity 𝛥𝜔/𝛥𝑘; in
the limit 𝛥𝑘 → 0 and 𝛥𝜔 → 0 this is the group velocity, 𝑐𝑔 = 𝜕𝜔/𝜕𝑘. Group velocity is equal to
the phase speed, 𝜔/𝑘, only when the frequency is a linear function of wavenumber. The energy in
the disturbance must move at the group velocity — note that the node of the envelope moves at
the speed of the envelope and no energy can cross the node. These concepts generalize to more
than one dimension, and if the wavenumber is the three-dimensional vector 𝒌 = (𝑘, 𝑙, 𝑚) then the
three-dimensional envelope propagates at the group velocity given by

𝒄𝑔 =
𝜕𝜔
𝜕𝒌
≡ (𝜕𝜔
𝜕𝑘
, 𝜕𝜔
𝜕𝑙
, 𝜕𝜔
𝜕𝑚
) . (6.22)

The group velocity is also written as 𝒄𝑔 = ∇𝒌𝜔 or, in subscript notation, 𝑐𝑔𝑖 = 𝜕𝛺/𝜕𝑘𝑖, with the
subscript 𝑖 denoting the component of a vector.

6.2.2 Superposition of Many Waves
Now consider a slight extension of the above arguments to the case in which many waves are ex-
cited. The essential assumption of this derivation is that thewavenumber distribution is sufficiently
narrow so that the dispersion relation can be approximated as

𝜔(𝑘) ≈ 𝜔(𝑘0) + �
d𝜔
d𝑘
|
𝑘0
(𝑘 − 𝑘0). (6.23)

We treat only the one-dimensional case but the three-dimensional generalization is possible.
A superposition of plane waves, each satisfying some dispersion relation, can be represented

by the Fourier integral

𝜓(𝑥, 𝑡) = ∫
∞

−∞
�̃�(𝑘)ei(𝑘𝑥−𝜔𝑡) d𝑘. (6.24a)

The function �̃�(𝑘) is given by the initial conditions:

�̃�(𝑘) = 1
2π
∫
∞

−∞
𝜓(𝑥, 0)e−i𝑘𝑥 d𝑥. (6.24b)

Note that if the waves are dispersionless and 𝜔 = 𝑐𝑘 where 𝑐 is a constant, then

𝜓(𝑥, 𝑡) = ∫
+∞

−∞
�̃�(𝑘)ei𝑘(𝑥−𝑐𝑡) d𝑘 = 𝜓(𝑥 − 𝑐𝑡, 0), (6.25)

by comparison with (6.24a) at 𝑡 = 0. That is, the initial condition simply translates at a speed 𝑐,
with no change in structure.

Now consider the case for which the disturbance is a wave packet — essentially a nearly plane
wave or superposition of waves that is confined to a finite region of space. We will consider a case
with the initial condition

𝜓(𝑥, 0) = 𝑎(𝑥)ei𝑘0𝑥, (6.26)

where 𝑎(𝑥, 𝑡), rather like the envelope in Fig. 6.3, modulates the amplitude of the wave on a scale
much longer than that of the wavelength 2π/𝑘0, and more slowly than the wave period. That is,

1
𝑎
𝜕𝑎
𝜕𝑥
≪ 𝑘0,

1
𝑎
𝜕𝑎
𝜕𝑡
≪ 𝑘0𝑐, (6.27a,b)
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Fig. 6.3 A wave packet. The en-
velope, 𝑎(𝑥), has a scale, 𝐿𝑥, much
larger than the wavelength, 𝜆0, of
the wave embedded inside. The en-
velope moves at the group velocity,
𝑐𝑔, and the phase of the waves at
the phase speed, 𝑐𝑝.

� � �

�

and the disturbance is essentially a slowlymodulated planewave. We suppose that 𝑎(𝑥, 0) is peaked
around some value 𝑥0 and is very small if |𝑥−𝑥0| ≫ 𝑘−10 ; that is, 𝑎(𝑥, 0) is small if we are sufficiently
many wavelengths of the plane wave away from the peak, as is the case in Fig. 6.3. We would like
to know how such a packet evolves.

We can express the envelope as a Fourier integral by first writing the initial conditions as a
Fourier integral,

𝜓(𝑥, 0) = ∫
∞

−∞
�̃�(𝑘)ei𝑘𝑥 d𝑘 where �̃�(𝑘) = 1

2π
∫
+∞

−∞
𝜓(𝑥, 0)e−𝑖𝑘𝑥 d𝑥, (6.28a,b)

so that, using (6.26),

�̃�(𝑘) = 1
2π
∫
+∞

−∞
𝑎(𝑥, 0)ei(𝑘0−𝑘)𝑥 d𝑥 and 𝑎(𝑥) = ∫

∞

−∞
�̃�(𝑘)ei(𝑘−𝑘0)𝑥 d𝑘. (6.29a,b)

We still haven’t made much progress beyond (6.24). To do so, we note first that 𝑎(𝑥) is confined in
space, so that to a good approximation the limits of the integral in (6.29a) can be made finite, ±𝐿
say, provided 𝐿 ≫ 𝑘−10 . We then note that when (𝑘0 − 𝑘) is large the integrand in (6.29a) oscillates
rapidly; successive intervals in 𝑥 therefore cancel each other and make a small net contribution to
the integral. Thus, the integral is dominated by values of 𝑘 near 𝑘0, and �̃�(𝑘) is peaked near 𝑘0.
(The finite spatial extent of 𝑎(𝑥, 0) is needed for this argument.)

We can now evaluate how the wave packet evolves. Beginning with (6.24a) we have

𝜓(𝑥, 𝑡) = ∫
∞

−∞
�̃�(𝑘) exp{i(𝑘𝑥 − 𝜔(𝑘)𝑡)} d𝑘 (6.30a)

≈ ∫
∞

−∞
�̃�(𝑘) exp{i[𝑘0𝑥 − 𝜔(𝑘0)𝑡] + i(𝑘 − 𝑘0)𝑥 − i(𝑘 − 𝑘0) �

𝜕𝜔
𝜕𝑘
|
𝑘=𝑘0
𝑡} d𝑘, (6.30b)

having expanded 𝜔(𝑘) in a Taylor series about 𝑘0, using (6.23). We thus have

𝜓(𝑥, 𝑡) = exp {i[𝑘0𝑥 − 𝜔(𝑘0)𝑡]} ∫∫
∞

−∞
�̃�(𝑘) exp{i(𝑘 − 𝑘0) [𝑥 − �

𝜕𝜔
𝜕𝑘
|
𝑘=𝑘0
𝑡]} d𝑘

= exp {i[𝑘0𝑥 − 𝜔(𝑘0)𝑡]} 𝑎( �𝑥 − 𝑐𝑔𝑡)�,
(6.31)

using (6.29b) and where 𝑐𝑔 = 𝜕𝜔/𝜕𝑘 evaluated at 𝑘 = 𝑘0. That is to say, the envelope 𝑎(𝑥, 𝑡)moves
at the group velocity, keeping its initial shape.

Thegroup velocity has ameaning beyond that implied by the derivation above: it turns out to be
a quite general property of waves that energy (and certain other quadratic properties) propagate at
the group velocity. This is to be expected, at least in the presence of coherent wave packets, because
there is no energy outside the wave envelope so the energy must propagate with the envelope.
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Fig. 6.4 The integrand of (6.32),
namely the function that when inte-
grated over wavenumber gives the wave
amplitude at a particular 𝑥 and 𝑡.
The example shown is for a Rossby
wave with 𝜔 = −𝛽/𝑘, with 𝛽 = 400 and
𝑥/𝑡 = 1, and hence 𝑘0 = 20, for two
times 𝑡 = 1 and 𝑡 = 12. (The amplitude
of the envelope, �̃�(𝑘) is arbitrary.) At
the later time the oscillations are much
more rapid in 𝑘, so that the contribution
is more peaked from wavenumbers near
to 𝑘0.

6.2.3 ♦ The Method of Stationary Phase

Wewill now relax the assumption that wavenumbers are confined to a narrow band but (since there
is no free lunch) we confine ourselves to seeking solutions at large 𝑡; that is, we will be seeking a
description of waves far from their source. Consider a disturbance of the general form

𝜓(𝑥, 𝑡) = ∫
∞

−∞
�̃�(𝑘)ei[𝑘𝑥−𝜔(𝑘)𝑡] d𝑘 = ∫

∞

−∞
�̃�(𝑘)ei𝛩(𝑘;𝑥,𝑡)𝑡 d𝑘, (6.32)

where 𝛩(𝑘; 𝑥, 𝑡) ≡ 𝑘𝑥/𝑡 − 𝜔(𝑘). (Here we regard 𝛩 as a function of 𝑘 with parameters 𝑥 and 𝑡;
we will sometimes just write 𝛩(𝑘) with 𝛩′(𝑘) = 𝜕𝛩/𝜕𝑘.) Now, a standard result in mathematics
(known as the ‘Riemann–Lebesgue lemma’) states that

𝐼 = lim
𝑡→∞
∫
∞

−∞
𝑓(𝑘)ei𝑘𝑡 d𝑘 = 0, (6.33)

provided that 𝑓(𝑘) is integrable and ∫∞−∞ 𝑓(𝑘)d𝑘 is finite. Intuitively, as 𝑡 increases the oscillations
in the integral increase and become much faster than any variation in 𝑓(𝑘); successive oscillations
thus cancel and the integral becomes very small.

Looking at (6.32), with �̃� playing the role of 𝑓(𝑘), the integral will be small if 𝛩 is everywhere
varying with 𝑘. However, if there is a region where 𝛩 does not vary with 𝑘 — that is, if there is
a region where the phase is stationary and 𝜕𝛩/𝜕𝑘 = 0— then there will be a contribution to the
integral from that region. Thus, for large 𝑡, an observer will predominantly see waves for which
𝛩′(𝑘) = 0 and so, using the definition of 𝛩, for which

𝑥
𝑡
= 𝜕𝜔
𝜕𝑘
. (6.34)

In other words, at some space-time location (𝑥, 𝑡) the waves that dominate are those whose group
velocity 𝜕𝜔/𝜕𝑘 is 𝑥/𝑡. An example is plotted in Fig. 6.4 with a dispersion relation 𝜔 = −𝛽/𝑘; the
wavenumber that dominates, 𝑘0 say, is thus given by solving 𝛽/𝑘20 = 𝑥/𝑡, which for 𝑥/𝑡 = 1 and
𝛽 = 400 gives 𝑘0 = 20.
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We may actually approximately calculate the contribution to 𝜓(𝑥, 𝑡) from waves moving with
the group velocity. Let us expand 𝛩(𝑘) around the point, 𝑘0, where 𝛩′(𝑘0) = 0. We obtain

𝜓(𝑥, 𝑡) = ∫
∞

−∞
�̃�(𝑘) exp {i𝑡 [𝛩(𝑘0) + (𝑘 − 𝑘0)𝛩′(𝑘0) + 12 (𝑘 − 𝑘0)2𝛩″(𝑘0)…]} d𝑘 (6.35)

The higher order terms are small because 𝑘 − 𝑘0 is presumed small (for if it is large the integral
vanishes), and the term involving 𝛩′(𝑘0) is zero. The integral becomes

𝜓(𝑥, 𝑡) = �̃�(𝑘0)ei𝛩(𝑘0) ∫
∞

−∞
exp {i𝑡 12 (𝑘 − 𝑘0)2𝛩″(𝑘0)} d𝑘. (6.36)

We thus have to evaluate a Gaussian, and because ∫∞−∞ e−𝑐𝑥2 d𝑥 = √π/𝑐 we obtain

𝜓(𝑥, 𝑡) ≈ �̃�(𝑘0)ei𝛩(𝑘0)𝑡 [ −2π
(i𝑡𝜃″(𝑘0))

]
1/2
= �̃�(𝑘0) [

2iπ
(𝑡𝜃″(𝑘0))

]
1/2

ei(𝑘0𝑥−𝜔(𝑘0)𝑡). (6.37)

The solution is therefore a planewave, withwavenumber 𝑘0 and frequency𝜔(𝑘0), slowlymodulated
by an envelope determined by the form of𝛩(𝑘0; 𝑥, 𝑡), where 𝑘0 is the wavenumber such that 𝑥/𝑡 =
𝑐𝑔 = 𝜕𝜔/𝜕𝑘|𝑘=𝑘0 .

6.3 RAY THEORY
Most waves propagate in a medium that is inhomogeneous; for example, in the Earth’s atmosphere
and ocean the stratification varies with altitude and the Coriolis parameter varies with latitude.
In these cases it can be hard to obtain the solution of a wave problem by Fourier methods, even
approximately. Nonetheless, the idea of signals propagating at the group velocity is a robust one,
and we can often obtain some of the information we want — and in particular the trajectory of a
wave — using a recipe known as ray theory.3

6.3.1 Introduction
In an inhomogeneous medium let us suppose that the solution to a particular wave problem is

𝜓(𝒙, 𝑡) = 𝑎(𝒙, 𝑡)ei𝜃(𝒙,𝑡), (6.38)

where 𝑎 is the wave amplitude and 𝜃 the phase, and 𝑎 varies slowly in a sense we will make more
precise shortly. The local wavenumber and frequency are defined by,

𝑘𝑖 ≡
𝜕𝜃
𝜕𝑥𝑖
, 𝜔 ≡ −𝜕𝜃

𝜕𝑡
, (6.39)

where the first expression is equivalent to 𝒌 ≡ ∇𝜃 and so ∇×𝒌 = 0. We suppose that the amplitude
𝑎 varies slowly over a wavelength and a period; that is |𝛥𝑎|/|𝑎| is small over the length 1/𝑘 and the
period 1/𝜔 or

|𝜕𝑎/𝜕𝑥|
𝑎
≪ |𝑘|, |𝜕𝑎/𝜕𝑡|

𝑎
≪ 𝜔, (6.40)

and similarly in the other directions. We will assume that the wavenumber and frequency as de-
fined by (6.39) are the same as those that would arise if the medium were homogeneous and 𝑎
were a constant. Thus, we may obtain a local dispersion relation from the governing equation by
keeping the spatially (and possibly temporally) varying parameters fixed and obtain

𝜔 = 𝛺(𝑘𝑖; 𝑥𝑖, 𝑡), (6.41)
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and then allow 𝑥𝑖 and 𝑡 to vary, albeit slowly.
Let us now consider how the wavevector and frequency might change with position and time.

It follows from their definitions above that the wavenumber and frequency are related by

𝜕𝑘𝑖
𝜕𝑡
+ 𝜕𝜔
𝜕𝑥𝑖
= 0, (6.42)

where we use a subscript notation for vectors and repeated indices are summed. Using (6.42) and
(6.41) gives

𝜕𝑘𝑖
𝜕𝑡
+ 𝜕𝛺
𝜕𝑥𝑖
+
𝜕𝛺
𝜕𝑘𝑗
𝜕𝑘𝑗
𝜕𝑥𝑖
= 0 or 𝜕𝑘𝑖

𝜕𝑡
+ 𝜕𝛺
𝜕𝑥𝑖
+ 𝜕𝛺
𝜕𝑘𝑗
𝜕𝑘𝑖
𝜕𝑥𝑗
= 0, (6.43a,b)

where to get (6.43b) we use 𝜕𝑘𝑗/𝜕𝑥𝑖 = 𝜕𝑘𝑖/𝜕𝑥𝑗, true because 𝒌 has no curl. Equation (6.43b) may
be written as

𝜕𝒌
𝜕𝑡
+ 𝒄𝑔 ⋅ ∇𝒌 = −∇𝛺, (6.44)

where
𝒄𝑔 =
𝜕𝛺
𝜕𝒌
= (𝜕𝛺
𝜕𝑘
, 𝜕𝛺
𝜕𝑙
, 𝜕𝛺
𝜕𝑚
) (6.45)

is, once more, the group velocity. The left-hand side of (6.44) is similar to an advective derivative,
but uses the group velocity. Evidently, if the dispersion relation for frequency is not an explicit
function of space then the wavevector is propagated at the group velocity.

The frequency is, in general, a function of space, wavenumber and time, and from the disper-
sion relation, (6.41), its variation is governed by

𝜕𝜔
𝜕𝑡
= 𝜕𝛺
𝜕𝑡
+ 𝜕𝛺
𝜕𝑘𝑖
𝜕𝑘𝑖
𝜕𝑡
= 𝜕𝛺
𝜕𝑡
− 𝜕𝛺
𝜕𝑘𝑖
𝜕𝜔
𝜕𝑥𝑖
, (6.46)

using (6.42). Using the definition of group velocity, we may write (6.46) as

𝜕𝜔
𝜕𝑡
+ 𝒄𝑔 ⋅ ∇𝜔 =

𝜕𝛺
𝜕𝑡
. (6.47)

As with (6.44) the left-hand side is like an advective derivative, but uses a group velocity. Thus, if
the dispersion relation is not a function of time, the frequency also propagates at the group velocity.

Motivated by (6.44) and (6.47) we define a ray as the trajectory traced by the group velocity, and
we see that if the function 𝛺 is not an explicit function of space or time, then both the wavevector
and the frequency are constant along a ray.

6.3.2 Ray Theory in Practice
What use is ray theory? The idea is that we may use (6.44) and (6.47) to track a group of waves
fromone location to another without solving the full wave equations ofmotion. We can then some-
times solve interesting problems using ordinary differential equations (odes) rather than partial
differential equations (pdes).

Suppose that the initial conditions consist of a group of waves at a position 𝑥0, for which the
amplitude and wavenumber vary only slowly with position. We also suppose that we know the
dispersion relation for the waves at hand; that is, we know the functional form of 𝛺(𝑘; 𝑥, 𝑡). Now,
the total derivative following the group velocity is given by

d
d𝑡
= 𝜕
𝜕𝑡
+ 𝒄𝑔 ⋅ ∇, (6.48)
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Fig. 6.5 Idealised trajectory of two wavepackets, each
with a different wavelength andmovingwith a different
group velocity, as might be calculated using ray theory.
If the wave packets collide ray theory must fail. Ray the-
ory gives only the trajectory of the wave packet, not the
detailed structure of the waves within a packet.

T
im

e

Wave packet collision.
Ray theory fails.

Trajectory 1

Trajectory 2

Distance,  x 

so that (6.44) and (6.47) may be written as
d𝒌
d𝑡
= −∇𝛺, d𝜔

d𝑡
= −𝜕𝛺
𝜕𝑡
. (6.49a,b)

These are ordinary differential equations for wavevector and frequency, solvable provided we
know the right-hand sides — that is, provided we know the space and time location at which the
dispersion relation [i.e.,𝛺(𝑘; 𝑥, 𝑡)] is to be evaluated. But the location is knownbecause it ismoving
with the group velocity and so

d𝒙
d𝑡
= 𝒄𝑔 , (6.49c)

where 𝒄𝑔 = 𝜕𝛺/𝜕𝒌|𝒙,𝑡 (i.e., 𝑐𝑔𝑖 = 𝜕𝛺/𝜕𝑘𝑖|𝒙,𝑡). The set (6.49a) is a triplet of ordinary differential
equations for thewavevector, frequency and position of awave group. The equationsmay be solved,
albeit sometimes numerically, to give the trajectory of a wave packet or collection of wave packets
as schematically illustrated in Fig. 6.5. Of course, if the medium or the wavepacket amplitude is
not slowly varying ray theory will fail, and this will perforce happen if two wave packets collide.

The evolution of the amplitude of the wave packet is not given by ray theory. However, the
evolution of a related quantity — the wave activity — may be calculated if the group velocity is
known. In Section 6.7 we will find that the wave activity,𝒜, satisfies 𝜕𝒜/𝜕𝑡 + ∇ ⋅ (𝒄𝑔𝒜) = 0; that
is, the flux of wave activity is along a ray. Another way to calculate the evolution of a wave and its
amplitude in a varying medium is to use ‘wkb theory’ — see Appendix A. Before all that we shift
gears and turn our attention to a specific wave, the Rossby wave, but the reader whose interest is
more in the general properties of waves may skip forward to Section 6.7.

6.4 ROSSBY WAVES
Rossby waves are perhaps the most important large-scale wave in the atmosphere and ocean, al-
though gravity waves rival them in some contexts.4 They are most easily described using the quasi-
geostrophic equations, as follows.

6.4.1 The Linear Equation of Motion
The relevant equation of motion is the inviscid, adiabatic potential vorticity equation in the quasi-
geostrophic system, as discussed in Chapter 5, namely

𝜕𝑞
𝜕𝑡
+ 𝒖 ⋅ ∇𝑞 = 0, (6.50)
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where 𝑞(𝑥, 𝑦, 𝑧, 𝑡) is the potential vorticity and 𝒖(𝑥, 𝑦, 𝑧, 𝑡) is the horizontal velocity. The velocity
is related to a streamfunction by 𝑢 = −𝜕𝜓/𝜕𝑦, 𝑣 = 𝜕𝜓/𝜕𝑥 and the potential vorticity is some
function of the streamfunction, which might differ from system to system. Two examples, one
applying to a continuously stratified system and the second to a single layer system, are

𝑞 = 𝑓 + 𝜁 + 𝜕
𝜕𝑧
(𝑆(𝑧)𝜕𝜓
𝜕𝑧
) , 𝑞 = 𝜁 + 𝑓 − 𝑘2𝑑𝜓, (6.51a,b)

where 𝑆(𝑧) = 𝑓20 /𝑁2, 𝜁 = ∇2𝜓 is the relative vorticity and 𝑘𝑑 = 1/𝐿𝑑 is the inverse radius of
deformation for a shallow water system. (Note that definitions of 𝑘𝑑 and 𝐿𝑑 can vary, typically by
factors of 2, π, etc.) Boundary conditions may be needed to form a complete system.

We now linearize (6.50); that is, we suppose that the flow consists of a time-independent com-
ponent (the ‘basic state’) plus a perturbation, with the perturbation being small compared with the
mean flow. The basic state must satisfy the time-independent equation of motion, and it is com-
mon and useful to linearize about a zonal flow, 𝑢(𝑦, 𝑧). The basic state is then purely a function of
𝑦 and so we write

𝑞 = 𝑞(𝑦, 𝑧) + 𝑞′(𝑥, 𝑦, 𝑡), 𝜓 = 𝜓(𝑦, 𝑧) + 𝜓′(𝑥, 𝑦, 𝑧, 𝑡) (6.52)

with a similar notation for the other variables. Note that 𝑢 = −𝜕𝜓/𝜕𝑦 and 𝑣 = 0. Substituting into
(6.50) gives, without approximation,

𝜕𝑞′
𝜕𝑡
+ 𝒖 ⋅ ∇𝑞 + 𝒖 ⋅ ∇𝑞′ + 𝒖′ ⋅ ∇𝑞 + 𝒖′ ⋅ ∇𝑞′ = 0. (6.53)

The primed quantities are presumptively small so we neglect terms involving their products. Fur-
ther, we are assuming that we are linearizing about a state that is a solution of the equations of
motion, so that 𝒖 ⋅ ∇𝑞 = 0. Finally, since 𝑣 = 0 and 𝜕𝑞/𝜕𝑥 = 0 we obtain

𝜕𝑞′
𝜕𝑡
+ 𝑢𝜕𝑞

′

𝜕𝑥
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= 0. (6.54)

This equation or one very similar appears very commonly in studies of Rossby waves. To proceed,
let us consider the simple example of waves in a single layer.

6.4.2 Waves in a Single Layer
Consider a system obeying (6.50) and (6.51b). The equation could be written in spherical coordi-
nates with 𝑓 = 2𝛺 sin 𝜗, but the dynamics are more easily illustrated on a Cartesian 𝛽-plane for
which 𝑓 = 𝑓0 + 𝛽𝑦, and since 𝑓0 is a constant it does not appear in our subsequent derivations.

Infinite deformation radius
If the scale of motion is much less than the deformation scale then we make the approximation
that 𝑘𝑑 = 0 and the equation of motion may be written as

𝜕𝜁
𝜕𝑡
+ 𝒖 ⋅ ∇𝜁 + 𝛽𝑣 = 0. (6.55)

We linearize about a constant zonal flow, 𝑢, by writing

𝜓 = 𝜓(𝑦) + 𝜓′(𝑥, 𝑦, 𝑡), (6.56)
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where 𝜓 = −𝑢𝑦. Substituting(6.56) into (6.55) and neglecting the nonlinear terms involving prod-
ucts of 𝜓′ gives

𝜕
𝜕𝑡
∇2𝜓′ + 𝑢𝜕∇

2𝜓′
𝜕𝑥
+ 𝛽𝜕𝜓

′

𝜕𝑥
= 0. (6.57)

This equation is just a single-layer version of (6.54), with 𝜕𝑞/𝜕𝑦 = 𝛽, 𝑞′ = ∇2𝜓′ and 𝑣′ = 𝜕𝜓′/𝜕𝑥.
The coefficients in (6.57) are not functions of 𝑦 or 𝑧; this is not a requirement for wave motion

to exist but it does enable solutions to be found more easily. Let us seek solutions in the form of a
plane wave, namely

𝜓′ = Re �̃�ei(𝑘𝑥+𝑙𝑦−𝜔𝑡), (6.58)

where �̃� is a complex constant. Solutions of this form are valid in a domain with doubly-periodic
boundary conditions; solutions in a channel can be obtained using a meridional variation of sin 𝑙𝑦,
with no essential changes to the dynamics. The amplitude of the oscillation is given by �̃� and the
phase by 𝑘𝑥 + 𝑙𝑦 − 𝜔𝑡, where 𝑘 and 𝑙 are the 𝑥- and 𝑦-wavenumbers and 𝜔 is the frequency of the
oscillation.

Substituting (6.58) into (6.57) yields

[(−𝜔 + 𝑢𝑘)(−𝐾2) + 𝛽𝑘]�̃� = 0, (6.59)

where 𝐾2 = 𝑘2 + 𝑙2. For non-trivial solutions the above equation implies

𝜔 = 𝑢𝑘 − 𝛽𝑘
𝐾2
, (6.60)

and this is the dispersion relation for barotropic Rossby waves. Evidently the velocity 𝑈 Doppler
shifts the frequency by the amount𝑈𝑘. The components of the phase speed and group velocity are
given by, respectively,

𝑐𝑥𝑝 ≡
𝜔
𝑘
= 𝑢 − 𝛽
𝐾2
, 𝑐𝑦𝑝 ≡

𝜔
𝑙
= 𝑢𝑘
𝑙
− 𝛽𝑘
𝐾2𝑙
, (6.61a,b)

and

𝑐𝑥𝑔 ≡
𝜕𝜔
𝜕𝑘
= 𝑢 + 𝛽(𝑘

2 − 𝑙2)
(𝑘2 + 𝑙2)2

, 𝑐𝑦𝑔 ≡
𝜕𝜔
𝜕𝑙
= 2𝛽𝑘𝑙
(𝑘2 + 𝑙2)2

. (6.62a,b)

The phase speed in the absence of a mean flow is westward, with waves of longer wavelengths
travelling more quickly, and the eastward current speed required to hold the waves of a particular
wavenumber stationary (i.e., 𝑐𝑥𝑝 = 0) is 𝑈 = 𝛽/𝐾2. The background flow 𝑢 evidently just provides
a uniform shift to the phase speed, and (in this case) can be transformed away by a change of
coordinate. The 𝑥-component of the group velocity may also be written as the sum of the phase
speed plus a positive quantity, namely

𝑐𝑥𝑔 = 𝑐𝑥𝑝 +
2𝛽𝑘2
(𝑘2 + 𝑙2)2

. (6.63)

This means that the zonal group velocity for Rossby wave packets moves eastward faster than its
zonal phase speed. A stationary wave (𝑐𝑥𝑝 = 0) can only propagate eastward, and this has implica-
tions for the ‘downstream development’ of Rossby wave packets.5
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Finite deformation radius
For a finite deformation radius the basic state 𝛹 = −𝑢𝑦 is still a solution of the original equations
of motion, but the potential vorticity corresponding to this state is 𝑞 = 𝑢𝑦𝑘2𝑑 + 𝛽𝑦 and its gradient
is ∇𝑞 = (𝛽 + 𝑢𝑘2𝑑)𝐣. The linearized equation of motion is thus

( 𝜕
𝜕𝑡
+ 𝑢 𝜕
𝜕𝑥
) (∇2𝜓′ − 𝜓′𝑘2𝑑) + (𝛽 + 𝑢𝑘2𝑑)

𝜕𝜓′
𝜕𝑥
= 0. (6.64)

Substituting 𝜓′ = �̃�ei(𝑘𝑥+𝑙𝑦−𝜔𝑡) we obtain the dispersion relation,

𝜔 = 𝑘(𝑢𝐾
2 − 𝛽)
𝐾2 + 𝑘2𝑑

= 𝑢𝑘 − 𝑘𝛽 + 𝑢𝑘
2
𝑑

𝐾2 + 𝑘2𝑑
. (6.65)

The corresponding components of phase speed and group velocity are

𝑐𝑥𝑝 = 𝑢 −
𝛽 + 𝑢𝑘2𝑑
𝐾2 + 𝑘2𝑑

= 𝑢𝐾
2 − 𝛽
𝐾2 + 𝑘2𝑑

, 𝑐𝑦𝑝 = 𝑢
𝑘
𝑙
− 𝑘
𝑙
(𝑢𝐾
2 − 𝛽
𝐾2 + 𝑘2𝑑

) , (6.66a,b)

and
𝑐𝑥𝑔 = 𝑢 +

(𝛽 + 𝑢𝑘2𝑑)(𝑘2 − 𝑙2 − 𝑘2𝑑)
( �𝑘2 + 𝑙2 + 𝑘2𝑑) �

2 , 𝑐𝑦𝑔 =
2𝑘𝑙(𝛽 + 𝑢𝑘2𝑑)
( �𝑘2 + 𝑙2 + 𝑘2𝑑)�

2 . (6.67a,b)

The uniform velocity field now no longer provides just a simple Doppler shift of the frequency, nor
a uniform addition to the phase speed. From (6.66a) thewaves are stationarywhen𝐾2 = 𝛽/𝑢 ≡ 𝐾2𝑠 ;
that is, the current speed required to holdwaves of a particular wavenumber stationary is 𝑢 = 𝛽/𝐾2.
However, this is not simply the magnitude of the phase speed of waves of that wavenumber in the
absence of a current — this is given by

𝑐𝑥𝑝 =
−𝛽
𝐾2𝑠 + 𝑘2𝑑

= −𝑢
1 + 𝑘2𝑑/𝐾2𝑠

≠ −𝑢. (6.68)

Why is there a difference? It is because the current does not just provide a uniform translation, but,
if 𝑘𝑑 is non-zero, it also modifies the basic potential vorticity gradient. The basic state height field
𝜂0 is sloping; that is 𝜂0 = −(𝑓0/𝑔)𝑢𝑦, and the ambient potential vorticity field increases with 𝑦 and
𝑞 = (𝛽 + 𝑈𝑘2𝑑)𝑦. Thus, the basic state defines a preferred frame of reference, and the problem is
not Galilean invariant.6

We also note that, from (6.67a), the group velocity is negative (westward) if the 𝑥-wavenumber
is sufficiently small compared to the 𝑦-wavenumber or the deformation wavenumber. That is, said
a little loosely, long waves move information westward and short waves move information eastward,
and this is a common property of Rossby waves. The 𝑥-component of the phase speed, on the other
hand, is always westward relative to the mean flow.

6.4.3 The Mechanism of Rossby Waves
The fundamental mechanism underlying Rossby waves may be understood as follows. Consider
a material line of stationary fluid parcels along a line of constant latitude, and suppose that some
disturbance causes their displacement to the line marked 𝜂(𝑡 = 0) in Fig. 6.6. In the displacement,
the potential vorticity of the fluid parcels is conserved, and in the simplest case of barotropic flow
on the 𝛽-plane the potential vorticity is the absolute vorticity, 𝛽𝑦 + 𝜁. Thus, in either hemisphere,
a northward displacement leads to the production of negative relative vorticity and a southward
displacement leads to the production of positive relative vorticity. The relative vorticity gives rise
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Fig. 6.6 A two-dimensional (𝑥–𝑦) Rossby
wave. An initial disturbance displaces a mate-
rial line at constant latitude (the straight hor-
izontal line) to the solid line marked 𝜂(𝑡 = 0).
Conservation of potential vorticity, 𝛽𝑦 + 𝜁,
leads to the production of relative vorticity,
𝜁, as shown. The associated velocity field (ar-
rows on the circles) then advects the fluid
parcels, and the material line evolves into the
dashed line with the phase propagating west-
ward.

.
.

y

η(t > 0)

η(t = 0) ζ < 0

ζ > 0

to a velocity field which, in turn, advects the parcels in the material line in the manner shown, and
the wave propagates westwards.

In more complicated situations, such as flow in two layers, considered below, or in a continu-
ously stratified fluid, the mechanism is essentially the same. A displaced fluid parcel carries with
it its potential vorticity and, in the presence of a potential vorticity gradient in the basic state, a
potential vorticity anomaly is produced. The potential vorticity anomaly produces a velocity field
(an example of potential vorticity inversion) which further displaces the fluid parcels, leading to
the formation of a Rossby wave. The vital ingredient is a basic state potential vorticity gradient,
such as that provided by the change of the Coriolis parameter with latitude.

6.4.4 Rossby Waves in Two Layers
Now consider the dynamics of the two-layer model, linearized about a state of rest. The two, cou-
pled, linear equations describing the motion in each layer are

𝜕
𝜕𝑡
[∇2𝜓′1 + 𝐹1(𝜓′2 − 𝜓′1)] + 𝛽

𝜕𝜓′1
𝜕𝑥
= 0, (6.69a)

𝜕
𝜕𝑡
[∇2𝜓′2 + 𝐹2(𝜓′1 − 𝜓′2)] + 𝛽

𝜕𝜓′2
𝜕𝑥
= 0, (6.69b)

where 𝐹1 = 𝑓20 /𝑔′𝐻1 and 𝐹2 = 𝑓20 /𝑔′𝐻2. By inspection (6.69) may be transformed into two un-
coupled equations: the first is obtained by multiplying (6.69a) by 𝐹2 and (6.69b) by 𝐹1 and adding,
and the second is the difference of (6.69a) and (6.69b). Then, defining

𝜓 = 𝐹1𝜓
′
2 + 𝐹2𝜓′1
𝐹1 + 𝐹2

, 𝜏 = 1
2
(𝜓′1 − 𝜓′2), (6.70a,b)

(think ‘𝜏 for temperature’), (6.69) become

𝜕
𝜕𝑡
∇2𝜓 + 𝛽𝜕𝜓

𝜕𝑥
= 0, (6.71a)

𝜕
𝜕𝑡
[(∇2 − 𝑘2𝑑)𝜏] + 𝛽

𝜕𝜏
𝜕𝑥
= 0, (6.71b)

where now 𝑘𝑑 = (𝐹1 + 𝐹2)1/2. The internal radius of deformation for this problem is the inverse of
this, namely

𝐿𝑑 = 𝑘−1𝑑 =
1
𝑓0
(𝑔
′𝐻1𝐻2
𝐻1 + 𝐻2

)
1/2
. (6.72)

The variables 𝜓 and 𝜏 are the normal modes for the two-layer model, as they oscillate indepen-
dently of each other. (For the continuous equations the analogous modes are the eigenfunctions
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of 𝜕𝑧[(𝑓20 /𝑁2)𝜕𝑧𝜙] = 𝜆2𝜙.) The equation for 𝜓, the barotropic mode, is identical to that of the
single-layer, rigid-lid model, namely (6.57) with 𝑈 = 0, and its dispersion relation is just

𝜔 = −𝛽𝑘
𝐾2
. (6.73)

The barotropic mode corresponds to synchronous, depth-independent, motion in the two layers,
with no undulations in the dividing interface.

The displacement of the interface is given by 2𝑓0𝜏/𝑔′ and so is proportional to the amplitude
of 𝜏, the baroclinic mode. The dispersion relation for the baroclinic mode is

𝜔 = − 𝛽𝑘
𝐾2 + 𝑘2𝑑

. (6.74)

The mass transport associated with this mode is identically zero, since from (6.70) we have

𝜓1 = 𝜓 +
2𝐹1𝜏
𝐹1 + 𝐹2
, 𝜓2 = 𝜓 −

2𝐹2𝜏
𝐹1 + 𝐹2
, (6.75a,b)

and this implies
𝐻1𝜓1 + 𝐻2𝜓2 = (𝐻1 + 𝐻2)𝜓. (6.76)

The left-hand side is proportional to the total mass transport, which is evidently associated with
the barotropic mode.

The dispersion relation and associated group and phase velocities are plotted in Fig. 6.7. The 𝑥-
component of the phase speed, 𝜔/𝑘, is negative (westwards) for both baroclinic and barotropic
Rossby waves. The group velocity of the barotropic waves is always positive (eastwards), but
the group velocity of long baroclinic waves may be negative (westwards). For very short waves,
𝑘2 ≫ 𝑘2𝑑, the baroclinic and barotropic velocities coincide and their phase and group velocities are
equal and opposite. With a deformation radius of 50 km, typical for the mid-latitude ocean, a non-
dimensional frequency of unity in the figure corresponds to a dimensional frequency of 5×10−7 s−1
or a period of about 100 days. In an atmosphere with a deformation radius of 1000 km a nondimen-
sional frequency of unity corresponds to 1 × 10−5 s−1 or a period of about 7 days. nondimensional
velocities of unity correspond to respective dimensional velocities of about 0.25ms−1 (ocean) and
10ms−1 (atmosphere).

The deformation radius only affects the baroclinic mode. For scales much smaller than the de-
formation radius,𝐾2 ≫ 𝑘2𝑑, we see from (6.71b) that the baroclinic mode obeys the same equation
as the barotropic mode so that

𝜕
𝜕𝑡
∇2𝜏 + 𝛽𝜕𝜏

𝜕𝑥
= 0. (6.77)

Using this and (6.71a) implies that

𝜕
𝜕𝑡
∇2𝜓𝑖 + 𝛽

𝜕𝜓𝑖
𝜕𝑥
= 0, 𝑖 = 1, 2. (6.78)

That is to say, the two layers themselves are uncoupled from each other. At the other extreme, for
very long baroclinic waves the relative vorticity is unimportant.

6.5 ROSSBY WAVES IN STRATIFIED QUASI-GEOSTROPHIC FLOW
6.5.1 Preliminaries
Let us now consider the dynamics of linear waves in stratified quasi-geostrophic flow on a 𝛽-plane,
with a resting basic state. (In Chapter 16 we explore the role of Rossby waves in a more realistic
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Fig. 6.7 Left: the dispersion relation for barotropic (𝜔𝑡, solid line) and baroclinic (𝜔𝑐, dashed line)
Rossby waves in the two-layer model, calculated using (6.73) and (6.74) with 𝑘𝑦 = 0, plotted for
both positive and negative zonal wavenumbers and frequencies. The wavenumber is nondimen-
sionalized by 𝑘𝑑, and the frequency is nondimensionalized by 𝛽/𝑘𝑑. Right: the corresponding zonal
group and phase velocities, 𝑐𝑔 = 𝜕𝜔/𝜕𝑘𝑥 and 𝑐𝑝 = 𝜔/𝑘𝑥, with superscript ‘t’ or ‘c’ for the barotropic
or baroclinic mode, respectively. The velocities are nondimensionalized by 𝛽/𝑘2𝑑.

setting.) The interior flow is governed by the potential vorticity equation, (5.118), and linearizing
this about a state of rest gives

𝜕
𝜕𝑡
[∇2𝜓′ + 1

𝜌(𝑧)
𝜕
𝜕𝑧
(𝜌(𝑧)𝐹(𝑧)𝜕𝜓

′

𝜕𝑧
)] + 𝛽𝜕𝜓

′

𝜕𝑥
= 0, (6.79)

where 𝜌 is the density profile of the basic state and 𝐹(𝑧) = 𝑓20 /𝑁2. (𝐹 is the square of the inverse
Prandtl ratio,𝑁/𝑓0.) In the Boussinesq approximation 𝜌 = 𝜌0, i.e., a constant. The vertical bound-
ary conditions are determined by the thermodynamic equation, (5.120). If the boundaries are flat,
rigid, slippery surfaces then 𝑤 = 0 at the boundaries and if there is no surface buoyancy gradient
the linearized thermodynamic equation is

𝜕
𝜕𝑡
(𝜕𝜓
′

𝜕𝑧
) = 0. (6.80)

We apply this at the ground and, with somewhat less justification, at the tropopause: we assume
the higher static stability of the stratosphere inhibits vertical motion. If the ground is not flat or
if friction provides a vertical velocity by way of an Ekman layer, the boundary condition must be
modified, but we will stay with the simplest case and apply (6.80) at 𝑧 = 0 and 𝑧 = 𝐻.

6.5.2 Wave Motion
As in the single-layer case, we seek solutions of the form

𝜓′ = Re �̃�(𝑧)ei(𝑘𝑥+𝑙𝑦−𝜔𝑡), (6.81)

where �̃�(𝑧) will determine the vertical structure of the waves. The case of a sphere is more compli-
cated but introduces no truly new physical phenomena.

Substituting (6.81) into (6.79) gives

𝜔[−𝐾2�̃�(𝑧) + 1
𝜌

d
d𝑧
(𝜌𝐹(𝑧)d�̃�

d𝑧
)] − 𝛽𝑘�̃�(𝑧) = 0. (6.82)
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Now, let us suppose that �̃� satisfies

1
𝜌

d
d𝑧
(𝜌𝐹(𝑧)d�̃�

d𝑧
) = −𝛤�̃�, (6.83)

where 𝛤 is some constant (in fact it is an eigenvalue, as discussed below). Equation (6.82) becomes

− 𝜔 [𝐾2 + 𝛤] �̃� − 𝛽𝑘�̃� = 0, (6.84)

and the dispersion relation follows, namely

𝜔 = − 𝛽𝑘
𝐾2 + 𝛤
. (6.85)

The value of 𝛤 is obtained by solving the eigenvalue problem, (6.83), for the vertical structure; the
boundary conditions, derived from (6.80), are 𝜕�̃�/𝜕𝑧 = 0 at 𝑧 = 0 and 𝑧 = 𝐻. The resulting eigen-
values, 𝛤 are proportional to the inverse of the squares of the deformation radii for the problem
and the eigenfunctions are the vertical structure functions.

A simple example
Consider the case in which 𝐹(𝑧) and 𝜌 are constant, and in which the domain is confined between
two rigid surfaces at 𝑧 = 0 and 𝑧 = 𝐻. Then the eigenvalue problem for the vertical structure is

𝐹d
2�̃�

d𝑧2
= −𝛤�̃�, (6.86a)

with boundary conditions of
d�̃�
d𝑧
= 0, at 𝑧 = 0,𝐻. (6.86b)

There is a sequence of solutions to this, namely

�̃�𝑛(𝑧) = cos(𝑛π𝑧/𝐻), 𝑛 = 1, 2… , (6.87)

with corresponding eigenvalues

𝛤𝑛 = 𝑛2
𝐹π2
𝐻2
= (𝑛π)2 ( 𝑓0

𝑁𝐻
)
2
, 𝑛 = 1, 2… . (6.88)

Equation (6.88) may be used to define the deformation radii for this problem, namely

𝐿𝑛 ≡
1
√𝛤𝑛
= 𝑁𝐻
𝑛π𝑓0
. (6.89)

Thefirst deformation radius is the same as the expression obtained by dimensional analysis, namely
𝑁𝐻/𝑓0, (or𝑁𝐻/𝑓 if 𝑓 varies) except for a factor of π. (Definitions of the deformation radii both
with andwithout the factor of π are common in the literature, and neither is obviouslymore correct.
In the latter case, the first deformation radius in a problem with uniform stratification is given by
𝑁𝐻/𝑓0, equal to π/√𝛤1.) In addition to these baroclinic modes, the case with 𝑛 = 0, that is with
�̃� = 1, is also a solution of (6.86) for any 𝐹(𝑧).

Using (6.85) and (6.88) the dispersion relation becomes

𝜔 = − 𝛽𝑘
𝐾2 + (𝑛π)2(𝑓0/𝑁𝐻)2

, 𝑛 = 0, 1, 2… , (6.90)
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and the horizontal wavenumbers 𝑘 and 𝑙 are also quantized in a finite domain. The dynamics of the
barotropic mode are independent of height and independent of the stratification of the basic state,
and so these Rossby waves are identical with the Rossby waves in a homogeneous fluid contained
between two flat rigid surfaces. The structure of the baroclinic modes, which in general depends
on the structure of the stratification, becomes increasingly complex as the vertical wavenumber 𝑛
increases. This increasing complexity naturally leads to a certain delicacy, making it rare that they
can be unambiguously identified in nature. The eigenproblem for a realistic atmospheric profile is
further complicated because of the lack of a rigid lid at the top of the atmosphere.7

6.6 ENERGY PROPAGATION AND REFLECTION OF ROSSBY WAVES
We now consider how energy is fluxed in Rossby waves. To keep matters algebraically simple we
consider waves in a single layer and without a mean flow, but we allow for a finite radius of defor-
mation. To remind ourselves, the dynamics are governed by the evolution of potential vorticity
and the linearized evolution equation is

𝜕
𝜕𝑡
(∇2 − 𝑘2𝑑) 𝜓 + 𝛽

𝜕𝜓
𝜕𝑥
= 0. (6.91)

The dispersion relation follows in the usual way and is

𝜔 = −𝑘𝛽
𝐾2 + 𝑘2𝑑

, (6.92)

which is a simplification of (6.65), and the group velocities are

𝑐𝑥𝑔 =
𝛽(𝑘2 − 𝑙2 − 𝑘2𝑑)
( �𝐾2 + 𝑘2𝑑) �

2 , 𝑐
𝑦
𝑔 =
2𝛽𝑘𝑙
( �𝐾2 + 𝑘2𝑑) �

2 , (6.93a,b)

which are simplifications of (6.67), and as usual𝐾2 = 𝑘2 + 𝑙2.
To obtain an energy equation multiply (6.91) by −𝜓 to obtain, after a couple of lines of algebra,

1
2
𝜕
𝜕𝑡
((∇𝜓)2 + 𝑘2𝑑𝜓2) − ∇ ⋅ (𝜓∇

𝜕𝜓
𝜕𝑡
+ 𝐢𝛽
2
𝜓2) = 0, (6.94)

where 𝐢 is the unit vector in the 𝑥-direction. The first group of terms are the energy itself, or more
strictly the energy density. (An energy density is an energy per unit mass or per unit volume,
depending on the context.) The term (∇𝜓)2/2 = (𝑢2 +𝑣2)/2 is the kinetic energy and 𝑘2𝑑𝜓2/2 is the
potential energy, proportional to the displacement of the free surface, squared. The second term
is the energy flux, so that we may write

𝜕𝐸
𝜕𝑡
+ ∇ ⋅ 𝑭 = 0, (6.95)

where 𝐸 = (∇𝜓)2/2 + 𝑘2𝑑𝜓2 and 𝑭 = − (𝜓∇𝜕𝜓/𝜕𝑡 + 𝐢𝛽𝜓2). We haven’t yet used the fact that the
disturbance has a dispersion relation, and if we do so we may expect, following the derivations of
Section 6.2, that the energy moves at the group velocity. Let us now demonstrate this explicitly.

We assume a solution of the form

𝜓 = 𝐴(𝑥) cos(𝒌 ⋅ 𝒙 − 𝜔𝑡) = 𝐴(𝑥) cos (𝑘𝑥 + 𝑙𝑦 − 𝜔𝑡) (6.96)

where 𝐴(𝑥) is assumed to vary slowly compared to the nearly plane wave. (Note that 𝒌 is the wave
vector, to be distinguished from 𝐤, the unit vector in the 𝑧-direction.) The kinetic energy in a wave
is given by

KE = 𝐴
2

2
(𝜓2𝑥 + 𝜓2𝑦) , (6.97)
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Essentials of Rossby Waves

• Rossby waves owe their existence to a gradient of potential vorticity in the fluid. If a fluid
parcel is displaced, it conserves its potential vorticity and so its relative vorticity will in
general change. The relative vorticity creates a velocity field that displaces neighbouring
parcels, whose relative vorticity changes and so on.

• A common source of a potential vorticity gradient is differential rotation, or the 𝛽-effect
and the associated Rossby waves are called planetary waves. In the presence of non-zero
𝛽 the ambient potential vorticity increases northward and the phase of the Rossby waves
propagates westward. In general, Rossby waves propagate pseudo-westwards, meaning
to the left of the direction of increasing potential vorticity.

• A common equation of motion for Rossby waves is

𝜕𝑞′
𝜕𝑡
+ 𝑢𝜕𝑞

′

𝜕𝑥
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= 0, (RW.1)

with an overbar denoting the basic state and a prime a perturbation. In the case of a
single layer of fluid with no mean flow this equation becomes

𝜕
𝜕𝑡
(∇2 + 𝑘2𝑑)𝜓′ + 𝛽

𝜕𝜓′
𝜕𝑥
= 0, (RW.2)

with dispersion relation

𝜔 = −𝛽𝑘
𝑘2 + 𝑙2 + 𝑘2𝑑

. (RW.3)

• In the absence of a mean flow (i.e., 𝑢 = 0), the phase speed in the zonal direction
(𝑐𝑥𝑝 = 𝜔/𝑘) is always negative, or westward, and is larger for large waves. For (RW.3)
the components of the group velocity are given by

𝑐𝑥𝑔 =
𝛽(𝑘2 − 𝑙2 − 𝑘2𝑑)
(�𝑘2 + 𝑙2 + 𝑘2𝑑) �

2 , 𝑐
𝑦
𝑔 =

2𝛽𝑘𝑙
( �𝑘2 + 𝑙2 + 𝑘2𝑑)�

2 . (RW.4)

The group velocity is westward if the zonal wavenumber is sufficiently small, and east-
ward if the zonal wavenumber is sufficiently large.

• Rossby waves exist in stratified fluids, and have a similar dispersion relation to (RW.3)
with an appropriate vertical wavenumber appearing in place of the inverse deformation
radius, 𝑘𝑑.

• The reflection of such Rossby waves at a wall is specular, meaning that the group velocity
of the reflected wave makes the same angle with the wall as the group velocity of the
incident wave. The energy flux of the reflected wave is equal and opposite to that of the
incoming wave in the direction normal to the wall.
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so that, averaged over a wave period,

KE = 𝐴
2

2
(𝑘2 + 𝑙2) 𝜔

2π
∫
2π/𝜔

0
sin2(𝒌 ⋅ 𝒙 − 𝜔𝑡)d𝑡. (6.98)

The time-averaging produces a factor of one half, and applying a similar procedure to the potential
energy we obtain

KE = 𝐴
2

4
(𝑘2 + 𝑙2), PE = 𝐴

2

4
𝑘2𝑑, (6.99)

so that the average total energy is

𝐸 = 𝐴
2

4
(𝐾2 + 𝑘2𝑑), (6.100)

where 𝐾2 = 𝑘2 + 𝑙2.
The flux, 𝑭, is given by

𝑭 = −(𝜓∇𝜕𝜓
𝜕𝑡
+ 𝐢𝛽
2
𝜓2) = −𝐴2 cos2(𝒌 ⋅ 𝒙 − 𝜔𝑡) (𝒌𝜔 − 𝐢𝛽

2
) , (6.101)

so that evidently the energy flux has a component in the direction of the wavevector, 𝒌, and a
component in the 𝑥-direction. Averaging over a wave period straightforwardly gives us additional
factors of one half:

𝑭 = −𝐴
2

2
(𝒌𝜔 + 𝐢𝛽

2
) . (6.102)

We now use the dispersion relation 𝜔 = −𝛽𝑘/(𝐾2 + 𝑘2𝑑) to eliminate the frequency, giving

𝑭 = 𝐴
2𝛽
2
(𝒌 𝑘
𝐾2 + 𝑘2𝑑

− 𝐢1
2
) , (6.103)

and writing this in component form we obtain

𝑭 = 𝐴
2𝛽
4
[𝐢 (𝑘

2 − 𝑙2 − 𝑘2𝑑
𝐾2 + 𝑘2𝑑

) + 𝐣( 2𝑘𝑙
𝐾2 + 𝑘2𝑑

)] . (6.104)

Comparison of (6.104) with (6.93) and (6.100) reveals that

𝑭 = 𝒄𝑔𝐸 (6.105)

so that the energy propagation equation (6.95), when averaged over a wave, becomes

𝜕𝐸
𝜕𝑡
+ ∇ ⋅ 𝒄𝑔𝐸 = 0. (6.106)

It is interesting that the variation of 𝐴 plays no role in the above manipulations, so that the
derivation appears to go through if the amplitude 𝐴(𝒙, 𝑡) is in fact a constant and the wave is a
single plane wave. This seems hard to reconcile with our previous discussion, in which we noted
that the group velocity was the velocity of a wave packet involving a superposition of plane waves.
Indeed, the derivative of the frequency with respect to wavenumbermeans little if there is only one
wavenumber. In fact there is nothing wrong with the above derivation if 𝐴 is a constant and only
a single plane wave is present. The resolution of the paradox arises by noting that a plane wave
fills all of space and time; in this case there is no convergence of the energy flux and the energy
propagation equation is trivially true.
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Fig. 6.8 The energy propagation diagram for Rossby waves. The wavevectors of a given frequency
all lie in a circle of radius [(𝛽/2𝜔)2 − 𝑘2𝑑]1/2, centred at the point 𝐶. The closest distance of the circle
to the origin is 𝑘𝑐, and if the deformation radius is infinite then 𝑘𝑐 = 0 and the circle touches the
origin. For a given wavenumber 𝒌, the group velocity is along the line directed from𝑊 to 𝐶.

6.6.1 ♦ Rossby Wave Reflection
We now consider how Rossby waves might be reflected from a solid boundary. The topic has an
obvious oceanographic relevance, for the reflection of Rossby waves turns out to be one way of in-
terpreting why intense oceanic boundary currents form on the western sides of ocean basins, not
the east. Rossby waves also reflect off the western boundary in equatorial regions during the El
Niño phenomenon. There is also an atmospheric relevance, for meridionally propagating Rossby
waves may effectively be reflected as they approach a ‘turning latitude’ where the meridional wave-
number goes to zero, as considered in Chapter 16. As a preliminary we give a useful graphic
interpretation of Rossby wave propagation.8

The energy propagation diagram

The dispersion relation for Rossby waves, 𝜔 = −𝛽𝑘/(𝑘2 + 𝑙2 + 𝑘2𝑑), may be rewritten as

(𝑘 + 𝛽/2𝜔)2 + 𝑙2 = (𝛽/2𝜔)2 − 𝑘2𝑑. (6.107)

For constant𝜔 this equation is the parametric representation of a circle, meaning that the wavevec-
tor (𝑘, 𝑙)must lie on a circle centred at the point (−𝛽/2𝜔, 0) and with radius [(𝛽/2𝜔)2 − 𝑘2𝑑]1/2, as
illustrated in Fig. 6.8. If 𝑘𝑑 is zero the circle touches the origin, and if it is non-zero the distance
of the closest point to the circle, 𝑘𝑐 say, is given by 𝑘𝑐 = −𝛽/2𝜔 + [(𝛽/2𝜔)2 − 𝑘2𝑑]1/2. For low fre-
quencies, specifically if 𝜔 ≪ 𝛽/2𝑘, then 𝑘𝑐 ≈ −𝜔𝑘2𝑑/𝛽. The radius of the circle is a positive real
number only when 𝜔 < 𝛽/2𝑘𝑑. This is the maximum frequency possible, and it occurs when 𝑙 = 0
and 𝑘 = 𝑘𝑑 and when 𝑐𝑥𝑔 = 𝑐

𝑦
𝑔 = 0.

The group velocity, and hence the energy flux, can be visualized graphically from Fig. 6.8. By
direct manipulation of the expressions for group velocity and frequency (Equations (RW.3) and
(RW.4) on page 235) we find that

𝑐𝑥𝑔 =
−2𝜔
𝐾2 + 𝑘2𝑑

(𝑘 + 𝛽
2𝜔
) , 𝑐𝑦𝑔 =

−2𝜔
𝐾2 + 𝑘2𝑑

𝑙. (6.108a,b)

(To check this, it is easiest to begin with the right-hand sides and use the dispersion relation for
𝜔.) Now, since the centre of the circle of wavevectors is at the position (−𝛽/2𝜔, 0), and referring to
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Fig. 6.9 The reflection of a Rossby wave at a western wall,
in physical space. A Rossby wave with a westward group ve-
locity impinges at an angle 𝜃𝑖 to a wall, inducing a reflected
wave moving eastward at an angle 𝜃𝑟. The reflection is spec-
ular, with 𝜃𝑟 = 𝜃𝑖, and energy conserving, with |𝒄𝑔𝑟| = |𝒄𝑔𝑖|—
see text and Fig. 6.10.
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Fig. 6.8, we have
𝒄𝑔 =
2𝜔
𝐾2 + 𝑘2𝑑

𝑹 (6.109)

where 𝑹 = 𝑊𝐶 is the vector directed from𝑊 to 𝐶, that is from the end of the wavevector itself to
the centre of the circle around which all the wavevectors lie.

Equation (6.109) and Fig. 6.8 allow for a useful visualization of the energy and phase. The phase
propagates in the direction of the wave vector, and for Rossby waves this is always westward. The
group velocity is in the direction of the wave vector to the centre of the circle, and this can be either
eastward (if 𝑘2 > 𝑙2 + 𝑘2𝑑) or westward (𝑘2 < 𝑙2 + 𝑘2𝑑). Interestingly, the velocity vector is normal to
the wave vector. To see this, consider a purely westward propagating wave for which 𝑙 = 0. Then
𝑣 = 𝜕𝜓/𝜕𝑥 = i𝑘�̃� and 𝑢 = −𝜕𝜓/𝜕𝑦 = −i𝑙�̃� = 0. We now see how some of these properties can
help us understand the reflection of Rossby waves.

Reflection at a wall
Consider Rossby waves incident on a wall making an angle 𝛾 with the 𝑥-axis, and suppose that
somehow these waves are reflected back into the fluid interior. This is a reasonable expectation,
for the wall cannot normally simply absorb all the wave energy, and if reflection does occur it will
have the following two properties:
(i) The incident and reflected wave will have the same wavenumber component along the wall.
(ii) The incident and reflected wave will have the same frequency.

To understand these properties, first consider the case in which the wall is oriented meridionally
along the 𝑦-axis with 𝛾 = 90°. For our immediate concerns there is loss of generality in this choice,
because we may simply choose coordinates so that 𝑦 is parallel to the wall and the 𝛽-effect, which
differentiates 𝑥 from 𝑦, does not enter the initial argument. The incident and reflected waves are

𝜓𝑖(𝑥, 𝑦, 𝑡) = 𝐴𝑖 exp [i (𝑘𝑖𝑥 + 𝑙𝑖𝑦 − 𝜔𝑖𝑡)] , 𝜓𝑟(𝑥, 𝑦, 𝑡) = 𝐴𝑟 exp [i (𝑘𝑟𝑥 + 𝑙𝑟𝑦 − 𝜔𝑟𝑡)] , (6.110)

with subscripts 𝑖 and 𝑟 denoting incident and reflected. At the wall, which we take to be at 𝑥 = 0,
the normal velocity 𝑢 = −𝜕𝜓/𝜕𝑦 must be zero, so that

𝐴𝑖𝑙𝑖 exp [i (𝑙𝑖𝑦 − 𝜔𝑖𝑡)] + 𝐴𝑟𝑙𝑟 exp [i (𝑙𝑟𝑦 − 𝜔𝑟𝑡)] = 0. (6.111)

For this equation to hold for all 𝑦 and all time then we must have

𝑙𝑟 = 𝑙𝑖, 𝜔𝑟 = 𝜔𝑖. (6.112)
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Fig. 6.10 Graphical representation of the reflection of a Rossby wave at a western wall, in spectral space.
The incident wave has wavevector 𝒌𝑖, ending at point 𝐼. Construct the wavevector circle of constant fre-
quency through point 𝐼 with radius (𝛽/2𝜔)2 − 𝑘2𝑑)1/2 and centre 𝐶 = (−𝛽/2𝜔, 0); the group velocity vector
then lies along 𝐼𝐶 and is directed westward. The reflected wave has a wavevector 𝒌𝑟 such that its projec-
tion on the wall is equal to that of 𝒌𝑖, and this fixes the point 𝑅. The group velocity of the reflected wave
then lies along 𝑅𝐶, and it can be seen that 𝒄𝑔𝑟 makes the same angle to the wall as does 𝒄𝑔𝑖, except that it is
directed eastward. The reflection is therefore specular and is such that the energy flux directed away from
the wall is equal to the energy flux directed toward the wall.

This result is independent of the detailed dynamics of the waves, requiring only that the velocity is
determined from a streamfunction. If we consider Rossby-wave dynamics specifically, the 𝑥- and
𝑦-coordinates are not arbitrary and the 𝑦-axis cannot be taken to be alignedwith the wall; however,
the underlying result still holds, meaning that the projection of the incident wavevector, 𝒌𝑖 on the
wall must equal the projection of the reflected wavevector, 𝒌𝑟. The magnitude of the wavevector
(the wavenumber) is not in general conserved by reflection. Finally, given these results and using
(6.111) we see that the incident and reflected amplitudes are related by

𝐴𝑟 = −𝐴𝑖. (6.113)

Now let’s delve a little deeper into the problem.
Generally, when we consider a wave to be incident on a wall, we are supposing that the group

velocity is directed toward the wall. Suppose that a wave of given frequency, 𝜔, and wavevector,
𝒌𝑖, and with westward group velocity is incident on a predominantly western wall, as in Fig. 6.9.
(Similar reasoning,mutatis mutandis, can be applied to a wave incident on an eastern wall.) Let us
suppose that incident wave, 𝒌𝑖 lies at the point I on the wavenumber circle, and the group velocity
is found by drawing a line from I to the centre of the circle, C (so 𝒄𝑔𝑖 ∝ 𝐼𝐶), and in this case the
vector is directed westward.

Theprojection of the𝒌𝑖must be equal to the projection of the reflectedwave vector, 𝒌𝑟, and both
wavevectors must lie in the same wavenumber circle, centred at −𝛽/2𝜔, because the frequencies of
the two waves are the same. We may then graphically determine the wavevector of the reflected
wave using the construction of Fig. 6.10. (This is a figure in spectral space and the position of the
wall does not imply that it is an eastern boundary.) Given the wavevector, the group velocity of the
reflected wave follows by drawing a line from the wavevector to the centre of the circle (the line
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𝑅𝐶). We see from the figure that the reflected group velocity is directed eastward and that it forms
the same angle to the wall as does the incident wave; that is, the reflection is specular. Since the
amplitudes of the incoming and reflected wave are the same, the components of the energy flux
perpendicular to the wall are equal and opposite. Furthermore, we can see from the figure that the
wavenumber of the reflected wave has a largermagnitude than that of the incident wave. For waves
reflecting off an eastern boundary, the reverse is true. Put simply, at a western boundary incident
long waves are reflected as short waves, whereas at an eastern boundary incident short waves are
reflected as long waves.

Quantitatively solving for the wavenumbers of the reflected wave is a little tedious in the case
when the wall is at angle, but easy enough if the wall is along the 𝑦-axis. We know the frequency, 𝜔,
and the 𝑦-wavenumber, 𝑙, so that the 𝑥-wavenumber may be deduced from the dispersion relation

𝜔 = −𝛽𝑘𝑖
𝑘2𝑖 + 𝑙2 + 𝑘2𝑑

= −𝛽𝑘𝑟
𝑘2𝑟 + 𝑙2 + 𝑘2𝑑

. (6.114)

We obtain

𝑘𝑖 =
−𝛽
2𝜔
+ √( 𝛽
2𝜔
)
2
− (𝑙2 + 𝑘2𝑑), 𝑘𝑟 =

−𝛽
2𝜔
− √( 𝛽
2𝜔
)
2
− (𝑙2 + 𝑘2𝑑). (6.115a,b)

The signs of the square-root terms are chosen for reflection at a western boundary, for which, as we
noted, the reflectedwave has a larger (absolute) wavenumber than the incident wave. For reflection
at an eastern boundary we reverse the signs.

Oceanographic relevance
The behaviour of Rossby waves at lateral boundaries is not surprisingly of some oceanographic
importance. Suppose that Rossby waves are generated in the middle of the ocean, for example by
the wind or by some fluid dynamical instability in the ocean. Shorter waves will tend to propagate
eastward, and be reflected back at the eastern boundary as long waves, and long waves will tend to
propagate westward, being reflected back as short waves.

Reflection at the western boundary is complicated by friction and by other waves. In mid-
latitudes the reflection at a western boundary generates Rossbywaves that have a short zonal length
scale (the meridional scale of the reflected wave is the same as the incident wave if the wall is
meridional), which means that theirmeridional velocity is large. Now, if the zonal wavenumber is
much larger than both the meridional wavenumber 𝑙 and the inverse deformation radius 𝑘𝑑 then,
using either (6.62) or (6.67) the group velocity in the 𝑥-direction is given by 𝑐𝑥𝑔 = 𝑢 + 𝛽/𝑘2, where
𝑢 is the zonal mean flow. If the mean flow is westward, so that 𝑢 is negative, then very short waves
will be unable to escape from the boundary; specifically, if 𝑘 > √−𝛽/𝑈 then the waves will be
trapped in a western boundary layer. Even with no mean flow, the short zonal length scale means
that frictional effects will be large.

In some circumstances Rossbywaves incident on a boundary also have the option of generating
coastal Kelvin waves. Also, at a western boundary at the equator Rossby waves may also reflect-
ing back as equatorial Kelvin waves, which we introduce in the next chapter. This effect may be
particularly important in the dynamics of El Niño, as we discuss in Section 22.7.

6.7 ♦ GROUP VELOCITY, REVISITED
We now return to a more general discussion of group velocity. Our goal is to show that the group
velocity arises in fairly general ways, not just from methods stemming from Fourier analysis or
from ray theory. We first give a simple and direct derivation of group velocity that is valid in the
simple but important special case of a homogeneous medium.Then, in Section 6.7.2, we give a
rather general derivation of the group velocity property, namely that conserved quantities that are
quadratic in the wave amplitude — that is, wave activities — are transported at the group velocity.
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6.7.1 Group Velocity in Homogeneous Media

Consider waves propagating in a medium in which the wave equation has the form

𝐿(𝜓) = 𝛬[ 𝜕
𝜕𝑡
, 𝜕
𝜕𝑥
]𝜓(𝑥, 𝑡) = 0, (6.116)

where𝛬 is a polynomial operator in the space and time derivatives, with constant coefficients, and
its arguments are in square brackets. For simplicity we restrict attention to waves in one dimension,
and a simple example is 𝛬 = 𝜕(𝜕𝑥𝑥)/𝜕𝑡 + 𝛽𝜕/𝜕𝑥 so that 𝐿(𝜓) = 𝜕(𝜕𝑥𝑥𝜓)/𝜕𝑡 + 𝛽𝜕𝜓/𝜕𝑥. We will
seek a solution of the form

𝜓(𝑥, 𝑡) = 𝐴(𝑥, 𝑡)ei𝜃(𝑥,𝑡), (6.117)

where 𝜃 is the phase of the disturbance and 𝐴(𝑥, 𝑡) is the slowly varying amplitude, so that the
solution has the form of a wave packet. The phase is such that 𝑘 = 𝜕𝜃/𝜕𝑥 and 𝜔 = −𝜕𝜃/𝜕𝑡, and the
slowly varying nature of the envelope 𝐴(𝑥, 𝑡) is formalized by demanding that

1
𝐴
𝜕𝐴
𝜕𝑥
≪ 𝑘, 1

𝐴
𝜕𝐴
𝜕𝑡
≪ 𝜔. (6.118)

The space and time derivatives of 𝜓 are then given by

𝜕𝜓
𝜕𝑥
= (𝜕𝐴
𝜕𝑥
+ i𝐴𝜕𝜃
𝜕𝑥
) ei𝜃 = (𝜕𝐴

𝜕𝑥
+ i𝐴𝑘) ei𝜃, (6.119a)

𝜕𝜓
𝜕𝑡
= (𝜕𝐴
𝜕𝑡
+ i𝐴𝜕𝜃
𝜕𝑡
) ei𝜃 = (𝜕𝐴

𝜕𝑡
− i𝐴𝜔) ei𝜃, (6.119b)

so that the wave equation becomes

𝛬𝜓 = 𝛬[ 𝜕
𝜕𝑡
− i𝜔, 𝜕
𝜕𝑥
+ i𝑘]𝐴 = 0. (6.120)

Noting that the space and time derivative of 𝐴 are small compared to 𝑘 and 𝜔 we expand the
polynomial in a Taylor series about (𝜔, 𝑘) to obtain

𝛬[−i𝜔, i𝑘]𝐴 + 𝜕𝛬
𝜕(−i𝜔)
𝜕𝐴
𝜕𝑡
+ 𝜕𝛬
𝜕(i𝑘)
𝜕𝐴
𝜕𝑥
≈ 0. (6.121)

Now, the dispersion relation for plane waves is 𝛬[−i𝜔, i𝑘] = 0. Taking this to be satisfied the first
term in (6.121) vanishes giving

𝜕𝐴
𝜕𝑡
− 𝜕𝛬/𝜕𝑘
𝜕𝛬/𝜕𝜔
𝜕𝐴
𝜕𝑥
= 𝜕𝐴
𝜕𝑡
+ 𝜕𝜔
𝜕𝑘
𝜕𝐴
𝜕𝑥
= 0, (6.122)

having used (𝜕𝛬/𝜕𝑘)/(𝜕𝛬/𝜕𝜔) = − (𝜕𝜔/𝜕𝑘)𝛬. Then, since 𝑐𝑔 ≡ 𝜕𝜔/𝜕𝑘, we have

𝜕𝐴
𝜕𝑡
+ 𝑐𝑔
𝜕𝐴
𝜕𝑥
= 0, (6.123)

meaning that the envelope moves at the group velocity.
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6.7.2 ♦ The Group Velocity Property

In Section 6.6 we found that, when averaged over the phase, the energy of a Rossby wave, 𝐸, obeys

𝜕𝐸
𝜕𝑡
+ ∇ ⋅ 𝑐𝑔𝐸 = 0. (6.124)

This equation tells us that the energy flux is equal to 𝑐𝑔𝐸, and it turns out to be a very general feature
of waves. It is called the group velocity property, and it is not restricted to Rossby waves, or energy,
or homogeneous media; it holds for almost any conserved quantity that is quadratic in the wave
amplitude, and we now demonstrate this in a more general way.9 A quantity that is quadratic and
conserved is known as awave activity. (The corresponding local quantity, such as the wave activity
per unit volume, is strictly called the wave activity density, but also often just wave activity.) The
group velocity property is useful because if we can determine 𝒄𝑔 then we know straight away how
wave activities propagate. Energy itself is sometimes a wave activity but often is not: in a growing
baroclinic wave energy is drawn from the background state and is not conserved. However, we will
see in Chapter 10 that even in a growing baroclinic disturbance it is possible to define a conserved
wave activity.

The formal procedure
The derivation, which is rather formal, will hold for waves and wave activities that satisfy the fol-
lowing three assumptions:
(i) The wave activity, 𝐴, and flux, 𝑭, obey the general conservation relation

𝜕𝐴
𝜕𝑡
+ ∇ ⋅ 𝑭 = 0. (6.125)

(ii) Both the wave activity and the flux are quadratic functions of the wave amplitude.
(iii) The waves themselves are of the general form

𝜓 = �̃�ei𝜃(𝒙,𝑡) + c.c., 𝜃 = 𝒌 ⋅ 𝒙 − 𝜔𝑡, 𝜔 = 𝜔(𝒌), (6.126a,b,c)

where (6.126c) is the dispersion relation, and 𝜓 is any wave field. We will carry out the
derivation in the case in which �̃� is treated as a constant in space, but the treatment applies
when the amplitude varies slowly over a wavelength (that is, when the wave is ‘wkb-able’).

The wave activity and flux in (6.125) are not unique, as (6.125) is unaffected by the following trans-
formation,

𝐴 → 𝐴 + ∇ ⋅ 𝑪, 𝑭 → 𝑭 − 𝜕𝑪
𝜕𝑡
, (6.127)

where 𝑪 is any vector, as well as the addition of any non-divergent vector to 𝑭 or a constant to 𝐴.
The conditions above, in particular that the wave activity and flux are quadratic functions, remove
the ambiguity and provide a flux that is related to the activity by the group velocity; that is, by
𝑭 = 𝒄𝑔𝐴, as we see below.

To proceed, from assumption (ii), the wave activity must have the general form

𝐴 = 𝑏 + 𝑎e2i(𝒌⋅𝒙−𝜔𝑡) + 𝑎∗e−2i(𝒌⋅𝒙−𝜔𝑡), (6.128a)

where the asterisk, ∗, denotes complex conjugacy, and 𝑏 is a real constant and 𝑎 is a complex con-
stant. For example, suppose that 𝐴 = 𝜓2 and 𝜓 = 𝑐ei(𝒌⋅𝒙−𝜔𝑡) + 𝑐∗e−i(𝒌⋅𝒙−𝜔𝑡), then we find that
(6.128a) is satisfied with 𝑎 = 𝑐2 and 𝑏 = 2𝑐𝑐∗. Similarly, the flux has the general form

𝑭 = 𝒈 + 𝒇e2i(𝒌⋅𝒙−𝜔𝑡) + 𝒇∗e−2i(𝒌⋅𝒙−𝜔𝑡). (6.128b)
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where𝒈 is a real constant vector (not gravity) and𝒇 is a complex constant vector. Themean activity
and mean flux are obtained by averaging over a cycle; the oscillating terms vanish on integration
and therefore the wave activity and flux are given by

𝐴 = 𝑏, 𝑭 = 𝒈, (6.129)

where the overbar denotes the mean.
Now consider a wave with a slightly different phase, 𝜃 + i 𝛿𝜃, where 𝛿𝜃 is small compared with
𝜃. Thus, we formally replace 𝒌 by 𝒌+ i 𝜹𝒌 and𝜔 by𝜔+ i 𝛿𝜔where, to satisfy the dispersion relation,
we have

𝜔 + i 𝛿𝜔 = 𝜔(𝒌 + i 𝜹𝒌) ≈ 𝜔(𝒌) + i 𝜹𝒌 ⋅ 𝜕𝜔
𝜕𝒌
, (6.130)

and therefore
𝛿𝜔 = 𝜹𝒌 ⋅ 𝜕𝜔

𝜕𝒌
= 𝜹𝒌 ⋅ 𝒄𝑔, (6.131)

where 𝒄𝑔 ≡ 𝜕𝜔/𝜕𝒌 is the group velocity.
The new wave has the general form

𝜓′ = (�̃� + 𝛿�̃�)ei(𝒌⋅𝒙−𝜔𝑡)e−𝜹𝒌⋅𝒙+𝛿𝜔𝑡 + c.c., (6.132)

and, analogously to (6.128), the associated wave activity and flux have the forms:

𝐴′ = [ �𝑏 + 𝛿𝑏 + (𝑎 + 𝛿𝑎)e2i(𝒌⋅𝒙−𝜔𝑡) + (𝑎∗ + 𝛿𝑎∗)e−2i(𝒌⋅𝒙−𝜔𝑡)]�e−2𝜹𝒌⋅𝒙+2𝛿𝜔𝑡 (6.133a)

𝑭′ = [ �𝒈 + 𝛿𝒈 + (𝒇 + 𝛿𝒇)e2i(𝒌⋅𝒙−𝜔𝑡) + (𝒇∗ + 𝛿𝒇∗)e−2i(𝒌⋅𝒙−𝜔𝑡)]�e−2𝜹𝒌⋅𝒙+2𝛿𝜔𝑡, (6.133b)

where the 𝛿 quantities are small. If we now demand that 𝐴′ and 𝑭′ satisfy assumption (i), then
substituting (6.133) into (6.125) gives, on averaging over the phase of a wave and after a little alge-
bra,

(𝒈 + 𝛿𝒈) ⋅ 𝜹𝒌 = (𝑏 + 𝛿𝑏)𝛿𝜔, (6.134)

and therefore at first order in 𝛿 quantities, 𝒈 ⋅ 𝜹𝒌 = 𝑏𝛿𝜔. Using (6.131) and (6.129) we obtain

𝒄𝑔 =
𝒈
𝑏
= 𝑭
𝐴

or 𝑭 = 𝒄𝑔𝐴. (6.135)

Using this the conservation law, (6.125), becomes

𝜕𝐴
𝜕𝑡
+ ∇ ⋅ (𝒄𝑔𝐴) = 0. (6.136)

Thus, for waves satisfying our three assumptions, the flux velocity — that is, the propagation ve-
locity of the wave activity — is equal to the group velocity. Henceforth, we will normally denote
𝐴 by𝒜, and 𝑭 by 𝓕.

A remark: In this section and in Section 6.1 we have seen various derivations of the group velocity,
some more kinematic, some more physical, some more general. Why are there different ways to
derive it? Which is the ‘real’ derivation? Perhaps the answer is that quantity 𝜕𝜔/𝜕𝑘 is a fundamental
velocity for awave. If, for example, the energy propagates at this speed then thewave envelopemust
move at this speed, and vice versa. The karma of mathematics means that the derivations, even if
stylistically very different, must give the same answer.
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6.8 ENERGY PROPAGATION OF POINCARÉ WAVES
In the final section of this chapter we discuss the energetics of Poincaré waves (first encountered
in Section 3.8.2) and show explicitly that the energy propagation occurs at the group velocity. We
begin with the one-dimensional problem as this shows the essential aspects and the algebra is a
little simpler.

6.8.1 Energetics in One Dimension
The one-dimensional (i.e., no variations in the 𝑦-direction), inviscid linear shallow-water equa-
tions on the 𝑓-plane, linearized about a state of rest, are

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣 = −𝑔

𝜕ℎ
𝜕𝑥
, 𝜕𝑣
𝜕𝑡
+ 𝑓0𝑢 = 0,

𝜕𝜂
𝜕𝑡
= −𝐻𝜕𝑢
𝜕𝑥
. (6.137a,b,c)

To obtain the dispersion relation we differentiate the first equation with respect to 𝑡 and substitute
from the second and third to obtain

𝜕2𝑢
𝜕𝑡2
− 𝐻𝑔𝜕𝑢
𝜕𝑥
+ 𝑓20 𝑢 = 0, (6.138)

whence, assuming solutions of the form 𝑢 = Re 𝑢𝑒𝑖(𝑘𝑥−𝜔𝑡), we obtain the dispersion relation,

𝜔2 = 𝑓20 + 𝐻𝑔𝑘2, (6.139)

similar to (3.121) on page 125. Differentiating with respect to 𝑘 gives 2𝜔 𝜕𝜔/𝜕𝑘 = 2𝑘𝐻𝑔 or

𝑐𝑔 =
𝐻𝑔
𝑐𝑝
, (6.140)

where 𝑐𝑔 = 𝜕𝜔/𝜕𝑘 and 𝑐𝑝 = 𝜔/𝑘. Using (6.139) and (6.140) the ratio of the group and phase
velocities is found to be

𝑐𝑔
𝑐𝑝
= 𝐿
2
𝑑𝑘2
1 + 𝐿2𝑑𝑘2

, (6.141)

where 𝐿𝑑 = √𝑔𝐻/𝑓 is the deformation radius. This ratio is always less than unity, tending to zero
in the long-wave limit (𝑘𝐿𝑑 ≪ 1) and to unity for short waves (𝑘𝐿𝑑 ≫ 1).

The energy equations are obtained by multiplying the three equations of (6.137) by 𝑢, 𝑣 and 𝜂
respectively, and adding, to give

𝜕𝐸
𝜕𝑡
+ 𝜕𝐹
𝜕𝑥
= 0, (6.142a)

where
𝐸 = 1
2
(𝐻𝑢2 + 𝐻𝑣2 + 𝑔𝜂2), 𝐹 = 𝑔𝐻𝑢𝜂, (6.142b)

are the energy density and the energy flux, respectively. Here in the linear approximation the
energy is transported only by the pressure term, whereas in the full nonlinear equations there is
also an advective transport.

The group velocity property for Poincaré waves
To specialize to the case of propagating waves we need to average over a wavelength and use
the phase relationships between 𝑢, 𝑣 and 𝜂 implied by the equations of motion. Writing 𝑢 =
Re 𝑢𝑒𝑖(𝑘𝑥−𝜔𝑡), and similarly for 𝑣 and 𝜂, we have

𝑣 = −i𝑓 𝜂
𝐻𝑘
, 𝑢 = 𝜔 𝜂

𝐻𝑘
. (6.143a,b)
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The kinetic energy, averaged over a wavelength, is then

KE = 1
2
𝐻(𝑢2 + 𝑣2) = 1

4
(𝜔2 + 𝑓2) 𝜂

2

𝐻𝑘2
= 1
4
𝜔2 + 𝑓2
𝜔2 − 𝑓2

𝑔𝜂2 (6.144)

using (6.143) and the dispersion relation, with the extra factor of one half arising from the averag-
ing over a wavelength. Similarly, the potential energy of the wave is

PE = 1
2
𝑔𝜂2 = 1
4
𝑔𝜂2. (6.145)

Thus, the ratio of kinetic to potential energy is just

KE
PE
= 𝜔
2 + 𝑓2
𝜔2 − 𝑓2

= 1 + 2
𝑘2𝐿2𝑑
, (6.146)

using the dispersion relation, and where 𝐿𝑑 = √𝑔𝐻/𝑓 is the deformation radius. Thus, the kinetic
energy is always greater than the potential energy (there is no equipartition in this problem), with
the ratio approaching unity for small scales (large 𝑘).

The total energy (kinetic plus potential) is then

KE + PE = 1
4
(𝜔
2 + 𝑓2
𝜔2 − 𝑓2

+ 1)𝑔𝜂2 = 1
2
𝜔2
𝑘2𝐻
𝜂2 = 1
2
𝑐2𝑝
𝐻
𝜂2, (6.147)

again using the dispersion relation. The energy flux, 𝐹, averaged over a wavelength, is

𝐹 = 𝑔𝐻𝑢𝜂 = 1
2
𝑔𝜔
𝑘
𝜂2 = 1
2
𝑔𝑐𝑝𝜂2. (6.148)

From (6.147) an (6.148) the flux and the energy are evidently related by

𝐹 = 𝐻𝑔
𝑐𝑝
𝐸 = 𝑐𝑔𝐸, (6.149)

using (6.140). That is, the energy flux is equal to the group velocity times the energy itself. Note
that in this problem there is no flux in the 𝑦 direction, because 𝑣 and 𝜂 are exactly out of phase
from (6.143a).

6.8.2 ♦ Energetics in Two Dimensions
Thederivations of the preceding section carry through,mutatismutandis, in the full two-dimensional
case. We will give only the key results and allow the reader to fill in the algebra.

As derived in Section 3.8.2 the dispersion relation is

𝜔2 = 𝑓20 + 𝑔𝐻(𝑘2 + 𝑙2). (6.150)

The relation between the components of the group velocity and the phase speed is very similar to
the one-dimensional case, and in particular we have

𝑐𝑥𝑔 =
𝜕𝜔
𝜕𝑘
= 𝑔𝐻 𝑘
𝜔
= 𝑔𝐻
𝑐𝑥𝑝
, 𝑐𝑦𝑔 =

𝜕𝜔
𝜕𝑙
= 𝑔𝐻 𝑙
𝜔
= 𝑔𝐻
𝑐𝑦𝑝
. (6.151)
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The magnitude of the group velocity is 𝑐𝑔 ≡ |𝒄𝑔| = (𝑐𝑥𝑔2 + 𝑐
𝑦
𝑔
2)1/2. The magnitude of the phase

speed, in the direction of travel of the wave crests, is 𝑐𝑝 = 𝜔/(𝑘2 + 𝑙2)1/2 (note that in general this
is smaller than the phase speed in either the 𝑥 or 𝑦 directions, 𝜔/𝑘 or 𝜔/𝑙). Thus, we have

𝑐2𝑔 = (𝑔𝐻)2
𝑘2 + 𝑙2
𝜔2
= (𝑔𝐻)

2

𝑐2𝑝
, 𝒄𝑔 = (

𝑔𝐻
𝑐𝑝𝐾
)𝒌, (6.152)

which is analogous to (6.140). The ratio of the magnitudes of the group and phase velocities is,
analogously to (6.141),

𝑐𝑔
𝑐𝑝
= 𝑔𝐻
𝑐2𝑝
= 𝐿
2
𝑑𝐾2
1 + 𝐿2𝑑𝐾2

, (6.153)

where 𝐾2 = 𝑘2 + 𝑙2. As in the one-dimensional case the group velocity is large for short waves, in
which rotation plays no role, and small for long waves.

The energy equation is found to be

𝜕𝐸
𝜕𝑡
+ ∇ ⋅ 𝑭 = 0, (6.154a)

with
𝐸 = 1
2
(𝐻𝑢2 + 𝐻𝑣2 + 𝑔𝜂2), 𝐹 = 𝑔𝐻(𝑢𝐢 + 𝑣𝐣)𝜂. (6.154b)

From the equations of motion the phase relations between the fields are

𝑣 = 𝜔𝑙 − i𝑘𝑓
𝐻𝐾2
𝜂, 𝑢 = 𝜔𝑘 − i𝑙𝑓

𝐻𝐾2
𝜂, (6.155)

so that the kinetic energy is given by, similarly to (6.144),

KE = 1
2
𝐻(𝑢2 + 𝑣2) = 1

4
(𝜔2 + 𝑓2) 𝜂

2

𝐻𝑘2
= 1
4
𝜔2 + 𝑓2
𝜔2 − 𝑓2

𝑔𝜂2, (6.156)

and the potential energy by
PE = 1
2
𝑔𝜂2 = 1
4
𝑔𝜂2. (6.157)

The ratio of the kinetic and potential energies is given by

KE
PE
= 𝜔
2 + 𝑓2
𝜔2 − 𝑓2

= 1 + 2
𝐾2𝐿2𝑑
. (6.158)

The total (kinetic plus potential) energy is given by

𝐸 = KE + PE = 1
4
(𝜔
2 + 𝑓2
𝜔2 − 𝑓2

+ 1)𝑔𝜂2 = 1
2
𝜔2
𝐾2𝐻
𝜂2 = 1
2
𝑐2𝑝
𝐻
𝜂2, (6.159)

The energy flux, 𝑭, averaged over a wavelength, is

𝑭 = 𝑔𝐻𝒖𝜂 = 1
2
𝑔𝜔
𝑘2 + 𝑙2
𝜂2𝒌 = 1
2
𝑔𝜔
𝐾2
𝜂2𝒌, (6.160)

using (6.155) and where 𝒌 = 𝑘𝐢 + 𝑙𝐣 is the wavevector of the wave.
From (6.159) and (6.160), and using (6.152), the flux and the energy are related by

𝑭 = 𝒄𝑔𝐸. (6.161)

That is, the energy flux is equal to the group velocity times the energy itself.
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APPENDIX A: THE WKB APPROXIMATION FOR LINEAR WAVES

Thewkbmethod (afterWentzel, Kramers andBrillouin, the last people to discover the technique10)
is a way of finding approximate solutions to certain linear differential equations in which the term
with the highest derivative is multiplied by a small parameter. The theory for such equations is
quite extensive but our interests are modest, being mainly in dispersive waves, and wkb theory
can be used to find approximate solutions in cases in which the coefficients of the wave equation
vary slowly in space or time. Consider an equation of the form

d2𝜉
d𝑧2
+ 𝑚2(𝑧)𝜉 = 0. (6.162)

Such an equation commonly arises in wave problems. If 𝑚2 is positive the equation has wavelike
solutions, and if𝑚 is constant the solution has the harmonic form

𝜉 = Re𝐴0ei𝑚𝑧, (6.163)

where 𝐴0 is a complex constant. If 𝑚 varies only slowly with 𝑧— meaning that the variations in
𝑚 only occur on a scale much longer than 1/𝑚— one might reasonably expect that the harmonic
solution above would provide a decent first approximation; that is, we expect the solution to lo-
cally look like a plane wave with local wavenumber𝑚(𝑧). However, we might also expect that the
solution would not be exactly of the form exp(i𝑚(𝑧)𝑧), because the phase of 𝜉 is 𝜃(𝑧) = 𝑚𝑧, so that
d𝜃/d𝑧 = 𝑚 + 𝑧d𝑚/d𝑧 ≠ 𝑚. Thus, in (6.163)𝑚 is not the wavenumber unless𝑚 is constant.

The condition that variations in 𝑚, or in the wavelength 𝜆 ∼ 𝑚−1, occur only slowly may be
variously expressed as

𝜆 |𝜕𝜆
𝜕𝑧
| ≪ 𝜆 or | 𝜕𝑚

−1

𝜕𝑧
| ≪ 1 or | 𝜕𝑚

𝜕𝑧
| ≪ 𝑚2. (6.164a,b,c)

This condition will generally be satisfied if variations in the background state, or in the medium,
occur on a scale much longer than the wavelength. Let us first find a solution by way of a pertur-
bation expansion.

A.1 Solution by Perturbation Expansion
To explicitly recognize the rapid oscillations of the wave compared to its slow variations in ampli-
tude we rescale the coordinate 𝑧 with a small parameter 𝜖. Thus, we let 𝑧 = 𝜖𝑧 where 𝜖 ≪ 1 (𝜖may
be similar to the nondimensional parameter |d𝜆/d𝑧|) and the new variable 𝑧 then varies by 𝒪(1)
over the scale on which𝑚 varies. Equation (6.162) becomes

𝜖2 d
2𝜉

d𝑧2
+ 𝑚2(𝑧)𝜉 = 0, (6.165)

and we may now suppose that all variables are 𝒪(1). If 𝑚 were constant the solution would be of
the form 𝜉 = 𝐴 exp(𝑚𝑧/𝜖) and this suggests that we look for a solution to (6.165) of the form

𝜉(𝑧) = e𝑔(𝑧)/𝜖, (6.166)

where 𝑔(𝑧) is some as yet unknown function. We then have, with primes denoting derivatives,

𝜉′ = 1
𝜖
𝑔′e𝑔/𝜖, 𝜉″ = ( 1

𝜖2
𝑔′2 + 1
𝜖
𝑔″) e𝑔/𝜖. (6.167a,b)

Using these expressions in (6.165) yields

𝜖𝑔″ + 𝑔′2 + 𝑚2 = 0, (6.168)
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and if we let 𝑔 = ∫ ℎ d𝑧 we obtain

𝜖dℎ
d𝑧
+ ℎ2 + 𝑚2 = 0. (6.169)

To obtain a solution of this equation we expand ℎ in powers of the small parameter 𝜖,

ℎ(𝑧; 𝜖) = ℎ0(𝑧) + 𝜖ℎ1(𝑧) + 𝜖2ℎ2(𝑧) + ⋯ . (6.170)

Substituting this in (6.169) and setting successive powers of 𝜖 to zero gives, at first and second
order,

ℎ20 + 𝑚2 = 0, 2ℎ0ℎ1 +
dℎ0
d𝑧
= 0. (6.171a,b)

The solutions of these equations are

ℎ0 = ±i𝑚, ℎ1(𝑧) = −
1
2

d
d𝑧

ln 𝑚(𝑧)
𝑚0
, (6.172a,b)

where 𝑚0 is a constant. Now, ignoring higher-order terms, (6.166) may be written in terms of ℎ0
and ℎ1 as

𝜉(𝑧) = exp(∫ℎ0 d𝑧/𝜖) exp(∫ℎ1 d𝑧) , (6.173)

and, using (6.172) and with 𝑧 in place of 𝑧, we obtain

𝜉(𝑧) = 𝐴0𝑚−1/2 exp(± i ∫𝑚 d𝑧) , (6.174)

where 𝐴0 is a constant, and this is the wkb solution to (6.162). Explicitly, the solution is

𝜉(𝑧) = 𝐴0𝑚−1/2 exp (i∫𝑚 d𝑧) + 𝐴∗0𝑚−1/2 exp (−i∫𝑚 d𝑧) , (6.175)

or, in terms of real quantities,

𝜉(𝑧) = 𝐵0𝑚−1/2 cos (∫𝑚 d𝑧) + 𝐶0𝑚−1/2 sin (∫𝑚 d𝑧) , (6.176)

where 𝐵0, and 𝐶0 are real constants.
A property of (6.174) is that the derivative of the phase is just𝑚; that is, 𝑚 is indeed the local

wavenumber. A crucial aspect of the derivation is that 𝑚 varies slowly, so that there is a small
parameter, 𝜖, in the problem. Having said this, wkb theory can often provide qualitative guidance
even when there is little scale separation between the variation of the background state and the
wavelength. Asymptotics often works when it does not have to.

A.2 Alternate Derivation
A quick and informative, but less systematic, way to obtain the same result is to seek solutions of
(6.162) in the form

𝜉 = 𝐴(𝑧)ei𝜃(𝑧), (6.177)

where 𝐴(𝑧) and 𝜃(𝑧) are both presumptively real. Using (6.177) in (6.162) yields

i[2d𝐴
d𝑧

d𝜃
d𝑧
+ 𝐴d
2𝜃

d𝑧2
] + [𝐴(d𝜃

d𝑧
)
2
− d2𝐴

d𝑧2
− 𝑚2𝐴] = 0. (6.178)
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The terms in square brackets must each be zero. The wkb approximation is to assume that the
amplitude varies sufficiently slowly that |𝐴−1d2𝐴/d𝑧2| ≪ 𝑚2, and hence that the term involving
d2𝐴/d𝑧2 may be neglected. The real and imaginary parts of (6.178) become

(d𝜃
d𝑧
)
2
= 𝑚2, 2d𝐴

d𝑧
d𝜃
d𝑧
+ 𝐴d
2𝜃

d𝑧2
= 0. (6.179a,b)

These two equations are very similar to (6.171). The solution of the first one is

𝜃 = ±∫𝑚 d𝑧, (6.180)

and substituting this into (6.179b) gives

2d𝐴
d𝑧
𝑚 + 𝐴d𝑚

d𝑧
= 0, with solution 𝐴 = 𝐴0𝑚−1/2. (6.181a,b)

Using (6.180) and (6.181b) in (6.177) recovers (6.174). Using (6.179a) and the real part of (6.178)
we see that the condition for the validity of the approximation is that

|𝐴−1 d
2𝐴

d𝑧2
| ≪ 𝑚2, which using (6.181b) is | 1

𝑚−1/2
d2𝑚−1/2

d𝑧2
| ≪ 𝑚2. (6.182a,b)

Equation (6.164) expresses a similar condition to (6.182b).

Notes
1 For example, Linear and Nonlinear Waves by G. B. Whitham, Nonlinear Dispersive Waves by M. J.

Ablowitz, or Boyd (1980).

2 Group velocity seems to have been first articulated in about 1841 by the Irish mathematician and
physicist William Rowan Hamilton (1806–1865), who is also remembered for his formulation of
‘Hamiltonian mechanics’. Hamilton may have been motivated by optics, and it was George Stokes,
Osborne Reynolds and John Strutt (better known as Lord Rayleigh) who further developed and
generalized the idea in a more hydrodynamic context.

3 More detailed treatments of ray theory and related matters are given by Whitham (1974), Lighthill
(1978) and LeBlond & Mysak (1980).

4 What are now called Rossby waves were probably first discovered in a theoretical context by Hough
(1897, 1898). He considered the linear shallowwater equations on a sphere (i.e., Laplace’s tidal equa-
tions) expanding the solution in powers of the sine of latitude, and obtained two classes of waves:
long, rotationally modified, gravity waves and a balanced wave dependent on variations in Coriolis
parameter. However, his work was mainly aimed at understanding ocean tides and it was not until
the topic was revisited by Rossby (1939) that the meteorological relevance was appreciated. Rossby
used the beta-plane approximation in Cartesian co-ordinates, and the simplicity of the presenta-
tion along with the meteorological context led to the work attracting significant notice.

5 Chang & Orlanski (1994), Orlanski & Sheldon (1995). Edmund Chang made number of very helpful
remarks to me on waves more generally. I would also like to thank Emma Howard for comments
on this chapter and Chapter 18.

6 The non-Doppler effect also even in models in height coordinates. See White (1977).

7 See Chapman & Lindzen (1970).

8 As in Longuet-Higgins (1964).

9 The form of this derivation was originally given by Hayes (1977) in the context of wave energy.
Vanneste & Shepherd (1998) provide further discussion, in particular of the uniqueness or other-
wise of the wave activity density and flux.
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10 A description of the wkb method, also called the jwkb method and sometimes the geometrical op-
tics approximation, can be found in many books on perturbation methods, for example Simmonds
& Mann (1998), Holmes (2013) and Bender & Orszag (1978). Developments in perturbation theory
and multiple scale analysis have generalized the method to the extent that ‘wkb’ does not appear
as a separate topic, or in the index, in the well-known book by Kevorkian & Cole (2011). Wentzel,
Kramers and Brillouin separately (or at least in different articles) presented the technique in 1926 as
a way to find approximate solutions of the Schrödinger equation. Harold Jeffreys, a mathematical
geophysicist, had proposed a similar technique in 1924, and Rayleigh in 1912 had already addressed
some aspects of the theory. A mathematical treatment of the topic was in fact given by Joseph Li-
ouville and George Green in 1837, with even earlier relevant work by Francesco Carlini, an Italian
astronomer and director of an observatory in Milan, in 1817. The story thus affirms the hypothesis
that methods are named after the last people to discover them…

Further Reading
Waves

Bühler, O. 2009. Waves and Mean Flows.
A modern, advanced, discussion of waves, mean flows and their interaction, including the trans-
formed Eulerian mean, the generalized Lagrangian mean, and more.

LeBlond, P. H. & Mysak, L. A. 1980. Waves in the Ocean.
A comprehensive review of the dynamics of many kinds of waves in the ocean.

Pedlosky, J., 2003. Waves in the Ocean and Atmosphere: Introduction to Wave Dynamics.
A compact, informal introduction to the main waves to be found in the atmosphere and ocean, in
the style of lecture notes.

Instabilities
The following two books cover most forms of hydrodynamic instability.

Chandrasekhar, S., 1961. Hydrodynamic and Hydromagnetic Stability.
This book has become an enduring classic, but has no discussion of baroclinic instability at all.

Drazin P. & Reid, W. H., 1981. Hydrodynamic Stability.
A standard text on hydrodynamic instability theory. It has straightforward and extensive discussions
of most of the standard cases, but alas only a brief treatment of baroclinic instability.

Turbulence
There are numerous books on turbulence, but one place to start is

Tennekes, H. & Lumley, J., 1972. A First Course in Turbulence.
The book remains a classic introduction to the subject.

Another book that has stood the test of time is

Monin, A. S. & Yaglom, A. M., 1971. Statistical Fluid Mechanics.
The two volumes are encyclopædic in content and contain a wealth of information, especially on
turbulent diffusion. They are not nearly as daunting as they seem.

Two more modern general introductions and references are

Davidson, P. D., 2015. Turbulence: An Introduction for Scientists and Engineers.
Pope, S. B., 2000. Turbulent Flows.

Both of these are written at about the graduate student level.

Two books containing review and synthesis articles covering a range of topics related to jets and turbulence
on both large and small scales, in atmospheres and oceans, are

Galperin, B. & Read, P. L. Eds., 2017. Zonal Jets: Phenomenology, Genesis, Physics.
Baumert, H. Z., Simpson, J. & Sündermann, J. Eds., 2005. Marine Turbulence: Theories, Observations and

Models.



It mounts at sea, a concave wall,
Down-ribbed with shine,
And pushes forward, building tall,
Its steep incline.
Thom Gunn, From the Wave, 1971.

CHAPTER 7

Gravity Waves

Gravity waves are, unsurprisingly, waves in a fluid in which gravity provides the restor-
ing force. (Gravitational waves are a prediction of general relativity theory.) For gravity
to have an effect the fluid density must vary, and thus the waves must either exist at a

fluid interface or stratification must be present — and a fluid interface is just an abrupt form of
stratification. It is thus common to think of gravity waves as being either internal waves or surface
waves: the former being in the interior of a fluid where the density changes may be continuous,
and the latter at a fluid interface. Naturally enough the two waves havemany similarities — indeed
surface waves (also called interfacial waves) are a limiting form of internal waves, when the density
variations in the vertical become discontinuous. We considered such interfacial waves in the hy-
drostatic, shallow water case in Chapter 3, and we will first extend that to the nonhydrostatic case.
We then consider internal waves in the continuously stratified equations and that constitutes the
bulk of the chapter.1

Inmost of the chapter we will restrict attention to the Boussinesq equations, because inmaking
the incompressibility approximation soundwaves are eliminated, greatly simplifying the treatment.
In the atmosphere the Boussinesq equations are not a quantitatively good approximation except for
motions of a small vertical extent; the anelastic equations improvematters in allowing for a vertical
variation of the basic state density, an effect importantwhen considering the vertical propagation of
gravity waves high into the atmosphere. Nevertheless, no truly new types of waves are introduced
in this way, and so we leave the details to the original literature. If, on the other hand, the fluid
is truly compressible then sound waves make themselves heard, and we consider the algebraically
complex case of acoustic-gravity waves at the end of this chapter. We begin with the simpler case
of surface gravity waves atop a constant density fluid.

7.1 SURFACE GRAVITY WAVES
Let us consider an incompressible fluid with a free surface and a flat bottom that obeys the three-
dimensional momentum and mass continuity equations, namely

D𝒗
D𝑡
= −∇3𝜙 − 𝑔𝐤, ∇ ⋅ 𝒗 = 0, (7.1)

using our standard notation where 𝜙 = 𝑝/𝜌0. The free surface at the top of the fluid is at 𝑧 =
𝜂(𝑥, 𝑦, 𝑡), the mean position of the free surface is at 𝑧 = 0 and the bottom of the fluid, assumed flat,
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is at 𝑧 = −𝐻— refer to Fig. 3.1 on on page 106. In this chapter we use a subscript 3 on ∇ to denote
a three-dimensional operator, and the unsubscripted operator is horizontal.

In a state of rest the pressure, 𝜙0 say, is given by hydrostatic balance and so 𝜙0 = −𝑔𝑧. If we
write 𝜙 = −𝑔𝑧 + 𝜙′ the momentum equation becomes, without approximation,

D𝒗
D𝑡
= −∇3𝜙′. (7.2)

Linearizing the equations of motion about such a resting state straightforwardly yields

𝜕𝒗′
𝜕𝑡
= −∇3𝜙′, ∇3 ⋅ 𝒗′ = 0, (7.3a,b)

where a prime denotes a perturbation quantity in the usual way. We now proceed by expressing the
problem solely in terms of pressure. (An equivalent alternative would be to use a velocity potential,
𝜉 say, such that 𝒗 = ∇3𝜉, which is possible because, from (7.3a) the flow is irrotational.) Taking the
divergence of (7.3a) and using (7.3b) gives us Laplace’s equation for the pressure, namely

∇23𝜙′ = 0. (7.4)

This equation has no explicit time dependence, but the boundary conditions are time dependent
and that is how we will obtain the dispersion relation.

7.1.1 Boundary Conditions
Since (7.4) is an equation for pressure we seek boundary conditions on pressure. At the bottom
of the fluid (𝑧 = −𝐻) the condition that 𝑤 = 0 may be turned into a condition on pressure using
(7.3a), namely that

𝜕𝜙′
𝜕𝑧
= 0 at 𝑧 = −𝐻. (7.5)

At the top surface, 𝑧 = 𝜂, the pressure must equal that of the atmosphere above. We will take
this to be a constant, and in particular zero, so that 𝜙 = 0 at 𝑧 = 𝜂. Now, the perturbation pressure
is given by 𝜙 = −𝑔𝑧 + 𝜙′, so that at 𝑧 = 𝜂 we obtain

𝜙′ = 𝑔𝜂. (7.6)

A second boundary condition at the top is the kinematic condition that a fluid parcel in the free
surface must remain within the fluid, and therefore that (with full nonlinearity)

D
D𝑡
(𝑧 − 𝜂) = 0. (7.7)

If we linearize this equation and use the definition of 𝑤 we obtain 𝑤′ = 𝜕𝜂/𝜕𝑡 at 𝑧 = 𝜂, which
using (7.6) becomes 𝑤′ = 𝑔−1𝜕𝜙′/𝜕𝑡. Using the vertical component of the momentum equation,
(7.3a), we obtain the pressure boundary condition

1
𝑔
𝜕2𝜙′
𝜕𝑡2
= −𝜕𝜙

′

𝜕𝑧
at 𝑧 = 𝜂. (7.8)

The value of 𝜂 is in fact unknown without solving the problem itself, and in the general (nonlinear)
casewehave to solve thewhole problem in a self-consistent fashion. However, in the linear problem
𝜂 is presumptively small (we are linearizing the free surface about 𝑧 = 0) and we will apply this
boundary condition at 𝑧 = 0 rather than at 𝑧 = 𝜂, for the error will only be second order.

Having established the equations and the boundary conditions, and noting that we will be
dealing exclusively with linear equations in the rest of this section (and for most of this chapter),
we’ll now drop the primes on perturbation quantities unless needed.
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7.1.2 Wave Solutions
We now seek solutions to (7.4) in the form

𝜙 = Re𝛷(𝑧) exp(i[𝒌 ⋅ 𝒙 − 𝜔𝑡]) (7.9)

where 𝒙 = 𝐢𝑥 + 𝐣𝑦 and 𝒌 = 𝐢𝑘 + 𝐣𝑙 and Re denotes that the real part is to be taken, a notation that
we drop unless it causes ambiguity. Equation (7.4) becomes

d2𝛷
d𝑧2
− 𝐾2𝛷 = 0, (7.10)

where 𝐾2 = 𝑘2 + 𝑙2 and the boundary conditions are that d𝛷/d𝑧 = 0 at 𝑧 = −𝐻 and d2𝛷/d𝑧2 =
−𝑔d𝛷/d𝑧 at 𝑧 = 0. The bottom boundary condition is satisfied by a solution of the form

𝛷 = 𝐴 cosh𝐾(𝑧 + 𝐻). (7.11)

Substituting into the top boundary condition, (7.8) at 𝑧 = 0, we obtain

− 𝜔2 cosh𝐾𝐻 = 𝑔𝐾 sinh𝐾𝐻 = 0, (7.12)

or

𝜔 = ±√𝑔𝐾 tanh𝐾𝐻. (7.13)

This is the dispersion relation for surface gravity waves. The corresponding phase speed is given
by

𝑐𝑝 =
𝜔
𝐾
= ±√𝑔𝐻( tanh𝐾𝐻

𝐾𝐻
)
1/2
. (7.14)

Using (7.9) and (7.11) the full solution for the pressure field is

𝜙 = Re𝛷0 cosh𝐾(𝑧 + 𝐻) exp(i[𝒌 ⋅ 𝒙 − 𝜔𝑡]) (7.15)

with 𝜔 given by (7.13) and the amplitude 𝛷0 being set by the initial conditions. It is convenient to
write the amplitude 𝛷0 in terms of the amplitude of the free surface elevation, 𝜂0, using the upper
boundary condition that 𝜙 = 𝑔𝜂, so that 𝜂0 = 𝛷0/𝑔. The other field variables may be found from
(7.3a) and are given by

𝑢 = 𝜂0
𝑘
𝜔
𝑔𝐶 cosh𝐾(𝑧 + 𝐻), 𝑣 = 𝜂0

𝑙
𝜔
𝑔𝐶 cosh𝐾(𝑧 + 𝐻), 𝑤 = −𝑖𝜂0

𝐾
𝜔
𝑔𝐶 sinh𝐾(𝑧 + 𝐻),

(7.16a,b,c)
where 𝐶 = exp(i[𝒌 ⋅ 𝒙 − 𝜔𝑡])/ cosh𝐾𝐻, and only the real parts of each expression should be taken.
Thus, if we take 𝜂0 to be real then 𝑢 and 𝑣 vary like cos(𝒌 ⋅ 𝒙 − 𝜔𝑡) and 𝑤 varies as sin(𝒌 ⋅ 𝒙 − 𝜔𝑡),
and this is what we will assume.

7.1.3 Properties of the Solution
First, from (7.13) we see that for each wavevector amplitude there are two waves propagating in
opposite directions, with a frequency and phase speed that depend only on the wavelength𝐾 and
not the orientation of the wave vector. Second, the waves are dispersive. That is, similary to Rossby
waves but unlike light waves in a vacuum or shallow water waves, the phase speed is different for
waves of different wavelengths. Since the frequency is a function only of 𝐾 (and not of 𝑘 or 𝑙
individually) the group velocity is parallel to the wave vector itself and is given by

𝒄𝑔 = ∇𝒌𝜔 =
𝜕𝜔
𝜕𝐾
𝒌
𝐾
, (7.17)
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where 𝒌 = 𝑘𝐢 + 𝑙𝐣 and 𝒌/𝐾 is the unit vector in the direction of propagation. Using the dispersion
relation 𝜔2 = 𝑔𝐾 tanh𝐾𝐻 we obtain

2𝜔 𝜕𝜔
𝜕𝐾
= 𝑔(tanh𝐾𝐻 + 𝐾𝐻

cosh2𝐾𝐻
) , (7.18)

so that
𝒄𝑔 =
𝑔
2𝑐𝑝𝐾
(tanh𝐾𝐻 + 𝐾𝐻

cosh2𝐾𝐻
)𝒌, (7.19)

and, now using (7.14), the ratio of the group speed (i.e., the magnitude of the group velocity) to
the phase speed is given by

𝑐𝑔
𝑐𝑝
= 1
2
(1 + 2𝐾𝐻

sinh 2𝐾𝐻
) , (7.20)

having used the relation 2 sinh𝑥 cosh𝑥 = sinh 2𝑥.
We note two important limiting cases:

(i) The long wavelength or shallow water limit,𝐾𝐻 ≪ 1. It is this limit that is relevant to large-
scale flow in the ocean and atmosphere. In this limit the wavelength is much greater than the
depth of the fluid and the dispersion relation (7.13) reduces to 𝜔 = 𝐾√𝑔𝐻 (since for small
𝑥, tanh𝑥 → 𝑥) and 𝑐𝑝 = 𝑐𝑔 = √𝑔𝐻, and the waves are nondispersive. This result is apparent
from (7.20) in the limit of𝐾𝐻 ≪ 1. As expected, this is the same dispersion relation as was
previously derived ab initio for shallow water waves in Chapter 3. This limit is appropriate
as water waves approach the shore and start feeling the bottom, and for long waves such as
tides and tsunamis.
The pressure field in this limit is given, using (7.15),

𝜙 = 𝜂0𝑔 exp(i[𝒌 ⋅ 𝒙 − 𝜔𝑡]). (7.21)

This is the perturbation pressure associated with the wave, and evidently it does not depend
on depth. The total pressure at a given point in the fluid is given by the static pressure plus
perturbation pressure and this is, including the density 𝜌0 ,

𝑝 = −𝜌0𝑔𝑧 + 𝜌0𝜙 = 𝜌0𝑔(𝜂 − 𝑧). (7.22)

Evidently, the pressure in the shallow water limit is hydrostatic. If 1/𝑘 > 20𝐻 the error in
this approximation is less than 3%.

(ii) The short wavelength or deep water limit,𝐾𝐻 ≫ 1. For large𝐾𝐻, tanh𝐾𝐻 → 1 so that the
dispersion relation becomes 𝜔2 = 𝑔𝐾 and 𝑐2𝑝 = 𝑔/𝐾. These waves are dispersive, with long
waves travelling faster than short waves. A familiar manifestation of this arises when a rock
is thrown into a pool; initially, waves of all wavelengths are excited (for the initial disturbance
is like a delta function), but the long waves propagate away faster than the short waves and
reach distant objects first. The group speed in this case is given by

𝑐𝑔 =
𝜕𝜔
𝜕𝑘
= 𝑔
2𝜔
= 1
2
√ 𝑔
𝐾
=
𝑐𝑝
2
. (7.23)

This result is also apparent from (7.20) in the limit of short waves, 𝐾𝐻 ≫ 1, and it has
an interesting consequence for wave packets. Consider a packet of short waves moving in
the positive 𝑥-direction; the envelope moves with the group speed and the individual crests
move with the phase speed, so that individual crests enter the packet from the rear and travel
through the packet, exiting at the front.
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Fig. 7.1 Parcel motion for deep and shallow wa-
ter waves. The motion is circular for deep water
waves, with an amplitude that decreases exponen-
tially with depth. The motion is elliptical for shal-
low water waves, but the horizontal excursion is
independent of depth and the vertical excursion
decays linearly with depth.

Parcel motion
The trajectories of water parcels are rather interesting in water waves. It turns out that in deep
water the parcels make circular orbits with an amplitude diminishing with depth, whereas shallow
water waves trace elliptic paths, as illustrated in Fig. 7.1 and as we now explain.

We obtain the parcel excursions using the expressions for velocity (7.16), taking 𝑣 = 0 without
loss of generality. For shallow water waves (𝐾𝐻 ≪ 1) 𝑢 is depth independent and the velocity and
the excursion in the 𝑥 direction, which we denote as𝑋, are given by

𝑢 = 𝜂0
𝑘𝑔
𝜔

cos(𝑘𝑥 − 𝜔𝑡), 𝑋 = −𝜂0
𝑔𝑘
𝜔2

sin(𝑘𝑥 − 𝜔𝑡), (7.24a)

and this is independent of 𝑧. The excursion in the z direction, 𝑍, is given by

𝑤 = 𝜂0
𝑘2
𝜔
(𝑧 + 𝐻) sin(𝑘𝑥 − 𝜔𝑡), 𝑍 = 𝜂0

𝑔𝑘2
𝜔2
(𝑧 + 𝐻) cos(𝑘𝑥 − 𝜔𝑡), (7.24b)

where𝜔 = 𝑘√𝑔𝐻. We see that𝑍 = 𝜂0 at 𝑧 = 0, as expected. The above expressions for𝑋 and𝑍 are,
at some fixed location 𝑥 and 𝑧, parametric representations of an ellipse. As 𝑧 varies the horizontal
amplitude of the ellipses remains constant whereas the vertical amplitude decreases linearly from
the top 𝑧 = 0 to a zero amplitude at the bottom, 𝑧 = −𝐻. The vertical amplitude is also generally
much less than the horizontal amplitude, by the ratio

|𝑍|
|𝑋|
= |𝑤|
|𝑢|
∼ 𝑘𝐻 ≪ 1. (7.25)

That is, the fluid motion is mostly horizontal.
In the deep water limit, 𝑘𝐻 ≫ 1, the horizontal and vertical velocities and excursions are given

by

𝑢 = 𝜂0
𝑘𝑔
𝜔

exp 𝑘𝑧 cos(𝑘𝑥 − 𝜔𝑡), 𝑋 = −𝜂0
𝑘𝑔
𝜔2

exp 𝑘𝑧 sin(𝑘𝑥 − 𝜔𝑡), (7.26a)

𝑤 = 𝜂0
𝑘𝑔
𝜔

exp 𝑘𝑧 sin(𝑘𝑥 − 𝜔𝑡), 𝑍 = 𝜂0
𝑘𝑔
𝜔2

exp 𝑘𝑧 cos(𝑘𝑥 − 𝜔𝑡), (7.26b)

where 𝜔2 = 𝑔𝑘, and again we have that 𝑍 = 𝜂 at 𝑧 = 0. The expressions for 𝑋 and 𝑍, having
the same amplitude, are now parametric representations of circles whose amplitudes diminish ex-
ponentially with depth. Evidently, all the dynamical variables decrease exponentially with depth,
with an e-folding scale of the wavelength itself. The wave field cannot feel the bottom of the fluid
container and all the expressions become independent of the water depth𝐻.
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♦ Energy propagation
For our final discussion on this topic we look at the energy propagation of surface waves. The
kinetic energy per unit horizontal area is given by

KE = ∫
0

−𝐻

1
2
𝜌0𝒗2 d𝑧. (7.27)

The upper limit on the integration is taken to be 𝑧 = 0, rather than 𝑧 = 𝜂, because using the latter
would lead to a term of order 𝜂𝒗2, which is third order in perturbation quantities. The potential
energy per unit horizontal area is

PE = ∫
𝜂

−𝐻
𝜌0𝑔𝑧d𝑧 =

𝜌0𝑔
2
(𝜂2 − 𝐻2). (7.28)

The integral now must be over the complete depth of the fluid in order to calculate the potential
energy to quadratic order. The term in𝐻2 is a constant and so is largely irrelevant to the problem
of energy propagation. Also, since 𝜌0 is a constant we will set its value to unity.

The kinetic energy equation is obtained by taking the dot product of the linearizedmomentum
equation, (7.3a) with 𝒗 and integrating over the depth of the fluid to give

∫
0

−𝐻
d𝑧 [ 𝜕
𝜕𝑡
𝒗2
2
+ ∇ ⋅ (𝒖𝜙) + 𝜕𝑤𝜙

𝜕𝑧
] = 0, (7.29)

noting that 𝒗 = 𝒖+𝑤𝐤 and ∇⋅ 𝒗 = 0. The boundary conditions on𝑤 are that𝑤 = 0 at𝑍 = −𝐻 and
𝑤 = 𝜕𝜂/𝜕𝑡 at 𝑧 = 0. Further, at 𝑧 = 0 𝜙 = 𝑔𝜂, and using these results (7.29) becomes

∫
0

−𝐻
d𝑧 [ 𝜕
𝜕𝑡
𝒗2
2
+ ∇ ⋅ (𝒖𝜙)] + 𝑔 𝜕

𝜕𝑡
𝜂2
2
= 0, (7.30)

which, using (7.27) and (7.28), is just

𝜕
𝜕𝑡
(KE + PE) + ∇ ⋅ 𝑭 = 0, (7.31)

where 𝑭 = ∫𝑧−𝐻 𝒖𝜙d𝑧 is the energy flux, a vector with only horizontal components. (Thus, the
divergence term in (7.31) is just a horizontal divergence.)

Equation (7.31) is an energy conservation equation for the linearized equations. It is fairly
general at the moment, for we have not specialized to the case of wave motion. Let’s do that now,
by using the properties of the waves derived above and averaging over a wave period. Without loss
of generality we’ll assume the waves are propagating in the 𝑥 direction so that 𝑣 = 0 and 𝐾 = 𝑘;
nevertheless, the calculation is rather algebraic and the trusting reader may skim it.

The kinetic energy averaged over a wave period, KE is given by

KE = 𝜔
2π
∫ d𝑡 (∫ 1

2
𝒗2 d𝑧) (7.32)

= 𝑘
2𝜂20𝑔2

2𝜔2 cosh2 𝑘𝐻
𝜔
2π
∫ d𝑡 ∫ d𝑧 [cosh2 𝑘(𝑧 + 𝐻) cos2(𝑘𝑥 − 𝜔𝑡) + sinh2 𝑘(𝑧 + 𝐻) sin2(𝑘𝑥 − 𝜔𝑡)] .

In this expression the time integrals range from 0 to 2π/𝜔 and the vertical integrals range from −𝐻
to 0. The time averages of sin2 and cos2 produce a factor of 1/2, and noting that cosh2 𝑥+sinh2 𝑥 =
cosh 2𝑥 we obtain

KE = 𝑘
2𝜂20𝑔2

2𝜔2 cosh2 𝑘𝐻
1
2
sinh(2𝑘𝐻)
2𝑘
. (7.33)
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Using the dispersion relation 𝜔2 = 𝑔𝑘 tanh 𝑘𝐻 we finally obtain the simple expression

KE = 𝑔𝜂
2
0
4
. (7.34)

The perturbation potential energy is given by

PE = 𝜔
2π
∫ 1
2
𝑔𝜂2 d𝑡 = 𝑔𝜂

2
0
2
𝜔
2π
∫ cos2(𝑘𝑥 − 𝜔𝑡)d𝑡 = 𝑔𝜂

2
0
4
. (7.35)

Evidently, from (7.34) and (7.35) there is equipartitioning of energy time-averaged potential and
kinetic energy components. Such equipartitioning is not, however, a universal property of wave
motion.

The time averaged energy flux, which is in the 𝑥 direction, is given by

𝐹 = 𝜔
2π
∫ d𝑡 ∫ 𝑢′𝜙′ d𝑧. (7.36)

Using the wave expressions (7.15) we obtain, after a couple of lines of algebra,

𝐹 = 1
2
𝜂20
𝑔2
2𝑐
1

cosh2 𝑘𝐻
[ sinh 2𝑘𝐻
2𝑘
+ 𝐻] . (7.37)

Using (7.19) and the fact that sinh 2ℎ𝐾 = 2 sinh 𝑘𝐻 cosh 𝑘𝐻 we obtain

𝐹 = 𝜂
2
0𝑔
2
𝑐𝑔 = (KE + PE)𝑐𝑔 . (7.38)

Thus, using (7.34), (7.35) and (7.38), and generalizing the direction of propagation, we have that

𝜕𝐸
𝜕𝑡
+ ∇ ⋅ 𝒄𝑔𝐸 = 0, (7.39)

where 𝐸 = KE + PE. Thus, the flux of energy is equal to the energy times the group velocity,
or equivalently the energy in the wave propagates with the group velocity. As we established in
Chapter 6, this property is a rather general one for wave motion and it is satisfying to see how it
applies to surface waves.

7.2 SHALLOW WATER WAVES ON FLUID INTERFACES

Let us now generalize our treatment of surface gravity waves to those waves that exist on the in-
terface between two moving fluids of different densities. The ensuing waves are a simple model
of gravity waves that exist in the interior of the atmosphere and, perhaps especially, the ocean, in
which we idealize the continuous stratification of the real fluid by supposing that the fluid com-
prises two (or conceivably more) layers of immiscible fluids of different densities stacked on top
of each other. We will consider only the hydrostatic case in which case the layers form a ‘stacked
shallow water’ system. We further limit ourselves to two moving layers; an extension to multiple
layers is conceptually if not algebraically straightforward, but it soon becomes easier to treat the
continuously stratified case, which we do in later sections.
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7.2.1 Equations of Motion
Consider a two-layer shallow water model as illustrated in Fig. 3.5 on page 113. From Section 3.3
the nonlinear momentum equations are, for the upper layer,

D𝒖1
D𝑡
+ 𝒇 × 𝒖1 = −𝑔∇𝜂0, (7.40a)

and in the lower layer
D𝒖2
D𝑡
+ 𝒇 × 𝒖2 = −

𝜌1
𝜌2
(𝑔∇𝜂0 + 𝑔′1∇𝜂1) . (7.40b)

where 𝑔′1 = 𝑔(𝜌2 − 𝜌1)/𝜌1 (we will henceforth drop the subscript 1 and denote this as 𝑔′), and
in the Boussinesq case we take 𝜌1/𝜌2 = 1. We will only consider the non-rotating case, and after
linearization about a resting state we have for the upper and lower layers respectively

𝜕𝒖′1
𝜕𝑡
= −𝑔∇𝜂′0,

𝜕𝒖′2
𝜕𝑡
= −𝑔∇𝜂′0 − 𝑔′∇𝜂′1. (7.41)

The equations of motion are completed by themass continuity equations for each layer, namely

D
D𝑡
(𝜂0 − 𝜂1) + ℎ1∇ ⋅ 𝒖1 = 0 ⟹

𝜕
𝜕𝑡
(𝜂′0 − 𝜂′1) + 𝐻1∇ ⋅ 𝒖′1 = 0 (7.42a,b)

and
D𝜂1
D𝑡
+ ℎ2∇ ⋅ 𝒖2 = 0 ⟹

𝜕𝜂′1
𝜕𝑡
+ 𝐻2∇ ⋅ 𝒖′2 = 0, (7.43a,b)

where the two rightmost expressions follow after linearization and we assume that the bottom is
flat; that is 𝜂𝑏 = 0. Henceforth we will also omit any primes on the perturbed quantities.

7.2.2 Dispersion Relation
We first eliminate the velocity from (7.41a) and (7.42b) to give

𝜕2
𝜕𝑡2
(𝜂0 − 𝜂1) − 𝑔𝐻1∇2𝜂0 = 0, (7.44)

and similarly for the lower layer:

𝜕2𝜂1
𝜕𝑡2
− 𝐻2(𝑔∇2𝜂0 + 𝑔′∇2𝜂1) = 0. (7.45)

Equations (7.44), and (7.45) form a complete set and in the usual fashion wemay look for solutions
of the form 𝜂𝑖 = Re 𝜂𝑖 exp[i(𝒌 ⋅ 𝒙 − 𝜔𝑡)]. We obtain

(𝜔2 − 𝑔𝐻1𝐾2)𝜂0 − 𝜔2𝜂1 = 0, (7.46a)
−𝑔𝐻2𝐾2𝜂0 + (𝜔2 − 𝑔′𝐻2𝐾2)𝜂1 = 0, (7.46b)

where 𝐾2 = 𝑘2 + 𝑙2. For these equations to have non-trivial solutions we must have

(𝜔2 − 𝑔𝐻1𝐾2)(𝜔2 − 𝑔′𝐻2𝐾2) − 𝜔2𝑔𝐻2𝐾2 = 0, (7.47)

which, for small 𝑔′/𝑔 ≪ 1 gives, after a couple of lines of algebra,

𝜔2 = 1
2
𝐾2𝑔𝐻 ± 1

2
𝐾2𝑔𝐻√1 − 4𝑔

′

𝑔
𝐻1𝐻2
𝐻2
≈ 1
2
𝐾2𝑔𝐻 ± 1

2
𝐾2𝑔𝐻(1 − 2𝑔

′

𝑔
𝐻1𝐻2
𝐻2
) , (7.48)

where𝐻 = 𝐻1 +𝐻2. If 𝑔′ = 0we recover the familiar single-layer dispersion relation, 𝜔 = 𝐾√𝑔𝐻
(as well as 𝜔 = 0). In the more general case there are two distinct modes:
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(i) A fast mode with phase speed given by

𝑐2𝑝 = (
𝜔
𝑘
)
2
= 𝑔𝐻(1 − 𝑔

′

𝑔
𝐻1𝐻2
𝐻2
, ) , (7.49)

where, for simplicity (and, in fact, without loss of generality, since it amounts only to an
alignment of our coordinate system), we take 𝑙 = 0. Using (7.46a) we then find that

𝜂0
𝜂1
≈ 𝐻
𝐻2
. (7.50)

That is, since𝐻 > 𝐻2, the displacement of the upper surface is larger than that of the lower.
This mode is sometimes called the ‘barotropic’ mode, for the oscillations are vertically co-
herent (the phase on the interior surface is the same as that at the surface), and virtually the
same oscillation would exist even in the absence of a density jump in the interior.

(ii) A slower mode with phase speed given by

𝑐2𝑝 ≈ 𝑔′
𝐻1𝐻2
𝐻
, (7.51)

and vertical structure
𝜂0
𝜂1
≈ 𝑔
′𝐻2
𝑔𝐻
≪ 1. (7.52)

In this case the displacement of the upper surface is smaller than the interior displacement
by the ratio of 𝑔′ to 𝑔; in the ocean, where density differences are small, the ratio might
well be of order 1/100. Furthermore, the internal displacement is out of phase with that at
the surface. Often, in oceanic situations the interface may be taken as representing the ther-
mocline, in which case 𝐻2 ≫ 𝐻1 (i.e., the abyss has a greater depth than the thermocline)
and𝐻 ≈ 𝐻2. In this case 𝑐2𝑝 ≈ 𝑔′𝐻1, and internal waves on the thermocline behave rather
like surface waves, but with a weaker restoring force (and consequently a larger amplitude)
because the density difference between the two layers of seawater is much smaller than the
density difference between the seawater and air above it.

7.3 INTERNAL WAVES IN A CONTINUOUSLY STRATIFIED FLUID
We now turn our attention to internal gravity waves, namely waves that are internal to a given fluid
and that owe their existence to the restoring force of gravity. Interfacial waves are, of course, a
model of internal waveswith a discontinuous jump in density within the fluid. Surfacewavesmight
even be thought of as internal waves if one supposes that part of the fluid has zero density, although
this stretches the definition of the word internal somewhat. In this section we will consider the
simplest and most fundamental case, that of internal waves in a Boussinesq fluid with constant
stratification and no background rotation.

Reprising and extending the material of Section 2.10.4, let us consider a continuously stratified
Boussinesq fluid, initially at rest, in which the background buoyancy varies only with height and
so the buoyancy frequency,𝑁, is a function only of 𝑧. Linearizing the equations of motion about
this basic state gives the linear momentum equations,

𝜕𝒖′
𝜕𝑡
= −∇𝜙′, 𝜕𝑤′

𝜕𝑡
= −𝜕𝜙

′

𝜕𝑧
+ 𝑏′, (7.53a,b)

the mass continuity and thermodynamic equations,

𝜕𝑢′
𝜕𝑥
+ 𝜕𝑣
′

𝜕𝑦
+ 𝜕𝑤
′

𝜕𝑧
= 0, 𝜕𝑏′

𝜕𝑡
+ 𝑤′𝑁2 = 0. (7.53c,d)
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Fig. 7.2 Scaled frequency, 𝜔/𝑁, plotted as a function
of scaled horizontal wavenumber, 𝑘/𝑚, using the full
dispersion relation of (7.56) with 𝑙 = 0 (solid line,
asymptoting to unit value for large 𝑘/𝑚), and with
the hydrostatic dispersion relation (7.60) (dashed line,
tending to∞ for large 𝑘/𝑚). Scaled wavenumber (k/m)
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Our notation is such that 𝒖 ≡ 𝑢𝐢+𝑣𝐣, 𝒗 ≡ 𝑢𝐢+𝑣𝐣+𝑤𝐤, and the gradient operator is two-dimensional
unless noted. Thus, ∇ ≡ 𝐢 𝜕𝑥 + 𝐣 𝜕𝑦 and ∇3 ≡ 𝐢𝜕𝑥 + 𝐣𝜕𝑦 + 𝐤𝜕𝑧.

A little algebra gives a single equation for 𝑤′,

[ 𝜕
2

𝜕𝑡2
(∇2 + 𝜕

2

𝜕𝑧2
) + 𝑁2∇2]𝑤′ = 0. (7.54)

This equation is evidently not isotropic. If𝑁2 is a constant — that is, if the background buoyancy
varies linearly with 𝑧 — then the coefficients of each term are constant, and we may then seek
solutions of the form

𝑤′ = Re �̃�ei(𝑘𝑥+𝑙𝑦+𝑚𝑧−𝜔𝑡), (7.55)

where Re denotes the real part, a denotion that will frequently be dropped unless ambiguity arises,
and other variables oscillate in a similar fashion. Using (7.55) in (7.54) yields the dispersion rela-
tion:

𝜔2 = (𝑘
2 + 𝑙2)𝑁2
𝑘2 + 𝑙2 + 𝑚2

= 𝐾
2𝑁2
𝐾23
, (7.56)

where 𝐾2 = 𝑘2 + 𝑙2 and 𝐾23 = 𝑘2 + 𝑙2 + 𝑚2. The frequency (see Fig. 7.2) is thus always less than𝑁,
approaching 𝑁 for small horizontal scales, 𝐾2 ≫ 𝑚2. If we neglect pressure perturbations, as in
the parcel argument, then the two equations,

𝜕𝑤′
𝜕𝑡
= 𝑏′, 𝜕𝑏′

𝜕𝑡
+ 𝑤′𝑁2 = 0, (7.57)

form a closed set, and give 𝜔2 = 𝑁2.
If the basic state density increases with height then 𝑁2 < 0 and we expect this state to be

unstable. Indeed, the disturbance grows exponentially according to exp(𝜎𝑡) where

𝜎 = i𝜔 = ±𝐾�̃�
𝐾3
, (7.58)

where �̃�2 ≡ −𝑁2 and 𝐾3 = √𝐾23 . Most convective activity in the ocean and atmosphere is, ulti-
mately, related to an instability of this form, although of course there are many complicating issues
— water vapour in the atmosphere, salt in the ocean, the effects of rotation and so forth.
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7.3.1 Hydrostatic Internal Waves
Let us now suppose that the fluid satisfies the hydrostatic Boussinesq equations, and for simplicity
assume that 𝑙 = 0. The linearized two-dimensional equations of motion become

𝜕𝒖′
𝜕𝑡
= −∇𝜙′, 0 = −𝜕𝜙

′

𝜕𝑧
+ 𝑏′, (7.59a)

𝜕𝑢′
𝜕𝑥
+ 𝜕𝑣
′

𝜕𝑦
+ 𝜕𝑤
′

𝜕𝑧
= 0, 𝜕𝑏′

𝜕𝑡
+ 𝑤′𝑁2 = 0, (7.59b)

where these are the horizontal and vertical momentum equations, the mass continuity equation
and the thermodynamic equation respectively. A little algebra gives the dispersion relation,

𝜔2 = (𝑘
2 + 𝑙2)𝑁2
𝑚2

. (7.60)

The frequency and, if𝑁2 is negative, the growth rate, are unbounded as𝐾2/𝑚2 →∞, and the hy-
drostatic approximation thus has quite unphysical behaviour for small horizontal scales. Many nu-
merical models of the large-scale circulation in the atmosphere and ocean domake the hydrostatic
approximation. In these models convection must be parameterized; otherwise, it would simply oc-
cur at the smallest scale available, namely the size of the numerical grid, and this type of unphysical
behaviour should be avoided. In nonhydrostatic models convection must also be parameterized if
the horizontal resolution of the model is too coarse to properly resolve the convective scales.

7.3.2 Some Properties of Internal Waves
Internal waves have a number of interesting and counter-intuitive properties — let’s discuss them.

The dispersion relation
We can write the dispersion relation, (7.56), as

𝜔 = ±𝑁 cos 𝜗, (7.61)

where cos2 𝜗 = 𝐾2/(𝐾2 + 𝑚2) so that 𝜗 is the angle between the three-dimensional wave-vector,
𝒌 = 𝑘𝐢 + 𝑙𝐣 +𝑚𝐤, and the horizontal. The frequency is evidently a function only of𝑁 and 𝜗, and, if
this is given, the frequency is not a function of wavelength. This has some interesting consequences
for wave reflection, as we see below.

We can also write the dispersion relation, (7.56), as

𝜔2
𝑁2 − 𝜔2

= 𝐾
2

𝑚2
. (7.62)

Thus, and consistently with our first point, given the wave frequency the ratio of the vertical to the
horizontal wavenumber is fixed.

Polarization relations
The oscillations of pressure, velocity and buoyancy are, naturally, connected, and we can obtain
the relations between them with some simple manipulations. If the pressure field is oscillating like
𝜙′ = 𝜙 exp[i(𝒌 ⋅ 𝒙 − 𝜔𝑡)] = 𝜙 exp[i(𝑘𝑥 + 𝑙𝑦 +𝑚𝑧 − 𝜔𝑡)] then, using (7.53a), the horizontal velocity
components have the phases

(𝑢, 𝑣) = (𝑘, 𝑙) 𝜔−1𝜙. (7.63a)
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As the frequency is real, the velocities are in phase with the pressure. A little algebra also reveals
that the buoyancy perturbation is related to the pressure perturbation by

�̃� = i𝑚𝑁2
𝑁2 − 𝜔2

𝜙 = i𝑁2𝐾2
𝑚𝜔2
𝜙 = i𝐾23
𝑚
𝜙, (7.63b)

using the dispersion relation, so that the buoyancy and pressure perturbations are π/2 out of phase.
The vertical velocity is related to the pressure perturbation by

�̃� = −𝜔𝑚
𝑁2 − 𝜔2

𝜙 = −𝐾
2

𝑚𝜔
𝜙, (7.63c)

where the second expression uses (7.62). The vertical velocity is in phase with the pressure per-
turbation, and for regions of positive 𝑚 (and so with upward phase propagation) regions of high
relative pressure are associated with downward fluid motion.

The pressure, buoyancy and velocity fields are all real fields and we can write the above phase
relationships in terms of sines and cosines as follows:

𝜙 = 𝛷0 cos(𝑘𝑥 + 𝑙𝑦 + 𝑚𝑧 − 𝜔𝑡), (7.64a)

(𝑢, 𝑣) = (𝑘, 𝑙)𝛷0
𝜔

cos(𝑘𝑥 + 𝑙𝑦 + 𝑚𝑧 − 𝜔𝑡), (7.64b)

𝑤 = ( −𝜔𝑚
𝑁2 − 𝜔2

= −𝐾
2

𝑚𝜔
)𝛷0 cos(𝑘𝑥 + 𝑙𝑦 + 𝑚𝑧 − 𝜔𝑡). (7.64c)

𝑏 = ( 𝑚𝑁
2

𝑁2 − 𝜔2
= 𝑁
2𝐾2
𝑚𝜔2
)𝛷0 sin(𝑘𝑥 + 𝑙𝑦 + 𝑚𝑧 − 𝜔𝑡), (7.64d)

where𝛷0 is a constant. We might equally well have chosen 𝜙 to have a sine dependence in (7.64a);
nothing of substance differs, but (7.64b,c,d) should be changed appropriately. The relations be-
tween pressure, buoyancy and velocity in (7.63) and (7.64) are known as polarization relations.

Relation between wave vector and velocity

On multiplying (7.64b) and (7.64c) by (𝑘, 𝑙) and𝑚, respectively, we see that

𝒌 ⋅ 𝒗 = 0, (7.65)

where 𝒌 and 𝒗 are three-dimensional vectors. This means that, at any instant, the wave vector is
perpendicular to the velocity vector, and the velocity is therefore aligned along the direction of the
troughs and crests, alongwhich there is no pressure gradient. If thewave vector is purely horizontal
(i.e.,𝑚 = 0), then the motion is purely vertical and 𝜔 = 𝑁.

The vertical and horizontal velocities are related to the wavenumbers. If (for simplicity, and
with no loss of generality) the motion is in the 𝑥–𝑦 plane with 𝑣 = 𝑙 = 0, then it is a corollary of
(7.65) that

𝑢
�̃�
= −𝑚
𝑘
. (7.66)

Furthermore, from (7.55) with 𝑙 = 0, at any given instant all of the perturbation quantities in the
wave are constant along the lines 𝑘𝑥+𝑚𝑧 = constant. Thus, all fluid parcelmotions are parallel to the
wave fronts. Now, since thewave frequency is related to the backgroundbuoyancy frequency by𝜔 =
±𝑁 cos 𝜗, it follows that the fluid parcels oscillate along lines that are at an angle 𝜗 = cos−1(𝜔/𝑁) to
the vertical. The polarization relations and the group and phase velocities are illustrated in Fig. 7.3.
Let us now discuss the wave properties in a little more detail.
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Fig. 7.3 An internal wave propagating
in the direction 𝒌. Both 𝑘 and𝑚 are pos-
itive for the wave shown. The solid lines
show crests and troughs of constant
pressure, and the dashed lines the cor-
responding crests and troughs of buoy-
ancy (or density). The motion of the
fluid parcels is along the lines of con-
stant phase, as shown, and is parallel to
the group velocity and perpendicular to
the phase speed.

7.3.3 A Parcel Argument and Physical Interpretation
Let us consider first the dispersion relation itself and try to derive it more physically, or at least
heuristically. Let us suppose there is a wave propagating in the (𝑥, 𝑧) plane at some angle 𝜗 to the
horizontal, with fluid parcels moving parallel to the troughs and crests, as in Fig. 7.3. In general
the restoring force on a parcel is due to both the pressure gradient and gravity, but along the crests
there is no pressure gradient. Referring to Fig. 7.4, for a total displacement 𝛥𝑠 the restoring force,
𝐹res, in the direction of the particle displacement is

𝐹res = 𝑔 cos 𝜗 × 𝛥𝜌 = 𝑔 cos 𝜗 ×
𝜕𝜌
𝜕𝑧
𝛥𝑧 = 𝑔 cos 𝜗 × 𝜕𝜌

𝜕𝑧
𝛥𝑠 cos 𝜗 = 𝜌0

𝜕𝑏
𝜕𝑧

cos2𝜗𝛥𝑠, (7.67)

noting that 𝛥𝑧 = cos 𝜗𝛥𝑠. The equation of motion of a parcel moving along a trough or crest is
therefore

𝜌0
d2𝛥𝑠
d𝑡2
= −𝜌0𝑁2 cos2𝜗𝛥𝑠, (7.68)

which implies a frequency 𝜔 = 𝑁 cos 𝜗, as in (7.61). One of the cos 𝜗 factors in (7.68) comes from
the fact that the parcel displacement is at an angle to the direction of gravity, and the other comes
from the fact that the restoring force that a parcel experiences is proportional to 𝑁 cos 𝜗. (The
reader may also wish to refer ahead to Fig. 7.14 and Section 7.6.1 for a similar argument.)

Now consider the wave illustrated in Fig. 7.3. For this wave both 𝑘 and𝑚 are positive, and the
frequency is assumed positive by convention to avoid duplicative solutions. The slanting solid and
dashed lines are lines of constant phase, and from (7.63b) the buoyancy and pressure are 1/4 of a
wavelength out of phase. When 𝑘 and 𝑚 are both positive the extrema in the buoyancy field lag
the extrema in the vertical velocity by π/2, as illustrated. The perturbation velocities are zero along
the lines of extreme buoyancy. This follows because the velocities are in phase with the pressure,
which as we noted is out of phase with the buoyancy.

Given the direction of the fluid parcel displacement in Fig. 7.3, the direction of the phase prop-
agation 𝑐𝑝 up and to the right may be deduced from the following argument. Buoyancy perturba-
tions arise because of vertical advection of the background stratification, 𝑤′𝜕𝑏0/𝜕𝑧 = 𝑤′𝑁2. A
local maximum in rising motion, and therefore a tendency to increase the fluid density, is present
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Fig. 7.4 Parcel displacements and associated forces in
an internal gravity wave in which the parcel displace-
ments are occurring at an angle 𝜗 to the vertical, as in
Fig. 7.3.

along the ‘Low’ line 1/4 wavelength upward and to the right of the ‘Dense’ phase line. Thus, the
density of fluid along the ‘Low’ phase line increases and the ‘Dense’ phase line moves upward and
to the right. If the fluid parcel motion were reversed the pattern of ‘High–Dense–Low–Light–
High’ in Fig. 7.3 would remain the same. However, the downward fluid motion along the ‘Low’
line would cause the fluid to lose density, and so the phase lines would propagate downward and
to the left. Evidently, the wave fronts, or the lines of constant phase, move at right angles to the
fluid-parcel trajectories. In the figure we see that the group velocity is denoted as being at right
angles to the phase speed, so let’s discuss this.

7.3.4 Group Velocity and Phase Speed
As we noted above, the frequency of internal waves is given by 𝜔 = 𝑁 cos 𝜗, where 𝜗 is the angle
the wave vector makes with the horizontal. This means that the surfaces of constant frequency are
cones, as illustrated in Fig. 7.5.

To evaluate phase and group velocities in a useful way it is convenient to use spherical polar
coordinates, as in Fig. 7.6, in which

𝑘 = 𝐾3 cos 𝜗 cos 𝜆, 𝑙 = 𝐾3 cos 𝜗 sin 𝜆, 𝑚 = 𝐾3 sin 𝜗, (7.69)

so that 𝒌 = 𝐾3(cos 𝜗 cos 𝜆, cos 𝜗 sin 𝜆, sin 𝜗). The angles are 𝜗, the angle of the wave vector with
the horizontal and 𝜆, which determines the orientation in the horizontal plane. (The notation is
similar to the spherical coordinates of Chapter 2 — see Fig. 2.3 — although here 𝜗 is the angle with
the horizontal, not the angle with the equatorial plane.) We also note that

sin2 𝜗 = 𝑚2
𝑘2 + 𝑙2 + 𝑚2

, cos2 𝜗 = 𝐾
2

𝐾23
= 𝑘

2 + 𝑙2
𝑘2 + 𝑙2 + 𝑚2

, tan 𝜆 = 𝑙
𝑘
. (7.70)

Inmany problemswe can align the direction of the wave propagationwith the 𝑥-axis and take 𝑙 = 0
and tan 𝜆 = 0.

The phase speed of the internal waves in the direction of the wave vector (sometimes referred
to as the phase velocity) is given by

𝑐𝑝 =
𝜔
𝐾 3
= 𝑁
𝐾 3

cos 𝜗 = 𝑁𝐾
𝐾23
. (7.71)

The phase speeds (as conventionally-defined) in the 𝑥,𝑦 and 𝑧 directions are

𝑐𝑥𝑝 ≡
𝜔
𝑘
= 𝑁
𝑘

cos 𝜗, 𝑐𝑦𝑝 ≡
𝜔
𝑙
= 𝑁
𝑙

cos 𝜗, 𝑐𝑧𝑝 ≡
𝜔
𝑚
= 𝑁
𝑚

cos 𝜗. (7.72a,b,c)



7.3 Internal Waves in a Continuously Stratified Fluid 265

��

�

� ���

�

�

�

Fig. 7.5 Internal wave cones. The surfaces
of constant frequency are cones, defined by
the surface that has a constant angle to the
horizontal. The wave vector, and so the
phase velocity, point along the cone away
from the origin, and the frequency of any
wavewith awave vector in the cone is𝑁 cos 𝜗.
The group velocity is at right angles to the
cone and pointed in the direction of increas-
ing frequency, as indicated by the arrows on
the dotted lines. In the vertical direction the
phase speed and group velocity have oppo-
site signs.

As noted in Section 6.1.2, these quantities are the speed of propagation of the wave crests in the
respective directions. In general, each speed is larger than the phase speed in the direction per-
pendicular to the wave crests (that is, in the direction of the wave vector), but no information is
transmitted at these speeds.

The group velocity is given by

𝒄𝑔 = (
𝜕𝜔
𝜕𝑘
, 𝜕𝜔
𝜕𝑙
, 𝜕𝜔
𝜕𝑚
) . (7.73)

Using (7.56) we find

𝑐𝑥𝑔 =
𝜕𝜔
𝜕𝑘
= 𝑁𝑚
𝐾23
𝑘𝑚
𝐾𝐾3
= ( 𝑁
𝐾3

sin 𝜗) cos 𝜆 sin 𝜗, (7.74a)

𝑐𝑦𝑔 =
𝜕𝜔
𝜕𝑙
= 𝑁𝑚
𝐾23
𝑙𝑚
𝐾𝐾3
= ( 𝑁
𝐾3

sin 𝜗) sin 𝜆 sin 𝜗, (7.74b)

𝑐𝑧𝑔 =
𝜕𝜔
𝜕𝑚
= −𝑁𝑚
𝐾23
𝐾
𝐾3
= −( 𝑁
𝐾3

sin 𝜗) cos 𝜗. (7.74c)

The magnitude of the group velocity is evidently

|𝑐𝑔| =
𝑁
𝐾3

sin 𝜗, (7.75)

and the group velocity vector is directed at an angle 𝜗 to the vertical, as in Fig. 7.5. This angle is
perpendicular to the cone itself; that is, the group velocity is perpendicular to the wave vector, as
may be verified by taking the dot product of (7.69) and (7.74) which gives

𝒌 ⋅ 𝒄𝑔 = 0. (7.76)

The group velocity is therefore parallel to the motion of the fluid parcels, as illustrated in Fig. 7.3.
Furthermore, because energy propagates with the group velocity, and the latter is parallel to lines
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Fig. 7.6 Thespherical coordinates used to describe internal
waves, as in (7.69). The angle 𝜗 is the angle of the wave vector
with the horizontal, and 𝜆 determines the orientation in the
horizontal plane. The wave vector 𝒌 is given by 𝒌 = (𝑘, 𝑙, 𝑚),
these being the wavenumbers in the direction of increasing
(𝑥, 𝑦, 𝑧), respectively.

of constant phase, energy propagates perpendicular to the direction of phase propagation — very
different from the case of acoustic waves or even shallow water waves. In the vertical direction we
see from (7.72c) and (7.74c) that

𝜔
𝑚
𝜕𝜔
𝜕𝑚
= −𝑁

2

𝐾23
cos2 𝜗 < 0. (7.77)

That is, the phase speed and the group velocity have opposite signs, meaning that if the wave crests
move downward the group moves upward!

Effect of a mean flow
Suppose that there is a mean flow, 𝑈, in the 𝑥-direction, as is common in both atmosphere and
ocean. The dispersion relation, (7.56), simply becomes

(𝜔 − 𝑈𝑘)2 = 𝐾
2𝑁2
𝐾2 + 𝑚2

. (7.78)

The frequency is Doppler shifted, as expected, but the upward propagation of waves is affected in
an interesting way. From (7.78) we find that the vertical component of the group velocity may be
written as

𝜕𝜔
𝜕𝑚
= −𝑚(𝜔 − 𝑈𝑘)
𝐾2 + 𝑚2

= −𝑚𝑘(𝑐 − 𝑈)
𝐾2 + 𝑚2

, (7.79)

where 𝑐 = 𝜔/𝑘 is the phase speed in the 𝑥-direction. If𝑈 is not constant but is varying slowly with
𝑧 then (7.79) still holds, although𝑚 itself will also vary slowly with 𝑧. The point to note is that the
group velocity goes to zero at the location where𝑈 = 𝑐, that is at a critical line, and the wave stalls.
Of course 𝑚 itself may become large near a critical line (as we consider in more detail in Section
17.3). In this case — which is essentially the hydrostatic one, with𝑚2 ≫ 𝐾2— we obtain

𝜕𝜔
𝜕𝑚
= −𝑘(𝑐 − 𝑈)
𝑚
= −𝑘
2(𝑐 − 𝑈)2
𝐾𝑁

. (7.80)

The physical consequence of group velocity going to zero as the wave approaches a critical line
is that any dissipation that may be present has more time to act. That is, we can expect a wave to
be preferentially dissipated near a critical line, giving up its momentum to the mean flow and its
energy to createmixing— the former being important in the atmosphere (for this is themechanism
producing the quasi-biennial oscillation) and the latter in the ocean.
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7.3.5 Energetics of Internal Waves
In this section we explore the energetics of internal waves, and we first show that the linearized
equations conserve a sensible form of energy. Linearized equations do not, of course, automatically
conserve energy even if the original nonlinear equations from which they derive do: an unstable
wave will draw energy from the background state and grow in amplitude, as we will see in Chapter
9 on baroclinic instability.

Energy conservation
From (7.53a,b) we obtain an equation for the evolution of kinetic energy, namely

𝜕
𝜕𝑡
(𝒗
′2

2
) = 𝑏′𝑤′ − ∇3 ⋅ (𝜙′𝒗′), (7.81)

where 𝒗′2 = 𝑢′2 + 𝑣′2 + 𝑤′2, and from (7.53c,d) we obtain

1
𝑁2
𝜕
𝜕𝑡
𝑏′2
2
+ 𝑤′𝑏′ = 0. (7.82)

Adding the above two equations gives

𝜕
𝜕𝑡
1
2
(𝒗′2 + 𝑏

′2

𝑁2
) + ∇3 ⋅ (𝜙′𝒗′) = 0. (7.83)

This is the linear version of the energy conservation equation for Boussinesq flow, as in (2.112) on
page 74.

Two differences are apparent: (i) the transport of energy is only by way of the pressure term
and the advective transport is absent, as expected in a linear model; (ii) the potential energy term
𝑏𝑧 of the linear model is replaced by 𝑏′2/𝑁2. It is less obvious why this should be so. However, the
quantity

𝐴 = 1
2
∫ 𝑏
′2

𝜕𝑏/𝜕𝑧
d𝑧 d𝐴 = 1

2
∫ 𝑏
′2

𝑁2
d𝑧 d𝐴 (7.84)

is just the available potential energy (ape) of a Boussinesq fluid in which the isopycnal surfaces vary
only slightly from a stable, purely horizontal, resting state, and it is only the ape that participates
in the linear system.

If we integrate (7.83) over a volume such that the normal component of the velocity vanishes
at the boundaries (for example, we integrate over a volume enclosed by rigid walls), then the di-
vergence term vanishes and we obtain the integral conservation statement:

𝐸 = 1
2
∫(𝒗′2 + 𝑏

′2

𝑁2
) d𝑉, d𝐸

d𝑡
= 0. (7.85)

The quantity 𝐸 is an example of a wave activity: a conserved quantity that is quadratic in wave
amplitude. This conservation statement (7.83) is true whether or not the basic state is stably strat-
ified; that is, whether or not 𝑁2 is positive. However, (7.85) only provides a bound on growing
perturbations if𝑁2 is positive, in which case all the terms that constitute 𝐸 are positive definite. If
𝑁2 < 0 then both 𝒗′2 and 𝑏′2 can grow without bound even as 𝐸 itself remains constant.

Consider now the energy in a wave, and we will denote by 𝐸 the energy density, meaning the
mean perturbation energy per unit volume, averaged over a wavelength. Thus

2𝐸 = 𝒗′2 + 𝑏
′2

𝑁2
. (7.86)
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If we use the polarization relations of Section 7.3.2 then the kinetic and potential energy densities
may be written in terms of the pressure amplitude as

2𝐾𝐸 = ( 𝑘
2

𝜔2
+ 𝑙
2

𝜔2
+ (𝑘
2 + 𝑙2)2
𝑚2𝜔2
) |𝜙|2 = 𝐾

2𝐾23
𝑚2𝜔2
|𝜙|2, (7.87a)

2𝑃𝐸 = 𝑁
2𝐾4
𝑚2𝜔4
= 𝐾
2𝐾23
𝑚2𝜔2
|𝜙|2, (7.87b)

using also the dispersion relation, 𝜔2𝐾23 = 𝐾2𝑁2. Thus, there is equipartition between the kinetic
and potential energies, a common feature of waves in non-rotating systems (although not a uni-
versal feature of waves). The total energy density is thus

𝐸 = 𝐾
2𝐾23
𝑚2𝜔2
|𝜙|2 = 𝐾

2
3
𝐾2
|�̃�|2 = |�̃�|

2

cos2 𝜗
, (7.88)

using (7.64c), where �̃� is the amplitude of the vertical component of the velocity perturbation.

Energy propagation and the group velocity property
In Section 6.7 we derived, from rather general considerations, the ‘group velocity property’ for
wave activity. We showed that if a wave activity, 𝒜, and its flux, 𝓕 obeyed a conservation law of
the form 𝜕𝒜/𝜕𝑡 + ∇ ⋅ 𝓕 = 0, and if the wave activity and its flux were both quadratic functions
of the wave amplitude, then the flux is related to the wave activity by 𝓕 = 𝒄𝑔𝒜. The internal wave
energy density and its flux do have these properties — see (7.83) — so we should expect the group
velocity property to hold, and we now demonstrate that explicitly, albeit briefly.

The energy flux vector for internal waves is 𝓕 = 𝜙′𝒗′ and using (7.63a) and (7.63c) this is

𝓕 = ( 𝑘
𝜔
, 𝑙
𝜔
, − 𝐾
2

𝑚𝜔
) |𝜙|2. (7.89)

Using (7.74) and (7.88) the group velocity times the energy density is

𝑐𝑥𝑔 × 𝐸 = [
𝑁𝑚2
𝐾33
𝑘
𝐾
] × [𝐾

2𝐾23
𝑚2𝜔2
|𝜙|2] = 𝑘

𝜔
|𝜙|2, (7.90a)

𝑐𝑦𝑔 × 𝐸 = [
𝑁𝑚2
𝐾33
𝑙
𝐾
] × [𝐾

2𝐾23
𝑚2𝜔2
|𝜙|2] = 𝑙

𝜔
|𝜙|2, (7.90b)

𝑐𝑧𝑔 × 𝐸 = [
𝑁𝑚𝐾
𝐾33
] × [𝐾

2𝐾23
𝑚2𝜔2
|𝜙|2] = − 𝐾

2

𝑚𝜔
|𝜙|2, (7.90c)

which evidently is the same as (7.89), completing our demonstration.

7.4 ♦ INTERNAL WAVE REFLECTION
Suppose a propagating internal wave encounters a solid boundary — sloping topography, for ex-
ample. The boundary effectively acts as a source of waves and so the original wave is reflected in
some fashion. However, because of the nature of the dispersion relation for internal waves the
reflection occurs in a rather peculiar way, as we now discuss.

For algebraic simplicity let us initially suppose that the wave is propagating in the 𝑥–𝑧 plane,
and the equation ofmass continuity 𝜕𝑥𝑢+𝜕𝑧𝑤 = 0 is then satisfied by introducing a streamfunction
𝜓 such that

𝑢 = −𝜕𝜓
𝜕𝑧
, 𝑤 = 𝜕𝜓

𝜕𝑥
. (7.91)
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If the incident wave is denoted 𝜓1 and the reflected wave 𝜓2 then the total wave field is

𝜓 = �̃�1 exp {i(𝑘1𝑥 + 𝑚1𝑧 − 𝜔1𝑡)} + �̃�2 exp {i(𝑘2𝑥 + 𝑚2𝑧 − 𝜔2𝑡)} , (7.92)

where as usual a tilde denotes a complex wave amplitude and the real part of the expression is
implied. The total streamfunction must be constant at the boundary — in fact without loss of
generality we may suppose that 𝜓 = 0 at the boundary — and this can only be achieved if

𝑘1𝑥 + 𝑚1𝑧 − 𝜔1𝑡 = 𝑘2𝑥 + 𝑚2𝑧 − 𝜔2𝑡 (7.93)

for all 𝑡 and for all 𝑥 and 𝑧 along the boundary. This implies that

𝜔1 = 𝜔2 (7.94)

and
𝑘1𝑥 + 𝑚1𝑧𝑏(𝑥) = 𝑘2𝑥 + 𝑚2𝑧𝑏(𝑥), (7.95)

where 𝑧𝑏(𝑥) parameterizes the height of the reflecting boundary. We can view this another way:
suppose that the boundary slopes at an angle 𝛾 to the horizontal, as in Fig. 7.7 or Fig. 7.8. We then
have 𝑧𝑏 = 𝑥 tan 𝛾 and a unit vector along the boundary satisfies 𝒋𝛾 = 𝐢 cos 𝛾 + 𝐣 sin 𝛾. Equation
(7.92) may be written as

𝜓 = �̃�1 exp {i [(𝑘1 + 𝑚1 tan 𝛾)𝑥 − 𝜔1𝑡]} + �̃�2 exp {i [(𝑘2 + 𝑚1 tan 𝛾)𝑥 − 𝜔2𝑡]} , (7.96)

from which the wavenumber condition that must be satisfied is

𝑘1 + 𝑚1 tan 𝛾 = 𝑘2 + 𝑚2 tan 𝛾 (7.97)

or, and as may also be seen from (7.95),

𝒌1 ⋅ 𝒋 = 𝒌2 ⋅ 𝒋. (7.98)

This means that the components of the wave vector parallel to the boundary for the incoming and
outgoing wave are equal to each other. This, and the conservation of frequency expressed by (7.94),
are general results about linear wave reflection; they apply to light waves, for example. However,
the dispersion relation of internal waves gives rise to rather unintuitive and decidedly non-specular
properties of reflection.

7.4.1 Properties of Internal Wave Reflection
Suppose an internal wave is incident on a solid boundary, sloping at an angle 𝛾 to the horizontal,
as in Fig. 7.7 or Fig. 7.8. The incident and reflected waves must satisfy the following conditions:
(i) The frequency of the reflected wave is equal to that of the incident wave. Because the fre-

quency is given by 𝜔 = 𝑁 cos 𝜗, the angle of the reflected wave with respect to the horizontal
is equal to that of the incident wave.

(ii) The components of the wave vector along the slope of the reflected wave and incident wave
are equal.

(iii) The group velocity of the reflected wave must be directed away from the slope.
We did not derive the third of these conditions, but the reflected wave must carry energy and
information away from the slope, and these are carried by the group velocity. Similarly, a wave
incident on a boundary is one in which the group velocity is directed toward the slope.

Consider a wave approaching a slope as in Fig. 7.7, such that the incoming wave vector makes
an angle of 𝜗1 with the horizontal, and the boundary slope is 𝛾. The condition (7.98) states that the
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Fig. 7.7 Internalwave reflection froma shal-
low sloping boundary. The incoming wave
vector, 𝒌1, makes an angle 𝜗1 with the hori-
zontal, and the incoming group velocity, 𝒄𝑔1
makes an angle 𝛼1 = π/2 − 𝜗1.
The group velocity of the reflected wave, 𝒄𝑔2
is directed away from the slope, and to satisfy
the frequency condition 𝛼2 = 𝛼1. The projec-
tion along the slope of the reflected wave vec-
tor, 𝒌2 must be equal to that of the incoming
wave vector (the projection is the short thick
arrow along the slope), and so the magnitude
of the reflectedwave vector is larger than that
of the incoming wave.
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projections along the boundary of the the incoming and outgoing wave vectors are equal to each
other, and so

𝜅1 cos(𝜗 − 𝛾) = 𝜅2 cos(𝜗 + 𝛾), (7.99)

where 𝜅1 and 𝜅2 are the magnitudes of the incoming and reflected wave vectors and 𝜗 = 𝜗1 = 𝜗2,
because the outgoing wave makes the same angle with the horizontal as does the incoming wave.
The group velocity is perpendicular to the wave vector and makes an angle 𝛼 = π/2 − 𝜗 to the
horizontal, and in terms of this (7.99) may be written, provided 𝛼 > 𝛾,

𝜅1 sin(𝛼 + 𝛾) = 𝜅2 sin(𝛼 − 𝛾). (7.100)

For a sufficiently steep boundary slope we may have 𝛼 < 𝛾, and in this case the wave will be
back reflected down the slope, as in Fig. 7.8. A little geometry reveals that the condition (7.100)
should be replaced by

𝜅1 sin(𝛼 + 𝛾) = 𝜅2 sin(𝛾 − 𝛼). (7.101)

The case with 𝛼 = 𝛾 is plainly a critical one. In this case the group velocity of the reflected wave is
directed along the slope, and the wave vector is perpendicular to the slope. The magnitude of the
reflected wave vector is infinite; that is, the waves have zero wavelength, and so would in reality
be subject to viscous dissipation and diffusion. Reflection of internal waves is in fact an important
mechanism leading to mixing in the ocean.

Fig. 7.8 As for Fig. 7.7, but now showing reflection
from a steep slope. The wave is back-reflected down
the slope, and in this example the magnitude of the re-
flected wave is again larger than that of the incoming
wave.
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Fig. 7.9 As for Fig. 7.7, but now showing
the production of a reflected wave with a
longer wavelength than the incident wave.
The wavevector of the reflected wave is more
nearly parallel to the sloping boundary than
is the wave vector of the incident wave.

The reflected wave need not, of course, always have a wavenumber that is higher than that of
the incident wave: it is a matter of whether the incoming wave vector is more nearly aligned with
the slope of the boundary than is the reflected wave, and if it is the reflected wave will have a higher
wavenumber, and contrariwise. An example of reflection producing a longer wave is illustrated in
Fig. 7.9. Still, the process wherebywaves are reflected to producewaves of a shorter wavelength that
are then dissipated is an irreversible one, and the net effect of many quasi-random wave reflections
is likely to be the dissipation of short waves.

Finally, one might ask why the reflected wave could not simply be back along the track of the
incident wave — for example, why could we not have 𝒄𝑔1 = −𝒄𝑔2? If this were so then we would
have 𝒌2 = −𝒌1, and it would be impossible for the twowave vectors to project equally on the sloping
boundary.

7.5 ♦ INTERNAL WAVES IN A FLUID WITH VARYING STRATIFICATION

In most realistic situations the stratification 𝑁2 is not constant. In the ocean the stratification is
largest in the upper ocean (in the ‘pycnocline’) diminishingwith depth in theweakly stratified abyss.
In the atmosphere the stratification tends to be fairly constant in the troposphere but increases
fairly abruptly as we pass into the stratosphere. In such circumstances the wave equation (7.54) no
longer has constant coefficients and we cannot easily obtain wavelike solutions. However, if the
stratification varies slowly in the vertical direction, meaning that its variations occur on a larger
space scale than the vertical wavelength, while remaining constant in the horizontal direction, then
we expect the solution to look locally like plane waves and we can obtain approximate solutions.
This is the territory of the wkb approximation, as described in Appendix A of Chapter 6, and we
will employ this technology.

7.5.1 Obtaining a wkb Solution
No assumptions are made about the uniformity of 𝑁 when deriving (7.54), so the equation of
motion is again

[ 𝜕
2

𝜕𝑡2
(∇2 + 𝜕

2

𝜕𝑧2
) + 𝑁2∇2]𝑤′ = 0, (7.102)

where𝑁2 = 𝑁2(𝑧). Let us seek solutions in the form

𝑤′ = Re𝑊(𝑧)e𝑖(𝑘𝑥+𝑙𝑦−𝜔𝑡), (7.103)

whence we obtain
d2𝑊
d𝑧2
+ 𝑚2(𝑧)𝑊 = 0, (7.104)
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where
𝑚2 ≡ (𝑁

2 − 𝜔2)𝐾2
𝜔2

. (7.105)

This is closely related to the dispersion relation for the gravity waves, with 𝑚 being the vertical
wavenumber. The wkb solution to (7.104) is

𝑊(𝑧) = 𝐶𝑚−1/2 exp(±𝑖 ∫
𝑧
𝑚d𝑧′) , (7.106)

where 𝐶 is a constant. The phase of the wave, 𝜃(𝑧), is given by

𝜃(𝑧) = ∫
𝑧
𝑚d𝑧′ = ∫

𝑧
±𝐾(𝑁

2 − 𝜔2
𝜔2
)
1/2

d𝑧′. (7.107)

Since𝑚 = d𝜃/d𝑧, locally the flow behaves like a plane wave with vertical wavenumber𝑚 and with
amplitude varying as 𝑚−1/2. Re-arranging (7.105) we obtain the dispersion relation in a familiar
form,

𝜔2 = 𝑁
2𝐾2
𝐾2 + 𝑚2

= 𝑁2 cos2 𝜗(𝑧), (7.108)

where cos2 𝜗 = 𝐾2/(𝐾2 +𝑚2). Given this, we can interpret (7.105) as giving the vertical wavenum-
ber in a medium in which the stratification is varying and the frequency and horizontal wavenum-
ber are known. We see that 𝑁, 𝜗 and 𝑚 are functions of 𝑧, but 𝜔 is not, because the medium is
time independent (cf., the discussion in Section 6.3).

7.5.2 Properties of the Solution
The wkb solution above is almost that of a plane wave with slowly varying wavenumber. Thus, it
seems that the solution (7.106) might be further approximated as

𝑤 ≈ 𝐶𝑚−1/2 exp (±i𝑚(𝑧)𝑧) , (7.109)

where𝑚(𝑧) is given by (7.105). The accuracy of this solution increases as the variation of𝑚 dimin-
ishes, and in many circumstances (7.109) may be used to infer the qualitative behaviour of a wave.
Nonetheless, it is an integral that appears in the phase in the solution (7.106), so the solution is not
truly local.

From (7.106) the amplitude varies with height as 𝑚−1/2, so that if the stratification (𝑁2) in-
creases 𝑚 will increase and the amplitude will decrease. Here we have derived this result directly
by solving the wave equations of motion, but the result is a consequence of the conservation of en-
ergy in internal waves: energy here is a ‘wave activity’ — namely a conserved quantity, quadratic
in the wave amplitude — in this problem. As discussed in Section 7.3.5, the vertical component
of the energy flux, 𝐹𝑧, is 𝑐𝑧𝑔𝐸, where 𝐸 is the energy density and 𝑐𝑧𝑔 is the vertical component of
the group velocity, and for a wave propagating vertically this energy flux must be constant. Now,
manipulating (7.74c) and using (7.88) we have

𝑐𝑧𝑔 = −
𝜔𝑚
𝐾23
, 𝐸 = ( 𝑊

cos 𝜗
)
2
, (7.110a,b)

so that
𝐹𝑧 = 𝑐𝑧𝑔𝐸 = −

𝑊2𝜔𝑚
𝐾2
= constant. (7.111)

Thus, because the horizontal wavenumber 𝐾 is preserved (since there are no inhomogeneities in
the horizontal) and the frequency is constant (because the medium itself is not time varying), we
must have𝑊 ∝ 𝑚−1/2, as in (7.106).
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Fig. 7.10 Trajectories of internal waves approaching a turning height where𝑁 = 𝜔. The trajectory
makes a cusp, as given by (7.115). If a region of high stratification is sandwiched between two
regions of lower stratification then the waves may be vertically confined to a waveguide.

7.5.3 Wave Trajectories and an Idealized Example
Rays
As we discussed in Section 6.3, a wave packet will follow a ray, where a ray is a trajectory following
the group velocity. Restricting attention to two dimensions and using (7.74) the horizontal and
vertical components of the group velocity are (for 𝑙 > 0),

𝑐𝑦𝑔 =
𝑁𝑚2
(𝑙2 + 𝑚2)3/2

, 𝑐𝑧𝑔 =
−𝑁𝑙𝑚
(𝑙2 + 𝑚2)3/2

. (7.112a,b)

The path of a ray may thus be parameterized by the expression

d𝑧
d𝑦
=
𝑐𝑧𝑔
𝑐𝑦𝑔
= − 𝑙
𝑚
= −𝜔√𝑁2 − 𝜔2

, (7.113)

where the rightmost expression follows from the dispersion relation (7.56) with 𝑘 = 0. The above
expressions hold even when𝑁 varies in the vertical. Now, for there to be vertical propagation the
vertical wavenumber must be positive and the wave frequency must be less than 𝑁. Suppose a
wave is generated in a strongly stratified region and propagates vertically to a more weakly strati-
fied region (with smaller𝑁). The vertical wavenumber 𝑚 becomes smaller and smaller, both the
vertical and horizontal components of the group velocity tend to zero and the wave packet will
stall. However, 𝑐𝑦𝑔 goes to zero faster than 𝑐𝑧𝑔 and the ray path turns toward the region of lower
stratification.

This behaviour may be interpreted in terms of the dispersion relation 𝜔 = 𝑁 cos 𝜗, where
𝜗 = cos−1[𝑙2/(𝑙2 + 𝑚2)] is the angle between the three-dimensional wavevector and the horizon-
tal (see Section 7.3.2). If 𝑁 decreases as we move vertically then 𝜗 must decrease until we reach
the maximum value of cos 𝜗 = 1 and the wave vector is purely horizontal. The group velocity is
perpendicular to the wave vector and so is then purely vertical. The wave cannot propagate into
the region in which𝑁2 < 𝜔2 for then 𝑚 is imaginary and the disturbance will decay. Rather, the
wave will tend to reflect, and the region where𝑁 = 𝜔 is often called a turning level. The trajectory
can be obtained analytically in the region of the turning level as follows. Suppose that 𝑁 = 𝜔 at
𝑧 = 𝑧∗ so that, expanding𝑁2 around that point, we have𝑁2(𝑧) ≈ 𝑁2(𝑧∗) + (𝑧 − 𝑧∗)d𝑁2(𝑧∗)/d𝑧.
Equation (7.113) becomes

d𝑧
d𝑦
= −𝜔
√(𝑧 − 𝑧∗)d𝑁2/d𝑧

, (7.114)
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Fig. 7.11 Sketch of an ocean den-
sity profile, left, and buoyancy fre-
quency, right, labelled with the ap-
proximate period. The pycnocline
is sandwiched between two weakly
stratified regions. The double peak
in the buoyancy frequency is ex-
aggerated, but the pycnocline is
generally the region of highest fre-
quency internal waves.
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which, upon integrating, yields

𝑧 − 𝑧∗ = 𝜔(𝑦
∗ − 𝑦)2/3
√d𝑁2/d𝑧

. (7.115)

This cusp-like trajectory is illustrated in Fig. 7.10.

An idealized oceanic waveguide

The stratification of the ocean is decidedly nonuniform in the vertical, as schematically illustrated
in Fig. 7.11. The density is almost uniform in a layer at the top of the ocean about 50–100m deep
known as the mixed layer. The density then increases fairly rapidly over a region 500–1000m deep
known as the pycnocline, and is then fairly uniform in the abyss. The weak stratification in the
abyss and in the mixed layer will inhibit the propagation of internal waves generated in the ther-
mocline. For example, consider a wave of frequency 𝜔 propagating downwards from the oceanic
thermocline with and into the weakly stratified abyss. As soon as𝑁(𝑧) < 𝜔 the vertical wavenum-
ber becomes imaginary and the disturbance will vary like e±𝑚𝑧. On physical grounds we must
choose the solution that evanesces with depth. Similar behaviour will occur for a wave propagat-
ing up from the thermocline into the weakly stratified mixed layer. Thus, waves are trapped in
a region where 𝑁2 > 𝜔2, and this region forms a wave guide, as sketched in Fig. 7.12. Similar
dynamics are described again in an atmospheric context below.

The profile of𝑁2 is a simple exponential and the corresponding value of𝑚2 is calculated using
(7.105) with𝐾 = 𝜔 = 1 (the values are nondimensional). The value of𝑚 goes to zero near the top
and the bottom of the domain, as illustrated. The corresponding group velocities are illustrated in
Fig. 7.13, and can be seen to be purely vertical at the two turning heights. The amplitude of a wave
becomes very large near the turning heights, but the wave itself need not break because its energy
is constant and its vertical wavelength is very large. Rather, the wave will be reflected (following
the trajectory illustrated in Fig. 7.10), and the wave is confined in the waveguide.

7.5.4 Atmospheric Considerations
The atmosphere differs from the ocean in many ways, but for the purposes of internal waves two
of these are particularly important: (i) the density diminishes in the vertical and so the Boussinesq
approximation is not valid, except for small vertical displacements; (ii) there is no upper surface,
so we must consider radiation conditions for large 𝑧, or require that the solutions remain bounded
for 𝑧 → ∞, rather than conventional boundary conditions.

There are two commonly-used ways to deal with density variations — through the use of pres-
sure coordinates or the anelastic equations. We will use pressure coordinates in Chapter 17, but
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Fig. 7.12 An oceanic wave guide. The left panel shows𝑚2 and the regions of oscillation and decay,
and the right panel also shows the value of 𝑁2 from which 𝑚2 is calculated using (7.105). Waves
generated in the central region will propagate before evanescing in the region of negative 𝑚2, so
confining the waves to the central wave guide.

here we briefly consider the anelastic equations. These (see Section 2.5) differ from the Boussinesq
primarily in the mass continuity equation, which becomes

𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 1
𝜌0
𝜕
𝜕𝑧
(𝑤𝜌0) = 0, (7.116)

where 𝜌0 = 𝜌0(𝑧) is a specified profile of density. Using (7.116) instead of (7.53c) gives the equation
of motion

𝜕2
𝜕𝑡2
(∇2𝑤′ + 𝜕

𝜕𝑧
1
𝜌0
𝜕𝜌0𝑤′
𝜕𝑧
) + 𝑁2∇2𝑤′ = 0, (7.117)

in place of (7.54). Because 𝜌0 is a function of 𝑧 we cannot find plane wave solutions without
additional approximation — for example unless we assume that 𝜌0 changes only slowly with 𝑧. For
this reason the Boussinesq approximation is often imposed from the outset in theoretical work,
even for the atmosphere; the approximation is quantitatively poor, but the qualitative character of
the waves is captured.

The second factor (the lack of an upper surface) becomes an issue when considering gravity
waves propagating high into the atmosphere, a phenomenon we look at in Chapter 17 and in Sec-
tion 7.7, where we consider the generation of internal waves by flow over topography. To finish
this section off, let us consider an atmospheric waveguide. The dynamics are very similar to those
of the oceanic waveguide discussed above but, for the sake of variety, we will treat it in a slightly
different way.

An atmospheric waveguide

We suppose the atmosphere to be a semi-infinite region from the ground at 𝑧 = 0 to infinity. If𝑁2
is constant then solutions, as in the bounded case, vary sinusoidally in 𝑧, for example𝑤′ ∼ sin𝑚𝑧,
where 𝑚 is the vertical wavenumber. These solutions remain bounded as 𝑧 → ∞, although they
do not decay. If𝑁 varies, then other possibilities exist. Suppose that a region of small stratification,
𝑁1 overlies a region of larger stratification,𝑁2; that is

𝑁 = {𝑁1 𝑧 > 𝐻,
𝑁2 0 < 𝑧 < 𝐻,

� (7.118)
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Fig. 7.13 Left panel: Group velocity vectors for upward and downward propagating gravity waves
in a stratification illustrated in Fig. 7.12, calculated using (7.112). Right panel: The values of𝑚2 and
the amplitude of the wave, the latter varying as 𝑚−1/2. The thin horizontal lines in both panels
indicate the height at which𝑚2 = 0.

where 𝑁2 > 𝑁1. (This is not a model of the stratosphere overlying the troposphere, because the
stratosphere is highly stratified. If anything, it is a model of the mesosphere overlying the strato-
sphere and troposphere.) The frequency in the two regions must be the same and if 𝜔 < 𝑁1 < 𝑁2
then

𝜔2 = 𝑁
2
1

𝐾2 + 𝑚21
= 𝑁

2
2

𝐾2 + 𝑚22
, (7.119)

whence

𝑚1 = 𝑚2 (
𝑁21 − 𝜔2
𝑁22 − 𝜔2

)
1/2
. (7.120)

In contrast, if 𝑁1 < 𝜔 < 𝑁2 then wave-like solutions are not allowed in the upper region,
because the frequency must always be less than the local value of𝑁. Rather, solutions in the upper
region evanesce according to

𝑤′1 = �̃�1e−𝜇𝑧ei(𝑘𝑥+𝑙𝑦−𝜔𝑡), (7.121)

where

𝜇2 = 𝜔
2 − 𝑁21
𝜔2
𝐾2. (7.122)

The solutions still vary sinusoidally in the lower layer, according to

𝑤′2 = �̃�2 sin𝑚1𝑧ei(𝑘𝑥+𝑙𝑦−𝜔𝑡), (7.123)

where𝑚 now takes on only discrete values in order to satisfy the boundary conditions that 𝑤 and
𝜙 are continuous 𝑧 = 𝐻, and that 𝑤 vanishes at 𝑧 = 0.

7.6 INTERNAL WAVES IN A ROTATING FRAME OF REFERENCE
In the presence of both a Coriolis force and stratification a displaced fluid will feel two restoring
forces — one due to gravity and the other to rotation. The first gives rise to gravity waves, as we
have discussed, and the second to inertial waves. When the two forces both occur the resulting
waves are called inertia-gravity waves. Thealgebra describing them can be complicated so we begin
with a simple parcel argument to lay bare the basic dynamics; refer back to Section 7.3.3 as needed.
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Fig. 7.14 Parcel displacements and associated
forces in an inertia-gravity wave in which the par-
cel displacements are occurring at an angle 𝜗 to
the vertical. Both Coriolis and buoyancy forces are
present, and 𝛥𝑠 = 𝛥𝑧/ cos 𝜗 = 𝛥𝑥/ sin 𝜗.

7.6.1 A Parcel Argument
Consider a parcel that is displaced along a slantwise path in the 𝑥–𝑧 plane, as shown in Fig. 7.14,
with a horizontal displacement of 𝛥𝑥 and a vertical displacement of 𝛥𝑧. Let us suppose that the
fluid is Boussinesq and that there is a stable anduniform stratification given by𝑁2 = −𝑔𝜌−10 𝜕𝜌0/𝜕𝑧 =
𝜕𝑏/𝜕𝑧. Referring to (7.67) as needed, the component of the restoring buoyancy force, 𝐹𝑏 say, in
the direction of the parcel oscillation is given by (7.67),

𝐹𝑏 = −𝑁2 cos 𝜗𝛥𝑧 = −𝑁2 cos2𝜗𝛥𝑠. (7.124)

The parcel will also experience a restoring Coriolis force, 𝐹𝐶, and the component of this in the
direction of the parcel displacement is

𝐹𝐶 = −𝑓2 sin 𝜗𝛥𝑥 = −𝑓2 sin2𝜗𝛥𝑠. (7.125)

Here, and for the rest of the chapter, we denote the Coriolis parameter by 𝑓. It should be regarded
as a constant in any given problem (so there are no Rossby waves), but its value varies with latitude.
Using (7.124) and (7.125) the (Lagrangian) equation of motion for a displaced parcel is

d2𝛥𝑠
d𝑡2
= −(𝑁2 cos2𝜗 + 𝑓2 sin2𝜗)𝛥𝑠, (7.126)

and hence the frequency is given by

𝜔2 = 𝑁2 cos2𝜗 + 𝑓2 sin2𝜗. (7.127)

Now, nearly everywhere in both atmosphere and ocean, 𝑁2 > 𝑓2. From (7.127) we then see that
the frequency lies in the interval 𝑁2 > 𝜔2 > 𝑓2. (To see this, put 𝑁 = 𝑓 or 𝑓 = 𝑁 in (7.127),
and use sin2 𝜗 + cos2 𝜗 = 1.) If the parcel displacements approach the vertical then the Coriolis
force diminishes and 𝜔 → 𝑁, and similarly 𝜔 → 𝑓 as the displacements become horizontal. The
ensuing waves are then pure inertial waves.

We can write (7.127) in terms of wavenumbers since, for motion in the 𝑥-𝑧 plane,

cos2𝜗 = 𝑘
2

𝑘2 + 𝑚2
, sin2𝜗 = 𝑚

2

𝑘2 + 𝑚2
, (7.128)

where 𝑘 and 𝑚 are the horizontal and vertical wavenumbers and 𝑙 = 0. The dispersion relation
becomes

𝜔2 = 𝑁
2𝑘2 + 𝑓2𝑚2
𝑘2 + 𝑚2

. (7.129)
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Let’s now move on to a discussion using the linearized equations of motion.

7.6.2 Equations of Motion

In a rotating frame of reference, specifically on an 𝑓-plane, the linearized equations of motion are
the momentum equations

𝜕𝒖′
𝜕𝑡
+ 𝒇0 × 𝒖′ = −∇𝜙′,

𝜕𝑤′
𝜕𝑡
= −𝜕𝜙

′

𝜕𝑧
+ 𝑏′, (7.130a,b)

and the mass continuity and thermodynamic equations,

𝜕𝑢′
𝜕𝑥
+ 𝜕𝑣
′

𝜕𝑦
+ 𝜕𝑤
′

𝜕𝑧
= 0, 𝜕𝑏′

𝜕𝑡
+ 𝑤′𝑁2 = 0. (7.130c,d)

These are similar to (7.53), with the addition of a Coriolis term in the horizontal momentum equa-
tions.

To obtain a single equation for 𝑤′ we take the horizontal divergence of (7.130a) and use the
continuity equation to give

𝜕
𝜕𝑡
(𝜕𝑤
′

𝜕𝑧
) + 𝑓𝜁′ = ∇2𝜙′, (7.131)

where 𝜁′ ≡ (𝜕𝑣′/𝜕𝑥 − 𝜕𝑢′/𝜕𝑦) is the vertical component of the vorticity. We may obtain an evolu-
tion equation for that vorticity by taking the curl of (7.130a), giving

𝜕𝜁′
𝜕𝑡
= 𝑓𝜕𝑤

′

𝜕𝑧
. (7.132)

Eliminating vorticity between these equations gives

( 𝜕
2

𝜕𝑡2
+ 𝑓2) 𝜕𝑤

′

𝜕𝑧
= 𝜕
𝜕𝑡
∇2𝜙′. (7.133)

Wemay obtain another equation linking pressure and vertical velocity by eliminating the buoyancy
between (7.130b) and (7.130d), so giving

𝜕2𝑤′
𝜕𝑡2
+ 𝑁2𝑤′ = − 𝜕

𝜕𝑡
𝜕𝜙′
𝜕𝑧
. (7.134)

Eliminating 𝜙′ between (7.133) and (7.134) gives a single equation for 𝑤′ analogous to (7.54),
namely

[ 𝜕
2

𝜕𝑡2
(∇2 + 𝜕

2

𝜕𝑧2
) + 𝑓2 𝜕

2

𝜕𝑧2
+ 𝑁2∇2]𝑤′ = 0. (7.135)

If we assume a time dependence of the form 𝑤′ = 𝑤e−i𝜔𝑡, this equation may be written in the
sometimes useful form,

𝜕2𝑤
𝜕𝑧2
= (𝑁

2 − 𝜔2
𝜔2 − 𝑓2

)∇2𝑤. (7.136)
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7.6.3 Dispersion Relation
Assuming wave solutions to (7.135) of the form𝑤′ = �̃� exp[i(𝑘𝑥+ 𝑙𝑦+𝑚𝑧−𝜔𝑡)]we readily obtain
the dispersion relation

𝜔2 = 𝑓
2𝑚2 + (𝑘2 + 𝑙2)𝑁2
𝑘2 + 𝑙2 + 𝑚2

, (7.137)

which is a minor generalization of (7.129). We can also write the dispersion relation as

𝜔2 = 𝑓2 sin2 𝜗 + 𝑁2 cos2 𝜗, (7.138)

or
𝜔2 = 𝑓2 + (𝑁2 − 𝑓2) cos2 𝜗, or 𝜔2 = 𝑁2 − (𝑁2 − 𝑓2) sin2 𝜗, (7.139)

where 𝜗 is the angle of the wavevector with the horizontal. The frequency therefore lies between𝑁
and 𝑓. The waves satisfying (7.137) are called inertia-gravity waves and are analogous to surface
gravity waves in a rotating frame — that is, Poincaré waves — discussed in Section 3.8.2.

In many atmospheric and oceanic situations 𝑓 ≪ 𝑁 (in fact typically 𝑁/𝑓 ∼ 100, the main
exception being weakly stratified near-surface mixed layers and the deep abyss in the ocean) and
𝑓 < 𝜔 < 𝑁. From (7.138) the frequency is dependent only on the angle the wavevector makes
with the horizontal, and the surfaces of constant frequency again form cones in wavenumber space,
although depending on the values of 𝑓 and 𝜔 the frequency does not necessarily decrease mono-
tonically with 𝜗 as in the non-rotating case. For reference, the group velocity is

𝑐𝑥𝑔 = [
𝑁2 − 𝑓2
𝜔𝐾43
𝐾𝑚] 𝑘𝑚
𝐾
= [𝑁

2 − 𝑓2
𝜔𝐾3

cos 𝜗 sin 𝜗] cos 𝜆 sin 𝜗, (7.140a)

𝑐𝑦𝑔 = [
𝑁2 − 𝑓2
𝜔𝐾43
𝐾𝑚] 𝑙𝑚
𝐾
= [𝑁

2 − 𝑓2
𝜔𝐾3

cos 𝜗 sin 𝜗] sin 𝜆 sin 𝜗, (7.140b)

𝑐𝑧𝑔 = −[
𝑁2 − 𝑓2
𝜔𝐾43
𝐾𝑚]𝐾 = −[𝑁

2 − 𝑓2
𝜔𝐾3

cos 𝜗 sin 𝜗] cos 𝜗, (7.140c)

using (7.69), and where𝐾43 ≡ (𝑘2 + 𝑙2 +𝑚2)2. These expressions reduce to (7.74) if 𝑓 = 0, in which
case 𝜔 = 𝑁 cos 𝜗. Notice that the directional factors — the sin and cos terms outside of the square
brackets — are the same as those in (7.74). Thus, the group velocity is, as in the non-rotating case,
at an angle 𝜗 to the vertical, or 𝛼 = π/2 − 𝜗 to the horizontal. The magnitude of the group velocity
is now given by

|𝒄𝑔| =
𝑁2 − 𝑓2
𝜔𝐾33
𝐾𝑚 = 𝑁

2 − 𝑓2
𝜔𝐾3

cos 𝜗 sin 𝜗. (7.141)

There are a few notable limits:
1. A purely horizontal wave vector. In this case 𝑚 = 0 and 𝜔 = 𝑁. The waves are then unaf-

fected by the Earth’s rotation. This is because the Coriolis force is (in the 𝑓-plane approxi-
mation) due to the product of the Coriolis parameter and the horizontal component of the
velocity. If the wave vector is horizontal, the fluid velocities are purely vertical and so the
Coriolis force vanishes.

2. A purely vertical wave vector. In this case 𝜔 = 𝑓, the fluid velocities are horizontal and the
fluid parcels do not feel the stratification. The oscillations are then known as inertial waves,
although they are not inertial in the sense of there being no implied force in an inertial
frame of reference. This case and the previous one show that when 𝜔 = 𝑁 or 𝜔 = 𝑓 the
group velocity is zero.
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3. In the limit𝑁 → 0 we have pure inertial waves with a frequency 0 < 𝜔 < 𝑓, and specifically
𝜔 = 𝑓 sin 𝜗. Similarly, as 𝑓 → 0 we have pure internal waves, as discussed previously, with
𝜔 = 𝑁 cos 𝜗.

4. The hydrostatic limit, which we discuss below.

The hydrostatic limit

Hydrostasy occurs in the limit of large horizontal scales, 𝑘, 𝑙 ≪ 𝑚. If we therefore neglect 𝑘2 and
𝑙2 where they appear with𝑚2 in (7.137) we obtain

𝜔2 = 𝑓2 + 𝑁2 𝑘
2 + 𝑙2
𝑚2
= 𝑓2 + 𝑁2 cos2 𝜗, (7.142)

where the rightmost expression arises from (7.138) if we take

sin2 𝜗 = 𝑚2
𝑘2 + 𝑙2 + 𝑚2

→ 1, cos2 𝜗 = 𝐾
2

𝑘2 + 𝑚2
→ 𝐾
2

𝑚2
≪ 1, (7.143)

with 𝐾2 = 𝑘2 + 𝑙2.
If we make the hydrostatic approximation from the outset in the rotating, linearized, equations

of motion then we have
𝜕𝑢′
𝜕𝑡
− 𝑓𝑣 = −𝜕𝜙

′

𝜕𝑥
, 𝜕𝑣′
𝜕𝑡
+ 𝑓𝑢 = −𝜕𝜙

′

𝜕𝑦
, 0 = −𝜕𝜙

′

𝜕𝑧
+ 𝑏′, (7.144a)

𝜕𝑢′
𝜕𝑥
+ 𝜕𝑣
′

𝜕𝑦
+ 𝜕𝑤
′

𝜕𝑧
= 0, 𝜕𝑏′

𝜕𝑡
+ 𝑤′𝑁2 = 0. (7.144b)

This reduces to the single equation

[ 𝜕
2

𝜕𝑡2
𝜕2
𝜕𝑧2
+ 𝑓2 𝜕

2

𝜕𝑧2
+ 𝑁2∇2]𝑤′ = 0, (7.145)

and corresponding dispersion relation

𝜔2 = 𝑓
2𝑚2 + 𝐾2𝑁2
𝑚2

= 𝑓2 + 𝑁2𝐾
2

𝑚2
, (7.146)

so recovering (7.142). This limit is sometimes known as the rapidly rotating regime. The Coriolis
parameter 𝑓 now appears in isolation, and simply provides inertial oscillations that are indepen-
dent of the wavenumber and the stratification.

Another way to think about the small aspect ratio limit follows if we define

𝛼′ ≡ vertical scale
horizontal scale

= 𝐾
𝑚
= 1

tan 𝜗
≪ 1. (7.147)

From the nonhydrostatic dispersion relation, (7.137), a line or two of algebra gives

𝛼′2 = ( 𝜔
2 − 𝑓2
𝑁2 − 𝜔2

) . (7.148)

The hydrostatic limit requires that this aspect ratio is small, and therefore that 𝑁2 ≫ 𝜔2. Put
differently, low frequencies will tend to have a small aspect ratio and be hydrostatic. Using (7.140)
and (7.139) we find that the ratio of the vertical to the horizontal group velocities scales as the
aspect ratio; that is

𝑐𝑧𝑔
𝑐ℎ𝑔
= 𝛼′ = ( 𝜔

2 − 𝑓2
𝑁2 − 𝜔2

)
1/2
. (7.149)

where 𝑐ℎ𝑔 = (𝑐𝑥2𝑔 + 𝑐
𝑦2
𝑔 )1/2, and the above ratio is small in the hydrostatic limit. We return to this

limit in Section 17.2 on gravity waves in the stratosphere.



7.6 Internal Waves in a Rotating Frame of Reference 281

7.6.4 Polarization Relations
Just as in the non-rotating case, we can derive phase relations between the various fields, useful if
we are trying to identify internal waves from observations. As for all waves in an incompressible
fluid, the condition ∇3 ⋅ 𝒗 = 0 gives

𝒌 ⋅ 𝒗′ = 0, (7.150)
so that the fluid motion is in the plane that is perpendicular to the wave vector. The derivations of
the other polarization relations are left as exercises for the reader, and the relations are found to be

𝑢 = 𝑘𝜔 + i𝑙𝑓
𝜔2 − 𝑓2

𝜙, 𝑣 = 𝑙𝜔 − i𝑘𝑓
𝜔2 − 𝑓2

𝜙, (7.151a,b)

which should be compared with (7.63a). We also have a relation between buoyancy and pressure,

�̃� = i𝑚𝑁2
𝑁2 − 𝜔2

𝜙, (7.152)

and one between vertical velocity and pressure,

�̃� = −𝑚𝜔
𝑁2 − 𝜔2

𝜙 = −𝜔𝐾
2
3

(𝑁2 − 𝑓2)𝑚
𝜙, (7.153)

with the second equality following with use of the dispersion relation.

7.6.5 Geostrophic Motion and Vortical Modes
If we seek steady solutions to (7.130), the equations of motion become

− 𝑓𝑣 = −𝜕𝜙
′

𝜕𝑥
, 𝑓𝑢 = −𝜕𝜙

′

𝜕𝑦
, 0 = −𝜕𝜙

′

𝜕𝑧
+ 𝑏′, (7.154a,b)

and
𝜕𝑢′
𝜕𝑥
+ 𝜕𝑣
′

𝜕𝑦
+ 𝜕𝑤
′

𝜕𝑧
= 0, 𝑤′𝑁2 = 0. (7.155a,b)

These are the equations of geostrophic and hydrostatic balance, with zero vertical velocity. What
can we say about this solution? If instead of eliminating pressure between (7.133) and (7.134) we
eliminate vertical velocity we obtain

𝜕
𝜕𝑡
[ 𝜕
2

𝜕𝑡2
(∇2 + 𝜕

2

𝜕𝑧2
) + 𝑓2 𝜕

2

𝜕𝑧2
+ 𝑁2∇2] 𝜙′ = 0, (7.156)

which is similar to (7.135), except for the extra time derivative, which allows for the possibility of
a solution with 𝜔 = 0. If 𝜔 ≠ 0 then

[ 𝜕
2

𝜕𝑡2
(∇2 + 𝜕

2

𝜕𝑧2
) + 𝑓2 𝜕

2

𝜕𝑧2
+ 𝑁2∇2] 𝜙′ = 0, (7.157)

and the dispersion relation is given by (7.137). If 𝜔 = 0, then the quantity in square brackets in
(7.156) may not be a function of time; that is

[ 𝜕
2

𝜕𝑡2
(∇2 + 𝜕

2

𝜕𝑧2
) + 𝑓2 𝜕

2

𝜕𝑧2
+ 𝑁2∇2] 𝜙′ = 𝜒(𝑥, 𝑦, 𝑧), (7.158)

where 𝜒 is a function of space, but not time, and so determined by the initial conditions of 𝜙′.
When 𝜔 ≠ 0, then 𝜒 = 0. What is 𝜒? We shall see that it is nothing but the potential vorticity of
the flow!
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Potential vorticity
Recall the vorticity equation and the buoyancy equation, namely

𝜕𝜁′
𝜕𝑡
= 𝑓𝜕𝑤

′

𝜕𝑧
, 𝜕𝑏′
𝜕𝑡
+ 𝑤′𝑁2 = 0. (7.159a,b)

If we eliminate 𝑤′ from these equations we obtain

𝜕𝑞
𝜕𝑡
= 0, where 𝑞 = [𝜁′ + 𝑓 𝜕

𝜕𝑧
( 𝑏
′

𝑁2
)] (7.160a,b)

and 𝑞 is the potential vorticity for this problem. In general, for adiabatic flow, potential vorticity
is conserved on fluid parcels and D𝑄/D𝑡 = 0 where for a Boussinesq fluid 𝑄 = 𝜔𝑎 ⋅ ∇𝑏. There are
two differences between this general case and ours; first, because we have linearized the dynamics
the advective term is omitted, and 𝜕𝑞/𝜕𝑡 = 0. Second, 𝑞 is not exactly the same as 𝑄, but it is an
approximation to it valid when the stratification is dominated by its background value, 𝑁2. Very
informally, we have then, for constant𝑁,

𝑄 = (𝝎 + 𝒇0) ⋅ ∇𝑏 ≈ (𝜁 + 𝑓) (𝑁2 +
𝜕𝑏′
𝜕𝑧
) ≈ 𝑓𝑁2 + 𝑓𝜕𝑏

′

𝜕𝑧
+ 𝜁𝑁2 = 𝑁2 [𝑓 + 𝜁 + 𝑓 𝜕

𝜕𝑧
( 𝑏
′

𝑁2
)] .

(7.161)
The first term on the right-hand side of this expression, 𝑓𝑁2, is a constant and so dynamically
unimportant, and the remaining terms are equal to 𝑞 as given by (7.160b).

Another way to see that (7.160b) is the potential vorticity is to note that the displacement of an
isentropic surface, 𝜂 say, is related to the change in buoyancy by

𝜂 ≈ − 𝑏
′

𝜕𝑏/𝜕𝑧
= − 𝑏
′

𝑁2
, (7.162)

as illustrated in Fig. 3.13 on page 138. The thickness of an isentropic layer is the difference between
the heights of two neighbouring isentropic surfaces, and so is given by

ℎ = − 𝑏
′
1
𝑁2
+ 𝑏
′
2
𝑁2
≈ −𝐻 𝜕
𝜕𝑧
( 𝑏
′

𝑁2
) , (7.163)

where𝐻 is the mean separation between the surfaces, or the mean thickness. Thus, the expression
(7.160b) may be written

𝑞 = [𝜁′ − 𝑓ℎ
𝐻
] , (7.164)

which is the shallow water expression for the potential vorticity of a fluid layer, linearized about a
mean thickness𝐻 and a state of rest (with |𝜁′| ≪ 𝑓).

Let us now relate 𝑞 to 𝜒, and we do this by expressing 𝜁′ and 𝑏′ in terms of 𝜙′ and 𝑤′. From
(7.131) and (7.130b) respectively we have,

𝑓𝜁′ = ∇2𝜙′ − 𝑤′𝑧𝑡, (7.165a)
𝑓2
𝑁2
𝑏′𝑧 =
𝑓2
𝑁2
𝑤𝑧𝑡 +
𝑓2
𝑁2
𝜙′𝑧𝑧, (7.165b)

using subscripts to denote derivatives. Thus, 𝑓 times the potential vorticity is

𝑓𝑞 = ∇2𝜙′ + 𝑓
2

𝑁2
𝜙′𝑧𝑧 +
𝑓2
𝑁2
𝑤𝑧𝑡 − 𝑤𝑧𝑡. (7.166)
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U

x

z

z = 0

hλ Fig. 7.15 Uniform flow, 𝑈, in the 𝑥-
direction flowing over sinusoidal topog-
raphy, ℎ. The vertical co-ordinate is
stretched, and in reality |ℎ| ≪ 𝜆.

We now use (7.134) to express the second 𝑤𝑧𝑡 term in terms of 𝜙′, giving

𝑓𝑞 = ∇2𝜙′ + 𝑓
2

𝑁2
𝜙′𝑧𝑧 +
𝑓2
𝑁2
𝑤′𝑧𝑡 +
1
𝑁2
(𝑤′𝑧𝑡𝑡𝑡 + 𝜙′𝑧𝑧𝑡𝑡) , (7.167)

and we then use (7.133) to eliminate 𝑤′, giving

𝑓𝑞 = ∇2𝜙′ + 𝑓
2

𝑁2
𝜙′𝑧𝑧 +
1
𝑁2
(∇2𝜙′𝑡𝑡 + 𝜙′𝑧𝑧𝑡𝑡) , (7.168)

or, re-arranging,

𝑓𝑞 = 1
𝑁2
[ 𝜕
2

𝜕𝑡2
(∇2𝜙′ + 𝜕

2𝜙′
𝜕𝑧2
) + 𝑁2∇2𝜙′ + 𝑓2 𝜕

2𝜙′
𝜕𝑧2
] . (7.169)

Comparing this with (7.158), we can see that

𝜒 = 𝑓𝑁2𝑞. (7.170)

That is to say, the conserved quantity for motions with 𝜔 = 0 is nothing but a constant multiple
of the potential vorticity. When 𝜔 ≠ 0, then 𝜒 and hence the potential vorticity are zero. In
other words, oscillating linear gravity waves, even in a rotating reference frame, have zero potential
vorticity. This is an important result, because large-scale balanced dynamics is characterized by
the advection of potential vorticity, so that (in the linear approximation at least) internal waves
play no direct role in the potential vorticity budget. However, they do play an important role in
transporting and dissipating energy, as we will see later on.

7.7 TOPOGRAPHIC GENERATION OF INTERNAL WAVES
How are internal waves generated? One way that is important in both the ocean and atmosphere is
byway of a horizontal flow, such as ameanwind or, in the ocean, a tide or amesoscale eddy, passing
over a topographic feature. This forces the fluid tomove up and/or down, so generating an internal
wave, commonly known as a mountain wave. In this section we illustrate the mechanism with
simple examples of steady, uniform, flow with constant stratification over idealized topography.2

7.7.1 Sinusoidal Mountain Waves
For simplicity we ignore the effects of the Earth’s rotation and pose the problem in two dimensions,
𝑥 and 𝑧, using the Boussinesq approximation. Our goal is to calculate the response to a steady,
uniform flow of magnitude 𝑈 over a sinusoidally varying boundary ℎ = ℎ̃ cos 𝑘𝑥 at 𝑧 = 0, as in
Fig. 7.15with 𝑘 = 2π/𝜆. The topographic variations are assumed small, so allowing the dynamics to
be linearized, which will enable an arbitrarily shaped boundary to be considered by appropriately
summing over Fourier modes.
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Equation of motion and dispersion relation
The momentum equations, the buoyancy equation, and the mass continuity equation are, respec-
tively,

( 𝜕
𝜕𝑡
+ 𝑈 𝜕
𝜕𝑥
)𝑢′ = −𝜕𝜙

𝜕𝑥
, ( 𝜕
𝜕𝑡
+ 𝑈 𝜕
𝜕𝑥
)𝑤′ = −𝜕𝜙

𝜕𝑧
+ 𝑏′, (7.171a,b)

( 𝜕
𝜕𝑡
+ 𝑈 𝜕
𝜕𝑥
)𝑢′ + 𝑤′𝑁2 = 0, 𝜕𝑢′

𝜕𝑥
+ 𝜕𝑤
′

𝜕𝑧
= 0. (7.171c,d)

We henceforth drop the primes on the perturbation quantities.
The dispersion relation is obtained by noting that the equations are the same is with no mean

flow, save that 𝜕/𝜕𝑡 is replaced by 𝜕/𝜕𝑡 + 𝑈𝜕/𝜕𝑥. Thus, similar to (7.78), the dispersion relation is

(𝜔 − 𝑈𝑘)2 = 𝑘
2𝑁2
𝑘2 + 𝑚2

or 𝜔 = 𝑈𝑘 ± 𝑘
2𝑁2

(𝑘2 + 𝑚2)1/2
. (7.172a,b)

The horizontal and vertical components of the group velocity are then given by

𝑐𝑧𝑔 = ±
𝑁𝑚𝑘
(𝑘2 + 𝑚2)3/2

, 𝑐𝑥𝑔 = 𝑈 ±
𝑁𝑚2
(𝑘2 + 𝑚2)3/2

. (7.173a,b)

Steady waves have 𝜔 = 0 and if𝑈 > 0 such waves are associated with the negative root in (7.172b),
the positive root in (7.173a) and the negative root in (7.173b). Energy will propagate upwards, and
away from the mountain, if 𝑐𝑧𝑔 is positive.

The solution
If we are looking for steady solutions we can follow the recipe of Section 7.5 with𝑈𝜕/𝜕𝑥 replacing
the time derivative. By analogy to (7.54) we find a single equation for 𝑤 namely

[𝑈 𝜕
2

𝜕𝑥2
( 𝜕
2

𝜕𝑥2
+ 𝜕
2

𝜕𝑧2
) + 𝑁2 𝜕

2

𝜕𝑥2
]𝑤 = 0. (7.174)

We take the topography to have the form ℎ = Re ℎ0 exp(i𝑘𝑥) and its presence is felt via a lower
boundary condition,𝑤 = 𝑈𝜕ℎ/𝜕𝑥 = Re𝑈ℎ0i𝑘 exp(i𝑘𝑥) at 𝑧 = 0. We thus seek solutions to (7.173)
of the form

𝑤 = Re𝑈ℎ0i𝑘ei(𝑘𝑥+𝑚𝑧). (7.175)
The harmonic dependence in 𝑧 is valid only because we take𝑁 to be constant. The value of 𝑚 is
given by the dispersion relation (7.172) with 𝜔 = 0, which gives

𝑚2 = (𝑁
𝑈
)
2
− 𝑘2. (7.176)

Equation (7.176) is just the dispersion relation for internal gravity waves, but here we are using it
to determine the vertical wavenumber since the frequency is given (it is zero). We see that𝑚2 may
be negative, and so 𝑚 imaginary, if 𝑁2 < 𝑘2𝑈2, so evidently there will be a qualitative difference
between short waves, with 𝑘 > (𝑁/𝑈)2, and long waves, with 𝑘 < (𝑁/𝑈)2. In the atmosphere we
might take 𝑈 ∼ 10ms−1 and 𝑁 ∼ 10−2 s−1, in which case 𝑈/𝑁 ∼ 1 km. In the ocean below the
thermocline we might take 𝑈 ∼ 0.1ms−1 and𝑁 ∼ 10−3 s−1, whence 𝑈/𝑁 ∼ 100m.

A useful interpretation of (7.176) arises if the mean flow is constant and we consider the
problem in the frame of reference of that mean flow. In this case the topography has the form
ℎ = Re ℎ0 exp i𝑘(𝑥 − 𝑈𝑡), and the solution in the moving frame is

𝑤 = Re𝑈ℎ0i𝑘ei;(𝑘𝑥+𝑚𝑧+𝑈𝑘𝑡). (7.177)
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That is, the fluid now oscillates with a frequency 𝜔 = −𝑈𝑘. The condition for propagation, 𝑁2 <
𝑘2𝑈2 is just the same as 𝜔2 < 𝑁2, which is just the condition for gravity waves to oscillate in a
stratified fluid.

Given the solution for 𝑤 we can use the polarization relations of section 7.3.2 to obtain the
solutions for perturbation horizontal velocity and pressure. One way to proceed is to pose the
problem in the moving frame, with 𝜔 = −𝑈𝑘, and directly use (7.64). Then back in the stationary
frame we obtain the solutions

𝑤 = 𝑤0ei(𝑘𝑥+𝑚𝑧) = i𝑈𝑘ℎ0ei𝑚𝑧ei𝑘𝑥, (7.178a)
𝑢 = 𝑢0ei(𝑘𝑥+𝑚𝑧) = −i𝑚𝑈ℎ0ei𝑚𝑧ei𝑘𝑥, (7.178b)
𝜙 = 𝜙0ei(𝑘𝑥+𝑚𝑧) = i𝑚𝑈2ℎ0ei𝑚𝑧ei𝑘𝑥, (7.178c)

where𝑚 is given by (7.176). Let us see what the solutions mean, and if and how waves propagate.

7.7.2 Energy Propagation

The direction of energy propagation is given by the group velocity. For steady waves (𝜔 = 0) we
have, using (7.173a),

𝑐𝑧𝑔 =
𝑁𝑘𝑚
(𝑘2 + 𝑚2)3/2

= 𝑈𝑘𝑚
𝑘2 + 𝑚2

. (7.179a,b)

This means that for positive 𝑈 an upward group velocity, and hence upward energy propagation,
occur when 𝑘 and 𝑚 have the same sign. This property also may be deduced by evaluating the
vertical energy flux, 𝑤𝜙 using (7.178), with appropriate care to take the real part of the fields. The
phase speed, 𝑐𝑧𝑝 = 𝜔/𝑚, is zero in the stationary frame and it is −𝑈𝑘/𝑚 in the translating frame.

Short, trapped waves

If the undulations on the boundary are sufficiently short then 𝑘2 > (𝑁/𝑈)2 and𝑚2 is negative and
𝑚 is pure imaginary. Writing𝑚 = i𝑠, so that 𝑠2 = 𝑘2 − (𝑁/𝑈)2, the solutions have the form

𝑤 = Re𝑤0ei𝑘𝑥−𝑠𝑧. (7.180)

We must choose the solution with 𝑠 > 0 in order that the solution decays away from the mountain,
and internal waves are not propagated into the interior. (If there were a rigid lid or a density dis-
continuity at the top of the fluid, as at the top of the ocean, then the possibility of reflection would
arise and we would seek to satisfy the upper boundary condition with a combination of decaying
and amplifying modes.) The above result is entirely consistent with the dispersion relation for in-
ternal waves, namely 𝜔 = 𝑁 cos 𝜗: because cos 𝜗 < 1 the frequency 𝜔must be less than𝑁 so that
if the forcing frequency is higher than𝑁 no internal waves will be generated.

Because the waves are trapped waves we do not expect energy to propagate away from the
mountains. To verify this, from the polarization relation (7.178) we have

𝑤 = 𝑘
𝑚𝑈
𝜙 = −i𝑘
𝑠𝑈
𝜙. (7.181)

The pressure and the vertical velocity are therefore out of phase by π/2, and the vertical energy
flux, 𝑤𝜙 (see (7.83) and Section 7.3.5) is identically zero. This is consistent with the fact that the
energy flux is in the direction of the group velocity; the group velocity is given by (7.179a) and for
an imaginary𝑚 the real part is zero. A solution to the problem in the short wave limit is shown in
top panels of Fig. 7.16 with 𝑠 = 1 (𝑚 = i).
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Fig. 7.16 Top two panels. Solutions
for the flow over a sinusoidal ridge,
using (7.178), in the short wave limit
(𝑈𝑘 > 𝑁) and with 𝑚 = i. The top
panel shows the pressure, with darker
gray indicating higher pressure. The sec-
ond panel shows contours of the to-
tal streamfunction, 𝜓 − 𝑈𝑧, with flow
coming in from the left, and the topog-
raphy itself (solid). The perturbation
amplitude decreases exponentially with
height.
Bottom two panels. The same as above,
but in the long wave limit (𝑈𝑘 < 𝑁)
with 𝑚 = 1. The pressure is high on the
windward side of the topography, and
phase lines tilt upstream with height for
both pressure and streamfunction.
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Long, propagating waves

Suppose now that 𝑘2 < (𝑁/𝑈)2 so that 𝜔2 < 𝑁2. From (7.176)𝑚 is now real and the solution has
propagating waves of the form

𝑤 = 𝑤0ei(𝑘𝑥+𝑚𝑧), 𝑚2 = (𝑁
𝑈
)
2
− 𝑘2. (7.182)

Vertical propagation is occurring because the forcing frequency is less than the buoyancy frequency.
The angle at which fluid parcel oscillations occur is then slanted off the vertical at an angle 𝜗 such
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Topographically Generated Gravity Waves (Mountain Waves)

• In both atmosphere and ocean an important mechanism for the generation of gravity
waves is flow over bottom topography, and the ensuing waves are sometimes called
mountain waves. A canonical case is that of a uniform flow over a sinusoidal topography,
with constant stratification. If the flow is in the 𝑥-direction and there is no 𝑦-variation
then the boundary condition is

𝑤(𝑥, 𝑧 = 0) = 𝑈𝜕ℎ
𝜕𝑥
= −i𝑈𝑘ℎ̃. (MW.1)

Solutions of the problem may be found in the form𝑤(𝑥, 𝑧, 𝑡) = 𝑤0 exp[𝑖(𝑘𝑥 +𝑚𝑧−𝜔𝑡)],
where the boundary condition at 𝑧 = 0 is given by (MW.1), the frequency is given by the
internal wave dispersion relation, and the other dynamical fields are obtained using the
polarization relations.

• One way to easily solve the problem is to transform into a frame moving with the back-
ground flow, 𝑈. The topography then appears to oscillate with a frequency −𝑈𝑘, and
this in turn becomes the frequency of the gravity waves.

• Propagating gravity waves can only be supported if the frequency is less than𝑁, meaning
that 𝑈𝑘 < 𝑁. That is, the waves must be sufficiently long and therefore the topography
must be of sufficiently large scale.

• When propagating waves exist, energy is propagated upward away from the topography.
The topography also exerts a drag on the background flow.

• If the waves are too short they are evanescent, decaying exponentially with height. That
is, they are trapped near the topography

• In the presence of rotation the wave frequency must lie between the buoyancy frequency
𝑁 and the inertial frequency 𝑓. If the flow is constant, waves can thus radiate upward if

𝑓 < 𝑈𝑘 < 𝑁. (MW.2)

Thus, both very long waves and very short waves are evanescent.

that the forcing frequency is equal to the natural frequency of oscillations at that angle, namely

𝜗 = cos−1 (𝑈𝑘
𝑁
) . (7.183)

The angle 𝜗 is also the angle between the wavevector 𝒌 and the horizontal, as in (7.61), because the
wavevector is at right angles to the parcel oscillations. If 𝑈𝑘 = 𝑁 then the fluid parcel oscillations
are vertical and, using (7.176), 𝑚 = 0. Thus, although the group velocity is directed vertically,
parallel to the fluid parcel oscillations, its magnitude is zero, from (7.179).

Our intuition suggests that if there is vertical propagation there must be an upwards energy
flux, since the energy source is at the ground. Let’s confirm this. Using the polarization relations
(7.178a,c) we obtain

𝑤0 =
𝑘
𝑚𝑈
𝜙0. (7.184)
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and the energy flux in the vertical direction is, from (7.89)

𝐹𝑧 = 𝑘
2𝑚𝑈
|𝜙0|2 =
𝑚𝑈
2𝑘
|𝑤0|2, (7.185)

which is evidently non-zero. This energy flux must be upward, away from the source (the topog-
raphy), and this determines the sign of 𝑚 that must be chosen by the solution. Specifically, for
positive 𝑈, the group velocity must be positive so from (7.179) 𝑚 must be positive. If 𝑈 were
negative the sign of𝑚 would be negative, and if𝑚 = 0 there is no vertical energy propagation.

Because energy is propagating upward and away from the topography there must be a drag at
the lower boundary. The stress at the boundary, 𝜏, is the rate at which horizontal momentum is
transported upwards and so is given by

𝜏 = −𝜌0𝑢𝑤, (7.186)

where the overbar denotes averaging over a wavelength and 𝜌0 is the density, which is constant.
From (7.178)

𝑢0 = −i𝑚𝑈ℎ0, 𝑤0 = i𝑈𝑘ℎ0, (7.187)

so that
𝜏 ≡ 𝜏/𝜌0 = −𝑢𝑤 =

1
2
𝑘𝑚𝑈2ℎ20, (7.188)

where the factor of 1/2 comes from the averaging, and we take the product 𝑢0𝑤∗0 where 𝑤∗0 is the
complex conjugate of 𝑤0. The sign of the stress depends on the sign of𝑚, and thus on the sign of
𝑈. For positive 𝑈,𝑚 is positive and so the stress is positive at the surface.

Solutions for flow over topography in the long wave limit and 𝑚 = 1 are shown in the lower
panels Fig. 7.16. The flow is coming in from the left, and the phase lines evidently tilt upstream
with height. Lines of constant phase follow 𝑘𝑥 + 𝑚𝑧 = constant, and in the solution shown both
𝑘 and 𝑚 are positive (𝑘 = 𝑚 = 1). Thus, the lines slope back at a slope 𝑥/𝑧 = −𝑚/𝑘, and energy
propagates up and to the left. The phase propagation is actually downward in this example, as the
reader may confirm. The pressure is high on the upstream side of the mountain, and this provides
a drag on the flow — a topographic form drag.

7.7.3 Flow over an Isolated Ridge
Most mountains are of course not perfect sinusoids, but we can construct a solution for any given
topography using a superposition of Fourier modes. In this section we will illustrate the solution
for a mountain consisting of a single ridge; the actual solution must usually be obtained numeri-
cally, and we will sketch the method and show some results.

Sketch of the methodology
The methodology to compute a solution is as follows. Consider a topographic profile, ℎ(𝑥), and
let us suppose that it is periodic in 𝑥 over some distance 𝐿. Such a profile can (nearly always) be
decomposed into a sum of Fourier coefficients, meaning that we can write

ℎ(𝑥) = ∑
𝑘
ℎ̃𝑘ei𝑘𝑥, (7.189)

where ℎ̃𝑘 are the Fourier coefficients. We can obtain the set of ℎ̃𝑘 bymultiplying (7.189) by e−𝑖𝑘𝑥 and
integrating over the domain from 𝑥 = 0 to 𝑥 = 𝐿, a procedure known as taking the discrete Fourier
transform of ℎ(𝑥), and there are standard computer algorithms for doing this efficiently. Once we
have obtained the values of ℎ̃𝑘 we essentially solve the problem separately for each 𝑘 in precisely
the same manner as we did in the previous section. For each 𝑘 there will be a vertical wavenumber
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Fig. 7.17 Upper two panels. Solu-
tions for the flow over a bell-shaped
ridge (7.191), with 𝑎2 = 4𝑈2/𝑁2. High
pressure is shaded darker, and the
flow comes in from the left.
Lower two panels. Same as above, but
now for a narrow ridge, of the same
height but with 𝑎2 = 𝑈2/4𝑁2.

(The dark shading for the mountain is
graphically superimposed on the so-
lution, and the streamfunction does
not actually intersect the topogra-
phy.)

given by (7.176), so that for each wavenumber we obtain a solution for pressure of the form 𝜙𝑘(𝑧),
and similarly for the other variables. Once we have the solution for each wavenumber, then at each
level we sum over all the wavenumbers to obtain the solution in real space; that is, we evaluate

𝜙(𝑥, 𝑧) = ∑
𝑘
𝜙𝑧(𝑧)ei𝑘𝑥; (7.190)

that is to say, we take the inverse discrete Fourier transform.
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A witches’ brew
For specificity let us consider the bell-shaped topographic profile

ℎ(𝑥) = ℎ0𝑎
2

𝑎2 + 𝑥2
, (7.191)

sometimes called the Witch of Agnesi.3 (Results with a Gaussian profile are quite similar.) Such
a profile is composed of many (in fact an infinite number of) Fourier coefficients of differing am-
plitudes. If the profile is narrow (meaning 𝑎 is small, in a sense made clearer below) then there
will be a great many significant coefficients at high wavenumbers. In fact, in the limiting case of
an infinitely thin ridge (a delta function) all wavenumbers are present with equal weight, so there
are certainly more large wavenumbers than small wavenumbers. However, if 𝑎 is large, then the
contributing wavenumbers will predominantly be small.

In the problem of flow over topography the natural horizontal scale is 𝑈/𝑁. If 𝑎 ≫ 𝑈/𝑁 then
the dominant wavenumbers are small and the solution will consist of waves propagating upward
with little loss of amplitude and phase lines tilting upstream, as illustrated in the upper twopanels of
Fig. 7.17. (The influence of the mountain is downstream, but the solutions are obtained on a finite,
periodic domain and some influence returns upstream.) In the case of a narrow ridge, as illustrated
in the lower two panels of Fig. 7.17, the perturbation is largely trapped near to themountain and the
perturbation fields largely decay exponentially with height. Nevertheless, because the ridge does
contain some small wavenumbers, some weak, propagating large-scale disturbances are generated.
The fluid acts as a low-pass filter, and the perturbation aloft consists only of large scales.

A hydrostatic solution
If the ridge is sufficiently wide then the solution is essentially hydrostatic, with little dependence
of the vertical structure on the horizontal wavenumber; that is, using (7.176) at large scales,𝑚2 ≈
(𝑁/𝑈)2. Furthermore, the 𝑥-component of the group velocity is zero, which can be seen from
(7.173b) using 𝑚 = 𝑁/𝑈 (since 𝑚 is positive for upward wave propagation and 𝑚 ≫ 𝑘 by hy-
drostasy). Explicitly we have

𝑐𝑥𝑔 = 𝑈 −
𝑁𝑚2
(𝑘2 + 𝑚2)3/2

≈ 𝑈 − 𝑁
𝑚
= 𝑈 − 𝑈 = 0. (7.192)

Thus, the disturbance appears directly over the mountain, with no downstream propagation, as in
Fig. 7.18. The pattern therefore repeats itself in the vertical at intervals of 2π/𝑚 or 2π𝑈/𝑁, with
neither a downnstream nor upstream influence. This solution is in fact the most atmospherically
relevant one, for it is that produced by atmospheric flow overmountains that have horizontal scales
larger than a few kilometres (i.e. 𝑎 ≫ 𝑈/𝑁). It is also oceanographically relevant for flow over
features of greater than a few kilometers, except possibly in regions of very weak stratification and
large abyssal currents. Scales that are much larger are filtered by the Coriolis effect, as we now see.

7.7.4 Effects of Rotation
General considerations
We now briefly consider the effects of a Coriolis force on mountain waves. The problem is in many
ways similar to the non-rotating case but the dispersion relation and so the criteria for upward
propagation differ accordingly, for it transpires that the Coriolis effect filters the waves at very
large scales. To proceed, we first note that the steady flow must be in geostrophic balance, so that
if the flow is zonal there is a background meridional pressure gradient that satisfies

𝑓𝑈 = −𝜕𝛷
𝜕𝑦
, (7.193)
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Fig. 7.18 Similar to the upper two
panels of Fig. 7.17, but with a smaller
𝑈. Thus, the ridge is of the same
height and width, but the flow is
in a hydrostatic regime with 𝑎2 =
10𝑈2/𝑁2. This is a very relevant
regime for flow over mountains in the
atmosphere.
The group velocity is almost purely
vertical and the disturbance is con-
fined to a region directly above the
mountain. The vertical extent of the
domain shown contains about one
wavenumber, and the streamfunction
is a mirror image of the mountain at
about 𝑧 = 0.1.

where as before we take𝑓 to be constant in any given problem. Themain difference arises from the
fact that the waves now obey the dispersion relation with rotation, namely (7.137) or, restricting
attention to the 𝑥–𝑧 plane,

𝜔2 = 𝑓
2𝑚2 + 𝑘2𝑁2
𝑘2 + 𝑚2

. (7.194)

As in the non-rotating case we can obtain an expression for the vertical wavenumber in steady flow
by letting 𝜔 = −𝑈𝑘, whence

𝑚2 = 𝑘
2(𝑁2 − 𝑈2𝑘2)
𝑈2𝑘2 − 𝑓2

. (7.195)

Evanescent solutions arise when𝑚 is imaginary and, as before, such solutions arise for small scales
for which 𝑘 > 𝑁/𝑈. However, from (7.195), evanescent solutions also arise for very large scales
for which 𝑘 < 𝑓/𝑈. Propagating waves thus exist in the wavenumber and lengthscale (𝐿 = 2π/𝑘)
intervals

𝑁
𝑈
> 𝑘 > 𝑓
𝑈

or 𝑈
𝑁
< 𝐿
2π
< 𝑈
𝑓
, (7.196)

and these waves have frequencies between 𝑁 and 𝑓. In an atmosphere with 𝑈 = 10ms−1 and
𝑓 = 10−4 s−1 the large scale at which evanescence reappears is 𝐿 = 2π𝑈/𝑓 ≈ 600 km, which of
course is not very large at all relative to global scales (and still smaller if we take𝑈 = 5ms−1). Thus,
upward propagating gravity waves exist between scales of a few kilometres and several hundred
kilometres. For the deep ocean, let us take 𝑁 = 10−3 s−1, 𝑓 = 10−4 s−1 and 𝑈 = 1 cm s−1. Then,
very roughly, propagating waves exist between scales of a few tens of meters to a few hundred
metres, and the hydrostatic regime (which requires 𝐿 ≫ 𝑈/𝑁 and 𝐿 < 2π𝑈/𝑓)) may be quite
limited.

Wave solutions and energy propagation
Obtaining awave solution in the rotating case follows a similar path to the non-rotating case. In the
resting frame vertical velocity satisfies the boundary condition 𝑤 = 𝑈𝜕ℎ/𝜕𝑥, and in the moving
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frame𝑤 = 𝜕ℎ/𝜕𝑡. If𝑈 is constant we may use the polarization relations of Section 7.6.4, with 𝑙 = 0
and 𝜔 = −𝑈𝑘, to obtain relations analogous to (7.178), and we find

𝑤 = �̃�(𝑧)ei𝑘𝑥 = 𝑤0ei(𝑘𝑥+𝑚𝑧) = i𝑈𝑘ℎ0ei𝑚𝑧ei𝑘𝑥, (7.197a)
𝑢 = 𝑢(𝑧)ei𝑘𝑥 = 𝑢0ei(𝑘𝑥+𝑚𝑧) = −i𝑚𝑈ℎ0ei𝑚𝑧ei𝑘𝑥, (7.197b)

𝜙 = 𝜙(𝑧)ei𝑘𝑥 = 𝜙0ei(𝑘𝑥+𝑚𝑧) = i𝑚(𝑈2𝑘2 − 𝑓2)
𝑘2

ℎ0ei𝑚𝑧ei𝑘𝑥, (7.197c)

𝑣 = 𝑣(𝑧)ei𝑘𝑥 = 𝑣0ei(𝑘𝑥+𝑚𝑧) = −i𝑓𝑚
𝑘
ℎ0ei𝑚𝑧ei𝑘𝑥, (7.197d)

Of these, the expressions for 𝑤 and 𝑢 are no different from the non-rotating case, because 𝑤 is
set by the same boundary condition and 𝑢 is given by mass continuity, 𝜕𝑢/𝜕𝑥 + 𝜕𝑤/𝜕𝑧 = 0, in
both rotating and non-rotating cases. However, the solution now produces a meridional velocity,
(7.197d), even when there is no variation in the topography in the 𝑦-direction, and to obtain it we
use (7.151) with 𝑙 = 0, giving 𝑣 = −i𝑢𝑓𝜔 = i𝑢𝑓/𝑈𝑘.

As in the non-rotating case, when there are propagating waves there is high pressure on the
windward (upstream) side of the topography and low pressure on the leeward side, and the phase
lines tilt upstream with height. The drag on the flow is equal to the rate of upward momentum
transport and using (7.197a,b) we obtain

𝑢𝑤 = −1
2
𝑘𝑚𝑈2ℎ20 < 0. (7.198)

There are some subtleties associated with the horizontal force across a wavy boundary that we shall
not go into.4 In any case, as in the non-rotating case a momentum flux divergence will only arise
in the free atmosphere if dissipation occurs, for example if the waves break and/or if viscous effects
become important. The vertical flux of energy density is given by

𝜙𝑤 = 1
2
𝑈𝑚
𝑘
ℎ20(𝑈2𝑘2 − 𝑓2) > 0. (7.199)

If𝑚 and 𝑘 have the same sign then energy propagates away from themountain, which as the reader
may verify is consistent with the group velocity being directed upward.

Atmospheric and oceanic parameters
Are evanescent or propagating gravity waves more likely to be excited for typical atmospheric and
oceanic parameters? Consider the atmosphere with a surface flow of 𝑈 = 10ms−1 and 𝑁 =
10−2 s−1. The critical wavenumber separating evanescent and propagatingwaves is then 𝑘 = 𝑁/𝑈 =
2 × 10−3, corresponding to a wavelength of about 6000m. Topographic features like the Rockies,
Andes andHimalayas certainly contain such large wavelengths and so we can expect them to excite
upward propagating gravity waves. For larger horizontal scales the flow is hydrostatic and the
influence is felt directly above the mountain, as in Fig. 7.18. At still larger scales the waves are
inhibited by the Coriolis effect, which causes evanescence for waves with a horizontal wavelength
larger than a few hundred kilometres.

In the ocean the abyssal stratification is quite weak, typically with𝑁 ∼ 10−3 s−1, and the veloc-
ities are also weak compared to those of the upper ocean, although they can be of order 1 cm s−1
in eddying regions. With𝑁 = 10−3 and 𝑈 = 1 cm s−1 we find a critical wavelength of about 60m.
The ocean bathymetry obviously has many scales larger than this (and for smaller values of 𝑈 the
critical scales are correspondingly smaller) meaning that it is relatively easy for abyssal flow to gen-
erate gravity waves that propagate upward into the ocean interior, and as in the atmospheric case
in many circumstances the flow will be hydrostatic and the influence will be directly above the
bathymetry. However, as noted earlier, the Coriolis parameter will inhibit gravity waves of too
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large a wavelength — for 𝑈 = 1 cm s−1 the horizontal scales must be less than 2π𝑈/𝑓 or about
600m. The upper ocean is much more greatly stratified, with𝑁 ≈ 10−2 s−1. Gravity waves are no
longer generated by flow over topography but by the stirring effects of winds making a turbulent
mixed layer. The forcing frequency must still be less than𝑁 in order to efficiently generate gravity
waves, and using a velocity of 10 cm s−1 we might heuristically estimate that propagating gravity
waves can be generated with scales of tens of metres, with the Coriolis cut off now occurring at
about 6 km. One message of these very rough calculations is that, in both atmosphere and ocean,
gravity waves tend to have a smaller horizontal scale than Rossby waves.

7.8 ♦ ACOUSTIC-GRAVITY WAVES IN AN IDEAL GAS
In the final section of this chapter we consider wave motion in a stratified, compressible fluid such
as the Earth’s atmosphere. The stratification allows gravity waves to exist, and the compressibility
allows sound waves to exist. The resulting problem is, not surprisingly, complicated and arcane
and to make it as tractable as possible we will specialize to the case of an isothermal, stationary
atmosphere and ignore the effects of rotation and sphericity. The results are not without interest,
both in themselves and in illustrating the importance of simplifying the equations of motion from
the outset, for example by making the Boussinesq or hydrostatic approximation, in order to isolate
phenomena of interest.

In what follows we denote the unperturbed state with a subscript 0 and the perturbed state
with a prime (′), and we omit some of the algebraic details. Because it is at rest, the basic state is
in hydrostatic balance,

𝜕𝑝0
𝜕𝑧
= −𝜌0(𝑧)𝑔. (7.200)

Ignoring variations in the 𝑦-direction for algebraic simplicity (and without loss of generality, in
fact) the linearized equations of motion are:

𝑢momentum: 𝜌0
𝜕𝑢′
𝜕𝑡
= −𝜕𝑝

′

𝜕𝑥
, (7.201a)

𝑤momentum: 𝜌0
𝜕𝑤′
𝜕𝑡
= −𝜕𝑝

′

𝜕𝑧
− 𝜌′𝑔, (7.201b)

mass conservation: 𝜕𝜌′
𝜕𝑡
+ 𝑤′ 𝜕𝜌0
𝜕𝑧
= −𝜌0 (

𝜕𝑢′
𝜕𝑥
+ 𝜕𝑤
′

𝜕𝑧
) , (7.201c)

thermodynamic: 𝜕𝑝′
𝜕𝑡
− 𝑤′𝑝0
𝐻
= −𝛾𝑝0 (

𝜕𝑢′
𝜕𝑥
+ 𝜕𝑤
′

𝜕𝑧
) . (7.201d)

where 𝛾 = 𝑐𝑝/𝑐𝑣 = 1/(1 − 𝜅). For an isothermal basic state we have 𝑝0 = 𝜌0𝑅𝑇0 where 𝑇0 is a
constant, so that 𝜌0 = 𝜌𝑠𝑒−𝑧/𝐻 and 𝑝0 = 𝑝𝑠𝑒−𝑧/𝐻 where𝐻 = 𝑅𝑇0/𝑔. The thermodynamic equation,
(7.201d), is the linear form of (1.101) on page 24, which has the equation of state for an ideal gas
built-in, and (7.201a,b,c,d) thus form a complete set with variables 𝑢′, 𝑤′, 𝜌′ and 𝑝′.

Differentiating (7.201a) with respect to time and using (7.201d) leads to

( 𝜕
2

𝜕𝑡2
− 𝑐2𝑠
𝜕2
𝜕𝑥2
)𝑢′ = 𝑐2𝑠 (

𝜕
𝜕𝑧
− 1
𝛾𝐻
) 𝜕
𝜕𝑥
𝑤′, (7.202a)

where 𝑐2𝑠 = 𝛾𝑝0/𝜌0 is the square of the speed of sound (equal to 𝜕𝑝/𝜕𝜌 or 𝛾𝑅𝑇0). Similarly, differ-
entiating (7.201b) with respect to time and using (7.201c) and (7.201d) leads to

( 𝜕
2

𝜕𝑡2
− 𝑐2𝑠 [
𝜕2
𝜕𝑧2
− 1
𝐻
𝜕
𝜕𝑧
])𝑤′ = 𝑐2𝑠 (

𝜕
𝜕𝑧
− 𝜅
𝐻
) 𝜕𝑢
′

𝜕𝑥
. (7.202b)
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Fig. 7.19 Dispersion diagram for acoustic-
gravity waves in an isothermal atmosphere,
calculated using (7.208). The frequency is in
units of buoyancy frequency𝑁, and thewave-
numbers are nondimensionalized by the in-
verse of the scale height, 𝐻. Solid curves in-
dicate acoustic waves, whose frequency is al-
ways higher than that of the corresponding
Lamb wave (i.e., 𝑐𝑘), and of the base acoustic
frequency ≈ 1.12𝑁. The dashed curves are in-
ternal gravity waves, whose frequency asymp-
totes to𝑁 at small horizontal scales.
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Equations (7.202a) and (7.202b) combine to give, after some cancellation,

𝜕4𝑤′
𝜕𝑡4
− 𝑐2𝑠
𝜕2
𝜕𝑡2
( 𝜕
2

𝜕𝑥2
+ 𝜕
2

𝜕𝑧2
− 1
𝐻
𝜕
𝜕𝑧
)𝑤′ − 𝑐2𝑠

𝜅𝑔
𝐻
𝜕2𝑤′
𝜕𝑥2
= 0. (7.203)

If we set 𝑤′ = 𝑊(𝑥, 𝑧, 𝑡)e𝑧/(2𝐻), so that 𝑊 = (𝜌0/𝜌𝑠)1/2𝑤′, then the term with the single 𝑧-
derivative is eliminated, giving

𝜕4𝑊
𝜕𝑡4
− 𝑐2𝑠
𝜕2
𝜕𝑡2
( 𝜕
2

𝜕𝑥2
+ 𝜕
2

𝜕𝑧2
− 1
4𝐻2
)𝑊 − 𝑐2𝑠

𝜅𝑔
𝐻
𝜕2𝑊
𝜕𝑥2
= 0. (7.204)

Although superficially complicated, this equation has constant coefficients and we may seek wave-
like solutions of the form

𝑊 = Re �̃�ei(𝑘𝑥+𝑚𝑧−𝜔𝑡), (7.205)

where �̃� is the complex wave amplitude. Using (7.205) in (7.204) leads to the dispersion relation
for acoustic-gravity waves, namely

𝜔4 − 𝑐2𝑠𝜔2 (𝑘2 + 𝑚2 +
1
4𝐻2
) + 𝑐2𝑠𝑁2𝑘2 = 0, (7.206)

with solution

𝜔2 = 1
2
𝑐2𝑠𝐾2 [1 ± (1 −

4𝑁2𝑘2
𝑐2𝑠𝐾4
)
1/2
] , (7.207)

where 𝐾2 = 𝑘2 + 𝑚2 + 1/(4𝐻2). (The reader may investigate as to whether the factor [1 −
4𝑁2𝑘2/(𝑐2𝑠𝐾4)] is positive.) For an isothermal, ideal-gas atmosphere 4𝑁2𝐻2/𝑐2𝑠 ≈ 0.8 and so this
may be written

𝜔2
𝑁2
≈ 2.5𝐾2 [1 ± (1 − 0.8�̂�

2

�̂�4
)
1/2
] , (7.208)

where �̂�2 = �̂�2 + �̂�2 + 1/4, and (�̂�, �̂�) = (𝑘𝐻,𝑚𝐻).
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7.8.1 Interpretation
Acoustic and gravity waves
There are two branches of roots in (7.207), corresponding to acoustic waves (using the plus sign in
the dispersion relation) and internal gravity waves (using the minus sign). These (and the Lamb
wave, described below) are plotted in Fig. 7.19. If 4𝑁2𝑘2/𝑐2𝑠𝐾4 ≪ 1 then the two sets of waves are
well separated. From (7.208) this is satisfied when

4𝜅
𝛾
(𝑘𝐻)2 ≈ 0.8(𝑘𝐻)2 ≪ [(𝑘𝐻)2 + (𝑚𝐻)2 + 1

4
]
2
; (7.209)

that is, when either 𝑚𝐻 ≫ 1 or 𝑘𝐻 ≫ 1. The two roots of the dispersion relation are then

𝜔2𝑎 ≈ 𝑐2𝑠𝐾2 = 𝑐2𝑠 (𝑘2 + 𝑚2 +
1
4𝐻2
) (7.210)

and
𝜔2𝑔 ≈

𝑁2𝑘2
𝑘2 + 𝑚2 + 1/(4𝐻2)

, (7.211)

corresponding to acoustic and gravity waves, respectively. The acoustic waves owe their existence
to the presence of compressibility in the fluid, and they have no counterpart in the Boussinesq
system. On the other hand, the internal gravity waves are just modified forms of those found in the
Boussinesq system, and if we take the limit (𝑘𝐻,𝑚𝐻) → ∞ then the gravity wave branch reduces
to 𝜔2𝑔 = 𝑁2𝑘2/(𝑘2 + 𝑚2), which is the dispersion relationship for gravity waves in the Boussinesq
approximation. We may consider this to be the limit of infinite scale height or (equivalently) the
case in which wavelengths of the internal waves are sufficiently small that the fluid is essentially
incompressible.

Vertical structure

Recall that 𝑤′ = 𝑊(𝑥, 𝑧, 𝑡)e𝑧/(2𝐻) and, by inspection of (7.202), 𝑢′ has the same vertical structure.
That is,

𝑤′ ∝ e 𝑧/(2𝐻), 𝑢′ ∝ e 𝑧/(2𝐻), (7.212)
and the amplitude of the velocity field of the internal waves increases with height. The pressure
and density perturbation amplitudes fall off with height, varying like

𝑝′ ∝ e−𝑧/(2𝐻), 𝜌′ ∝ e−𝑧/(2𝐻). (7.213)

The kinetic energy of the perturbation, 𝜌0(𝑢′2 +𝑤′2) is constant with height, because 𝜌0 = 𝜌𝑠𝑒−𝑧/𝐻.

Hydrostatic approximation and Lamb waves
Equations (7.202) also admit to a solution with 𝑤′ = 0. We then have

( 𝜕
2

𝜕𝑡2
− 𝑐2𝑠
𝜕2
𝜕𝑥2
)𝑢′ = 0 and ( 𝜕

𝜕𝑧
− 𝜅
𝐻
) 𝜕𝑢
′

𝜕𝑥
= 0, (7.214)

and these have solutions of the form

𝑢′ = Re �̃�e𝜅𝑧/𝐻ei(𝑘𝑥−𝜔𝑡), 𝜔 = 𝑐𝑘, (7.215)

where �̃� is the wave amplitude. These are horizontally propagating sound waves, known as Lamb
waves after the hydrodynamicist Horace Lamb. Their velocity perturbation amplitude increases
with height, but the pressure perturbation falls with height; that is

𝑢′ ∝ e𝜅𝑧/𝐻 ≈ e2𝑧/(7𝐻), 𝑝′ ∝ e(𝜅−1)𝑧/𝐻 ≈ e−5𝑧/(7𝐻). (7.216)
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Their kinetic energy density, 𝜌0𝑢′2, varies as

KE ∝ e−𝑧/𝐻+2𝜅𝑧/𝐻 = e(2𝑅−𝑐𝑝)𝑧/(𝑐𝑝𝐻)] = e(𝑅−𝑐𝑣)𝑧/(𝑐𝑝𝐻) ≈ e−3𝑧/(7𝐻), (7.217)

for an ideal gas. (In a simple ideal gas, 𝑐𝑣 = 𝑛𝑅/2 where 𝑛 is the number of excited degrees of
freedom, 5 for a diatomicmolecule.) The kinetic energy density thus falls away exponentially from
the surface, and in this sense Lamb waves are an example of edge waves or surface-trapped waves.

Now consider the case in which we make the hydrostatic approximation ab initio, but without
restricting the perturbation to have𝑤′ = 0. The linearized equations are identical to (7.201), except
that (7.201b) is replaced by

𝜕𝑝′
𝜕𝑧
= −𝜌′𝑔. (7.218)

The consequence of this is that first term (𝜕2𝑤′/𝜕𝑡2) in (7.202b) disappears, as do the first two
terms in (7.203) (i.e., the terms 𝜕4𝑤′/𝜕𝑡4 − 𝑐2(𝜕2/𝜕𝑡2)(𝜕2𝑤′/𝜕𝑥2)). It is a simple matter to show
that the dispersion relation is then

𝜔2 = 𝑁2𝑘2
𝑚2 + 1/(4𝐻2)

. (7.219)

These are long gravity waves, and may be compared with the corresponding Boussinesq result
(7.60). Again, the frequency increaseswithout bound as the horizontalwavelength diminishes. The
Lamb wave, of course, still exists in the hydrostatic model, because (7.214) is still a valid solution.
Thus, horizontally propagating sound waves still exist in hydrostatic (primitive equation) models,
but vertically propagating soundwaves do not— essentially because the term 𝜕𝑤/𝜕𝑡 is absent from
the vertical momentum equation.

Notes
1 The book by Sutherland (2010) treats internal waves in some detail. I would like to thank S. Legg

for encouraging me to add material on gravity waves and for her unpublished lecture notes.

2 See Durran (1990) for more discussion and, for a review, Durran (2015). I am also grateful to Dale
Durran for many comments and corrections on the chapters on waves.

3 A treatment of this rather canonical profile was given by Queney (1948). The profile is named for
Maria Agnesi, 1718–1799, an Italian mathematician and later a theologian, who had discussed the
properties of the curve, as had Pierre de Fermat and Guido Grandi (a professor at the University
of Pisa) somewhat earlier. The term ‘witch’ (in ‘Witch of Agnesi’) seems to be a mistranslation,
inadvertent or otherwise, from Italian of versiera, which refers to a curve and not an adversary of
God or a she-devil (which would be avversiera). Maria Agnesi may have been the first woman
appointed to a professorship of mathematics, at the University of Bologna. The curve is similar to
a Cauchy distribution and to a Lorentzian, and has some useful Fourier-transform properties that
enable an analytic approach, although our solution is numerical.

4 Jones (1967) and Bretherton (1969) show that it is the quantity 𝜌(𝑢 − 𝑓𝜂)𝑤, where 𝜂 is the particle
displacement parallel to the 𝑦-axis, that represents the force across a wavy boundary and that is
constant with height, with an extra form drag arising because of the Coriolis force.



Changes in latitude, changes in attitude,
Nothing remains quite the same.
Jimmy Buffett, Changes in Latitude, 1997.

CHAPTER 8

Linear Dynamics at Low Latitudes

A t low latitudes the atmosphere and ocean take on rather different characters than in
mid-latitudes, and this chapter is our first taste of that. The tasting will be rather anodyne
and mathematical, focusing on the linear dynamics of wave motion. We won’t get into

the real phenomenology of low latitudes: the tropical atmosphere with its humidity, its convection,
and its towering cumulonimbus clouds, or the equatorial ocean with its undercurrents and coun-
tercurrents. And most certainly we don’t get into low latitude atmosphere-ocean interaction and
the wonderful phenomenon of El Niño — these all come later. Rather, this chapter is really just
about the linear geophysical fluid dynamics of the shallow water equations at low latitudes, when
the beta effect is important and the flow is not completely geostrophically balanced. Still, let us
not be too deprecatory about these dynamics — they are important both in their own right and as
prerequisites for these more complex phenomena that we encounter later.1

Wave motion at low latitudes can be more complicated than its mid-latitude counterpart. In
mid-latitudes there is a fairly clear separation in the time and space scales between balanced and
unbalanced motion, and it is useful to recognize this by explicitly filtering out gravity wave motion
and considering purely balanced motion, using for example the quasi-geostrophic equations. In
equatorial regions, where the Coriolis parameter can become very small and is zero at the equator,
the Rossby number may be order unity or larger and such a separation is less useful. However,
even as 𝑓 becomes small, 𝛽 becomes large and Rossby waves remain important but the frequency
separation between Rossby and gravity waves is smaller. The reader may then readily imagine the
complications arising even from linear wave problems in equatorial regions and determining the
dispersion relation for combined Rossby and gravity waves in a continuously stratified fluid is an
algebraically complex task. The task is much simplified by posing the problem in the context of
the shallow water equations, and these arise both as a physical model (e.g., of the thermocline in
the ocean) or via a modal expansion, as in Section 3.4.1.

Before diving into the details, ask why do we talk about the ‘tropical’ atmosphere but the ‘equa-
torial’ ocean? It is because an essential demarcation in the atmosphere lies at the edge of theHadley
Cell, at about 25°–30° latitude, and the dynamics are rather different poleward and equatorward
of this edge. In some contrast, the dynamics of the ocean do not change their essential character
until we approach quite close to the equator. At 10° latitude ocean dynamics has many of the char-
acteristics of the mid-latitudes — the Rossby number is still very small, for example. Only when
we get to within a very few degrees of the equator do the dynamics change in a qualitative way.

297
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8.1 CO-EXISTENCE OF ROSSBY AND GRAVITY WAVES
To see how Rossby waves and gravity waves co-exist, consider the linear, single layer, rotating shal-
low water equations,

𝜕𝑢
𝜕𝑡
− 𝑓𝑣 = −𝜕𝜙

𝜕𝑥
, 𝜕𝑣
𝜕𝑡
+ 𝑓𝑢 = −𝜕𝜙

𝜕𝑦
, 𝜕𝜙
𝜕𝑡
+ 𝑐2 (𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = 0, (8.1a,b,c)

where, in terms of the familiar shallow water variables, 𝜙 = 𝑔′𝜂 and 𝑐2 = 𝑔′𝐻, where 𝜙 is the
kinematic pressure, 𝜂 is the free surface height, 𝐻 is the reference depth of the fluid and 𝑔′ is
the reduced gravity. After some manipulation (described in Section 8.2), but with no additional
approximation, these equations reduce to a single equation for 𝑣, namely

1
𝑐2
𝜕3𝑣
𝜕𝑡3
+ 𝑓
2

𝑐2
𝜕𝑣
𝜕𝑡
− 𝜕
𝜕𝑡
∇2𝑣 − 𝛽𝜕𝑣

𝜕𝑥
= 0. (8.2)

On the beta plane the Coriolis parameter is given by 𝑓 = 𝑓0 + 𝛽𝑦; thus, (8.2) has a non-constant
coefficient, entailing considerable algebraic difficulties. Wewill address these difficulties in Section
8.2, but for now let us suppose that both 𝛽 and𝑓 are constants in (8.2). Effectively, we are assuming
that Coriolis parameter, 𝑓, is constant except where differentiated, an approximation common in
a mid-latitude setting in the quasi-geostrophic equations.2 This approximation provides a useful
introduction to the more complex problem.

Equation (8.2) then has constant coefficients and we may look for plane wave solutions of the
form 𝑣 = 𝑣 exp [i(𝒌 ⋅ 𝒙 − 𝜔𝑡)], whence

𝜔2 − 𝑓20
𝑐2
− (𝑘2 + 𝑙2) − 𝛽𝑘

𝜔
= 0. (8.3a)

This is a cubic equation in 𝜔, as expected given (8.1). Written differently it becomes

(𝑘 + 𝛽
2𝜔
)
2
+ 𝑙2 = ( 𝛽

2𝜔
)
2
+ 𝜔
2 − 𝑓20
𝑐2
, (8.3b)

which may be compared to (6.107). Noting that 𝑘2𝑑 = 𝑓20 /𝑔′𝐻 = 𝑓20 /𝑐2, the two equations are
identical except for the appearance of a term involving frequency in the last term on the right-
hand side of (8.3b). The wave propagation diagram is illustrated in Fig. 8.1. The wave vectors at a
given frequency all lie on a circle centred at (−𝛽/2𝜔, 0) and with radius 𝑅 given by

𝑅 = [( 𝛽
2𝜔
)
2
+ 𝜔
2 − 𝑓20
𝑐2
]
1/2
, (8.4)

and the radius must be positive in order for the waves to exist. In the low frequency case the
diagram is essentially the same as that shown in Fig. 6.8, but is quantitatively significantly different
in the high frequency case. These limiting cases are discussed further in Section 8.1.1 below.

To plot the full dispersion relation it is useful to nondimensionalize using the following scales
for time (𝑇), distance (𝐿) and velocity (𝑈):

𝑇 = 𝑓−10 , 𝐿 = 𝐿𝑑 = 𝑘−1𝑑 = 𝑐/𝑓0, 𝑈 = 𝐿/𝑇 = 𝑐. (8.5a,b,c)

Denoting nondimensional quantities with a hat we then have

𝜔 = �̂�𝑓0, (𝑘, 𝑙) = (�̂�, ̂𝑙)𝑘𝑑, 𝛽 = 𝛽
𝑓20
𝑐
= 𝛽 𝑓0
𝐿𝑑
= 𝛽𝑓0𝑘𝑑. (8.6)
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Fig. 8.1 Wave propagation diagrams for
Rossby-gravity waves, obtained using (8.3).
The top figure shows the diagram in the low
frequency, Rossby wave limit, and the bot-
tom figure shows the high frequency, gravity
wave limit.
In each case the the locus of wavenumbers
for a given frequency is a circle centred at
𝐶 = (−𝛽/2𝜔, 0) with a radius 𝑅 given by (8.4),
but the approximate expressions differ signif-
icantly at high and low frequency.

The dispersion relation (8.3) may then be written as

�̂�2 − 1 − (�̂�2 + ̂𝑙2) − 𝛽 �̂�
�̂�
= 0. (8.7)

Wemay expect that two of the roots correspond to gravity waves and the third to Rossbywaves. The
only parameter in the dispersion relation is 𝛽 = 𝛽𝑐/𝑓20 = 𝛽𝐿𝑑/𝑓0. In the atmosphere a representa-
tive value for 𝐿𝑑 is 1000 km, whence 𝛽 = 0.1. In the ocean 𝐿𝑑 ∼ 100km, whence 𝛽 = 0.01. If we
allow ourselves to consider ‘external’ Rossby waves (which are of some oceanographic relevance)
then 𝑐 = √𝑔𝐻 = 200ms−1 and 𝐿𝑑 = 2000km, whence 𝛽 = 0.2.



300 Chapter 8. Linear Dynamics at Low Latitudes

Fig. 8.2 Dispersion relation for Rossby-
gravity waves, obtained from (8.8) with
𝛽 = 0.2 for three values of 𝑙. There is a fre-
quency gap between the Rossby or plan-
etary waves and the gravity waves. For
the stratified mid-latitude atmosphere
or ocean the frequency gap is in reality
even larger.
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To actually obtain a solution we regard the equation as a quadratic in 𝑘 and solve in terms of
the frequency, giving

�̂� = − 𝛽
2�̂�
± 1
2
[𝛽
2

�̂�2
+ 4(�̂�2 − ̂𝑙2 − 1)]

1/2
. (8.8)

The solutions are plotted in Fig. 8.2, with 𝛽 = 0.2, and we see that the waves fall into two groups,
labelled gravity waves and planetary waves in the figure. The gap between the two groups of waves
is in fact still larger if a smaller (and generally more relevant) value of 𝛽 is used. To interpret all
this let us consider some limiting cases.

8.1.1 Special Cases and Properties of the Waves
We now consider a few special cases of the dispersion relation.

(i) Constant Coriolis parameter

If 𝛽 = 0 then the dispersion relation becomes

𝜔 [𝜔2 − 𝑓20 − (𝑘2 + 𝑙2)𝑐2] = 0, (8.9)

with the roots
𝜔 = 0, 𝜔2 = 𝑓20 + 𝑐2(𝑘2 + 𝑙2). (8.10a,b)

The root 𝜔 = 0 corresponds to geostrophic motion (and, since 𝛽 = 0, Rossby waves are
absent), with the other root corresponding to Poincaré waves, considered in Chapter 3. The
frequency is higher than the inertial frequency 𝑓; that is, 𝜔2 > 𝑓20 .

(ii) High frequency waves

If we take the limit of 𝜔 ≫ 𝑓0 then (8.3a) gives

𝜔2
𝑐2
− (𝑘2 + 𝑙2) − 𝛽𝑘

𝜔
= 0. (8.11)
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Rossby and Gravity Waves

• Generically speaking, Rossby-gravity waves are waves that arise under the combined
effects of a potential vorticity gradient and stratification. Sometimes the definition is
restricted to a wave on a single branch of the dispersion curve connecting Rossby and
gravity waves. In mid-latitudes on Earth Rossby waves and gravity waves are well sepa-
rated and have distinct physical mechanisms.

• The simplest setting in which such waves occur is the linearized shallow water equations
which may be written as a single equation for 𝑣, namely

1
𝑐2
𝜕3𝑣
𝜕𝑡3
+ 𝑓
2

𝑐2
𝜕𝑣
𝜕𝑡
− 𝜕
𝜕𝑡
∇2𝑣 − 𝛽𝜕𝑣

𝜕𝑥
= 0. (RG.1)

• If we take both 𝑓 and 𝛽 to be constants then the equation above admits of plane-wave
solutions with dispersion relation

𝜔2 − 𝛽𝑘𝑐
2

𝜔
= 𝑓20 + 𝑐2(𝑘2 + 𝑙2). (RG.2)

• In Earth’s atmosphere and ocean it is common, especially in mid-latitudes, for there to
be a frequency separation between two classes of solution. To a good approximation,
high frequency waves satisfy

𝜔2 = 𝑓20 + 𝑐2(𝑘2 + 𝑙2). (RG.3)

These are inertio-gravity waves, also known as Poincaré waves. The low frequency waves
satisfy

𝜔 = −𝛽𝑘𝑐2
𝑓20 + 𝑐2(𝑘2 + 𝑙2)

= −𝛽𝑘
𝑘2𝑑 + 𝑘2 + 𝑙2

, (RG.4)

where 𝑘2𝑑 = 𝑓20 /𝑐2, and these are called Rossby waves or planetary waves.

• Rossby-gravity waves also exist in the stratified equations. Solutions may be found by
decomposing the vertical structure into a series of orthogonal modes, and a sequence of
shallow water equations for each mode results, with a different 𝑐 for each mode. Solu-
tions may also be found if 𝑓 is allowed to vary in (RG.1), at the price of some algebraic
complexity, as in Section 8.2.

To be physically realistic we should also now eliminate the 𝛽 term, because if 𝜔 ≫ 𝑓0 then,
from geometric considerations on a sphere, 𝑘2 ≫ 𝛽𝑘/𝜔. Thus, the dispersion relation is
simply 𝜔2 = 𝑐2(𝑘2 + 𝑙2). These waves are just gravity waves uninfluenced by rotation, and are
a special case of Poincaré waves.

(iii) Low frequency waves
Consider the limit of 𝜔 ≪ 𝑓0. The dispersion relation reduces to

𝜔 = −𝛽𝑘
𝑘2 + 𝑙2 + 𝑘2𝑑

. (8.12)
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This is just the dispersion relation for quasi-geostrophic Rossbywaves as previously obtained
— see (6.65) or (6.92). In this limit, the requirement that the radius of the circle be positive
becomes

𝜔2 < 𝛽
2

4𝑘2𝑑
. (8.13)

That is to say, the Rossby waves have a maximum frequency, and directly from (8.12) this
occurs when 𝑘 = 𝑘𝑑 and 𝑙 = 0.

The frequency gap
The maximum frequency of Rossby waves is usually much less than the frequency of the Poincaré
waves: the lowest frequency of the Poincaré waves is 𝑓0 and the highest frequency of the Rossby
waves is 𝛽/2𝑘𝑑. Thus,

Low gravity wave frequency
High Rossby wave frequency

= 𝑓0
𝛽/2𝑘𝑑
= 𝑓
2
0
2𝛽𝑐
. (8.14)

If 𝑓0 = 10−4 s−1, 𝛽 = 10−11m−1 s−1 and 𝑘𝑑 = 1/100km−1 (a representative oceanic baroclinic
deformation radius) then 𝑓0/(𝛽/2𝑘𝑑) = 200. If 𝐿𝑑 = 1000km (an atmospheric baroclinic radius)
then the ratio is 20. If we use a barotropic deformation radius of 𝐿𝑑 = 2000km then the ratio
is 10. Evidently, for most mid-latitude applications there is a large gap between the Rossby wave
frequency and the gravity wave frequency. Because of this frequency gap, to a good approximation
Fig. 8.2 may be obtained by separately plotting (8.10b) for the gravity waves, and (8.12) for the
Rossby or planetary waves. The differences between these and the exact results become smaller as
𝛽 gets smaller, virtually indistinguishable in the plots shown.

Finally, we remark that a ‘Rossby-gravity wave’ is sometimes defined to be the wave on a single
branch of the dispersion curve that connects Rossby waves and gravity waves across a range of
wavenumbers. The equatorial beta plane does support such a wave — the ‘Yanai wave’ that will
be derived in Section 8.2 and shown in Fig. 8.6, and this wave bridges the frequency gap near the
equator. However, in the mid-latitude system above there is no such wave; rather, there are what
are essentially separate Rossby waves and gravity waves.

8.1.2 Planetary-Geostrophic Rossby waves
A good approximation for the large-scale ocean circulation involves ignoring the time-derivatives
and nonlinear terms in the momentum equation, allowing evolution only to occur in the thermo-
dynamic equation. This is the planetary-geostrophic approximation, introduced in Section 5.2,
and it is interesting to see to what extent that system supports Rossby waves.3 It is easiest just
to begin with the linear shallow water equations themselves, and omitting time derivatives in the
momentum equation gives

− 𝑓𝑣 = −𝜕𝜙
𝜕𝑥
, 𝑓𝑢 = −𝜕𝜙

𝜕𝑦
, (8.15a,b)

𝜕𝜙
𝜕𝑡
+ 𝑐2 (𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = 0. (8.15c)

From these equations we straightforwardly obtain

𝜕𝜙
𝜕𝑡
− 𝑐
2𝛽
𝑓2
𝜕𝜙
𝜕𝑥
= 0. (8.16)

Again we will treat both 𝑓 and 𝛽 as constants so that we may look for solutions in the form 𝜙 =
𝜙 exp[i(𝒌 ⋅ 𝑥 − 𝜔𝑡)]. The ensuing dispersion relation is

𝜔 = −𝑐
2𝛽
𝑓20
𝑘 = −𝛽𝑘
𝑘2𝑑
, (8.17)
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Fig. 8.3 The locus of points on planetary-geostrophic
Rossby waves. Waves of a given frequency all have the
same 𝑥-wavenumber, given by (8.17).

which is a limiting case of (8.12) with 𝑘2, 𝑙2 ≪ 𝑘2𝑑. The waves are a form of Rossby waves with
phase and group speeds given by

𝑐𝑝 = −
𝑐2𝛽
𝑓20
, 𝑐𝑥𝑔 = −

𝑐2𝛽
𝑓20
. (8.18)

That is, the waves are non-dispersive and propagate westward. Equation (8.16) has the general
solution 𝜙 = 𝐺(𝑥 + 𝛽𝑐2/𝑓2𝑡), where 𝐺 is any function, so an initial disturbance will just propagate
westward at a speed given by (8.18), without any change in form.

Note finally that the locus of wavenumbers in 𝑘–𝑙 space is no longer a circle, as it is for the
usual Rossby waves. Rather, since the frequency does not depend on the 𝑦-wavenumber, the locus
is a straight line, parallel to the 𝑦-axis, as in Fig. 8.3. Waves of a given frequency all have the same
𝑥-wavenumber, given by 𝑘 = −𝜔𝑓20 /(𝑐2𝛽) = −𝜔𝑘2𝑑/𝛽, as shown in Fig. 8.3.

Physical mechanism
Because the waves are a form of Rossby wave their physical mechanism is related to that discussed
in Section 6.4.3, but with an important difference: relative vorticity is no longer important, but the
flow divergence is. Thus, consider flow round a region of high pressure, as illustrated in Fig. 8.4. If
the pressure is circularly symmetric as shown, the flow to the south of H in the left-hand sketch,
and to the south of 𝐿 in the right-hand sketch, is larger than that to the north. Hence, in the left
sketch the flow converges atW and diverges at E, and the flow patternmoves westward. In the flow
depicted in the right sketch the low pressure propagates westward in a similar fashion.

8.2 WAVES ON THE EQUATORIAL BETA PLANE
Wenow discuss the properties of shallowwater waves at low latitudes, allowing the Coriolis param-
eter to properly vary in all terms, albeit using the𝛽-plane approximation.4 Thus, Taylor-expanding
the Coriolis parameter around a latitude 𝜗0 we obtain

𝑓 = 2𝛺 sin 𝜗 ≈ 2𝛺 sin 𝜗0 + 2𝛺(𝜗 − 𝜗0) cos 𝜗0 = 𝑓0 + 𝛽𝑦, (8.19)

where 𝑓0 = 2𝛺 sin 𝜗0, 𝛽 = 2𝛺 cos 𝜗0/𝑎 and 𝑦 = 𝑎(𝜗 − 𝜗0) where 𝑎 is the radius of the Earth. For
motions at low latitudes we take 𝜗0 = 0, giving the equatorial beta-plane approximation in which



304 Chapter 8. Linear Dynamics at Low Latitudes

� �� � � �

������������
����

�����������
����

�����������
����

������������
����

��

�

�����������������

Fig. 8.4 The westward propagation of planetary-geostrophic Rossby waves. The circular lines are
isobars centred around high and low pressure centres. Because of the variation of the Coriolis force,
the mass flux between two isobars is greater to the south of a pressure centre than it is to the north.
Hence, in the left-hand sketch there is convergence to the west of the high pressure and the pattern
propagates westward. Similarly, if the pressure centre is a low, as in the right-hand sketch, there is
divergence to the west of the pressure centre and the pattern still propagates westward.

sin 𝜗 ≈ 𝜗, cos 𝜗 ≈ 1 and 𝑓 = 2𝛺𝜗 = 𝛽𝑦. The linearized momentum and mass conservation
equations are then

𝜕𝑢
𝜕𝑡
− 𝑓𝑣 = −𝜕𝜙

𝜕𝑥
, 𝜕𝑣
𝜕𝑡
+ 𝑓𝑢 = −𝜕𝜙

𝜕𝑦
, 𝜕𝜙
𝜕𝑡
+ 𝑐2 (𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = 0. (8.20a,b,c)

These are exactly the same as (8.1) except that now 𝑓 = 𝛽𝑦. There are just two dimensional param-
eters in the above equations, 𝑐 and 𝛽, and from these we may form the scales

𝑇eq = (𝑐𝛽)−1/2, 𝐿eq = (
𝑐
𝛽
)
1/2
. (8.21a,b)

These are the fundamental time and length scales for equatorial dynamics (although some defini-
tions differ by a factor of √2, as discussed later). The length scale 𝐿eq is known as the equatorial
radius of deformation. If we regard the above shallow water equations as coming from a modal de-
composition of the primitive equations, as in Section 3.4, then there is a wave speed, 𝑐𝑚 = √𝑔𝐻𝑚
and deformation radius for each mode. For the first baroclinic mode and for the atmosphere, if
𝑐1 = 25ms−1 and𝛽 = 2.3×10−11m−1 s−1, then 𝐿eq ≈ 1000 km and𝑇eq ≈ 0.5 days; for the equatorial
ocean with 𝑐 = 2ms−1 then 𝐿eq ≈ 300 km and 𝑇eq ≈ 1.7 days.

Cross-differentiating (8.20a) and (8.20b) and using (8.20c) to eliminate the divergence we may
also derive the linearized potential vorticity equation, namely

𝜕
𝜕𝑡
(𝜁 − 𝑓𝜙
𝑐2
) + 𝛽𝑣 = 0. (8.22)

This is the same as the familiar linearized potential vorticity equation on the 𝑓-plane, with the
addition of the term D𝑓/D𝑡 = 𝛽𝑣. Equation (8.22) is not independent of (8.20) but it will be
convenient to use it sometimes.

To obtain a single equation for a single unknown, operate on (8.20a) with (𝑓/𝑐2)𝜕𝑡, on (8.20b)
with (1/𝑐2)𝜕𝑡𝑡, on (8.20c) with (1/𝑐2)𝜕𝑡𝑦) and on (8.22) with 𝜕𝑥. Using subscripts to denote deriva-
tives the resulting equations are

𝑓
𝑐2
𝑢𝑡𝑡 −
𝑓2
𝑐2
𝑣𝑡 = −
𝑓
𝑐2
𝜙𝑥𝑡,

1
𝑐2
𝑣𝑡𝑡𝑡 +
𝑓
𝑐2
𝑢𝑡𝑡 = −
1
𝑐2
𝜙𝑦𝑡𝑡, (8.23a,b)
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1
𝑐2
𝜙𝑡𝑡𝑦 + (𝑢𝑥𝑦𝑡 + 𝑣𝑦𝑦𝑡) = 0, 𝑣𝑥𝑥𝑡 − 𝑢𝑥𝑦𝑡 −

𝑓
𝑐2
𝜙𝑥𝑡 + 𝛽𝑣𝑥 = 0. (8.23c,d)

These equations linearly combine (a - (b+c+d)) to give a single equation for 𝑣, namely

1
𝑐2
𝜕3𝑣
𝜕𝑡3
+ 𝑓
2

𝑐2
𝜕𝑣
𝜕𝑡
− 𝜕
𝜕𝑡
( 𝜕
2𝑣
𝜕𝑦2
+ 𝜕
2𝑣
𝜕𝑥2
) − 𝛽𝜕𝑣
𝜕𝑥
= 0. (8.24)

This equation is third order and has non-constant coefficients, and is thus somewhat com-
plicated. Before proceeding, note one common approximation, sometimes called the longwave
approximation. If zonal scales are much greater than meridional scales then we expect the zonal
wind to be in geostrophic balance with the meridional pressure gradient. In this case we replace
(8.20b) by

𝑓𝑢 = −𝜕𝜙
𝜕𝑦
, (8.25)

and (8.22) and (8.23b,d) are modified accordingly. Then, in instead of (8.24), we obtain

𝑓2
𝑐2
𝜕𝑣
𝜕𝑡
− 𝜕
𝜕𝑡
( 𝜕
2𝑣
𝜕𝑦2
) − 𝛽𝜕𝑣
𝜕𝑥
= 0. (8.26)

This equation is first order in time and the dispersion relationmay be obtained reasonably straight-
forwardly. This approximation is particularly useful in the forced-dissipative problem as we will
see in Section 8.4. In the free problem the dispersion equation can in fact be obtained easily enough
in the general case, that is from (8.24), allowing us to make the longwave approximation at a later
stage.

8.2.1 Dispersion Relations
In this section we explore the properties of (8.24), in particular obtaining a dispersion relation.
The coefficients of (8.24) vary in the meridional direction but are constant in the zonal direction.
We thus search for solutions in the form of a plane wave in the zonal direction only and we let

𝑣 = 𝑣(𝑦)ei(𝑘𝑥−𝜔𝑡), (8.27)

and assume boundary conditions of 𝑣(𝑦) → 0 as 𝑦 → ±∞. Substituting (8.27) into (8.24) gives

d2𝑣
d𝑦2
+ (𝜔
2

𝑐2
− 𝑘2 − 𝛽𝑘
𝜔
− 𝛽
2𝑦2
𝑐2
) 𝑣 = 0. (8.28)

Given the velocity, 𝑐, and the presence of the beta effect there is a rather obvious way to non-
dimensionalize the equations. However, it turns out that by introducing an additional factor of
√2 into the scaling, the mathematics of one of the problems that we address later is simplified. At
the risk of discussing a trivial difference, let’s do both — the confident and impatient reader may
choose one and skim the other.

Nondimensionalization I

Let us scale time and distance with the quantities 𝑇eq = (𝑐𝛽)−1/2, 𝐿eq = (𝑐/𝛽)1/2 as in (8.21). The
nondimensional frequency, lengthscale and wavenumber are then given by

�̂� = 𝜔
(𝛽𝑐)1/2
, 𝑦 = 𝑦(𝛽

𝑐
)
1/2
, �̂� = 𝑘 ( 𝑐

𝛽
)
1/2
. (8.29)



306 Chapter 8. Linear Dynamics at Low Latitudes

If we take 𝛿𝜌/𝜌0 = 0.002,𝐻 = 100m and 𝛽 = 2𝛺/𝑎 = 2.3 × 10−11m−1 s−1 we find

𝑔′ ≈ 0.02ms−2, 𝑐 ≈ 1.4ms−1, 𝐿eq ≈ 250 km, 𝑇𝛽 = 1.7 × 105 s ≈ 2 days. (8.30)

Themid-latitude shallow-water deformation radius, 𝐿𝑑 is usually defined as 𝐿𝑑 = 𝑐/𝑓which differs
from (8.21b) most notably in the power of 𝑓. However, if in the mid-latitude expression we take
𝑓 = 𝛽𝑦, as if near the equator, and 𝑦 = 𝐿𝑑, then 𝐿𝑑 = 𝑐/(𝛽𝐿𝑑), which is the same as (8.21b).

Substituting (8.29) into (8.28) gives the slightly simpler-looking equation

d2𝑣
d𝑦2
+ (�̂�2 − �̂�2 − �̂�

�̂�
− 𝑦2)𝑣 = 0. (8.31)

This equation may be put into a standard form5 by writing 𝑣(𝑦) = 𝛹(𝑦) exp(−𝑦2/2), whence (8.31)
becomes

d2𝛹
d𝑦2
− 2𝑦d𝛹

d𝑦
+ 𝜆𝛹 = 0, (8.32)

where 𝜆 = �̂�2−�̂�2−�̂�/�̂�−1. Equation (8.32) is known asHermite’s equation, and it is an eigenvalue
equation, with solutions if and only if 𝜆 = 2𝑚, for 𝑚 = 0, 1, 2,…. The solutions are Hermite
polynomials, 𝛹(𝑦) = 𝐻𝑚(𝑦), where the first few polynomials are given by

𝐻0 = 1, 𝐻1 = 2𝑦, 𝐻2 = 4𝑦2 − 2,
𝐻3 = 8𝑦3 − 12𝑦, 𝐻4 = 16𝑦4 − 48𝑦2 + 12.

(8.33)

A Hermite polynomial is even or odd when 𝑚 is even or odd, respectively; that is 𝐻𝑚(−𝑦) =
(−1)𝑚𝐻𝑚(𝑦). Note that we are using Hermite polynomials to describe the 𝑣 field, so that mirror
symmetry across the equator occurs when𝑚 is odd. The 𝑣 field is then odd, but the 𝑢 and 𝜙 fields
are even, as shown in Appendix A to this chapter.

Hermite polynomials multiplied by a Gaussian are a form of parabolic cylinder function,

𝑉𝑚(𝑦) = 𝐻𝑚(𝑦) exp(−𝑦2/2). (8.34)

These functions are also orthogonal in the interval [−∞, +∞]; that is

∫
∞

−∞
𝑉𝑛𝑉𝑚 d𝑦 = ∫

∞

−∞
𝐻𝑛(𝑦)𝐻𝑚(𝑦) exp(−𝑦2)d𝑦 = √π2𝑛𝑛! 𝛿𝑛𝑚, (8.35)

Appendix A gives additional details. Given theHermite solution for𝛹, the solutions for 𝑣 are given
by

𝑣(𝑦) = 𝑉𝑚(𝑦) = 𝐻𝑚(𝑦)e−𝑦
2/2, 𝑚 = 0, 1, 2… , (8.36)

and so decay exponentially as 𝑦 → ±∞ (as we require) with a decay scale of the equatorial defor-
mation radius√𝑐/𝛽. The functions 𝑉𝑚 are plotted in Fig. 8.5 for𝑚 = 0 to 3.

The dispersion relation follows from the quantization condition 𝜆 = 2𝑚, which implies

�̂�2 − �̂�2 − �̂�
�̂�
= 2𝑚 + 1, (8.37a)

or, using (8.29), the dimensional form,

𝜔2 − 𝑐2𝑘2 − 𝛽𝑘𝑐
2

𝜔
= (2𝑚 + 1)𝛽𝑐., (8.37b)
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Fig. 8.5 Latitudinal variation
of the wave amplitudes, the
parabolic cylinder functions
𝑉𝑚(𝑦), given by (8.34), for
𝑚 = 0, 1, 2, 3. The parameter
𝑚 is analogous to a meridional
wavenumber. The parabolic
cylinder functions given by (8.43)
have a similar but not identical
form.

This is a cubic equation in 𝜔, and although a solution is possible, it is easier to solve the quadratic
equation for the wavenumber in terms of the frequency giving

�̂� = − 1
2�̂�
± 1
2
[( 1
�̂�
− 2�̂�)

2
− 8𝑚]

1/2
, (8.37c)

or, in dimensional form,

𝑘 = − 𝛽
2𝜔
± 1
2
[(𝛽
𝜔
− 2𝜔
𝑐
)
2
− 8𝑚𝛽
𝑐
]
1/2
. (8.37d)

Equations (8.37) are forms of the dispersion relation for the shallow water equations on an equa-
torial beta-plane. Before exploring their properties we nondimensionalize in a different way.

Nondimensionalization II
We now scale time and distance with the quantities

𝑇eq = (2𝑐𝛽)−1/2, 𝐿eq = (𝑐/2𝛽)1/2. (8.38a,b)

Velocity is still nondimensionalized by 𝑐. The nondimensional version of (8.28) becomes

d2𝑣
d𝑦2
+ (�̂�2 − �̂�2 − �̂�

2�̂�
− 𝑦
2

4
) 𝑣 = 0, (8.39)

which may be compared with (8.31). We now make the substitution

𝑣(𝑦) = 𝛷 exp(−𝑦2/4), (8.40)

which leads to
d2𝛷
d𝑦2
− 𝑦d𝛷

d𝑦
+ 𝛾𝛷 = 0, (8.41)
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where 𝛾 = �̂�2 − �̂�2 − �̂�/2�̂� − 1/2. Equation (8.41) could be transformed into (8.32) by changing
to the independent variable 𝑦′ = 𝑦/√2, and the dispersion relation then follows in the same way.
More directly, solutions of (8.41) are given by the modified Hermite polynomials 𝛷(𝑦) = 𝐺𝑚(𝑦)
where

(𝐺0, 𝐺1, 𝐺2, 𝐺3, 𝐺4) = (1, 𝑦, 𝑦2 − 1, 𝑦3 − 3𝑦, 𝑦4 − 6𝑦2 + 3). (8.42)

These are also known as the probabilists’ Hermite polynomials, with (8.33) or (8.151) being the
physicists’ Hermite polynomials, reflecting historical use; the two sets of polynomials are con-
nected by𝐻𝑛(𝑦) = 2𝑛/2𝐺𝑛(𝑦√2). The corresponding parabolic cylinder functions are given by

𝐷𝑛(𝑦) = 𝐺𝑛(𝑦) exp(−𝑦2/4), (8.43)

and these functions are solutions of (8.39). The orthonormality condition on the modified poly-
nomials is that

∫
∞

−∞
𝐷𝑛(𝑦)𝐷𝑚(𝑦)d𝑦 = ∫

∞

−∞
𝐺𝑛(𝑦)𝐺𝑚(𝑦) exp(−𝑦2/2)d𝑦 = √2π 𝑛! 𝛿𝑛𝑚, (8.44)

which may be compared to (8.35). The quantization condition on 𝛾 is that 𝛾 = 𝑚, where 𝑚 =
0, 1, 2,…. Thus, the nondimensional dispersion relation is

�̂�2 − �̂�2 − �̂�
2�̂�
− 1
2
= 𝑚, (8.45)

and restoring the dimensions using (8.38) gives (8.37b). Later on, when dealing with the steady,
forced-dissipative problem, the use of the probabilists’ polynomials is a little more convenient.

8.2.2 Limiting and Special Cases
To further explore the wave case we stay with our first nondimensionalization, namely (8.21), and
with the goal of figuring out what’s going on we’ll consider various special cases of the dispersion
relations (8.37). It is convenient to first partition the waves by frequency, and consider separately
high frequency gravity waves and low frequency planetary waves. We need do this only for the
case 𝑚 ≥ 1 because the 𝑚 = 0 case (mixed Rossby-gravity waves) may be treated exactly. Then
finally we look at the so-called𝑚 = −1 case, namely Kelvin waves.

High and low frequency waves

1. High frequency waves. The term 𝛽𝑘𝑐2/𝜔 in (8.37) is small and may be neglected. The disper-
sion relation becomes

�̂�2 = �̂�2 + 2𝑚 + 1 or 𝜔2 = 𝑐2𝑘2 + 𝛽𝑐(2𝑚 + 1). (8.46a,b)

This dispersion relation is similar to that of mid-latitude Poincaré waves, with 𝛽𝑐 replacing
𝑓20 : recall the form of (3.121), namely 𝜔2 = 𝑐2(𝑘2 + 𝑙2) + 𝑓20 . Waves satisfying (8.46) are thus
sometimes called equatorially trapped Poincaré waves or equatorially trapped gravity waves.
The approximation requires that 𝜔 ≫ 𝛽/|𝑘|, and is somewhat inaccurate for small 𝑘: note
that (8.46) is symmetric around 𝑘 = 0, whereas the full dispersion relation, plotted in Fig. 8.6,
is offset. (Formally, the limit is valid for �̂� → ∞, �̂� → ∞ and �̂�/�̂� = constant.)
For finite 𝑚 the limiting case at high wavenumbers is just �̂� = ±�̂�, or, in dimensional form,
𝜔 = ±𝑐𝑘. This is just the dispersion relation for familiar conventional shallow water gravity
waves, unaffected by rotation and the 𝛽-effect. However, in the rotating case the waves are
trapped at the equator and propagate only in the zonal direction, albeit both eastward and
westward.
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2. Low frequency waves. For low frequency waves we neglect the term involving 𝜔2 in (8.37)
and the dispersion relation becomes

�̂� = −�̂�
2𝑚 + 1 + �̂�2

, 𝜔 = −𝛽𝑘
(2𝑚 + 1)𝛽/𝑐 + 𝑘2

, (8.47)

nondimensionally and dimensionally, respectively. This is recognizable as the dispersion
relation for a zonally propagating Rossby wave with large 𝑥-wavenumber, and these waves
are called equatorially trapped Rossby waves, or equatorially trapped planetary waves. We
may further consider two limits of these waves, as follows.

(a) Short, low frequency waves, with �̂� → ∞, �̂� → 0. The dispersion relation becomes

�̂� = −1
�̂�
, 𝜔 = −𝛽

𝑘
. (8.48)

The phase speed and group velocity in this limit are given by, dimensionally,

𝑐𝑝 = −
𝛽
𝑘2
, 𝑐𝑔 =

𝛽
𝑘2
. (8.49)

Thus, the phase speed is westward but the group velocity, and so the direction of energy
propagation, is eastward.

(b) Long low frequency waves, with �̂� → 0, �̂� → 0. The dispersion relation (8.37) becomes,
in nondimensional and dimensional form,

�̂� = −�̂�
2𝑚 + 1
, 𝜔 = −𝑐𝑘

2𝑚 + 1
. (8.50)

These represent westward propagating waves whose speed is given by 𝑐/(2𝑚 + 1). For
𝑚 = 1 (the smallest allowable value for planetary waves) they have one-third the speed
of a non-rotating gravity wave or of a Kelvin wave (discussed below). However, these
waves propagate only westward, and they match with the westward propagating plane-
tary waves derived above as wavenumber increases. They are conveniently nondisper-
sive, and are also important near western boundaries where they superpose to create
western boundary currents. The longwave approximation may be made from the out-
set, and is equivalent to assuming that the zonal flow is in geostrophic balance; that is,
(8.20b) is replaced by 𝑓𝑢 = −𝑔′𝜕𝜂/𝜕𝑦. Then, instead of solving (8.24) we solve (8.26).
The only difference is in the value of 𝜆 in (8.32) — we find 𝜆 = −�̂�/�̂� − 1 — and so
(8.50) immediately emerges. Short waves are filtered out of the system. This approxi-
mation will turn out to be particularly important when we consider the steady problem
in Section 8.5.

There is a distinct gap in frequencies between the minimum frequency of the gravity waves,
given by (8.46), and the maximum frequency of the planetary waves, given by (8.49) also with
𝑚 small. The minimum gravity wave frequency occurs when 𝑘 = 0 and is 𝜔2gmin = 𝛽𝑐(2𝑚 + 1).
From (8.47) the maximum planetary wave frequency occurs when 𝑘2 = (2𝑚 + 1)𝛽/𝑐 and gives
𝜔2pmax = 𝛽𝑐/[4(2𝑚 + 1)]. The ratio of these two frequencies is

𝜔gmin

𝜔pmax
= 2(2𝑚 + 1), (8.51)

giving a value of six for𝑚 = 1 and two for𝑚 = 0 (a case we consider more below). Note that this
ratio is independent of the values of the physical parameters 𝛽 and 𝑐. Although the gap is distinct,
it is not as large as the corresponding gap at mid-latitudes, which may be an order of magnitude
or more.
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Fig. 8.6 Dispersion relation for equato-
rial waves, as given by (8.37), for 𝑚 =
0, 1, 2, 3. The upper group of curves are
gravity waves, given approximately by
(8.46). The lower group with 𝑘 < 0 are
westward propagating planetary waves,
given approximately by (8.47). Also
shown are the Yanai wave with 𝑚 = 0,
satisfying (8.54), and the eastward prop-
agating Kelvin wave (the ‘𝑚 = −1’ wave)
satisfying 𝜔 = 𝑐𝑘 for 𝑘 ≥ 0.
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Special values of 𝑚
In addition to the limiting cases at low and high frequency, there are two other cases in which we
can readily solve the dispersion relation, namely when𝑚 = 0 and the Kelvin wave case, as follows:

1. The case with 𝑚 = 0. The resulting waves are known as Yanai waves,6 or Rossby-gravity
waves, since they span the two types of waves. They are antisymmetric across the equator.
From (8.37a) the dispersion relation simplifies to

�̂� = −�̂� or �̂� = − 1
�̂�
+ �̂�. (8.52a,b)

or dimensionally

𝑘 = −𝜔
𝑐
, 𝑘 = −𝛽

𝜔
+ 𝜔
𝑐
. (8.53a,b)

The case 𝑘 = −𝜔/𝑐 is non-physical, for it represents a gravity wave moving westward. Such
a wave grows without bound as |𝑦| increases away from the equator, as we demonstrate ex-
plicitly in the discussion on Kelvin waves below. The physically realizable case, (8.53b), has
the explicit dispersion relation

𝜔 = 𝑘𝑐
2
± 1
2
√𝑘2𝑐2 + 4𝛽𝑐. (8.54)

Again it is useful to consider various limiting cases:

• 𝑘 = 0. In this case (8.54) gives𝜔 = √𝛽𝑐 and there is a balance between the two terms on
the right-hand side of (8.53b). Note that in Fig. 8.6 the Yanai wave at 𝑘 = 0 intercepts
the ordinate at a value of nondimensional frequency of 1.
• 𝑘 → +∞. In this case𝜔 = 𝑐𝑘, with a balance between the left-hand side and the second

term on the right-side of (8.53b). Evidently, this corresponds to eastward propagating
gravity waves.
• 𝑘 → −∞. In this case, because 𝜔 must be positive, we have 𝜔 = −𝛽/𝑘, and a balance

between the left-hand side and the first term on the right-side of (8.53b). The waves
are westward propagating Rossby or planetary waves.
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Yanai waves, therefore, are mixed Rossby-gravity waves: the phase of the Rossby wave prop-
agates westward (like all Rossby waves) and has a low frequency, and the gravity wave prop-
agates eastward (and only eastward, unlike conventional gravity waves). The group velocity
of Yanai waves is positive in all cases, being given by, from (8.53b),

𝑐𝑥𝑔 ≡
𝜕𝜔
𝜕𝑘
= 𝜔

2𝑐
𝛽𝑐 + 𝜔2
. (8.55)

The group velocity of the full problem is, from (8.37),

𝑐𝑥𝑔 =
𝑐2𝜔(𝛽 + 2𝜔𝑘)
2𝜔3 + 𝛽𝑘𝑐2

. (8.56)

This may be positive or negative, and vanishes when 𝜔 = −𝛽/2𝑘.
2. Kelvin waves, or the ‘𝑚 = −1’ case. (This section may be considered to be an extension

of Section 3.8.3.) In general, Hermite’s equation, (8.32), has solutions when 𝑚 is a positive
integer or zero. However, there is a class of waves that happens to satisfy the dispersion
relation (8.37) with 𝑚 = −1, namely equatorial Kelvin waves. These waves have identically
zero meridional velocity and so their equations of motion are

𝜕𝑢
𝜕𝑡
= −𝑔′ 𝜕𝜂
𝜕𝑥
, 𝑓𝑢 = −𝑔′ 𝜕𝜂

𝜕𝑦
, 𝜕𝜂
𝜕𝑡
+ 𝐻𝜕𝑢
𝜕𝑥
= 0, (8.57a,b,c)

where 𝑓 = 𝛽𝑦. The zonal velocity is in geostrophic balance with the meridional pressure
gradient, and (8.57a) and (8.57c) give the classic wave equation,

𝜕2𝑢
𝜕𝑡2
− 𝑐2 𝜕
2𝑢
𝜕𝑥2
= 0, (8.58)

where 𝑐 = √𝑔′𝐻 as before, and so the dispersion relation 𝜔 = ±𝑐𝑘. This is, in fact, a solution
of (8.37) with𝑚 = −1, as may easily be checked.
The solution to (8.58), and the corresponding solution for 𝜂, is

𝑢 = 𝐹1(𝑥 + 𝑐𝑡, 𝑦) + 𝐹2(𝑥 − 𝑐𝑡, 𝑦), 𝜂 = (
𝐻
𝑔′
)
1/2
[−𝐹1(𝑥 + 𝑐𝑡, 𝑦) + 𝐹2(𝑥 − 𝑐𝑡, 𝑦)] , (8.59)

where 𝐹1 and 𝐹2 are arbitrary functions, representing waves travelling westwards and east-
wards, respectively. We obtain the 𝑦-dependence of these functions by using (8.57b) giving

𝛽𝑦𝐹1 = 𝑐
𝜕𝐹1
𝜕𝑦
, 𝛽𝑦𝐹2 = −𝑐

𝜕𝐹2
𝜕𝑦
. (8.60)

The solutions of these equations are

𝐹1 = 𝐹(𝑥 + 𝑐𝑡) exp[𝑦2/(2𝐿2eq)], 𝐹2 = 𝐺(𝑥 − 𝑐𝑡) exp[−𝑦2/(2𝐿2eq)], (8.61a,b)

where 𝐹 and𝐺 are the amplitudes at 𝑦 = 0. Evidently, 𝐹1 increases without bound away from
the equator, and so this solution must be eliminated. The complete solution is thus:

𝑢 = 𝐺(𝑥 − 𝑐𝑡) exp[−𝑦2/(2𝐿2eq)], 𝜂 =
𝐻
𝑐
𝑢, 𝑣 = 0, (8.62)

with dispersion relation
𝜔 = 𝑐𝑘. (8.63)

These waves are equatorially trapped Kelvin waves. They propagate eastward only, without
dispersion, and their amplitude decays away from the equator in precisely the same way as
the other equatorial waves considered above, and in a slightly different way from the Kelvin
waves on the 𝑓-plane given by (3.135).
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Fig. 8.7 Power spectra from a numerical simulation of the shallow water equations on the sphere(colour
shading, with red the most intense), with the analytic dispersion relation for equatorial Rossby and gravity
waves overlaid (solid black lines, as in Fig. 8.6). The left panel shows the symmetric component, obtained
by adding Northern and Southern Hemispheres and with only the odd values of𝑚 plotted analytically, and
the right panel plots the antisymmetric component and the even values of𝑚.

8.2.3 A Numerical Illustration
After the many mathematical manipulations above, the reader, if like the author, may well be scep-
tical that such waves do actually exist, especially on a sphere where Kelvin waves are not exactly
realizable. To assuage this doubt, Fig. 8.7 shows the power spectrum from a numerical simulation
of the nonlinear shallow water equations over the full sphere. The height field is initialized with
small random perturbations everywhere and the system allowed to freely evolve, with no damping
except for that residing in the numerical scheme.7 The figure shows the resulting power spectrum,
over a region from 15° S to 15°N, from the near-statistical equilibrium state that emerges. The
equatorial waves emerge with beautiful clarity above the noise, with only small deviations for the
highest modes due to resolution issues with the numerics that slow the waves. To see a simula-
tion showing Rossby and Kelvin waves in physical space look ahead to Fig. 22.18. The real world
is never quite so limpid, but Fig. 18.23 and Fig. 18.24 will suggest that the waves are not merely
figments of the imathination.

8.2.4 Why do Kelvin Waves have a Preferred Direction of Travel?
Both equatorial and coastal Kelvin waves have a preferred direction of travel: equatorial Kelvin
waves move eastward and, consistently, coastal Kelvin waves travel such that they have a wall to
their right in the Northern Hemisphere and to their left in the Southern Hemisphere. Why?

Consider the linear zonal momentum and mass continuity equations,

𝜕𝑢
𝜕𝑡
= −𝑔′ 𝜕𝜂
𝜕𝑥
, 𝜕𝜂
𝜕𝑡
= −𝐻𝜕𝑢
𝜕𝑥
. (8.64)

Looking forwavelike solutions of the form (𝑢, ℎ) = ( ̃𝑢, ̃𝜂)ei(𝑘𝑥−𝜔𝑡)weobtain ̃𝑢 = 𝑔′ ̃𝜂/𝑐 and 𝑐 ̃𝜂 = 𝐻𝑢.
This means that under the crests of fluid (i.e., positive values of 𝜂) 𝑢 has the same sign as 𝑐; the
parcels of fluid are moving in the same direction as the phase of the wave. This property is also
apparent if one considers how the fluid must move in order that the troughs and crests progress in
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Fig. 8.8 A shallow water gravity wave, showing
the fluid interface at an initial and later time 𝜂(𝑡0)
and 𝜂(𝑡1), and the fluid velocity at the initial time,
𝑢(𝑡0). The fluid flow is in the same direction as the
phase speed (positive in this example) under the
fluid crests, and is in the opposite direction under
the troughs.

a a particular direction, as illustrated in Fig. 8.8. This property holds for shallow water waves quite
generally, and is not restricted to Kelvin waves.

Now we add rotation and restrict attention to Kelvin waves. In the direction perpendicular to
the direction of travel of the wave, the flow is in geostrophic balance:

𝑓𝑢 = −𝑔′ 𝜕𝜂
𝜕𝑦
. (8.65)

Consider the flow under a fluid crest in an equatorial Kelvin wave, as illustrated in Fig. 8.9. The
pressure gradient force is directed away from the equator and, if the wave is travelling eastward the
pressure force can balanced by the Coriolis force directed toward the equator. Under a trough the
fluid is flowing in the opposite direction to the wave itself, and both the pressure gradient force
and the Coriolis force are reversed and geostrophic balance still holds. If the wave were to travel
westwards, no such balances could be achieved.

Very similar reasoning holds for coastal Kelvin waves, with a cross-wave pressure gradient
supported by a wall. Geostrophic balance can now be maintained only if the wall is to the right of
the direction of travel in the Northern Hemisphere (where 𝑓 > 0) and to the left in the Southern
Hemisphere (where 𝑓 < 0).

8.2.5 Potential Vorticity Dynamics of Equatorial Rossby Waves
The Rossby waves and Rossby-gravity waves derived above are rather similar to their mid- latitude
counterparts, which can be derived from a balanced potential vorticity equation without involv-
ing unbalanced dynamics at all. Can we do something similar for equatorial Rossby waves? The
answer is yes, although the method is a little ad hoc.8 Kelvin waves and inertia-gravity waves are
filtered out, but Rossby waves and Rossby-gravity waves are reproduced in a way that transparently
illuminates their dynamics.

South                                        Wall or equator                      North             

Pressure gradient forcePressure gradient force

Coriolis force Coriolis force

K K

Fig. 8.9 Balance of forces across a Kelvin
wave. The solid line is the fluid surface and
the phase speed is directed out of the page.
Beneath a crest the fluid flow is in the direc-
tion of the phase speed and produces Corio-
lis forces as shown, so balancing the pressure
gradient forces. If the wave were travelling in
the opposite direction no such geostrophic
balance could be achieved.
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Let us begin with the unforced linearized potential vorticity equation, which, to remind our-
selves, is

𝜕
𝜕𝑡
(𝜁 − 𝑓𝜙
𝑐2
) + 𝛽𝑣 = 0, (8.66)

where, as before, 𝑓 = 𝛽𝑦. Let us now suppose that the divergence is small and the flow close to
geostrophic balance so that the velocity, vorticity and height fields can all be written in terms of a
streamfunction,

𝑢 = −𝜕𝜓
𝜕𝑦
, 𝑣 = 𝜕𝜓

𝜕𝑥
, 𝜁 = ∇2𝜓, 𝜙 = 𝑓𝜓. (8.67)

This is similar towhat is done in the quasi-geostrophic approximation, except that here theCoriolis
parameter is allowed to vary, with 𝑓 = 𝛽𝑦. Equation (8.67) is best regarded as an ansatz — an
approximation or assumption made for convenience — for it has not been rigorously justified.

Using (8.67) in (8.66) gives

𝜕
𝜕𝑡
(∇2𝜓 − 𝑓

2𝜓
𝑐2
) + 𝛽𝜕𝜓
𝜕𝑥
= 0. (8.68)

We can seek wavelike solutions of this in the form

𝜓 = �̃�(𝑦)ei(𝑘𝑥−𝜔𝑡), (8.69)

and (8.68) becomes
d2�̃�
d𝑦2
− (𝑘2 + 𝛽𝑘

𝜔
+ 𝛽
2𝑦2
𝑐2
) �̃� = 0. (8.70)

This is almost the same as (8.28) except for the replacement of 𝑣 by �̃� and the absence of the𝜔2 term
in the bracketed expression. Since meridional velocity is just 𝜕𝜓/𝜕𝑥 ∝ 𝑘𝜓 the meridional velocity
obeys the same equation as �̃�, and the absence of 𝜔2 arises because we are in the low-frequency
limit. We thus simply repeat the development following (8.28) and obtain a dispersion relation
similar to (8.37b) but without the 𝜔2 term, to wit

𝜔 = −𝛽𝑘
(2𝑚 + 1)𝛽/𝑐 + 𝑘2

. (8.71)

This is the same as the dispersion relation for low frequency waves discussed in Section 8.2.2. The
balanced system (8.68) thus exactly reproduces the Rossby waves and Rossby-gravity waves in the
low frequency limit. We are not able to recover the behaviour of Kelvin waves by this methodology
because such waves are essentially non-balanced: in the meridional direction the Coriolis force
balances the height field, as in (8.65), but in the zonal direction there is a balance between the
zonal acceleration and the pressure gradient.

8.3 RAY TRACING AND EQUATORIAL TRAPPING

We have seen that equatorial waves are trapped near the equator. What then happens to a wave
that initially propagates in a direction away from the equator? The waves must either change their
character completely, or be refracted back toward the equator. The former can only happen if
there exists a class of mid-latitude waves with similar frequency and wavenumber; otherwise no
such waves can be excited and the waves must, if they are not absorbed, bend back if energy is to
be conserved. Let us explore this using some ideas from ray theory, as discussed in Section 6.3.
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8.3.1 Dispersion Relation and Ray Equations
Consider again the wave equation of motion for the meridional velocity, (8.24). We seek solutions
of the form 𝑣 = 𝑣(𝑦)ei(𝑘𝑥−𝜔𝑡), giving

d2𝑣
d𝑦2
+ (𝜔
2

𝑐2
− 𝑘2 − 𝛽𝑘
𝜔
− 𝛽
2𝑦2
𝑐2
) 𝑣 = 0. (8.72)

If the term in brackets is positive then sinusoidal-like solutions in 𝑦 are possible, but if the term
is negative, which will occur for 𝑦 larger than some critical value 𝑦𝑐, then the physically realizable
solutions decay exponentially with 𝑦; that is, wavelike solutions are trapped between two critical
latitudes. Using the dispersion relation (8.37), Equation (8.72) becomes

d2𝑣
d𝑦2
+ ((2𝑚 + 1)𝛽

𝑐
− 𝛽
2𝑦2
𝑐2
) 𝑣 = 0, (8.73)

and therefore the critical latitudes are given by

𝑦𝑐 = ±(
𝜔2
𝛽2
− 𝑐
2𝑘2
𝛽2
− 𝑐
2𝑘
𝛽𝜔
)
1/2
= ((2𝑚 + 1) 𝑐

𝛽
)
1/2
, (8.74)

For 𝑘 = 0, and so for meridionally propagating waves, the critical latitudes are given by 𝑦𝑐 = 𝜔/𝛽,
and at the critical latitude 𝜔 = 𝑓. The waves are therefore trapped within their inertial latitudes,
the latitudes at which their frequency is 𝑓. For larger 𝑘 the critical latitudes are correspondingly
smaller.

To explore this phenomenonusing ray theorywe assume that themedium is varying sufficiently
slowly that it is possible to findwavelike solutions with spatially varying 𝑦-wavenumbers. Wewrite
(8.72) as

d2𝑣
d𝑦2
+ 𝑙2(𝑦)𝑣 = 0, (8.75)

𝑙2(𝑦) = 𝜔
2

𝑐2
− 𝑘2 − 𝛽𝑘
𝜔
− 𝛽
2𝑦2
𝑐2
= 𝛽
2

𝑐2
(𝑦2𝑐 − 𝑦2)𝑚 (8.76)

where 𝑙(𝑦) is assumed to vary slowly in the wkb sense (see Appendix A on page 247). The wkb
solution is

𝑣(𝑦) = 𝑙−1/2 exp(±i ∫ 𝑙 d𝑦) . (8.77)

The trajectory of the waves is determined by the ray paths — paths that are parallel to the
direction of the group velocity — so that their trajectory, 𝑥(𝑡), 𝑦(𝑡) is given by

d𝑥
d𝑡
= 𝑐𝑥𝑔 ,

d𝑦
d𝑡
= 𝑐𝑦𝑔 and d𝑦

d𝑥
= 𝑐
𝑦
𝑔
𝑐𝑥𝑔
. (8.78)

Using the dispersion relation (8.76) gives

𝜕𝜔
𝜕𝑙
= 2𝜔

2𝑙𝑐2
2𝜔3 + 𝛽𝑘𝑐2

, (8.79)

and using this and (8.56) gives the slope of the ray in the 𝑥–𝑦 plane,

d𝑦
d𝑥
= 𝑐
𝑦
𝑔
𝑐𝑥𝑔
= 𝑙
𝑘 + 𝛽/(2𝜔)

. (8.80)
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Fig. 8.10 Rays in the equatorial waveguide calculated using (8.83). The dashed lines show plan-
etary wave trajectories and the solid lines are gravity wave trajectories, with 𝑚 = 1, 2 (numbers
marked on the graph) and �̂� = 1. The turning latitude for each wave is (2𝑚 + 1)1/2𝐿eq, where
𝐿eq = √𝑐/𝛽.

Using the expression for 𝑙 given by (8.76) we can write this in terms of 𝑦 instead of 𝑙, so that

d𝑦
d𝑥
= 𝛽(𝑦

2
𝑐 − 𝑦2)1/2
𝑘𝑐 + 𝛽𝑐/(2𝜔)

. (8.81)

Using the standard result that

∫ d𝑦
(𝑦2𝑐 − 𝑦2)1/2

= sin−1 𝑦
𝑦𝑐
, (8.82)

we finally obtain

𝑦 = 𝑦𝑐 sin [
𝛽𝑥

𝑐𝑘 + 𝛽𝑐/(2𝜔)
] , 𝑦 = (2𝑚 + 1)1/2 sin[ 𝑥

�̂� + 1/(2�̂�)
] . (8.83)

where the second expression is the nondimensional form. The ray path is therefore a sinusoid
moving along the equator; the waves are confined to awaveguide centred at the equator and with a
polewards extent of 𝑦 = ±𝑦𝑐, as in Fig. 8.10. Equation (8.83) holds for both planetary and gravity
waves, and for the latter the term 𝛽𝑐/(2𝜔)may be neglected.

8.4 ♦ FORCED-DISSIPATIVE WAVELIKE FLOW
Wenow consider linear equatorial dynamics in the presence of forcing and damping. (A somewhat
simpler treatment of this issue is given in Section 22.7 and some readers may wish to delay consid-
ering the problem until then. The important special case of the forced, steady problem is treated in
Section 8.5, and it is also possible to skip to that section and refer back here as needed.) If forcing
is present then damping is needed so that a steady state can be reached, and the simplest form is
a linear drag. From a physical perspective the presence of such a drag is the most unsatisfactory
aspect of our treatment, for it has no real physical justification especially as, for mathematical rea-
sons, the drag must be the same for momentum and height (implying a frictional spindown time
equal to a radiative spindown time). Nevertheless, unresolved small scale processes often do act
as some form of damping and a linear damping is the simplest form. We consider the full problem
initially and then special cases.9

The dimensional linear forced-dissipative equations of motion are

𝜕𝑢
𝜕𝑡
+ 𝛼𝑢 − 𝑓𝑣 + 𝜕𝜙

𝜕𝑥
= 𝐹𝑥, 𝜕𝑣

𝜕𝑡
+ 𝛼𝑣 + 𝑓𝑢 + 𝜕𝜙

𝜕𝑦
= 𝐹𝑦, (8.84a,b)
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𝜕𝜙
𝜕𝑡
+ 𝛼𝜙 + 𝑐2 (𝜕𝑢

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = −𝑄, (8.84c)

where 𝐹𝑥and 𝐹𝑦 are the 𝑥 and 𝑦 components of the imposed forces,𝑄 is a thermal or mass source
and𝛼 is a damping coefficient, assumed the same for all three variables. If we interpret𝑭 = (𝐹𝑥, 𝐹𝑦)
as wind stress, 𝝉, acting on a layer of fluid we might make the association of 𝑭 = 𝝉/𝜌0𝐻. Still, for
now we will treat this system simply as a problem in geophysical fluid dynamics. The potential
vorticity equation corresponding to (8.84), obtained by cross-differentiating (8.84a) and (8.84b),
is

[ 𝜕
𝜕𝑡
+ 𝛼](𝜁 − 𝑓

𝑐2
𝜙) + 𝛽𝑣 = curl𝑧𝑭 +

𝑓𝑄
𝑐2
. (8.85)

In much the same way as we derived (8.24) we can derive a single partial differential equation
for 𝑣, namely

1
𝑐2
[ 𝜕
𝜕𝑡
+ 𝛼]
3
𝑣 + 𝑓
2

𝑐2
[ 𝜕
𝜕𝑡
+ 𝛼] 𝑣 − [ 𝜕

𝜕𝑡
+ 𝛼]( 𝜕

2𝑣
𝜕𝑦2
+ 𝜕
2𝑣
𝜕𝑥2
) − 𝛽𝜕𝑣
𝜕𝑥

= 1
𝑐2
[ 𝜕
𝜕𝑡
+ 𝛼] 𝜕𝑄
𝜕𝑦
− 𝑓
𝑐2
𝜕𝑄
𝜕𝑥

+ 1
𝑐2
[ 𝜕
𝜕𝑡
+ 𝛼]
2
𝐹𝑦 − 𝑓
𝑐2
[ 𝜕
𝜕𝑡
+ 𝛼]𝐹𝑥 − 𝜕

𝜕𝑥
(𝜕𝐹
𝑦

𝜕𝑥
− 𝜕𝐹
𝑥

𝜕𝑦
) .

(8.86)

The left-hand side is aminor variation of that of (8.24). This equation is obviously very complicated
and perhaps not very attractive. Although the equation might be solved by similar methods to
those used on (8.24) (or solved numerically) we will proceed in a slightly more informative way,
with two differences:

(i) We consider only special cases of (8.84). For example, we simplify (8.84b) to geostrophic
balance, 𝑓𝑢 = −𝜕𝜙/𝜕𝑦, and in Section 8.5 we will pay particular attention to the steady
version of the equations.

(ii) We will change variables from (𝑢, 𝑣, 𝜙) to a set denoted (𝑞, 𝑟, 𝑣), defined below, that allow an
easier connection to be made between 𝑣 and the variables 𝑢 and 𝜙.

8.4.1 Mathematical Development
For algebraic convenience we introduce the following linear combinations of 𝑢 and 𝜙,

𝑞 ≡ 𝜙
𝑐
+ 𝑢, 𝑟 ≡ 𝜙

𝑐
− 𝑢. (8.87)

Note that 𝑢 and 𝜙 have the same natural symmetry across the equator, with both symmetric unless
forcing deems otherwise, whereas 𝑣 tends to be antisymmetric. The 𝑢-momentum and the height
(𝜙) equations may be written as equations for 𝑞 and 𝑟, namely

( 𝜕
𝜕𝑡
+ 𝛼) 𝑞 + 𝑐 𝜕𝑞

𝜕𝑥
+ 𝑐 𝜕𝑣
𝜕𝑦
− 𝑓𝑣 = 𝐹𝑥 − 𝑄/𝑐, (8.88a)

(𝜕𝑟
𝜕𝑡
+ 𝛼) 𝑟 − 𝑐 𝜕𝑟

𝜕𝑥
+ 𝑐 𝜕𝑣
𝜕𝑦
+ 𝑓𝑣 = −𝐹𝑥 − 𝑄/𝑐, (8.88b)

and the 𝑣-momentum equation becomes

( 𝜕
𝜕𝑡
+ 𝛼) 𝑣 + 𝑓

2
(𝑞 − 𝑟) = − 𝑐

2
𝜕
𝜕𝑦
(𝑞 + 𝑟) + 𝐹𝑦. (8.88c)
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Nondimensionalization
We scale velocity by 𝑐 and time and distance by

𝑇eq = (𝑐2𝛽)−1/2, 𝐿eq = (𝑐/2𝛽)1/2. (8.89a,b)

The nondimensional equations of motion are then

( 𝜕
𝜕𝑡
+ 𝛼) 𝑞 + 𝜕𝑞

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
− 1
2
𝑦𝑣 = 𝐹𝑥 − 𝑄, (8.90a)

( 𝜕
𝜕𝑡
+ 𝛼) 𝑟 − 𝜕𝑟

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 1
2
𝑦𝑣 = −𝐹𝑥 − 𝑄, (8.90b)

( 𝜕
𝜕𝑡
+ 𝛼) 𝑣 + 𝑦

4
(𝑞 − 𝑟) = −1

2
𝜕
𝜕𝑦
(𝑞 + 𝑟) + 𝐹𝑦. (8.90c)

To avoid clutter here we do not use special notation for nondimensional variables.
The solutions of these equations may be expressed in terms of parabolic cylinder functions,
𝐷𝑛(𝑦). That is, we seek solutions of the form

(𝑣, 𝑞, 𝑟) =
∞
∑
𝑛=0
(𝑣𝑛(𝑥, 𝑡), 𝑞𝑛(𝑥, 𝑡), 𝑟𝑛(𝑥, 𝑡))𝐷𝑛(𝑦). (8.91)

with the forcing terms expanded in a similar fashion. The parabolic cylinder functions themselves
have the form

(𝐷0, 𝐷1, 𝐷2, 𝐷3) = (1, 𝑦, 𝑦2 − 1, 𝑦3 − 3𝑦) exp(−𝑦2/4), (8.92)
and so on. The polynomial terms are just themodifiedHermite polynomials𝐺𝑛(𝑦) given by (8.42).
The parabolic cylinder functions obey the ladder properties that

d𝐷𝑛
d𝑦
+ 1
2
𝑦𝐷𝑛 = 𝑛𝐷𝑛−1,

d𝐷𝑛
d𝑦
− 1
2
𝑦𝐷𝑛 = −𝐷𝑛+1. (8.93a,b)

If we substitute (8.91) into (8.90) we obtain ordinary differential equations for the amplitudes.
From the 𝑞 equation, (8.90a), we obtain, after a little algebra,

( 𝜕
𝜕𝑡
+ 𝛼) 𝑞0 +

𝜕𝑞0
𝜕𝑥
= 𝐹𝑥0 − 𝑄0, (8.94a)

( 𝜕
𝜕𝑡
+ 𝛼) 𝑞𝑛+1 +

𝜕𝑞𝑛+1
𝜕𝑥
− 𝑣𝑛 = 𝐹𝑥𝑛+1 − 𝑄𝑛+1, 𝑛 = 0, 1, 2, 3,… . (8.94b)

From the 𝑟 equation, (8.90b), we find

( 𝜕
𝜕𝑡
+ 𝛼) 𝑟𝑛−1 −

𝜕𝑟𝑛−1
𝜕𝑥
+ 𝑛𝑣𝑛 = − (𝐹𝑥𝑛−1 + 𝑄𝑛−1) , 𝑛 = 1, 2, 3,… , (8.95)

and from the 𝑣 equation, (8.90c), we find

( 𝜕
𝜕𝑡
+ 𝛼) 𝑣0 +

𝑞1
2
= 𝐹𝑦0 , (8.96a)

( 𝜕
𝜕𝑡
+ 𝛼) 𝑣𝑛 +

(𝑛 + 1)
2
𝑞𝑛+1 −
𝑟𝑛−1
2
= 𝐹𝑦𝑛 , 𝑛 = 1, 2, 3,… . (8.96b)

Finally, we note without derivation that these equations may be combined to give

[ 𝜕
𝜕𝑡
+ 𝛼]
3
𝑣𝑛 + [
𝜕
𝜕𝑡
+ 𝛼]((2𝑛 + 1)𝑣𝑛 −

𝜕2𝑣𝑛
𝜕𝑥2
) − 𝜕𝑣𝑛
𝜕𝑥
= 𝐺, (8.97)
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where 𝐺 is a combination of the various forcing terms. This equation can be most easily derived
by substituting (8.91) into the nondimensional form of (8.86).

In principle, the above equations provide a means of solving the problem for almost any forc-
ing. The equations have constant coefficients and may be solved by a superposition of harmonic
functions in the 𝑥-direction, in conjunction with the variation in the 𝑦-direction given by the
parabolic cylinder functions. In general this procedure would be somewhat tedious and uninfor-
mative. Thus, and to avoid being asphyxiated by an avalanche of algebra, we will consider some
special cases. Enthusiasts may continue with the general development by themselves. (We might
also note that modern geophysical fluid dynamics has advanced by way of using numerical meth-
ods to find solutions to complicated equations, in conjunction with using analytic methods to find
solutions of simplified cases or to find general relations.) We will discuss two particularly impor-
tant problems later, in Sections 8.5 and 22.7,and for the rest of this section we content ourselves
with some general comments about forced waves.10

8.4.2 ♦ Forced Waves
Consider the problem of forced waves in which we retain some of the forcing terms but neglect
the damping. Our purpose is to show what kinds of waves might be excited and to help interpret
(8.94)–(8.97). When 𝛼 = 0 Equation (8.97) becomes, in dimensional form,

𝜕
𝜕𝑡
[ 1
𝑐2
𝜕2𝑣𝑛
𝜕𝑡2
− 𝜕
2𝑣𝑛
𝜕𝑥2
+ (2𝑛 + 1)𝛽

𝑐
𝑣𝑛] − 𝛽
𝜕𝑣𝑛
𝜕𝑥
= 𝐺. (8.98)

From (8.98) the dispersion relation for free waves, that is, (8.37), follows if we let 𝐺 = 0 and seek
harmonic solutions of the form exp(i𝑘𝑥 − i𝜔𝑡).

Consider now a forcing, 𝐹 say, that projects only onto the zeroth order parabolic function,𝐷0,
which is a constant. Equation (8.94a) becomes, in dimensional form,

( 𝜕
𝜕𝑡
+ 𝑐 𝜕
𝜕𝑥
) 𝑞0 = 𝐺. (8.99)

The free solutions of this are Kelvin waves propagating eastwards at speeds 𝑐 = 𝜔/𝑘 for each 𝑘 that
might be excited; that is 𝑞0 = Re𝐶 exp[i𝑘(𝑥 − 𝑐𝑡)], where 𝐶 is a constant. Suppose that the forcing
is harmonic in 𝑥 and time,

𝐹 = Re𝐴 {exp[i(𝑘1𝑥 − 𝜔1𝑡)] + exp[i(𝑘1𝑥 + 𝜔1𝑡)]} = 𝐴 [cos(𝑘1𝑥 − 𝜔1𝑡) + cos(𝑘1𝑥 + 𝜔1𝑡)] ,
(8.100)

and 𝐴 is real. The solution to (8.99) with this forcing is given by

𝑞0 = −
𝐴 sin(𝑘1𝑥 − 𝜔1𝑡)
𝜔1 − 𝑐𝑘1

+ 𝐴 sin(𝑘1𝑥 + 𝜔1𝑡)
𝜔1 + 𝑐𝑘1

. (8.101)

All the parameters in the above equation, 𝑐, 𝑘1, 𝜔1, are positive. If the forcing is just one harmonic
then, in general, 𝑐 ≠ 𝜔1/𝑘1. However, if the forcing is a superposition of many harmonics then
there may be one that is in resonance with the free mode, and this wave, an eastward propagating
Kelvin wave represented by an expression like the first term on the right-hand side of (8.101),
will be preferentially excited. Similar considerations apply to other waves too; that is, the forcing
will excite waves that most resemble the forcing and can resonate with it. Sometimes, a forcing
will resemble a delta function in both space and time: for example, a sudden and localized burst
of wind over the ocean because of intense storm activity, will give rise to a forcing that contains
nearly all space and time scales, since a Dirac delta function has equal representation of all Fourier
modes. In this case, both eastward propagating Kelvin waves and westward propagating planetary
waves will be excited, and to look at some of these it is useful to make a longwave approximation,
as we now discuss.
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Planetary waves, revisited
In the planetary wave, or longwave, approximation the highest time derivative in (8.98) is omitted,
leaving

𝜕
𝜕𝑡
[𝜕
2𝑣𝑛
𝜕𝑥2
− (2𝑛 + 1)𝛽

𝑐
𝑣𝑛] + 𝛽
𝜕𝑣𝑛
𝜕𝑥
= 𝐺. (8.102)

If 𝐺 = 0 this equation gives the dispersion relation

𝜔 = −𝛽𝑘
(2𝑛 + 1)𝛽/𝑐 + 𝑘2

, (8.103)

as in (8.47). Planetary waves will be excited when the forcing itself has a low frequency.

The longwave approximation, revisited
Many situations in low latitudes are characterized by having a longer zonal scale than meridional
scale; thus, |𝜕𝜙/𝜕𝑦| ≫ |𝜕𝜙/𝜕𝑥|. When this is the case, geostrophic balance will hold to a good
approximation for the zonal flow even in the presence of forcing and dissipation, but not for the
meridional flow, and to a good approximation the meridional momentum equation (8.84b) may
be replaced by

𝑓𝑢 = −𝜕𝜙
𝜕𝑦
. (8.104)

In this limit (8.98) simplifies to

𝜕
𝜕𝑡
[(2𝑛 + 1)𝛽

𝑐
𝑣𝑛] − 𝛽
𝜕𝑣𝑛
𝜕𝑥
= 𝐺, (8.105)

from which, with 𝐺 = 0, the dispersion relation,

𝜔 = −𝑘𝑐
2𝑛 + 1
, (8.106)

immediately follows. This equation is the small 𝑘 limit of (8.103) and the wave is non-dispersive.
When 𝑛 = −1 we have eastward propagating Kelvin waves and when 𝑛 ≥ 0 we have westward
propagating long Rossby waves.

The amplitude equations, (8.94)–(8.96) then simplify as follows, also taking 𝛼 = 0. The 𝑞
equations become

𝜕𝑞0
𝜕𝑡
+ 𝜕𝑞0
𝜕𝑥
= 𝐹𝑥0 − 𝑄0, (8.107a)

𝜕𝑞𝑛+1
𝜕𝑡
+ 𝜕𝑞𝑛+1
𝜕𝑥
− 𝑣𝑛 = 𝐹𝑥𝑛+1 − 𝑄𝑛+1, 𝑛 = 0, 1, 2, 3,… . (8.107b)

The 𝑟 equation becomes

𝜕𝑟𝑛−1
𝜕𝑡
− 𝜕𝑟𝑛−1
𝜕𝑥
+ 𝑛𝑣𝑛 = − (𝐹𝑥𝑛−1 + 𝑄𝑛−1) , 𝑛 = 1, 2, 3,… , (8.108)

and from the 𝑣 equation (geostrophic balance) we find

𝑞1 = 0, (8.109a)
(𝑛 + 1)𝑞𝑛+1 = 𝑟𝑛−1, 𝑛 = 1, 2, 3,… (8.109b)
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If we use (8.109b) to eliminate 𝑟𝑛−1 in (8.108), and then use (8.107b) to eliminate 𝑣𝑛 we obtain

(2𝑛 + 1)𝜕𝑞𝑛+1
𝜕𝑡
− 𝜕𝑞𝑛+1
𝜕𝑥
= 𝑛 (𝐹𝑥𝑛+1 − 𝑄𝑛+1) − (𝐹𝑥𝑛−1 + 𝑄𝑛−1) . (8.110)

The above set of equations provide, in principle, a means for studying the response of the system to
an imposed forcing, such as winds blowing over the ocean or a diabatic source in the atmosphere.
Having neglected dissipation, wavelike solutions of constant amplitude will be found only if the
forcing is oscillatory rather than steady. Solutions are found by solving the first-order wave equa-
tions (8.107a) and (8.110) for 𝑞𝑛, and then using (8.109b) to obtain 𝑟𝑛. A simple expression for 𝑣𝑛
results if we add (8.107b) and (8.110).

Waves and adjustment
The wave described by (8.107a) is a Kelvin wave, moving eastwards with nondimensional speed
unity, or dimensional speed 𝑐. The speed also follows from the dispersion relation,𝜔 = −𝑘𝑐/(2𝑛+1),
with 𝑛 = −1. In contrast, the waves described by (8.110) are westwards propagating, long, low
frequency planetary waves. In dimensional form (8.110) becomes

(2𝑛 + 1)𝜕𝑞𝑛+1
𝜕𝑡
− 𝑐𝜕𝑞𝑛+1
𝜕𝑥
= 𝑛 (𝐹𝑥𝑛+1 − 𝑄𝑛+1) − (𝐹𝑥𝑛−1 + 𝑄𝑛−1) , (8.111)

and hence the waves have a speed −𝑐/(2𝑛 + 1), just as in (8.50). There are no short low frequency
waves in this approximation.

As we noted above, an arbitrary forcing will in general excite both gravity waves and planetary
waves and the initial flow will be out of geostrophic balance. In the mid-latitude case (Section 3.9)
the gravity waves radiate to infinity (in the idealized problem) leaving behind an adjusted flow in
geostrophic balance, determined by potential vorticity conservation. The process of adjustment is
less efficient at low latitudes, because the waves are trapped between their inertial latitudes (Section
8.3) and in the absence of dissipation the fluid will oscillate endlessly. In the zonal direction both
planetary and Kelvin waves propagate. A gravity wave front moves away more quickly, with the
eventual adjustment occurring by way of planetary waves.

Let us now turn our attention to a rather concrete problem, that of the steady response to a
localised thermal forcing.

8.5 FORCED, STEADY FLOW: THE MATSUNO–GILL PROBLEM
We now consider the forced, steady version of the equatorial wave problem; that is to say, we seek
steady solutions of (8.84), but with a mechanical or thermal forcing on the right-hand side.11 Be-
cause of its importance to the tropical circulation of the atmosphere this problem has become
somewhat iconic and some readers may be tempted to begin reading this chapter here. However,
the problem is really just the forced, steady version of the wave problems studied in Sections 8.2
and 8.4, and the reader should have at least a passing familiarity with that material before pro-
ceeding. Those readers who have followed the previous sections closely will find the material that
follows, namely the Matsuno–Gill problem, a pleasant stroll in the park.

8.5.1 Mathematical Development
We begin with (8.84) and make two additional simplifications. First, that the flow is steady and
second that the zonal wind is in geostrophic balance with the meridional pressure gradient. This
‘semi-geostrophic’ approximation is similar to the longwave approximation discussed in previous
sections, and requires that 𝛼𝑣 is smaller than 𝑓𝑢. The equations of motion become

𝛼𝑢 − 𝑓𝑣 + 𝜕𝜙
𝜕𝑥
= 𝐹𝑥, 𝑓𝑢 + 𝜕𝜙

𝜕𝑦
= 0, 𝛼𝜙 + 𝑐2 (𝜕𝑢

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = −𝑄. (8.112a,b,c)
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From these equations we may derive a single equation for 𝑣, namely

𝑓2
𝑐2
𝛼𝑣 − 𝛼 𝜕

2𝑣
𝜕𝑦2
− 𝛽𝜕𝑣
𝜕𝑥
= 𝛼
𝑐2
𝜕𝑄
𝜕𝑦
− 𝑓
𝑐2
𝜕𝑄
𝜕𝑥
− 𝑓
𝑐2
𝛼𝐹𝑥 + 𝜕

2𝐹𝑥
𝜕𝑥 𝜕𝑦
. (8.113)

This is just a simplification of (8.86) appropriate for a steady system with the zonal wind in geo-
strophic balance, obtained by omitting all the time derivatives, the term involving 𝛼3, and the
𝐹𝑦term on the right-hand side. We nondimensionalize all the variables using the time and length
scales

𝑇eq = (2𝑐𝛽)−1/2, 𝐿eq = (
𝑐
2𝛽
)
1/2
, (8.114a,b)

so that the various dimensional and nondimensional (hatted) variables are related by

(𝑢, 𝑣) = 𝑐 (𝑢, 𝑣), 𝜙 = 𝑐2𝜙, (𝑥, 𝑦) = 𝐿eq(𝑥, 𝑦),

𝛼 = �̂�
𝑇eq
, 𝑄 = 𝑐

3

𝐿eq
𝑄, 𝐹𝑥 = 𝑐

2

𝐿eq
𝐹𝑥, 𝑓 = 1

2
𝑦, 𝛽 = 1

2
.

(8.115)

Unless specifically noted the variables from now on are nondimensional and we drop the hats. The
equations of motion, (8.116), become

𝛼𝑢 − 𝑦
2
𝑣 + 𝜕𝜙
𝜕𝑥
= 𝐹𝑥, 𝑦

2
𝑢 + 𝜕𝜙
𝜕𝑦
= 0, 𝛼𝜙 + (𝜕𝑢

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = −𝑄. (8.116a,b,c)

and the 𝑣 equation becomes

𝑦2
4
𝛼𝑣 − 𝛼 𝜕

2𝑣
𝜕𝑦2
− 1
2
𝜕𝑣
𝜕𝑥
= 𝛼𝜕𝑄
𝜕𝑦
− 𝑦
2
𝜕𝑄
𝜕𝑥
− 𝛼𝑦
2
𝛼𝐹𝑥 + 𝜕

2𝐹𝑥
𝜕𝑥𝜕𝑦
. (8.117)

As before when dealing with wave-like problems it is convenient to change variables to 𝑝 and 𝑞
where

𝑞 = 𝜙 + 𝑢, 𝑟 = 𝜙 − 𝑢. (8.118a,b)

The equations of motion, (8.116), become

𝛼𝑞 + 𝜕𝑞
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
− 1
2
𝑦𝑣 = 𝐹𝑥 − 𝑄, 𝛼𝑟 − 𝜕𝑟

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 1
2
𝑦𝑣 = −𝐹𝑥 − 𝑄,

𝑦
4
(𝑞 − 𝑟) + 1

2
𝜕
𝜕𝑦
(𝑞 + 𝑟) = 0.

(8.119a,b,c)

These are special cases of (8.90), the first two equations being combinations of the 𝑢-momentum
and pressure equations and the last one being the 𝑣-momentum equation (zonal geostrophic bal-
ance).

As in the general treatment given earlier we expand the variables and the forcing in terms of
parabolic cylinder functions. Thus, for example,

𝑄(𝑥) =
∞
∑
𝑛=0
𝑄𝑛(𝑥)𝐷𝑛(𝑦), (8.120)

and similarly for the other variables. The resulting ordinary differential equations are special cases
of (8.94)–(8.97), specifically

𝛼𝑞0 +
𝜕𝑞0
𝜕𝑥
= 𝐹𝑥0 − 𝑄0, (8.121a)
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𝛼𝑞𝑛+1 +
𝜕𝑞𝑛+1
𝜕𝑥
− 𝑣𝑛 = 𝐹𝑥𝑛+1 − 𝑄𝑛+1, 𝑛 = 0, 1, 2, 3,… (8.121b)

𝛼𝑟𝑛−1 −
𝜕𝑟𝑛−1
𝜕𝑥
+ 𝑛𝑣𝑛 = − (𝐹𝑥𝑛−1 + 𝑄𝑛−1) , 𝑛 = 1, 2, 3,… , (8.122)

𝑞1 = 0, (8.123a)
(𝑛 + 1)𝑞𝑛+1 − 𝑟𝑛−1 = 0, 𝑛 = 1, 2, 3,… , (8.123b)

Using (8.121b), (8.122) and (8.123b) we obtain

𝛼(2𝑛 + 1)𝑞𝑛+1 −
𝜕𝑞𝑛+1
𝜕𝑥
= 𝑛 (𝐹𝑥𝑛+1 − 𝑄𝑛+1) − (𝐹𝑥𝑛−1 + 𝑄𝑛−1) 𝑛 = 1, 2, 3,… . (8.124)

Finally, although we shall not use it, the 𝑣 equation (8.113) becomes

𝛼((2𝑛 + 1)𝑣𝑛 −
𝜕2𝑣𝑛
𝜕𝑥2
) − 𝜕𝑣𝑛
𝜕𝑥
= 𝐺, (8.125)

where 𝐺 represents the various forcing terms.
As in the wavelike case, the above equations provide, at least in principle, a means of solving for

the response for any particular forcing. The procedure is to project the forcing onto parabolic cylin-
der functions, and then solve the amplitude equations (8.121)–(8.123) for the zonal dependence,
and then finally to reconstruct the solutions using the 𝑞𝑛(𝑥), 𝑟𝑛(𝑥) and 𝑣𝑛(𝑥) and the parabolic
cylinder functions. Naturally enough, this is easier said than done and we will go through the
procedure in detail for just one important case.

8.5.2 Symmetric Heating
A canonical case is that in which the system is forced by a heating that is confined in both the 𝑥-
and 𝑦-directions, and is symmetric across the equator. Confinement in the 𝑦-direction may be
achieved by supposing that the heating projects solely onto the first parabolic function, so that

𝑄(𝑥) = 𝑄0(𝑥)𝐷0(𝑦) = 𝐺(𝑥) exp(−𝑦2/4), (8.126)

and confinement in the 𝑥-direction may be achieved by supposing that the heating is of the form

𝐺(𝑥) = {𝐴 cos 𝑘𝑥 |𝑥| < 𝐿
0 |𝑥| > 𝐿,

� (8.127)

where 𝑘 = π/2𝐿. This may seem an odd form to choose, but the harmonic variation for |𝑥| < 𝐿
enables an analytic solution to be found in that region, and the absence of any forcing at all in
the far field enables solutions to be found there in the form of decaying wavelike disturbances.
Although this problem is clearly a special case the qualitative form of the solution transcends its
precise details.

Kelvin wave contribution
Wenoted in Section 8.4.2 that the equation for 𝑞0 represents an eastwards propagating Kelvin wave,
and this holds in the damped case also. That is to say, there will be a non-zero solution of (8.121)
only in the forced region and eastward of it, where it will be progressively damped. Using this
insight we can easily derive the solution in all three regions. First, for𝑋 < −𝐿, we have

𝑞0 = 0, 𝑥 < −𝐿. (8.128a)
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In the forcing region we have to solve (8.121) with a boundary condition of 𝑞0 = 0 at 𝑥 = −𝐿. The
solution is

𝑞0 =
−𝐴
𝛼2 + 𝑘2
{𝛼 cos 𝑘𝑥 + 𝑘 [sin 𝑘𝑥 + e−𝛼(𝑥+𝐿)]} |𝑥| < 𝐿. (8.128b)

For 𝑥 > 𝐿 we solve (8.121), but with a right-hand side equal to zero, with a boundary condition at
𝑥 = 𝐿 given by (8.128b), namely 𝑞0 = −𝐴𝑘(𝛼2 + 𝑘2)−1[1 + exp(−2𝛼𝐿)]. The solution is

𝑞0 =
−𝐴𝑘
𝛼2 + 𝑘2
(1 + e−2𝛼𝐿) e𝛼(𝐿−𝑥), 𝑥 > 𝐿. (8.128c)

Because the motion is a decaying Kelvin wave 𝑣 = 0 and the nondimensional 𝑢 and 𝜙 fields are
equal to each other, with 𝑟 = 0. Thus, from (8.118) and (8.128),

𝑢 = 𝜙 = 1
2
𝑞0(𝑥) exp(−𝑦2/4), 𝑣 = 0. (8.129)

This does not mean 𝑟0 is zero; rather, it is associated with the planetary wave solution discussed
below. The vertical velocity may be reconstructed from

𝑤 = −(𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = 𝛼𝜙 + 𝑄, (8.130)

whence
𝑤 = 1
2
[𝛼𝑞0(𝑥) + 𝑄0(𝑥)] exp(−𝑦2/4). (8.131)

We now complete the solution by finding a planetary wave contribution.

Planetary wave contribution
We now find the solution associated with 𝑞2 and 𝑟0. From (8.124) we have

d𝑞2
d𝑥
− 3𝛼𝑞2 = 𝑄0. (8.132a)

From (8.123b) and (8.121b) we have

𝑟0 = 2𝑞2, 𝑣1 = 𝛼𝑞2 +
d𝑞2
d𝑥
. (8.132b,c)

These are planetary waves propagating westwards at a dimensional speed of 𝑐/(2𝑛+1) = 𝑐/3. Thus,
no signal is transmitted eastwards andwe can find a solution to the above equations in an analogous
fashion to the way we found a solution for the Kelvin wave problem. After just a little algebra, the
solution is found to be:

𝑞2 = 0, 𝑥 > 𝐿, (8.133a)

𝑞2 =
𝐴

(3𝛼)2 + 𝑘2
[−3𝛼 cos 𝑘𝑥 + 𝑘 (sin 𝑘𝑥 − e3𝛼(𝑥−𝐿))] , |𝑥| < 𝐿, (8.133b)

𝑞2 =
−𝐴𝑘
(3𝛼)2 + 𝑘2

[1 + e−6𝛼𝐿] e3𝛼(𝑥+𝐿), 𝑥 < −𝐿. (8.133c)

The corresponding solutions for the pressure and velocity fields are

𝑢 = e−𝑦2/4

2
𝑞2(𝑥)(𝑦2 − 3), 𝑣 = 𝑦e−𝑦

2/4 [𝑄0(𝑥) + 4𝛼𝑞2(𝑥)] , (8.134a,b)
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Fig. 8.11 Nondimensional solutions of the Matsuno–Gill model, with heating close to the origin and
given by (8.127) with 𝐿 = 2 and 𝛼 = 0.1. The shaded contours show the fields as indicated, and the ar-
rows show the associated horizontal velocities. The ‘Kelvin’ and ‘Rossby’ designations indicate that just the
Kelvin wave or Rossby (planetary) wave contributions are plotted as given by (8.129)–(8.131) and (8.134)–
(8.135), respectively. For the pressure fields the contour interval is 0.3 and all fields are negative (so dark
shading is low pressure) with the zero contour omitted. For vertical velocity the contour interval is 0.3 be-
ginning at -0.1, and so is -0.1, 0.2, 0.5…, with an additional zero contour (red dashed) with upward motion
within it.

𝜙 = e−𝑦2/4

2
𝑞2(𝑥)(1 + 𝑦2), 𝑤 =

e−𝑦2/4

2
[𝑄0(𝑥) + 𝛼𝑞2(𝑥)(1 + 𝑦2)] . (8.135a,b)

The solutions appear complicated (they are complicated!), although still amenable to interpre-
tation. But first we combine the Kelvin and planetary wave contributions and restore the dimen-
sions, to give

𝑢 = 𝑐
2
[𝑞0(𝑥) + 𝑞2(𝑥)(2𝛽𝑦2/𝑐 − 3)] e−𝛽𝑦

2/2𝑐, (8.136a)

𝑣 = 𝑐𝑦[ �𝑄0(𝑥) + (4𝛼/𝑐)𝑞2(𝑥)]�e−𝛽𝑦
2/2𝑐, (8.136b)

𝜙 = 𝑐
2

2
[𝑞0(𝑥) + 𝑞2(𝑥)(2𝛽𝑦2/𝑐 + 1)] e−𝛽𝑦

2/2𝑐, (8.136c)

𝑤 = 𝑤0
e−𝛽𝑦2/2𝑐

2
[2𝑄0(𝑥) + 𝛼𝑞0(𝑥) + 𝛼𝑞2(𝑥)(1 + 2𝛽𝑦2/𝑐)] , (8.136d)

where𝑤0 = (2𝑐𝛽)1/2𝐻, and 𝑞0, 𝑞2 and𝑄0 are still nondimensional functions. The nondimensional
forms are recovered by setting𝑤0 = 𝑐 = 1 and 𝛽 = 1/2. The solutions above are specific to the form
of the forcing function we chose. However, a similar methodology could in principle be applied to
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forcing of any form, including forcing in the momentum equations, and, because the equations are
linear, the solutions could be superposed. The solution above represents the physically important
case of a localized heating, and the gross structure of the far field is largely independent of the
details of the forcing: there is a rapidly decaying disturbance west and polewards of the forcing
and a more slowly decaying disturbance east of the forcing close to the equator (Fig. 8.11).

Interpretation

Let’s now try to figure out what’s going on. A solution is illustrated in Fig. 8.11. The heating is
confined to a region from −2 < 𝑥 < 2 and exponentially falls away from the equator with an e-
folding distance of 2, more-or-less corresponding to the shaded region of vertical velocity in the
lower right panel, as intuitively expected and discussed more below.

Consider first the flow in the forcing region. Here the vertical velocity is positive, with the
associated horizontal convergence being that of the zonal flow: the meridional flow is polewards,
away from the maximum of the heating. To understand this, consider the limit 𝛼 → 0. From
(8.136) the vertical velocity field coincides with the heating and the (nondimensional) meridional
velocity is given by

𝑣 = 𝑦𝑄0 exp(−𝑦2/4) = 𝑦𝑤. (8.137)

Thus, verticalmotion is associatedwith polewardmotion. Tounderstand this, consider the inviscid
vorticity equation

𝛽𝑣 + 𝑓∇ ⋅ 𝒖 = 0, or 𝛽𝑣 = 𝑓𝑤, (8.138a,b)

which in nondimensional form is

𝑣 + 𝑦∇ ⋅ 𝒖 = 0, or 𝑣 = 𝑦𝑤. (8.139a,b)

Evidently, (8.137) and (8.139b) are equivalent. Another way to think about this is to note that
the rising motion in the region of the forcing causes vortex stretching, as discussed in Chapter
4, and hence the generation of cyclonic vertical vorticity and a polewards migration. From the
perspective of potential vorticity, then to the extent that the flow is adiabatic the quantity (𝑓+𝜁)/ℎ
is conserved following the flow. The heating increases the value of ℎ (the stretching), so that 𝑓 + 𝜁
also tends to increase in magnitude. The flow finds it easier to migrate polewards to increase its
value of 𝑓 than to increase its relative vorticity alone, for the latter would require more energy. If
we interpret these equations as the lower layer of a two-layer system, then the flow in the lower
layer is away from the source, and toward the source in the upper layer.

Consider now the flow to the west of the heating, associated with 𝑞2(𝑥). The disturbance here
is produced by a decaying westwards propagating Rossby wave— a form of ‘Rossby plume’ that we
will also encounter in Chapter 19 (see Fig. 19.14 on page 754 and the associated discussion). The
vertical velocity is negative, and the horizontal velocity is almost geostrophically balanced: the
pressure perturbation is negative everywhere, and so circulating cyclonically around the centres of
low pressure just to the west of heating. The flow converges to the equator, producing an eastward
flow along the equator, converging in the heating zone. We may be tempted to interpret this in
terms of the inviscid vorticity equation, as we did in the forcing region. This would suggest that,
away from the forcing region, because the flow is divergent (∇⋅𝒖 > 0, 𝑤 < 0) then from (8.138) the
meridional velocity should be toward the equator in both hemispheres. However, this explanation
is at best qualitative, because the vorticity equation above is not exactly satisfied by the solution
(8.138), because non-zero solutions away from the forcing region depend entirely on the presence
of dissipation.

The flow east of the forcing region motion is induced by an eastward propagating Kelvin wave,
or more precisely the steady, eastward-decaying analogue of such a wave. Evidently, from Fig. 8.11,
the pressure field extends further east of the source than west of the source, and this is because
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Fig. 8.12 The zonal overturning stream-
function of the meridionally averaged flow
(top), and the meridional overturning
streamfunction of the zonally-averaged flow
(bottom) in the Matsuno–Gill problem with
symmetric heating with a maximum at y = 0
and x = 0, the same as in Fig. 8.11.
There is rising motion around the location of
the heating, sinking elsewhere. The contour
interval in the top plot is about four times
that of the bottom plot; that is, the Walker
circulation here is stronger than the Hadley
circulation.

Kelvin waves decay more slowly than Rossby waves. Keeping both the time derivative and the
damping, the unforced Kelvin wave satisfies, from (8.94),

[𝛼 + 𝜕
𝜕𝑡
] 𝑞0 +
𝜕𝑞0
𝜕𝑥
= 0, (8.140)

whereas the unforced Rossby wave satisfies, from (8.110) and (8.124) for 𝑛 = 1,

3 [𝛼 + 𝜕
𝜕𝑡
] 𝑞1 −
𝜕𝑞1
𝜕𝑥
= 0. (8.141)

Thus, the effective damping rate of the Rossby wave is three times that of the Kelvin wave. Put
another way, the Kelvin wave travels three times as fast as the Rossby wave so that if the damping
rate, 𝛼, is the same the influence of the Kelvin wave spreads three times further east. The horizontal
velocity in the Kelvin wave is purely zonal, and near the surface it is directed toward the heating
source.

Pressure and Velocity
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Fig. 8.13 Pressure (contours) and horizon-
tal velocity (arrows) in the Matsuno–Gill
problem with an antisymmetric heating
given by (8.143) and nondimensional decay
factor 𝛼 = 0.1. The heating is in the Northern
Hemisphere generating a low pressure region
(shaded) with inflow and ascent, and cooling
is in the Southern Hemisphere. The contour
interval is 0.3 and the zero contour is along
𝑦 = 0.
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Heating centred at x = 0, y =1
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Heating centred at x = 0, y = 2
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Fig. 8.14 Pressure (contours) and horizontal velocity (arrows) in the Matsuno–Gill model with
the heating centred off the equator, as labelled, but otherwise similar to that of Fig. 8.11. As the
heating moves to higher latitudes the Kelvin wave response weakens but the magnitude of the
local response increases (the contour interval is the same in both panels).

Vertical structure
The zonal structure of the solution is a coarse representation of the Walker circulation in the equa-
torial Pacific. Here, the sea-surface temperature is high in the west, near Indonesia, and low in
the east, near South America, because of the upwelling that brings deep, cold water to the surface.
This distribution of sea-surface temperature effectively provides a heating in the western Pacific
and induces westward winds along the equator, enhancing the westward trade winds that already
exist as part of the general circulation. The overturning circulation in the zonal and meridional
planes is illustrated in Fig. 8.12. This solution is obtained by supposing that the fields represent the
first vertical mode, as discussed in Section 3.4. If the stratification is uniform then the modes are
just sines and cosines and so we have

(𝑢, 𝑣, 𝜙) = (𝑢, 𝑣, 𝜙) cos(π𝑧/𝐷), 𝑤 = �̃� sin(π𝑧/𝐷). (8.142)

Now the modal form of the mass continuity equation, (3.66), is �̃� = −(𝑐2/𝑔)∇ ⋅ 𝒖. If this is to be
consistentwith the usual formof 𝜕𝑤/𝜕𝑧 = −∇⋅𝒖 thenwemake the association π/𝐷 = 𝑔/𝑐2 = 1/𝐻∗1 ,
where𝐻∗1 is the equivalent depth of the first mode. Given this vertical structure, we integrate the
solutions meridionally so enabling a streamfunction to be defined (because 𝑣 = 0 as 𝑦 → ±∞, so
𝜕𝑢𝑦/𝜕𝑥 +𝜕𝑤𝑦/𝜕𝑧 = 0, with the overbar denoting meridional integration). The expressions for the
meridional integrals are given in Appendix B to this chapter, with the streamfunctions given by
(8.175) and (8.175).

8.5.3 Antisymmetric Forcing
An analytic solution with asymmetric forcing may be obtained by using a forcing of the form

𝑄(𝑥, 𝑦) = 𝑄1(𝑥)𝐷1(𝑦) = 𝑦 cos 𝑘𝑥 exp(−𝑦2/4), (8.143)

using the same form of zonal localization as before. The algebra needed to obtain a solution is
somewhat tedious but straightforward, of a very similar nature to that described above. One finds
that there are, again, two parts to the response. One part corresponds to a long planetary wave
with 𝑛 = 0 and using (8.121)–(8.123) we find

𝑞1 = 0, 𝑣0 = 𝑄1. (8.144)

There is no response outside the forcing region because long mixed waves have zero propagation
velocity. The other part of the solution is obtained, again using (8.121)–(8.123), from

𝑣2 =
d𝑞3
d𝑥
+ 𝛼𝑞3, 𝑟1 = 3𝑞3,

d𝑞3
d𝑥
− 5𝛼𝑞3 = 𝑄1. (8.145a,b,c)
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The solution of these equations is left as an exercise for the reader and is illustrated in Fig. 8.13. The
solutions are zero east of the forcing region because there is no long wave so propagating. West
of the forcing region there is eastward inflow into the heating region in the Nortern Hemisphere
(which is being heated), as well as a tendency for poleward flow for the reasons described earlier.
Thus, there is a cyclone with upward motion somewhat west of the main heating region, and a
corresponding anti-cyclone in the cooled region, as illustrated in Fig. 8.13. The zonally averaged
solutions (not shown) resemble an asymmetric Hadley Cell, with the air rising in the Northern
(summer) Hemisphere, moving southwards aloft into the winter hemisphere before sinking.

8.5.4 Other Forcings

The solution to more general forcings can be constructed by using other forcing coefficients, or
a superposition of forcing coefficients, and many solutions of interest to the tropical atmosphere
and ocean may be so constructed. Solutions may also be constructed (sometimes more easily)
numerically, either by time-stepping the linear shallowwater equations to equilibriumor by solving
the elliptic equation (8.113) using standard techniques.12 We will present the solutions to two
such cases: (i) a heating source centred off the equator in the Northern Hemisphere; and (ii) a line
source of heating, either centred at the equator or just north of it, mimicking the Inter-Tropical
Convergence Zone (itcz).

Heating off the equator

Solutions for heating off the equatormay be constructed by adding the solutions for antisymmetric
and symmetric heating presented above. In Fig. 8.14, we present a solution that has heating of a
very similar form to that of the symmetric heating shown in Fig. 8.11, but centred off the equator at
𝑦 = 1 and 𝑦 = 2. The pattern is dominated by a low pressure region just to the west of the heating,
with convergence and upward motion within it, and an eastward inflow between the equator and
the centre of the heating. In the solution with the heating centred at 𝑦 = 1 there is also a response
east of the heating region, largest at the equator, produced by the eastward propagating, damped
Kelvin wave. As the heating moves further from the equator (in the right panel of Fig. 8.14), the
pressure response becomes stronger but the flow around the heating is in near geostrophic balance.

A line of heating

Finally, let us consider the solutions when the heating is independent of 𝑥, and the solutions them-
selves are then independent of 𝑥. Two such solutions are presented in Fig. 8.15 and in Fig. 8.16, for
a line of heating at the equator and at 𝑦 = 1. As we noted above, these solutions might be thought
of as rather idealized versions of the itcz (although in the real itcz the location of the convective
region is determined as part of the solution for the overall flow).

Consider first the solution with heating at the equator. A low pressure region develops over
the heating and the flow converges there, producing equatorward and westward ‘trade winds’ and
consequent upward motion at the equator, with the zonal velocity rapidly decreasing actually at
the equator. Now consider what happens when the heating is off-equator, noting that the real itcz
is generally situated a little north of the equator, especially in the Pacific Ocean. A low pressure
region is formed along the line of the heating and the meridional velocity converges sharply there,
with more inflow coming from the equatorial side of the line of heating (as can be seen in the right-
hand panels of both Fig. 8.15 and Fig. 8.16). As regards the zonal velocity, there is an eastward jet
along the line of the heating, with westward flow to either side. That is to say, there is a splitting of
the westward trades caused by the line of sharp heating.
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Fig. 8.15 As for Fig. 8.14 but with a line of heating at the equator (left panel) and at 𝑦 = 1 (right
panel). The heating generates a region of low pressure (shaded) where the flow converges. In the
right panel the meridional velocity is larger on the equatorward side of the line than on the pole-
ward side. See also Fig. 8.16.
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Fig. 8.16 As for Fig. 8.15, but showing line plots of pressure, 𝜙, zonal velocity, 𝑢 and three times (for
presentational purposes) the meridional velocity 𝑣. Left panel is for a line of heating at the equator
and the right panel for heating at 𝑦 = 1. The heating creates a region of low pressure where the
flow converges. Note that in the right panel the meridional velocity is larger on the equatorward
side of the line than on the poleward side.

APPENDIX A: NONDIMENSIONALIZATION AND PARABOLIC CYLINDER FUNCTIONS
This appendix provides a brief discussion of the nondimensionalization used to derive the various
dispersion relations in this chapter and some of the properties of the associated Hermite polyno-
mials and parabolic cylinder functions. We do not provide proofs or detailed derivations.13

In discussions of equatorial waves and their steady counterparts, one of two slightly different
nondimensionalizations is often employed. They lead to the use of parabolic cylinder functions in
two slightly different forms; they are essentially equivalent but one may be more convenient than
the other depending on the setting. For definiteness, we begin with (8.28), namely

d2𝑣
d𝑦2
+ (𝜔
2

𝑐2
− 𝑘2 − 𝛽𝑘
𝜔
− 𝛽
2𝑦2
𝑐2
) 𝑣 = 0. (8.146)

If we nondimensionalize time and distance using

𝑇eq = (𝑐𝛽)−1/2, 𝐿eq = (𝑐/𝛽)1/2, (8.147a,b)
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we obtain
d2𝑣
d𝑦2
+ (�̂�2 − �̂�2 − �̂�

�̂�
− 𝑦2)𝑣 = 0. (8.148)

The substitution
𝑣(𝑦) = 𝛹(𝑦)e−𝑦2/2, (8.149)

leads to
d2𝛹
d𝑦2
− 2𝑦d𝛹

d𝑦
+ 𝜆𝛹 = 0, (8.150)

where 𝜆 = �̂�2 − �̂�2 − �̂�/�̂� − 1. This is Hermite’s equation with solutions if and only if 𝜆 = 2𝑚 for
𝑚 = 0, 1, 2,…, and it is this quantization condition that gives the dispersion relation. The solutions
are Hermite polynomials; that is, 𝛹(𝑦) = 𝐻𝑚(𝑦), where

(𝐻0, 𝐻1, 𝐻2, 𝐻3, 𝐻4) = (1, 2𝑦, 4𝑦2 − 2, 8𝑦3 − 12𝑦, 16𝑦4 − 48𝑦2 + 12). (8.151)

The Hermite polynomial multiplied by a Gaussian is a form of parabolic cylinder function,𝑉𝑚(𝑦);
that is

𝑉𝑚(𝑦) = 𝐻𝑚(𝑦) exp(−𝑦2/2). (8.152)

The function 𝑉𝑚(𝑦) satisfies
d2𝑉𝑚
d𝑦2
+ (2𝑚 + 1 − 𝑦2)𝑉𝑚 = 0. (8.153)

It is often useful to include the normalization coefficient in the definition of the cylinder function;
that is, if

𝑃𝑚 =
𝑉𝑚

√2𝑚𝑚!√π
, then ∫

∞

−∞
𝑃𝑚𝑃𝑛 = 𝛿𝑚𝑛. (8.154a,b)

Asmay be verified by directmanipulation, these forms of parabolic cylinder functions obey certain
recurrence relations, namely

d𝑃𝑚
d𝑦
= −(𝑚 + 1)

1/2

√2
𝑃𝑚+1 +
𝑚1/2
√2
𝑃𝑚−1 and 𝑦𝑃𝑚 =

𝑚1/2
√2
𝑃𝑚−1 +
(𝑚 + 1)1/2
√2
𝑃𝑚+1, (8.155a,b)

or equivalently

d𝑃𝑚
d𝑦
+ 𝑦𝑃𝑚 = (2𝑚)1/2𝑃𝑚−1 and d𝑃𝑚

d𝑦
− 𝑦𝑃𝑚 = −√2(𝑚 + 1)1/2𝑃𝑚+1. (8.156)

When𝑚 = 0 the recurrence relations are

d𝑃0
d𝑦
= −1√2
𝑃1 and 𝑦𝑃0 =

1
√2
𝑃1. (8.157a,b)

Had we developed the forced-dissipative problem using this form of cylinder functions these rela-
tions would have been used instead of (8.93).

The above relations may be used in conjunction with (8.20) and (8.36) to obtain the relations
between 𝑢, 𝑣 and 𝜙 in the equatorial wave problem. Using (8.20) the 𝑣 and 𝑢, and the 𝑣 and 𝜙, fields
are related by

𝜕2𝑢
𝜕𝑡2
− 𝑐2 𝜕
2𝑢
𝜕𝑥2
= 𝛽𝑦𝜕𝑣
𝜕𝑡
+ 𝑐2 𝜕

2𝑣
𝜕𝑥 𝜕𝑦
, 𝜕2𝜙
𝜕𝑥2
− 𝑐−2 𝜕

2𝜙
𝜕𝑡2
= 𝛽𝑦𝜕𝑣
𝜕𝑥
+ 𝜕
2𝑣
𝜕𝑦 𝜕𝑡
, (8.158)
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which in nondimensional form have 𝛽 = 𝑐 = 1. Suppose that the 𝑣 field is a single Hermite mode
of unit amplitude, meaning that

𝑣(𝑥, 𝑦, 𝑡) = 𝑣(𝑦)ei(𝑘𝑥−𝜔𝑡) = 𝑃𝑚(𝑦)ei(𝑘𝑥−𝜔𝑡). (8.159)

If 𝑢(𝑥, 𝑦, 𝑡) = 𝑢(𝑦)ei(𝑘𝑥−𝜔𝑡) then, using (8.158a) we obtain

𝑢 = − i
(𝑘2 − 𝜔2)

[𝑦𝜔𝑃𝑚 − 𝑘
d𝑃𝑚
d𝑦
] = i
√2
[𝑚
1/2𝑃𝑚−1
𝑘 + 𝜔

− (𝑚 + 1)
1/2𝑃𝑚+1
𝑘 − 𝜔

] , (8.160)

where the rightmost expression uses the recurrence relations (8.155). Evidently, if𝑚 and 𝑣 are odd
(even) then 𝑢 is an even (odd) function of 𝑦. The height field 𝜙may similarly be related to𝑃𝑚 using
(8.158b), giving

𝜙 = − i
𝑘2 − 𝜔2/𝑐2

[𝑦𝑘𝑃𝑚 + i𝜔
d𝑃𝑚
d𝑦
] = − i√2

[𝑚
1/2𝑃𝑚−1
𝑘 + 𝜔

+ (𝑚 + 1)
1/2𝑃𝑚+1
𝑘 − 𝜔

] . (8.161)

Thus, for a given𝑚, 𝜙 has the same symmetry across the equator as does 𝑢, the opposite of 𝑣.

Implications
As discussed in the main text, the gravest mode in 𝑦 is the Kelvin wave, which has 𝑣 = 0, and 𝑢
and 𝜙 fields centred on the equator that decay away exponentially in 𝑦2, as for 𝑃0. The Yanai, or
mixed Rossby-gravity mode, has𝑚 = 0 and the 𝑣 field is even around the equator, meaning it is an
antisymmetric mode. Using the recurrence relation (8.157) we see that this mode only generates
the 𝑃1 mode in 𝑢 and 𝜙. The gravest Rossby mode has𝑚 = 1, and from (8.160) and (8.161) we see
that this generates 𝑚 = 0 and 𝑚 = 2 modes in 𝑢 and 𝜙. Thus, a symmetric disturbance centred
at the equator will in general generate an eastward propagating Kelvin mode and a Rossby mode
with both an equatorial signal and off equatorial modes with a structure similar to those of the
stationary pattern in Fig. 8.11, and as we will see again in Fig. 22.18 when we study El Niño.

Other parabolic cylinder functions
The other commonly used form of parabolic cylinder functions, denoted 𝐷𝑛(𝑦), are the modified
Hermite polynomials (8.42) multiplied by a Gaussian; that is

𝐷𝑛(𝑦) = 𝐺𝑛(𝑦) exp(−𝑦2/4), (8.162)

and these functions are solutions of (8.39) which arises when we use the nondimensionalization

𝑇eq = (2𝑐𝛽)−1/2, 𝐿eq = (𝑐/2𝛽)1/2. (8.163a,b)

These parabolic cylinder functions satisfy

d2𝐷𝑚
d𝑦2
+ 1
2
(2𝑚 + 1 − 1

2
𝑦2)𝐷𝑚 = 0, (8.164)

which is sometimes called the Weber differential equation. The functions have the property that

d𝐷𝑛
d𝑦
+ 1
2
𝑦𝐷𝑛 = 𝑛𝐷𝑛−1,

d𝐷𝑛
d𝑦
− 1
2
𝑦𝐷𝑛 = −𝐷𝑛+1. (8.165a,b)

The above two equations may be combined to give (8.164), and by subtracting them we see that

𝐷𝑛+1 − 𝑦𝐷𝑛 + 𝑛𝐷𝑛−1 = 0. (8.166)

The form of these particular ladder operators makes these parabolic cylinder functions convenient
in our development of the forced, steady (i.e., Matsuno–Gill) problem, although the use of (8.156)
would be equivalent.
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APPENDIX B: MATHEMATICAL RELATIONS IN THE MATSUNO–GILL PROBLEM
Here we provide various zonal andmeridional integrals of the solutions given in Section 8.5.2. The
zonal integral of the forcing is given by

𝐼 = ∫
∞

−∞
𝑄0(𝑥)d𝑥 = ∫

𝐿

−𝐿
cos(𝑘𝑥) d𝑥 = 4𝐿

π
, (8.167)

using 𝑘 = π/2𝐿. The zonal integrals of the various 𝑞, 𝑟 and 𝑣 fields are given as follows. Using
(8.121) with 𝐹0 = 0 we see that

∫
∞

−∞
𝛼𝑞0 d𝑥 = −[ �𝑞0]�

∞

−∞
− ∫
∞

−∞
𝑄0(𝑥)d𝑥 = −𝐼. (8.168)

Using (8.132) we obtain similar results for 𝑞2, 𝑟0 and 𝑣1, to wit

∫
∞

−∞
(𝑞0, 𝑞2, 𝑟0, 𝑣1) d𝑥 = (−1, −

1
3
, −2
3
, −𝛼
3
) 𝐼
𝛼
. (8.169)

The zonally integrated pressure and velocity fields are obtained using (8.167), (8.169) and the non-
dimensional form of (8.136), giving

∫
∞

−∞
(𝑢, 𝑣, 𝑤, 𝜙) d𝑥 = (−𝑦

2

6𝛼
, −𝑦
3
, 2 − 𝑦

2

6
, −4 − 𝑦

2

6𝛼
)(4𝐿
π
) exp(−𝑦2/4). (8.170)

The meridional integrals of the velocity fields may also be calculated. To do this we first note
the integrals

∫
∞

−∞
(1, 𝑦, 𝑦2) exp(−𝑦2/4)d𝑦 = (2, 0, 4)√π. (8.171)

The first of these is a standard result, the second follows from considerations of symmetry and the
third follows on integration by parts. Using (8.171) and the nondimensional form of (8.136) we
obtain

∫
∞

−∞
𝑢d𝑦 = √π [𝑞0(𝑥) − 𝑞2(𝑥)] , ∫

∞

−∞
𝑣d𝑦 = 0, (8.172a,b)

∫
∞

−∞
𝑤d𝑦 = √π [𝛼𝑞0(𝑥) + 3𝛼𝑞2(𝑥) + 2𝑄0(𝑥)] , ∫

∞

−∞
𝜙d𝑦 = √π [𝑞0(𝑥) + 3𝑞2(𝑥)] . (8.172c,d)

Equations (8.170) and (8.172) are useful because they allow us to define streamfunctions for the
overturning circulation in the zonal and meridional plane, respectively. From (8.170) and (8.172),
and using (8.121) and (8.132a), we find that

𝑤𝑥 + 𝜕𝑣
𝑥

𝜕𝑦
= 0, 𝑤𝑦 + 𝜕𝑢

𝑦

𝜕𝑥
= 0, (8.173)

with the overbar denoting a zonal or meridional average, as indicated. These results are to be ex-
pected from the mass continuity equation,𝑤 = −(𝜕𝑥𝑢+𝜕𝑦𝑣), on zonal and meridional integration,
respectively, but the fact that the solutions show it so explicitly is a demonstration of the karma of
mathematics.

A streamfunction may be constructed by supposing that, in a fluid of depth𝐻, the horizontal
and vertical velocities vary as

(𝑢, 𝑣) = (𝑢, 𝑣) cos(π𝑧/𝐻), 𝑤 = �̃� sin(π𝑧/𝐻). (8.174a,b)

Using (8.170) the streamfunction in the meridional plane, 𝛹𝑀 is given by

𝛹𝑀(𝑦, 𝑧) =
𝐼𝐻
π
−𝑦
3

exp(−𝑦2/4) sin π𝑧/𝐻. (8.175)



334 Chapter 8. Linear Dynamics at Low Latitudes

Using (8.172) the streamfunction in the zonal plane, 𝛹𝑍, is given by

𝛹𝑍(𝑥, 𝑧) =
√π𝐻
π
[𝑞0(𝑥) − 𝑞2(𝑥)] sin π𝑧/𝐻. (8.176)

Notes
1 My thanks to Jacob Wenegrat for many comments on this chapter and others, and to Peter Gent

for various comments on equatorial dynamics.

2 Drawing from unpublished lecture notes of M. Hendershott in Chapman et al. (1989). For more,
see Paldor et al. (2007) and Heifetz & Caballero (2014).

3 Waves of this type were deduced by Bjerknes (1937).

4 The first complete treatment of this problem seems to have been given by Matsuno (1966), with
special cases to be found in Stern (1963) and Bretherton (1964). An analysis of the rotating linear
shallowwater equations on the sphere (as opposed to𝛽-plane)was givenby Longuet-Higgins (1968)
with Paldor & Sigalov (2011) providing an extension to any rotating, smooth surface. A review of
equatorial waves in an oceanic context was provided by McCreary (1985).

5 Standard forms are in the eye of the beholder.

6 After M. Yanai. See Yanai & Maruyama (1966).

7 A semi-implicit, semi-Lagrangian scheme. I am grateful to James Penn for the simulation and the
figure.

8 Verkley & van der Velde (2010).

9 For more on this type of problem see Gill & Clarke (1974).

10 Readers who wish to study the forced problem in more detail might start with Lighthill (1969),
McCreary (1981) or Clarke (2008).

11 This problemwas considered byMatsuno (1966) and revisited byGill (1980) in the context of under-
standing the response of the tropical atmosphere to diabatic heating. It is now commonly referred
to as the Matsuno–Gill problem. The treatment given here is similar to that of Gill.

Adrian Gill (1937–1986) was an Australian who spent his career in the U.K., first at Cambridge Uni-
versity and then, all too briefly, at Oxford as part of the U.K. Meteorological Office. He is known
both for his marvellous book (Atmosphere–Ocean Dynamics, 1982) and for his insightful work on,
to name but a few topics, equatorial dynamics, internal waves, the Antarctic Circumpolar Current
and adjustment processes. Gill is admired for his scientific style, for he was somehow able to distil
complex problems to an austere essence that he was often able to solve analytically. He also com-
municated clearly and concisely, and is said to have had a rather understated sense of humour that
those close to him greatly appreciated. The field suffered an untimely loss when he died, of natural
causes, decades before his time.

12 A code that solves the elliptic problem using Fourier transforms and a tridiagonal inversion was
graciously provided by Chris Bretherton and Adam Sobel. Timestepping can also be a particularly
simple way to obtain some solutions, as noted by Matthew Barlow. Both numerical and (where
possible) analytic methods were used to obtain the solutions shown.

13 For more information about Hermite polynomials and parabolic cylinder functions see, for exam-
ple, Jeffreys& Jeffreys (1946), Abramowitz& Stegun (1965) ormathematical software such asMaple
or Python.



Come with rain, O loud Southwester!
Bring the singer, bring the nester;
Give the buried flower a dream;
Make the settled snowbank steam.
Robert Frost, To the Thawing Wind, 1915.

CHAPTER 9

Barotropic and Baroclinic Instability

What hydrodynamic states occur in nature? If we take as given the applicability of
the Navier–Stokes equations, any flow must be a solution of these equations, subject
to the relevant initial and boundary conditions. Most of the flows we experience are

of course time-dependent solutions, not steady solutions. Why should this be? There are many
steady solutions to the equations of motion — certain purely zonal flows, for example. However,
steady solutions do not abound in nature because, in order to persist, they must be stable to those
small perturbations that inevitably arise. Indeed, all the steady solutions that are known for the
large-scale flow in the Earth’s atmosphere and ocean have been found to be unstable. It is such
instability that makes the subject an interesting one.

There are a myriad forms of hydrodynamic instability, but our focus in this chapter is on
barotropic and baroclinic instability. Baroclinic instability (and we will define the term more pre-
cisely later on) is an instability that arises in rotating, stratified fluids that are subject to a horizon-
tal temperature gradient. It is the instability that gives rise to the large- and mesoscale motion in
the atmosphere and ocean — it produces atmospheric weather systems, for example — and so is,
perhaps, the form of hydrodynamic instability that most affects the human condition. Barotropic
instability is an instability that arises because of the shear in a flow, and may occur in fluids of
constant density. It is important to us for two reasons: first, it is important in its own right as
an instability mechanisms for jets and vortices, and as an important process in both two- and
three-dimensional turbulence; second, many problems in barotropic and baroclinic instability are
formally and dynamically similar, so that the solutions and insight we obtain in the often simpler
problems in barotropic instability may be useful in the baroclinic problem.

9.1 KELVIN–HELMHOLTZ INSTABILITY
To introduce the issue, we first consider, rather informally, perhaps the simplest physically in-
teresting instance of a fluid-dynamical instability — that of a constant-density flow with a shear
perpendicular to the fluid’s mean velocity, this being an example of a Kelvin–Helmholtz instabil-
ity,1 and of a barotropic instability. (More generally, Kelvin–Helmholtz instability involves fluid
with varying density.) Let us consider two fluid masses of equal density, with a common interface
at 𝑦 = 0, moving with velocities −𝑈 and +𝑈 in the 𝑥-direction, respectively (Fig. 9.1). There is
no variation in the basic flow in the 𝑧-direction (normal to the page), and we will assume this is
also true for the instability (these restrictions are not essential). This flow is clearly a solution of
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Fig. 9.1 A simple basic state giving rise to shear-flow
instability. The velocity profile is discontinuous and the
density is uniform.

the Euler equations. What happens if the flow is perturbed slightly? If the perturbation is initially
small then even if it grows we can, for small times after the onset of instability, neglect the nonlin-
ear interactions in the governing equations because these are the squares of small quantities. The
equations determining the evolution of the initial perturbation are then the Euler equations lin-
earized about the steady solution. Thus, denoting perturbation quantities with a prime and basic
state variables with capital letters, for 𝑦 > 0 the perturbation satisfies

𝜕𝒖′
𝜕𝑡
+ 𝑈𝜕𝒖

′

𝜕𝑥
= −∇𝑝′, ∇ ⋅ 𝒖′ = 0, (9.1a,b)

and a similar equation holds for 𝑦 < 0, but with 𝑈 replaced by −𝑈. Given periodic boundary
conditions in the 𝑥-direction, we may seek solutions of the form

𝜙′(𝑥, 𝑦, 𝑡) = Re ∑
𝑘
𝜙𝑘(𝑦) exp[i𝑘(𝑥 − 𝑐𝑡)], (9.2)

where 𝜙 is any field variable (e.g., pressure or velocity), and Re denotes that only the real part
should be taken. (Typically we use tildes over variables to denote Fourier-like modes, and we will
often omit the marker ‘Re’.) Because (9.1a) is linear, the Fourier modes do not interact and we may
confine attention to just one. Taking the divergence of (9.1a), the left-hand side vanishes and the
pressure satisfies Laplace’s equation

∇2𝑝′ = 0. (9.3)
This has solutions in the form

𝑝′ = {Re𝑝1ei𝑘𝑥−𝑘𝑦e𝜎𝑡 𝑦 > 0,
Re𝑝2ei𝑘𝑥+𝑘𝑦e𝜎𝑡 𝑦 < 0,

� (9.4)

where, anticipating the possibility of growing solutions, we have written the time variation in terms
of a growth rate, 𝜎 = −i𝑘𝑐. In general 𝜎 is complex: if it has a positive real component, the ampli-
tude of the perturbation will grow and there is an instability; if 𝜎 has a non-zero imaginary com-
ponent, then there will be oscillatory motion, and there may be both oscillatory motion and an
instability. To obtain the dispersion relationship, we consider the 𝑦-component of (9.1a), namely
(for 𝑦 > 0)

𝜕𝑣′1
𝜕𝑡
+ 𝑈𝜕𝑣

′
1
𝜕𝑥
= −𝜕𝑝

′
1
𝜕𝑦
. (9.5)

Substituting a solution of the form 𝑣′1 = 𝑣1 exp(i𝑘𝑥 + 𝜎𝑡) yields, with (9.4),

(𝜎 + i𝑘𝑈)𝑣1 = 𝑘𝑝1. (9.6)
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But the velocity normal to the interface is, at the interface, nothing but the rate of change of the
position of the interface itself; that is, at 𝑦 = +0

𝑣1 =
𝜕𝜂′
𝜕𝑡
+ 𝑈𝜕𝜂

′

𝜕𝑥
, (9.7)

or
𝑣1 = (𝜎 + i𝑘𝑈)𝜂, (9.8)

where 𝜂′ is the displacement of the interface from its equilibrium position. Using this in (9.6) gives

(𝜎 + i𝑘𝑈)2𝜂 = 𝑘𝑝1. (9.9)

The above few equations pertain to motion on the 𝑦 > 0 side of the interface. Similar reasoning
on the other side gives (at 𝑦 = −0)

(𝜎 − i𝑘𝑈)2𝜂 = −𝑘𝑝2. (9.10)

But at the interface 𝑝1 = 𝑝2, because pressure must be continuous. The dispersion relationship
then emerges from (9.9) and (9.10), giving

𝜎2 = 𝑘2𝑈2. (9.11)

This equation has two roots, one of which is positive. Thus, the amplitude of the perturbation
grows exponentially, like e𝜎𝑡, and the flow is unstable. The instability itself can be seen in the
natural world when billow clouds appear wrapped up into spirals: the clouds are acting as tracers
of fluid flow, and are a manifestation of the instability at finite amplitude, as seen later in Fig. 9.6.

9.2 INSTABILITY OF PARALLEL SHEAR FLOW
We now consider a little more systematically the instability of parallel shear flows, such as are il-
lustrated in Fig. 9.2. This is a classic problem in hydrodynamic stability theory, and there are two
particular reasons for our own interest:
(i) The instability is an example of barotropic instability, which abounds in the ocean and atmo-

sphere. Roughly speaking, barotropic instability arises when a flow is unstable by virtue of
its horizontal shear, with gravitational and buoyancy effects being secondary.

(ii) The instability is inmanyways analogous to baroclinic instability,which is themain instability
giving rise to weather systems in the atmosphere and similar phenomena in the ocean.

We will restrict attention to two-dimensional, incompressible flow; this illustrates the physical
mechanisms in themost transparent way, in part because it allows for the introduction of a stream-
function and the automatic satisfaction of the mass continuity equation. In fact, for parallel two-
dimensional shear flows the most unstable disturbances are two-dimensional ones.2

The vorticity equation for incompressible two-dimensional flow is just

D𝜁
D𝑡
= 0. (9.12)

We suppose the basic state to be a parallel flow in the 𝑥-direction that may vary in the 𝑦-direction.
That is

𝒖 = 𝑈(𝑦)𝐢. (9.13)
The linearized vorticity equation is then

𝜕𝜁′
𝜕𝑡
+ 𝑈𝜕𝜁

′

𝜕𝑥
+ 𝑣′ 𝜕𝒵
𝜕𝑦
= 0, (9.14)
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Fig. 9.2 Left: example of a smooth velocity profile, in which both the
velocity and the vorticity are continuous. Right: example of a piece-
wise continuous profile, in which the velocity and vorticity may have
finite discontinuities.

where𝒵 = −𝜕𝑦𝑈. Because the mass continuity equation has the simple form 𝜕𝑢′/𝜕𝑥 +𝜕𝑣′/𝜕𝑦 = 0,
we may introduce a streamfunction 𝜓 such that 𝑢′ = −𝜕𝜓′/𝜕𝑦, 𝑣′ = 𝜕𝜓′/𝜕𝑥 and 𝜁′ = ∇2𝜓′. The
linear vorticity equation becomes

𝜕∇2𝜓′
𝜕𝑡
+ 𝑈𝜕∇

2𝜓′
𝜕𝑥
+ 𝜕𝒵
𝜕𝑦
𝜕𝜓′
𝜕𝑥
= 0. (9.15)

The coefficients of the 𝑥-derivatives are not themselves functions of 𝑥; thus, we may seek solutions
that are harmonic functions (sines and cosines) in the 𝑥-direction, but the 𝑦 dependence must
remain arbitrary at this stage and we write

𝜓′ = Re �̃�(𝑦)ei𝑘(𝑥−𝑐𝑡). (9.16)

The full solution is a superposition of all wavenumbers, but since the problem is linear the waves
do not interact and it suffices to consider them separately. If 𝑐 is purely real then 𝑐 is the phase
speed of the wave; if 𝑐 has a positive imaginary component then the wave will grow exponentially
and is thus unstable.

From (9.16) we have

𝑢′ = 𝑢(𝑦)ei𝑘(𝑥−𝑐𝑡) = −�̃�𝑦ei𝑘(𝑥−𝑐𝑡), (9.17a)

𝑣′ = 𝑣(𝑦)ei𝑘(𝑥−𝑐𝑡) = i𝑘�̃�ei𝑘(𝑥−𝑐𝑡), (9.17b)
𝜁′ = ̃𝜁(𝑦)ei𝑘(𝑥−𝑐𝑡) = (−𝑘2�̃� + �̃�𝑦𝑦)ei𝑘(𝑥−𝑐𝑡), (9.17c)

where the 𝑦 subscript denotes a derivative. Using (9.17) in (9.14) gives

(𝑈 − 𝑐)(�̃�𝑦𝑦 − 𝑘2�̃�) − 𝑈𝑦𝑦�̃� = 0, (9.18)

which is known asRayleigh’s equation.3 It is the linear vorticity equation for disturbances to parallel
shear flow, and in the presence of a 𝛽-effect it generalizes slightly to

(𝑈 − 𝑐)(�̃�𝑦𝑦 − 𝑘2�̃�) + (𝛽 − 𝑈𝑦𝑦)�̃� = 0, (9.19)

which is known as the Rayleigh–Kuo equation.

9.2.1 Piecewise Linear Flows
Although Rayleigh’s equation is linear and has a simple form, it is nevertheless quite difficult to
analytically solve for an arbitrary smoothly varying profile. It is simpler to consider piecewise linear
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flows, inwhich𝑈𝑦 is a constant over some interval, with𝑈 or𝑈𝑦 changing abruptly to another value
at a line of discontinuity, as illustrated in Fig. 9.2. The curvature, 𝑈𝑦𝑦 is accounted for through the
satisfaction ofmatching conditions, analogous to boundary conditions, at the lines of discontinuity
(as in Section 9.1), and solutions in each interval are then exponential functions.

Jump or matching conditions
The idea, then, is to solve the linearized vorticity equation separately in the continuous intervals in
which vorticity is constant, matching the solution with that in the adjacent regions. The matching
conditions arise from two physical conditions:
(i) That normal stress should be continuous across the interface. For an inviscid fluid this im-

plies that pressure be continuous.
(ii) That the normal velocity of the fluid on either side of the interface should be consistent with

the motion of the interface itself.
Let us consider the implications of these two conditions.

(i) Continuity of pressure
The linearized momentum equation in the direction along the interface is:

𝜕𝑢′
𝜕𝑡
+ 𝑈𝜕𝑢

′

𝜕𝑥
+ 𝑣′ 𝜕𝑈
𝜕𝑦
= −𝜕𝑝

′

𝜕𝑥
. (9.20)

For normal modes, 𝑢′ = −�̃�𝑦ei𝑘(𝑥−𝑐𝑡), 𝑣′ = i𝑘�̃�ei𝑘(𝑥−𝑐𝑡) and 𝑝′ = 𝑝ei𝑘(𝑥−𝑐𝑡), and (9.20)
becomes

i𝑘(𝑈 − 𝑐)�̃�𝑦 − i𝑘�̃�𝑈𝑦 = −i𝑘𝑝. (9.21)

Because pressure is continuous across the interface we have the first matching or jump con-
dition,

𝛥[(𝑈 − 𝑐)�̃�𝑦 − �̃�𝑈𝑦] = 0, (9.22)

where the operator𝛥 denotes the difference in the values of the argument (in square brackets)
across the interface. That is, the quantity (𝑈 − 𝑐)�̃�𝑦 − �̃�𝑈𝑦 is continuous.
We can obtain this condition directly from Rayleigh’s equation, (9.19), written in the form

[(𝑈 − 𝑐)�̃�𝑦 − 𝑈𝑦�̃�]𝑦 + [𝛽 − 𝑘2(𝑈 − 𝑐)]�̃� = 0. (9.23)

Integrating across the interface gives (9.22).

(ii) Material interface condition
At the interface, the normal velocity 𝑣 is given by the kinematic condition

𝑣 = D𝜂
D𝑡
, (9.24)

where 𝜂 is the interface displacement. The linear version of (9.24) is

𝜕𝜂′
𝜕𝑡
+ 𝑈𝜕𝜂

′

𝜕𝑥
= 𝜕𝜓
′

𝜕𝑥
. (9.25)

If the fluid itself is continuous then this equation must hold at either side of the interface,
giving two equations and their normal-mode counterparts, namely,

𝜕𝜂′
𝜕𝑡
+ 𝑈1
𝜕𝜂′
𝜕𝑥
= 𝜕𝜓
′
1
𝜕𝑥
⟶ (𝑈1 − 𝑐)𝜂 = �̃�1, (9.26)
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𝜕𝜂′
𝜕𝑡
+ 𝑈2
𝜕𝜂′
𝜕𝑥
= 𝜕𝜓
′
2
𝜕𝑥
⟶ (𝑈2 − 𝑐)𝜂 = �̃�2. (9.27)

Material continuity at the interface thus gives the second jump condition

𝛥 [ �̃�
𝑈 − 𝑐
] = 0. (9.28)

That is, �̃�/(𝑈 − 𝑐) is continuous at the interface. Note that if 𝑈 is continuous across the
interface the condition becomes one of continuity of the normal velocity.

9.2.2 Kelvin–Helmholtz Instability, Revisited
We now use Rayleigh’s equation and the jump conditions to consider the situation illustrated in
Fig. 9.1; that is, vorticity is everywhere zero except in a thin sheet at 𝑦 = 0. On either side of the
interface, Rayleigh’s equation is simply

(𝑈𝑖 − 𝑐)(𝜕𝑦𝑦�̃�𝑖 − 𝑘2�̃�𝑖) = 0, 𝑖 = 1, 2 (9.29)

or, assuming that𝑈𝑖 ≠ 𝑐, 𝜕𝑦𝑦�̃�𝑖 −𝑘2�̃�𝑖 = 0. (This is just Laplace’s equation, coming from ∇2𝜓′ = 𝜁′,
with 𝜁′ = 0 everywhere except at the interface.) Solutions of this that decay away on either side of
the interface are

𝑦 > 0 ∶ �̃�1 = 𝛹1e−𝑘𝑦, (9.30a)
𝑦 < 0 ∶ �̃�2 = 𝛹2e𝑘𝑦, (9.30b)

where 𝛹1 and 𝛹2 are constants. The boundary condition (9.22) gives

(𝑈1 − 𝑐)(−𝑘)𝛹1 = (𝑈2 − 𝑐)(𝑘)𝛹2, (9.31)

and (9.28) gives
𝛹1
(𝑈1 − 𝑐)

= 𝛹2
(𝑈2 − 𝑐)

. (9.32)

The last two equations combine to give (𝑈1−𝑐)2 = −(𝑈2−𝑐)2, which, supposing that𝑈 = 𝑈1 = −𝑈2
gives 𝑐2 = −𝑈2. Thus, since 𝑈 is purely real, 𝑐 = ±i𝑈, and the disturbance grows exponentially
as exp(𝑘𝑈1𝑡), just as we obtained in Section 9.1. All wavelengths are unstable, and indeed the
shorter the wavelength the greater the instability. In reality, viscosity will damp the smallest waves,
although the presence of viscosity would also mean that the initial profile is not an exact, steady
solution of the equations of motion.

9.2.3 Edge Waves
We now consider a case sketched in Fig. 9.3 in which the velocity is continuous, but the vorticity is
discontinuous. Since on either side of the interface 𝑈𝑦𝑦 = 0, Rayleigh’s equation is just

(𝑈(𝑦) − 𝑐)(�̃�𝑦𝑦 − 𝑘2�̃�) = 0. (9.33)

Provided 𝑐 ≠ 𝑈 this has solutions,

�̃� = {𝛷1e
−𝑘𝑦 𝑦 > 0

𝛷2e𝑘𝑦 𝑦 < 0.
� (9.34)



9.2 Instability of Parallel Shear Flow 341

�

Fig. 9.3 Velocity profile of a point jet, in which vorticity is concen-
trated at a point. Although the vorticity is discontinuous, a small per-
turbation gives rise only to edge waves centred at 𝑦 = 0, and so the jet
is stable.

The value of 𝑐 is found by applying the jump conditions (9.22) and (9.28) at 𝑦 = 0. Using (9.34)
these give

−𝑘(𝑈0 − 𝑐)𝛷1 − 𝛷1𝜕𝑦𝑈1 = 𝑘(𝑈0 − 𝑐)𝛷2 − 𝛷2𝜕𝑦𝑈2 (9.35a)
𝛷1 = 𝛷2, (9.35b)

where𝑈1(𝑦) and𝑈2(𝑦) are the velocities on either side of the interface, and both are equal to𝑈0 at
the interface. (In Fig. 9.3 we illustrate the case with 𝑈1 = −𝐴𝑦 and 𝑈2 = 𝐴𝑦, where 𝐴 is a positive
constant.) After a line of algebra the above equations give

𝑐 = 𝑈0 +
𝜕𝑦𝑈1 − 𝜕𝑦𝑈2
2𝑘
. (9.36)

This is the dispersion relationship for edgewaves that propagate along the interfacewith speed equal
to the sum of the fluid speed and a factor proportional to the difference in the vorticity between
the two layers. No matter what the shear is on either side of the interface, the phase speed is purely
real and there is no instability. Equation (9.36) is analogous to the Rossby wave dispersion relation
𝑐 = 𝑈0 − 𝛽/𝐾2, and reflects a similarity in the physics — 𝛽 is a planetary vorticity gradient, which
in (9.36) is collapsed to a front and represented by the difference 𝜕𝑦𝑈1 −𝜕𝑦𝑈2 = −(𝒵1 −𝒵2), where
𝒵1 and 𝒵2 are the basic-state vorticities on either side of the interface. One might even say that
such edge waves are Rossby waves of a very simple form.

9.2.4 Interacting Edge Waves Producing Instability

Now we consider a slightly more complicated case in which edge waves may interact giving rise,
as we shall see, to an instability. The physical situation is illustrated in Fig. 9.4. We consider the
simplest case, that of a shear layer (which we denote as region 2) sandwiched between two semi-
infinite layers, regions 1 and 3, as in the left-hand panel of the figure. Thus, the basic state is

𝑦 > 𝑎∶ 𝑈 = 𝑈1 = 𝑈0 (a constant), (9.37a)

−𝑎 < 𝑦 < 𝑎∶ 𝑈 = 𝑈2 =
𝑈0
𝑎
𝑦, (9.37b)

𝑦 < −𝑎∶ 𝑈 = 𝑈3 = −𝑈0. (9.37c)
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................            ................................. 

..........................              .......................

Fig. 9.4 Barotropically unstable velocity profiles. In the simplest case, on the left, a region of
shear is sandwiched between two infinite regions of constant velocity. The edge waves at 𝑦 = ±𝑎
interact to produce an instability. If 𝑎 = 0, then the situation corresponds to that of Fig. 9.1, giving
Kelvin–Helmholtz instability. In the case on the right, the flow is bounded at 𝑦 = ±𝑏. The flow is
unstable provided that 𝑏 is sufficiently larger than 𝑎. If 𝑏 = 𝑎 (plane Couette flow) the flow is stable
to infinitesimal disturbances.

We assume a solution of Rayleigh’s equation of the form:

𝑦 > 𝑎∶ �̃�1 = 𝐴e−𝑘(𝑦−𝑎), (9.38a)
−𝑎 < 𝑦 < 𝑎∶ �̃�2 = 𝐵e𝑘(𝑦−𝑎) + 𝐶e−𝑘(𝑦+𝑎), (9.38b)
𝑦 < −𝑎∶ �̃�3 = 𝐷e𝑘(𝑦+𝑎). (9.38c)

These particular forms all decay away from the interfaces at the edges of domains in which the
assumed solutions apply, as edge waves must do. Applying the jump conditions (9.22) and (9.28)
at the interfaces at 𝑦 = 𝑎 and 𝑦 = −𝑎 gives the following relations between the coefficients:

−𝐴[(𝑈0 − 𝑐)𝑘] = 𝐵 [(𝑈0 − 𝑐)𝑘 −
𝑈0
𝑎
] − 𝐶e−2𝑘𝑎 [𝑈0

𝑎
+ (𝑈0 − 𝑐)𝑘] , (9.39a)

𝐴 = 𝐵 + 𝐶e−2𝑘𝑎, (9.39b)

𝐷[(𝑈0 + 𝑐)𝑘] = 𝐵e−2𝑘𝑎 [(𝑈0 + 𝑐)𝑘 +
𝑈0
𝑎
] + 𝐶 [𝑈0

𝑎
− (𝑈0 + 𝑐)𝑘] , (9.39c)

𝐷 = 𝐵e−2𝑘𝑎 + 𝐶. (9.39d)

These are a set of four homogeneous equations, with the unknown parameters 𝐴, 𝐵, 𝐶 and 𝐷,
which may be written in the form of a matrix equation,

(

𝑘(𝑈0 − 𝑐) 𝑘(𝑈0 − 𝑐) − 𝑈0/𝑎 −e−2𝑘𝑎[𝑈0/𝑎 + 𝑘(𝑈0 − 𝑐)] 0
1 −1 −e−2𝑘𝑎 0
0 −e−2𝑘𝑎[𝑘(𝑈0 + 𝑐) + 𝑈0/𝑎] 𝑘(𝑈0 + 𝑐) − (𝑈0/𝑎) 𝑘(𝑈0 + 𝑐)
0 e−2𝑘𝑎 1 −1

)(
𝐴
𝐵
𝐶
𝐷
) = 0.

(9.40)
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Fig. 9.5 Left: Growth rate (𝜎 = 𝑘𝑐𝑖) calculated from (9.41) with 𝑐 nondimensionalized by 𝑈0 and
𝑘 nondimensionalized by 1/𝑎 (equivalent to setting 𝑎 = 𝑈0 = 1). Right: Real (𝑐𝑟, dashed) and
imaginary (𝑐𝑖, solid) wave speeds. The flow is unstable for 𝑘 < 0.63, with the maximum instability
occurring at 𝑘 = 0.39.

For non-trivial solutions the determinant of the matrix must be zero, and solving the ensuing
equation gives, after some algebra, the dispersion relationship4

𝑐2 = ( 𝑈0
2𝑘𝑎
)
2
[(1 − 2𝑘𝑎)2 − e−4𝑘𝑎] , (9.41)

and this is plotted in Fig. 9.5. The flow is unstable for sufficiently long wavelengths, since then
the right-hand side of (9.41) is negative. The critical wavenumber below which instability occurs
is found by solving (1 − 2𝑘𝑎)2 = e−4𝑘𝑎, which gives instability for 𝑘𝑎 < 0.63293. A numerical
solution of the initial value problem is illustrated in Figs. 9.6 and 9.7. Here, the initial perturbation
is small and random, containing components at all wavenumbers. All the modes in the unstable
range grow exponentially, and the pattern is soon dominated by the mode that grows fastest — a
horizontal wavenumber of 3 in this problem. Eventually, the perturbation grows sufficiently that
the linear equations are no longer valid and, as is seen in the second column of Fig. 9.6, vortices
form and pinch off. The vortices interact and the flow develops into two-dimensional turbulence,
as considered in Chapter 11.

The mechanism of the instability — an informal view
(A similar mechanism is discussed in Section 9.7, and the reader may wish to read the two descrip-
tions in tandem.) We have seen that an edge wave in isolation is stable, with the instability arising
when two edge waves have sufficient cross-stream extent that they can interact with each other.
This occurs for sufficiently long wavelengths because the cross-stream decay scale is proportional
to the along-stream wavelength — hence the high-wavenumber cut-off. To see the mechanism of
the instability transparently, let us first suppose that the interfaces are, in fact, sufficiently far away
that the edge waves at each interface do not interact. Using (9.36) the edge waves at 𝑦 = −𝑎 and
𝑦 = +𝑎 have dispersion relationships

𝑐+𝑎 = 𝑈0 −
𝑈0/𝑎
2𝑘
, 𝑐−𝑎 = −𝑈0 +

𝑈0/𝑎
2𝑘
. (9.42a,b)

If the two waves are to interact these phase speeds must be equal, giving the condition

𝑐 = 0, 𝑘 = 1/(2𝑎). (9.43a,b)
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Fig. 9.6 A sequence of plots of the vorticity, at equal time intervals, from a numerical solution of the
nonlinear vorticity equation (9.12), with initial conditions as in Fig. 9.4 with 𝑎 = 0.1, plus a very small
random perturbation. Time increases first down the left column and then down the right column. The
solution is obtained in a rectangular (4×1) domain, with periodic conditions in the 𝑥-direction and slippery
walls at 𝑦 = (0, 1). The maximum linear instability occurs for a wavelength of 1.57, which for a domain
of length 4 corresponds to a wavenumber of 2.55. Since the periodic domain quantizes the allowable
wavenumbers, the maximum instability is at wavenumber 3, and this is what emerges. Only in the first two
or three frames is the linear approximation valid.

Fig. 9.7 Thetotal streamfunction (toppanel) and the perturbation streamfunction from the same
numerical calculation as in Fig. 9.6, at a time corresponding to the second frame. Positive values
are solid lines, and negative values are dashed. The perturbation pattern leans into the shear, and
grows exponentially in place.
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That is, the waves are stationary, and their wavelength is proportional to the separation of the
two edges. In fact, (9.43) approximately characterizes the conditions at the critical wavenumber
𝑘 = 0.63/𝑎 (see Fig. 9.5). In the region of the shear the two waves have the form

𝜓+𝑎 = Re �̃�+𝑎(𝑡)e𝑘(𝑦−𝑎)ei𝜙ei𝑘𝑥, 𝜓−𝑎 = Re �̃�−𝑎(𝑡)e−𝑘(𝑦+𝑎)ei𝑘𝑥, (9.44a,b)

where𝜙 is the phase shift between thewaves; in the case of pure edgewaveswe have �̃�±𝑎 = 𝐴±𝑎e−i𝑘𝑐𝑡
where we may take 𝐴±𝑎 to be real.

Now consider how the wave generated at 𝑦 = −𝑎 might affect the wave at 𝑦 = +𝑎 and vice
versa. The contribution of 𝜓−𝑎 to the acceleration of 𝜓+𝑎 is given by applying the 𝑥-momentum
equation, (9.20), at 𝑦 = +𝑎. Thus we take the kinematic solutions, (9.44), and use them in a
dynamical equation, the momentum equation, to calculate the ensuing acceleration. At 𝑦 = +𝑎we
heuristically write

𝜕𝑢′+𝑎
𝜕𝑡
= −[𝑣′+𝑎(+𝑎) + 𝑣′−𝑎(+𝑎)]

d𝑈
d𝑦

(9.45)

with a similar expression at 𝑦 = −𝑎, and omitting the pressure terms. Here 𝑣′−𝑎(+𝑎) denotes the
value of 𝑣 at 𝑦 = +𝑎 due to the edge wave generated at −𝑎. It is the second term on the right-hand
side that is necessary for any potential instability, as the first term gives only neutral edge waves.
If the spatial dependence of the waves is given by (9.44), then at 𝑦 = +𝑎 we have, omitting the
contribution from the edge waves,

𝜕𝑢′+𝑎
𝜕𝑡
= −𝑣′−𝑎(+𝑎)

d𝑈
d𝑦

⇒ −𝑘ei𝜙ei𝑘𝑥 d�̃�+𝑎
d𝑡
= −i𝑘e𝑖𝑘𝑥e−2𝑘𝑎 𝜕𝑈

𝜕𝑦
�̃�−𝑎. (9.46)

The real part of this equation is: cos(𝑘𝑥 + 𝜙)d�̃�+𝑎/d𝑡 = − sin 𝑘𝑥 e−2𝑘𝑎d𝑈/d𝑦. If the edge waves
have the appropriate phase with respect to each other then the two edge waves can feed back on
each other and couple to form a single growing mode. In particular if 𝜙 = π/2 then the evolution
equations for 𝜓+𝑎 and 𝜓−𝑎 become

d�̃�+𝑎
d𝑡
= e−2𝑘𝑎 d𝑈

d𝑦
�̃�−𝑎,

d�̃�−𝑎
d𝑡
= e−2𝑘𝑎 d𝑈

d𝑦
�̃�+𝑎, (9.47a,b)

which give exponential growth. When 𝜙 = π/2 the wave at 𝑦 = +𝑎 lags the wave at 𝑦 = −𝑎, and the
unstable perturbation tilts into the shear; this property of the instability is seen in the full solution,
Fig. 9.7.

9.3 NECESSARY CONDITIONS FOR INSTABILITY
9.3.1 Rayleigh’s Criterion
For simple profiles it may be possible to calculate, or even intuit, the instability properties, but
for continuous profiles of 𝑈(𝑦) this is often impossible and it would be nice to have some general
guidelines as to when a profile might be unstable. To this end, we derive a couple of necessary
conditions for instability, or sufficient conditions for stability, that will at least tell us if a flowmight
be unstable. We begin by writing Rayleigh’s equation, (9.19), as

�̃�𝑦𝑦 − 𝑘2�̃� +
𝛽 − 𝑈𝑦𝑦
𝑈 − 𝑐
�̃� = 0. (9.48)

Multiply by �̃�∗ (the complex conjugate of �̃�) and integrate over the domain of interest. After
integrating the first term by parts we obtain

∫
𝑦2

𝑦1
(|𝜕�̃�
𝜕𝑦
|
2
+ 𝑘2|�̃�|2) d𝑦 − ∫

𝑦2

𝑦1

𝛽 − 𝑈𝑦𝑦
𝑈 − 𝑐
|�̃�|2 d𝑦 = 0, (9.49)



346 Chapter 9. Barotropic and Baroclinic Instability

assuming that �̃� vanishes at the boundaries. (The limits to the integral may be infinite, in which
case it is assumed that �̃� decays to zero as |𝑦| approaches∞.) The only variable in this expression
that is complex is 𝑐, and thus the first integral is real. The imaginary component of the second
integral is

𝑐𝑖 ∫
𝛽 − 𝑈𝑦𝑦
|𝑈 − 𝑐|2

|�̃�|2 d𝑦 = 0. (9.50)

Thus, either 𝑐𝑖 vanishes or the integral does. For there to be an instability 𝑐𝑖 must be non-zero. The
eigenvalues of Rayleigh’s equation come in pairs, for each decaying mode (negative 𝑐𝑖) there is a
corresponding growing mode (positive 𝑐𝑖). If 𝑐𝑖 is to be non-zero, the integrand of (9.50) must be
zero and therefore:

A necessary condition for instability is that the expression
𝛽 − 𝑈𝑦𝑦

change sign somewhere in the domain.

Equivalently, a sufficient criterion for stability is that𝛽−𝑈𝑦𝑦 does not vanish in the domain interior.
This condition is known as Rayleigh’s inflection-point criterion, or when 𝛽 ≠ 0, the Rayleigh–Kuo
inflection point criterion.5

A more general derivation
Consider again the vorticity equation, linearized about a parallel shear flow (cf. (9.14) with a 𝛽-
term),

𝜕𝜁
𝜕𝑡
+ 𝑈 𝜕𝜁
𝜕𝑥
+ 𝑣(𝜕𝒵
𝜕𝑦
+ 𝛽) = 0, (9.51)

(dropping the primes on the perturbation quantities). Multiply by 𝜁 and divide by 𝛽+𝒵𝑦 to obtain

𝜕
𝜕𝑡
( 𝜁
2

𝛽 + 𝒵𝑦
) +
𝑈
𝛽 + 𝒵𝑦
𝜕𝜁2
𝜕𝑥
+ 2𝑣𝜁 = 0, (9.52)

and then integrate with respect to 𝑥 to give

𝜕
𝜕𝑡
∫(
𝜁2
𝛽 + 𝒵𝑦
) d𝑥 = −2∫ 𝑣𝜁 d𝑥. (9.53)

Now, using ∇ ⋅ 𝒖 = 0, the vorticity flux may be written as

𝑣𝜁 = − 𝜕
𝜕𝑦
(𝑢𝑣) + 1
2
𝜕
𝜕𝑥
(𝑣2 − 𝑢2). (9.54)

That is, the flux of vorticity is the divergence of some quantity. Its integral therefore vanishes provided
there are no contributions from the boundary, and integrating (9.53) with respect to 𝑦 gives

d
d𝑡
∫(
𝜁2
𝛽 + 𝒵𝑦
) d𝑥 d𝑦 = 0. (9.55)

If there is to be an instability 𝜁must grow, but the integral is identically zero. These two conditions
can only be simultaneously satisfied if 𝛽 + 𝒵𝑦, or equivalently 𝛽 − 𝑈𝑦𝑦, is zero somewhere in the
domain.

This derivation shows that the inflection-point criterion applies even if disturbances are not of
normal-mode form. The quantity 𝜁2/(𝛽 + 𝒵𝑦) is an example of a wave-activity density — a wave
activity being a conserved quantity, quadratic in the amplitude of the wave. Such quantities play
an important role in instabilities, and we consider then further in Chapter 10.
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9.3.2 Fjørtoft’s Criterion

Another necessary condition for instability was obtained by Fjørtoft.6 In this section we will derive
his condition for normal-mode disturbances, andprovide amore general derivation in Section 10.7.
From the real part of (9.49) we find

∫
𝑦2

𝑦1
(𝛽 − 𝑈𝑦𝑦)

(𝑈 − 𝑐𝑟)
|𝑈 − 𝑐|2

|�̃�|2 d𝑦 = ∫
𝑦2

𝑦1
| 𝜕�̃�
𝜕𝑦
|
2
+ 𝑘2|�̃�|2 d𝑦 > 0. (9.56)

Now, from (9.50), we know that for an instability we must have

∫
𝑦2

𝑦1

𝛽 − 𝑈𝑦𝑦
|𝑈 − 𝑐|2

|�̃�|2 d𝑦 = 0. (9.57)

Using this equation and (9.56) we see that, for an instability,

∫
𝑦2

𝑦1
(𝛽 − 𝑈𝑦𝑦)

(𝑈 − 𝑈𝑠)
|𝑈 − 𝑐|2

|�̃�|2 d𝑦 > 0, (9.58)

where 𝑈𝑠 is any real constant. It is most useful to choose this constant to be the value of 𝑈(𝑦) at
which 𝛽 − 𝑈𝑦𝑦 vanishes. This leads directly to the criterion:

A necessary condition for instability is that the expression
(𝛽 − 𝑈𝑦𝑦)(𝑈 − 𝑈𝑠) ,

where 𝑈𝑠 is the value of 𝑈(𝑦) at which 𝛽 − 𝑈𝑦𝑦 vanishes, be positive somewhere in the
domain.

This criterion is satisfied if the magnitude of the vorticity has an extremum inside the domain, and
not at the boundary or at infinity (Fig. 9.8). Why choose 𝑈𝑠 in the manner we did? Suppose we
chose𝑈𝑠 to have a large positive value, so that𝑈−𝑈𝑠 is negative everywhere. Then (9.58) just implies
that 𝛽 − 𝑈𝑦𝑦 must be negative somewhere, and this is already known from Rayleigh’s criterion. If
we choose 𝑈𝑠 to be large and negative, we simply find that 𝛽 − 𝑈𝑦𝑦 must be positive somewhere.
The most stringent criterion is obtained by choosing 𝑈𝑠 to be the value of 𝑈(𝑦) at which 𝛽 − 𝑈𝑦𝑦
vanishes.

Interestingly, the 𝛽-effect can be either stabilizing or destabilizing: It can stabilize the middle
twoprofiles of Fig. 9.8, because if it is large enough𝛽−𝑈𝑦𝑦will be one-signed. However, the𝛽-effect
will destabilize a westward point jet, 𝑈(𝑦) = −(1 − |𝑦|) (the negative of the jet in Fig. 9.3), because
𝛽−𝑈𝑦𝑦 is negative at 𝑦 = 0 and positive elsewhere. An eastward point jet is stable, with or without
𝛽. Finally, we emphasize that both Fjørtoft’s and Rayleigh’s criteria are necessary conditions for
instability, and examples exist that do satisfy their criterion, yet which are stable to infinitesimal
perturbations.

9.4 BAROCLINIC INSTABILITY
Baroclinic instability is a hydrodynamic instability that occurs in stably stratified, rotating fluids,
and it is ubiquitous in the Earth’s atmosphere and oceans, and almost certainly occurs in other plan-
etary atmospheres. It gives rise to weather, and so is perhaps the form of hydrodynamic instability
that affects us most, and that certainly we talk about most.

9.4.1 A Physical Picture
We will first draw a picture of baroclinic instability as a form of ‘sloping convection’ in which the
fluid, although statically stable, is able to release available potential energywhenparcelsmove along
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Fig. 9.8 Example parallel
velocity profiles (left column)
and their second derivatives
(right column). From the top:
Poiseuille flow (𝑢 = 1 − 𝑦2); a
Gaussian jet; a sinusoidal profile;
a polynomial profile.
By Rayleigh’s criterion, the top
profile is stable, whereas the
lower three are potentially unsta-
ble. However, the bottom profile
is stable by Fjørtoft’s criterion
(note that the vorticity maxima
are at the boundaries). If the
𝛽-effect were present and large
enough it would stabilize the
middle two profiles.
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a sloping path. To this end, let us first ask: what is the basic state that is baroclinically unstable? In
a stably stratified fluid potential density decreases with height; we can also easily imagine a state in
which the basic state temperature decreases, and the potential density increases, polewards. (We
will couch most of our discussion in terms of the Boussinesq equations, and henceforth drop the
qualifier ‘potential’ from density.) Can we construct a steady solution from these two conditions?
The answer is yes, provided the fluid is also rotating; rotation is necessary because the meridional
temperature gradient generally implies a meridional pressure gradient; there is nothing to balance
this in the absence of rotation, and a fluid parcel would therefore accelerate. In a rotating fluid this
pressure gradient can be balanced by the Coriolis force and a steady solution can be maintained
even in the absence of viscosity. Consider a stably stratified Boussinesq fluid in geostrophic and
hydrostatic balance on an 𝑓-plane, with buoyancy decreasing uniformly polewards. Then 𝑓𝑢 =
−𝜕𝜙/𝜕𝑦 and 𝜕𝜙/𝜕𝑧 = 𝑏, where 𝑏 = −𝑔𝛿𝜌/𝜌0 is the buoyancy. These together give the thermal
wind relation, 𝜕𝑢/𝜕𝑧 = 𝜕𝑏/𝜕𝑦. If there is no variation of these fields in the zonal direction, then,
for any variation of 𝑏 with 𝑦, this is a steady solution to the primitive equations of motion, with
𝑣 = 𝑤 = 0.

The density structure corresponding to a uniform increase of density in the meridional direc-
tion is illustrated in Fig. 9.9. Is this structure stable to perturbations? The answer is no, although
the perturbations must be a little special. Suppose the particle at ‘A’ is displaced upwards; then,
since the fluid is (by assumption) stably stratified it will be denser than its surroundings and hence
experience a restoring force, and similarly if displaced downwards. Suppose, however, we inter-
change the two parcels at positions ‘A’ and ‘B’. Parcel ‘A’ finds itself surrounded by parcels of higher
density that itself, and it is therefore buoyant; it is also higher than where it started. Parcel ‘B’ is
negatively buoyant, and at a lower altitude than where is started. Thus, overall, the centre of grav-
ity of the fluid has been lowered, and so its overall potential energy lowered. This loss in potential
energy (PE) of the basic state must be accompanied by a gain in kinetic energy of the perturbation.
Thus, the perturbation amplifies and converts potential energy into kinetic energy.
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Fig. 9.9 A steady basic state giving rise to baroclinic instability. Potential density decreases up-
wards and equatorwards, and the associated horizontal pressure gradient is balanced by the Cori-
olis force. Parcel ‘A’ is heavier than ‘C’, and so statically stable, but it is lighter than ‘B’. Hence, if ‘A’
and ‘B’ are interchanged there is a release of potential energy.

The loss of potential energy is easily calculated. Since

PE = ∫𝜌𝑔 d𝑧, (9.59)

the change in potential energy due to the interchange is

𝛥PE = 𝑔(𝜌𝐴𝑧𝐴 + 𝜌𝐵𝑧𝐵 − 𝜌𝐴𝑧𝐵 − 𝜌𝐵𝑧𝐴) = 𝑔(𝑧𝐴 − 𝑧𝐵)(𝜌𝐴 − 𝜌𝐵) = 𝑔𝛥𝜌𝛥𝑧. (9.60)

If both 𝜌𝐵 > 𝜌𝐴 and 𝑧𝐵 > 𝑧𝐴 then the initial potential energy is larger than the final one, energy is
released and the state is unstable. If the slope of the isopycnals is 𝜙 [so that 𝜙 = −(𝜕𝑦𝜌)/(𝜕𝑧𝜌)] and
the slope of the displacements is 𝛼, then for a displacement of horizontal distance 𝐿 the change in
potential energy is given by

𝛥PE = 𝑔𝛥𝜌𝛥𝑧 = 𝑔(𝐿𝜕𝜌
𝜕𝑦
+ 𝐿𝛼𝜕𝜌
𝜕𝑧
)𝛼𝐿 = 𝑔𝐿2𝛼𝜕𝜌

𝜕𝑦
(1 − 𝛼
𝜙
) , (9.61)

if 𝛼 and 𝜙 are small. If 0 < 𝛼 < 𝜙 then energy is released by the perturbation, and it is maximized
when 𝛼 = 𝜙/2. For the atmosphere the actual slope of the isotherms is about 10−3, so that the slope
and potential parcel trajectories are indeed shallow.

Although intuitively appealing, the thermodynamic arguments presented in this section pay
no attention to satisfying the dynamical constraints of the equations of motion, and we now turn
our attention to that.

9.4.2 Linearized Quasi-Geostrophic Equations

To explore the dynamics of baroclinic instability we use the quasi-geostrophic equations, specifi-
cally a potential vorticity equation for the fluid interior and a buoyancy or temperature equation
at two vertical boundaries, one representing the ground and the other the tropopause. (The tropo-
pause is the boundary between the troposphere and stratosphere at about 10 km; it is not a true
rigid surface, but the higher static stability of the stratosphere inhibits vertical motion. We discuss
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the effects of that in Section 9.9.) For a Boussinesq fluid, the potential vorticity equation is

𝜕𝑞
𝜕𝑡
+ 𝒖 ⋅ ∇𝑞 = 0, 0 < 𝑧 < 𝐻,

𝑞 = ∇2𝜓 + 𝛽𝑦 + 𝜕
𝜕𝑧
(𝐹𝜕𝜓
𝜕𝑧
) ,

(9.62)

where 𝐹 = 𝑓20 /𝑁2, and the buoyancy equation, with 𝑤 = 0, is

𝜕𝑏
𝜕𝑡
+ 𝒖 ⋅ ∇𝑏 = 0, 𝑧 = 0,𝐻,

𝑏 = 𝑓0
𝜕𝜓
𝜕𝑧
.

(9.63)

A solution of these equations is a purely zonal flow, 𝒖 = 𝑈(𝑦, 𝑧)𝐢with a corresponding temperature
field given by thermal wind balance. The potential vorticity of this basic state is

𝑄 = 𝛽𝑦 − 𝜕𝑈
𝜕𝑦
+ 𝜕
𝜕𝑧
𝐹𝜕𝛹
𝜕𝑧
= 𝛽𝑦 + 𝜕

2𝛹
𝜕𝑦2
+ 𝜕
𝜕𝑧
𝐹𝜕𝛹
𝜕𝑧
, (9.64)

where 𝛹 is the streamfunction of the basic state, related to 𝑈 by 𝑈 = −𝜕𝛹/𝜕𝑦. Linearizing (9.62)
about this zonal flow gives the potential vorticity equation for the interior,

𝜕𝑞′
𝜕𝑡
+ 𝑈𝜕𝑞

′

𝜕𝑥
+ 𝑣′ 𝜕𝑄
𝜕𝑦
= 0, 0 < 𝑧 < 𝐻, (9.65)

where 𝑞′ = ∇2𝜓′ + 𝜕𝑧 (𝐹𝜕𝑧𝜓′) and 𝑣′ = 𝜕𝑥𝜓′. Similarly, the linearized buoyancy equation at the
boundary is

𝜕𝑏′
𝜕𝑡
+ 𝑈𝜕𝑏

′

𝜕𝑥
+ 𝑣′ 𝜕𝐵
𝜕𝑦
= 0, 𝑧 = 0,𝐻, (9.66)

where 𝑏′ = 𝑓0𝜕𝑧𝜓′ and 𝜕𝑦𝐵 = 𝜕𝑦(𝑓0𝜕𝑧𝛹) = −𝑓0𝜕𝑈/𝜕𝑧.
Just as for the barotropic problem, a standard way of proceeding is to seek normal-mode so-

lutions. Since the coefficients of (9.65) and (9.66) are functions of 𝑦 and 𝑧, but not of 𝑥, we seek
solutions of the form

𝜓′(𝑥, 𝑦, 𝑧, 𝑡) = Re �̃�(𝑦, 𝑧)ei𝑘(𝑥−𝑐𝑡), (9.67)

and similarly for the derived quantities 𝑢′, 𝑣′, 𝑏′ and 𝑞′. In particular,

𝑞 = 𝜕
2�̃�
𝜕𝑦2
+ 𝜕
𝜕𝑧
𝐹𝜕�̃�
𝜕𝑧
− 𝑘2�̃�. (9.68)

Using (9.68) and (9.67) in (9.65) and (9.66) gives, with subscripts 𝑦 and 𝑧 denoting derivatives,

(𝑈 − 𝑐) (�̃�𝑦𝑦 + (𝐹�̃�𝑧)𝑧 − 𝑘2�̃�) + 𝑄𝑦�̃� = 0 0 < 𝑧 < 𝐻, (9.69a)

(𝑈 − 𝑐)�̃�𝑧 − 𝑈𝑧�̃� = 0 𝑧 = 0, 𝐻. (9.69b)

These equations are analogous to Rayleigh’s equations for parallel shear flow, and illustrate the
similarity between the baroclinic instability problem and that of a parallel shear flow.
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9.4.3 Necessary Conditions for Baroclinic Instability
Necessary conditions for instability may be obtained (as for parallel shear flows) by multiplying
(9.69) by �̃�∗ and integrating over the domain. Integrating by parts, we first note that

∫
𝑦2

𝑦1
�̃�∗�̃�𝑦𝑦 d𝑦 = [�̃�∗�̃�𝑦]

𝑦2
𝑦1
− ∫
𝑦2

𝑦1
|�̃�𝑦|2 d𝑦. (9.70)

If the integral is performed between two quiescent latitudes, or𝜓 = 0 at themeridional boundaries,
then the first term on the right-hand side vanishes. Similarly,

∫
𝐻

0
�̃�∗(𝐹�̃�𝑧)𝑧 d𝑧 = [𝐹�̃�∗�̃�𝑧]𝐻0 − ∫

𝐻

0
𝐹|�̃�𝑧|2 d𝑧

= [𝐹𝑈𝑧|�̃�|
2

(𝑈 − 𝑐)
]
𝐻

0
− ∫
𝐻

0
𝐹|�̃�𝑧|2 d𝑧, (9.71)

using (9.69b). Now, multiply (9.69a) by �̃�∗ and integrate over 𝑦 and 𝑧, and use (9.70) and (9.71)
to obtain

∫
𝐻

0
∫
𝑦2

𝑦1
|𝜓𝑦|2 + 𝐹|�̃�𝑧|2 + 𝑘2|�̃�|2]d𝑦d𝑧 − ∫

𝑦2

𝑦1
{∫
𝐻

0

𝑄𝑦
𝑈 − 𝑐
|�̃�|2 d𝑧 + [𝐹𝑈𝑧|�̃�|

2

𝑈 − 𝑐
]
𝐻

0
} d𝑦 = 0. (9.72)

The first term is purely real whereas the second term is complex. The imaginary component of the
second term must be zero and therefore

− 𝑐i ∫
𝑦2

𝑦1
{∫
𝐻

0

𝑄𝑦
|𝑈 − 𝑐|2

|�̃�|2 d𝑧 + [𝐹𝑈𝑧|�̃�|
2

|𝑈 − 𝑐|2
]
𝐻

0
} d𝑦 = 0. (9.73)

If there is to be instability 𝑐i must be non-zero and the integrand must therefore vanish. This
gives the Charney–Stern–Pedlosky (CSP) necessary condition for instability,7 namely that one of
the following criteria must be satisfied:
(i) 𝑄𝑦 changes sign in the interior.
(ii) 𝑄𝑦 is the opposite sign to 𝑈𝑧 at the upper boundary, 𝑧 = 𝐻.
(iii) 𝑄𝑦 is the same sign as 𝑈𝑧 at the lower boundary, 𝑧 = 0.
(iv) 𝑈𝑧 is the same sign at the upper and lower boundaries, a condition that differs from (ii) or

(iii) if 𝑄𝑦 = 0.
In the Earth’s mid-latitude atmosphere, 𝑄𝑦 is often dominated by 𝛽, and is positive everywhere,
as, frequently, is the shear. The instability criterion is then normally satisfied through (iii): that is,
both 𝑄𝑦 and 𝑈𝑧(0) are positive. A more general, and in some ways simpler, derivation that does
not rely on normal-mode disturbances is given in Section 10.7.2.

9.5 THE EADY PROBLEM
Wenow proceed to explicitly calculate the stability properties of a particular configuration that has
become known as the Eady problem. This was one of the first two mathematical descriptions of
baroclinic instability, the other being the Charney problem.8 The two problems were formulated
independently, each being the (largely unsupervised) PhD thesis of its author, and although the
Charney problem is in some respects more complete (for example in allowing a 𝛽-effect), the Eady
problem displays the instability in a more transparent form. The Charney problem in its entirety is
also quite mathematically opaque, and so we first consider the Eady problem.9 The 𝛽-effect can be
incorporated relatively simply in the two-layer model of the next section, and in Section 9.9.1 we
look at some aspects of the Charney problem approximately. To begin, let us make the following
simplifying assumptions:
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(i) The motion is on the 𝑓-plane (𝛽 = 0). This assumption, although not particularly realistic
for the Earth’s atmosphere, greatly simplifies the analysis.

(ii) The fluid is uniformly stratified; that is,𝑁2 is a constant. This is a decent approximation for
the atmosphere below the tropopause, but less so for the ocean where the stratification varies
considerably, being much larger in the upper ocean.

(iii) The basic state has uniform shear; that is, 𝑈0(𝑧) = 𝛬𝑧 = 𝑈𝑧/𝐻, where 𝛬 is the (constant)
shear and 𝑈 is the zonal velocity at 𝑧 = 𝐻, where 𝐻 is the domain depth. This profile is
more appropriate for the atmosphere than the ocean — below the thermocline the ocean is
relatively quiescent and the shear is small.

(iv) The motion is contained between two rigid, flat horizontal surfaces. In the atmosphere this
corresponds to the ground and a ‘lid’ at a constant-height tropopause.

Although, apart from (i), these assumptions are more appropriate for the atmosphere than the
ocean, the same qualitative nature of baroclinic instability carries through to the ocean.

9.5.1 The Linearized Problem
With a basic state streamfunction of 𝛹 = −𝛬𝑧𝑦, the basic state potential vorticity, 𝑄, is

𝑄 = ∇2𝛹 + 𝐻
2

𝐿2𝑑
𝜕
𝜕𝑧
(𝜕𝛹
𝜕𝑧
) = 0. (9.74)

The fact that 𝑄 = 0 makes the Eady problem a special case, albeit an illuminating one. The lin-
earized potential vorticity equation is

( 𝜕
𝜕𝑡
+ 𝛬𝑧 𝜕
𝜕𝑥
)(∇2𝜓′ + 𝐻

2

𝐿2𝑑
𝜕2𝜓′
𝜕𝑧2
) = 0. (9.75)

This equation has no 𝑥-dependent coefficients and in a periodic channel we may seek solutions of
the form 𝜓′(𝑥, 𝑦, 𝑧, 𝑡) = Re �̃�(𝑦, 𝑧)ei𝑘(𝑥−𝑐𝑡), yielding

(𝛬𝑧 − 𝑐) (𝜕
2�̃�
𝜕𝑦2
+ 𝐻
2

𝐿2𝑑
𝜕2�̃�
𝜕𝑧2
− 𝑘2�̃�) = 0. (9.76)

This equation is (9.69a) applied to the Eady problem.

Boundary conditions
There are two sets of boundary conditions to satisfy, the vertical boundary conditions at 𝑧 = 0 and
𝑧 = 𝐻 and the lateral boundary conditions. In the horizontal plane we may either consider the
flow to in a channel, periodic in 𝑥 and confined between two meridional walls, or, with a slightly
greater degree of idealization but with little change to the essential dynamics, we may suppose that
the domain is doubly-periodic. Either case is dealt with easily enough by the choice of geometric
basis function; we choose a channel of width 𝐿 and impose 𝜓 = 0 at 𝑦 = +𝐿/2 and 𝑦 = −𝐿/2 and,
to satisfy this, seek solutions of the form 𝛹 = 𝛷(𝑧) sin 𝑙𝑦 or, using (9.67)

𝜓′(𝑥, 𝑦, 𝑧, 𝑡) = Re𝛷(𝑧) sin 𝑙𝑦ei𝑘(𝑥−𝑐𝑡), (9.77)

where 𝑙 = 𝑛π/𝐿, with 𝑛 being a positive integer.
The vertical boundary conditions are that 𝑤 = 0 at 𝑧 = 0 and 𝑧 = 𝐻. We follow the procedure

of Section 9.4.2 and from (9.66) we obtain

( 𝜕
𝜕𝑡
+ 𝛬𝑧 𝜕
𝜕𝑥
) 𝜕𝜓
′

𝜕𝑧
− 𝛬𝜕𝜓

′

𝜕𝑥
= 0, at 𝑧 = 0,𝐻. (9.78)
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Solutions
Substituting (9.77) into (9.76) gives the interior potential vorticity equation

(𝛬𝑧 − 𝑐) [𝐻
2

𝐿2𝑑
𝜕2𝛷
𝜕𝑧2
− (𝑘2 + 𝑙2)𝛷] = 0, (9.79)

and substituting (9.77) into (9.78) gives, at 𝑧 = 0 and 𝑧 = 𝐻,

𝑐d𝛷
d𝑧
+ 𝛬𝛷 = 0 and (𝑐 − 𝛬𝐻)d𝛷

d𝑧
+ 𝛬𝛷 = 0. (9.80a,b)

These are equivalent to (9.69b) applied to the Eady problem. If 𝛬𝑧 ≠ 𝑐 then (9.79) becomes10

𝐻2 d
2𝛷

d𝑧2
− 𝜇2𝛷 = 0, (9.81)

where 𝜇2 = 𝐿2𝑑(𝑘2 + 𝑙2). The nondimensional parameter 𝜇 is a horizontal wavenumber, scaled by
the inverse of the Rossby radius of deformation. Solutions of (9.81) are

𝛷(𝑧) = 𝐴 cosh𝜇𝑧 + 𝐵 sinh 𝜇𝑧, (9.82)

where 𝑧 = 𝑧/𝐻; thus, 𝜇 determines the vertical structure of the solution. The boundary conditions
(9.80) are satisfied if

𝐴 [𝛬𝐻] + 𝐵 [𝜇𝑐] = 0,
𝐴 [(𝑐 − 𝛬𝐻)𝜇 sinh 𝜇 + 𝛬𝐻 cosh 𝜇] + 𝐵 [(𝑐 − 𝛬𝐻)𝜇 cosh 𝜇 + 𝛬𝐻 sinh 𝜇] = 0. (9.83)

Equations (9.83) are two coupled homogeneous equations in the two unknowns 𝐴 and 𝐵. Non-
trivial solutions will only exist if the determinant of their coefficients (the terms in square brackets)
vanishes, and this leads to

𝑐2 − 𝑈𝑐 + 𝑈2(𝜇−1 coth 𝜇 − 𝜇−2) = 0, (9.84)

where 𝑈 ≡ 𝛬𝐻 and coth 𝜇 = cosh 𝜇/ sinh 𝜇. The solution of (9.84) is

𝑐 = 𝑈
2
± 𝑈
𝜇
[(𝜇
2
− coth 𝜇
2
) (𝜇
2
− tanh 𝜇
2
)]
1/2
. (9.85)

The waves, being proportional to exp(−i𝑘𝑐𝑡), will grow exponentially if 𝑐 has an imaginary part.
Since 𝜇/2 > tanh(𝜇/2) for all 𝜇, for an instability we require that

𝜇
2
< coth 𝜇
2
, (9.86)

which is satisfied when 𝜇 < 𝜇𝑐 where 𝜇𝑐 = 2.399. The growth rates of the instabilities themselves
are given by the imaginary part of (9.85), multiplied by the 𝑥-wavenumber; that is

𝜎 = 𝑘𝑐𝑖 = 𝑘
𝑈
𝜇
[(coth 𝜇
2
− 𝜇
2
) (𝜇
2
− tanh 𝜇
2
)]
1/2
. (9.87)

These solutions suggest a natural nondimensionalization: scale length by 𝐿𝑑, height by𝐻 and
time by 𝐿𝑑/𝑈 = 𝐿𝑑/(𝐻𝛬). The growth rate scales as the inverse of the time scaling and so by𝑈/𝐿𝑑.
The timescale is also usefully written as

𝑇𝐸 =
𝐿𝑑
𝑈
= 𝑁𝐻
𝑓0𝑈
= 𝑁
𝑓0𝛬
= 1
Fr𝑓0
=
√Ri
𝑓0
, (9.88)
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where Fr = 𝑈/(𝑁𝐻) and Ri = 𝑁2/𝛬2 are the Froude and Richardson numbers for this problem.
From (9.87) we can (with a little work) determine that the maximum growth rate occurs when
𝜇 = 𝜇𝑚 = 1.61. For any given 𝑥-wavenumber, the most unstable wavenumber has the gravest
meridional scale, which here is 𝑛 = 1, and we may further consider a wide channel so that 𝑙2 ≪ 𝑘2.
The maximum growth rate, 𝜎𝐸, is then given by

𝜎𝐸 =
0.31𝑈
𝐿𝑑
= 0.31𝛬𝐻
𝐿𝑑
= 0.31𝛬𝑓
𝑁
, (9.89)

and this is known as the Eady growth rate. We have removed the subscript 0 from the Coriolis
parameter here. Although 𝑓 is taken as constant in the quasi-geostrophic derivation, we might
wish to calculate the Eady growth rate at various locations around the globe, in which case we
should use the local value of the Coriolis parameter and deformation radius. Evidently, the growth
rate is proportional to the shear times the Prandtl ratio, 𝑓/𝑁. The associate phase speed is the real
part of 𝑐 and is given by 𝑐𝑟 = 0.5𝑈.

For small 𝑙 the unstable 𝑥-wavenumbers and corresponding wavelengths occur for

𝑘 < 𝑘𝑐 =
𝜇𝑐
𝐿𝑑
= 2.4
𝐿𝑑
, 𝜆 > 𝜆𝑐 =

2π𝐿𝑑
𝜇𝑐
= 2.6𝐿𝑑. (9.90a,b)

The wavenumber and wavelength at which the instability is greatest are:

𝑘𝑚 =
1.6
𝐿𝑑
, 𝜆𝑚 =

2π𝐿𝑑
𝜇𝑚
= 3.9𝐿𝑑. (9.91a,b)

These properties are illustrated in the left-hand panels of Fig. 9.10 and in Fig. 9.11.
Given 𝑐, we may use (9.83) to determine the vertical structure of the Eady wave and this is, to

within an arbitrary constant factor,

𝛷(𝑧) = cosh 𝜇𝑧 − 𝑈
𝜇𝑐

sinh 𝜇𝑧 = (cosh𝜇𝑧 − 𝑈𝑐𝑟 sinh 𝜇𝑧
𝜇|𝑐2|

+ i𝑈𝑐𝑖 sinh 𝜇𝑧
𝜇|𝑐2|

) . (9.92)

The wave therefore has a phase, 𝜃(𝑧), given by

𝜃(𝑧) = tan−1 ( 𝑈𝑐𝑖 sinh 𝜇𝑧
𝜇|𝑐2| cosh 𝜇𝑧 − 𝑈𝑐𝑟 sinh 𝜇𝑧

) . (9.93)

The phase and amplitude of the Eady waves are plotted in the right panels of Fig. 9.10, and their
overall structure in Fig. 9.12, where we see the unstable wave tilting into the shear.

9.5.2 Atmospheric and Oceanic Parameters
To get a qualitative sense of the nature of the instability we choose some typical parameters, as
follows.

For the atmosphere
Let us choose

𝐻 ∼ 10 km, 𝑈 ∼ 10ms−1, 𝑁 ∼ 10−2 s−1. (9.94)
We then obtain:

deformation radius: 𝐿𝑑 =
𝑁𝐻
𝑓
≈ 10
−2 104
10−4
≈ 1000 km, (9.95)

scale of maximum instability: 𝐿max ≈ 3.9𝐿𝑑 ≈ 4000km, (9.96)

growth rate: 𝜎 ≈ 0.3 𝑈
𝐿𝑑
≈ 0.3 × 10
106

s−1 ≈ 0.26 day−1. (9.97)



9.5 The Eady Problem 355

0 1 2 3 4
0

0.1

0.2

0.3

0.4

Zonal Wavenumber

0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

Zonal wavenumber

0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

Phase

H
ei

gh
t

0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

H
ei

gh
t

Amplitude

Cr
Ci

G
ro

w
th

 r
at

e,
 k

C
 i

W
av

e 
sp

ee
ds

, C
 r

  a
nd

 C  i

(a) (c)

(b) (d)

Fig. 9.10 Solution of the Eady problem, in nondimensional units. (a) The growth rate, 𝑘𝑐𝑖 as a function
of scaled wavenumber 𝜇, from (9.87) with 𝛬 = 𝐻 = 1 and for the gravest meridional mode. (b) The real
(solid) and imaginary (dashed) wave speeds of those modes, as a function of horizontal wavenumber. (c)
The phase of the single most unstable mode as a function of height. (d) The amplitude of that mode as a
function of height. To obtain dimensional values, multiply the growth rate by𝛬𝐻/𝐿𝑑 and the wavenumber
by 1/𝐿𝑑.
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Fig. 9.11 Contours of the growth rate, 𝜎, in the
Eady problem, in the 𝑘–𝑙 plane using (9.87), nondi-
mensionalized as in Fig. 9.10. The growth rate
peaks near the deformation scale, and for any
given zonal wavenumber the most unstable wave-
number is that with the gravest meridional scale.
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Fig. 9.12 Left column: vertical structure of the most unstable Eady mode. Top: contours of
streamfunction. Middle: temperature, 𝜕𝜓/𝜕𝑧 . Bottom: meridional velocity, 𝜕𝜓/𝜕𝑥 . Negative con-
tours are dashed, and two complete wavelengths are present in the horizontal direction. Polewards
flowing (positive 𝑣) air is generally warmer than equatorwards flowing air. Right column: the same,
but now for a wave just beyond the short-wave cut-off.

For the ocean
For the main thermocline in the ocean let us choose

𝐻 ∼ 1 km, 𝑈 ≈ 0.1ms−1, 𝑁 ∼ 10−2 s−1. (9.98)

We then obtain:

deformation radius: 𝐿𝑑 =
𝑁𝐻
𝑓
≈ 10
−2 × 1000
10−4

= 100 km, (9.99)

scale of maximum instability: 𝐿max ≈ 3.9 𝐿𝑑 ≈ 400km, (9.100)

growth rate: 𝜎 ≈ 0.3 𝑈
𝐿𝑑
≈ 0.3 × 0.1
105

s−1 ≈ 0.026 day−1. (9.101)

In the ocean, the Eady problem is not quantitatively applicable because of the non-uniformity of
the stratification. Nevertheless, the above estimates give a qualitative sense of the scale and growth
rate of the instability relative to the corresponding values in the atmosphere. A summary of the
main points of the Eady problem is given in the shaded box on the facing page.

9.6 TWO-LAYER BAROCLINIC INSTABILITY
The eigenfunctions displaying the largest growth rates in the Eady problem have a relatively simple
vertical structure. This suggests that an even simpler mathematical model of baroclinic instability
might be constructed in which the vertical structure is a priori restricted to a very simple form,
namely the two-layer or two-level quasi-geostrophic (QG) model of Sections 5.3.2 and 5.4.6. This
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Some Results in Baroclinic Instability

Eady Problem

• The length scales of the instability are characterized by the deformation scale. The most
unstable scale has a wavelength about four times the deformation radius 𝐿𝑑, where 𝐿𝑑 =
𝑁𝐻/𝑓.

• The growth rate of the instability is approximately

𝜎𝐸 ≈
0.3𝑈
𝐿𝑑
= 0.3𝛬 𝑓
𝑁
. (B.1)

That is, it is proportional to the shear scaled by the Prandtl ratio 𝑓/𝑁. The value 𝜎𝐸 is
known as the Eady growth rate.

• The most unstable waves for a given zonal scale are those with the gravest meridional
scale.

• There is a short-wave cutoff beyond which (i.e., at higher wavenumber than) there is no
instability. This occurs near the deformation radius.

• The instability relies on an interaction between waves at the upper and lower boundaries.
If either boundary is removed, the instability dies. This point is considered in Section 9.7.

• The two-layer (Phillips) problem with zero beta captures many of the results of the Eady
model.

Effects of beta

• The beta effect allows the instability to grow by the interaction of edge waves at the sur-
face with Rossby waves in the interior, not just with edge waves at the top. Potential
vorticity changes sign because of an interaction between the surface temperature gradi-
ent and the interior potential vorticity gradient. Thus, not all unstable modes are deep.

• There is a long-wave cut-off to the main instability branch. At scales larger than this the
instabilities are slowly growing, and absent in the two-layer (Phillips) problem.

• In the continuously stratified problem there is no short wave cut-off, but these modes
are slowly growing and in the two-layer model they are absent.

• In the two-layer model with beta, there is a minimum shear, 𝛬𝑐, for instability given by

𝛬𝑐 =
𝛽𝐻
2
𝑁2
𝑓2
. (B.2)

This shear does not arise in the continuous problem, although itmay be a useful criterion
for the onset of rapidly growing deep modes.

• Theabove differences between the two-layer problem and the continuously stratified one
arise because in the former allmodes are deep and so there can be no interaction between
edge waves and shallow Rossby waves.
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instability problem is often called the ‘Phillips problem’.11 One notable advantage over the Eady
model is that it is possible to include the 𝛽-effect in a simple way.

9.6.1 Posing the Problem
For two layers or two levels of equal thickness, we write the potential vorticity equations in the
dimensional form,

D
D𝑡
[𝜁𝑖 + 𝛽𝑦 +

𝑘2𝑑
2
(𝜓𝑗 − 𝜓𝑖)] = 0, 𝑖 = 1, 2, 𝑗 = 3 − 𝑖, (9.102)

where, using two-level notation for definiteness,

𝑘2𝑑
2
= ( 2𝑓0
𝑁𝐻
)
2
→ 𝑘𝑑 =

√8
𝐿𝑑
, (9.103)

where𝐻 is the total depth of the domain, as in the Eady problem. The basic state we choose is

𝛹1 = −𝑈1𝑦, 𝛹2 = −𝑈2𝑦 = +𝑈1𝑦. (9.104)

It is possible to choose𝑈2 = −𝑈1 without loss of generality because there is no topography and the
system is Galilean invariant. The basic state potential vorticity gradient is then given by

𝑄1 = 𝛽𝑦 + 𝑘2𝑑𝑈𝑦, 𝑄2 = 𝛽𝑦 − 𝑘2𝑑𝑈𝑦, (9.105)

where 𝑈 = 𝑈1. (Note that 𝑈 differs by a constant multiplicative factor from the 𝑈 in the Eady
problem.) Even in the absence of 𝛽 there is a non-zero potential vorticity gradient. Why should
this be different from the Eady problem? — after all, the shear is uniform in both problems. The
difference arises from the vertical boundary conditions. In the standard layered formulation the
temperature gradient at the boundary is absorbed into the definition of the potential vorticity in the
interior. This results in a non-zero interior potential vorticity gradient at the two levels adjacent to
the boundary (the only layers in the two-layer problem), but with isothermal boundary conditions
D(𝜕𝜓/𝜕𝑧)/D𝑡 = 0. In the Eady problem we have a zero interior gradient of potential vorticity
but a temperature gradient at the boundary. The two formulations are physically equivalent — a
finite-difference example of the Bretherton boundary layer, encountered in Section 5.4.3.

The linearized potential vorticity equation is, for each layer,

𝜕𝑞′𝑖
𝜕𝑡
+ 𝑈𝑖
𝜕𝑞′𝑖
𝜕𝑥
+ 𝑣′𝑖
𝜕𝑄𝑖
𝜕𝑦
= 0, 𝑖 = 1, 2, (9.106)

or, more explicitly,

( 𝜕
𝜕𝑡
+ 𝑈 𝜕
𝜕𝑥
)[∇2𝜓′1 +

𝑘2𝑑
2
(𝜓′2 − 𝜓′1)] +

𝜕𝜓′1
𝜕𝑥
(𝛽 + 𝑘2𝑑𝑈) = 0, (9.107a)

( 𝜕
𝜕𝑡
− 𝑈 𝜕
𝜕𝑥
)[∇2𝜓′2 +

𝑘2𝑑
2
(𝜓′1 − 𝜓′2)] +

𝜕𝜓′2
𝜕𝑥
(𝛽 − 𝑘2𝑑𝑈) = 0. (9.107b)

For simplicity we will set the problem in a square, doubly periodic domain, and so seek solutions
of the form,

𝜓′𝑖 = Re �̃�𝑖ei(𝑘𝑥+𝑙𝑦−𝜔𝑡) = Re �̃�𝑖ei𝑘(𝑥−𝑐𝑡)ei𝑙𝑦, 𝑖 = 1, 2. (9.108)

Here, 𝑘 and 𝑙 are the 𝑥- and 𝑦-wavenumbers, and (𝑘, 𝑙) = (2π/𝐿)(𝑚, 𝑛), where 𝐿 is the size of the
domain, and𝑚 and 𝑛 are integers. The constant �̃�𝑖 is the complex amplitude.
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9.6.2 The Solution
Substituting (9.108) into (9.107) we obtain

[i𝑘(𝑈 − 𝑐)] [−𝐾2�̃�1 + 𝑘2𝑑(�̃�2 − �̃�1)/2] + i𝑘�̃�1(𝛽 + 𝑘2𝑑𝑈) = 0, (9.109a)
[−i𝑘(𝑈 + 𝑐)] [−𝐾2�̃�2 + 𝑘2𝑑(�̃�1 − �̃�2)/2] + i𝑘�̃�2(𝛽 − 𝑘2𝑑𝑈) = 0, (9.109b)

where𝐾2 = 𝑘2 + 𝑙2. Re-arranging these two equations gives

[(𝑈 − 𝑐)(𝑘2𝑑/2 + 𝐾2) − (𝛽 + 𝑘2𝑑𝑈)] �̃�1 − [𝑘2𝑑(𝑈 − 𝑐)/2] �̃�2 = 0, (9.110a)
− [𝑘2𝑑(𝑈 + 𝑐)/2] �̃�1 + [(𝑈 + 𝑐)(𝑘2𝑑/2 + 𝐾2) + (𝛽 − 𝑘2𝑑𝑈)] �̃�2 = 0. (9.110b)

These equations are of the form

[𝐴]�̃�1 + [𝐵]�̃�2 = 0, [𝐶]�̃�1 + [𝐷]�̃�2 = 0, (9.111)

where 𝐴, 𝐵, 𝐶,𝐷 correspond to the terms in square brackets in (9.110). For non-trivial solutions
the determinant of coefficients must be zero, that is 𝐴𝐷− 𝐵𝐶 = 0. This gives a quadratic equation
in 𝑐 and solving this we obtain

𝑐 = − 𝛽
𝐾2 + 𝑘2𝑑

{
{
{
1 + 𝑘

2
𝑑
2𝐾2
± 𝑘
2
𝑑
2𝐾2
[1 + 4𝐾

4(𝐾4 − 𝑘4𝑑)
𝑘4𝛽𝑘4𝑑

]
1/2}
}
}
, (9.112)

where 𝐾4 = (𝑘2 + 𝑙2)2 and 𝑘𝛽 = √𝛽/𝑈 (its inverse is known as the Kuo scale). We may non-
dimensionalize this equation using the deformation radius 𝐿𝑑 as the length scale and the shear
velocity 𝑈 as the velocity scale.12 Then, denoting nondimensional parameters with hats, we have

𝑘 = �̂�
𝐿𝑑
, 𝑐 = ̂𝑐 𝑈, 𝑡 = 𝐿𝑑

𝑈
̂𝑡, (9.113)

and the nondimensional form of (9.112) is just

̂𝑐 = −
�̂�2𝛽
𝐾2 + �̂�2𝑑

{
{
{
1 + �̂�

2
𝑑
2𝐾2
± �̂�
2
𝑑
2𝐾2
[1 + 4𝐾

4(𝐾4 − �̂�4𝑑)
�̂�4𝛽�̂�4𝑑

]
1/2}
}
}
, (9.114)

where �̂�𝛽 = 𝑘𝛽𝐿𝑑 and �̂�𝑑 = √8, as in (9.103). The nondimensional parameter

𝛾 = 1
4
�̂�2𝛽 =
𝛽𝐿2𝑑
4𝑈
, (9.115)

is often useful as a measure of the importance of 𝛽; it is proportional to the square of the ratio of
the deformation radius to the Kuo scale√𝑈/𝛽. (It is the two-layer version of the ‘Charney–Green
number’ consideredmore in Section 9.9.1.) Let us look at two special cases first, before considering
the general solution to these equations.

I. Zero shear, non-zero 𝛽
If there is no shear (i.e.,𝑈 = 0) then (9.110a) and (9.110b) are identical and two roots of the
equation give the purely real phase speeds 𝑐,

𝑐 = − 𝛽
𝐾2

and 𝑐 = − 𝛽
𝐾2 + 𝑘2𝑑

. (9.116)

The first of these is the dispersion relationship for Rossby waves in a purely barotropic flow,
and corresponds to the eigenfunction �̃�1 = �̃�2. The second solution corresponds to the
baroclinic eigenfunction �̃�1 + �̃�2 = 0.
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Fig. 9.13 Baroclinic growth rate as calculated
with two, four and eight vertical levels (solid
lines, as labelled), and in the continuous case (red
dashed line), all with𝛽 = 0. The two-level result is
the analytic result of (9.117), and the continuous
result is the analytic result of the Eady problem.
The four- and eight-level results were obtained
numerically, and are almost the same as the re-
sult from the Eady problem. 0 1 2 3 4
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II. Zero 𝛽, non-zero shear
If 𝛽 = 0, then (9.110) yields, after a little algebra,

𝑐 = ±𝑈(𝐾
2 − 𝑘2𝑑
𝐾2 + 𝑘2𝑑

)
1/2

or 𝜎 = 𝑈𝑘(𝑘
2
𝑑 − 𝐾2
𝐾2 + 𝑘2𝑑

)
1/2
, (9.117)

where 𝜎 = − i𝜔 is the growth rate. These expressions are similar to those in the Eady prob-
lem. Indeed, as we increase the number of levels (using a numerical method to perform the
calculation) the growth rate converges to that of the Eady problem (Fig. 9.13). We note the
following:

• There is an instability for all values of 𝑈.
• There is a high-wavenumber cut-off, at a scale proportional to the radius of deforma-

tion. For the two-layer model, if 𝐾 > 𝑘𝑑 = 2.82/𝐿𝑑 there is no growth. For the Eady
problem, the high wavenumber cut-off occurs at 2.4/𝐿𝑑.
• There is no low wavenumber cut-off.
• For any given 𝑘, the highest growth rate occurs for 𝑙 = 0. In the two-layer model, from

(9.117), for 𝑙 = 0 the maximum growth rate occurs when 𝑘 = 0.634𝑘𝑑 = 1.79/𝐿𝑑. For
the Eady problem, the maximum growth rate occurs at 1.61/𝐿𝑑.

Solution in the general case: non-zero shear and non-zero 𝛽
Using (9.114), the growth rate and wave speeds as function of wavenumber are plotted in Fig. 9.14.
We observe that there still appears to be a high-wavenumber cut-off and, for 𝛽 = 0, there is a
low-wavenumber cut-off. A little analysis elucidates the origin of these features.

The neutral curve
For instability, there must be an imaginary component to the phase speed in (9.112); that is,
we require

𝑘4𝛽𝑘4𝑑 + 4𝐾4(𝐾4 − 𝑘4𝑑) < 0. (9.118)

This is a quadratic equation in𝐾4 for the value of𝐾,𝐾𝑐 say, at which the growth rate is zero.
Solving, we find

𝐾4𝑐 =
1
2
𝑘4𝑑 (1 ± √1 − 𝑘4𝛽/𝑘4𝑑) , (9.119)
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Fig. 9.14 Growth rates and wave speeds for the two-layer baroclinic instability problem, from
(9.114), with three (nondimensional) values of 𝛽 as labelled: a, 𝛾 = 0 (�̂�𝛽 = 0); b, 𝛾 = 0.5 (�̂�𝛽 = √2);
c, 𝛾 = 1 (�̂�𝛽 = 2). As 𝛽 increases, so does the low-wavenumber cut-off to instability, but the high-
wavenumber cut-off is little changed. The solutions are obtained from (9.114), with �̂�𝑑 = √8 and
𝑈1 = −𝑈2 = 1/4.

and this is plotted in Fig. 9.15. From (9.118) useful approximate expressions can be obtained
for the critical shear as a function of wavenumber in the limits of small 𝐾 and 𝐾 ≈ 𝑘𝑑, and
these are left as exercises for the reader.

Minimum shear for instability
From (9.118), instability arises when 𝛽2𝑘𝑑4/𝑈2 < 4𝐾4(𝑘𝑑4−𝐾4). Themaximum value of the
right-hand side of this expression arises when𝐾4 = �̂�4𝑑/2; thus, instability arises only when

𝛽2𝑘4𝑑
𝑈2
< 4𝑘
4
𝑑
2
𝑘4𝑑
2

or 𝜅𝛽 < 𝑘𝑑. (9.120)

That is, instability only arises if the deformation radius is sufficiently smaller than the Kuo scale.
The critical velocity difference required for instability is then

𝑈1 − 𝑈2 > 𝑈𝑐 =
2𝛽
𝑘2𝑑
= 1
4
𝛽𝐿2𝑑, (9.121)

recalling our notation that𝑈1 −𝑈2 = 2𝑈 and that 𝑘2𝑑 = 8/𝐿2𝑑, as in (9.103). The critical shear
for instability is

𝛬𝑐 =
𝛽𝐻
2
𝑁2
𝑓2
, (9.122a,b)

where the shear 𝛬 is defined by (𝑈1 − 𝑈2)/(0.5𝐻), where𝐻 is the total depth of the domain.
In any given quasi-geostrophic calculation 𝑓 is held constant, but if we wish to see how
the critical shear varies with latitude we vary 𝑓 accordingly. Figure 9.16 sketches how this
critical shearmight vary with latitude in the atmosphere and ocean, allowing𝑓 to vary. If the
shear is just the critical value, the instability occurs at 𝑘 = 2−1/4𝑘𝑑 = 0.84𝑘𝑑 = 2.37/𝐿𝑑. As
the shear increases, the wavenumber at which the growth rate is maximumdecreases slightly
(see Fig. 9.15), and for a sufficiently large shear the 𝛽-effect is negligible and the wavenumber
of maximum instability is, as we saw earlier, 0.634 𝑘𝑑 or 1.79/𝐿𝑑
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Fig. 9.15 Contours of growth rate in the
two-layer baroclinic instability problem. The
dashed line is the neutral stability curve,
(9.119), and the other curves are contours
of growth rates obtained from (9.114). The
wavenumber is scaled by 1/𝐿𝑑 (i.e., by 𝑘𝑑/√8)
and growth rates are scaled by the inverse of
the Eady time scale (i.e., by 𝑈/𝐿𝑑). Thus, for
𝐿𝑑 = 1000km and 𝑈 = 10ms−1, a nondimen-
sional growth rate of 0.25 corresponds to a
dimensional growth rate of 0.25 × 10−5 s−1 =
0.216 day−1.
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Note the relationship of the minimum shear to the basic state potential vorticity gradient in
the respective layers. In the upper and lower layers the potential vorticity gradients are given
by, respectively,

𝜕𝑄1
𝜕𝑦
= 𝛽 + 𝑘2𝑑𝑈,

𝜕𝑄2
𝜕𝑦
= 𝛽 − 𝑘2𝑑𝑈. (9.123a,b)

Thus, the requirement for instability is exactly that which causes the potential vorticity gra-
dient to change sign somewhere in the domain, in this case becoming negative in the lower
layer. This is an example of the general rule that potential vorticity (suitably generalized to
include the surface boundary conditions) must change sign somewhere in order for there to
be an instability.

High-wavenumber cut-off
Instability can only arise when, from (9.118),

4𝐾4(𝑘4𝑑 − 𝐾4) > 𝑘4𝛽𝑘4𝑑, (9.124)

so that a necessary condition for instability is

𝑘2𝑑 > 𝐾2. (9.125)

Thus, waves shorter than the deformation radius are always stable, no matter what the value
of 𝛽. We also see from Fig. 9.14 and Fig. 9.15 that the high wavenumber cut-off in fact varies
little with 𝛽 if 𝑘𝑑 ≫ 𝑘𝛽. The critical shear required for instability approaches infinity as 𝐾
approaches 𝑘𝑑.

Low-wavenumber cut-off
Suppose that𝐾 ≪ 𝑘𝑑. Then (9.118) simplifies to 𝑘4𝛽 < 4𝐾4. That is, for instability we require

𝐾2 > 1
2
𝑘2𝛽 =
𝛽
2𝑈
. (9.126)

Thus, using (9.125) and (9.126) the unstablewaves lie approximately in the interval𝛽/(√2𝑈) <
𝐾 < 𝑘𝑑.
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Fig. 9.16 The minimum shear (the velocity difference 𝑈1 − 𝑈2) required for baroclinic instability
in a two-layer model, calculated using (9.121), i.e., 𝑈min = 𝛽𝐿2𝑑/4 where 𝛽 = 2𝛺𝑎−1 cos 𝜗 and 𝐿𝑑 =
𝑁𝐻/𝑓, with 𝑓 = 2𝛺 sin 𝜗. The left panel uses 𝐻 = 10 km and 𝑁 = 10−2 s−1, and the right panel
uses parameters representative of the main thermocline, 𝐻 = 1 km and 𝑁 = 10−2 s−1. The results
are not quantitatively accurate, but the implications that the minimum shear is much less for the
ocean, and that in both the atmosphere and the ocean the shear increases rapidly at low latitudes,
are robust.

9.7 A KINEMATIC VIEW OF BAROCLINIC INSTABILITY
In this section we take a more intuitive look at baroclinic instability, trying to understand the
mechanism without treating the problem in full generality or exactness. We will do this by way of
a semi-kinematic argument that shows how the waves in each layer of a two-layer model, or the
waves on the top and bottom boundaries in the Eadymodel, can constructively interact to produce
a growing instability. It is kinematic in the sense that we initially treat the waves independently,
and only subsequently allow them to interact — but it is this dynamical interaction that gives the
instability. We first revisit the two-layer model and simplify it to its bare essentials.

9.7.1 The Two-layer Model
A simple dynamical model
We first re-derive the instability ab initio from the equations of motion written in terms of the
baroclinic streamfunction 𝜏 and the barotropic streamfunction 𝜓 where

𝜏 ≡ 1
2
(𝜓1 − 𝜓2), 𝜓 ≡

1
2
(𝜓1 + 𝜓2). (9.127)

We linearize about a sheared basic state of zero barotropic velocity and with 𝛽 = 0. Thus, with
𝜓 = 0 + 𝜓′ and 𝜏 = −𝑈𝑦 + 𝜏′ the linearized equations of motion, equivalent to (9.107) with 𝛽 = 0,
are

𝜕
𝜕𝑡
∇2𝜓′ = −𝑈 𝜕

𝜕𝑥
∇2𝜏′, (9.128a)

𝜕
𝜕𝑡
(∇2 − 𝑘2𝑑)𝜏′ = −𝑈

𝜕
𝜕𝑥
(∇2 + 𝑘2𝑑)𝜓′. (9.128b)

Neglecting the 𝑦-dependence for simplicity, we may seek solutions of the form (𝜓′, 𝜏′) = Re (�̃�, 𝜏)
exp[i𝑘(𝑥 − 𝑐𝑡)], where 𝑐 = i 𝑐𝑖 + 𝑐𝑟, giving

𝑐�̃� − 𝑈𝜏 = 0, (9.129a)
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𝑐(𝐾2 + 𝑘2𝑑)𝜏 − 𝑈(𝐾2 − 𝑘2𝑑)�̃� = 0. (9.129b)

These equations have non-trivial solutions if the determinant of the matrix of coefficients of 𝜏 and
�̃� is zero, giving the quadratic equation 𝑐2(𝐾2 +𝑘2𝑑)−𝑈2(𝐾2 −𝑘2𝑑) = 0. Solving this gives, reprising
(9.117),

𝑐 = ±𝑈(𝐾
2 − 𝑘2𝑑
𝐾2 + 𝑘2𝑑

)
1/2
. (9.130)

Instabilities occur for 𝐾2 < 𝑘2𝑑, for which 𝑐𝑟 = 0; that is, the wave speed is purely imaginary.
From (9.129) unstable modes have

𝜏 = i 𝑐𝑖
𝑈
�̃� = eiπ/2 𝑐𝑖

𝑈
�̃�. (9.131)

That is, 𝜏 lags 𝜓 by 90° for a growing wave (𝑐𝑖 > 0). Similarly, 𝜏 leads 𝜓 by 90° for a decaying wave.
Now, the temperature is proportional to 𝜏, and in the two-level model is advected by the vertically
averaged perturbation meridional velocity, 𝑣 say (with Fourier amplitude 𝑣), where 𝑣 = 𝜕𝜓/𝜕𝑥.
Thus, for growing or decaying waves,

𝑣 = 𝜏𝑘𝑈
𝑐𝑖
, (9.132)

and the meridional velocity is exactly in phase with the temperature for growing modes, and is out
of phase with the temperature for decaying modes. That is, for unstable modes, poleward flow is
correlated with high temperatures, and for decaying modes poleward flow is correlated with low
temperatures. For neutral waves, 𝜏 = 𝑐𝑟�̃�/𝑈 and so 𝑣 = i𝑘𝜏𝑈/𝑐𝑟, and the meridional velocity and
temperature are π/2 out of phase. Thus, to summarize:
• growing waves transport heat (or buoyancy) polewards;
• decaying waves transport heat equatorwards;
• neutral waves do not transport heat.

Further simplifications to the two-layer model

First consider (9.128) for waves much larger than the deformation radius,𝐾2 ≪ 𝑘2𝑑; we obtain

𝜕
𝜕𝑡
∇2𝜓 = −𝑈 𝜕

𝜕𝑥
∇2𝜏, 𝜕

𝜕𝑡
𝜏 = 𝑈 𝜕
𝜕𝑥
𝜓. (9.133a,b)

for which we obtain, either directly or from (9.130), 𝑐 = ±i𝑈; that is, the flow is unstable. To see
the mechanism, suppose that the initial perturbation is barotropic and sinusoidal in 𝑥, with no 𝑦
variation. Polewards flowing fluid (i.e., 𝜕𝜓/𝜕𝑥 > 0) will, by (9.133b), generate a positive 𝜏, and the
baroclinic flow will be out of phase with the barotropic flow. Then, by (9.133a), the advection of 𝜏
by the mean shear produces growth of 𝜓 that is in phase with the original disturbance. Contrast
this case with that for very small disturbances, for which𝐾2 ≫ 𝑘2𝑑, and (9.128) becomes

𝜕
𝜕𝑡
∇2𝜓 = −𝑈 𝜕

𝜕𝑥
∇2𝜏, 𝜕

𝜕𝑡
∇2𝜏 = −𝑈 𝜕

𝜕𝑥
∇2𝜓, (9.134a,b)

or, in terms of the equations for each layer,

𝜕
𝜕𝑡
∇2𝜓1 = −𝑈

𝜕
𝜕𝑥
∇2𝜓1,

𝜕
𝜕𝑡
∇2𝜓2 = +𝑈

𝜕
𝜕𝑥
∇2𝜓2. (9.135a,b)

That is, the layers are completely decoupled and no instability can arise. Motivated by this, consider
waves that propagate independently in each layer on the potential vorticity gradient caused by 𝛽
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(if non-zero) and shear. Thus, in (9.107) we keep the potential vorticity gradients but neglect 𝑘2𝑑
where it appears alongside ∇2 and find

( 𝜕
𝜕𝑡
+ 𝑈 𝜕
𝜕𝑥
)∇2𝜓′1 +

𝜕𝜓′1
𝜕𝑥
𝜕𝑄1
𝜕𝑦
= 0, (9.136a)

( 𝜕
𝜕𝑡
− 𝑈 𝜕
𝜕𝑥
)∇2𝜓′2 +

𝜕𝜓′2
𝜕𝑥
𝜕𝑄2
𝜕𝑦
= 0, (9.136b)

where 𝜕𝑄1/𝜕𝑦 = 𝛽+𝑘2𝑑𝑈 and 𝜕𝑄2/𝜕𝑦 = 𝛽−𝑘2𝑑𝑈. Seeking solutions of the form (9.108), the phase
speeds of the associated waves are

𝑐1 = 𝑈 −
𝜕𝑦𝑄1
𝐾2
, 𝑐2 = −𝑈 −

𝜕𝑦𝑄2
𝐾2
. (9.137a,b)

In the upper layer the phase speed is a combination of an eastward advection and a fast westward
wave propagation due to a strong potential vorticity gradient. In the lower layer the phase speed
is a combination of a westward advection and a slow eastward wave propagation due to the weak
potential vorticity gradient. The two phase speeds are, in general, not equal, but they would need
to be so if they were to combine to cause an instability. From (9.137) this occurs when 𝐾2 = 𝑘2𝑑
and 𝑐1 = 𝑐2 = −𝛽/𝑘2𝑑. These conditions are just those occurring at the high-wavenumber cut-off
to instability in the two-level model. At higher wavenumbers, the waves are unable to synchronize,
whereas at lower wavenumbers they may become inextricably coupled.

Let us suppose that the phase of the wave in the upper layer lags (i.e., is westward of) that in the
lower layer, as illustrated in the top panel Fig. 9.17. The lower panel shows the temperature field,
𝜏 = (𝜓1 − 𝜓2)/2, and the average meridional velocity, 𝑣 = 𝜕𝑥(𝜓1 + 𝜓2)/2. In this configuration,
the temperature field is in phasewith the meridional velocity, meaning that warm fluid is advected
polewards. Now, let us allow the waves in the two layers to interact by adding one dynamical
equation, the thermodynamic equation, which in its simplest form is

𝜕𝜏
𝜕𝑡
= −𝑣𝜕𝜏
𝜕𝑦
= 𝑣𝑈, (9.138)

where 𝜏 is proportional to the basic state temperature field. The temperature field, 𝜏, grows in
proportion to 𝑣, which is proportional to 𝜏 if the waves tilt westwards with height, and an instability
results. This dynamical mechanism is just that which is compactly described by (9.133), and an
important consequence is that baroclinic waves transfer energy polewards. It is a straightforward
matter to show that if the streamfunction tilts eastwards with height, 𝑣 is out of phase with 𝜏 and
the waves decay. A similar description applies to the Eady problem, as we now see.

9.7.2 Interacting Edge Waves in the Eady Problem
We now explore how the edge waves at the top and bottom surfaces in the Eady problem give
rise to an instability, by way of a semi-kinematic description that is very similar to that of the
barotropic problem described on page 343. Let us first consider the case in which the bottom and
top surfaces are essentially uncoupled. Instead of solutions of (9.81) that have the structure (9.82)
(which satisfies both boundary conditions), consider solutions that separately satisfy the bottom
and top boundary conditions and that decay into the interior. These are

𝜓𝐵 = Re𝐴𝐵ei𝑘(𝑥−𝑐𝑇𝑡)e−𝜇𝑧/𝐻, 𝜓𝑇 = Re𝐴𝑇ei𝜙ei𝑘(𝑥−𝑐𝐵𝑡)e𝜇(𝑧−𝐻)/𝐻, (9.139a,b)

for the bottom and top surfaces, respectively, and 𝜙 is the phase shift, with 𝐴𝐵 and 𝐴𝑇 being real
constants. The boundary conditions (9.80) then determine the phase speeds of the two systems
and we find

𝑐𝐵 =
𝛬𝐻
𝜇
, 𝑐𝑇 = 𝛬𝐻(1 −

1
𝜇
) . (9.140a,b)
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Fig. 9.17 Baroclinically unstable waves in
a two layer model. The streamfunction is
shown in the top panel, 𝜓1 for the top layer
and 𝜓2 for the bottom layer. Given the
westward tilt shown, the temperature, 𝜏, and
meridional velocity, 𝑣 (bottom panel) are in
phase, and the instability grows.
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These are the phase speeds of edge waves in the Eady problem; they are real and in general they are
unequal. It must therefore be the interaction of the waves on the upper and lower boundaries that
is necessary for instability, because the unstable wave has but a single phase speed. This interaction
can occur when their phase speeds are equal, and from (9.140) this occurs when 𝜇 = 2, giving

𝑘 = 2
𝐿𝑑

and 𝑐 = 𝛬𝐻
2
. (9.141a,b)

This phase speed is just that of the flow atmid-level, and at the critical wavenumber in the full Eady
problem, 𝑘𝑐 = 2.4/𝐿𝑑, from (9.90), the phase speed is purely real and equal to that of (9.141b)— see
Fig. 9.10. Thus, (9.141) approximately characterizes the critical wavenumber in the full problem.

To turn this kinematic description into a dynamical instability, suppose that the two rigid sur-
faces are close enough so that the waves can interact, but still far enough so that their structure is
approximately given by (9.139). (Note that if 𝜇 is too large, the waves decay rapidly away from the
edges and will not intersect.) Specifically, let the buoyancy perturbation at a given boundary be ad-
vected by the total meridional velocity perturbation, including that arising from the perturbation
at the other boundary, so that at the top and bottom boundaries

𝜕𝑏′𝑇
𝜕𝑡
= −(𝑣′𝐵 + 𝑣′𝑇)

𝜕𝑏𝑇
𝜕𝑦
, 𝜕𝑏′𝐵
𝜕𝑡
= −(𝑣′𝐵 + 𝑣′𝑇)

𝜕𝑏𝐵
𝜕𝑦
. (9.142)

The waves will reinforce each other if 𝑣′𝑇 is in phase with 𝑏′𝐵 at the lower boundary, and if 𝑣′𝐵 is in
phase with 𝑏′𝑇 at the upper boundary. Now, using (9.139), the velocity and buoyancy associated
with the edge waves are given by

𝑏𝐵 = −Re 𝑘𝑁𝐴𝐵e−𝜇𝑧/𝐻ei𝑘𝑥, 𝑏𝑇 = Re 𝑘𝑁𝐴𝑇ei𝜙e𝜇(𝑧−𝐻)/𝐻ei𝑘𝑥, (9.143a)
𝑣𝐵 = Re i𝑘𝐴𝐵e−𝜇𝑧/𝐻𝑒𝑖𝑘𝑥, 𝑣𝑇 = Re i𝑘𝐴𝑇ei𝜙e𝜇(𝑧−𝐻)/𝐻ei𝑘𝑥. (9.143b)

The fields 𝑏𝐵 and 𝑣𝑇, and 𝑏𝑇 and 𝑣𝐵, will be positively correlated if 0 < 𝜙 < π, and will be exactly
in phase if 𝜙 = π/2, and this case is illustrated in Fig. 9.18. Just as in the two-layer case, this
phase corresponds to a westward tilt with height, and it is this, in conjunction with geostrophic
and hydrostatic balance, that allows warm fluid to move polewards and available potential energy
to be released. From (9.142), the perturbation will grow and an instability will result. The analogy
between baroclinic instability and barotropic instability should be evident from the similarity of
this description and that of Section 9.2.4, with 𝑧 in the baroclinic problem playing the role of 𝑦 in
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Fig. 9.18 Interacting edge waves in the
Eady model. The upper panel shows waves
on the top surface, and the lower panel shows
waves on the bottom. If the streamfunction
tilts westwards with height, then the temper-
ature on the top (bottom) is correlated with
the meridional velocity on the bottom (top),
the waves can reinforce each other. See also
Fig. 9.12.

the barotropic problem, and 𝑏 the role of 𝑢; note that (9.142) is almost identical to (9.45). However,
the analogy of the two problems in full is not perfect because the boundary condition that 𝑤 = 0
does not have an exact correspondence in the barotropic problem. More importantly, the nonlinear
development of the baroclinic problem, discussed in Chapter 12, is generally three-dimensional,
which need not be the case in the barotropic problem.

9.8 ♦ THE ENERGETICS OF LINEAR BAROCLINIC INSTABILITY
In baroclinic instability, warm parcels move polewards and cold parcels move equatorwards. This
motion draws on the available potential energy of themean state, because warm light parcels move
upwards and cold dense parcels move downwards and the height of the mean centre of gravity of
the fluid falls, and the loss of potential energy is converted to kinetic energy of the perturbation.
However, because the instability is growing, the energy of the perturbation is of course not con-
served, and both the kinetic energy and the available potential energy of the perturbation will grow.
However, we still expect a conversion of potential energy to kinetic energy, and the purpose of this
section is to demonstrate that explicitly. For simplicity, we restrict attention to the flat-bottomed
two-level model with 𝛽 = 0.

As in Section 5.6, the energy may be partitioned into kinetic energy and available potential
energy. In a three-dimensional quasi-geostrophic flow the kinetic energy is given by, in general,

KE = 1
2
∫(∇𝜓)2 d𝑉, (9.144)

which, in the case of the two-layer model becomes

KE = 1
2
∫(∇𝜓1)2 + (∇𝜓2)2 d𝐴 = ∫(∇𝜓)2 + (∇𝜏)2 d𝐴. (9.145)

Restricting attention to a single Fourier mode this becomes

KE = 𝑘2�̃�2 + 𝑘2𝜏2. (9.146)

The available potential energy in the continuous case is given by

APE = 1
2
∫(𝑓0
𝑁
)
2
(𝜕𝜓
𝜕𝑧
)
2
d𝑉. (9.147)
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For a single Fourier mode in a two-layer model this becomes

APE = 𝑘2𝑑𝜏2. (9.148)

Now, the nonlinear vorticity equations for each level are

𝜕
𝜕𝑡
∇2𝜓1 + 𝐽(𝜓1, ∇2𝜓1) = −2

𝑓0𝑤
𝐻
, (9.149a)

𝜕
𝜕𝑡
∇2𝜓2 + 𝐽(𝜓2, ∇2𝜓2) = 2

𝑓0𝑤
𝐻
, (9.149b)

where 𝑤 is the vertical velocity between the levels. (These equations are the two-level analogues
of the continuous vorticity equation, with the right-hand sides being finite-difference versions of
𝑓0𝜕𝑤/𝜕𝑧.) Multiplying the two equations of (9.149) by −𝜓1 and −𝜓2, respectively, and adding we
readily find

d
d𝑡

KE = 4𝑓0
𝐻
∫𝑤𝜏 d𝐴. (9.150a)

For a single Fourier mode this becomes

d
d𝑡

KE = Re 4𝑓0
𝐻
�̃�𝜏∗, (9.150b)

where 𝑤 = �̃� exp[i(𝑘𝑥 − 𝑐𝑡)] + c.c., and the asterisk denotes a complex conjugate.
The continuous thermodynamic equation is

D𝑏
D𝑡
+ 𝑤𝑁2 = 0. (9.151)

Using 𝑏 = 𝑓0𝜕𝜓/𝜕𝑧 and finite-differencing (with 𝜕𝜓/𝜕𝑧 → (𝜓1 − 𝜓2)/�(𝐻/2) = 4𝜏/𝐻), we obtain
the two-level thermodynamic equation:

𝜕𝜏
𝜕𝑡
+ 𝐽(𝜓, 𝜏) + 𝑤𝑁

2𝐻
4𝑓0
= 0. (9.152)

The change of available potential energy is obtained from this bymultiplying by 𝑘2𝑑𝜏 and integrating,
giving

∫(1
2

d
d𝑡
𝑘2𝑑𝜏2 + 𝜏𝑤

2𝑓0
𝐻
) d𝐴 = 0, (9.153)

or
d
d𝑡

APE = −4𝑓0
𝐻
∫𝑤𝜏 d𝐴, (9.154a)

or, for a single Fourier mode,
d
d𝑡

APE = −Re 4𝑓0
𝐻
�̃� 𝜏∗. (9.154b)

From (9.150) and (9.154) it is clear that in the nonlinear equations the sum of the kinetic energy
and the available potential energy is conserved.

We now specialize by obtaining 𝑤 from the linear baroclinic instability problem. Using this
in (9.150) and (9.154) will give us the conversion between kinetic energy and potential energy in
the growing baroclinic wave. It is important to realize that the total energy of the disturbance will
not be conserved — both the potential and kinetic energy are growing, exponentially in this prob-
lem, because they are extracting energy from the mean state. To calculate 𝑤 we use the linearized
thermodynamic equation. From (9.152) this is

𝜕𝜏
𝜕𝑡
− 𝑈𝜕𝜓
𝜕𝑥
+ 𝐻𝑤𝑁

2

4𝑓0
= 0, (9.155)
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omitting the primes on perturbation quantities. For a single Fourier mode, this gives

𝐻𝑁2
4𝑓0
�̃� = i𝑘(𝑐𝜏 + 𝑈�̃�). (9.156)

But, from (9.129), 𝑐�̃� = 𝑈𝜏 in two-layer 𝑓-plane baroclinic instability and so

𝐻𝑁2
4𝑓0
�̃� = i𝑘𝑐𝜏 (1 + 𝑈

2

𝑐2
) = i𝑘𝑐𝜏( 2𝐾

2

𝐾2 − 𝑘2𝑑
) , (9.157)

using (9.130). For stable waves, 𝐾2 > 𝑘2𝑑 and 𝑐 = 𝑐𝑟 and in that case the vertical velocity is π/2
out of phase with the temperature, and there is no conversion of APE to KE. For unstable waves
𝑐 = i 𝑐𝑖 and𝐾2 < 𝑘2𝑑, and the vertical velocity is in phase with the temperature; that is, warm air is
rising and there is a conversion of APE to KE. To see this more formally, recall that the conversion
from APE to KE is given by 4�̃�𝜏∗𝑓0/𝐻. Thus, using (9.157),

d
d𝑡
(APE→ KE) = Re 2i𝑘𝑐𝑘2𝑑 (

2𝐾2
𝐾2 − 𝑘2𝑑

)𝜏2, (9.158)

using also the definition of 𝑘𝑑 given in (9.103). If the wave is growing, then 𝐾2 < 𝑘2𝑑 and 𝑐 = i𝑐𝑖
and the right-hand side is real and positive. For neutral waves, if 𝑐 = 𝑐𝑟 the right-hand side of
(9.158) is pure imaginary, and so the conversion is zero. This completes our demonstration that
baroclinic instability converts potential energy into kinetic energy.

9.9 ♦ BETA, SHEAR AND STRATIFICATION IN A CONTINUOUS MODEL
The two-layermodel of Section 9.6 indicates that 𝛽 has a number of important effects on baroclinic
instability. Do these carry over to the continuously stratified case? The answer by and large is yes,
but with some important qualifications that generally concern weak or shallow instabilities. In
particular, we will find that there is no short-wave cut-off in the continuous model with non-zero
beta, and that the instability determines its own depth scale. We will illustrate these properties first
by way of scaling arguments and then by way of numerical calculations.13

9.9.1 Scaling Arguments and Estimates
With finite density scale height and non-zero 𝛽, the quasi-geostrophic potential vorticity equation,
linearized about a mean zonal velocity 𝑈(𝑧), is

( 𝜕
𝜕𝑡
+ 𝑈 𝜕
𝜕𝑥
) 𝑞′ + 𝜕𝜓

′

𝜕𝑥
𝜕𝑄
𝜕𝑦
= 0, (9.159)

where

𝑞′ = ∇2𝜓′ + 𝑓
2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕𝜓′
𝜕𝑧
) , 𝜕𝑄

𝜕𝑦
= 𝛽 − 𝑓

2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕𝑈
𝜕𝑧
) , (9.160a,b)

and 𝜌𝑅 is a specified density profile. If we assume that 𝑈 = 𝛬𝑧 where 𝛬 is constant and that𝑁 is
constant, and let𝐻−1𝜌 = −𝜌−1𝑅 𝜕𝜌𝑅/𝜕𝑧, then

𝜕𝑄
𝜕𝑦
= 𝛽 + 𝑓

2
0𝛬
𝑁2𝐻𝜌
= 𝛽(1 + 𝛼), where 𝛼 = ( 𝑓

2
0𝛬
𝛽𝑁2𝐻𝜌
) . (9.161)
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The boundary conditions on (9.159) are

( 𝜕
𝜕𝑡
+ 𝑈 𝜕
𝜕𝑥
) 𝜕𝜓
′

𝜕𝑧
− 𝜕𝜓
′

𝜕𝑥
𝜕𝑈
𝜕𝑧
= 0, at 𝑧 = 0, (9.162)

and that 𝜓 → 0 as 𝑧 → ∞. The problem we have defined essentially constitutes the Charney
problem. We can reduce this to the Eady problem by setting 𝛽 = 0 and𝐻𝜌 = ∞, and providing a
lid that is some finite height above the ground.

As in the Eady problem, we seek solutions of the form

𝜓 = Re �̃�(𝑧)ei(𝑘𝑥+𝑙𝑦−𝑘𝑐𝑡), (9.163)

and substituting into (9.159) gives

( 𝑓
2
0
𝐻2𝜌𝑁2
)(𝐻2𝜌

d2�̃�
d𝑧2
− 𝐻𝜌

d�̃�
d𝑧
) − (𝐾2 −

𝛽 + 𝛬𝑓20 /(𝑁2𝐻𝜌)
𝛬𝑧 − 𝑐

) �̃� = 0. (9.164)

The Boussinesq version of this expression, for a fluid contained between two horizontal surfaces,
is obtained by letting𝐻𝜌 = ∞, giving

( 𝑓
2
0
𝑁2
) d2�̃�

d𝑧2
− (𝐾2 − 𝛽

𝛬𝑧 − 𝑐
) �̃� = 0. (9.165)

It seems natural to nondimensionalize (9.164) using:

𝑧 = 𝐻𝜌𝑧, 𝑐 = 𝛬𝐻𝜌 ̂𝑐, 𝐾 = (
𝑓0
𝑁𝐻𝜌
)𝐾, (9.166)

whence the equation becomes

d2�̃�
d𝑧2
− d�̃�

d𝑧
− (𝐾2 − 𝛾 + 1

𝑧 − ̂𝑐
) �̃� = 0, (9.167)

where

𝛾 = 𝛼−1 =
𝛽𝑁2𝐻𝜌
𝑓20𝛬
= 𝛽𝐿
2
𝑑
𝐻𝜌𝛬
=
𝐻𝜌
ℎ
, (9.168)

where ℎ ≡ 𝛬𝑓20 /(𝛽𝑁2). The nondimensional parameter 𝛾 is known as the Charney–Green num-
ber.14 The Boussinesq version, (9.165), may be nondimensionalized using 𝐻𝐷 in place of 𝐻𝜌,
where𝐻𝐷 is the depth of the fluid between two rigid surfaces. In that case

d2�̃�
d𝑧2
− (𝐾2 − 𝛾

𝑧 − ̂𝑐
) �̃� = 0, (9.169)

where here the nondimensional variables are scaled with𝐻𝐷.
Now, suppose that 𝛾 is large, for example if 𝛽 or the static stability are large or the shear is weak.

Equation (9.167) admits no non-trivial balance, suggesting that we rescale the variables using ℎ
instead of𝐻𝜌 as the vertical scale in (9.166). The rescaled version of (9.167) is then

d2�̃�
d𝑧2
− 1
𝛾
d�̃�
d𝑧
− (𝐾2 − 1 + 𝛾

−1

𝑧 − ̂𝑐
) �̃� = 0, (9.170)

or, approximately,
d2�̃�
d𝑧2
− (𝐾2 − 1

𝑧 − ̂𝑐
) �̃� = 0. (9.171)
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This is exactly the same equation as results from a similar rescaling of the Boussinesq system,
(9.169), as we might have expected because now the dynamical vertical scale, ℎ, is much smaller
than the scale height𝐻𝜌 (or𝐻𝐷) and the system is essentially Boussinesq. Thus, noting that (9.171)
has the same nondimensional form as (9.169) save that 𝛾 is replaced by unity, and that (9.171) with
𝛾 = 1must produce the same scales and growth rates as in the Eady problem, we may deduce that:
(i) the wavelength of the instability is 𝒪(𝑁ℎ/𝑓0);
(ii) the growth rate of the instability is 𝒪(𝐾𝑐) = 𝒪(𝑓0𝛬/𝑁);
(iii) the vertical scale of the instability is 𝒪(ℎ) = 𝒪(𝑓20𝛬/(𝛽𝑁2)).

These are the same as for the Eady problem, except with the dynamical height ℎ replacing the
geometric or scale height 𝐻𝐷. Effectively, the dynamics has determined its own vertical scale, ℎ,
which is much less than the scale height or geometric height, producing ‘shallow modes’.

In the limit 𝛾 ≪ 1 (strong shear, weak𝛽), the Boussinesq and compressible problems differ. The
Boussinesq problem reduces to the Eady problem, considered previously, whereas (9.167) becomes,
approximately,

d2�̃�
d𝑧2
− d�̃�

d𝑧
− (𝐾2 − 1

𝑧 − ̂𝑐
) �̃� = 0, (9.172)

and in this limit the appropriate vertical scale is the density scale height𝐻𝜌. Because𝐻𝜌 ≫ ℎ these
are ‘deep modes’, occupying the entire vertical extent of the domain.

The scale ℎ does not arise in the two-level model, but there is a connection between it and the
critical shear for instability in the two-level model. The condition 𝛾 ≪ 1, or ℎ ≫ 𝐻, may be written
as

𝐻𝛬 ≫ 𝛽(𝑁𝐻
𝑓0
)
2
. (9.173)

Compare this with the necessary condition for instability in a two-level model, (9.122), namely

(𝑈1 − 𝑈2) > 𝛽(
𝑁𝐻𝛥
𝑓0
)
2
, (9.174)

where𝐻𝛥 is the vertical distance between the two levels. Thus, essentially the same condition gov-
erns the onset of instability in the two-level model as governs the production of deep modes in the
continuousmodel. This correspondence is a natural one, because in the two-level model allmodes
are ‘deep’, and the model fails (as it should) to capture the shallow modes of the continuous system.
For similar reasons, there is a high-wavenumber cut-off in the two-level model: in the continu-
ous model these modes are shallow and so cannot be captured by two-level dynamics. Somewhat
counter-intuitively, for these modes the 𝛽-effect must be important, even though the modes have
small horizontal scale: when 𝛽 = 0 the instability arises via an interaction between edge waves at
the top and bottom of the domain, whereas the shallow instability arises via an interaction of the
edge waves at the surface with Rossby waves just above the surface.

9.9.2 Some Numerical Calculations
Adding 𝛽 to the Eady model

Our first step is to add the 𝛽-effect to the Eady problem.15 That is, we suppose a Boussinesq fluid
with uniform stratification, that the shear is zonal and constant and that the entire problem is sand-
wiched between two rigid surfaces. Growth rates and phase speeds of such an instability calcula-
tion are illustrated in Fig. 9.19 and the vertical structure is shown in Fig. 9.20. As in the two-layer
problem, there is a low-wavenumber cut-off to the main instability, although there is now an addi-
tional weak instability at very large-scales. These so-calledGreenmodes have no counterpart in the
two-layer model — they are deep, slowly growing modes that will be dominated by faster growing
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Fig. 9.19 Growth rates andwave speeds for the two-layer (solid) and continuous (dashed)models,
with the same values of the Charney–Green number, 𝛾, and uniform shear and stratification. (In
the two-layer case 𝛾 = 𝛽𝐿2𝑑/[2(𝑈1 − 𝑈2)] = 0.5, and in the continuous case 𝛾 = 𝛽𝐿2𝑑/(𝐻𝛬) = 0.5.)
In the continuous case only the wave speed associated with the unstable mode is shown. In the
two-layer case there are two real wave speeds which coalesce in the unstable region.

modes in most real situations. (Also, the fact that the Green modes have a scale much larger than
the deformation scale suggests a degree of caution in the accuracy of the quasi-geostrophic calcu-
lation.) At high wavenumbers there is no cut-off to the instability in the continuous problem in
the case of non-zero beta; the high-wavenumbermodes are shallow and unstable via an interaction
between edge waves at the lower boundary and Rossby waves in the lower atmosphere, and so have
no counterpart in either the two-layer problem (where the modes are deep) or the Eady problem
(which has no Rossby waves).

Effects of non-uniform shear and stratification
If the shear or stratification is non-uniform an analytic treatment is, even in problems without
𝛽, usually impossible and the resulting equations must be solved numerically. However, if we
restrict attention to a discontinuity in the shear or the stratification, then the resulting problem is
very similar to the problem with rigid boundaries, and this property provides some justification
for using the Eady problem to model instabilities in the Earth’s atmosphere: in the troposphere the
stratification is (approximately) constant, and the rapid increase in stratification in the stratosphere
can be approximated by a lid at the tropopause. Heuristically, we can see this from the form of the
thermodynamic equation, namely

D𝑏
D𝑡
+ 𝑁2𝑤 = 0. (9.175)

If𝑁2 is high this suggests𝑤will be small, and a lid is the limiting case of this. The oceanic problem
is rather more involved, because although both the stratification and the shear are concentrated in
the upper ocean, they vary relatively smoothly; furthermore, the shear is high where the stratifica-
tion is high, and the two have opposing effects.

To go one step further, consider the Boussinesq potential vorticity equation, linearized about a
zonally uniform state𝛹(𝑦, 𝑧), with a rigid surface at 𝑧 = 0. The normal-mode evolution equations
are similar to (9.69), namely

(𝑈 − 𝑐) [ 𝜕
2

𝜕𝑦2
− 𝑘2 + 𝜕
𝜕𝑧
(𝐹 𝜕
𝜕𝑧
)] �̃� + 𝜕𝑄
𝜕𝑦
�̃� = 0, 𝑧 > 0, (9.176a)

(𝑈 − 𝑐)𝜕�̃�
𝜕𝑧
− 𝜕𝑈
𝜕𝑧
�̃� = 0, at 𝑧 = 0, (9.176b)
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Fig. 9.20 Vertical structure of the most unstable modes in a continuously stratified instability
calculation with 𝛽 = 0 (dashed lines, the Eady problem) and 𝛽 ≠ 0 (solid lines, as in the continuous
problem in Fig. 9.19). The effect of beta is to depress the height of the maximum amplitude of the
instability.

where 𝜕𝑦𝑄 = 𝛽 − 𝜕𝑦𝑦𝑈 − 𝜕𝑧(𝐹𝜕𝑧𝑈). Now suppose that there is a discontinuity in the shear and/or
the stratification in the interior of the fluid, at some level 𝑧 = 𝑧𝑐. Integrating (9.176a) across the
discontinuity, noting that �̃� is continuous in 𝑧, gives

(𝑈 − 𝑐) [𝐹𝜕�̃�
𝜕𝑧
]
𝑧𝑐+

𝑧𝑐−
− �̃�(𝑦, 𝑧𝑐) [𝐹

𝜕𝑈
𝜕𝑧
]
𝑧𝑐+

𝑧𝑐−
= 0. (9.177)

which has similar form to (9.176b). This construction is evocative of the equivalence of a delta-
function sheet of potential vorticity at a rigid boundary, except that now a discontinuity in the
potential vorticity in the interior has a similarity with a rigid boundary.

We can illustrate the effects of an interior discontinuity that crudely represents the tropopause
by numerically solving the linear eigenvalue problem. We pose the problem on the 𝑓-plane, in
a horizontally doubly-periodic domain, with no horizontal variation of shear, and between two
horizontal rigid lids. The eigenvalue problem is defined by (9.69), and the numerical procedure
then solves for the complex eigenvalue 𝑐 and eigenfunction �̃�(𝑧); various results are illustrated in
Fig. 9.21. To parse this rather complex figure, first look at the solid curves in all the panels. These
arise when the problem is solved with a uniform shear and a uniform stratification, with a lid at
𝑧 = 0 and 𝑧 = 1, hence simply giving the Eady problem. The familiar growth rates and vertical
structure of the solution are given by the solid curves in panels (b), (c) and (d), and these are just the
same as in Fig. 9.10. The various dotted and dashed curves show the results when the lid at 𝑧 = 1 is
replaced by a stratosphere stretching from 1 < 𝑧 < 2 either with high stratification, zero shear, or
both, and in all of these cases the stratosphere acts qualitatively in the same way as a rigid lid. The
vertical structure of the solution in the troposphere is, in all cases, quite similar, and the amplitude
decays rapidly above the idealized tropopause, consistent with the almost uniform phase of the
disturbance illustrated in panel (d)— recall that a tilting of the disturbance with height is necessary
for instability. It is these properties that make the Eady problem of more general applicability to
the Earth’s atmosphere than might be first thought: the high stratification above the tropopause
and consequent decay of the instability are mimicked by the imposition of a rigid lid.

In the ocean, the stratification is highest in its upper regions (e.g., in the main thermocline)
where the shear is also strongest, and numerical calculations of the structure and growth rate of
idealized profiles are illustrated in Fig. 9.22.16 The solid curve shows the Eady problem, and the
various dashed curves show the phase speeds, growth rates and phase with combinations of the
profiles illustrated in panel (a). Much of the ocean is characterized by having both a higher shear
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Fig. 9.21 The effect of a stratosphere on baroclinic instability: (a) the given profiles of shear and stratifi-
cation; (b) the growth rate of the instabilities; (c) the amplitude of the most unstable mode as a function
of height; (d) the phase of the most unstable mode. The instability problem is solved numerically with
various profiles of stratification and shear. In each profile, in the idealized troposphere (𝑧 < 1) the shear
and stratification are uniform and the same in each case. We consider four idealized stratospheres (𝑧 ≥ 1):
(1) A lid at 𝑧 = 1, i.e., no stratosphere, giving the Eady problem itself (profiles A+D, solid lines); (2) strato-
spheric stratification as for the troposphere, but with zero shear (profiles a+c, dashed); (3) stratospheric
shear as for troposphere, but with stratification (𝑁2) four times the tropospheric value (b+d, dot-dashed);
(4) zero shear and high stratification in the stratosphere (b+c, dotted). In the troposphere the amplitude
and structure of the instability are similar in all cases, illustrating the similarity of a rigid lid and abrupt
changes in shear or stratification. Either a high stratification or a low shear (or both) will result in weak
stratospheric instability.

and a higher stratification in the upper 1 km or so, and this case is shown with the dotted line in
Fig. 9.22. The amplitude of the instability is also largely confined to the upper ocean, and unlike
the Eady problem it does not arise through the interaction of edge waves at the top and bottom: the
potential vorticity changes sign because of the interior variations due to the non-uniform shear,
mainly in the upper ocean. Consistently, the phase of the baroclinic waves is nearly constant in the
lower ocean in those cases in which the shear is confined to the upper ocean. The real ocean is still
more complicated, because the most unstable regions near intense western boundary currents are
often also barotropically unstable, and the mean flow itself may be meridionally directed. Never-
theless, the result that linear baroclinic instability is primarily an upper ocean phenomenon is quite
robust. However, we will find in Chapter 12 that the nonlinear evolution of baroclinic instability
leads to eddies throughout the water column.
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Fig. 9.22 The baroclinic instability in an idealized ocean, with four different profiles of shear or stratifica-
tion. The panels are: (a) the profiles of velocity and buoyancy (and so 𝑁2) used; (b) the growth rates of
the various cases; (c) the vertical structure of the amplitude of the most unstable models; (d) the phase
in the vertical of the most unstable modes. The instability is calculated numerically with four combina-
tions of shear and stratification: (1) uniform stratification and shear i.e., the Eady problem, (profiles b+d,
solid lines); (2) uniform shear, upper-ocean enhanced stratification (a+d, dashed); (3) uniform stratifica-
tion, upper ocean enhanced shear (b+c, dot-dashed); (4) both stratification and shear enhanced in the
upper ocean (a+c, dotted). Case 2 (a+d, dashed) is really more like an atmosphere with a stratosphere (see
Fig. 9.21), and the amplitude of the disturbance falls off, rather unrealistically, in the upper ocean. Case 4
(a+c, dotted) is the most oceanographically relevant.

Notes
1 Thomson (1871), Helmholtz (1868). Thomson later became known as Lord Kelvin.

2 This is Squire’s theorem, which states that for every three-dimensional disturbance to a plane-
parallel flow there exists a more unstable two-dimensional one (Squire 1933). This means there
is no need to consider three-dimensional effects to determine whether such a flow is unstable.

3 Rayleigh (1880). John Strutt (1842–1919) became 3rd Baron Rayleigh on the death of his father in
1873 and, in a testament to the enduring British class system, is almost universally known as Lord
Rayleigh. He made major contributions in many areas of physics, among them fluid mechanics
(including the theory of sound and instability theory), the analysis of the composition of gases
(leading to the discovery of argon), and scattering theory.

4 First obtained by Rayleigh (1894). I thank Adrian Matthews for comments and pointing out an
error in an earlier derivation. For more applications of this kind of argument see Harnik & Heifetz
(2007) and references therein.
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5 Rayleigh (1880) and, for the case with 𝛽, Kuo (1949).

6 Fjørtoft (1950).

7 Charney & Stern (1962), Pedlosky (1964).

8 Eady (1949), Charney (1947). Eric Eady (1915–1966) is best remembered today as the author of
the iconic ‘Eady model’ of baroclinic instability, which describes the fundamental hydrodynamic
instability mechanism that gives rise to weather systems. After an undergraduate education in
mathematics he joined the UK Meteorological Office in 1937, becoming a forecaster and upper
air analyst, in which capacity he served throughout the war. In 1946 he joined the Department
of Mathematics at Imperial College, presenting his PhD thesis in 1948 on ‘The theory of develop-
ment in dynamical meteorology’, subsequently summarized in Tellus (Eady 1949). This work, with
a skilled combination of austerity and relevance, provides a mathematical description of the essen-
tial aspects of cyclone development that stands to this day as a canonical model in the field. It
also includes, rather obliquely, a derivation of the stratified quasi-geostrophic equations, albeit in
a special form. The impact of the work was immediate and it led to visits to Bergen (in 1947 with J.
Bjerknes), Stockholm (in 1952 with C.-G. Rossby) and Princeton (in 1953 with J. von Neumann and
Charney). Eady followed his baroclinic instability work with prescient discussions of the general
circulation of the atmosphere (Eady 1950, Eady & Sawyer 1951, Eady 1954). A perfectionist who
sought to understand it all, Eady’s subsequent published output was small and he later turned his
attention to fundamental problems in other areas of fluid mechanics, the dynamics of the Sun and
the Earth’s interior, and biochemistry. In his younger days he was a lively personality but he be-
came increasingly divorced from normal scientific and human discourse, and finally took his own
life. There is little published about him, save for the obituary by Charnock et al. (1966). Elsewehere,
Charnock said ’Talking with Eric Eady was one of the pleasures of life’.

Jule Charney (1917–1981) played a defining role in dynamical meteorology in the second half of
the twentieth century. He made seminal contributions in many areas including: the theory of
baroclinic instability (Charney 1947); a systematic scaling theory for large-scale atmospheric mo-
tions and the derivation of the quasi-geostrophic equations (Charney 1948); a theory of station-
ary waves in the atmosphere (Charney & Eliassen 1949); the demonstration of the feasibility of
numerical weather forecasts (Charney et al. 1950); planetary wave propagation into the strato-
sphere (Charney & Drazin 1961); a criterion for baroclinic instability (Charney & Stern 1962); a
theory for hurricane growth (Charney & Eliassen 1964); and the concept of geostrophic turbu-
lence (Charney 1971). His PhD from UCLA in 1946 was entitled ‘Dynamics of long waves in a
baroclinic westerly current’ and this became his well-known 1947 paper. After this he spent a
year at Chicago and another at Oslo, and in 1948 joined the Institute of Advanced Study in Prince-
ton where he stayed until 1956 (and where Eady visited for a while). He spent most of his sub-
sequent career at MIT, interspersed with many visits to Europe, especially Norway. For a more
complete picture of Charney, see Lindzen et al. (1990) and a brief biography by N. Phillips, available
at http://www.nap.edu/readingroom/books/biomems/jcharney.html.

9 The solution to Eady problem follows relatively straightforwardly using the quasi-geostrophic ap-
proximation from the outset. But when Eady was formulating his problem the quasi-geostrophic
equations were not known, except perhaps to Charney. Eady (1949) began with something more
akin to the primitive equations, and introduced an essentially quasi-geostrophic assumption late
in his derivation, and independently derived a linear version of the quasi-geostrophic potential vor-
ticity equation.

10 If 𝑐 is real (and the waves are neutral), then there exists the possibility that 𝛬𝑧 − 𝑐 = 0, and the
equation for 𝛷 is

d2𝛷
d𝑧2
− 𝜇2𝛷 = 𝐶𝛿(𝑧 − 𝑧𝑐), 𝑧𝑐 = 𝑐/𝛬, (9.178)

where𝐶 is a constant. Because 𝑧𝑐 is continuous in the interval [0, 1] so is 𝑐, and these solutions have
a continuous spectrumof eigenvalues. The associated eigenfunctions provide formal completeness
to the normal modes, enabling any function to be represented as their superposition.

11 After Phillips (1954).
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12 Our nondimensionalization of the two-layer system is such as to be in correspondence with that
for the continuous system. Thus we choose 𝐻 to be the total depth of the domain. This choice
produces growth rates and wavenumbers that are equivalent to those in the Eady problem.

13 Green (1960) and Branscome (1983). Lindzen & Farrell (1980) also provide an approximate calcu-
lation of growth rates in the Charney problem.

14 After Charney (1947), in whose problem it appears, and Green (1960), who appreciated its impor-
tance.

15 Our numerical procedure is to assume a wave-like solution in the horizontal direction of the form
�̃� exp[i(𝑘𝑥 + 𝑙𝑦 − 𝜔𝑡)], and to finite difference the equations in the vertical direction. The resulting
eigenvalue equations are solved by standard matrix methods, for each horizontal wavenumber. See
Smith & Vallis (1998) and Green (1960).

16 Gill et al. (1974) and Robinson & McWilliams (1974) were among the first to look at baroclinic
instability in the ocean.





Below, a myriad, myriad waves hastening, lifting up their necks,
Tending in ceaseless flow toward the track of the ship,
Waves of the ocean bubbling and gurgling, blithely prying,
Waves, undulating waves, liquid, uneven, emulous waves,
Toward that whirling current, laughing and buoyant.
Walt Whitman, After the Sea-Ship, in Leaves of Grass, 1881.

CHAPTER 10

Waves, Mean-Flows, and their Interaction

Wave–mean-flow interaction is concerned with how some mean-flow, perhaps a time
or zonal average, interacts with a wave-like departure from that mean, and this chapter
provides an elementary introduction to this topic. It is ‘elementary’ because our deriva-

tions and discussion are obtained by straightforward manipulations of the equations of motion in
the simplest case that illustrates the relevant principle. It is implicit in what we do that it is a sensi-
ble thing to decompose the fields into a mean plus some departure, and one case when this is so is
when the departure is of small amplitude. Departures from the mean — generically called eddies
— are in reality not always small; for example, in the mid-latitude troposphere the eddies are often
of similar amplitude to the mean-flow, and Chapters 12 and 13 explore this from the standpoint
of turbulence. However, in this chapter we will assume that eddies are indeed of small amplitude,
and, in particular, that eddy–mean-flow interaction is larger than eddy–eddy interaction.

Awave is an eddy that satisfies, at least approximately, a dispersion relation. It is the presence of
such a dispersion relation that enables a number of results to be obtained that would otherwise be
out of our reach. It is implicit in defining waves this way that they are generally of small amplitude,
for it is this that allows the equations ofmotion to be sensibly linearized and a dispersion relation to
be obtained (although some waves have finite amplitude and still satisfy a dispersion relation), and
the interaction with the mean-flow calculated. The qualitative nature of such interaction can then
provide insights into the finite-amplitude problem, and one goal of wave–mean-flow theory is to
provide a way of qualitatively understanding more realistic situations, and to suggest diagnostics
that might be used to analyze both observations and numerical solutions of the nonlinear problem.
In this chapter we will largely concern ourselves with a zonal mean, since this is the simplest and
often most useful case because of the presence of simple boundary conditions. We will also be
mainly concerned with quasi-geostrophic dynamics on a 𝛽-plane (and hence Rossby waves), using
Boussinesq dynamics, since here the concepts are most clearly illustrated. Thus, in this chapter the
reader will find an introduction to such matters as the ‘transformed Eulerian mean’, the ‘Eliassen–
Palm flux’ and the ‘non-acceleration result’, and later in the chapter we look at how some related
ideas can be used to prove stability of a flow without invoking normal modes. Impatient readers
who are anxious for real examples may wish to first look at Chapters 15 and 17 and then come back
to this chapter as needed.
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10.1 QUASI-GEOSTROPHIC WAVE–MEAN-FLOW INTERACTION
10.1.1 Preliminaries
To fix our dynamical system and notation, we write down the Boussinesq quasi-geostrophic po-
tential vorticity equation

𝜕𝑞
𝜕𝑡
+ 𝐽(𝜓, 𝑞) = 𝐷, (10.1)

where𝐷 represents any non-conservative terms and the potential vorticity in a Boussinesq system
is

𝑞 = 𝛽𝑦 + 𝜁 + 𝜕
𝜕𝑧
( 𝑓0
𝑁2
𝑏) , (10.2)

where 𝜁 is the relative vorticity and 𝑏 is the buoyancy perturbation from the background state
characterized by 𝑁2. (In an ideal gas 𝑞 = 𝛽𝑦 + 𝜁 + (𝑓0/𝜌𝑅)𝜕𝑧 (𝜌𝑅𝑏/𝑁2), where 𝜌𝑅 is a specified
density profile, and most of our derivations can be extended to that case.) We will refer to lines of
constant 𝑏 as isentropes. In terms of the streamfunction, the variables are

𝜁 = ∇2𝜓, 𝑏 = 𝑓0
𝜕𝜓
𝜕𝑧
, 𝑞 = 𝛽𝑦 + [∇2 + 𝜕

𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕
𝜕𝑧
)]𝜓. (10.3)

where ∇2 ≡ (𝜕2𝑥 + 𝜕2𝑦). The potential vorticity equation holds in the fluid interior; the boundary
conditions on (10.3) are provided by the thermodynamic equation

𝜕𝑏
𝜕𝑡
+ 𝐽(𝜓, 𝑏) + 𝑤𝑁2 = 𝐻, (10.4)

where𝐻 represents heating terms. The vertical velocity at the boundary, 𝑤, is zero in the absence
of topography and Ekman friction, and if𝐻 is also zero the boundary condition is just

𝜕𝑏
𝜕𝑡
+ 𝐽(𝜓, 𝑏) = 0. (10.5)

Equations (10.1) and (10.5) are the evolution equations for the system and if both 𝐷 and 𝐻 are
zero they conserve both the total energy, 𝐸 and the total enstrophy, 𝑍:

d𝐸
d𝑡
= 0, 𝐸 = 1

2
∫
𝑉
(∇𝜓)2 + 𝑓

2
0
𝑁2
(𝜕𝜓
𝜕𝑧
)
2
d𝑉,

d𝑍
d𝑡
= 0, 𝑍 = 1

2
∫
𝑉
𝑞2 d𝑉,

(10.6)

where𝑉 is a volume bounded by surfaces at which the normal velocity is zero, or that has periodic
boundary conditions. The enstrophy is also conserved layerwise; that is, the horizontal integral of
𝑞2 is conserved at every level.

10.1.2 Potential Vorticity Flux in the Linear Equations
Let us decompose the fields into a mean (to be denoted with an overbar) plus a perturbation (de-
noted with a prime), and let us suppose the perturbation fields are of small amplitude. (In linear
problems, such as those considered in Chapter 9, we decomposed the flow into a ‘basic state’ plus
a perturbation, with the basic state fixed in time. Our approach here is similar, but soon we will
allow the mean state to evolve.) The linearized quasi-geostrophic potential vorticity equation is
then

𝜕𝑞′
𝜕𝑡
+ 𝑢𝜕𝑞

′

𝜕𝑥
+ 𝑢′ 𝜕𝑞
𝜕𝑥
+ 𝑣𝜕𝑞

′

𝜕𝑦
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= 𝐷′, (10.7)
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where𝐷′ represents eddy forcing and dissipation and, in terms of streamfunction,

(𝑢′(𝑥, 𝑦, 𝑧, 𝑡), 𝑣′(𝑥, 𝑦, 𝑧, 𝑡)) = (−𝜕𝜓
′

𝜕𝑦
, 𝜕𝜓
′

𝜕𝑥
) , (10.8a)

𝑞′(𝑥, 𝑦, 𝑧, 𝑡) = ∇2𝜓′ + 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕𝜓′
𝜕𝑧
) . (10.8b)

If the mean is a zonal mean then 𝜕𝑞/𝜕𝑥 = 0 and 𝑣 = 0 (because 𝑣 is purely geostrophic) and
(10.7) simplifies to

𝜕𝑞′
𝜕𝑡
+ 𝑢𝜕𝑞

′

𝜕𝑥
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= 𝐷′, (10.9)

where

𝑞 = 𝛽𝑦 − 𝜕𝑢
𝜕𝑦
+ 𝜕
𝜕𝑧
( 𝑓0
𝑁2
𝑏) , and 𝜕𝑞

𝜕𝑦
= 𝛽 − 𝜕

2𝑢
𝜕𝑦2
− 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕𝑢
𝜕𝑧
) . (10.10a,b)

using thermal wind, 𝑓0𝜕𝑢/𝜕𝑧 = −𝜕𝑏/𝜕𝑦.
Multiplying by 𝑞′ and zonally averaging gives the enstrophy equation:

1
2
𝜕
𝜕𝑡
𝑞′2 = −𝑣′𝑞′ 𝜕𝑞

𝜕𝑦
+ 𝐷′𝑞′ . (10.11)

The quantity 𝑣′𝑞′ is the meridional flux of potential vorticity; this is downgradient (by definition)
when the first term on the right-hand side is positive (i.e., 𝑣′𝑞′𝜕𝑞/𝜕𝑦 < 0), and it then acts to
increase the variance of the perturbation. (This occurs, for example, when the flux is diffusive
so that 𝑣′𝑞′ = −𝜅𝜕𝑞/𝜕𝑦, where 𝜅 may vary but is everywhere positive.) This argument may be
inverted: for inviscid flow (𝐷 = 0), if the waves are growing, as for example in the canonicalmodels
of baroclinic instability discussed in Chapter 9, then the potential vorticity flux is downgradient.

If the second term on the right-hand side of (10.11) is negative, as it will be if𝐷′ is a dissipative
process (e.g., if 𝐷′ = 𝐴∇2𝑞′ or if 𝐷′ = −𝑟𝑞′, where 𝐴 and 𝑟 are positive) then a statistical balance
can be achieved between enstrophy production via downgradient transport, and dissipation. If the
waves are steady (bywhichwemean statistically steady, neither growing nor decaying in amplitude)
and conservative (i.e.,𝐷′ = 0) then we must have

𝑣′𝑞′ = 0. (10.12)

Similar results follow for the buoyancy at the boundary; we start by linearizing the thermody-
namic equation (10.5) to give

𝜕𝑏′
𝜕𝑡
+ 𝑢𝜕𝑏

′

𝜕𝑥
+ 𝑣′ 𝜕𝑏
𝜕𝑦
= 𝐻′, (10.13)

where𝐻′ is a diabatic source term. Multiplying (10.13) by 𝑏′ and averaging gives

1
2
𝜕
𝜕𝑡
𝑏′2 = −𝑣′𝑏′ 𝜕𝑏

𝜕𝑦
+ 𝐻′𝑏′ . (10.14)

Thus growing adiabatic waves have a downgradient flux of buoyancy at the boundary. In the Eady
problem there is no interior gradient of basic-state potential vorticity and all the terms in (10.11)
are zero, but the perturbation grows at the boundary. If the waves are steady and adiabatic then,
analogously to (10.12),

𝑣′𝑏′ = 0. (10.15)
The boundary conditions and fluxes may be absorbed into the interior definition of potential vor-
ticity and its fluxes by way of the delta-function boundary layer construction, described in Section
5.4.3. In models with discrete vertical layers or a finite number of levels it is common practice to
absorb the boundary conditions into the definition of potential vorticity at top and bottom.
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10.1.3 Wave–Mean-Flow Interaction
In linear problems we usually suppose that the mean-flow is fixed and that the zonal mean terms,
𝑢 and 𝑞 in (10.9), are functions only of 𝑦 and 𝑧. However, in reality we might expect that the mean-
flow would change because of momentum and heat flux convergences arising from the eddy–eddy
interactions. To calculate these changes we begin with the potential vorticity equation (10.1) and,
in the usual way, express the variables as a zonal mean plus an eddy term and obtain

𝜕𝑞
𝜕𝑡
+ ∇ ⋅ (𝒖 𝑞) + ∇ ⋅ (𝒖′𝑞′) = 𝐷. (10.16)

Now, since the mean-flow is a zonal mean, and 𝑣 = 0, the first term is zero and the mean-flow
evolves according to

𝜕𝑞
𝜕𝑡
+ 𝜕
𝜕𝑦
𝑣′𝑞′ = 𝐷. (10.17)

Similarly, at the boundary the mean buoyancy evolution equation is

𝜕𝑏
𝜕𝑡
+ 𝜕
𝜕𝑦
𝑣′𝑏′ = 𝐻. (10.18)

To obtain 𝑢 from 𝑞 and 𝑏 we use thermal wind balance to define a streamfunction 𝛹. That is,
since

𝑓0
𝜕𝑢
𝜕𝑧
= − 𝜕𝑏
𝜕𝑦
, then (𝑢, 1

𝑓0
𝑏) = (−𝜕𝛹

𝜕𝑦
, 𝜕𝛹
𝜕𝑧
) (10.19a,b)

whence, using (10.10a), the potential vorticity is

𝑞(𝑦, 𝑧, 𝑡) − 𝛽𝑦 = 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕𝛹
𝜕𝑧
) + 𝜕
2𝛹
𝜕𝑦2
. (10.20)

If 𝑞 is known in the interior from (10.18), and 𝑏 (i.e., 𝑓0𝜕𝛹/𝜕𝑧) is known at the boundaries, then 𝑢
and 𝑏 in the interior may be obtained using (10.20) and (10.19b). The equations are also summa-
rized in the grey box on page 390.

To close the system we suppose that the eddy terms themselves evolve according to (10.9) and
(10.13). If in those equations we were to include the eddy–eddy interaction terms we would sim-
ply recover the full system, so in neglecting those terms we have constructed an eddy–mean-flow
system, commonly called awave–mean-flow system because by eliminating the nonlinear terms in
the perturbation equation the eddies will often be wavelike. Non quasi-geostrophic wave–mean-
flow systems may be constructed in a similar fashion: for example, we could construct a system
using the primitive equations with separate equations for eddy and zonal-mean temperature and
velocity fields, and an example involving gravity waves is given in Chapter 17.

It is important to realise that such systems do differ from linear ones. In constructing linear
systems we posit that the eddy terms are small compared to the mean-flow and thus neglect the
eddy–eddy interaction terms and keep the mean-flow fixed. In a wave–mean-flow problem we
similarly suppose the eddy terms are small, and we neglect eddy–eddy interaction terms where
they produce another eddy, because the terms involving the mean-flow are larger. However, in
the mean-flow equation, (10.16), there are no mean-flow terms that are larger, so we keep the
eddy–eddy terms and allow the mean-flow to evolve. Such a justification is hardly a rigorous one,
since if the eddy terms are small then the effects on the mean-flow will be small, and so one might
suppose that the mean-flow should be held fixed. The wave–mean-flow equations really can only
be justified on a case-by-case basis with a detailed examination of the size of the terms and the rate
at which they evolve, and that is the subject of weakly nonlinear theory. Another justification for
wave–mean-flow problems is that they lead to insight into the behaviour of the full system.
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We now consider some more properties of the waves themselves — how they propagate and
what they conserve — beginning with a discussion of the potential vorticity flux and its relative,
the Eliassen–Palm flux

10.2 THE ELIASSEN–PALM FLUX
The eddy flux of potential vorticity may be expressed in terms of vorticity and buoyancy fluxes as

𝑣′𝑞′ = 𝑣′𝜁′ + 𝑓0𝑣′
𝜕
𝜕𝑧
( 𝑏
′

𝑁2
) . (10.21)

The second term on the right-hand side can be written as

𝑓0𝑣′
𝜕
𝜕𝑧
( 𝑏
′

𝑁2
) = 𝑓0
𝜕
𝜕𝑧
(𝑣
′𝑏′
𝑁2
) − 𝑓0
𝜕𝑣′
𝜕𝑧
𝑏′
𝑁2

= 𝑓0
𝜕
𝜕𝑧
(𝑣
′𝑏′
𝑁2
) − 𝑓0
𝜕
𝜕𝑥
(𝜕𝜓
′

𝜕𝑧
) 𝑏
′

𝑁2

= 𝑓0
𝜕
𝜕𝑧
(𝑣
′𝑏′
𝑁2
) − 𝑓

2
0
2𝑁2
𝜕
𝜕𝑥
(𝜕𝜓
′

𝜕𝑧
)
2
,

(10.22)

using 𝑏′ = 𝑓0𝜕𝜓′/𝜕𝑧.
Similarly, the flux of relative vorticity can be written

𝑣′𝜁′ = − 𝜕
𝜕𝑦
(𝑢′𝑣′) + 1

2
𝜕
𝜕𝑥
(𝑣′2 − 𝑢′2), (10.23)

Using (10.22) and (10.23), (10.21) becomes

𝑣′𝑞′ = − 𝜕
𝜕𝑦
(𝑢′𝑣′) + 𝜕

𝜕𝑧
( 𝑓0
𝑁2
𝑣′𝑏′) + 1

2
𝜕
𝜕𝑥
((𝑣′2 − 𝑢′2) − 𝑏

′2

𝑁2
) . (10.24)

Thus the meridional potential vorticity flux, in the quasi-geostrophic approximation, can be writ-
ten as the divergence of a vector: 𝑣′𝑞′ = ∇ ⋅ 𝓔 where

𝓔 ≡ 1
2
((𝑣′2 − 𝑢′2) − 𝑏

′2

𝑁2
) 𝐢 − (𝑢′𝑣′) 𝐣 + ( 𝑓0

𝑁2
𝑣′𝑏′)𝐤. (10.25)

A particularly useful form of this arises after zonally averaging, for then (10.24) becomes

𝑣′𝑞′ = − 𝜕
𝜕𝑦
𝑢′𝑣′ + 𝜕
𝜕𝑧
( 𝑓0
𝑁2
𝑣′𝑏′) . (10.26)

The vector defined by

𝓕 ≡ −𝑢′𝑣′ 𝐣 + 𝑓0
𝑁2
𝑣′𝑏′ 𝐤 (10.27)

is called the (quasi-geostrophic) Eliassen–Palm (EP) flux,1 and its divergence, given by (10.26),
gives the poleward flux of potential vorticity:

𝑣′𝑞′ = ∇𝑥 ⋅ 𝓕, (10.28)

where∇𝑥⋅ ≡ (𝜕/𝜕𝑦, 𝜕/𝜕𝑧)⋅ is the divergence in themeridional plane. Unless themeaning is unclear,
the subscript 𝑥 on the meridional divergence will be dropped.
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10.2.1 The Eliassen–Palm Relation
On dividing by 𝜕𝑞/𝜕𝑦 and using (10.28), the enstrophy equation (10.11) becomes

𝜕𝒜
𝜕𝑡
+ ∇ ⋅ 𝓕 = 𝒟, (10.29a)

where

𝒜 = 𝑞
′2

2𝜕𝑞/𝜕𝑦
, 𝒟 = 𝐷

′𝑞′
𝜕𝑞/𝜕𝑦
, (10.29b)

and 𝓕 is given by (10.27). Equation (10.29a) is known as the Eliassen–Palm relation, and it is
a conservation law (when 𝒟 = 0) for the wave activity density 𝒜. (We also encountered wave
activities in Section 6.7.2). The conservation law is exact (in the linear approximation) if the mean-
flow is constant in time; it will be a good approximation if 𝜕𝑞/𝜕𝑦 varies slowly compared to the
variation of 𝑞′2. In this instance 𝒜 is the pseudomomentum density, 𝒫, but other kinds of wave
activity density exist — the pseudoenergy density for example, which we will encounter later.

If we integrate (10.29a) over a meridional area 𝐴 bounded by walls where the eddy activity
vanishes, and if 𝒟 = 0, we obtain

d
d𝑡
∫
𝐴
𝒜d𝐴 = 0. (10.30)

The integral is a wave activity — a quantity that is quadratic in the amplitude of the perturbation
and that is conserved in the absence of forcing and dissipation. If there is no ambiguity wewill drop
the word density and also refer to𝒜 and𝒫 as wave activities. (‘Wave action’ is related to wave activ-
ity, but specifically means energy divided by the frequency; it is also conserved in many problems.)
Note that neither the perturbation energy nor the perturbation enstrophy are wave activities of the
linearized equations, because there can be an exchange of energy or enstrophy between mean and
perturbation — indeed, this is how a perturbation grows in baroclinic or barotropic instability!
This is already evident from (10.11), or in general take (10.7) with 𝐷′ = 0 and multiply by 𝑞′ to
give the enstrophy equation,

1
2
𝜕𝑞′2
𝜕𝑡
+ 1
2
𝒖 ⋅ ∇𝑞′2 + 𝒖′𝑞′ ⋅ ∇𝑞 = 0, (10.31)

where here the overbar is an average (although it need not be a zonal average). Integrating this
over a volume 𝑉 gives

d�̂�′
d𝑡
≡ d

d𝑡
∫
𝑉

1
2
𝑞′2 d𝑉 = −∫

𝑉
𝒖′𝑞′ ⋅ ∇𝑞 d𝑉. (10.32)

The right-hand side does not, in general, vanish and so �̂�′ is not in general conserved.

10.2.2 The Group Velocity Property for Rossby Waves
The vector𝓕 describes how the wave activity propagates. We noted in Chapter 6 that in the case in
which the disturbance is composed of plane or almost plane waves that satisfy a dispersion relation,
then 𝓕 = 𝒄𝑔𝒜, where 𝒄𝑔 is the group velocity and (10.29a) becomes

𝜕𝒜
𝜕𝑡
+ ∇ ⋅ (𝒜𝒄𝑔) = 0. (10.33)

This is a useful property, because if we can diagnose 𝒄𝑔 from observations we can use (10.29a) to
determine how wave activity density propagates. Let us demonstrate this explicitly for the pseudo-
momentum in Rossby waves.
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The Boussinesq quasi-geostrophic equation on the 𝛽-plane, linearized around a uniform zonal
flow and with constant static stability, is

𝜕𝑞′
𝜕𝑡
+ 𝑢𝜕𝑞

′

𝜕𝑥
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= 0, (10.34)

where 𝑞′ = [∇2 + (𝑓20 /𝑁2)𝜕2/𝜕𝑧2]𝜓′ and, if 𝑢 is constant, 𝜕𝑞/𝜕𝑦 = 𝛽. Thus we have

( 𝜕
𝜕𝑡
+ 𝑢 𝜕
𝜕𝑥
)[ �∇2𝜓′ + 𝜕

𝜕𝑧
(� 𝑓
2
0
𝑁2
𝜕𝜓′
𝜕𝑧
) �]� + 𝛽𝜕𝜓

′

𝜕𝑥
= 0. (10.35)

Seeking solutions of the form
𝜓′ = Re �̃�ei(𝑘𝑥+𝑙𝑦+𝑚𝑧−𝜔𝑡), (10.36)

we find the dispersion relation,

𝜔 = 𝑢𝑘 − 𝛽𝑘
𝜅2
, (10.37)

where 𝜅2 = (𝑘2 + 𝑙2 + 𝑚2𝑓20 /𝑁2), and the group velocity components:

𝑐𝑦𝑔 =
2𝛽𝑘𝑙
𝜅4
, 𝑐𝑧𝑔 =

2𝛽𝑘𝑚𝑓20 /𝑁2
𝜅4
. (10.38)

Also, if 𝑢′ = Re 𝑢 exp[i(𝑘𝑥 + 𝑙𝑦 + 𝑚𝑧 − 𝜔𝑡)], and similarly for the other fields, then

𝑢 = −Re i𝑙�̃�, 𝑣 = Re i𝑘�̃�,
�̃� = Re i𝑚𝑓0�̃�, 𝑞 = −Re 𝜅2�̃�.

(10.39)

The wave activity density is then

𝒜 = 1
2
𝑞′2
𝛽
= 𝜅
4

4𝛽
|�̃�2|, (10.40)

where the additional factor of 2 in the denominator arises from the averaging. Using (10.39) the
EP flux, (10.27), is

ℱ𝑦 = −𝑢′𝑣′ = 1
2
𝑘𝑙|�̃�2|, ℱ𝑧 = 𝑓0

𝑁2
𝑣′𝑏′ = 𝑓

2
0
2𝑁2
𝑘𝑚|�̃�2|. (10.41)

Using (10.38), (10.40) and (10.41) we obtain

𝓕 = (ℱ𝑦,ℱ𝑧) = 𝒄𝑔𝒜. (10.42)

If the properties of the medium are slowly varying, so that a (spatially varying) group velocity can
still be defined, then this is a useful expression to estimate how the wave activity propagates in the
atmosphere and in numerical simulations.

10.2.3 ♦ The Orthogonality of Modes
It is a direct consequence of the conservation of wave activity that disturbance modes are orthogo-
nal in the ‘wave activity norm’, defined later on, and thus are a useful measure of the amplitude of
a particular mode.2 To explore this, we start with the linearized potential vorticity equation,

𝜕𝑞′
𝜕𝑡
+ 𝑢𝜕𝑞

′

𝜕𝑥
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= 0. (10.43)
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Let us formally seek solutions of the form 𝜓′ = Re𝛹 exp(i𝑘𝑥) where 𝛹 is the sum of modes,

𝛹 = ∑
𝑛
�̃�𝑛(𝑦, 𝑧)e−i𝑘𝑐𝑛𝑡, (10.44)

where 𝑛 is an identifier of the modes. The modes satisfy

(𝑢𝛥2𝑘 + 𝑞𝑦)�̃�𝑛 = 𝑐𝑛𝛥
2
𝑘�̃�𝑛, (10.45)

where
𝛥2𝑘 =
𝜕2
𝜕𝑦2
+ 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕
𝜕𝑧
) − 𝑘2. (10.46)

Theupper and lower boundary conditions (at 𝑧 = 0, −𝐻) are given by the thermodynamic equation

𝜕𝑏′
𝜕𝑡
+ 𝑢𝜕𝑏

′

𝜕𝑥
+ 𝑣′ 𝜕𝑏
𝜕𝑦
= 0, (10.47)

and if we simplify further by supposing 𝜕𝑢/𝜕𝑧 = 0 then the boundary condition becomes

𝜕𝜓′𝑧
𝜕𝑡
+ 𝑢𝜕𝜓

′
𝑧
𝜕𝑥
= 0. (10.48)

There are no meridional buoyancy fluxes at the boundary. If 𝑁2 is a constant (a simplifying but
not essential assumption) then we can let �̃�𝑛(𝑦, 𝑧) = 𝜓𝑛(𝑦) cos𝑝𝑧, with 𝑝 = 𝑗π/𝐻 where 𝑗 is
an integer and the mode 𝑛 now labels only the meridional modes. The corresponding potential
vorticity modes are given by

𝑞𝑛 = 𝛥2𝑘,𝑚𝜓𝑛, 𝛥2𝑘,𝑚 =
𝜕2
𝜕𝑦2
− 𝑓
2
0
𝑁2
𝑚2 − 𝑘2, (10.49)

and the boundary conditions are then built in to any solution we construct from (10.45) and
(10.49).3 We may then consider a single zonal and a single vertical wavenumber. (If there is
no horizontal variation of the shear, the meridional modes are harmonic functions, for example
𝜓𝑛 ∝ sin(𝑛π𝑦/𝐿) for a channel of width 𝐿.)

For a given basic state we may imagine solving (10.45), numerically or analytically, and de-
termining the modes. However, these modes are not orthogonal in the sense of either energy or
enstrophy. That is, denoting the inner product by

⟨𝑎, 𝑏⟩ ≡ 1
2𝐿
∫
𝐿
𝑎𝑏d𝑦, (10.50)

then, in general,
𝐼𝐸 = ⟨𝜓𝑛, 𝑞𝑚⟩ ≠ 0, 𝐼𝑍 = ⟨𝑞𝑛, 𝑞𝑚⟩ ≠ 0, (10.51a,b)

for 𝑛 ≠ 𝑚, where 𝑞𝑛 = 𝛥2𝑘,𝑝𝜓𝑛. Perturbation energy and enstrophy are thus not wave activities
of the linearized equations, and it is not meaningful to talk about the energy or enstrophy of a
particular mode. However, by the same token we may expect orthogonality in the wave activity
norm. To prove this and understand what it means, suppose that at 𝑡 = 0 the disturbance consists
of two modes, 𝑛 and𝑚, so that at a later time 𝑞 = (𝑞𝑛e−i𝑘𝑐𝑛𝑡 + 𝑞𝑚e−i𝑘𝑐𝑚𝑡 + c.c.), where 𝑐𝑚 ≠ 𝑐𝑛 and
we assume that both are real. The wave activity is

𝑃 ≡ ∫𝒜 d𝑦 d𝑧 = ⟨𝑞𝑛, 𝑞∗𝑚/𝑞𝑦⟩ e
−i𝑘(𝑐𝑛−𝑐𝑚)𝑡 + ⟨𝑞𝑚, 𝑞∗𝑚/𝑞𝑦⟩ + ⟨𝑞𝑛, 𝑞

∗
𝑛/𝑞𝑦⟩ + c.c. (10.52)
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The second and third terms on the right-hand side are the wave activities of each mode, and these
are constants (to see this, consider the case when the disturbance is just a single mode). Now,
because d𝑃/d𝑡 = 0 the first term must vanish if 𝑐𝑛 ≠ 𝑐𝑚, implying the modes are orthogonal and,
in particular,

Re ∫ 1
𝑞𝑦
𝑞𝑛𝑞∗𝑚 d𝑦 = 0, (10.53)

for 𝑛 ≠ 𝑚. The inner product weighted by 1/𝑞𝑦 defines the wave activity norm. Orthogonality is
a useful result, for it means that the wave activity is a proper measure of the amplitude of a given
mode unlike, for example, energy. The conservation of wave activity will lead to a particularly
straightforward derivation of the necessary conditions for stability, given in Section 10.6.

10.3 THE TRANSFORMED EULERIAN MEAN
The so-called transformed Eulerian mean, or tem, is a transformation of the equations of motion
that provides a useful framework for discussing eddy effects under a wide range of conditions.4 It
is useful because, as we shall see, it is equivalent to a very natural form of averaging the equations
that serves to eliminate eddy fluxes in the thermodynamic equation and collect them together,
in a simple form, in the momentum equation, and in so doing it highlights the role of potential
vorticity fluxes. The tem also provides a natural separation between diabatic and adiabatic effects
or between advective and diffusive fluxes and, in the case in which the flow is adiabatic, a pleasing
simplification of the equations. In later chapters we will use the tem to better understand the mid-
latitude troposphere and the dynamics of the Antarctic Circumpolar Current, and as a framework
for the parameterization of eddy fluxes. Of course, there being no free lunch, the tem brings
with it its own difficulties, and in particular the implementation of boundary conditions can cause
difficulties, especially in the actual numerical integration of the equations.

10.3.1 Quasi-Geostrophic Form
For simplicity we will use the Boussinesq equations on the beta-plane. The zonally-averaged Eule-
rian mean equations for the zonally-averaged zonal velocity and buoyancy may then be written as
(see Section 2.2.6)

𝜕𝑢
𝜕𝑡
− (𝑓 + 𝜁)𝑣 + 𝑤𝜕𝑢

𝜕𝑧
= − 𝜕
𝜕𝑦
𝑢′𝑣′ − 𝜕
𝜕𝑧
𝑢′𝑤′ + 𝐹, (10.54a)

𝜕𝑏
𝜕𝑡
+ 𝑣 𝜕𝑏
𝜕𝑦
+ 𝑤𝜕𝑏
𝜕𝑧
= − 𝜕
𝜕𝑦
𝑣′𝑏′ − 𝜕
𝜕𝑧
𝑤′𝑏′ + 𝑆, (10.54b)

where𝐹 and 𝑆 represent frictional and heating terms, respectively, and themeridional velocity, 𝑣, is
purely ageostrophic. Using quasi-geostrophic scaling we neglect the vertical eddy flux divergences
and all ageostrophic velocities except when multiplied by 𝑓0 or 𝑁2. The above equations then
become

𝜕𝑢
𝜕𝑡
= 𝑓0𝑣 −

𝜕
𝜕𝑦
𝑢′𝑣′ + 𝐹, (10.55a)

𝜕𝑏
𝜕𝑡
= −𝑁2𝑤 − 𝜕

𝜕𝑦
𝑣′𝑏′ + 𝑆. (10.55b)

These two equations are connected by the thermal wind relation,

𝑓0
𝜕𝑢
𝜕𝑧
= − 𝜕𝑏
𝜕𝑦
, (10.56)
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which is a combination of the geostrophic 𝑣-momentum equation (𝑓0𝑢 = −𝜕𝜙/𝜕𝑦) and hydrostasy
(𝜕𝜙/𝜕𝑧 = 𝑏). One less than ideal aspect of (10.55) is that in the extratropics the dominant bal-
ance is usually between the first two terms on the right-hand sides of each equation, even in time-
dependent cases. Thus, the Coriolis force closely balances the divergence of the eddy momentum
fluxes, and the advection of the mean stratification (𝑁2𝑤, or ‘adiabatic cooling’) often balances
the divergence of eddy heat flux, with heating being a small residual. This may lead to an under-
estimation of the importance of diabatic heating, as this is ultimately responsible for the mean
meridional circulation. Furthermore, the link between 𝑢 and 𝑏 via thermal wind dynamically cou-
ples buoyancy and momentum, and obscures the understanding of how the eddy fluxes influence
these fields — is it through the eddy heat fluxes or momentum fluxes, or some combination?

To address this issue we combine the terms𝑁2𝑤 and the eddy flux in (10.55b) into a single total
or residual (so recognizing the cancellation between themean and eddy terms) heat transport term
that in a steady state is balanced by the diabatic term 𝑆. To do this, we first note that because 𝑣 and
𝑤 are related by mass conservation we can define a mean meridional streamfunction 𝜓𝑚 such that

(𝑣, 𝑤) = (−𝜕𝜓𝑚
𝜕𝑧
, 𝜕𝜓𝑚
𝜕𝑦
) . (10.57)

The velocities then satisfy 𝜕𝑣/𝜕𝑦 +𝜕𝑤/𝜕𝑧 = 0 automatically. If we define a residual streamfunction
by

𝜓∗ ≡ 𝜓𝑚 +
1
𝑁2
𝑣′𝑏′, (10.58a)

the components of the residual mean meridional circulation are then given by

(𝑣∗, 𝑤∗) = (−𝜕𝜓
∗

𝜕𝑧
, 𝜕𝜓
∗

𝜕𝑦
) , (10.58b)

and
𝑣∗ = 𝑣 − 𝜕

𝜕𝑧
( 1
𝑁2
𝑣′𝑏′) , 𝑤∗ = 𝑤 + 𝜕

𝜕𝑦
( 1
𝑁2
𝑣′𝑏′) . (10.59)

Note that by construction, the residual overturning circulation satisfies

𝜕𝑣∗
𝜕𝑦
+ 𝜕𝑤
∗

𝜕𝑧
= 0. (10.60)

Substituting (10.59) into (10.55a) and (10.55b) the zonalmomentum and buoyancy equations then
take the simple forms

𝜕𝑢
𝜕𝑡
= 𝑓0𝑣∗ + 𝑣′𝑞′ + 𝐹,

𝜕𝑏
𝜕𝑡
= −𝑁2𝑤∗ + 𝑆,

(10.61a,b)

which are known as the (quasi-geostrophic) transformed Eulerian mean equations, or tem equa-
tions. The potential vorticity flux, 𝑣′𝑞′ , is given in terms of the heat and vorticity fluxes by (10.26),
and is equal to the divergence of the Eliassen–Palm flux as in (10.28).

The tem equations make it apparent that we may consider the potential vorticity fluxes, rather
than the separate contributions of the vorticity and heat fluxes, to force the circulation. If we know
the potential vorticity flux as well as 𝐹 and 𝑆, then (10.60) and (10.61), along with thermal wind
balance

𝑓0
𝜕𝑢
𝜕𝑧
= − 𝜕𝑏
𝜕𝑦
, (10.62)
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form a complete set. The meridional overturning circulation is obtained by eliminating time
derivatives from (10.61) using (10.62), giving

𝑓20
𝜕2𝜓∗
𝜕𝑧2
+ 𝑁2 𝜕

2𝜓∗
𝜕𝑦2
= 𝑓0
𝜕
𝜕𝑧
𝑣′𝑞′ + 𝑓0

𝜕𝐹
𝜕𝑧
+ 𝜕𝑆
𝜕𝑦
. (10.63)

Thus, the residual or net overturning circulation is driven by the (vertical derivative of the) po-
tential vorticity fluxes and the diabatic terms — ‘driven’ in the sense that if we know those terms
we can calculate the overturning circulation, although of course the fluxes themselves depend on
the circulation. Note that this equation applies at every instant, even if the equations are not in a
steady state.

Use of the equations in tem form is particularly useful when the eddy potential vorticity flux
arises from wave activity, for example from Rossby waves. The potential vorticity flux is the con-
vergence of the EP flux 𝓕, as in (10.28), and if the eddies satisfy a dispersion relation the compo-
nents of the EP flux are equal to the group velocity multiplied by the wave activity density 𝒜, as
in (10.42). Thus, knowing the group velocity tells us a great deal about how momentum is trans-
ported by waves. We’ll use the tem to deduce the mean-flow acceleration in Sections 10.4, 10.5
and, in particular, in Section 17.3.

Connection to potential vorticity and wave–mean-flow interaction
If we cross-differentiate (10.61) then, after using the residual mass continuity equation (10.60), we
recover the zonally-averaged potential vorticity equation, namely

𝜕𝑞
𝜕𝑡
= − 𝜕
𝜕𝑦
𝑣′𝑞′ − 𝜕𝐹
𝜕𝑦
, where 𝑞(𝑦, 𝑡) = 𝜕

𝜕𝑧
( 𝑓0
𝑁2
𝑏) − 𝜕𝑢
𝜕𝑦
, (10.64a,b)

which is essentially the same as (10.18) and (10.20), noting that we may add 𝛽𝑦 to the definition
of zonally-averaged potential vorticity with no effect.

The corresponding equation for the evolution of eddy potential vorticity is, in its inviscid form,

( 𝜕
𝜕𝑡
+ 𝑢(𝑦, 𝑡) 𝜕

𝜕𝑥
) 𝑞′ + 𝑣′ 𝜕𝑞

𝜕𝑦
= 0, (10.65)

as in (10.7). Equations (10.64) and (10.65) are a closed set of quasi-linear equations, and we have
recovered the wave–mean-flow system described in Section 10.1.3.

10.3.2 The tem in Isentropic Coordinates
The residual circulation has an illuminating interpretation if we think of the fluid as comprising
multiple layers of shallow water, or equivalently if we cast the problem in isentropic coordinates
(Section 3.10). Using the notation of a shallow water system, the momentum and mass conserva-
tion equation can be written as

𝜕𝑢
𝜕𝑡
+ 𝒖 ⋅ ∇𝑢 − 𝑓𝑣 = 𝐹, 𝜕ℎ

𝜕𝑡
+ ∇ ⋅ (ℎ𝒖) = 𝑆. (10.66a,b)

The quantity ℎ is the thickness— the separation between two isentropic surfaces— and 𝑆 is a thick-
ness source term. (The field ℎ plays the same role as 𝜎 in Section 3.10.) With quasi-geostrophic
scaling, so that variations in Coriolis parameter and layer thickness are small, zonally averaging in
a conventional way gives

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣 = 𝑣′𝜁′ + 𝐹,

𝜕ℎ
𝜕𝑡
+ 𝐻𝜕𝑣
𝜕𝑦
= − 𝜕
𝜕𝑦
𝑣′ℎ′ + 𝑆. (10.67a,b)
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Quasi-Geostrophic Wave–Mean-Flow Interaction

The inviscid and unforced Boussinesq quasi-geostrophic set of wave–mean-flow equations
is

𝜕𝑞′
𝜕𝑡
+ 𝑢𝜕𝑞

′

𝜕𝑥
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= 0, (WMF.1a)

𝜕𝑞
𝜕𝑡
+ 𝜕
𝜕𝑦
𝑣′𝑞′ = 0, (WMF.1b)

along with similar equations as needed for buoyancy at the boundary (see main text). The
eddy terms are

𝑞′ = [∇2 + 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕
𝜕𝑧
)]𝜓′, (𝑢′, 𝑣′) = (−𝜕𝜓

′

𝜕𝑦
, 𝜕𝜓
′

𝜕𝑥
) . (WMF.2a,b)

The mean-flow terms are

𝑞(𝑦, 𝑡) = 𝛽𝑦 − 𝜕𝑢
𝜕𝑦
+ 𝜕
𝜕𝑧
( 𝑓0
𝑁2
𝑏) , (WMF.3)

and

𝜕𝑞
𝜕𝑦
= 𝛽 − 𝜕

2𝑢
𝜕𝑦2
− 𝜕
𝜕𝑧
( 𝑓0
𝑁2
𝜕𝑏
𝜕𝑦
) = 𝛽 − 𝜕

2𝑢
𝜕𝑦2
− 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕𝑢
𝜕𝑧
) , (WMF.4)

using thermal wind. To solve for the mean-flow we may define a streamfunction 𝛹 such
that

(𝑢, 1
𝑓0
𝑏) = (−𝜕𝛹

𝜕𝑦
, 𝜕𝛹
𝜕𝑧
) , (WMF.5)

whence
𝑞(𝑦, 𝑡) − 𝛽𝑦 = 𝜕

𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕𝛹
𝜕𝑧
) + 𝜕
2𝛹
𝜕𝑦2
. (WMF.6)

Given 𝑞 from (WMF.1b) we solve (WMF.6) to give 𝑢 and 𝑏. Equivalently, we may derive a
single equation for the zonal wind by differentiating (WMF.1b) with respect to 𝑦 and, using
(WMF.4), we obtain

[ 𝜕
2

𝜕𝑦2
+ 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕
𝜕𝑧
)] 𝜕𝑢
𝜕𝑡
= 𝜕
2

𝜕𝑦2
𝑣′𝑞′. (WMF.7)

The evolution of the mean-flow may also usefully be written in tem form as

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ + 𝑣′𝑞′ = 0, (WMF.8a)

𝜕𝑏
𝜕𝑡
+ 𝑁2𝑤∗ = 0, (WMF.8b)

where 𝑣∗ and𝑤∗ are found by solving the elliptic equation (10.63), and the value of 𝜕𝑞/𝜕𝑦,
for use in (WMF.1a), is obtained using (WMF.4).
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Theoverbars in these equations denote averages taken along isentropes— i.e., they are averages for
a given layer — but are otherwise conventional, and the meridional velocity is purely ageostrophic.
By analogy with (10.59), we define the residual circulation by

𝑣∗ ≡ 𝑣 + 1
𝐻
𝑣′ℎ′ , (10.68)

where𝐻 is the mean thickness of the layer. Using (10.68) in (10.67) gives

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ = 𝑣′𝑞′ + 𝐹,

𝜕ℎ
𝜕𝑡
+ 𝐻𝜕𝑣

∗

𝜕𝑦
= 𝑆, (10.69a,b)

where
𝑣′𝑞′ = 𝑣′𝜁′ − 𝑓0

𝐻
𝑣′ℎ′ , (10.70)

is the meridional potential vorticity flux in a shallow water system. From (10.68) we see that the
residual velocity is ameasure of the total meridional thickness flux, eddy plusmean, in an isentropic
layer. This is often a more useful quantity than the Eulerian velocity 𝑣 because it is generally the
former, not the latter, that is constrained by the external forcing. What we have done, of course, is
to effectively use a thickness-weighted mean in (10.66b); to see this, define the thickness-weighted
mean by

𝑣∗ ≡
ℎ𝑣
ℎ
. (10.71)

(We use 𝑣∗ to denote a thickness- or mass-weighted mean, and 𝑣∗ to denote a residual velocity;
the quantities are closely related, as we will see.) From (10.71) we have

𝑣∗ = 𝑣 +
1
ℎ
𝑣′ℎ′ , (10.72)

then the zonal average of (10.66b) is just

𝜕ℎ
𝜕𝑡
+ 𝜕
𝜕𝑦
(ℎ𝑣∗) = 𝑆, (10.73)

which is the same as (10.69b) if we take𝐻 = ℎ. Similarly, if we use the thickness weighted velocity
(10.72) in the momentum equation (10.67a) we obtain (10.69a).

Evidently, if the mass-weighted meridional velocity is used in the momentum and thickness
equations then the eddy mass flux does not enter the equations explicitly: the only eddy flux in
(10.69) is that of potential vorticity. That is, in isentropic coordinates the equations in tem form
are equivalent to the equations that arise from a particular form of averaging— thickness weighted
averaging — rather than the conventional Eulerian averaging. A similar correspondence occurs in
height coordinates, as we now see.

10.3.3 Connection between the Residual and Thickness-weighted Circulation
It is evident from the above arguments that, in a shallow water system or in isentropic coordinates,
the residual velocity is a measure of the total (i.e., mean plus eddy) thickness transport. In height
coordinates, the definition of residual velocity, (10.58), does not lend itself so easily to such an
interpretation. However, the residual velocity in height coordinates is, in fact, also a measure of
the total thickness transport, or equivalently of themass transport between two isentropic surfaces,
as we now discover. Specifically, we show that averaging the total transport in isentropic layers
is equivalent to the mass transport evaluated by the tem formalism in height coordinates, and
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Aspects of the tem Formulation

Properties and features

• The residual mean circulation is equivalent to the total mass-weighted (eddy plus
Eulerian mean) circulation, and it is this circulation that is driven by the diabatic
forcing.

• There are no explicit eddy fluxes in the buoyancy budget; the only eddy term is the
flux of potential vorticity, and this is the divergence of the Eliassen–Palm flux; that
is 𝑣′𝑞′ = ∇𝑥 ⋅𝓕.

• The residual circulation, 𝑣∗, becomes part of the solution, just as 𝑣 is part of the
solution in an Eulerian mean formulation.

But note

• The tem formulation does not solve the parameterization problem, and eddy fluxes
are still present in the equations.

• The theory and practice are well developed for a zonal average, but less so for three-
dimensional, non-zonal flow. This is because the geometry enforces simple boundary
conditions in the zonal mean case.6

• The boundary conditions on the residual circulation are neither necessarily simple
nor easily determined; for example, at a horizontal boundary 𝑤∗ is not zero if there
are horizontal buoyancy fluxes.

Examples of the use of the tem and its relatives in the general circulation of the atmosphere
and ocean arise in Sections 15.2, 15.4, 17.3, 17.7 and 21.7.

specifically that the thickness-weightedmean, 𝑣∗, is equivalent to the residual velocity, 𝑣∗, in height
coordinates. Our demonstration is for a Boussinesq system, but the extension to a compressible
gas is reasonably straightforward.5

Consider two isentropic surfaces, 𝜂1 and 𝜂2 with mean positions 𝜂1 and 𝜂2, as in Fig. 10.1. (We
use 𝑧 to denote the vertical coordinate, and 𝜂 to denote the location of isentropic surfaces.) The
meridional transport between these surfaces is given by

𝑇 = ∫
𝜂1

𝜂2
𝑣d𝑧. (10.74)

If the velocity does not vary with height within the layer (and in the limit of layer thickness going
to zero this is the case) then 𝑇 = 𝑣ℎ where ℎ = 𝜂1 − 𝜂2 is the thickness of the isentropic layer. The
zonally-averaged transport is then given by

𝑇 = 1
𝐿
∫
𝐿
𝑇d𝑥 = 1
𝐿
∫
𝐿
(∫
𝜂1

𝜂2
𝑣d𝑧) d𝑥 = ∫

𝜂1

𝜂2
𝑣d𝑧 = 𝑣ℎ = 𝑣ℎ + 𝑣′ℎ′, (10.75)

with obvious notation, and with an overbar denoting a zonal average. Letting the distance between
isentropes shrink to zero this result allows us to write

𝑣∗ ≡
𝑣𝜎𝑏
𝜎
= 𝑣𝑏 + 𝑣

′𝜎′𝑏

𝜎
, (10.76)
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Fig. 10.1 Two isentropic surfaces, 𝜂1 and 𝜂2, and their mean positions, 𝜂1 and 𝜂2. The departure of
an isentrope from its mean position is proportional to the temperature perturbation at the mean
position of the isentrope, and the variations in thickness (ℎ′) of the isentropic layer are proportional
to the vertical derivative of this.

where (⋅)𝑏 denotes an average along an isentrope and 𝜎 = 𝜕𝑧/𝜕𝑏 is the thickness density, a measure
of the thickness between two isentropes. Equation (10.76) is analogous to (10.72), for a continu-
ously stratified system. The averaged quantity 𝑣∗ is not proportional to the average of the velocity
at constant height, or even to the average along an isentrope; rather, it is the thickness-weighted
zonal average of the velocity between two isentropic surfaces, 𝛥𝑏 apart, of mean separation propor-
tional to 𝜎𝛥𝑏. Our goal is to express this transport in terms of Eulerian-averaged quantities, at a
constant height 𝑧.

Let us first connect an average along an isentrope of some variable 𝜒 to its average at constant
height by writing, for small isentropic displacements,

𝜒𝑏 = 𝜒(𝑧 + 𝜂′)𝑧 ≈ 𝜒(𝑧) + 𝜂′𝜕𝜒/𝜕𝑧𝑧, (10.77)

where the superscript explicitly denotes how the zonal average is taken, and 𝜂′ is the displacement
of the isentrope from its mean position. This can be expressed in terms of the temperature pertur-
bation at the location of the mean isentrope by Taylor-expanding 𝑏 around its value on that mean
isentrope. That is,

𝑏(𝜂) = 𝑏(𝜂) + (𝜕𝑏
𝜕𝑧
)
𝑧=𝜂
(𝜂 − 𝜂) + … , (10.78)

where 𝜂 = 𝜂(𝑧), giving

𝜂′ ≈ −𝑏
′

𝜕𝑧𝑏(𝜂)
≈ − 𝑏

′

𝜕𝑧𝑏
𝑧 , (10.79)

where 𝜂′ = 𝜂 − 𝜂 and 𝑏′ = 𝑏(𝜂) − 𝑏(𝜂). Using (10.79) in (10.77) (and omitting the superscript 𝑧 on
𝜕𝑧𝑏) we obtain, with 𝜒 = 𝑣,

𝑣𝑏 = 𝑣𝑧 − 𝑏
′𝜕𝑧𝑣′
𝑧

𝜕𝑧𝑏
. (10.80)

Note that if 𝑣 is in thermal wind balance with 𝑏 then the second term vanishes identically, but we
will not invoke this.
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We now transform the second term on the right-hand side of (10.76) to an average at constant
𝑧. The variations in thickness of an isothermal layer are given by

𝜎′ ≈ 𝜎𝜕𝜂
′

𝜕𝑧
= −𝜎 𝜕
𝜕𝑧
( 𝑏
′

𝜕𝑧𝑏
) , (10.81)

using (10.79). Thus, neglecting terms that are third-order in amplitude,

𝑣′𝜎′𝑏 = −𝜎𝑣′ 𝜕
𝜕𝑧
( 𝑏
′

𝜕𝑧𝑏
)
𝑧

. (10.82)

Using both (10.80) and (10.82), (10.76) becomes

𝑣∗ = 𝑣𝑧 −
𝑏′𝜕𝑧𝑣′

𝑧

𝜕𝑧𝑏
− 𝑣′ 𝜕
𝜕𝑧
( 𝑏
′

𝜕𝑧𝑏
)
𝑧

= 𝑣𝑧 − 𝜕
𝜕𝑧
(𝑣
′𝑏′

𝜕𝑧𝑏
)
𝑧

. (10.83)

The right-hand side of the last equation is the tem form of the residual velocity; thus, we have
shown that

𝑣∗ ≡
𝑣𝜎
𝜎
= 𝑣𝑏 + 𝑣

′𝜎′𝑏

𝜎
≈ 𝑣𝑧 − 𝜕
𝜕𝑧
(𝑣
′𝑏′𝑧

𝜕𝑧𝑏
) ≡ 𝑣∗. (10.84)

We see the equivalence of the thickness-weightedmean velocity on the left-hand side and the resid-
ual velocity on the right-hand side. In the quasi-geostrophic limit 𝑁2 = 𝜕𝑧𝑏 and 𝜎 is a reference
thickness.

10.4 THE NON-ACCELERATION RESULT
We now consider further the interpretation and application of the potential vorticity flux and its
relatives, using a quasi-geostrophic framework. We first derive an important result in wave–mean-
flow dynamics, the non-acceleration condition.7 This result shows that under certain conditions,
to be made precise below, waves have no net effect on the mean-flow, an important and somewhat
counter-intuitive result.

10.4.1 A Derivation from the Potential Vorticity Equation
Consider how the potential vorticity fluxes affect the mean fields. The unforced and inviscid
zonally-averaged potential vorticity equation is

𝜕𝑞
𝜕𝑡
+ 𝜕𝑣
′𝑞′
𝜕𝑦
= 0. (10.85)

Now, in quasi-geostrophic theory the geostrophically balanced velocity and buoyancy can be de-
termined from the potential vorticity via an elliptic equation, and in particular

𝑞 − 𝛽𝑦 = 𝜕
2𝜓
𝜕𝑦2
+ 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕𝜓
𝜕𝑧
) , (10.86)

where 𝜓 is such that (𝑢, 𝑏/𝑓0) = (−𝜕𝜓/𝜕𝑦, 𝜕𝜓/𝜕𝑧). Differentiating (10.85) with respect to 𝑦 we
obtain

[ 𝜕
2

𝜕𝑦2
+ 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕
𝜕𝑧
)] 𝜕𝑢
𝜕𝑡
= (∇ ⋅ 𝓕)𝑦𝑦, (10.87)
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where∇⋅𝓕 = 𝑣′𝑞′ is the divergence of the EP flux (in the 𝑦–𝑧 plane, i.e.,∇𝑥 ⋅𝓕). This is determined
using the wave activity equation for pseudomomentum which, reprising (10.29a), is

𝜕𝒫
𝜕𝑡
+ ∇ ⋅ 𝓕 = 𝒟, (10.88)

now using 𝒫 for the wave activity since we are specifically talking about pseudomomentum. If
the waves are statistically steady (i.e., 𝜕𝒫/𝜕𝑡 = 0) and have no dissipation (𝒟 = 0) then evidently
∇ ⋅ 𝓕 = 0. If there is no acceleration at the boundaries then the solution of (10.87) is

𝜕𝑢
𝜕𝑡
= 0. (10.89)

This is a non-acceleration result. That is to say, under certain conditions the tendency of the mean
fields, and in particular of the zonally-averaged zonal flow, are independent of the waves. To be
explicit, those conditions are:
(i) The waves are steady (so that, using the wave activity equation 𝒫 does not vary).
(ii) The waves are conservative; that is, 𝒟 = 0 in (10.29a). Given this and item (i), the Eliassen–

Palm relation implies that ∇ ⋅ 𝓕 = 0 and the potential vorticity flux is zero.
(iii) The waves are of small amplitude (all of our analysis has neglected terms that are cubic in

perturbation amplitude).
(iv) The waves do not affect the boundary conditions (so there are no boundary contributions to

the acceleration).
Given the way we have derived it, the result does not seem too surprising; however, it can be pow-
erful and counter-intuitive, for it means that steady waves (i.e., those whose amplitude does not
vary) do not affect the zonal flow. However, they do affect the Eulerian meridional overturning
circulation, and the relative vorticity flux may also be non-zero. In fact, the non-acceleration the-
orem is telling us that the changes in the vorticity flux are exactly compensated for by changes
in the meridional circulation, and there is no net effect on the zonally-averaged zonal flow. It is
irreversibility, often manifested by the breaking of waves, that leads to permanent changes in the
mean-flow.

The derivation of this result by way of the momentum equation, which one might expect to
be more natural, is rather awkward because one must consider momentum and buoyancy fluxes
separately. Furthermore, the zonally-averagedmeridional circulation comes into play: for example,
themeridional velocity, 𝑣, is small because it is purely ageostrophic, but it is not zero andwe cannot
neglect it because it is multiplied by the Coriolis parameter, which is large. Thus, the eddy vorticity
fluxes can affect both the meridional circulation and the acceleration of the zonal mean-flow, and
it might seem impossible to disentangle the two effects without completely solving the equations
of motion. Nevertheless, we can proceed by way of the momentum and buoyancy equations if we
use the transformed Eulerian mean and this provides a useful alternate derivation, as follows.

10.4.2 Using tem to Give the Non-Acceleration Result
We may use the tem formalism to obtain the non-acceleration result. The explanation is largely
equivalent to that given above, but the explication may be useful.

A two-dimensional case
Consider two-dimensional incompressible flow on the 𝛽-plane, for which there is no buoyancy
flux. The linearized vorticity equation is

𝜕𝜁′
𝜕𝑡
+ 𝑢𝜕𝜁

′

𝜕𝑥
+ 𝑣′ 𝜕𝜁
𝜕𝑦
= 𝐷′, (10.90)
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from which we derive, analogously to (10.29a), the Eliassen–Palm relation

𝜕𝒫
𝜕𝑡
+ 𝜕ℱ
𝜕𝑦
= 𝒟, (10.91)

where ℱ = −𝑢′𝑣′ , 𝒟 represents non-conservative forces, and

𝒫 = 𝜁
′2

2𝜕𝑦𝜁
= 1
2
𝜂′2 𝜕𝜁
𝜕𝑦
. (10.92)

The quantity 𝜂′ ≡ −𝜁′/𝜕𝑦𝜁 is proportional to themeridional particle displacement in a disturbance.
Now consider the 𝑥-momentum equation

𝜕𝑢
𝜕𝑡
= −𝜕𝑢

2

𝜕𝑥
− 𝜕𝑢𝑣
𝜕𝑦
− 𝜕𝜙
𝜕𝑥
+ 𝑓𝑣. (10.93)

Zonally averaging, noting that 𝑣 = 0, gives

𝜕𝑢
𝜕𝑡
= −𝜕𝑢𝑣
𝜕𝑦
= 𝑣′𝜁′ = 𝜕ℱ

𝜕𝑦
. (10.94)

Finally, combining (10.91) and (10.94) gives

𝜕
𝜕𝑡
(𝑢 + 𝒫) = 𝒟. (10.95)

In the absence of non-conservative terms (i.e., if 𝒟 = 0) the quantity 𝑢 + 𝒫 is constant.8 Further,
if the waves are steady and conservative then 𝒫 is constant and, therefore, so is 𝑢. This is the
non-acceleration result.

The stratified case
In the stratified case we can use the tem form of the momentum equation to derive a similar result.
The unforced zonally-averaged zonal momentum equation can be written as

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ = ∇ ⋅ 𝓕, (10.96)

and using the Eliassen–Palm relation, (10.29a), this may be written as

𝜕
𝜕𝑡
(𝑢 + 𝒫) − 𝑓0𝑣∗ = 𝒟, (10.97)

and so again 𝒫 is related to the momentum of the flow. If, furthermore, the waves are steady
(𝜕𝒫/𝜕𝑡 = 0) and conservative (𝒟 = 0), then 𝜕𝑢/𝜕𝑡 − 𝑓0𝑣∗ = 0. However, under these same condi-
tions the residual circulation will also be zero. This is because the residual meridional circulation
(𝑣∗, 𝑤∗) arises via the necessity to keep the temperature and velocity fields in thermal wind bal-
ance, and is thus determined by an elliptic equation, namely (10.63). If the waves are steady and
adiabatic then, since 𝑣′𝑞′ = 0, the right-hand side of the equation is zero and it becomes

𝑓20
𝜕2𝜓∗
𝜕𝑧2
+ 𝑁2 𝜕

2𝜓∗
𝜕𝑦2
= 0. (10.98)

If 𝜓∗ = 0 at the boundaries, then the unique solution of this is 𝜓∗ = 0 everywhere. At the merid-
ional boundaries we may certainly suppose that 𝜓∗ vanishes if these are quiescent latitudes, and
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at the horizontal boundaries the buoyancy flux will vanish if the waves there are steady, because
from (10.14) we have

𝑣′𝑏′ 𝜕𝑏
𝜕𝑦
= −1
2
𝜕
𝜕𝑡
𝑏′2 = 0. (10.99)

Under these circumstances, then, the residual meridional circulation vanishes in the interior and,
from (10.96), the mean-flow is steady, thus reprising the non-acceleration result.

Compare (10.96) with the momentum equation in conventional Eulerian form, namely

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣 = 𝑣′𝜁′ . (10.100)

There is no reason that the vorticity flux should vanish when waves are present, even if they are
steady. However, such a flux is (under non-acceleration conditions) precisely compensated by the
meridional circulation 𝑓0𝑣, something that is hard to infer or intuit directly from (10.100); even
when non-acceleration conditions do not apply there will be a significant cancellation between the
Coriolis and eddy terms. The difficulty boils down to the fact that, in contrast to 𝑣′𝑞′, 𝑣′𝜁′ is not
the flux of a wave activity.

Unlike the proof of the non-acceleration result given in Section 10.4.1, the above argument
does not use the invertibility property of potential vorticity directly, suggesting an extension to the
primitive equations, and the reader may pursue that elsewhere.9 Various results regarding the tem
and non-acceleration are summarized in the shaded box on the following page.

10.4.3 The EP Flux and Form Drag
It may seem a little magical that the zonal flow is driven by the Eliassen–Palm flux via (10.96).
The poleward vorticity flux is clearly related to the momentum flux convergence, but why should
a poleward buoyancy flux affect the momentum? The tem form of the momentum equation may
be written as

𝜕𝑢
𝜕𝑡
= 𝜕
𝜕𝑧
( 𝑓0
𝑁2
𝑣′𝑏′) + 𝐹𝑚, (10.101)

where 𝐹𝑚 = 𝑣′𝜁′ + 𝑓0𝑣∗ represents forces from the momentum flux and Coriolis force. The first
term on the right-hand side certainly does not look like a force; however, it turns out to be directly
proportional to the form drag between isentropic layers. Recall from Section 3.6 that the form drag,
𝜏𝑑, at an interface between two layers of shallow water is

𝜏𝑑 = −𝜂′
𝜕𝑝′
𝜕𝑥
, (10.102)

where 𝜂 is the interfacial displacement. But from (10.79) 𝜂′ = −𝑏′/𝑁2 and with this and geo-
strophic balance we have

𝜏𝑑 =
𝜌0𝑓0
𝑁2
𝑣′𝑏′. (10.103)

Thus, the vertical component of the EP flux (i.e., the meridional buoyancy flux) is in fact a real
stress acting on a fluid layer and equal to the momentum flux caused by the wavy interface. The
net momentum convergence into an infinitesimal layer of mean thickness ℎ is then (cf. (3.81)),

𝐹𝑑 = ℎ
𝜕𝜏𝑑
𝜕𝑧
= ℎ𝜌0𝑓0

𝜕
𝜕𝑧
(𝑣
′𝑏′
𝑁2
) , (10.104)

and a layer of mean thickness ℎ is accelerated according to

𝜕𝑢
𝜕𝑡
= 𝑓0
𝜕
𝜕𝑧
(𝑣
′𝑏′

𝜕𝑧𝑏
) + 𝐹𝑚. (10.105)
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TEM, Residual Velocities and Non-Acceleration

For a Boussinesq quasi-geostrophic system, the tem form of the unforced momentum
equation and the thermodynamic equation are:

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ = ∇ ⋅ 𝓕,

𝜕𝑏
𝜕𝑡
+ 𝑤∗𝑁2 = 𝑆, (T.1)

where𝑁2 = 𝜕𝑏0/𝜕𝑧, 𝑆 represents diabatic effects, 𝓕 is the Eliassen–Palm (EP) flux and its
divergence is the potential vorticity flux; thus, ∇⋅𝓕 = ∇𝑥 ⋅𝓕 = 𝑣′𝑞′ . The residual velocities
are

𝑣∗ = 𝑣 − 𝜕
𝜕𝑧
( 1
𝑁2
𝑣′𝑏′) , 𝑤∗ = 𝑤 + 𝜕

𝜕𝑦
( 1
𝑁2
𝑣′𝑏′) . (T.2)

Spherical coordinate and ideal gas versions of these take a similar form. We may define
a meridional overturning streamfunction such that (𝑣∗, 𝑤∗) = (−𝜕𝜓∗/𝜕𝑧, 𝜕𝜓∗/𝜕𝑦), and
using thermal wind to eliminate time-derivatives in (T.1) we obtain

𝑓20
𝜕2𝜓∗
𝜕𝑧2
+ 𝑁2 𝜕

2𝜓∗
𝜕𝑦2
= 𝑓0
𝜕
𝜕𝑧
𝑣′𝑞′ + 𝜕𝑆
𝜕𝑦
. (T.3)

The manipulations (given in the main text) that lead to the above equations may seem
formal, in that they simply transform the momentum and thermodynamic equations from
one form to another. However, the resulting equations have two potential advantages over
the untransfomed ones:
(i) The residual meridional velocity is approximately equal to the average thickness-

weighted velocity between two neighbouring isentropic surfaces, and so is a measure
of the total (Eulerianmean plus eddy)meridional transport of thickness or buoyancy.

(ii) The EP flux is directly related to certain conservation properties of waves. The diver-
gence of the EP flux is the meridional flux of potential vorticity:

𝓕 = −(𝑢′𝑣′) 𝐣 + ( 𝑓0
𝑁2
𝑣′𝑏′)𝐤, ∇ ⋅ 𝓕 = 𝑣′𝑞′. (T.4)

Furthermore, the EP flux satisfies, to second order in wave amplitude,

𝜕𝒫
𝜕𝑡
+ ∇ ⋅ 𝓕 = 𝒟, where 𝒫 = 𝑞

′2

2𝜕𝑞/𝜕𝑦
, 𝒟 = 𝐷

′𝑞′
𝜕𝑞/𝜕𝑦
. (T.5)

The quantity 𝒫 is a wave activity density, specifically the pseudomomentum, and𝒟 is
its dissipation. For nearly plane waves, 𝒫 and 𝓕 are connected by the group velocity
property,

𝓕 = (ℱ𝑦,ℱ𝑧) = 𝒄𝑔𝒫, (T.6)

where 𝒄𝑔 is the group velocity of the waves. If the waves are steady (𝜕𝒫/𝜕𝑡 = 0) and
dissipationless (𝒟 = 0) then ∇ ⋅ 𝓕 = 0 and using (T.1) and (T.3) there is no wave-
induced acceleration of the mean-flow; this is the ‘non-acceleration’ result. Com-
monly there is enstrophy dissipation, or wave-breaking, and ∇ ⋅ 𝓕 < 0; such wave
drag leads to flow deceleration and/or a poleward residual meridional velocity.
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The appearance of the buoyancy flux is really a consequence of the way we have chosen to average
the equations: obtaining (10.105) involved averaging the forces over an isentropic layer, and given
this it can only be the residual circulation that contributes to the Coriolis force. Onemight say that
the vertical component of the EP flux is a force in drag, masquerading as a buoyancy flux.

10.5 ♦ INFLUENCE OF EDDIES ON THE MEAN-FLOW IN THE EADY PROBLEM
We now consider the eddy fluxes in the Eady problem, and, in particular, how these might feed
back on to the mean-flow. Because of the simplicity of the setting the problem can be fully solved
in both the Eulerian or residual frameworks and it is therefore a very instructive, albeit algebraically
complex, example.10

10.5.1 Formulation
Let us first distinguish between the basic flow, the zonal mean fields, and the perturbation. The
basic flow is the flow aroundwhich the equations ofmotion are linearized; this flow is unstable, and
the perturbations, assumed to be small, grow exponentially with time. Because the perturbations
are formally always small they do not affect the basic flow, but they do produce changes in the zonal
mean velocity and buoyancy fields. In Eulerian form this is represented by,

𝜕𝑢
𝜕𝑡
= 𝑓0𝑣 −

𝜕𝑢′𝑣′
𝜕𝑦
, 𝜕𝑏
𝜕𝑡
= −𝑁2𝑤 − 𝜕𝑏

′𝑣′
𝜕𝑦
, (10.106)

and the tem version of these equations is

𝜕𝑢
𝜕𝑡
= 𝑓0𝑣∗ + 𝑣′𝑞′ ,

𝜕𝑏
𝜕𝑡
= −𝑁2𝑤∗, (10.107)

where in the Eady problem 𝜕𝑦(𝑢′𝑣′) and 𝑣′𝑞′ are both zero. We can calculate the perturbation
quantities from the solution to the Eady problem (e.g., calculate 𝑣′𝑏′) and thus infer the structure
of the mean-flow tendencies 𝜕𝑢/𝜕𝑡 and 𝜕𝑏/𝜕𝑡 and the meridional circulation, (𝑣, 𝑤) or (𝑣∗, 𝑤∗).
All of these fields are perturbation quantities and all are exponentially growing, and so in reality
they will eventually have a finite effect on the pre-existing zonal flow, but in the Eady problem, or
any similar linear problem, such rectification is assumed to be small and is neglected.

Using the thermal wind relation, 𝑓0𝜕𝑧𝑢 = −𝜕𝑦𝑏 to eliminate time derivatives in (10.106) gives
an equation for the meridional streamfunction 𝜓𝐸, namely,

𝐿2
𝐿2𝑑
𝜕2𝜓𝐸
𝜕𝑧2
+ 𝜕
2𝜓𝐸
𝜕𝑦2
= − 1
𝑁2
𝜕2𝑏′𝑣′
𝜕𝑦2
, (10.108)

where (𝑣, 𝑤) = (−𝜕𝜓𝐸/𝜕𝑧, 𝜕𝜓𝐸/𝜕𝑦) and we have nondimensionalized 𝑧 with 𝐷 and 𝑦 with 𝐿. The
boundary conditions are that𝜓𝐸 = 0 at 𝑦 = 0, 𝐿 and 𝑧 = 0,𝐷. Similarly, and analogously to (10.63),
we obtain an equation for the residual streamfunction, 𝜓∗, namely

𝐿2
𝐿2𝑑
𝜕2𝜓∗
𝜕𝑧2
+ 𝜕
2𝜓∗
𝜕𝑦2
= 0, (10.109)

where now the boundary conditions are that𝑁2𝑤∗ = 𝜕𝑣′𝑏′/𝜕𝑦 at the upper and lower boundaries,
and 𝑣 = 0 at the lateral boundaries. In terms of the residual streamfunction this is

𝜓∗ = 1
𝑁2
𝑣′𝑏′ , at 𝑧 = 0, 1, 𝜓∗ = 0, at 𝑦 = 0, 1. (10.110)
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Fig. 10.2 The Eliassen–Palm vector in the Eady prob-
lem. It is directed purely vertically, .
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The residual and overturning circulations are related by (10.58a), and (10.108) and (10.109) are, at
one level, simply different representations of the same problem, connected by a simple mathemat-
ical transformation. However, the residual streamfunction better represents the total transport of
the fluid. Equation (10.109) is particularly simple, because of the absence of potential vorticity
fluxes in the interior, and it is apparent that the residual circulation is driven by boundary sources.
We care only about the spatial structure of the right-hand sides of (10.108) and of the boundary
conditions of (10.110). The former is given by

− 𝜕
2𝑏′𝑣′
𝜕𝑦2
∝ − 𝜕

2

𝜕𝑦2
sin2 𝑙𝑦 = −2𝑙2 cos 2𝑙𝑦. (10.111)

The eddy heat fluxes in the Eady problem are independent of height, as may be calculated explicitly
from the solutions of Chapter 9. In fact, the result follows without detailed calculation, by first
noting that the eddy potential vorticity flux is zero because the basic state has zero QG potential
vorticity and therefore none may be generated. Further, because the basic state does not vary in 𝑦
there can be no momentum flux convergence in the 𝑦-direction, and so the momentum flux itself
is zero if it is zero on the boundary. Thus [using for example (10.27) and (10.28)] the eddy heat
flux is independent of height and the EP vectors are directed purely vertically (Fig. 10.2).

The boundary conditions for the residual circulation are

𝜓∗(𝑦, 0) = 𝜓∗(𝑦, 1) ∝ sin2 𝑙𝑦. (10.112)

10.5.2 ♦ Solution
The solutions to (10.108) and (10.109) may be obtained either analytically or numerically. In a
domain 0 < 𝑦 < 1 and 0 < 𝑧 < 1 the residual streamfunction for 𝑙 = π is given by:

𝜓∗ =
∞
∑
𝑛=1
𝐴𝑛 sin[(2𝑛 − 1)𝑙𝑦]

cosh[𝐿𝑑π(2𝑛 − 1)(𝑧 − 0.5)/𝐿]
cosh[𝐿𝑑π(2𝑛 − 1)/2𝐿]

,

𝐴𝑛 =
2

π(2𝑛 − 1)
− 1
π(2𝑛 − 1) − 2𝑙

− 1
π(2𝑛 − 1) + 2𝑙

.
(10.113)

The solution is obtained by first projecting the boundary conditions (proportional to sin2 𝑙𝑦, or (1−
cos 2𝑙𝑦)/2) on to the eigenfunctions of the horizontal part of the Laplacian (i.e., sine functions), and
this gives the coefficients of 𝐴𝑛. The vertical structure is then obtained by solving (𝐿/𝐿𝑑)2𝜕2𝑧𝜓∗ =
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Fig. 10.3 The Eulerian stream-
function (top) and the residual
streamfunction for the Eady prob-
lem, calculated using (10.108) and
(10.109), with 𝐿2/𝐿2𝑑 = 9.

−𝜕2𝑦𝜓∗, which gives the cosh functions. The series converges very quickly, and the first term in the
series captures the dominant structure of the solution, essentially because, for 𝑙 = π, sin 𝑙𝑦 is not
unlike sin2 𝑙𝑦 on the interval [0, 1].

The Eulerian circulation is obtained from the residual circulation using (10.58a), and so by the
addition of a field independent of 𝑧 and proportional to sin2 𝑙𝑦. The resulting structure is domi-
nated by this and the first term of (10.113) (proportional to sin 𝑙𝑦) and, noting that the circulation
is symmetric about 𝑧 = 0.5, we obtain a circulation dominated by a single cell, with equatorward
motion aloft and poleward motion near the surface (Fig. 10.3). The heat flux convergence in high
latitudes is leading tomean risingmotion, with the precise shape of the streamfunction determined
by the boundary conditions. Although this is true, the heat flux arises because of themotion of fluid
parcels, so itmay be a littlemisleading to infer, as onemight from the Eulerian streamfunction, that
the heat flux causes the individual parcels to rise or sink in this fashion. The residual streamfunc-
tion is a better indicator of the total mass transport and, perhaps as one might intuitively expect,
these show parcels rising in the low latitudes and sinking in high latitudes, providing a tendency
to flatten the isopycnals and to reduce the meridional temperature gradient.

The residual circulation also shows fluid entering or leaving the domain at the boundary —
what does this represent? Suppose that instead of solving the continuous problem we had posed
the problem in a finite number of layers (and we explicitly consider the two-layer problem be-
low). As the number of layers increases the solution to the linear baroclinic instability problem
approaches that of the Eady problem (e.g., Fig. 9.13); however, as we saw in Section 10.3, the resid-
ual circulation is closed in the layered model, and the sum over all the layers of the meridional
transport vanishes. Now, in the layered model the vertical boundary conditions are built in to the
representation by way of a redefinition of the potential vorticity of the top and bottom layers, so
that, in the layered version of the Eady problem there appears to be a potential vorticity gradient
in these two layers, instead of a buoyancy gradient at the boundary. The residual circulation is
then closed by a return flow that occurs only in the top and bottom layers, and as the number
of layers increases this flow is confined to a thinner and thinner layer, and to a delta-function in
the continuous limit. To indicate this we have placed arrows just above and below the domain in
Fig. 10.3. (This equivalence between boundary conditions and delta-function sources is the same
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Fig. 10.4 The tendency of the
zonal mean-flow (𝜕𝑢/𝜕𝑡) and
the buoyancy (𝜕𝑏/𝜕𝑡) for the
Eady problem. Lighter (darker)
shading means a positive (neg-
ative) tendency, but the units
themselves are arbitrary.
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as that giving rise to the delta-function boundary layer of Section 5.4.3.)
The effect on the mean-flow is inferred directly from the residual circulation: the mean-flow

acceleration is proportional to 𝑣∗ and the buoyancy tendency is proportional to −𝑤∗, and these are
plotted in Figs. 10.4 and 10.5. Because there is no momentum flux convergence in the problem
the zonal flow tendency is entirely baroclinic — its vertical integral is zero — and over most of
the domain is such as to reduce the mean shear. Consistently (using thermal wind) the buoyancy
tendency is such as to reduce the meridional temperature gradient; that is, the instabilities act to
transport heat polewards and so reduce the instability of the mean-flow.

10.5.3 The Two-level Problem
Theresidual circulation andmean-flow tendencies can also be calculated for the two-level (Phillips)
problem, with the 𝛽-effect. The potential vorticity fluxes in each layer are non-zero and the mean-
flow equations are, for 𝑖 = 1, 2,

𝜕𝑢𝑖
𝜕𝑡
= 𝑓0𝑣∗𝑖 + 𝑣′𝑖 𝑞′𝑖 ,

𝜕𝑏
𝜕𝑡
= −𝑁2𝑤∗. (10.114)

The vertical velocity and buoyancy are evaluated at mid-depth, and the thermal wind equation is
𝑢1 − 𝑢2 = −(𝐻/2)𝜕𝑦𝑏 where𝐻 is the total depth of the fluid and, by mass conservation, 𝑣∗1 = −𝑣∗2 .
If we define a residual streamfunction 𝜓∗ such that

𝑣∗1 = −𝑣∗2 = 𝜓∗, 𝑤∗ =
𝜕𝜓∗
𝜕𝑦
, (10.115)

then eliminating time derivatives in (10.114) gives an equation for the residual streamfunction,

𝜕2𝜓∗
𝜕𝑦2
− 𝑘
2
𝑑
2
𝜓∗ = 2𝑓0𝐿

2

𝑁2𝐻
(𝑣′1𝑞′1 − 𝑣′2𝑞′2), (10.116)

where 𝑘2𝑑/2 = [2𝑓0/(𝑁𝐻)]2, and we have nondimensionalized vertical scales by 𝐷 and horizontal
scales by 𝐿. As in the Eady problem, it is only the spatial structures of the terms on the right-hand
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Fig. 10.5 (a) The tendency of the zonal mean-flow (𝜕𝑢/𝜕𝑡) just below the upper lid (dashed) and
just above the surface (solid) in the Eady problem. The vertically integrated tendency is zero. (b)
The vertically averaged buoyancy tendency.

side that are relevant, and these may be calculated from the solutions to the two-level instability
problem. The main difference from the Eady problem is that the interior potential vorticity fluxes
are non-zero, even in the case with 𝛽 = 0: effectively, the boundary fluxes of the Eady problem are
absorbed into the potential vorticity fluxes of the two layers. Solving for the residual circulation
and interpreting the mean-flow tendencies is left as an exercise for the reader.

10.6 ♦ NECESSARY CONDITIONS FOR INSTABILITY
As we noted in Chapter 9, necessary conditions for instability, or sufficient conditions for stability,
can be very useful becausewhen satisfied they obviate the need to performadetailed calculation. In
the remainder of this chapter we use the conservation of wave activities — pseudomomentum and
pseudoenergy — to derive such conditions. In sections 9.3 and 9.4.3 we derived such conditions
assuming the instability to be of normal-mode form. Here we give derivations that are both more
general and, in some ways, simpler; they utilize the fact that the potential vorticity flux may be
written as a divergence of a vector and therefore vanishes when integrated over a domain, aside
from possible boundary contributions.

10.6.1 Stability Conditions from Pseudomomentum Conservation
Consider the perturbation enstrophy equation,

1
2
𝜕
𝜕𝑡
𝑞′2 = −𝜕𝑞
𝜕𝑦
∇𝑥 ⋅ 𝓕, (10.117)

where𝓕 is the Eliassen–Palm flux given by (10.27), the overbar is a zonal mean and the divergence
is in the 𝑦–𝑧 plane. Dividing by 𝜕𝑞/𝜕𝑦 and integrating over a domain 𝐴 which is such that the
Eliassen–Palm flux vanishes at the boundaries gives the pseudomomentum conservation law,

∫
𝐴

𝜕
𝜕𝑡
( 𝑞
′2

𝜕𝑦𝑞
) d𝑦 d𝑧 = 0. (10.118)

Equation (10.118) implies that, in the norm [𝑞′2/𝜕𝑦𝑞], the perturbation cannot grow unless 𝜕𝑞/𝜕𝑦
changes sign somewhere in the domain, or at the boundaries. This result does not depend upon the
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instability being of normal-mode form. The simplest result of all occurs in a barotropic problem
with no vertical variation. Then 𝜕𝑞/𝜕𝑦 = 𝜕/𝜕𝜁𝑎𝑦 = 𝛽 − 𝜕2𝑢/𝜕𝑦2, and demanding that this must
change sign for an instability reprises the inflection point (Rayleigh–Kuo) condition. In the more
general case, if 𝜕𝑞/𝜕𝑦 changes sign along a vertical line then the instability is called a baroclinic
instability, and if it changes sign along a horizontal line the instability is barotropic — these may
be taken as the definitions of those terms. A mixed instability has a change of sign along both
horizontal and vertical lines.

10.6.2 Inclusion of Boundary Terms
Suppose now that the flow is contained between two flat boundaries, at 𝑧 = 0 and 𝑧 = 𝐻. The
relevant equations of motion are the potential vorticity evolution in the interior, supplemented
by the thermodynamic equation at the boundary. For unforced and inviscid flow these give (cf.
(10.11) and (10.14)),

𝜕
𝜕𝑡
(1
2
𝑞′2
𝜕𝑦𝑞
) = −𝑣′𝑞′, 0 < 𝑧 < 𝐻, (10.119)

and
𝜕
𝜕𝑡
(1
2
𝑏′2

𝜕𝑦𝑏
) = −𝑣′𝑏′, 𝑧 = 0, 𝐻. (10.120)

The poleward flux of potential vorticity is

𝑣′𝑞′ = − 𝜕
𝜕𝑦
𝑢′𝑣′ + 𝜕
𝜕𝑧
( 𝑓0
𝑁2
𝑣′𝑏′) , (10.121)

and integrating this expression with respect to both 𝑦 and 𝑧 gives

∫
𝐴
𝑣′𝑞′ d𝑦 d𝑧 = [ 𝑓0

𝑁2
𝑣′𝑏′]
𝐻

0
, (10.122)

assuming that the meridional boundaries are at quiescent latitudes. Integrating (10.119) over 𝑦
and 𝑧, and using (10.122) gives

𝜕
𝜕𝑡
∬ 1
2
𝑞′2
𝜕𝑦𝑞

d𝑦 d𝑧 = − [ 𝑓0
𝑁2
𝑣′𝑏′]
𝐻

0
. (10.123)

Using (10.120) to eliminate 𝑣′𝑏′ finally gives

𝜕
𝜕𝑡
{
{
{
∬ 1
2
𝑞′2
𝜕𝑦𝑞

d𝑦 d𝑧 − ∫[1
2
𝑓0
𝑁2
𝑏′2

𝜕𝑦𝑏
]
𝐻

0

d𝑦
}
}
}
= 0. (10.124)

If this expression is positive or negative definite the perturbation cannot grow and therefore
the basic state is stable. Stability thus depends on the meridional gradient of potential vorticity
in the interior, and the meridional gradient of buoyancy at the boundary. If 𝜕𝑞/𝜕𝑦 changes sign
in the interior, or 𝜕𝑏/𝜕𝑦 changes sign at the boundary, we have the potential for instability. If
these are both one signed, then various possibilities exist, and using the thermal wind relation
(𝑓0𝜕𝑢/𝜕𝑧 = −𝜕𝑏/𝜕𝑦) we obtain the following:

I. A stable case:
𝜕𝑞
𝜕𝑦
> 0 and �𝜕𝑢

𝜕𝑧
|
𝑧=0
< 0 and �𝜕𝑢

𝜕𝑧
|
𝑧=𝐻
> 0 ⟹ stability. (10.125)

Stability also ensues if all inequalities are switched.
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II. Instability via interior–surface interactions:

𝜕𝑞
𝜕𝑦
> 0 and �𝜕𝑢

𝜕𝑧
|
𝑧=0
> 0 or �𝜕𝑢

𝜕𝑧
|
𝑧=𝐻
< 0 ⟹ potential instability. (10.126)

The condition 𝜕𝑞/𝜕𝑦 > 0 and (𝜕𝑢/𝜕𝑧)𝑧=0 > 0 is the most common criterion for instability
that is met in the atmosphere. In the troposphere we can sometimes ignore contributions of
the buoyancy fluxes at the tropopause (𝑧 = 𝐻), and stability is then determined by the inte-
rior potential vorticity gradient and the surface buoyancy gradient. Similarly, in the ocean
contributions from the ocean floor are normally very small.

III. Instability via edge wave interaction:

�𝜕𝑢
𝜕𝑧
|
𝑧=0
> 0 and �𝜕𝑢

𝜕𝑧
|
𝑧=𝐻
> 0 ⟹ potential instability. (10.127)

(And similarly, with both inequalities switched.) Such an instability may occur where the
troposphere acts like a lid, as for example in the Eady problem. If 𝜕𝑞/𝜕𝑦 = 0 and there is no
lid at 𝑧 = 𝐻 (e.g., the Eady problem with no lid) then the instability disappears.

One consequence of the upper boundary condition is that it provides a condition on the depth
of the disturbance. In the Eady problem the evolution of the system is determined by temperature
evolution at the surface,

D𝑏
D𝑡
= 0 at 𝑧 = 0, 𝐻, (10.128)

(where 𝑏 = 𝑓0𝜕𝜓/𝜕𝑧) and zero potential vorticity in the interior, which implies that

∇2𝜓 + 𝑘2𝑑𝐻2
𝜕2𝜓
𝜕𝑧2
= 0, 0 < 𝑧 < 𝐻, (10.129)

where 𝑘𝑑 = 𝑓0/(𝐻𝑁). Assuming a solution of the form 𝑏 ∼ sin 𝑘𝑥 then the Poisson equation
(10.129) becomes

𝐻2𝑘2𝑑
𝜕2𝜓
𝜕𝑧2
= 𝑘2𝜓, (10.130)

with solutions 𝜓 = 𝐴 exp(−𝛼𝑧) + 𝐵 exp(𝛼𝑧), where 𝛼2 = 𝑘2𝑁2/𝑓20 . The scale height of the distur-
bance is thus

ℎ ∼ 𝑓0𝐿
2π𝑁
. (10.131)

where 𝐿 ∼ 2π/𝑘 is the horizontal scale of the disturbance. If the upper boundary is higher than
this, it cannot interact strongly with the surface, because the disturbances at either boundary decay
before reaching the other. Put another way, if the structure of the disturbance is such that it is
shallower than𝐻, the presence of the upper boundary is not felt. In the Eady problem, we know
that the upper boundary must be important, because it is only by its presence that the flow can be
unstable. Thus, all unstable modes in the Eady problem must be ‘deep’ in this sense, which can
be verified by direct calculation. This condition gives rise to a physical interpretation of the high-
wavenumber cut-off: if 𝐿 is too small, the modes are too shallow to span the full depth of the fluid,
and from (10.131) the condition for stability is thus

𝐿 < 𝐿𝑐 = 2π
𝑁𝐻
𝑓0

or 𝐾 > 𝐾𝑐 =
𝑓0
𝑁𝐻
= 𝐿−1𝑑 , (10.132)

where 𝐿𝑐 and 𝐾𝑐 are the critical length scales and wavenumbers. Wavenumbers larger than the
reciprocal of the deformation radius are stable in the Eady problem. If 𝛽 is non-zero, this condition
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does not apply, because the necessary condition for instability can be satisfied by a combination of
a surface temperature gradient and an interior gradient of potential vorticity provided by 𝛽, as in
condition (II.) in Section 10.6.2. Thus, we may expect that, if 𝛽 ≠ 0, higher wavenumbers (𝑘 > 𝑘𝑑)
may be unstable but if so they will be shallow, and this may be confirmed by explicit calculation
(see Figs. 9.12 and 9.19). In the two-level model shallow modes are, by construction, not allowed
so that high wavenumbers will be stable, with or without beta.

10.7 ♦ NECESSARY CONDITIONS FOR INSTABILITY: USE OF PSEUDOENERGY
In this section we derive another necessary condition for instability, sometimes called an ‘Arnold
condition’, that is based on the conservation properties of energy and enstrophy. Such conditions
can be derivedmore generally by variational methods, and these lead to somewhat stronger results
(in particular, nonlinear results that do not require the perturbation to be small) but our derivations
will be elementary and direct.11

10.7.1 Two-dimensional Flow
First consider inviscid, incompressible two-dimensional flow governed by the equation of motion

𝜕𝑞
𝜕𝑡
+ 𝐽(𝜓, 𝑞) = 0, (10.133)

where 𝑞 = 𝜁 + 𝑓 = ∇2𝜓 + 𝑓 is the absolute vorticity and 𝜓 is the streamfunction. In a steady state,
the streamfunction and the potential vorticity are functions of each other so that

𝑞 = 𝑄(𝛹) and 𝜓 = 𝛹(𝑄), (10.134)

where 𝑄 is a differentiable but otherwise arbitrary function of its argument, and 𝛹 its functional
inverse. Equation (10.133) is then

𝜕𝑞
𝜕𝑡
= −d𝑄

d𝜓
𝐽(𝛹,𝛹) = 0, (10.135)

and all steady solutions are of the form (10.134). We shall prove that if d𝛹/d𝑄 > 0 then the flow
is stable, in a sense to be made explicit below. Consider the evolution of perturbations about such
a steady state, so that

𝑞 = 𝑄 + 𝑞′, 𝜓 = 𝛹 + 𝜓′, (10.136)

and we suppose that the perturbation vanishes at the domain boundary or that the boundary con-
ditions are periodic. The potential vorticity perturbation satisfies, in the linear approximation,

𝜕𝑞′
𝜕𝑡
+ 𝐽(𝜓′, 𝑄) + 𝐽(𝛹, 𝑞′) = 0. (10.137)

Now, because potential vorticity is conserved on parcels, any function of potential vorticity is also
materially conserved, and in particular

D𝛹(𝑞)
D𝑡
= 𝜕𝛹
𝜕𝑡
+ 𝐽(𝜓,𝛹) = 0. (10.138)

Linearizing this using (10.136) gives

d𝛹
d𝑄
𝜕𝑞′
𝜕𝑡
+ 𝐽(𝜓′, 𝛹) + 𝐽( �𝛹, d𝛹

d𝑄
𝑞′) � = 0. (10.139)
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We now form an energy equation from (10.137) by multiplying by −𝜓′ and integrating over the
domain. Integrating the first term by parts we find

d
d𝑡
∫ 1
2
(∇𝜓′)2 d𝐴 = ∫𝜓′𝐽(𝛹, 𝑞′)d𝐴. (10.140)

Similarly, from (10.139) we obtain

d
d𝑡
∫ 1
2
d𝛹
d𝑄
𝑞′2 d𝐴 = −∫[𝑞′𝐽(𝜓′, 𝛹) + 𝑞′𝐽(�𝛹, d𝛹

d𝑄
𝑞′) �] d𝐴. (10.141)

The second term in square brackets vanishes. This follows using the property of Jacobians, obtained
by integrating by parts, that

⟨𝑎𝐽(𝑏, 𝑐)⟩ = ⟨𝑏𝐽(𝑐, 𝑎)⟩ = ⟨𝑐𝐽(𝑎, 𝑏)⟩ = − ⟨𝑐𝐽(𝑏, 𝑎)⟩ , (10.142)

where the angle brackets denote horizontal integration. Using this we have

⟨𝑞′𝐽(�𝛹, d𝛹
d𝑄
𝑞′)�⟩ = −⟨d𝛹

d𝑄
𝑞′𝐽(𝛹, 𝑞′)⟩ = −1

2
⟨d𝛹

d𝑄
𝐽(𝛹, 𝑞′2)⟩

= −1
2
⟨𝑞′2𝐽(�d𝛹

d𝑄
,𝛹) �⟩ = 0.

(10.143)

Adding (10.140) and (10.141) the remaining nonlinear terms cancel and we obtain the conserva-
tion law,

d�̂�
d𝑡
= 0, where �̂� = 1

2
∫ [(∇𝜓′)2 + d𝛹

d𝑄
𝑞′2] d𝐴. (10.144)

The quantity �̂� is known as the pseudoenergy of the disturbance and because it is a conserved
quantity, quadratic in the wave amplitude, it is (like pseudomomentum) a wave activity. Its con-
servation holds whether the disturbance is growing, decaying or neutral.

If d𝛹/d𝑄 is positive everywhere the pseudoenergy is a positive-definite quantity, and the
growth of the disturbance is then largely prevented and the basic state is said to be stable in the
sense of Liapunov. This means that the magnitude of the perturbation, as measured by some norm,
is bounded by its initial magnitude. In the case here we define the norm

||𝜓||2 ≡ ∫[(∇𝜓)2 + d𝛹
d𝑄
(∇2𝜓)2] d𝐴, (10.145)

so that
||𝜓′(𝑡)||2 = ||𝜓′(0)||2. (10.146)

If d𝛹/d𝑄 > 0 then, although the energy of the disturbance can grow, its final amplitude is bounded
by the initial value of the pseudoenergy, because if perturbation energy is to grow perturbation
enstrophy must shrink but it cannot shrink past zero. Normal-mode instability, in which modes
grow exponentially, is completely precluded.

If the pseudoenergy is negative definite then stability is also assured, but this is a less common
situation for it demands that d𝛹/d𝑄 be sufficiently negative so that the (negative of the) enstrophy
contribution is always larger than the energy contribution, and this can usually only be satisfied
in a sufficiently small domain. To see this, suppose that 𝑞′ = ∇2𝜓′, and that in the domain under
consideration the Laplacian operator has eigenvalues −𝑘2, where

∇2𝜓′ = −𝑘2𝜓′ (10.147)
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and the smallest eigenvalue, by magnitude, is 𝑘20. Then, using Poincaré’s inequality,

∫(∇2𝜓′)2 d𝐴 ≥ 𝑘20 ∫(∇𝜓′)2 d𝐴, (10.148)

a sufficient condition to make �̂� negative definite is that

d𝛹
d𝑄
< − 1
𝑘20
. (10.149)

As the domain gets bigger, 𝑘0 diminishes and this condition becomes harder to satisfy.12

Parallel shear flow and Fjørtoft’s condition
Consider the stability of a zonal flow (i.e., a flow in the 𝑥-direction), that varies only with 𝑦. The
flow stability condition is then

d𝛹
d𝑄
= d𝛹/d𝑦

d𝑄/d𝑦
= − 𝑈 − 𝑈𝑠
𝛽 − 𝑈𝑦𝑦

> 0, (10.150)

where 𝑈𝑠 is a constant, representing an arbitrary, constant, zonal flow. The last equality follows
because the problem is Galilean invariant, and we are therefore at liberty to choose 𝑈𝑠 arbitrarily.
To connect this with Fjørtoft’s condition (Chapter 9) multiply the top and bottom by (𝛽 − 𝑈𝑦𝑦),
whencewe see that a sufficient condition for stability is that (𝑈−𝑈𝑠)(𝛽−𝑈𝑦𝑦) is everywhere negative.
The derivation here, unlike our earlier one in Section 9.3.2, makes it clear that the condition does
not apply only to normal-mode instabilities.

10.7.2 ♦ Stratified Quasi-Geostrophic Flow
The extension of the pseudoenergy arguments to quasi-geostrophic flow is mostly straightforward,
but with a complication from the vertical boundary conditions at the surface and at an upper
boundary, and the trusting reader may wish to skip straight to the results, (10.155)–(10.157).13
For definiteness, we consider Boussinesq, 𝛽-plane quasi-geostrophic flow confined between flat
rigid surfaces at 𝑧 = 0 and 𝑧 = 𝐻. The interior flow is governed by the familiar potential vorticity
equation D𝑞/D𝑡 = 0 and the buoyancy equation D𝑏/D𝑡 = 0 at the two boundaries, where

𝑞 = ∇2𝜓 + 𝛽𝑦 + 𝜕
𝜕𝑧
(𝑆(𝑧)𝜕𝜓
𝜕𝑧
) , 𝑏 = 𝑓0

𝜕𝜓
𝜕𝑧
, (10.151)

and 𝑆(𝑧) = 𝑓20 /𝑁2 is positive. The basic state (𝜓 = 𝛹, 𝑞 = 𝑄, 𝑏 = 𝐵1, 𝐵2) satisfies

𝜓 = 𝛹(𝑄), 0 < 𝑧 < 𝐻,
𝜓 = 𝛹1(𝐵1), 𝑧 = 0 and 𝜓 = 𝛹2(𝐵2), 𝑧 = 𝐻.

(10.152)

Analogously to the barotropic case, we obtain the equations ofmotion for the interior perturbation

𝜕𝑞′
𝜕𝑡
+ 𝐽(𝜓′, 𝑄) + 𝐽(𝛹, 𝑞′) = 0, (10.153a)

d𝛹
d𝑄
𝜕𝑞′
𝜕𝑡
+ 𝐽(𝜓′, 𝛹) + 𝐽( �𝛹, d𝛹

d𝑄
𝑞′) � = 0, (10.153b)

and at the two boundaries

𝜕𝑏′
𝜕𝑡
+ 𝐽(𝜓′, 𝐵𝑖) + 𝐽(𝛹𝑖, 𝑏′) = 0, (10.154a)
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d𝛹𝑖
d𝐵𝑖
𝜕𝑏′
𝜕𝑡
+ 𝐽(𝜓′, 𝛹𝑖) + 𝐽( �𝛹𝑖,

d𝛹𝑖
d𝐵𝑖
𝑏′) � = 0, (10.154b)

for 𝑖 = 1, 2. (By d𝛹𝑖/d𝐵𝑖 we mean the derivative of 𝛹𝑖 with respect to its argument, evaluated at
𝐵𝑖.) From these equations, we form the pseudoenergy by multiplying (10.153a) by −𝜓′, (10.153b)
by 𝑞′, and (10.154a) by 𝜓′, (10.154b) by 𝑏′. After some manipulation we obtain the pseudoenergy
conservation law:

d�̂�
d𝑡
= 0, where �̂� = ℰ + 𝒵 + ℬ1 + ℬ2 , (10.155)

and

ℰ = 1
2
{(∇𝜓′)2 + 𝑆(𝜕𝜓

′

𝜕𝑧
)
2
} , 𝒵 = 1

2
{d𝛹
d𝑄
𝑞′2} ,

ℬ1 =
1
2
⟨𝑆(0)
𝑓0

d𝛹1
d𝐵1
𝑏′(0)2⟩ , ℬ2 = −

1
2
⟨𝑆(𝐻)
𝑓0

d𝛹2
d𝐵2
𝑏′(𝐻)2⟩ .

(10.156)

where the curly brackets denote a three-dimensional integration over the fluid interior, and the
angle brackets denote a horizontal integration over the boundary surfaces at 0 and 𝐻. The pseu-
doenergy �̂� is positive-definite, and therefore stability is assured in that norm, if all of the following
conditions are satisfied:

d𝛹
d𝑄
> 0, 1
𝑓0

d𝛹1
d𝐵1
> 0, 1
𝑓0

d𝛹2
d𝐵2
< 0. (10.157)

If the flow is compressible, the potential vorticity is 𝑞 = ∇2𝜓 + 𝛽𝑦 + 𝜌−1𝑅 𝜕𝑧(𝜌𝑅𝑆𝜕𝑧𝜓), where 𝜌𝑅 =
𝜌𝑅(𝑧), but the final stability conditions are unaltered. If the upper boundary is then removed to
infinity where 𝜌𝑅(𝑧) = 0 then only the lower boundary condition contributes to (10.157). In the
layered form of the quasi-geostrophic equations the vertical boundary conditions are built in to the
definitions of potential vorticity in the top and bottom layers. In this case, a sufficient condition for
stability is that d𝛹/d𝑄 > 0 in each layer. Indeed, an alternative derivation of (10.155)–(10.157)
would be to incorporate the boundary conditions on buoyancy into the definition of potential
vorticity by the delta-function construction of Section 5.4.3.

Zonal shear flow

Consider now zonally uniform zonal flows, such as might give rise to baroclinic instability in a
channel. The fields are then functions of 𝑦 and 𝑧 only, and the sufficient conditions for stability
are:

d𝛹
d𝑄
= 𝜕𝛹/𝜕𝑦
𝜕𝑄/𝜕𝑦
= − 𝑈

d𝑄/d𝑦
> 0,

d𝛹1
d𝐵1
= d𝛹1/d𝑦

d𝐵1/d𝑦
= 𝑈(0)

d𝑈(0)/d𝑧
> 0,

d𝛹2
d𝐵2
= d𝛹2/d𝑦

d𝐵2/d𝑦
= 𝑈(𝐻)

d𝑈(𝐻)/d𝑧
< 0,

(10.158)

using the thermal wind relation, and setting𝑓0 = 1 (its value is irrelevant). These results generalize
Fjørtoft’s condition to the stratified case,14 and as in that case we are at liberty to add a uniform
zonal flow to all the velocities.
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10.7.3 ♦ Applications to Baroclinic Instability
We may use the stability conditions derived above to provide a few more results about baroclinic
instability, including an alternative derivation of the minimum shear criterion in two-layer flow,
and a derivation of the high-wavenumber cut-off to instability. In what follows we do not derive
any new criteria; rather, the derivations make it apparent that the criteria are not restricted to
perturbations of normal-mode form.

Minimum shear in two-layer flow
We consider two layers of equal depth, on a flat-bottomed 𝛽-plane with basic state

𝛹1 = −𝑈1𝑦, 𝛹2 = −𝑈2𝑦 (10.159a)

𝑄1 = 𝛽𝑦 −
𝑘2𝑑
2
(𝑈2 − 𝑈1)𝑦, 𝑄2 = 𝛽𝑦 −

𝑘2𝑑
2
(𝑈1 − 𝑈2)𝑦. (10.159b)

This state is characterized by 𝑄𝑖 = 𝛾𝑖𝛹𝑖 where

𝛾1 = −
(𝛽 + 𝑘2𝑑�̂�)
(𝑈 + �̂�)

, 𝛾2 = −
(𝛽 − 𝑘2𝑑�̂�)
(𝑈 − �̂�)

, (10.160)

with 𝑈 = (𝑈1 + 𝑈2)/2 and �̂� = (𝑈1 − 𝑈2)/2. The barotropic flow does not affect the stability
properties, so without loss of generality we may choose 𝑈 < −�̂�, and this makes 𝛾1 > 0. Then 𝛾2
is also positive if 𝛽 > 𝑘2𝑑�̂�/2. Thus, a sufficient condition for stability is that

�̂� < 𝛽
𝑘2𝑑
, (10.161)

as obtained in Chapter 9. However, we now see that the stability condition does not apply only to
normal-mode instabilities.15

Use of pseudomomentum conservation provides an alternative derivation of the same result.
The flow will also be stable if in both layers 𝜕𝑄/𝜕𝑦 > 0, for then the conserved pseudomomentum
will be positive definite. If 𝑈1 > 𝑈2 then, from (10.159) d𝑄1/d𝑦 > 0. The flow will be stable if
d𝑄2/d𝑦 > 0, and this gives

�̂� = 1
2
(𝑈1 − 𝑈2) <

𝛽
𝑘2𝑑
, (10.162)

as in (10.161).

The high-wavenumber cut-off in two-layer baroclinic instability
We can use a pseudoenergy argument to show that there is a high-wavenumber cut-off to two-
layer baroclinic instability, with the basic state (10.159). The conserved pseudoenergy analogous
to (10.155) and (10.156) is readily found to be

�̂� = ⟨(∇𝜓′1)2 + (∇𝜓′2)2 +
1
2
𝑘2𝑑(𝜓′1 − 𝜓′2)2 +

𝑞′21
𝛾1
+ 𝑞
′2
2
𝛾2
⟩ = 0. (10.163)

Let us choose (without loss of generality) the barotropic flow to be 𝑈 = 𝛽/𝑘2𝑑. We then have
𝛾1 = 𝛾2 = −1/𝑘2𝑑, and the pseudoenergy is then just the actual energy minus 𝑘−2𝑑 times the total
enstrophy. If we define 𝜓 = (𝜓′1 + 𝜓′2)/2 and 𝜏 = (𝜓′1 − 𝜓′2)/2 then, using (12.41a) and (12.44),
(10.163) may be expressed as

�̂� = ⟨(∇𝜓)2 + (∇𝜏)2 + 𝑘2𝑑𝜏2 − 𝑘−2𝑑 {(∇2𝜓)2 + [(∇2 − 𝑘2𝑑)𝜏]
2}⟩ . (10.164)
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Now, let us express the fields as Fourier sums,

(𝜏, 𝜓) = ∑
𝑘,𝑙
(𝜏𝑘,𝑙, �̃�𝑘,𝑙)ei(𝑘𝑥+𝑙𝑦). (10.165)

(This expression assumes a doubly-periodic domain; essentially the same end-result is obtained in
a channel.) The pseudoenergy may then be written as

�̂� = ∑
𝑘,𝑙
[𝐾2�̃�2𝑘,𝑙(𝑘2𝑑 − 𝐾2) + 𝐾′2𝜏2𝑘,𝑙(𝑘2𝑑 − 𝐾′2)] , (10.166)

where𝐾2 = 𝑘2+𝑙2 and𝐾′2 = 𝐾2+𝑘2𝑑. If the deformation radius is sufficiently large (or the domain
sufficiently small) that 𝐾2 > 𝑘2𝑑, then the pseudoenergy is negative-definite, so the flow is stable,
no matter what the shear may be. Such a situation might arise on a planet whose circumference
was less than the deformation radius, or in a small ocean basin. In the linear problem, in which
perturbation modes do not interact, horizontal wavenumbers with 𝑘2 > 𝑘2𝑑 are stable and there is
thus a high-wavenumber cut-off to instability, as was found in Chapter 9 by direct calculation.

Notes
1 After Eliassen & Palm (1961).

2 Andrews & McIntyre (1976), Ripa (1981) and Held (1985).

3 These restrictions on the basic state are not necessary to prove orthogonality, but they make the
algebra simpler. Also, we pay no attention here to the nature of the eigenvalues of (10.45), which,
in general, consist of both a discrete and a continuous spectrum. See Farrell (1984) and McIntyre
& Shepherd (1987).

4 The tem was introduced by Andrews & McIntyre (1976, 1978) and Boyd (1976). A precursor is the
paper of Riehl & Fultz (1957), who noted the shortcomings of zonal averaging in uncovering the
meaning of indirect cells in laboratory experiments, and by extension the atmosphere.

5 Themain result of this subsectionwas originally obtained byMcIntosh&McDougall (1996). I thank
A. Plumb for a discussion about the derivation given here. It is in fact possible to write exact TEM-
like equations wholly in terms of the thickness-weighted averaged quantities and without taking a
zonal average. The literature is extensive and at times hard to follow, but the reader may usefully
look to de Szoeke& Bennett (1993) and Young (2012), who show that thickness-weighted averaged
equationsmay be derived that are identical to the unweighted equations except for the appearance,
in the horizontal momentum equations, of an eddy forcing by the divergence of three-dimensional
Eliassen–Palm vectors. The divergence of these EP vectors is related to the eddy flux of the full
potential vorticity, in an analogousmanner to (butmore general than) the quasi-geostrophic result.

6 This problem can be worked around in some cases (Plumb 1990, Greatbatch 1998).

7 Non-acceleration arguments have a long history, with contributions from Charney & Drazin (1961),
Eliassen & Palm (1961), Holton (1974) and, in particular, Boyd (1976) and Andrews & McIntyre
(1978). Dunkerton (1980) reviews and provides examples. Non-acceleration is now so prevalent in
the literature that it could be written nonacceleration.

8 Conservation laws of this ilk, their connection to the underlying symmetries of the basic state and
(relatedly) their finite-amplitude extension, are discussed byMcIntyre& Shepherd (1987) and Shep-
herd (1990). Conservation of momentum is related to the translational invariance of the medium
whereas conservation of 𝒫 is related to the translational invariance of the basic state, and hence
the appellation ‘pseudomomentum’.

9 See Andrews & McIntyre (1978) and Young (2012).

10 Steve Garner and Raffaele Ferrari both provided very helpful input to this section. Shepherd (1983)
considers the two-layer problem.
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11 The original papers are Arnold (1965, 1966), with many results being developed by Holm et al.
(1985).

12 The stability criterion is sometimes referred to as ‘Arnold’s second condition’. More discussion is
given in Holm et al. (1985) and McIntyre & Shepherd (1987).

13 Blumen (1968), but the method we use is more direct.

14 Pedlosky (1964) derived these conditions by a normal-mode approach.

15 Pierini & Vulpiani (1981) and Vallis (1985) further consider the finite-amplitude case.



Shootings of water thread down the slope
of the huge green stone —
The white eddy-rose that blossom’d up
against the stream in the scollop,
by fits and starts, obstinate in resurrection —
It is the life that we live.
Samuel Taylor Coleridge, The Eddy-Rose, adapted from notebook, 1799.

CHAPTER 11

Basics of Incompressible Turbulence

Turbulence is high Reynolds number fluid flow, dominated by nonlinearity, containing
both spatial and temporal disorder. No definition is perfect, and it is hard to disentangle
a definition from a property, but this statement captures the essential aspects. A turbulent

flow has eddies with a spectrum of sizes between some upper and lower bounds, the former often
determined by the forcing scale or the domain scale, and the latter usually by viscosity. The indi-
vidual eddies come and go, and are inherently unpredictable. Rather like life, turbulent flows are
endlessly fascinating and not a little frustrating.1

The circulation of the atmosphere and ocean is, inter alia, the motion of a forced-dissipative
fluid subject to various constraints such as rotation and stratification. The larger scales are orders
of magnitude larger than the dissipation scale (the scale at which molecular viscosity becomes im-
portant) and at many if not all scales the motion is highly nonlinear and quite unpredictable. Thus,
we can justifiably say that the atmosphere and ocean are turbulent fluids. We are not simply talk-
ing about the small-scale flows traditionally regarded as turbulent; rather, our main focus will be
the large-scale flows associated with baroclinic instability and greatly influenced by rotation and
stratification, a kind of turbulence known as geostrophic turbulence. However, before discussing
turbulence in the atmosphere and ocean, in this chapterwe consider from a fairly elementary stand-
point the basic theory of two- and three-dimensional turbulence, and in particular the theory of
inertial ranges. We do not provide a comprehensive discussion of turbulence; rather, we provide
an introduction to those aspects of most interest or relevance to the dynamical oceanographer or
meteorologist. In the next chapter we consider the effects of rotation and stratification, and after
that we look at turbulent diffusion.

11.1 THE FUNDAMENTAL PROBLEM OF TURBULENCE
Turbulence is a difficult subject because it is nonlinear, and because, and relatedly, there are inter-
actions between scales of motion. Let us first see what difficulties these bring, beginning with the
closure problem itself.

11.1.1 The Closure Problem
Although in a turbulent flow it may be virtually impossible to predict the detailed motion of each
eddy, the statistical properties— time averages for example— are not necessarily changing and we

413
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might like to predict such averages. Effectively, we accept that we cannot predict the weather, but
we can try to predict the climate. Even though we know the equations that determine the system,
this task proves to be very difficult because the equations are nonlinear, andwe come up against the
closure problem. To see what this is, let us decompose the velocity field into mean and fluctuating
components,

𝒗 = 𝒗 + 𝒗′. (11.1)

Here 𝒗 is the mean velocity field, and 𝒗′ is the deviation from that mean. The mean might be a
time average, in which case 𝒗 is a function only of space and not of time, or it might be a time
mean over a finite period (e.g., a season if we are dealing with the weather), or it might be some
form of ensemble mean. The average of the deviation is, by definition, zero; that is 𝒗′ = 0. The
idea is to substitute (11.1) into the momentum equation and try to obtain a closed equation for the
mean quantity 𝒗. Rather than dealing with the full Navier–Stokes equations, let us carry out this
program for a model nonlinear system that obeys

d𝑢
d𝑡
+ 𝑢𝑢 + 𝑟𝑢 = 0, (11.2)

where 𝑟 is a constant. The average of this equation is:

d𝑢
d𝑡
+ 𝑢𝑢 + 𝑟𝑢 = 0. (11.3)

The value of the term 𝑢𝑢 (i.e., 𝑢2) is not deducible simply by knowing 𝑢, since it involves correla-
tions between eddy quantities, namely 𝑢′𝑢′. That is, 𝑢𝑢 = 𝑢 𝑢 + 𝑢′𝑢′ ≠ 𝑢 𝑢. We can go to the next
order to try (vainly!) to obtain an equation for 𝑢 𝑢. First multiply (11.2) by 𝑢 to obtain an equation
for 𝑢2, and then average it to yield

1
2
d𝑢2
d𝑡
+ 𝑢𝑢𝑢 + 𝑟𝑢2 = 0. (11.4)

This equation contains the undetermined cubic term 𝑢𝑢𝑢. An equation determining this would
contain a quartic term, and so on in an unclosed hierarchy. Manymethods of closing the hierarchy
make assumptions about the relationship of (𝑛 + 1)th order terms to 𝑛th order terms, for example
by supposing that

𝑢𝑢𝑢𝑢 = 𝛼𝑢𝑢 𝑢𝑢 + 𝛽𝑢𝑢𝑢, (11.5)

where 𝛼 and 𝛽 are some parameters, and closures set in physical space or in spectral space (i.e., act-
ing on the Fourier transformed variables) have both been proposed. If we know that the variables
are distributed normally then such closures can sometimes be made exact, but this is not generally
the case in turbulence and all closures that have been proposed so far are, at best, approximations.

This same closure problem arises in the Navier–Stokes equations. If density is constant (say
𝜌 = 1) the 𝑥-momentum equation for an averaged flow is

𝜕𝑢
𝜕𝑡
+ (𝒗 ⋅ ∇)𝑢 = −𝜕𝑝

𝜕𝑥
− ∇ ⋅ 𝒗′𝑢′. (11.6)

Written out in full in Cartesian coordinates, the last term is

∇ ⋅ 𝒗′𝑢′ = 𝜕
𝜕𝑥
𝑢′𝑢′ + 𝜕
𝜕𝑦
𝑢′𝑣′ + 𝜕
𝜕𝑧
𝑢′𝑤′. (11.7)

These terms, and the similar ones in the 𝑦- and 𝑧-momentum equations, represent the effects of
eddies on the mean flow and are known as Reynolds stress terms. The ‘closure problem’ of turbu-
lencemay be thought of as finding a representation of such Reynolds stress terms in terms of mean
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flow quantities. Nobody has been able to close the system, in any useful way, without introducing
physical assumptions not directly deducible from the equations of motion themselves. Indeed, not
only has the problem not been solved, it is not clear that in general a useful closed-form solution
actually exists.

11.1.2 Triad Interactions in Turbulence
Thenonlinear term in the equations ofmotion not only leads to difficulties in closing the equations,
but it leads to interactions among different length scales, and in this section we write the equations
of motion in a form that makes this explicit. For algebraic simplicity we will restrict our attention
to two-dimensional flows, but very similar considerations also apply in three dimensions, and the
details of the algebra following are not of themselves important to subsequent sections.2

The equation ofmotion for an incompressible fluid in two dimensions— see for example (4.67)
or (5.119) — may be written as

𝜕𝜁
𝜕𝑡
+ 𝐽(𝜓, 𝜁) = 𝐹 + 𝜈∇2𝜁, 𝜁 = ∇2𝜓. (11.8)

We include a forcing and viscous term but no Coriolis term. Let us suppose that the fluid is con-
tained in a square, doubly-periodic domain of side 𝐿, and let us expand the streamfunction and
vorticity in Fourier series so that, with a tilde denoting a Fourier coefficient,

𝜓(𝑥, 𝑦, 𝑡) = ∑
𝒌
�̃�(𝒌, 𝑡)ei𝒌⋅𝒙, 𝜁(𝑥, 𝑦, 𝑡) = ∑

𝒌

̃𝜁(𝒌, 𝑡)ei𝒌⋅𝒙, (11.9)

where 𝒌 = 𝐢𝑘𝑥 + 𝐣𝑘𝑦, ̃𝜁 = −𝑘2�̃� where 𝑘2 = 𝑘𝑥2 + 𝑘𝑦2 and, to ensure that 𝜓 is real, �̃�(𝑘𝑥, 𝑘𝑦, 𝑡) =
�̃�∗(−𝑘𝑥, −𝑘𝑦, 𝑡), where ∗ denotes the complex conjugate, and this property is known as conjugate
symmetry. The summations are over all positive and negative 𝑥- and 𝑦-wavenumbers, and �̃�(𝒌, 𝑡)
is shorthand for �̃�(𝑘𝑥, 𝑘𝑦, 𝑡). Substituting (11.9) in (11.8) gives, with (for the moment) 𝐹 and 𝜈
both zero,

𝜕
𝜕𝑡
∑
𝒌

̃𝜁(𝒌, 𝑡)ei𝒌⋅𝒙 = ∑
𝒑
𝑝𝑥�̃�(𝒑, 𝑡)ei𝒑⋅𝒙 ×∑

𝒒
𝑞𝑦 ̃𝜁(𝒒, 𝑡)ei𝒒⋅𝒙

−∑
𝒑
𝑝𝑦�̃�(𝒑, 𝑡)ei𝒑⋅𝒙 ×∑

𝒒
𝑞𝑥 ̃𝜁(𝒒, 𝑡)ei𝒒⋅𝒙,

(11.10)

where 𝒑 and 𝒒 are, like 𝒌, horizontal wave vectors. We may obtain an evolution equation for the
wavevector 𝒌 by multiplying (11.10) by exp(−i𝒌 ⋅ 𝒙) and integrating over the domain, and using
the fact that the Fourier modes are orthogonal; that is

∫ ei𝒑⋅𝒙ei𝒒⋅𝒙 d𝐴 = 𝐿2𝛿(𝒑 + 𝒒), (11.11)

where 𝛿(𝒑+𝒒) equals unity if 𝒑 = −𝒒 and is zero otherwise. Using this, (11.10) becomes, restoring
the forcing and dissipation terms,

𝜕
𝜕𝑡
�̃�(𝒌, 𝑡) = ∑

𝒑,𝒒
𝐴(𝒌, 𝒑, 𝒒)�̃�(𝒑, 𝑡)�̃�(𝒒, 𝑡) + 𝐹(𝒌) − 𝜈𝑘2�̃�(𝐤, 𝑡), (11.12)

where 𝐴(𝒌, 𝒑, 𝒒) = (𝑞2/𝑘2)(𝑝𝑥𝑞𝑦 − 𝑝𝑦𝑞𝑥)𝛿(𝒑 + 𝒒 − 𝐤) is an ‘interaction coefficient’, and the sum-
mation is over all 𝒑 and 𝒒; however, only those wavevector triads with 𝒑 + 𝒒 = 𝐤make a non-zero
contribution, because of the presence of the delta function.
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Fig. 11.1 Two interacting triads,
each with 𝒌 = 𝒑 + 𝒒. On the left,
a local triad with 𝑘 ∼ 𝑝 ∼ 𝑞. On
the right, a non-locpwal triad with
𝑘 ∼ 𝑝 ≫ 𝑞.

Consider, then, a fluid in which just two Fourier modes are initially excited, with wavevectors
𝒑 and 𝒒, along with their conjugate-symmetric partners at −𝒑 and −𝒒. These modes interact, obey-
ing (11.12), to generate third and fourth wavenumbers, 𝒌 = 𝒑 + 𝒒 and𝒎 = 𝒑− 𝒒 (along with their
conjugate-symmetric partners). These four wavenumbers can interact among themselves to gen-
erate several additional wavenumbers, 𝒌 + 𝒑, 𝒌 + 𝒎 and so on, so potentially filling out the entire
spectrum of wavenumbers. The individual interactions are called triad interactions, and it is by
way of such interactions that energy is transferred between scales in turbulent flows, in both two
and three dimensions. The dissipation term does not lead to interactions between modes with dif-
ferent wavevectors; rather, it acts like a drag on each Fourier mode, with a coefficient that increases
with wavenumber and therefore that preferentially affects small scales.

The selection rule for triad interactions — that 𝒌 = 𝒑+𝒒— does not restrict the scales of these
interacting wavevectors, and the types of triad interactions fall between two extremes:
(i) local interactions, in which 𝑘 ∼ 𝑝 ∼ 𝑞;
(ii) non-local interactions, in which 𝑘 ∼ 𝑝 ≫ 𝑞.

These two kinds of triads are schematically illustrated in Fig. 11.1. Without a detailed analysis of the
solutions of the equations of motion— an analysis that is in general impossible for fully-developed
turbulence — we cannot say with certainty whether one kind of triad interaction dominates. The
theory of Kolmogorov considered below, and its two-dimensional analogue, assume that it is the
local triads that aremost important in transferring energy; this is a reasonable assumption because,
from the perspective of a small eddy, large eddies appear as a nearly-uniform flow and so translate
the small eddies around without distortion and thus without transferring energy between scales.

11.2 THE KOLMOGOROV THEORY

The foundation of many theories of turbulence is the spectral theory of Kolmogorov.3 This theory
does not close the equations as explicit a manner as (11.5), but it does provide a prediction for the
energy spectrum of a turbulent flow (i.e., how much energy is present at a particular spatial scale)
and it does this by suggesting a relationship between the energy spectrum (a second-order quantity
in velocity) and the spectral energy flux (a third-order quantity).

11.2.1 The Physical Picture
Consider high Reynolds number (Re) incompressible flow that is being maintained by some exter-
nal force. Then the evolution of a system that has 𝜌 = 1 is governed by

𝜕𝒗
𝜕𝑡
+ (𝒗 ⋅ ∇)𝒗 = −∇𝑝 + 𝑭 + 𝜈∇2𝒗 (11.13)
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and
∇ ⋅ 𝒗 = 0. (11.14)

Here, 𝑭 is some force we apply to maintain fluid motion — for example, we stir the fluid with a
spoon. (One might argue that such stirring is not a force, like gravity, but a continuous changing
of the boundary conditions. Having noted this, we treat it as a force.) A simple scale analysis of
these equations seems to indicate that the ratio of the size of the inertial terms on the left-hand side
to the viscous term is the Reynolds number 𝑉𝐿/𝜈, where 𝑉 and 𝐿 are velocity and length scales.
To be explicit let us consider the ocean, and take 𝑉 = 0.1ms−1, 𝐿 = 1000 km and 𝜈 = 10−6m2 s−1.
Then Re = 𝑉𝐿/𝜈 ≈ 1011, and it seems that we can neglect the viscous term on the right-hand side
of (11.13). But this can lead to a paradox, as if the fluid is being forced this forcing is likely to put
energy into the fluid. To see this, we obtain the energy budget for (11.13) by multiplying by 𝒗 and
integrating over a domain. If there is no flow into or out of our domain, the inertial terms in the
momentum equation conserve energy and, recalling Section 1.10, the energy equation is

d𝐸
d𝑡
= d

d𝑡
∫ 1
2
𝒗2 d𝑉 = ∫ (𝑭 ⋅ 𝒗 + 𝜈𝒗 ⋅ ∇2𝒗) d𝑉 = ∫ (𝑭 ⋅ 𝒗 − 𝜈𝝎2) d𝑉, (11.15)

where 𝐸 is the total energy. If we neglect the viscous term we are led to an inconsistency, since the
forcing term is a source of energy (𝑭 ⋅ 𝒗 > 0), because a force will normally, on average, produce a
velocity that is correlated with the force itself. Without viscosity, energy keeps on increasing.

What is amiss? It is true that for motion with a 1000 km length scale and a velocity of a few
centimetres per second we can neglect viscosity when considering the balance of forces in the
momentum equation. But this does not mean that there is no motion at much smaller length
scales — indeed we seem to be led to the inescapable conclusion that there must be some motion
at smaller scales in order to remove energy. Scale analysis of themomentum equation suggests that
viscous terms will be comparable with the inertial terms at a scale 𝐿𝜈 where the Reynolds number
based on that scale is of order unity, giving

𝐿𝜈 ∼
𝜈
𝑉
. (11.16)

This is a very small scale for geophysical flows, of ordermillimetres or less. Where and how are such
small scales generated? Boundaries are one important region; if there is high Reynolds number
flow above a solid boundary, for example the wind above the ground, then viscosity must become
important in bringing the velocity to zero in order that it can satisfy the no-slip condition at the
surface, as illustrated in Fig. 5.4.

Motion on very small scalesmay also be generated in the fluid interior. Howmight this happen?
Suppose the forcing acts only at large scales, and its direct action is to set up some correspondingly
large-scale flow, composed of eddies and shear flows and such-like. Then typically there will be an
instability in the flow, and a smaller eddy will grow: initially, the large-scale flow may be treated
as an unchanging shear flow, and the disturbance while small will obey linear equations of motion
similar to those applicable in an idealized Kelvin–Helmholtz instability. This instability clearly
must draw from the large scale quasi-stationary flow, and it will eventually saturate at some finite
amplitude. Although it has grown in intensity, it is still typically smaller than the large scale flow
that fostered it (remember how the growth rate of the shear instability gets larger as the wavelength
of the perturbation decreased). As it reaches finite amplitude, the perturbation itself may become
unstable, and smaller eddies will feed off its energy and grow, and so on.4 Vortex stretching plays an
important role in all this, stretching line elements and creating eddies, and energy, at small scales.
The general picture that emerges is of a large-scale flow that is unstable to eddies somewhat smaller
in scale. These eddies grow, and develop still smaller eddies, and energy is transferred to smaller
and smaller scales in a cascade-like process, sketched in Fig. 11.2. Finally, eddies are generated
that are sufficiently small that they feel the effects of viscosity, and energy is drained away. Thus,
there is a flux of kinetic energy from the large to the small scales, where it is dissipated into heat.
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Fig. 11.2 The passage of energy to
smaller scales: eddies at large scale
break up into ones at smaller scale,
thereby transferring energy to smaller
scales. (The eddies in reality are embed-
ded within each other.)
If the passage occurs between eddies of
similar sizes (i.e., if it is spectrally local)
the transfer is said to be a cascade.

11.2.2 Inertial-range Theory
Given the above picture it becomes possible to predict what the energy spectrum is. Let us suppose
that the flow is statistically isotropic (i.e., the same in all directions) and homogeneous (i.e., the
same everywhere; all isotropic flows are homogeneous, but not vice versa). Homogeneity precludes
the presence of solid boundaries but can be achieved in a periodic domain, and the finite domain
puts an upper limit, sometimes called the outer scale, on the size of eddies.

If we decompose the velocity field into Fourier components, then in a finite domain we may
write

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = ∑
𝒌
𝑢(𝒌, 𝑡)ei(𝑘𝑥𝑥+𝑘𝑦𝑦+𝑘𝑧𝑧), (11.17)

where𝑢 is the Fourier transformedfield of𝑢, with similar identities for 𝑣 and𝑤, and𝒌 = (𝑘𝑥, 𝑘𝑦, 𝑘𝑧).
The sum is a triple sum over all wavenumbers (𝑘𝑥, 𝑘𝑦, 𝑘𝑧), and in a finite domain these wavenum-
bers are quantized. Finally, to ensure that 𝑢 is real we require that 𝑢(−𝒌) = 𝑢∗(𝒌), where the
asterisk denotes the complex conjugate. Using Parseval’s theorem (and assuming density is unity,
as we shall throughout this chapter) the energy in the fluid is given by

1
𝑉
∫
𝑉
𝐸d𝑉 = 1

2𝑉
∫
𝑉
(𝑢2 + 𝑣2 + 𝑤2) d𝑉 = 1

2
∑
𝒌
(|𝑢|2 + |𝑣|2 + |�̃�|2) ≡ ∑

𝒌
ℰ𝒌, (11.18)

where 𝐸 is the energy density per unit mass, 𝑉 is the volume of the domain, and the last equal-
ity serves to define the discrete energy spectrum ℰ𝒌. We will now assume that the turbulence is
isotropic, and that the domain is sufficiently large that the sums in the above equations may be
replaced by integrals. We may then write

𝐸 = 1
𝑉
𝐸 = 1
2𝑉
∫
𝑉
𝒗2 d𝑉 = ∫ ℰ(𝑘) d𝑘, (11.19)

where 𝐸 is the average energy, 𝐸 is the total energy and ℰ(𝑘) is the energy spectral density, or
the energy spectrum, so that ℰ(𝑘)𝛿𝑘 is the energy in the small wavenumber interval 𝛿𝑘. Because
of the assumed isotropy, the energy is a function only of the scalar wavenumber 𝑘, where 𝑘2 =
𝑘𝑥2 + 𝑘𝑦2 + 𝑘𝑧2. The units of ℰ(𝑘) are 𝐿3/𝑇2 and the units of 𝐸 are 𝐿2/𝑇2.

We now suppose that the fluid is stirred at large scales and, via the nonlinear terms in the mo-
mentum equation, that this energy is transferred to small scales where it is dissipated by viscosity.
The key assumption is to suppose that, if the forcing scale is sufficiently larger than the dissipation
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Dimensions and the Kolmogorov Spectrum

Quantity Dimension
Wavenumber, 𝑘 1/L
Energy per unit mass, 𝐸 𝑈2 = 𝐿2/𝑇2
Energy spectrum, ℰ(𝑘) 𝐸𝐿 = 𝐿3/𝑇2
Energy flux, 𝜀 𝐸/𝑇 = 𝐿2/𝑇3

If ℰ = 𝑓(𝜀, 𝑘) then the only dimensionally consistent relation for the energy spec-
trum is

ℰ = 𝒦𝜀2/3𝑘−5/3,
where𝒦 is a dimensionless constant.

scale, there exists a range of scales that is intermediate between the large scale and the dissipa-
tion scale and where neither forcing nor dissipation are explicitly important to the dynamics. This
assumption, known as the locality hypothesis, depends on the nonlinear transfer of energy being
sufficiently local (in spectral space). This intermediate range is known as the inertial range, because
the inertial terms and not forcing or dissipation must dominate in the momentum balance. If the
rate of energy input per unit volume by stirring is equal to 𝜀, then if we are in a steady state there
must be a flux of energy from large to small scales that is also equal to 𝜀, and an energy dissipation
rate, also 𝜀.

Now, we have no general theory for the energy spectrum of a turbulent fluid, but we might
suppose it takes the general form

ℰ(𝑘) = 𝑔(𝜀, 𝑘, 𝑘0, 𝑘𝜈), (11.20)

where the right-hand side denotes a function of the spectral energy flux or cascade rate 𝜀, the
wavenumber 𝑘, the forcing wavenumber 𝑘0 and the wavenumber at which dissipation acts, 𝑘𝜈 (and
𝑘𝜈 ∼ 𝐿−1𝜈 ). The function 𝑔 will of course depend on the particular nature of the forcing. Now, the
locality hypothesis essentially says that at some scale within the inertial range the flux of energy to
smaller scales depends only on processes occurring at or near that scale. That is to say, the energy
flux is only a function of ℰ and 𝑘, or equivalently that the energy spectrum can be a function only
of the energy flux 𝜀 and the wavenumber itself. From a physical point of view, as energy cascades to
smaller scales the details of the forcing are forgotten but the effects of viscosity are not yet apparent,
and the energy spectrum takes the form,

ℰ(𝑘) = 𝑔(𝜀, 𝑘). (11.21)

The function 𝑔 is assumed to be universal, the same for every turbulent flow.
Let us now use dimensional analysis to give us the form of the function 𝑔(𝜀, 𝑘) (see the shaded

box above). In (11.21), the left-hand side has dimensions𝐿3/𝑇2; the factor𝑇−2 can only be balanced
by 𝜀2/3 because 𝑘 has no time dependence; that is, (11.21), and its dimensions, must take the form

ℰ(𝑘) = 𝜀2/3𝑔(𝑘), (11.22a)
𝐿3
𝑇2
∼ 𝐿
4/3

𝑇2
𝑔(𝑘), (11.22b)

where 𝑔(𝑘) is some function. Evidently 𝑔(𝑘) must have dimensions 𝐿5/3, and the functional rela-



420 Chapter 11. Basics of Incompressible Turbulence

Fig. 11.3 The energy spectrum in three-
dimensional turbulence, in the theory of
Kolmogorov. Energy is supplied at some rate
𝜀; it is cascaded to small scales, where it is ulti-
mately dissipated by viscosity. There is no sys-
tematic energy transfer to scales larger than
the forcing scale, so here the energy falls off.
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tionship we must have, if the physical assumptions are right, is

ℰ(𝑘) = 𝒦𝜀2/3𝑘−5/3. (11.23)

This is the famous ‘Kolmogorov -5/3 spectrum’, enshrined as one of the cornerstones of turbulence
theory. It is sketched in Fig. 11.3, and some experimental results are shown in Fig. 11.4. The pa-
rameter𝒦 is a dimensionless constant, undetermined by this theory; it is known as Kolmogorov’s
constant and experimentally its value is found to be about 1.5.5

An equivalent, and revealing, way to derive this result is to first define an eddy turnover time
𝜏𝑘, which is the time taken for a parcel with velocity 𝑣𝑘 tomove a distance 1/𝑘, 𝑣𝑘 being the velocity
associated with the (inverse) scale 𝑘. On dimensional considerations 𝑣𝑘 = [ℰ(𝑘)𝑘]1/2 so that

𝜏𝑘 = [𝑘3ℰ(𝑘)]
−1/2 . (11.24)

Kolmogorov’s assumptions are then equivalent to setting

𝜀 ∼ 𝑣
2
𝑘
𝜏𝑘
= 𝑘ℰ(𝑘)
𝜏𝑘
. (11.25)

If we demand that 𝜀 be a constant then (11.24) and (11.25) yield (11.23).

The viscous scale and energy dissipation
At some small length scale we should expect viscosity to become important and the scaling theory
we have just set upwill fail. What is that scale? In the inertial range friction is unimportant because
the time scales on which it acts are too long for it be important and dynamical effects dominate.
In the momentum equation the viscous term is 𝜈∇2𝑢 so that a viscous or dissipation time scale at
a scale 𝑘−1, 𝜏𝜈𝑘 , is

𝜏𝜈𝑘 ∼
1
𝑘2𝜈
, (11.26)

so that the viscous time scale decreases with scale. The eddy turnover time, 𝜏𝑘—that is, the inertial
time scale — in the Kolmogorov spectrum is

𝜏𝑘 = 𝜀−1/3𝑘−2/3. (11.27)
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Fig. 11.4 The energy spectrum of 3D turbulence measured in some experiments at the Prince-
ton Superpipe facility.6 The outer plot shows the spectra from a large number of experiments at
different Reynolds numbers up to 106, with the magnitude of their spectra appropriately rescaled.
Smaller scales show a good −5/3 spectrum, whereas at larger scales the eddies feel the effects of the
pipe wall and the spectra are a little shallower. The inner plot shows the spectrum in the centre of
the pipe in a single experiment at Re ≈ 106.

The wavenumber at which dissipation becomes important is then given by equating the above two
time scales, yielding the dissipation wavenumber, 𝑘𝜈 and the associated length scale, 𝐿𝜈,

𝑘𝜈 ∼ (
𝜀
𝜈3
)
1/4
, 𝐿𝜈 ∼ (

𝜈3
𝜀
)
1/4
. (11.28a,b)

𝐿𝜈 is called the Kolmogorov scale. It is the only quantity which can be created from the quantities
𝜈 and 𝜀 that has the dimensions of length. (It is the same as the scale given by (11.16) provided
that in that expression 𝑉 is the velocity magnitude at the Kolmogorov scale.) Thus, for 𝐿 ≫ 𝐿𝜈,
𝜏𝑘 ≪ 𝜏𝜈𝑘 and inertial effects dominate. For 𝐿 ≪ 𝐿𝜈, 𝜏𝜈𝑘 ≪ 𝜏𝑘 and frictional effects dominate. In
fact for length scales smaller than the dissipation scale, (11.27) is inaccurate; the energy spectrum
falls off more rapidly than 𝑘−5/3 and the inertial time scale falls off less rapidly than (11.27) implies,
and dissipation dominates even more.

Given the dissipation scale, let us estimate the average energy dissipation rate, d/d𝑇𝐸. This is
given by

d
d𝑡
𝐸 = 1
𝑉
∫𝜈𝒗 ⋅ ∇2𝒗d𝑉. (11.29)

The length at which dissipation acts is the Kolmogorov scale and, noting that 𝑣2𝑘 ∼ 𝜀2/3𝑘−2/3 and
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using (11.28a), the average energy dissipation rate scales as

d/d𝑡𝐸 ∼ 𝜈𝑘2𝜈𝑣2𝑘𝜈 ∼ 𝜈𝑘
2
𝜈
𝜀2/3

𝑘2/3𝜈
∼ 𝜀. (11.30)

That is, the energy dissipation rate is equal to the energy cascade rate. On the one hand this seems
sensible, but on the other hand it is independent of the viscosity. In particular, in the limit of viscosity
tending to zero the energy dissipation remains finite! Surely the energy dissipation rate must go to
zero if viscosity goes to zero? To see that this is not the case, consider that energy is input at some
large scales, and themagnitude of the stirring largely determines the energy input and cascade rate.
The scale at which viscous effects then become important is determined by the viscous scale, 𝐿𝜈,
given by (11.28b). As viscosity tends to zero 𝐿𝜈 becomes smaller in just such a way as to preserve the
constancy of the energy dissipation. This is one of the most important results in three-dimensional
turbulence. Now, we established in Section 1.10 that the Euler equations (i.e., the fluid equations
with the viscous term omitted from the outset) do conserve energy. This means that the Euler
equations are a singular limit of the Navier–Stokes equations: the behaviour of the Navier–Stokes
equations as viscosity tends to zero is different from the behaviour resulting from simply omitting
the viscous term from the equations ab initio.

How big is 𝐿𝜈 in the atmosphere? A crude estimate, perhaps wrong by an order of magnitude,
comes from noting that 𝜀 has units of 𝑈3/𝐿, and that at length scales of the order of 100m in the
atmospheric boundary layer (where there might be a three-dimensional energy cascade to small
scales) velocity fluctuations are of the order of 1 cm s−1, giving 𝜀 ≈ 10−8m2 s−3. Using (11.28b) we
then find the dissipation scale to be of the order of a millimetre or so. In the ocean the dissipation
scale is also of the order of millimetres. Various inertial range properties, in both three and two
dimensions, are summarized in the shaded box on the facing page.

Degrees of freedom

How many degrees of freedom does a turbulent fluid like the atmosphere potentially have? We
might estimate this number,𝑁 say, by the expression

𝑁 ∼ ( 𝐿
𝐿𝜈
)
3
, (11.31)

where𝐿 is the length scale of the energy-containing eddies at the large scale. If we take𝐿 = 1000 km
and 𝐿𝜈 = 1mm this gives about 1027! On a rather more general basis, we can obtain an expression
for𝑁 using (11.28b), to give

𝑁 ∼ 𝐿3 ( 𝜀
𝜈3
)
3/4
, (11.32)

or, using 𝜀 ∼ 𝑈3/𝐿,

𝑁 ∼ (𝑈𝐿
𝜈
)
9/4
= Re 9/4, (11.33)

whereRe is the Reynolds number based on the large-scale flow. For typical large-scale atmospheric
flows with 𝑈 ∼ 10ms−1, 𝐿 ∼ 106m and 𝜈 = 105m2 s−1, Re ∼ 1012 and again𝑁 ∼ 1027. Obviously,
this number is very approximate, but nevertheless the number of potential degrees of freedom
in the atmosphere is truly enormous, greater than Avogadro’s number. Thus trying to model the
turbulent atmosphere explicitly is akin to trying tomodel the gas in a roomby following themotion
of each individualmolecule, and it seems unnecessary. How shouldwemodel it? That, in a nutshell,
is the (unsolved) problem of turbulence.
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Inertial Range Properties in 3D and 2D Turbulence

For reference, a few inertial range properties are listed below, omitting non-
dimensional constants.

3D energy range 2D enstrophy range

Energy spectrum 𝜀2/3𝑘−5/3 𝜂2/3𝑘−3 (T.1)
Turnover time 𝜀−1/3𝑘−2/3 𝜂−1/3 (T.2)

Viscous scale, 𝐿𝜈 ( �𝜈3/𝜀)�1/4 ( �𝜈3/𝜂)�1/6 (T.3)
Passive tracer spectrum 𝜒𝜀−1/3𝑘−5/3 𝜒𝜂−1/3𝑘−1 (T.4)

In these expressions:

𝜈 = viscosity, 𝑘 = wavenumber, 𝜀 = energy cascade rate,
𝜂 = enstrophy cascade rate, 𝜒 = tracer variance cascade rate.

11.2.3 A Final Note on our Assumptions
Theassumptions of homogeneity and isotropy that aremade in theKolmogorov theory are ansatzes,
in that we make them because we want to have a tractable model of turbulence (and certainly we
can conceive of an experiment in which turbulence is for most practical purposes homogeneous
and isotropic). The essential physical assumptions are: (i) that there exists an inertial range in
which the energy flux is constant; and (ii) that the energy is cascaded from large to small scales in
a series of small steps, as the energy spectra will then be determined by spectrally local quantities.
The second assumption is the locality assumption and without it we could have, instead of (11.23),

ℰ(𝑘) = 𝐶𝜀2/3𝑘−5/3𝑔(𝑘/𝑘0)ℎ(𝑘/𝑘𝜈), (11.34)

where 𝑔 and ℎ are unknown functions. We essentially postulate that there exists a range of inter-
mediate wavenumbers over which 𝑔(𝑘/𝑘0) = ℎ(𝑘/𝑘𝜈) = 1.

The first, and less obvious, assumption might be called the non-intermittency assumption, and
it demands that rare events (in time or space) with large amplitudes do not dominate the energy
flux or the dissipation rate. If they were to do so, then the flux would fluctuate strongly, the tur-
bulent statistics would not be completely characterized by 𝜀 and Kolmogorov’s theory would not
be exactly right. Note that in the theory 𝜀 is the mean energy cascade rate, and 𝜀2/3 is the two-
thirds power of the mean, which is not equal to the mean of the two-thirds power. In fact, in high
Reynolds turbulence the −5/3 spectra is often observed to a fairly high degree of accuracy (e.g., as
in Fig. 11.4), although the higher-order statistics (e.g., higher-order structure functions) predicted
by the theory are often found to be in error, and it is generally believed that Kolmogorov’s theory
is not exact.7

11.3 TWO-DIMENSIONAL TURBULENCE
Two-dimensional turbulence behaves in a profoundly different way from three-dimensional turbu-
lence, largely because of the presence of another quadratic invariant, the enstrophy (defined below;
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see also Section 5.6.3). In two dimensions, the vorticity equation for incompressible flow is:
𝜕𝜁
𝜕𝑡
+ 𝒖 ⋅ ∇𝜁 = 𝐹 + 𝜈∇2𝜁, (11.35)

where 𝒖 = 𝑢𝒊 + 𝑣𝒋 and 𝜁 = 𝒌 ⋅ ∇ × 𝒖 and 𝐹 is a stirring term. In terms of a streamfunction,
𝑢 = −𝜕𝜓/𝜕𝑦, 𝑣 = 𝜕𝜓/𝜕𝑥, and 𝜁 = ∇2𝜓, and (11.35) may be written as

𝜕∇2𝜓
𝜕𝑡
+ 𝐽(𝜓, ∇2𝜓) = 𝐹 + 𝜈∇4𝜓. (11.36)

We obtain an energy equation by multiplying by −𝜓 and integrating over the domain, and an en-
strophy equation by multiplying by 𝜁 and integrating. When 𝐹 = 𝜈 = 0 we find

𝐸 = 1
2
∫
𝐴
(𝑢2 + 𝑣2)d𝐴 = 1

2
∫
𝐴
(∇𝜓)2 d𝐴, d𝐸

d𝑡
= 0, (11.37a)

𝑍 = 1
2
∫
𝐴
𝜁2 d𝐴 = 1

2
∫
𝐴
(∇2𝜓)2 d𝐴, d𝑍

d𝑡
= 0, (11.37b)

where the integral is over a finite area with either no-normal flow or periodic boundary condi-
tions. The quantity 𝐸 is the energy, and 𝑍 is known as the enstrophy. The enstrophy invariant
arises because the vortex stretching term, so important in three-dimensional turbulence, vanishes
identically in two dimensions. In fact, because vorticity is conserved on parcels it is clear that the
integral of any function of vorticity is zero when integrated over 𝐴; that is, from (11.35)

D𝑔(𝜁)
D𝑡
= 0 and d

d𝑡
∫
𝐴
𝑔(𝜁)d𝐴 = 0, (11.38)

where 𝑔(𝜁) is an arbitrary function. Of this infinity of conservation properties, enstrophy conser-
vation (with 𝑔(𝜁) = 𝜁2) in particular has been found to have enormous consequences to the flow
of energy between scales, as we will soon discover.8

11.3.1 Energy and Enstrophy Transfer
In three-dimensional turbulence we posited that energy is cascaded to small scales via vortex
stretching. In two dimensions that mechanism is absent, and there is reason to expect energy
to be transferred to larger scales. This counter-intuitive behaviour arises from the twin integral
constraints of energy and enstrophy conservation, and the following three arguments illustrate
why this should be so.

I. Vorticity elongation
Consider a band or a patch of vorticity, as in Fig. 11.5, in a nearly inviscid fluid. The vorticity
of each element of fluid is conserved as the fluid moves. Now, we should expect that the quasi-
random motion of the fluid will act to elongate the band but, as its area must be preserved, the
band narrows and so vorticity gradients will increase. This is equivalent to the enstrophy moving
to smaller scales. Now, the energy in the fluid is

𝐸 = −1
2
∫𝜓𝜁 d𝐴, (11.39)

where the streamfunction is obtained by solving the Poisson equation ∇2𝜓 = 𝜁. If the vorticity is
locally elongated primarily only in one direction (as it must be to preserve area), the integration
involved in solving the Poisson equation will lead to the scale of the streamfunction becoming
larger in the direction of stretching, but virtually no smaller in the perpendicular direction. Be-
cause stretching occurs, on average, in all directions, the overall scale of the streamfunction will
increase in all directions, and the cascade of enstrophy to small scales will be accompanied by a
transfer of energy to large scales.
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Initial Later Fig. 11.5 In two-dimensional incompress-
ible flow, a band of fluid is elongated, but
its area is preserved. Elongation is followed
by folding and more elongation, producing
filaments as in Fig. 11.8. As vorticity is tied
to fluid parcels, the values of the vorticity in
the shaded area (and in the hole) are main-
tained; thus, vorticity gradients increase and
the enstrophy is thereby, on average, moved
to smaller scales.

II. An energy-enstrophy conservation argument
Amoment’s thought will reveal that the distribution of energy and enstrophy in wavenumber space
are respectively analogous to the distribution of mass and moment of inertia of a lever, with wave-
number playing the role of distance from the fulcrum. Any re-arrangement of mass such that its
distribution also becomes wider must be such that the centre of mass moves toward the fulcrum.
Thus, analogously, any rearrangement of a flow that preserves both energy and enstrophy, and that
causes the distribution to spread out in wavenumber space, will tend tomove energy to small wave-
numbers and enstrophy to large. To prove this we begin with expressions for the average energy
and enstrophy:

𝐸 = ∫ ℰ(𝑘) d𝑘, 𝑍 = ∫𝒵(𝑘) d𝑘 = ∫𝑘2ℰ(𝑘)d𝑘, (11.40)

where ℰ(𝑘) and 𝒵(𝑘) are the energy and enstrophy spectra. A wavenumber characterizing the
spectral location of the energy is the centroid,

𝑘𝑒 =
∫ 𝑘ℰ(𝑘) d𝑘
∫ ℰ(𝑘) d𝑘

, (11.41)

and, for simplicity, we normalize units so that the denominator is unity. The spreading out of the
energy distribution is formalized by setting

𝐼 ≡ ∫(𝑘 − 𝑘𝑒)2ℰ(𝑘)d𝑘,
d𝐼
d𝑡
> 0. (11.42)

Here, 𝐼measures the width of the energy distribution, and this is assumed to increase. Expanding
out the integral gives

𝐼 = ∫ 𝑘2ℰ(𝑘)d𝑘 − 2𝑘𝑒 ∫𝑘ℰ(𝑘) d𝑘 + 𝑘2𝑒 ∫ ℰ(𝑘) d𝑘

= ∫ 𝑘2ℰ(𝑘)d𝑘 − 𝑘2𝑒 ∫ ℰ(𝑘) d𝑘, (11.43)

where the last equation follows because 𝑘𝑒 = ∫ 𝑘ℰ(𝑘) d𝑘 is, from (11.41), the energy-weighted
centroid. Because both energy and enstrophy are conserved, (11.43) gives

d𝑘2𝑒
d𝑡
= − 1
𝐸

d𝐼
d𝑡
< 0. (11.44)

Thus, the centroid of the distribution moves to smaller wavenumbers and to larger scales (see
Fig. 11.6).
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Fig. 11.6 In two-dimensional flow, the centroid
of the energy spectrum will move to large scales
(smaller wavenumber) provided that the width of
the distribution increases — as can be expected in
a nonlinear, eddying flow.
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An appropriately defined measure of the centre of the enstrophy distribution, on the other
hand, moves to higher wavenumbers. The demonstration follows easily if we work with the inverse
wavenumber, which is a direct measure of length. Let 𝑞 = 1/𝑘 and assume that the enstrophy
distribution spreads out by nonlinear interactions, so that, analogously to (11.42),

𝐽 ≡ ∫(𝑞 − 𝑞𝑒)2𝒴(𝑞)d𝑞,
d𝐽
d𝑡
> 0, (11.45)

where 𝒴(𝑞) is such that the enstrophy is ∫𝒴(𝑞)d𝑞 and

𝑞𝑒 =
∫ 𝑞𝒴(𝑞) d𝑞
∫𝒴(𝑞) d𝑞

. (11.46)

Expanding the integrand in (11.45) and using (11.46) gives

𝐽 = ∫ 𝑞2𝒴(𝑞)d𝑞 − 𝑞2𝑒 ∫𝒴(𝑞) d𝑞. (11.47)

But ∫ 𝑞2𝒴(𝑞)d𝑞 is conserved, because this is the energy. Thus,

d𝐽
d𝑡
= − d

d𝑡
𝑞2𝑒 ∫𝒴(𝑞) d𝑞, (11.48)

whence
d𝑞2𝑒
d𝑡
= − 1
𝑍

d𝐽
d𝑡
< 0. (11.49)

Thus, the length scale characterizing the enstrophy distribution gets smaller, and the corresponding
wavenumber gets larger.

III. A similarity argument
Consider an initial value problem, in which a fluid with some initial distribution of energy is al-
lowed to freely evolve, unencumbered by boundaries. We note two aspects of the problem:
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(i) there is no externally imposed length scale (because of the way the problem is posed);
(ii) the energy is conserved (this being an assumption).

It is the second condition that limits the argument to two dimensions, for in three dimensions
energy is quickly cascaded to small scales and dissipated, but let us here posit that this does not
occur. These two assumptions are then sufficient to infer the general direction of transfer of energy,
using a rather general similarity argument. To begin, write the energy per unit mass of the fluid as

𝐸 = 𝑈2 = ∫ ℰ(𝑘, 𝑡) d𝑘, (11.50)

where ℰ(𝑘, 𝑡) is the energy spectrum and 𝑈 is proportional to the square root of the total energy
and has units of velocity. On dimensional considerations we could write

ℰ(𝑘, 𝑡) = 𝑈2𝐿ℰ̂(�̂�, ̂𝑡), (11.51)

where ℰ̂, and its arguments, are nondimensional quantities, and 𝐿 is some length scale. However, if,
over time, the initial conditions are forgotten then there is no length scale in the problem and the
only parameters available to determine the energy spectrum are energy, time, and wavenumber,
that is 𝑈, 𝑡 and 𝑘. A little thought reveals that the most general form for the energy spectrum is
then

ℰ(𝑘, 𝑡) = 𝑈3𝑡ℰ̂ = 𝑈3𝑡𝑔(𝑈𝑘𝑡), (11.52)
where 𝑔 is an arbitrary function of its arguments. The argument of 𝑔 is the only nondimensional
grouping of 𝑈, 𝑡 and 𝑘, and 𝑈3𝑡 provides the proper dimensions for ℰ. Conservation of energy
now implies that the integral

𝐼 = ∫
∞

0
𝑡𝑔(𝑈𝑘𝑡)d𝑘 (11.53)

is not a function of time. Defining 𝜗 = 𝑈𝑘𝑡, this requirement is met if

∫
∞

0
𝑔(𝜗)d𝜗 = constant. (11.54)

Now, the spectrum is a function of 𝑘only through the combination𝜗 = 𝑈𝑘𝑡. Thus, as timeproceeds
features in the spectrummove to smaller 𝑘. Suppose, for example, that the energy is initially peaked
at some wavenumber 𝑘𝑝; the product 𝑡𝑘𝑝 is preserved, so 𝑘𝑝 must diminish with time and the
energy must move to larger scales. Similarly, the energy weighted mean wavenumber, 𝑘𝑒, moves
to smaller wavenumbers, or larger scales. To see this explicitly, we have

𝑘𝑒 =
∫ 𝑘ℰ d𝑘
∫ ℰ d𝑘
=
∫ 𝑘ℰ d𝑘
𝑈2
= ∫𝑘𝑈𝑡 𝑔(𝑈𝑘𝑡) d𝑘 = ∫ 𝜗𝑔(𝜗)

𝑈𝑡
d𝜗 = 𝐶
𝑈𝑡
, (11.55)

where all the integrals are over the interval (0,∞) and 𝐶 = ∫𝜗𝑔(𝜗) d𝜗 is a constant. Thus, the
wavenumber centroid of the energy distribution decreases with time, and the characteristic scale
of the flow, 1/𝑘𝑒, increases with time. Interestingly, the enstrophy does not explicitly enter this
argument, and in general it is not conserved; rather, it is the requirement that energy be conserved
that limits the argument to two dimensions; if we accept ab initio that energy is conserved, it must
be transferred to larger scales.9

11.3.2 Inertial Ranges in Two-dimensional Turbulence
If, unlike the case in three dimensions, energy is transferred to larger scales in inviscid, nonlinear,
two-dimensional flow then we might expect the inertial ranges of two-dimensional turbulence to
be quite different from their three-dimensional counterparts. But before looking in detail at the
inertial ranges themselves, let us establish a couple of general properties of forced-dissipative flow
in two dimensions.
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Some properties of forced-dissipative flow
We will first show that, unlike the case in three dimensions, energy dissipation goes to zero as the
Reynolds number rises. In the absence of forcing terms, the total dissipation of energy is, from
(11.35)),

d𝐸
d𝑡
= −𝜈∫ 𝜁2 d𝐴. (11.56)

Energy dissipation can only remain finite as 𝜈 → 0 if vorticity becomes infinite. However, this
cannot happen because vorticity is conserved on parcels except for the action of viscosity, meaning
that D𝜁/D𝑡 = 𝜈∇2𝜁. However, the viscous term can only reduce the value of vorticity on a parcel,
and so vorticity can never become infinite if it is not so initially, and therefore using (11.56) energy
dissipation goes to zero with 𝜈. (In three dimensions vorticity becomes infinite as viscosity goes
to zero because of the effect of vortex stretching.) This conservation of energy is related to the fact
that energy is trapped at large scales, even in forced-dissipative flow. On the other hand, enstrophy
is transferred to small scales and therefore we expect it to be dissipated at large wavenumbers, even
as the Reynolds number becomes very large.

We can show that energy is trapped at large scales in forced-dissipative two-dimensional flow
(in a sense that will be made explicit) by the following argument.10 Suppose that the forcing of the
fluid is confined to a particular scale, characterized by the wavenumber 𝑘𝑓, and that dissipation is
effected by a linear drag and a small viscosity. The equation of motion is

𝜕𝜁
𝜕𝑡
+ 𝐽(𝜓, 𝜁) = 𝐹 − 𝑟𝜁 + 𝜈∇2𝜁, (11.57)

where 𝐹 is the stirring and 𝑟 and 𝜈 are positive constants. This leads to the following energy and
enstrophy equations:

d𝐸
d𝑡
= −2𝑟𝐸 − ∫𝜓𝐹 d𝐴 − ∫𝜈𝜁2 d𝐴 ≈ −2𝑟𝐸 − ∫𝜓𝐹 d𝐴, (11.58a)

d𝑍
d𝑡
= −2𝑟𝑍 + ∫ 𝜁𝐹 d𝐴 − 𝐷𝑍 ≈ −2𝑟𝑍 − 𝑘2𝑓 ∫𝜓𝐹 d𝐴 − 𝐷𝑍, (11.58b)

where 𝐷𝑍 = ∫ 𝜈(∇𝜁)2 d𝐴 is the enstrophy dissipation, which is positive. To obtain the right-most
expressions, in (11.58a) we assume there is no dissipation of energy by the viscous term, and in
(11.58b) we assume that the forcing is confined to wavenumbers near 𝑘𝑓. Consider a statistically
steady state and also write 𝐸 = ∫ ℰ(𝑘) d𝑘 and 𝑍 = ∫ 𝑘2ℰ(𝑘)d𝑘, where the integrations are over all
wavenumbers. If we then eliminate the integral involving 𝜓𝐹 between (11.58a) and (11.58b) we
obtain

∫𝑘2ℰ(𝑘)d𝑘 + 𝐷𝑍
2𝑟
= ∫ 𝑘2𝑓ℰ(𝑘)d𝑘, (11.59)

Now, from the obvious inequality ∫(𝑘 − 𝑘𝑒)2ℰ(𝑘)d𝑘 ≥ 0, where 𝑘𝑒 is the energy centroid defined
in (11.41), we obtain

∫ (𝑘2 − 𝑘2𝑒) ℰ(𝑘) d𝑘 ≥ 0. (11.60)

Combining (11.59) and (11.60) gives

∫(𝑘2𝑓 − 𝑘2𝑒) ℰ(𝑘) d𝑘 ≥
𝐷𝑍
2𝑟
> 0. (11.61)

Thus, in a statistically steady state, 𝑘𝑓 is larger than 𝑘𝑒, and the energy containing scale, as char-
acterized by 𝑘−1𝑒 , must be larger than the forcing scale 𝑘−1𝑓 . This demonstration (like argument II
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in Section 11.3.1) relies both on the conservation of energy and enstrophy by the nonlinear terms
and on the particular relationship between the energy and enstrophy spectra.

This result, as well as the arguments of Section 11.3.1, suggest that in a forced-dissipative two-
dimensional fluid, energy is transferred to larger scales and enstrophy is transferred to small scales.
To obtain a statistically steady state some friction, such as the Rayleigh drag of (11.57), is necessary
to remove energy at large scales, and enstrophy must be removed at small scales, but if the forcing
scale is sufficiently well separated in spectral space from such frictional effects then two inertial
ranges may form — an energy inertial range carrying energy to larger scales, and an enstrophy
inertial range carrying enstrophy to small scales (Fig. 11.7). These ranges are analogous to the
three-dimensional inertial range of Section 11.2, and similar conditions must apply if the ranges
are to be truly inertial — in particular we must assume spectral locality of the energy or enstrophy
transfer. Given that, we can then calculate their properties, as follows.

The enstrophy inertial range
In the enstrophy inertial range the enstrophy cascade rate 𝜂, equal to the rate at which enstrophy
is supplied by stirring, is assumed constant. By analogy with (11.25) we may assume that this rate
is given by

𝜂 ∼ 𝑘
3ℰ(𝑘)
𝜏𝑘
. (11.62)

With 𝜏𝑘 (still) given by (11.24) we obtain

ℰ(𝑘) = 𝒦𝜂𝜂2/3𝑘−3, (11.63)

where𝒦𝜂 is, we presume, a universal constant, analogous to the Kolmogorov constant of (11.23).
This, and various other properties in two- and three-dimensional turbulence, are summarized in
the shaded box on page 423.

The velocity and time at a particular wavenumber then scale as

𝑣𝑘 ∼ 𝜂1/3𝑘−1, 𝑡𝑘 ∼ 𝑙𝑘/𝑣𝑘 ∼ 1/(𝑘𝑣𝑘) ∼ 𝜂−1/3. (11.64a,b)

We may also obtain (11.64) by substituting (11.63) into (11.24). Thus, the eddy turnover time in the
enstrophy range of two-dimensional turbulence is length-scale invariant. The appropriate viscous
scale is given by equating the inertial and viscous terms in (11.35). Using (11.64a) we obtain,
analogously to (11.28a), the viscous wavenumber

𝑘𝜈 ∼ (
𝜂1/3
𝜈
)
1/2
. (11.65)

The enstrophy dissipation, analogously to (11.30) goes to a finite limit given by

d
d𝑡
𝑍 = 𝜈∫

𝐴
𝜁∇2𝜁d𝐴 ∼ 𝜈𝑘4𝜈𝑣2𝑘𝜈 ∼ 𝜂, (11.66)

using (11.64a) and (11.65). Thus, the enstrophy dissipation in two-dimensional turbulence is (at
least according to this theory) independent of the viscosity.

Energy inertial range
Theenergy inertial range of two-dimensional turbulence is quite similar to that of three-dimensional
turbulence, except in one major respect: the energy flows from smaller to larger scales! Because
the atmosphere and ocean behave in some ways as two-dimensional fluids, this has profound con-
sequences on their behaviour, and is something we return to in the next chapter. The upscale
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Fig. 11.7 The energy spectrum of two-
dimensional turbulence. (Compare with
Fig. 11.3.) Energy supplied at some rate 𝜀 is
transferred to large scales, whereas enstrophy
supplied at some rate 𝜂 is transferred to
small scales, where it may be dissipated by
viscosity. If the forcing is localized at a scale
𝑘−1𝑓 then 𝜂 ≈ 𝑘2𝑓𝜀.

energy flow is known as the inverse cascade, and the associated energy spectrum is, as in the three-
dimensional case,

ℰ(𝑘) = 𝒦𝜀𝜀2/3𝑘−5/3, (11.67)

where𝒦𝜀 is a nondimensional constant— sometimes called the Kolmogorov–Kraichnan constant,
and not necessarily equal to𝒦 in (11.23) — and 𝜀 is the rate of energy transfer to larger scales. Of
course we now need a mechanism to remove energy at large scales, otherwise it will pile up at the
scale of the domain and a statistical steady state will not be achieved. Introducing a linear drag, −𝑟𝜁,
into the vorticity equation, as in (11.57), is one means of removing energy, and such a term may be
physically justified by appeal to Ekman layer theory (Section 5.7). Although such a term appears to
be scale invariant, its effects will be felt primarily at large scales because at smaller scales the time
scale of the turbulence is much shorter than that of the friction, and we may estimate the scale
at which the drag becomes important by equating the two time scales. The turbulent timescale is
given by (11.27), and equating this to the frictional time scale 𝑟−1 gives 𝑟−1 = 𝜀−1/3𝑘−2/3𝑟 , or

𝑘𝑟 = (
𝑟3
𝜀
)
1/2

or 𝐿𝑟 = (
𝜀
𝑟3
)
1/2
, (11.68)

where 𝑘𝑟 is the frictional wavenumber, and frictional effects are important at scales larger than the
frictional scale 𝐿𝑟.

11.3.3††† More Phenomenology
The phenomenology of two-dimensional turbulence is not quite as settled as the above arguments
imply. Note, for example, that time scale (11.64b) is independent of length scale, whereas in three-
dimensional turbulence the time scale decreases with length scale, which seems more physical and
more conducive to spectrally local interactions. A useful heuristic measure of this locality is given
by estimating the contributions to the straining rate, 𝑆(𝑘), from motions at all scales larger than
𝑘−1. The strain rate scales like the shear, so that an estimate of the total strain rate is given by

𝑆(𝑘) = [∫
𝑘

𝑘0
ℰ(𝑝)𝑝2 d𝑝]

1/2
, (11.69)



11.3 Two-dimensional Turbulence 431

where 𝑘0 is the wavenumber of the largest scale present. The contributions to the integrand from
a given wavenumber octave are given by

∫
2𝑝

𝑝
ℰ(𝑝′)𝑝′3 d log𝑝′ ∼ ℰ(𝑝)𝑝3. (11.70)

In three dimensions, use of the −5/3 spectrum indicates that the contributions from each octave
below a given wavenumber 𝑘 increase with wavenumber, being a maximum close to 𝑘, and this is
a posteriori consistent with the locality hypothesis. However, in two-dimensional turbulence with
a −3 spectrum each octave makes the same contribution. That is to say, the contributions to the
strain rate at a given wavenumber, as defined by (11.69), are not spectrally local. This does not
prove that the enstrophy transfer is spectrally non-local, but nor does it build confidence in the
theory.

Dimensionally the strain rate is the inverse of a time, and if this is a spectrally non-local quantity
then, instead of (11.24), we might use the inverse of the strain rate as an eddy turnover time giving

𝜏𝑘 = [∫
𝑘

𝑘0
𝑝2ℰ(𝑝)d𝑝]

−1/2
. (11.71)

This has the advantage over (11.24) in that it is a non-increasing function of wavenumber, whereas
if the spectrum is steeper than 𝑘−3, (11.24) implies a time scale increasing with wavenumber. Using
this in (11.62) gives a prediction for the enstrophy inertial range, namely

ℰ(𝑘) = 𝒦𝜂𝜂2/3 [log(𝑘/𝑘0)]−1/3 𝑘−3, (11.72)

which is similar to (11.63) except for a logarithmic correction. This expression is, of course, spec-
trally non-local, in contradiction to our original assumption: it has arisen by noting the spectral
locality inherent in (11.69), and proposing a reasonable, although ad hoc, solution.

The discussion above suggests that the phenomenology of the forward enstrophy cascade is on
the verge of being internally inconsistent, and that the 𝑘−3 spectral slope might be the shallowest
limit that is likely to be actually achieved in nature or in any particular computer simulation or
laboratory experiment rather than a robust, universal slope. To see this, suppose the detailed fluid
dynamics strives in some way to produce a slope shallower than 𝑘−3; then, using (11.70), the strain
is local and the shallow slope is forbidden by the Kolmogorovian scaling results. However, if the
dynamics organizes itself into structures with a slope steeper than 𝑘−3 the strain is quite non-local.
The fundamental assumption of Kolmogorov scaling is not satisfied, and there is no internal incon-
sistency. The theory then simply does not apply, and a slope steeper than 𝑘−3 is not theoretically
inconsistent.

There are two other potential issues with the theory of two-dimensional turbulence. One is
that enstrophy is only one of an infinity of invariants of inviscid two-dimensional flow, and the
theory takes no account of the presence of others. The second is that, as in three-dimensional tur-
bulence, if there is strong intermittency the flow cannot be fully characterized by single enstrophy
and energy cascade rates. In two-dimensional turbulence the main form of intermittency may be
the formation of coherent vortices, discussed more below. In spite of these problems, the notions
of a forward transfer of enstrophy and an inverse transfer of energy are quite robust, and have con-
siderable numerical support. Indeed, the realization that in two-dimensional turbulence energy
is transferred to larger scales was arguably one of the most important developments in fluid me-
chanics in the second half of the twentieth century, with important ramifications in rotating and
stratified three-dimensional fluids.11
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Fig. 11.8 Nearly-free evolution of vorticity (top) and streamfunction (bottom) in a doubly-periodic do-
main obeying the two-dimensional vorticity equation with no forcing but with a weak viscous term, in a
numerical simulation with 5122 equivalent grid points. Time proceeds from left to right. The initial con-
ditions have just a few non-zero Fourier modes (around wavenumber 9) with randomly generated phases.
Kelvin–Helmholtz instability leads to vortex formation and roll-up (as in Fig. 9.6), and like-signed vortices
merge (with an example in the top right panel) ultimately leading to a state of just two oppositely-signed
vortices. Between the vortices, enstrophy cascades to smaller scales. The scale of the streamfunction grows
larger, reflecting the transfer of energy to larger scales.

11.3.4 Numerical Illustrations

Numerical simulations nicely illustrate both the classical phenomenology and its shortcomings.
In the simulations shown in Fig. 11.8 the vorticity field is initialized quasi-randomly, with little
structure in the initial field, and with only a few non-zero Fourier components; the flow then freely
evolves, save for the effects of a weak viscosity.

Vortices soon form, and between them enstrophy is cascaded to small scales where it is dis-
sipated, producing a flat and nearly featureless landscape. The energy cascade to larger scales is
reflected in the streamfunction field (bottom row of Fig. 11.8), the length scale of which slowly
grows larger with time. The vortices themselves form through a roll-up mechanism, similar to
that illustrated in Fig. 9.6, and their presence provides problems to the phenomenology. Because
circular vortices are nearly exact, stable solutions of the inviscid equations they can ‘store’ enstro-
phy, disrupting the relationship between enstrophy flux and enstrophy itself that is assumed in the
Kolmogorov–Kraichnan phenomenology. When vortices merge, the enstrophy dissipation rate
increases rapidly for a short period of time, so providing a source of intermittency.

Nevertheless, some forced-dissipative numerical simulations suggest that the presence of vor-
tices may be confined to scales close to that of the forcing, and if the resolution is sufficiently high
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Fig. 11.9 The energy spectrum in a numerical simula-
tion of forced-dissipative two-dimensional turbulence.
The fluid is stirred at wavenumber 𝑘𝑓 and dissipated at
large scales with a linear drag, and there is a 𝑘−5/3 spec-
trum at intermediate scales. The arrows indicate the
direction of the energy flux, 𝜀.12

then the −5/3 inverse cascade and −3 forward enstrophy cascade appear. Certainly, if the forcing
is spectrally localized, then a well-defined −5/3 spectrum robustly forms, as illustrated in Fig. 11.9.
The forward 𝑘−3 spectrum is typically more delicate, being influenced by the presence of coherent
vortices, but it does arise in some numerical simulations when the resolution is sufficiently high.13
Theatmosphere itself is not observed to have an inverse−5/3 spectrum at large scales; indeed there
is no well-defined inverse energy cascade in the sense described above. The atmosphere does have
an approximate −3 cascade (see Fig. 12.9 in the next chapter), but whether we should attribute this
to a classical forward enstrophy cascade is not settled.

11.4 PREDICTABILITY OF TURBULENCE
Small differences in the initial conditionsmay produce very great ones in the final phenomenon…Prediction
becomes impossible…A tenth of a degreemore or less at any given point, and the cyclonewill burst
here and not there, and extend its ravages over districts it might otherwise have spared.
Henri Poincaré, Science and Method, 1908.

Forecasting the weather is hard. That this is so stems from the fact that the atmosphere is chaotic,
and chaotic systems are unpredictable virtually by definition. However, the atmosphere (and tur-
bulence in general) is certainly not a low-dimensional chaotic system (meaning a system with only
a few degrees of freedom), and the connection between atmospheric unpredictability and the so-
called ‘sensitive dependence on initial conditions’ of low-dimensional systems is not as straight-
forward as it might seem. In this section we expand on and clarify these issues, beginning with an
informal discussion of a few aspects of low-dimensional dynamical systems.

11.4.1 Low-dimensional Chaos and Unpredictability
Chaos, or temporal disorder leading to effective indeterminism, is a ubiquitous property of non-
linear dynamical systems. Much of this was known to Poincaré, but in its modern reincarnation
it stems in part from the ‘Lorenz equations’.14 These are a set of three coupled nonlinear ordi-
nary differential equations, originally derived by way of a rather ad hoc truncation of the fluid
equations governing a two-dimensional convective system: the streamfunction of a convective
role is written as 𝜓(𝑥, 𝑧, 𝑡) = 𝑋(𝑡) sin 𝑘𝑥 sin π𝑧, and the temperature perturbation as 𝜃(𝑥, 𝑧, 𝑡) =
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Fig. 11.10 A solution of the Lorenz
equations, with 𝜎 = 10, 𝑟 = 28 and
𝑏 = 8/3. The plot shows a trajectory of a
solution in phase space, with initial con-
ditions𝑋 = 𝑌 = 𝑍 = 1.
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𝑌(𝑡) cos 𝑘𝑥 sin π𝑧+𝑍(𝑡) sin 2π𝑧, where 𝑥 and 𝑧 are the horizontal and vertical coordinates in physi-
cal space, 𝑘 is a wavenumber, and𝑋,𝑌, 𝑍 are amplitudes (not coordinates). Thus,𝑋 represents the
rotational speed of the convection roll, 𝑌 the temperature difference horizontally across the roll,
and𝑍 the deviation temperature from a background vertical stratification. The resulting equations
are, in notation standard for them,

d𝑋
d𝑡
= 𝜎(𝑌 − 𝑋), d𝑌

d𝑡
= 𝑟𝑋 − 𝑌 − 𝑋𝑍, d𝑍

d𝑡
= 𝑋𝑌 − 𝑏𝑍, (11.73a,b,c)

where the parameters are: 𝜎, the Prandtl number; 𝑟, proportional to the Rayleigh number; and
𝑏, a wavenumber dependent dissipation coefficient. The behaviour of the system varies with the
parameters, and a well studied set uses 𝜎 = 10, 𝑟 = 28 and 𝑏 = 8/3. A typical solution of the
system, a ‘flow’, is given in Fig. 11.10, and evidently the behaviour is quite complex. It is aperiodic,
and the frequency spectrum (not shown) is quite broad. Now, suppose that at any given instant
the flow is perturbed slightly. Or to put it another way, suppose that we are trying to predict the
future behaviour of the system by integrating the equations of motion but that we have inaccurate
knowledge about the system at some particular time. We find that the evolution of the original
flow and that of the perturbed flow diverge from each other, and after a little while the two systems
are completely different (Fig. 11.11). Because we can never expect to have completely accurate
information about the state of the system, the system is thus unpredictable; that is, the details of
the evolution depend sensitively on the initial conditions, and small errors in the initial conditions
grow to finite amplitude. Let us make two other points:
(i) The time taken for the trajectories to diverge depends on the magnitude of the initial per-

turbation. Small perturbations grow exponentially at first, and at any given point in the
trajectory, the smaller the perturbation the longer the predictability.

(ii) Once the perturbation has reached finite amplitude, the predictability time — the time for
the error to become as large as the solution itself — will typically be of the order of the
characteristic advective time of the system, the time for a convective roll to overturn.

Deterministic unpredictability is in fact a common feature of nonlinear dynamical systems, and
may be taken as an informal definition of a chaotic system.
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Time Time

X X

Fig. 11.11 Examples of the evolution of the variable 𝑋 in the Lorenz model subject to a small
perturbation at time 10 (left panel) and time 13.5 (right panel). The original and perturbed systems
are the solid and dashed lines, respectively.

11.4.2 ♦ Predictability of a Turbulent Flow
A turbulent flow will be unpredictable if turbulence is chaotic. Because it is our common experi-
ence that turbulence is both spatially and temporally disordered, it seems, perhaps with the benefit
of hindsight, that turbulencemust be chaotic and unpredictable. However, this has not always been
evident, and it relies on the non-trivial recognition that chaotic systems exist.15

Presuming that a turbulent flow is unpredictable, canwe estimate its predictability time, namely
the time taken for an initially small error to completely contaminate the system? Let us first note
that turbulent flows in general contain multiple scales of motion, and let us suppose that the ini-
tial error is confined to small scales. The predictability time of the system may be taken as the
time taken for the error to contaminate all scales of motion. There are two possible routes that
the error may take in affecting the larger scales. In the first we suppose, following classical turbu-
lence phenomenology, that errors on a small scale will mostly contaminate the motion on the next
larger scale (in a logarithmic sense), and that this contamination occurs on the local eddy turnover
time. Eddies on this larger scale then grow and affect the next larger scale, and the error field is
so cascaded upscale via local triad interactions finally reaching the largest scales of the fluid. This
mechanism does not rely on there being an inverse cascade of energy — it is only the error, or
the contamination, that is cascaded upscale. In the second route we suppose that errors occurring
on the small scale immediately contaminate the largest scales, with an initial error equal to the
amplitude of the small scale, and that the large-scale error then grows exponentially.

I. Error growth via a local cascade
Let us suppose that the error is initially confined to some small scale characterized by the (inverse
of) the wavenumber 𝑘1, as determined by the resolution of our observing network. For modes
at that scale the error may be considered finite rather than infinitesimal, and it will saturate and
contaminate the next largest scale in a time scale comparable to the eddy turnover time at that
scale. Thus, in general, errors initially confined to a scale 𝑘 will contaminate the scale 2𝑘 after a
time 𝜏𝑘, with 𝜏𝑘 given by (11.24). The total time taken for errors to propagate from the small scale
𝑘1 to the largest scale 𝑘0 is then given by

𝑇 = ∫
𝑘1

𝑘0
𝜏𝑘 d(ln 𝑘) = ∫

𝑘1

𝑘0
[𝑘3ℰ(𝑘)]−1/2 d(ln 𝑘), (11.74)

treating the wavenumber spectrum as continuous. The logarithmic integral arises because the cas-
cade proceeds logarithmically — error cascades from 𝑘 to 2𝑘 in a time 𝜏𝑘. For an energy spectrum
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of the form 𝐸 = 𝐴𝑘−𝑛 this becomes

𝑇 = 2
𝐴1/2(𝑛 − 3)

[�𝑘(𝑛−3)/2]�
𝑘1
𝑘0
, (11.75)

for 𝑛 ≠ 3, and 𝑇 = 𝐴−1/2 ln(𝑘1/𝑘0) for 𝑛 = 3. If in two-dimensional turbulence we have 𝑛 = 3 and
𝐴 = 𝜂2/3, and if in three-dimensional turbulence we have 𝑛 = 5/3 and𝐴 = 𝜀2/3, then the respective
predictability times are given by

𝑇2d ∼ 𝜂−1/3 ln(𝑘1/𝑘0), 𝑇3d ∼ 𝜀−1/3𝑘−2/30 . (11.76a,b)

As 𝑘1 →∞, that is as the initial error is confined to smaller and smaller scales, predictability time
grows larger for two-dimensional turbulence (and for 𝑛 ≥ 3 in general), but remains finite for
three-dimensional turbulence.

II. Error growth via a direct interaction

Let us now assume that the small scale error directly affects the large scales, where the error then
grows exponentially until it saturates. That is, if 𝜑 is a measure of the amplitude of the large-scale
error then

𝜑 ∼ 𝜑0 exp(𝜎𝑡), (11.77)

where 𝜎 is the inverse of the eddy turnover time at the large scale, and 𝜑0 is the amplitude of its
initial error and this, we assume, is equal to the amplitude of the motion at the poorly-observed
small scales at wavenumber 𝑘1. In the enstrophy cascade of two-dimensional turbulence the eddy
turnover time is given by 𝜏𝑘 ∼ 𝜂−1/3 and 𝐴 ∼ 𝜂2/3, and so we take

𝜎 = 𝜂1/3 = 𝐴1/2, 𝜑0 = 𝐴𝑘−𝑛1 , (11.78)

where 𝑛 = 3. The time, 𝑇′2d, needed for the error to saturate the large scales, 𝑘0, is then approxi-
mately given by the solution of

𝐴𝑘−𝑛0 = 𝐴𝑘−𝑛1 exp ( �𝐴1/2𝑇′2d) �, (11.79)

giving
𝑇′2d ∼ 𝜂−1/3 ln(𝑘1/𝑘0). (11.80)

In three-dimensional turbulence the eddy turnover time is given by 𝜏𝑘 ∼ 𝜀−1/3𝑘−2/3 and 𝐴 ∼
𝜀2/3, and so we take

𝜎 = 𝑘2/30 𝐴1/2, 𝜑0 = 𝐴𝑘−𝑛1 , (11.81)

where 𝑛 = 5/3. The time, 𝑇′3d, needed for an error to saturate the large scale is then approximately
given by the solution of

𝐴𝑘−𝑛0 = 𝐴𝑘−𝑛1 exp (�𝑘2/30 𝐴1/2𝑇′3d)�, (11.82)

giving
𝑇′3d ∼ 𝑘

−2/3
0 𝜀−1/3 ln(𝑘1/𝑘0). (11.83)

The estimates (11.80) and (11.83) are to be compared with (11.76). For two-dimensional tur-
bulence, the estimates are equal (reflecting the scale independence of the eddy turnover time),
whereas for three-dimensional turbulence the estimate from (11.76) is much shorter than that
from (11.83) if 𝑘1 ≫ 𝑘0, meaning that the local cascade mechanism of error growth will dominate.
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11.4.3 Implications and Weather Predictability

In two-dimensional flow the predictability time, (11.76a), increases without bound as the scale of
the initial error decreases. This is consistent with what has been rigorously proven about the two-
dimensional Navier–Stokes equations, namely that provided the initial conditions are sufficiently
smooth, the solutions have a continuous dependence on the initial conditions, and a change in
solution at some later time may be bounded by reducing the magnitude of the change in the initial
conditions. This does not mean that two-dimensional flow is in practice necessarily predictable:
a small error or small amount of noise in the system will still render a flow truly unpredictable
sometime in the future, but we can put off that time indefinitely if we know the initial conditions
well enough.

In three dimensions, with a spectrum of 𝑘−5/3, the predictability-time estimate from (11.76b) is
not dependent on the scale of the initial error. Thus, even if the initial error is confined to smaller
and smaller scales, the predictability time is bounded. The time it takes for such errors to spread to
the largest scales is simply a few large eddy turnover times, essentially because the eddy turnover
times of the small scales are so small. For such a fluid, there is no unique error doubling time,
because the error growth rate is a function of scale.

In the troposphere the large-scale flow behaves more like a two-dimensional fluid than a three-
dimensional fluid and from scales from a few hundred to a few thousand kilometres it has, roughly,
a 𝑘−3 spectrum (look ahead to Fig. 12.9). If this spectrum extended indefinitely to small scales the
predictability time would be correspondingly large, but at scales smaller than about 100 km or so,
the atmosphere starts to behave more three dimensionally and the predictability time cannot be
significantly extended by making observations at still finer scales. That is, the effective limit to pre-
dictability is governed by the horizontal scale at which the atmosphere turns three dimensional.
(Hypothetically, we might be able to increase the predictability time if we could observe scales
well into the viscous regime where the spectrum steepens again, but this is not a practicable propo-
sition.) Putting in the numbers gives a predictability limit of about 12 days (but there is at least
a factor of two uncertainty in such a calculation), and small perturbations that are impossible to
observe will change the course of the large-scale weather systems on this time scale. The ‘butterfly
effect’ has its origins in this argument: a butterfly flapping its wings is, so it goes, able to change
the course of the weather a week or so later.16

As regards our attempts to predict weather, as the atmosphere becomes observed more and
more accurately, the initial error will become concentrated at smaller and smaller scales, eventu-
ally reaching the scale at which the atmosphere ceases to behave as a quasi-two-dimensional fluid
and where its spectrum flattens. The initial error growth rate will then increase, indicating the un-
avoidable onset of diminishing returns in adding resolution to our observing systems and models.
Unlike the situation in a low-order chaotic system, the growth rate of errors in a turbulent flow is
not, in general, exponential (except for a pure −3 spectrum) even for a small initial error. This is
because the initial error will never be properly infinitesimal, in that a given error will nearly always
project on to some scale at finite amplitude.17

11.5 ♦ SPECTRA OF PASSIVE TRACERS

In fluid dynamics we are often concerned with the transport of tracers by turbulent flows. An
active tracer is one that affects the flow itself (potential vorticity and salt are examples), whereas a
passive tracer does not affect the flow field (a neutrally buoyant dye, for example), and its dynamics
are often simpler. In some circumstances an active tracer can be considered to be approximately
passive; the atmospheric temperature field at very large scales turns out to be one example, and
its transport is obviously a key determinant of our climate. Let us therefore spend some time
discussing the dynamics of a passive tracer; in this section we will consider their spectra, and in
Chapter 13 we will consider their diffusive transport.
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We consider a tracer that obeys
D𝜑
D𝑡
= 𝐹[𝜑] + 𝜅∇2𝜑, (11.84)

where 𝐹[𝜑] is the stirring of the dye and 𝜅 is its diffusivity, and 𝜅 in general differs from the kine-
matic molecular viscosity 𝜈. If 𝜑 is temperature, the ratio of viscosity to diffusivity is called the
Prandtl number and denoted 𝜎, so that 𝜎 ≡ 𝜈/𝜅. If 𝜑 is a passive tracer, the ratio is sometimes
called the Schmidt number, but we shall call it the Prandtl number in all cases. We assume that the
tracer variance is created at some well-defined scale 𝑘0, and that 𝜅 is sufficiently small that dissipa-
tion only occurs at very small scales. (Dissipation only reduces the tracer variance, not the amount
of tracer itself.) The turbulent flowwill generically tend to stretch patches of dye into elongated fila-
ments, in much the same way as vorticity in two-dimensional turbulence is filamented — Fig. 11.5
applies just as well to a passive tracer in either two or three dimensions as it does to vorticity in
two dimensions. Thus we expect a transfer of tracer variance from large to small scales. If the dye
is stirred at a rate 𝜒 then, by analogy with our treatment of the cascade of energy, we posit that

𝒦𝜒𝜒 ∝
𝒫(𝑘)𝑘
𝜏𝑘
, (11.85)

where 𝒫(𝑘) is the spectrum of the tracer, 𝑘 is the wavenumber, 𝜏𝑘 is an eddy time scale and𝒦𝜒 is
a constant, not necessarily the same constant in all cases. (In the rest of the section, Kolmogorov-
like constants will be denoted by 𝒦, differentiated by miscellaneous superscripts or subscripts.)
We will also assume that 𝜏𝑘 is given by

𝜏𝑘 = [𝑘3ℰ(𝑘)]−1/2. (11.86)

Suppose that the turbulent spectrum is given by ℰ(𝑘) = 𝐴𝑘−𝑛. Using (11.86), (11.85) becomes

𝒦𝜒𝜒 =
𝒫(𝑘)𝑘
[𝐴𝑘3−𝑛]−1/2

, (11.87)

and
𝒫(𝑘) = 𝒦𝜒𝐴−1/2𝜒𝑘(𝑛−5)/2. (11.88)

We see that the steeper the energy spectrum the shallower the tracer spectrum. If the energy spec-
trum is steeper than −3 then (11.86) may not be a good estimate of the eddy turnover time, and
we use instead

𝜏𝑘 = [∫
𝑘

𝑘0
𝑝2ℰ(𝑝)d𝑝]

−1/2
, (11.89)

where 𝑘0 is the low-wavenumber limit of the spectrum. If the energy spectrum is shallower than
−3, then the integrand is dominated by the contributions from high wavenumbers and (11.89)
effectively reduces to (11.86). If the energy spectrum is steeper than −3, then the integrand is
dominated by contributions from low wavenumbers. For 𝑘 ≫ 𝑘0 we can approximate the integral
by [𝑘30𝐸(𝑘0)]−1/2, that is the eddy-turnover time at large scales, 𝜏𝑘0 , given by (11.86). The tracer
spectrum then becomes

𝒫(𝑘) = 𝒦′𝜒𝜒𝜏𝑘0𝑘
−1, (11.90)

where 𝒦′𝜒 is a constant. In all these cases the tracer cascade is to smaller scales even if, as may
happen in two-dimensional turbulence, energy is cascading to larger scales.

The scale at which diffusion becomes important is given by equating the turbulent time scale 𝜏𝑘
to the diffusive time scale (𝜅𝑘2)−1. This is independent of the flux of tracer, 𝜒, essentially because
the equation for the tracer is linear. Determination of expressions for these scales in two and three
dimensions is left as a problem for the reader.
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11.5.1 Examples of Tracer Spectra
Energy inertial range flow in three dimensions
Consider a range of wavenumbers overwhich neither viscosity nor diffusivity directly influence the
turbulent motion and the tracer. Then, in (11.88), 𝐴 = 𝒦𝜀2/3 where 𝜀 is the rate of energy transfer
to small scales,𝒦 is the Kolmogorov constant, and 𝑛 = 5/3. The tracer spectrum becomes18

𝒫(𝑘) = 𝒦3d
𝜒 𝜀−1/3𝜒𝑘−5/3, (11.91)

where𝒦3d
𝜒 is a (putatively universal) constant. It is interesting that the −5/3 exponent appears in

both the energy spectrum and the passive tracer spectrum. Using (11.86), this is the only spectral
slope for which this occurs. Experiments show that this range does, at least approximately, exist
with a value of𝒦3d

𝜒 of about 0.5–0.6 in three dimensions.

Inverse energy-cascade range in two-dimensional turbulence
Suppose that the energy injection occurs at a smaller scale than the tracer injection, so that there
exists a range of wavenumbers over which energy is cascading to larger scales while tracer variance
is simultaneously cascading to smaller scales. The tracer spectrum is then

𝒫(𝑘) = 𝒦2d
𝜒 𝜀−1/3𝜒𝑘−5/3, (11.92)

the same as (11.91), although 𝜀 is now the energy cascade rate to larger scales and the constant𝒦2d
𝜒

does not necessarily equal𝒦3d
𝜒 .

Enstrophy inertial range in two-dimensional turbulence

In the forward enstrophy inertial range the eddy time scale is 𝜏𝑘 = 𝜂−1/3 (assuming of course that
the classical phenomenology holds). Directly from (11.85) the corresponding tracer spectrum is
then

𝒫(𝑘) = 𝒦2d*
𝜒 𝜂−1/3𝜒𝑘−1. (11.93)

The passive tracer spectrum now has the same slope as the spectrum of vorticity variance (i.e.,
the enstrophy spectrum), which is perhaps reassuring since the tracer and vorticity obey similar
equations in two dimensions.

The viscous-advective range of large Prandtl number flow
If the Prandtl number 𝜎 = 𝜈/𝜅 ≫ 1 (and in seawater 𝜎 ≈ 7) then there may exist a range of
wavenumbers in which viscosity is important, but not tracer diffusion. The energy spectrum is
then very steep, and (11.90) will apply. The straining then comes from wavenumbers near the
viscous scale, so that for three dimensional flow the appropriate 𝑘0 to use in (11.90) is the viscous
wavenumber, and 𝑘0 = 𝑘𝜈 = (𝜀/𝜈3)1/4. The dynamical time scale at this wavenumber is given by

𝜏𝑘𝜈 = (
𝜈
𝜀
)
1/2
, (11.94)

and using this and (11.90) the tracer spectrum in this viscous-advective range becomes

𝒫(𝑘) = 𝒦′𝐵 (
𝜈
𝜀
)
1/2
𝜒𝑘−1. (11.95)

This spectral form applies for 𝑘𝜈 < 𝑘 < 𝑘𝜅, where 𝑘𝜅 is the wavenumber at which diffusion becomes
important, found by equating the eddy turnover time given by (11.94) with the diffusive time scale
(𝜅𝑘2)−1. This gives

𝑘𝜅 = (
𝜀
𝜈𝜅2
)
1/4
, (11.96)
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Fig. 11.12 The energy spectra, ℰ(𝑘) and passive tracer spectra 𝒫(𝑘) in large Prandtl number three-
dimensional (left) and two-dimensional (right) turbulence. In three dimensions 𝒫(𝑘) is given by (11.91)
for 𝑘 < 𝑘𝜈 and by (11.100) for 𝑘 > 𝑘𝜈. In two dimensions, if 𝑘tr marks the transition between a 𝑘−5/3 in-
verse energy cascade and a 𝑘−1 forward enstrophy cascade, then 𝒫(𝑘) is given by (11.92) for 𝑘 < 𝑘tr and by
(11.101) for 𝑘 > 𝑘tr. In both two and three dimensions the tracer spectra fall off rapidly for 𝑘 > 𝑘𝜅.

and 𝑘𝜅 is known as the Batchelor wavenumber (and its inverse is the Batchelor scale). Beyond 𝑘𝜅,
the diffusive flux is not constant and the tracer spectrum can be expected to decay as wavenumber
increases. A heuristic way to calculate the spectrum in the diffusive range is to first note that the
flux of the tracer is not constant but diminishes according to

d𝜒′(𝑘)
d𝑘
= −2𝜅𝑘2𝒫(𝑘), (11.97)

where 𝜒′ is the wavenumber-dependent rate of tracer transfer. Let us still assume that 𝜒′ and𝒫(𝑘)
are related by an equation of the form (11.85), where now 𝜏𝑘 is a constant, given by (11.94). Thus,

𝒦𝐵𝜒′ =
𝒫(𝑘)𝑘
𝜏𝑘𝜅
= 𝒫(𝑘)𝑘
(𝜈/𝜀)1/2

, (11.98)

where𝒦𝐵 is a constant. Using (11.97) and (11.98) we obtain

d𝜒′
d𝑘
= −2𝒦𝐵𝜅𝑘 (

𝜈
𝜀
)
1/2
𝜒′. (11.99)

Solving this, using 𝜒′ = 𝜒 (where 𝜒 is a constant) for small 𝑘, gives

𝒫(𝑘) = 𝒦𝐵 (
𝜈
𝜀
)
1/2
𝜒𝑘−1 exp [�−𝒦𝐵(𝑘/𝑘𝜅)2]�. (11.100)

This reduces to (11.95) if 𝑘 ≪ 𝑘𝜅, and is known as the Batchelor spectrum.19 Its high-wavenumber
part 𝑘 > 𝑘𝜅 is known as the viscous-diffusive subrange. The spectrum, and its two-dimensional
analogue, are illustrated in Fig. 11.12.

In two dimensions the viscous-advective range occurs for wavenumbers greater than 𝑘𝜈 =
(𝜂/𝜈3)1/6. The appropriate time scale within this subrange is 𝜂−1/3, which gives a spectrum with
precisely the same form as (11.93). At sufficiently high wavenumbers tracer diffusion becomes
important, with the diffusive scale now given by equating the eddy turnover time 𝜂−1/3 with the
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viscous time scale (𝜅𝑘2)−1. This gives the diffusive wavenumber, analogous to (11.96), of 𝑘𝜅 =
(𝜂/𝜅3)1/6. Using (11.99) and the procedure above we then obtain an expression for the spectrum
in the region 𝑘 > 𝑘𝜈, that is a two-dimensional analogue of (11.100), namely

𝒫(𝑘) = 𝒦′𝐵𝜂−1/3𝜒𝑘−1 exp [�−𝒦′𝐵(𝑘/𝑘𝜅)2]�. (11.101)

For 𝑘 ≪ 𝑘𝜅 this reduces to (11.93), possibly with a different value of the Kolmogorov-like constant.

††† The inertial-diffusive range of small Prandtl number flow
For small Prandtl number (𝜈/𝜅 ≪ 1) the energy inertial rangemay coexist with a range over which
tracer variance is being dissipated, giving us the so-called inertial-diffusive range. The tracer will
begin to be dissipated at a wavenumber obtained by equating a dynamical eddy turnover time with
a diffusive time, and this gives a diffusive wavenumber

𝑘′𝜅 = {
(𝜀/𝜅3)1/4 in three dimensions,
(𝜂/𝜅3)1/6 in two dimensions.

� (11.102)

Beyond the diffusive wavenumber the flux of the tracer is no longer constant but diminishes ac-
cording to (11.97).

Given a non-constant flux and an eddy-turnover time that varies with wavenumber there is
no self-evidently correct way to proceed. One way is to assume that 𝜒 and 𝒫(𝑘) are related by
𝒦″𝜒 𝜒 = 𝒫(𝑘)𝑘/𝜏𝑘 (as in (11.98), but with a potentially different proportionality constant) and with
𝜏𝑘 given by (11.86); that is, 𝜏𝑘 = 𝜀−1/3𝑘−2/3 in three-dimensional turbulence. Using this in (11.97)
leads to

𝒫(𝑘) = 𝒦″𝜒 𝜒𝜀−1/3𝑘−5/3 exp[−(𝒦″𝜒 3/2)(𝑘/𝑘′𝜅)4/3], (11.103)

where 𝜒 is the tracer flux at the beginning of the tracer dissipation range. (A similar expression
emerges in two-dimensional turbulence.) However, given such a steep spectrum an argument
based on spectral locality is likely to be suspect. Another argument posits a particular relationship
between the tracer spectrum and energy spectrum in the inertial-diffusive range, and this leads to

𝒫(𝑘) = 𝒦
″
𝐵
3
𝜒0𝜀2/3𝜅−3𝑘−17/3 = 𝒦″𝐵 𝜒0𝜀−1/3𝑘−5/3𝑔(𝑘/𝑘𝜅), (11.104)

where 𝑔(𝛼) = 𝛼−4/3 and𝒦″𝐵 is a constant.20

Notes
1 Horace Lamb has been quoted as saying that when he died and went to Heaven he hoped for

enlightenment on two things, quantum electrodynamics and turbulence, although he was only
optimistic about the former. Werner Heisenberg expressed a similar sentiment. But Heaven may
be the wrong place to seek such enlightenment, for turbulence is the invention of the Devil, put on
Earth to torment us.

2 The algebra of the three-dimensional case is more complicated because of the pressure term and
because themomentumequation is a vector equation. Nevertheless, in incompressible flowwe can
take the divergence of the momentum equation to obtain an elliptic equation for pressure of the
form ∇2𝑝 = 𝑄(𝒗), where the right-hand side is a quadratic function of velocity and its derivatives,
Fourier transform this and then proceed much as in the two-dimensional case.

3 A. N. Kolmogorov (1903–1987) was a Russian mathematician and theoretical physicist, who made
seminal contributions to turbulence (with famous papers in 1941 and in 1962), to probability
and statistics, and to classical mechanics (e.g., the Kolmogorov–Arnold–Moser theorem). Yaglom
(1994) provides more details on both the man and his scientific contributions.
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4 Theprocess has been encapsulated in the following ditty by Lewis Fry (L.F.) Richardson (1881–1953),
his own summary of Richardson (1920):

Big whorls have little whorls, that feed on their velocity;
And little whorls have lesser whorls, and so on to viscosity.

The verse follows a well-known one by the mathematician Augustus De Morgan (in A Budget of
Paradoxes 1872), ‘Great fleas have little fleas upon their backs to bite ’em…’, which in turn is a par-
ody on a poem by Jonathan Swift. Richardson himself was a British scientist best known as the
person who (following earlier work by Cleveland Abbe in 1901 and Vilhelm Bjerknes in 1904) envi-
sioned weather forecasting in its current form — that is, numerical weather prediction. However,
as described in his 1922 book, instead of an electronic computer performing the calculations, he
imagined, perhaps fancifully, a hall full of people performing calculations in unison all directed by
a conductor at the front. His first numerical forecast, calculated by hand, was wildly inaccurate be-
cause he failed to initialize his atmosphere properly and because his timestep was too long and did
not satisfy the CFL condition, and unrealistic gravity waves dominated the solution. However, it
was a prescient and important effort. He also worked on turbulence, and seems to have envisioned
the turbulent cascade prior to Kolmogorov (to wit the verse above), and the ‘Richardson number’,
a measure of fluid stratification, is named after him. He also made contributions to the theory of
war and was known as a pacifist — he was a conscientious objector and drove ambulances in the
first World War, and resigned from the UK Meteorological Office because it became part of the Air
Ministry.

5 Kolmogorov (1941) obtained the result in a slightly differentway, using distances in real space rather
thanwavenumber and deriving the equivalent result for the longitudinal structure function,𝐷(𝑟) ≡
⟨[𝒖𝑙(𝒙 + 𝒓) − 𝒖𝑙(𝒙)]2⟩ ∼ 𝑟2/3. It was Obukhov (1941) who gave an argument in spectral space and
first wrote down that 𝐸(𝑘) ∼ 𝑘−5/3. Kolmogorov’s argument is regarded as more general and hence
the 5/3 spectrum is usually named for him, but sometimes it is called the ‘Kolmogorov–Obukhov’
5/3 spectrum.

6 Results kindly provided by R. Zhao.

7 The first observations confirming the -5/3 predictions were from a tidal channel (Grant et al. 1962).
These results were initially presented at a turbulence conference in Marseille in 1961, ironically at
the same time as Kolmogorov presented a modification of his original theory that incorporated
a local mean dissipation rate, to try to take intermittency into account, recognizing that his first
theory was incomplete (Kolmogorov 1962). It is said to have been L. D. Landau who pointed out
the consequences of intermittency to Kolmogorov, soon after the K41 theory first appeared.

8 Two early papers on two-dimensional turbulence are those of Lee (1951) and Fjørtoft (1953), the
former noting the incompatibility of the material conservation of vorticity with Kolmogorov’s en-
ergy inertial range, and the latter recognizing the two-dimensional nature of large-scale atmospheric
motion. Batchelor (1953b) noted the tendency of energy to concentrate in small wavenumbers as
a consequence of energy and enstrophy conservation. The theory was developed by Kraichnan
(1967), who predicted the spectral slopes of the two-dimensional cascades, Leith (1968) and Batch-
elor (1969). Lilly (1969) performed some early numerical integrations. For reviews see Kraichnan &
Montgomery (1980), Danilov & Gurarie (2001) and Boffetta & Ecke (2012).

9 This similarity argument is due to Batchelor (1969), and its validity was explored by Bartello & Warn
(1996) using numerical simulations of decaying two-dimensional turbulence. They found that the
similarity hypothesis is not quantitatively accurate, and in particular that higher-order moments of
the vorticity do not obey the predictions of the theory. This failure may be ascribed to the fact that
in two-dimensional flow vorticity is conserved on parcels, and in the presence of coherent vortices
this is an effective constraint that is not included in the theory. In flow with a finite deformation
radius coherent vortices are found to be less important and an analogous similarity hypothesis
appears to work better (Iwayama et al. 2002).

10 Arbic et al. (2007), Colin de Verdière (1980). See also Scott (2001).

11 For example, Peltier & Stuhne (2002) and Smith & Waleffe (1999).

12 Adapted from Maltrud & Vallis (1991).
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13 For numerical simulations illustrating these and other properties of two-dimensional turbulence
see, among others, McWilliams (1984), Maltrud & Vallis (1991), Oetzel & Vallis (1997), Lindborg
& Alvelius (2000) and Smith et al. (2002). Also look at Jupiter through a telescope! A statistical-
mechanical argument that in two-dimensional turbulence there is tendency for a small number of
vortices to form was given by Onsager (1949).

14 The Lorenz equations were written down by Lorenz (1963), based on some earlier work of Saltzman
(1962), and inspired a veritable industry of study. The field of chaos, or more generally nonlinear
dynamics, has grown enormously since then, prompted also by work in mathematics occurring at
about the same time, and its development is sometimes regarded as one of the true revolutions of
science in the twentieth century. Aubin & Dahan Dalmedico (2002) write a history. The correspon-
dence of the Lorenz equations to a real fluid system is tenuous, but the importance of the properties
they demonstrate transcends this; we regard the equations simply as an example of a chaotic system
with some fluid relevance. The equations and variations about them have reappeared in studies of,
among other things, lasers, dynamos, chemical reactions, mechanical waterwheels and El Niño.

15 That a turbulent flow is, inter alia, chaotic andunpredictable follows from thework of Lorenz (1963),
Ruelle & Takens (1971) and others who showed that fluid turbulencewas generically a consequence
of a small number of bifurcations as some controlling parameter (such as the Reynolds number)
is changed. Prior to this, turbulence was sometimes thought, following Landau (1944), to be a
large collection of periodic motions with incommensurate frequencies that would have complex
and non-repeating but presumably predictable behaviour. Notwithstanding the Landau picture, it
seems to have been known, well before the development of nonlinear dynamical systems theory
in the 1960s and 1970s, that the weather was inherently unpredictable. Poincaré was perhaps the
first to properly understand this at the turn of the twentieth century, although in the review of a
book by the thermodynamicist P. Duhem, W. S. Franklin wrote in 1898 that ‘An infinitesimal cause
produces a finite effect. Long range detailed weather prediction is therefore impossible... the flight
of a grasshopper in Montana may turn a storm aside from Philadelphia to New York!’
Weather forecasters themselves long seem to have intuited that the atmosphere was intrinsically,
and not just practically, difficult to forecast. In the 1941 novel Storm by G. R. Stewart (1895–1980,
a professor of English at UC Berkeley) we find a forecaster recalling his old professor’s saying that
‘A Chinaman sneezing in Shen-si may set men to shoveling snow in New York City’. (Storm is also
notable because it used female names for intense storms, a practice that became common among
forecasters in World War II and that was used by the US Weather Service from 1953–1978, after
which gender equity obtained.) In a more academic setting, the predictability problem is men-
tioned in the book by Godske et al. (1957), much of which was written in the 1930s and 1940s,
and Thompson (1957) and Novikov (1959) studied the unpredictability of atmospheric flows from
the perspective of turbulence, evidently unaware of, or at least uninfluenced by, either Poincaré or
Landau. Phillip Thompson himself was in the Joint Numerical Weather Prediction Unit of the US
government in the 1950s, whose taskwas to numerically produceweather forecasts, and this practi-
cal experience undoubtedly confronted and guided his theoretical thinking. These various strands
came together and were clarified by the dynamical systems viewpoint coupled with the view of the
atmosphere as a geostrophically turbulent fluid, and this led to the viewpoint we describe here, and
to estimates of the limit to predictability of the atmospheric weather of about two weeks, although
at any given time the predictability may certainly be shorter or longer than that.

16 The more technical phrase ‘sensitive dependence on initial conditions’ is a paraphrase of one of
Poincaré, but the catchier one ‘butterfly effect’ is more recent. It seems to have first appeared in
a meteorological context in Smagorinsky (1969), where we find ‘Would the flutter of a butterfly’s
wings ultimately amplify to the point where the numerical simulation departed from reality…? If
not the flutter of the butterfly’s wings, the disturbance might be the result of instrumental errors in
the initial conditions…’ The phrase became more well known following a lecture by Lorenz to the
AmericanAssociation for theAdvancement of Science (AAAS) in 1972 entitled ‘Predictability: does
the flap of a butterfly’s wings in Brazil set off a tornado in Texas?’ The shape of the Lorenz attractor
in phase space also resembles a butterfly (Fig. 11.10), and the two (not unrelated) phenomena are
sometimes conflated. The death of a butterfly also changes the course of history in a science fiction
story by Ray Bradbury, A Sound of Thunder (1952). See also endnote 15 above and the brief history
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by Hilborn (2004).

17 A related point is that the predictability of a turbulent system is not well characterized by its spec-
trum of Lyapunov exponents: in a turbulent system in three dimensions the largest Lyapunov ex-
ponent is likely to be associated with very small scales of motion, and the error growth associated
with this effectively saturates at small scales.

18 First derived by Obukhov (1949). See also Corrsin (1951).

19 Batchelor (1959) also suggests that the constant 𝒦𝐵 in (11.100) should have the value 2. There is
some observational support for the 𝑘−1 viscous-advective range in the temperature spectra of the
ocean, one of the first measurements being that of Grant et al. (1968). Aside from their intrinsic
interest, the viscous and diffusive scales are used in microstructure theory and measurements that
lead to estimates of the ocean’s energy dissipation rate (Gregg 1998, Stips 2005).

20 Batchelor (1959). There is some numerical support for the −17/3 spectrum using a large-eddy sim-
ulation (LES) model (Chasnov 1991). See also O’Gorman & Pullin (2005).



O, wonder!
How many goodly creatures are there here!
How beauteous mankind is! O brave new world,
That has such people in’t.
William Shakespeare, The Tempest, c. 1611.

CHAPTER 12

Geostrophic Turbulence and Baroclinic
Eddies

Geostrophic turbulence is turbulence in flows that are stably stratified and close to geo-
strophic balance. Like most aspects of turbulence the subject is difficult, and a real ‘solu-
tion’ — meaning an accurate, informative statement about average states, without com-

putation of the detailed evolution — may be out of our reach, and may not exist. Ironically, it
is sometimes easier to say something interesting about geostrophic turbulence than about incom-
pressible isotropic two- or three-dimensional turbulence. In the latter class of problems there is
nothing else to understand other than the problem of turbulence itself, and this is like climbing
a smooth marble wall. On the other hand, rotation and stratification give one something else to
grasp, a thorn though it may be, and it becomes possible to address geophysically interesting phe-
nomena without having to solve the whole turbulence problem. Furthermore, in inhomogeneous
geostrophic turbulence, asking questions about the mean fields is meaningful and useful, whereas
this is uninteresting in isotropic turbulence.

The subject of geostrophic turbulence is a wondrous one, giving rise to phenomena that are
both beautiful and important — the jets and eddies on Jupiter and the weather on Earth are but
two examples. The subject is not restricted to quasi-geostrophic flow, and the large scale turbulence
of Earth’s ocean and atmosphere is sometimes simply called ‘macro-turbulence’. Nevertheless, the
quasi-geostrophic equations describe the main effects: they retain advective nonlinearity in the
vorticity equation, and they capture the constraining effects of rotation and stratification that are so
important in geophysical flows in a simple and direct way; for these reasons the quasi-geostrophic
equations will be our main tool. Let us consider the effects of rotation first, then stratification.

12.1 DIFFERENTIAL ROTATION IN TWO-DIMENSIONAL TURBULENCE
In the limit of motion of a scale much shorter than the deformation radius, and with no topogra-
phy, the quasi-geostrophic potential vorticity equation, (5.118), reduces to the two-dimensional
equation,

D𝑞
D𝑡
= 0, (12.1)

where 𝑞 = 𝜁+𝑓. This is the perhaps the simplest equationwithwhich to study the effects of rotation
on turbulence. Suppose first that the Coriolis parameter is constant, so that 𝑓 = 𝑓0. Then (12.1)

445
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becomes simply the two-dimensional vorticity equation

D𝜁
D𝑡
= 0. (12.2)

Thus constant rotation has no effect on purely two-dimensional motion. Flow that is already two-
dimensional — flow on a soap film, for example — is unaffected by rotation. (In the ocean and
atmosphere, or in a rotating tank, it is of course the effects of rotation that lead to the flow being
quasi-two dimensional in the first instance.)

Suppose, though, that the Coriolis parameter is variable, as in 𝑓 = 𝑓0 + 𝛽𝑦. Then we have

D
D𝑡
(𝜁 + 𝛽𝑦) = 0 or D𝜁

D𝑡
+ 𝛽𝑣 = 0. (12.3a,b)

If the asymptotically dominant term in these equations is the one involving 𝛽 then we must have
𝑣 = 0 at lowest order. That is, if 𝛽 is very large, then themeridional flow 𝑣must be correspondingly
small to ensure that the equation can balance, and this argument holds in the presence of forcing
and dissipation. Any flow must then be predominantly zonal. A closely related argument uses the
conservation of angular momentum as follows. A ring of fluid encircling the Earth at a velocity 𝑢
has an angular momentum per unit mass 𝑎 cos 𝜗(𝑢 +𝛺𝑎 cos 𝜗), where 𝜗 is the latitude and 𝑎 is the
radius of the Earth. Moving this ring of air polewards while conserving its angular momentum
requires that its zonal velocity and hence energy must increase, so unless there is a source for that
energy the flow is constrained to remain zonal.

In the following sections we look at the mechanism of jet formation in a little more detail. We
first give some fairly general scaling arguments, and then proceed in two complementary ways —
first with an argument couched in spectral space using the language of turbulent cascades, and
second with an argument in physical space. In Section 15.1 we come back to the problem from a
third perspective, one particularly appropriate for Earth’s atmosphere.

12.1.1 The Wave–Turbulence Cross-over
Scaling
Let us now consider how turbulent flow might interact with Rossby waves. We write (12.1) in full
as

𝜕𝜁
𝜕𝑡
+ 𝒖 ⋅ ∇𝜁 + 𝛽𝑣 = 0. (12.4)

If 𝜁 ∼ 𝑈/𝐿 and if 𝑡 ∼ 𝑇 then the respective terms in this equation scale as

𝑈
𝐿𝑇
𝑈2
𝐿2
𝛽𝑈. (12.5)

The way that time scales (i.e., advectively or with a Rossby wave frequency scaling) is determined
by which of the other two terms dominates, and this in turn is scale dependent. For large scales
the 𝛽-term is dominant, and at smaller scales the advective term is dominant. The cross-over scale,
denoted 𝐿𝑅, is called the Rhines scale and is given by1

𝐿𝑅 ∼ (
𝑈
𝛽
)
1/2
. (12.6)

The 𝑈 in (12.6) should be interpreted as the root-mean-square velocity at the energy containing
scales, not a mean or translational velocity. We refer to the specific scale√𝑈/𝛽 as the Rhines scale,
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Fig. 12.1 Inverse timescales, or frequencies, in
wavenumber space in beta-plane turbulence.
The solid curve is the frequency of Rossby waves,
proportional to 𝛽/𝑘, and the other three curves
are various estimates of the inverse turbulence
time scale. These are the turbulent eddy transfer
rate, proportional to 𝜀1/3𝑘2/3 in a 𝑘−5/3 spectrum;
the estimate 𝑈𝑘 where 𝑈 is a root-mean-squared
velocity; and the mean vorticity, which is con-
stant.
Where the Rossby wave frequency is larger
(smaller) than the turbulent frequency, i.e., at
large (small) scales, Rossby waves (turbulence)
dominate the dynamics.

𝐿𝑅, andmore general scales involving a balance between nonlinearity and 𝛽 as the 𝛽-scale, denoted
𝐿𝛽.

This is not a unique way to arrive at a 𝛽-scale, since we have chosen the length scale that con-
nects vorticity to velocity to also be the 𝛽-scale, and it is not obvious that this should be so. If the
two scales are different, the three terms in (12.4) scale as

𝒵
𝑇
𝑈𝒵
𝐿
𝛽𝑈, (12.7)

respectively, where 𝒵 is the scaling for vorticity; that is, 𝜁 = 𝒪(𝒵). Equating the second and third
terms gives the scale

𝐿𝛽𝒵 =
𝒵
𝛽
. (12.8)

Although (12.6) and (12.8) differ in detail, both indicate that at some large scale Rossby waves are
likely to dominate whereas at small scales advection and turbulence dominate.

Another heuristic way to derive (12.6) is by a direct consideration of time scales. Ignoring
anisotropy, Rossby wave frequency is 𝛽/𝑘 and an inverse advective time scale is𝑈𝑘, where 𝑘 is the
wavenumber. Equating these two gives an equation for the Rhines wavenumber

𝑘𝑅 ∼ (
𝛽
𝑈
)
1/2
. (12.9)

This equation is the inverse of (12.6), but factors of order unity (e.g., π) cannot be revealed by
simple scaling arguments such as these. We denote the Rhines wavenumber as 𝑘𝑅 and a more
generic cross-over wavenumber as 𝑘𝛽 (and below we also introduce 𝑘𝜀). The cross-over between
waves and turbulence is reasonably sharp, as indicated in Fig. 12.1.

Turbulent phenomenology
We now examine wave–turbulence cross-over using the phenomenology of two-dimensional tur-
bulence. Wewill suppose that the fluid is stirred at somewell-defined scale 𝑘𝑓, producing an energy
input 𝜀. Then (assuming no energy is lost to smaller scales) energy cascades to large scales at that
same rate. At some scale, the 𝛽-term in the vorticity equation will start tomake its presence felt. By
analogy with the procedure for finding the viscous dissipation scale in turbulence, we can find the
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scale at which linear Rossbywaves dominate by equating the inverse of the turbulent eddy turnover
time to the Rossby wave frequency. The eddy-turnover time is

𝜏𝑘 = 𝜀−1/3𝑘−2/3, (12.10)

and equating this to the inverse Rossby wave frequency 𝑘/𝛽 gives estimates for the 𝛽-wavenumber
and its inverse, the 𝛽-scale, namely

𝑘𝜀 = (
𝛽3
𝜀
)
1/5
, 𝐿𝜀 = (

𝜀
𝛽3
)
1/5
. (12.11a,b)

We denote these scales with a subscript 𝜀 because of the appearance of the energy cascade rate. In
a real fluid these expressions are harder to evaluate than (12.9), since it is generally much easier to
measure velocities than energy transfer rates, or even vorticity. On the other hand, (12.11) is more
satisfactory from the point of view of turbulence theory because 𝜀may be determined by processes
largely independent of 𝛽, whereas the magnitude of the eddies at the energy containing scales is
likely to be a function of 𝛽. We also remark that the scale given by (12.11b) is not necessarily the
energy-containing scale, and may in principle differ considerably from the scale given by (12.9).
This is because the inverse cascade is not necessarily halted at the scale (12.11b) — this is just the
scale at which Rossby waves become important. Energy may continue to cascade to larger scales,
albeit anisotropically as discussed below, and so the energy containing scale may be larger.

12.1.2 Generation of Zonal Flows and Jets
None of the effects discussed so far takes into account the anisotropy inherent in Rossby waves,
and such anisotropy can give rise to predominantly zonal flows and jets. To understand this, let
us first note that energy transfer will be relatively inefficient at those scales where linear Rossby
waves dominate the dynamics. But the wave–turbulence boundary is not isotropic; the Rossby
wave frequency is quite anisotropic, being given by

𝜔 = − 𝛽𝑘
𝑥

𝑘𝑥2 + 𝑘𝑦2
. (12.12)

If, albeit a little crudely, we suppose that the turbulent part of the flow remains isotropic, the wave–
turbulence boundary is then given by equating the inverse of (12.10) with (12.12) and is a solution
of

𝜀1/3𝑘2/3 = 𝛽𝑘
𝑥

𝑘2
, (12.13)

where 𝑘 is the isotropic wavenumber. Solving this gives expressions for the 𝑥- and 𝑦-wavenumber
components of the wave–turbulence boundary, namely

𝑘𝑥𝜀 = (
𝛽3
𝜀
)
1/5

cos8/5 𝜃, 𝑘𝑦𝜀 = (
𝛽3
𝜀
)
1/5

sin 𝜃 cos3/5 𝜃, (12.14)

where the polar coordinate is parameterized by the angle 𝜃 = tan−1(𝑘𝑦/𝑘𝑥). This odd-looking
formula is illustrated in Fig. 12.2, and it defines the anisotropic wave-turbulence boundary. (Slight
variations on this theme are produced by using different expressions for the turbulence time scale.)

What occurs physically? The region inside the dumbbell shapes in Fig. 12.2 is dominated by
Rossby waves, where the natural frequency of the oscillation is higher than the turbulent frequency.
If the flow is stirred at a wavenumber higher than this the energy will cascade to larger scales, but
because of the frequency mismatch the turbulent flow will be unable to efficiently excite modes
within the dumbbell. Nevertheless, there is still a natural tendency of the energy to seek the gravest
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Fig. 12.2 The anisotropic wave–turbulence
boundary 𝑘𝜀, in wave-vector space calculated
by equating the turbulent eddy transfer rate,
proportional to 𝑘2/3 in a 𝑘−5/3 spectrum, to the
Rossby wave frequency 𝛽𝑘𝑥/𝑘2, as in (12.14).The
wavenumbers are scaled such that 𝛽3/𝜀 = 1.
Within the dumbbell Rossby waves dominate
and energy transfer is inhibited. The inverse
cascade plus Rossby waves thus leads to a
generation of zonal flow.

mode, and it will do this by cascading toward the 𝑘𝑥 = 0 axis; that is, toward zonal flow. Thus,
the combination of Rossby waves and turbulence will lead to the formation of zonal flow and,
potentially, zonal jets.3

Figure 12.3 illustrates this mechanism; it shows the freely evolving (unforced, inviscid) energy
spectrum in a simulation on a 𝛽–plane, with an initially isotropic spectrum. The energy implodes,
cascading to larger scales but avoiding the region inside the dumbbell and piling up at 𝑘𝑥 = 0. In
physical space the flow organizes itself into zonally elongated structures and jets, in both freely-
decaying and forced-dissipative simulations (Fig. 12.4 and Fig. 12.7).

††† Joint effect of beta and friction
The 𝛽 term does not remove energy from a fluid. Thus, if energy is being added to a fluid at some
small scales, and the energy is cascading to larger scales, then the 𝛽-effect does not of itself halt
the inverse cascade, it merely deflects the cascade such that the flow becomes more zonal. Suppose
that the fluid obeys the barotropic vorticity equation,

𝜕𝜁
𝜕𝑡
+ 𝐽(𝜓, 𝜁) + 𝛽𝜕𝜓

𝜕𝑥
= 𝐹 − 𝑟𝜁 + 𝜈∇2𝜁, (12.15)

where the viscosity, 𝜈, is small and acts only to remove enstrophy, and not energy, at very small
scales. The forcing, 𝐹, supplies energy at a rate 𝜀 and this is cascaded upscale and removed by the
linear drag term −𝑟𝜁, where the drag coefficient 𝑟 is a constant. If the friction is sufficiently large
then the energy is removed before it feels the effect of 𝛽 at the scale (11.68), namely 𝐿𝑟 = (𝜀/𝑟3)1/2.
However, if friction is small, such that 𝐿𝜀 = (𝜀/𝛽3)1/5 is smaller than 𝐿𝑟, then the cascade feels the
beta effect before it feels frictional effects, and 𝐿𝑟 is then unlikely to be a relevant parameter.

If the forcing scale is small and an inverse cascade exists, the turbulence is characterized by
three parameters, 𝛽, 𝜀 and 𝑟. There is only one way to make a nondimensional parameter from
these and this is

𝛾 = 𝛽2𝜖𝑟−5, (12.16)
along with powers of 𝛾. There is no unique way to make a length scale from these parameters, but
various scales arise phenomenologically. One is 𝐿𝜀, noted above, and another arises from energetic
considerations. If we form an energy equation from (12.15) by multiplying by −𝜓 and spatially
integrating (and neglecting viscosity) we find the energy balance

𝜀 = − 1
𝐴
∫
𝐴
𝜓𝐹d𝐴 = 𝑟

𝐴
∫
𝐴
(∇𝜓)2 d𝐴 = 2𝑟𝐸, (12.17)
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Fig. 12.3 Evolution of the energy spectrum in a freely evolving two-dimensional simulation on the 𝛽-
plane. The panels show contours of energy in wavenumber (𝑘𝑥, 𝑘𝑦) space at successive times. The initial
spectrum is isotropic. The energy ‘implodes’, but its passage to large scales is impeded by the 𝛽-effect,
and the second and third panels show the spectrum at later times, illustrating the dumbbell predicted by
(12.14) and Fig. 12.2.2
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Fig. 12.4 Evolution of vorticity (top) and streamfunction (bottom) in a doubly periodic domain on the 𝛽-
plane, obeying (12.4)with the addition of a weak viscous term on the right-hand side. The initial conditions
are the same as for Fig. 11.8, and time proceeds from left to right. Compared to Fig. 11.8, vortex formation
is inhibited and there is a tendency toward zonal flow.



12.1 Differential Rotation in Two-dimensional Turbulence 451

r

Eddy kinetic energy

Zonal kinetic energy

Fig. 12.5 Putative kinetic spectra, ℰ(𝑘), in
beta-plane turbulence. Energy injected at
wavenumber 𝑘𝑓 cascades to larger scales
until it reaches the turbulent beta scale, 𝑘𝜀.
The energy in the zonalmodes then forms a
zonostrophic 𝑘−5 spectrum which extends
as far as the frictional Rhines scale, 𝑘𝛽𝑟.

where 𝐸 is the average energy of the fluid per unit mass. This expression holds whether or not 𝛽 is
non-zero. Using (12.6) with 𝑈 = √2𝐸, where 𝐸 is obtained from (12.17), we obtain the scale

𝐿𝛽𝑟 = (
𝜀
𝑟𝛽2
)
1/4
, (12.18)

which may be thought of as a prediction for the Rhines scale, 𝐿𝑅. The ratio of the scales 𝐿𝛽𝑟 to 𝐿𝜀
is

𝐿𝛽𝑟
𝐿𝜀
= (𝛽
2𝜀
𝑟5
)
1/20
= 𝛾1/20. (12.19)

What do the two scales, 𝐿𝜀 and 𝐿𝛽𝑟, represent? The first is the scale at which the 𝛽-effect is
first felt by the inverse cascade, and it is relevant for large-scale meridional mixing, and so for the
meridional heat transport in the atmosphere. If friction is small (i.e., if 𝛾 ≫ 1) the inverse energy
transfer will continue past this scale, with the energy largely being at very small values of 𝑘𝑥, and
(12.18) then characterizes the largest scale reached by the inverse cascade, and so the meridional
scale of the jets. In this region one might hypothesize that the spectrum is determined by 𝛽 and 𝑘
alone, and if so it is given by

ℰ(𝑘) = 𝒞𝑧𝛽2𝑘−5, (12.20)

where 𝒞𝑧 is a constant, and most of the energy is in the zonal flow. Only the extent (and not the
amplitude) of this region is then determined by the forcing strength. Turbulence of this charac-
ter is called zonostrophic, and is illustrated in Fig. 12.5. However, we might also expect the drag
coefficient, 𝑟, to be a factor in at least part of spectral slope because, with such a steep slope, the
timescale of the flow diminishes as the wavenumber falls, so there is no scale, 𝐿fric say, such that
friction acts only at scales larger than it.4 But rather than pursuing more arguments in spectral
space, let us turn to a physical space argument.

12.1.3 Potential Vorticity Staircases
Let us now consider a complimentary approach in physical space, with the essential idea being the
following. Suppose that a turbulent flow exists on a background state that has a potential vorticity
gradient, such as might be caused by the beta-effect. The eddies will seek to homogenize the po-
tential vorticity but, in general, they will be unable to do so completely. Instead, the flow becomes
partially homogenized, with regions of homogeneous potential vorticity separated by jumps, as
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Fig. 12.6 An idealized potential vor-
ticity staircase on a 𝛽-plane with 𝛽 =
1. The left panel shows homogeneous
regions of potential vorticity of merid-
ional extent 𝐿ℎ separated by jumps, as
calculated using (12.24). The right-hand
panel shows the corresponding zonal
flow, calculated using (12.28) with 𝑢0
chosen to be such that the average
zonal flow is zero.
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illustrated in Fig. 12.6. Such a structure is called a potential vorticity staircase, and the staircase
implies the existence of zonal jets.5

The homogenization of a scalar is discussed further in Section 13.5, but it can be imagined
that, in a turbulent flow, the gradients of a scalar that is both advected and diffused will become
smeared out as much as possible: diffusion will dissipate any extrema and advection cannot recre-
ate them. Potential vorticity is a scalar, so we might expect it too to become homogenized, but
it is not passive and therefore the process of homogenization will affect the flow itself, preventing
complete homogenization. One reason for that may be the boundary conditions, another that the
process of homogenization requires more energy than the flow contains. To see this, consider a
freely-evolving flow on a beta-plane obeying the barotropic vorticity equation

𝜕𝜁
𝜕𝑡
+ 𝐽(𝜓, 𝜁 + 𝛽𝑦) = 𝜈∇2𝜁, (12.21)

where 𝜈 is sufficiently small that energy is well conserved over the timescales of interest. If potential
vorticity, 𝑞 = 𝜁+𝛽𝑦, is to be homogenized over some meridional scale 𝐿 then, in the homogenized
region, 𝜁 ≈ −𝛽𝑦. If the flow is predominantly zonal then this gives the estimate 𝑈 ∼ 𝛽𝑦2 and the
energy in the region is, very approximately,

1
2
∫𝑢2 d𝑥d𝑦 ≈ ∫(𝛽𝑦2)2 d𝑥d𝑦, (12.22)

giving the estimate 𝑈2𝐿 ∼ 𝛽2𝐿5. If we suppose that the initial root-mean square velocity is also
𝑈, and that the flow becomes predominantly zonal, then solving the above estimate for 𝐿 suggests
that the potential vorticity will become homogenized over the scale

𝐿ℎ ∼ (
𝑈
𝛽
)
1/2
. (12.23)

This is the same as the Rhines scale given in (12.6), as it has to be by dimensional analysis, although
now it is supposed that much of the energy lies in the zonal flow. Although the scale is the same,
this way of looking at the problem adds something to the physical picture— an asymmetry between
eastward and westward flow, as we now discuss.
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In the idealized staircase of Fig. 12.6 potential vorticity is piecewise continuous and given by

𝑞 = 𝜁 + 𝛽𝑦 = 𝑞0, 0 < 𝑦 < 𝐿ℎ, (12.24a)
𝑞 = 𝜁 + 𝛽𝑦 = 𝑞0 + 𝛽𝐿ℎ ≡ 𝑞1, 𝐿ℎ < 𝑦 < 2𝐿ℎ, and so on. (12.24b)

In any one of the homogenized regions the flow is given by solving

𝜕𝑢
𝜕𝑦
= 𝛽𝑦 − 𝑞𝑛 giving 𝑢 = 1

2
𝛽𝑦2 − 𝑞𝑛𝑦 + constant, (12.25)

where 𝑞𝑛 = 𝛽𝐿ℎ/2 + 𝑛𝛽𝐿ℎ. The constant may be determined by requiring continuity of 𝑢 across
the regions, and we then obtain

𝑢 = 1
2
𝛽(𝑦 − 𝐿ℎ/2)2 + 𝑢0, 0 < 𝑦 < 𝐿ℎ, (12.26)

𝑢 = 1
2
𝛽(𝑦 − 3𝐿ℎ/2)2 + 𝑢0, 𝐿ℎ < 𝑦 < 2𝐿ℎ, (12.27)

or in general,

𝑢 = 1
2
𝛽 (𝑦 − (𝑛 − 1/2)𝐿ℎ)2 + 𝑢0, (𝑛 − 1)𝐿ℎ < 𝑦 < 𝑛𝐿ℎ, 𝑛 = 1, 2, 3… , (12.28)

where 𝑢0 is a constant. Relative to 𝑢0, the flow is weakly westward in the homogenized regions,
whereas in the transition region the flow has a sharp eastward peak, as shown in Fig. 12.6. The
spectrum of such a flow is 𝑘−4, similar to the 𝑘−5 spectrum of zonostrophic flow.

Finally, let us make a few remarks. First, the potential vorticity gradient does not change sign,
so the flow is (just) barotropically stable — one is supposing that the eddies arise by some external
mechanism (e.g., some external stirring, or baroclinic instability) and they are creating the jet, not
vice versa. Second, the staircase structure implies that potential vorticity is (obviously) well mixed
in the regions of constant potential vorticity, but that there is no mixing across the jumps. The
jumps are known asmixing barriers and, once formed, are found to be very persistent in numerical
simulations. The edge of the stratospheric polar vortex, and the boundaries of ocean gyres, may
also be examples. A fluid parcel is energetically incapable of jumping across the barrier, and the
barrier’s existence makes clear that parameterizing turbulent mixing as a downgradient flux of a
conserved quantity cannot always work, at least with a constant diffusivity, since here the gradient
is strong but the mixing is weak.

Numerical simulations do reproduce the staircase in some, but not all, circumstances (Fig. 12.7).
The simulations suggest that there needs to be a good separation between the turbulent beta scale
and the Rhines scales, in particular with 𝐿𝑅/𝐿𝜖 ≫ 1, and that this is best achieved with weak
friction and/or forcing that is at large scales, perhaps even larger than 𝐿𝜖. However, the subject
continues to evolve and the reader should consult the primary literature to learn more.

12.1.4††† Zonal Jets — Other Mechanisms and Final Remarks
In the above we have described how zonal jets may be created from two distinct points of view
— one in spectral space and the other in physical space. We described the spectral approach in
terms of a cascade — a local energy transfer from one wavenumber to another. However, in many
circumstances the energy transfer from eddies to zonal flow may be much more direct, with no
spectral intermediaries. That is, a zonally asymmetric flow may be unstable and, even in the ab-
sence of eddy-eddy interactions, produce a zonal jet. The interaction is then deemed ‘quasi-linear’
and the triad interaction is highly nonlocal, as in the right-hand panel of Fig. 11.1. There are still
other ways in which we may describe jet formation, some described in section 15.1. It is the pa-
rameters of the problem at hand that will determine which mechanism is dominant in a particular
situation, although a full understanding of their similarities and differences remains tenebrous.7
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Fig. 12.7 Simulations of two-
dimensional turbulence on a
beta-plane.6

The left panels show snapshots
of the relative vorticity 𝜁, and
right panels show zonally-
averaged potential vorticity and
zonal wind. The top panels show
an integration with 𝐿𝑅/𝐿𝜀 ≈ 3
and the bottom panels have
𝐿𝑅/𝐿𝜀 ≈ 11.
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12.2 STRATIFIED GEOSTROPHIC TURBULENCE
12.2.1 An Analogue to Two-dimensional Flow
Now let us consider stratified effects in a simple setting, using the quasi-geostrophic equations with
constant Coriolis parameter and constant stratification.8 The (dimensional) unforced and inviscid
governing equation may then be written as

D𝑞
D𝑡
= 0, 𝑞 = ∇2𝜓 + Pr2 𝜕

2𝜓
𝜕𝑧2
, (12.29a)

where Pr = 𝑓0/𝑁 is the Prandtl ratio (and Pr/𝐻 is the inverse of the deformation radius) and
D/D𝑡 = 𝜕/𝜕𝑡 + 𝒖 ⋅ ∇ is the two-dimensional material derivative. The vertical boundary conditions
are

D
D𝑡
(𝜕𝜓
𝜕𝑧
) = 0, at 𝑧 = 0,𝐻. (12.29b)

These equations are analogous to the equations of motion for purely two-dimensional flow. In
particular, with periodic lateral boundary conditions, or conditions of no-normal flow, there are
two quadratic invariants of the motion, the energy and the enstrophy, which are obtained by mul-
tiplying (12.29a) by −𝜓 and 𝑞 and integrating over the domain, as in Chapter 5. The conserved
energy is

d𝐸
d𝑡
= 0, 𝐸 = 1

2
∫
𝑉
[(∇𝜓)2 + Pr2 (𝜕𝜓

𝜕𝑧
)
2
] d𝑉, (12.30)
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where the integral is over a three-dimensional domain. The enstrophy is conserved at each vertical
level, and of course the volume integral is also conserved, namely

d𝑍
d𝑡
= 0, 𝑍 = 1

2
∫
𝑉
𝑞2 d𝑉 = 1

2
∫
𝑉
[∇2𝜓 + Pr2 (𝜕

2𝜓
𝜕𝑧2
)]
2
d𝑉. (12.31)

The analogy with two-dimensional flow is even more transparent if we further rescale the vertical
coordinate by 1/Pr, and so let 𝑧′ = 𝑧/Pr. Then the energy and enstrophy invariants are:

𝐸 = ∫(∇3𝜓)2 d𝑉, 𝑍 = ∫𝑞2 d𝑉 = ∫(∇23𝜓)2 d𝑉, (12.32)

where ∇3 = 𝐢𝜕/𝜕𝑥 + 𝐣 𝜕/𝜕𝑦 + 𝐤 𝜕/𝜕𝑧′. The invariants then have almost the same form as the
two-dimensional invariants, but with a three-dimensional Laplacian operator instead of a two-
dimensional one.

Given these invariants, we should expect that any dynamical behaviour that occurs in the two-
dimensional equations that depends solely on the energy/enstrophy constraints should have an ana-
logue in quasi-geostrophic flow. In particular, the transfer of energy to large-scales and enstrophy
to small scales will also occur in quasi-geostrophic flowwith, in so far as these transfers are effected
by a local cascade, corresponding spectra of 𝑘−5/3 and 𝑘−3. However, in the quasi-geostrophic case,
it is the three-dimensional wavenumber that is relevant, with the vertical component scaled by the
Prandtl ratio. As a consequence, the energy cascade to larger horizontal scales is generally ac-
companied by a cascade to larger vertical scales — a barotropization of the flow. Still, the analogy
between two-dimensional and quasi-geostrophic cascades should not be taken too far, because in
the latter the potential vorticity is advected only by the horizontal flow. Thus, the dynamics of
quasi-geostrophic turbulence will not in general be isotropic in three-dimensional wavenumber.
To examine these dynamics more fully we first turn to a simpler model, that of two-layer flow.

12.2.2 Two-layer Geostrophic Turbulence
Let us consider flow in two layers of equal depth, governed by the quasi-geostrophic equations
with (for now) 𝛽 = 0, namely

𝜕𝑞𝑖
𝜕𝑡
+ 𝐽(𝜓𝑖, 𝑞𝑖) = 0, 𝑖 = 1, 2, (12.33)

where

𝑞1 = ∇2𝜓1 +
1
2
𝑘2𝑑(𝜓2 − 𝜓1), 𝑞2 = ∇2𝜓2 +

1
2
𝑘2𝑑(𝜓1 − 𝜓2), (12.34a)

𝐽(𝑎, 𝑏) = 𝜕𝑎
𝜕𝑥
𝜕𝑏
𝜕𝑦
− 𝜕𝑎
𝜕𝑦
𝜕𝑏
𝜕𝑥
, 1

2
𝑘2𝑑 =
2𝑓20
𝑔′𝐻
≡ 4𝑓

2
0
𝑁2𝐻2
. (12.34b)

The wavenumber 𝑘𝑑 is inversely proportional to the baroclinic radius of deformation, and the two
equivalent expressions given are appropriate in a layered model and a level model, respectively.
The equations conserve the total energy,

d𝐸
d𝑡
= 0, 𝐸 = 1

2
∫
𝐴
[(∇𝜓1)2 + (∇𝜓2)2 +

1
2
𝑘2𝑑(𝜓1 − 𝜓2)2] d𝐴, (12.35)

and the enstrophy in each layer

d𝑍1
d𝑡
= 0, 𝑍1 = ∫

𝐴
𝑞21 d𝐴, (12.36a)
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d𝑍2
d𝑡
= 0, 𝑍2 = ∫

𝐴
𝑞22 d𝐴. (12.36b)

The first two terms in the energy expression, (12.35), represent the kinetic energy, and the last term
is the available potential energy, proportional to the variance of temperature.

Baroclinic and barotropic decomposition
Define the barotropic and baroclinic streamfunctions by

𝜓 ≡ 1
2
(𝜓1 + 𝜓2), 𝜏 ≡

1
2
(𝜓1 − 𝜓2). (12.37)

Then the potential vorticities for each layer may be written as

𝑞1 = ∇2𝜓 + (∇2 − 𝑘2𝑑)𝜏, 𝑞2 = ∇2𝜓 − (∇2 − 𝑘2𝑑)𝜏, (12.38a,b)

and the equations of motion may be rewritten as evolution equations for 𝜓 and 𝜏 as follows:

𝜕
𝜕𝑡
∇2𝜓 + 𝐽(𝜓, ∇2𝜓) + 𝐽(𝜏, (∇2 − 𝑘2𝑑)𝜏) = 0, (12.39a)

𝜕
𝜕𝑡
(∇2 − 𝑘2𝑑)𝜏 + 𝐽(𝜏, ∇2𝜓) + 𝐽(𝜓, (∇2 − 𝑘2𝑑)𝜏) = 0. (12.39b)

We note the following about the nonlinear interactions in (12.39):

(i) 𝜓 and 𝜏 are like vertical modes. That is, 𝜓 is the barotropic mode with a ‘vertical wavenum-
ber’, 𝑘𝑧, of zero, and 𝜏 is a baroclinic mode with an effective vertical wavenumber of one.

(ii) Just as purely two-dimensional turbulence can be considered to be a plethora of interacting
triads, whose two-dimensional vector wavenumbers sum to zero, it is clear from (12.39b)
that geostrophic turbulence may be considered to be similarly composed of a sum of inter-
acting triads, although now there are two distinct kinds, namely

(i) (𝜓, 𝜓) → 𝜓, (ii) (𝜏, 𝜏) → 𝜓 or (𝜓, 𝜏) → 𝜏. (12.40)

The first kind is a barotropic triad, for it involves only the barotropicmode. The other two are
examples of a baroclinic triad. If a barotropic mode has a vertical wavenumber of zero, and
a baroclinic mode has a vertical wavenumber of plus or minus one, then the three vertical
wavenumbers of the triad interactions must sum to zero. There is no triad that involves only
the baroclinic mode, as we may see from the form of (12.39). (If the layers are of unequal
depths, then purely baroclinic triads do exist.)

(iii) Wherever the Laplacian operator acts on 𝜏, it is accompanied by −𝑘2𝑑. That is, it is as if the
effective horizontal wavenumber (squared) of 𝜏 is shifted, so that 𝑘2 → 𝑘2 + 𝑘2𝑑.

Conservation properties
Multiplying (12.39a) by 𝜓 and (12.39b) by 𝜏 and horizontally integrating over the domain of area
𝐴, assuming once again that this is either periodic or has solid walls, gives

�̂� = ∫
𝐴
(∇𝜓)2 𝑑𝐴, d�̂�

d𝑡
= ∫
𝐴
𝜓𝐽(𝜏, (∇2 − 𝑘2𝑑)𝜏)d𝐴, (12.41a)

𝐶 = ∫
𝐴
[(∇𝜏)2 + 𝑘2𝑑𝜏2]d𝐴,

d𝐶
d𝑡
= ∫
𝐴
𝜏𝐽(𝜓, (∇2 − 𝑘2𝑑)𝜏)d𝐴. (12.41b)
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Here, �̂� is the energy associated with the barotropic flow and 𝐶 is the energy of the baroclinic flow.
An integration by parts shows that

∫
𝐴
𝜓𝐽(𝜏, (∇2 − 𝑘2𝑑)𝜏)d𝐴 = −∫

𝐴
𝜏𝐽(𝜓, (∇2 − 𝑘2𝑑)𝜏)d𝐴, (12.42)

and therefore
d𝐸
d𝑡
= d

d𝑡
(�̂� + 𝐶) = 0. (12.43)

That is, total energy is conserved.
An enstrophy invariant is obtained by multiplying (12.39a) by ∇2𝜓 and (12.39b) by (∇2 − 𝑘2𝑑)𝜏

and integrating over the domain and adding the two expressions. The result is

d𝑍
d𝑡
= 0, 𝑍 = ∫

𝐴
(∇2𝜓)2 + [(∇2 − 𝑘2𝑑)𝜏]

2 d𝐴. (12.44)

This also follows from (12.36).
Just as for two-dimensional turbulence, we may define the spectra of the energy and enstrophy.

Then, with obvious notation, for the energy we have
1
𝐴
�̂� = ∫𝒯(𝑘) d𝑘 and 1

𝐴
𝐶 = ∫𝒞(𝑘) d𝑘. (12.45)

The enstrophy spectrum 𝒵(𝑘) is related to the energy spectra by
1
𝐴
𝑍 = ∫𝒵(𝑘) d𝑘 = ∫ [𝑘2𝒯(𝑘) + (𝑘2 + 𝑘2𝑑)𝒞(𝑘)] d𝑘, (12.46)

which is analogous to the relationship between energy and enstrophy in two-dimensional flow.
We thus begin to suspect that the phenomenology of two-layer turbulence is closely related to, but
richer than, that of two-dimensional turbulence.

12.2.3 Phenomenology of Two-layer Turbulence
In this section we explore the phenomenology of two-layer geostrophic turbulence, by examin-
ing how the equations of motion simplify if we suppose that the nonlinear interactions occur at
particular scales, and by looking at the forms of the triad interactions.

Triad interactions and scales of interactions
Two types of triad interactions are possible:

Barotropic triads. An interaction that is purely barotropic (i.e., as if 𝜏 = 0) conserves �̂�, the
barotropic energy, and the associated enstrophy ∫ 𝑘2𝒯(𝑘)d𝑘, and a barotropic triad behaves as
purely two-dimensional flow. Explicitly, the conserved quantities are

energy: d
d𝑡
[�𝒯(𝑘) + 𝒯(𝑝) + 𝒯(𝑞)]� = 0, (12.47a)

enstrophy: d
d𝑡
[𝑘2𝒯(𝑘) + 𝑝2𝒯(𝑝) + 𝑞2𝒯(𝑞)] = 0. (12.47b)

Baroclinic triads. Baroclinic triads involve two baroclinic wavenumbers (say 𝑝, 𝑞) interacting with
a barotropic wavenumber (say 𝑘). The energy and enstrophy conservation laws for this triad are

energy: d
d𝑡
[�𝒯(𝑘) + 𝒞(𝑝) + 𝒞(𝑞)]� = 0, (12.48a)

enstrophy: d
d𝑡
[�𝑘2𝒯(𝑘) + (𝑝2 + 𝑘2𝑑)𝒞(𝑝) + (𝑞2 + 𝑘2𝑑)𝒞(𝑞)]� = 0. (12.48b)
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To the extent that the triad interactions are local, they may be divided into three general types:
(i) interactions only involving scales much smaller than the deformation radius;
(ii) interactions only involving scales much larger than the deformation radius;
(iii) interactions involving scales comparable to the deformation radius.

We consider each in turn.

(i) Interactions at small scales
For small scales the potential vorticity of each layer is given by

𝑞𝑖 = ∇2𝜓𝑖 +
1
2
𝑘2𝑑(𝜓𝑗 − 𝜓𝑖) ≈ ∇2𝜓𝑖 , (12.49)

where 𝑖 = 1, 2 and 𝑗 = 3 − 𝑖. Thus, each layer is decoupled from the other and obeys the equations
of purely two-dimensional turbulence. Enstrophy is cascaded to small scales and, were there to
be an energy source at small scales, energy would be transferred upscale until it reached a scale
comparable to the deformation scale. As regards triad interactions, interactions at small scales
correspond to the case (𝑝, 𝑞) ≫ 𝑘𝑑 in (12.48). If we neglect 𝑘2𝑑 then we see that a baroclinic
triad behaves like a barotropic triad, for (12.48) has the same form as (12.47). In reality, the small
scales of a continuously stratified flow may not be representable by a two-layer model, because in a
continuously stratified quasi-geostrophicmodel the enstrophy cascade occurs in three-dimensional
wavenumber space. Thus, as the horizontal scales become smaller, so does the vertical scale and
higher deformation radii (e.g., 𝑛 > 1 in (6.89)) may play a role in reality.

(ii) Interactions at large scales

At scales much larger than the deformation radius we take |∇2| ∼ 𝑘2 ≪ 𝑘2𝑑, and neglect terms in
(12.39) that involve ∇2 if they appear alongside terms involving 𝑘2𝑑. Noting that 𝐽(𝜏, 𝑘2𝑑𝜏) = 0, and
assuming that |𝐽(𝜏, ∇2𝜓)| ∼ |𝐽(𝜓, ∇2𝜏)|, we obtain

𝜕
𝜕𝑡
∇2𝜓 + 𝐽(𝜓, ∇2𝜓) = −𝐽(𝜏, ∇2𝜏), 𝜕𝜏

𝜕𝑡
+ 𝐽(𝜓, 𝜏) = 0. (12.50a,b)

Thus, the baroclinic streamfunction obeys the equation of a passive tracer, although because of the
term on the right-hand side of (12.50a) it is not truly passive. Nevertheless, and given the discus-
sion of passive tracers in Section 11.5, these equations suggest that the variance of the baroclinic
streamfunction, and thus the energy in the baroclinic mode, will be transferred to smaller scales.

In terms of triad interactions, this case corresponds to (𝑝, 𝑞, 𝑘) ≪ 𝑘𝑑. The energy and enstrophy
conservation triad interaction laws, (12.48), collapse to

d
d𝑡
[�𝒞(𝑝) + 𝒞(𝑞)]� = 0. (12.51)

That is to say, energy is conserved among the baroclinic modes alone, with the barotropic mode
𝑘 mediating the interaction. Consistent with the analysis in physical space, there is no constraint
preventing the transfer of baroclinic energy to smaller scales, and no production of barotropic
energy at 𝑘 ≪ 𝑘𝑑.

(iii) Interactions at scales comparable to the deformation radius
In this case there is, in general, no simplification of the equations in physical space, or of the conser-
vation laws governing triad interactions, and both baroclinic and barotropic modes are important.
However, we can write the triad interaction conservation laws in an instructive form if we define
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the pseudowavenumber 𝑘′ by 𝑘′2 ≡ 𝑘2 + 𝑘2𝑑 for a baroclinic mode and 𝑘′2 ≡ 𝑘2 for a barotropic
mode, and similarly for 𝑝′ and 𝑞′. Then (12.47) and (12.48) can be written as

d
d𝑡
[�ℰ(𝑘) + ℰ(𝑝) + ℰ(𝑞)]� = 0, (12.52a)

d
d𝑡
[�𝑘′2ℰ(𝑘) + 𝑝′2ℰ(𝑝) + 𝑞′2ℰ(𝑞)]� = 0, (12.52b)

where ℰ(𝑘) is the energy (barotropic or baroclinic) of the particular mode. These are formally
identical with the conservation laws for purely two-dimensional flow and so we expect energy to
seek the gravest mode (i.e., smallest pseudowavenumber). Since the gravest mode has 𝑘𝑑 = 0 this
implies a tendency of energy to be transferred into the barotropic mode — a barotropization of the
flow.

Baroclinic instability in the classic two-layer problem concerns the instability of a flow with
vertical but no horizontal shear. This is like a triad interaction for which 𝑝 ≪ (𝑘, 𝑞, 𝑘𝑑), where 𝑝 is
the wavenumber of a baroclinic mode, and thus 𝑘2 ∼ 𝑞2. The triad conservation laws then become

d
d𝑡
[�𝒯(𝑘) + 𝒞(𝑝) + 𝒞(𝑞)]� = 0, (12.53a)

d
d𝑡
[�𝑘2𝒯(𝑘) + 𝑘2𝑑𝒞(𝑝) + (𝑞2 + 𝑘2𝑑)𝒞(𝑞)]� = 0. (12.53b)

From these two equations, and with 𝑘2 ≈ 𝑞2, we derive

𝑞2 ̇𝒞(𝑞) = (𝑘2𝑑 − 𝑘2)�̇�(𝑘). (12.54)

Baroclinic instability requires that both ̇𝒞(𝑞) and �̇�(𝑘) be positive. This can occur only if

𝑘2 < 𝑘2𝑑. (12.55)

Thus, there is ahigh-wavenumber cut-off for baroclinic instability, aswe previously found in Section
9.6 by direct calculation. We can see that the cut-off arises by virtue of energy and enstrophy
conservation, and is not dependent on linearizing the equations and looking for exponentially
growing normal-mode instabilities.

For small scales, we previously noted that each layer is decoupled from the other and that
enstrophy, but not energy, may cascade to smaller scales. Now, baroclinic instability (of the large-
scale flow) occurs at scales comparable to or larger than the deformation radius. Thus, the energy
that is extracted from the mean flow is essentially trapped at scales larger than the deformation
scale: it cannot be transferred to smaller scales in a cascade; rather, it is transferred to barotropic
flow at scales comparable to the deformation radius, from which it cascades upwards to larger
barotropic scales.

Summary of two-layer phenomenology
Putting together the considerations above leads to the following picture of geostrophic turbulence
in a two-layer system (Fig. 12.8). At large horizontal scales we imagine some source of baroclinic
energy, which in the atmosphere might be the differential heating between pole and equator, or
in the ocean might be the wind and surface heat fluxes. Baroclinic instability effects a non-local
transfer of energy to the deformation scale, where both baroclinic and barotropicmodes are excited.
From here there is an enstrophy cascade in each layer to smaller and smaller scales, until eventually
the wavenumber is large enough (denoted by 𝑘3𝐷 in Fig. 12.8) that non-geostrophic effects become
important and enstrophy is scattered by three-dimensional effects, and dissipated. At scales larger
than the deformation radius, there is an inverse barotropic cascade of energy to larger scales, where
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enstrophy flux

energy flux

Fig. 12.8 Schema of idealized two-layer baroclinic turbulence.9 The horizontal axis represents horizontal
wavenumber, and the vertical variation is decomposed into two vertical modes — the barotropic and first
baroclinic. Energy transfer is shown by solid arrows and enstrophy transfer by dashed arrows.
Large-scale forcing maintains the available potential energy, and so provides energy to the baroclinic mode
at very large scales. Energy is transferred to smaller baroclinic scales, and then into barotropic energy at
horizontal scales comparable to and larger than the deformation radius (this is baroclinic instability), and
then transferred to larger barotropic scales in an upscale cascade. The entire process of baroclinic instability
and energy transfermay be thought of as a generalized inverse cascade inwhich the energy passes to smaller
pseudowavenumber 𝑘′2 ≡ 𝑘2 + 𝑘2𝑑.

it is modified by the 𝛽-effect and halted by the effects of friction, with the latter being responsible
for the dissipation of the large-scale barotropic energy.

There are two aspects of this phenomenology that prevent it from being a quantitative theory
of baroclinic eddies in the atmosphere or ocean:
(i) Even as amodel of two-layer quasi-geostrophic turbulence the assumptions are questionable.

For example, we have largely neglected the effects of friction and we have assumed the baro-
clinic mode to be passive at large scales. Numerical simulations tend to show a significant
transfer of energy from the baroclinic mode to the barotropic mode at scales larger than the
deformation radius.

(ii) The ideas do not perfectly apply to either the atmosphere or ocean. In the latter, the tur-
bulence is quite inhomogeneous except perhaps in the Antarctic Circumpolar Current. In
the atmosphere, observations indicate that the deformation radius is almost as large as the
Rhines scale, and is only a factor-of-a-few smaller than the pole–equator scale, leaving little
room for isotropic inverse cascade to fully develop. On the other hand, the atmosphere does
display 𝑘−3 spectra at scales somewhat smaller than the deformation radius (Fig. 12.9), and
it may be associated with a forward cascade of enstrophy.10

12.3††† A SCALING THEORY FOR GEOSTROPHIC TURBULENCE
Let us now build on the phenomenological model of the previous section and construct a quantita-
tive theory of two-layer forced-dissipative geostrophic turbulence.12 Although, as we have noted,
the underlying model is imperfect, some of its qualitative properties transcend its limitations and
are quite revealing about the real system. We will consider a system in which the basic state is a
purely zonal flow, with constant vertical shear and no horizontal variation; our goal is to predict
the amplitude and the scale of the eddies that result from the baroclinic instability of this flow. The
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Fig. 12.9 Energy spectra of the zonal and meridional wind
near the tropopause, from thousands of commercial air-
craft measurements between 1975 and 1979. The merid-
ional spectrum is shifted one decade to the right.
The −3 spectrum may well be associated with a forward
enstrophy cascade, but the origin of the −5/3 spectrum at
smaller scales is not definitively known.11

assumptions that the mean flow and the stratification are constants are quite severe and thus the
model, even if correct within its own terms of reference, is certainly not a complete theory of the
baroclinic eddies in mid-latitude flow.

12.3.1 Preliminaries
We shall suppose that, as in Fig. 12.8, baroclinic instability at large scales leads to a transfer of
energy to the barotropic mode at a scale comparable to the deformation radius, followed by an
inverse cascade of energy within the barotropic mode, and the energy is finally dissipated in the
Ekman layer. At scales smaller than the deformation radius the layers are largely uncoupled, and
in each layer there is an enstrophy cascade to small scales. The equations of motion describing all
of this are (12.39), but we will explicitly recognize the effect of a shear flow by replacing 𝜏 by 𝜏−𝑈𝑦,
where 𝑈 is constant, this being equivalent to supposing there is a constant shear in the flow. The
equations of motion, (12.39), become

𝜕
𝜕𝑡
∇2𝜓 + 𝐽(𝜓, ∇2𝜓) + 𝐽( �𝜏, (∇2 − 𝑘2𝑑)𝜏)� + 𝑈

𝜕
𝜕𝑥
∇2𝜏 = 𝐷𝜓, (12.56a)

𝜕
𝜕𝑡
(∇2 − 𝑘2𝑑)𝜏 + 𝐽(𝜏, ∇2𝜓) + 𝐽( �𝜓, (∇2 − 𝑘2𝑑)𝜏)� + 𝑈

𝜕
𝜕𝑥
(∇2𝜓 + 𝑘2𝑑𝜓) = 𝐷𝜏. (12.56b)

These are similar to the equations used for studying two-layer baroclinic instability in Chapter 9,
but we now retain the nonlinear terms and include dissipation, represented by𝐷.

For scales much larger than the deformation radius (12.56) become, analogously to (12.50),

𝜕
𝜕𝑡
∇2𝜓 + 𝐽(𝜓, ∇2𝜓) = −𝐽(𝜏, ∇2𝜏) − 𝑈 𝜕

𝜕𝑥
∇2𝜏 + 𝐷𝜓, (12.57)

𝜕𝜏
𝜕𝑡
+ 𝐽(𝜓, 𝜏) = 𝑈𝜕𝜓

𝜕𝑥
− 𝑘−2𝑑 𝐷𝜏]. (12.58)

The equation for 𝜓 is just the barotropic vorticity equation, ‘forced’ via its interaction with the
baroclinic mode, namely the terms on the right-hand side of (12.57). The equation for the baro-
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clinic streamfunction is the same as the equation for a passive scalar, except for the forcing term
𝑈𝜕𝜓/𝜕𝑥.

12.3.2 Scaling Properties

In the barotropic equation, we may argue that in the energy-containing scales, 𝑘2 ≪ 𝑘2𝑑, the mag-
nitude of the barotropic streamfunction is much larger than that of the baroclinic streamfunction;
that is, |𝜓| ≫ |𝜏|, as follows. We may reasonably suppose that the forcing of the barotropic vor-
ticity equation occurs at wavenumbers close to 𝑘𝑑, as in baroclinic instability. At larger scales the
barotropic streamfunction obeys the two-dimensional vorticity equation, and we may expect an
energy cascade to large scales with energy spectrum given by

ℰ𝜓(𝑘) = 𝒦1𝜀2/3𝑘−5/3, (12.59)

where𝒦1 is a constant and 𝜀 is the as yet undetermined energy flux through the system. We may
suppose that this cascade holds for wavenumbers 𝑘0 < 𝑘 ≪ 𝑘𝑑, where the wavenumber 𝑘0 is
the halting scale of the inverse cascade, determined by one or more of: friction, the 𝛽-effect, and
the domain size. Now, in this same wavenumber regime the baroclinic streamfunction is being
advected as a passive tracer — it is being stirred by 𝜓. Thus, any baroclinic energy that is put in
at large scales by the interaction with the mean flow (via the term proportional to 𝑈𝜓𝑥) will be
cascaded to smaller scales. Thus, we expect the baroclinic energy spectrum to be that of a passive
tracer whose variance is cascading to smaller scales in a forward cascade, with a spectrum given
by (cf. (11.92))

ℰ𝜏(𝑘) = 𝒦2𝜀𝜏𝜀−1/3𝑘−5/3, (12.60)
where 𝒦2 is a constant, 𝜀𝜏 is the transfer rate of baroclinic energy and 𝜀 is the same quantity ap-
pearing in (12.59). Now, because energy is not lost to small scales we have 𝜀𝜏 = 𝜀, both being equal
to the energy flux in the system. Thus, using (12.59) and (12.60), the energy in the barotropic and
baroclinic modes is comparable at sufficiently large scales. Since the energy density in the former
is (∇𝜓)2 and in the latter (∇𝜏)2 + 𝑘2𝑑𝜏2 ∼ 𝑘2𝑑𝜏2, the magnitude of 𝜓must then be much larger than
that of 𝜏, and specifically

|𝜓| ∼ 𝑘𝑑|𝜏|
𝑘0
≫ |𝜏|. (12.61)

Let us write the baroclinic equation (12.58) in the form

𝜕𝜏
𝜕𝑡
+ 𝐽(𝜓, 𝜏 − 𝑈𝑦) = 0, (12.62)

which is the equation for a passive tracer (𝜏) in a mean gradient (𝑈), stirred by the flow (𝜓), and
we omit dissipation. Because there is a large scale separation (in fact, an infinite one) between the
scale of the mean gradient of 𝜏 (i.e., the scale of variations of 𝑈) and the scale of its fluctuations,
we can write

𝜏 ∼ 𝑙′ 𝜕𝜏
𝜕𝑦
= −𝑙′𝑈, (12.63)

where 𝑙′ is the scale of the fluctuation. Thus, at the scale 𝑘−10 , themagnitude of 𝜏, and the associated
baroclinic velocity 𝑣𝜏, are given by

𝜏 ∼ 𝑈
𝑘0
, 𝑣𝜏 ∼ 𝑈. (12.64)

At this scale, and using (12.61), the magnitude of the barotropic streamfunction and its associated
velocity are given by

𝜓 ∼ 𝑘𝑑𝑈
𝑘20
, 𝑣𝜓 ∼

𝑘𝑑𝑈
𝑘0
. (12.65a,b)
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This is an important result, regardless of the other details in the calculation. In particular, (12.65b)
implies that the barotropic velocity, 𝑣𝜓, scales like the mean velocity 𝑈 multiplied by the ratio of
the length scale of the eddies to the deformation radius. In the Earth’s atmosphere, this ratio is an
𝒪(1) number; in the ocean it is somewhat larger.

How much energy flows through the system? The mean shear is the ultimate source of energy,
and for simplicity this shear is kept constant in time, analogous to an infinite heat bath supplying
energy to a smaller system without its own temperature changing. The conversion of energy from
the mean shear to the eddy flow is given by multiplying (12.58) by 𝑘2𝑑𝜏 and integrating over the
domain. This gives an expression for the rate of increase of the available potential energy of the
system, namely

d
d𝑡

APE = d
d𝑡
∫
𝐴
𝑘2𝑑𝜏2 d𝐴 = ∫

𝐴
2𝑈𝑘2𝑑𝜏
𝜕𝜓
𝜕𝑥

d𝐴. (12.66)

(Note that the energy input to the system equals the poleward heat flux.) From this we estimate
the average energy flux as

𝜀 = 2𝑈𝑘2𝑑𝜓𝑥𝜏 ∼
𝑈3𝑘3𝑑
𝑘20
. (12.67)

The correlation between 𝜓𝑥 and 𝜏 cannot be determined by this argument. This aside, we have
produced a physically based closure for the flux of energy through the system in terms only of the
mean shear, the halting scale 𝑘0 (discussed below) and the deformation scale 𝑘𝑑.

Finally, we calculate the eddy diffusivity (considered at greater length in chapter 13),

𝜅 ≡ −
𝑣𝜓𝜏
𝜕𝑦𝜏
= 𝜅 ∼ 𝑘𝑑𝑈
𝑘20
, (12.68)

using (12.64) and (12.65). If the mixing velocity is the barotropic stirring velocity, this result im-
plies a mixing length of 𝑘−10 and that the eddy diffusivity is just the magnitude of the barotropic
streamfunction at the energy-containing scales.

12.3.3 The Halting Scale and the 𝜷 Effect
Let us suppose that, as discussed in Section 12.1, the 𝛽 effect provides a barrier for the inverse
cascade at the scale (12.11), so that 𝑘0 = 𝑘𝜀 ∼ (𝛽3/𝜀)1/5. Using (12.67) we find that the stopping
scale is given by

𝑘0 = 𝑘𝜀 ∼
𝛽
𝑈𝑘𝑑
, (12.69)

and using (12.68) and (12.69) we obtain for the energy flux and the eddy diffusivity,

𝜀 ∼ 𝑈
5𝑘5𝑑
𝛽2
, 𝜅 ∼ 𝑈

3𝑘3𝑑
𝛽2
. (12.70)

The magnitudes of the eddies themselves are easily given using (12.65) and (12.64), whence

𝜏 ∼ 𝑈
2𝑘𝑑
𝛽
, 𝑣𝜏 ∼ 𝑈, 𝜓 ∼ 𝑈

3𝑘3𝑑
𝛽2
, 𝑣𝜓 ∼

𝑈2𝑘2𝑑
𝛽
. (12.71)

Evidently, in this model (in which themean shear and deformation radius are fixed), the eddies
becomemore energeticwith decreasing𝛽, and the eddy amplitudes andpoleward heat flux increase
very rapidly with the mean shear, more so than in a model in which the energy-containing scale
is fixed. This is because as 𝛽 decreases, the inverse cascade can extend to larger scales, thereby
increasing the overall energy of the flow. Similarly, as𝑈 increases not only does the eddy amplitude
increase as a direct consequence, as in (12.64) and (12.65), but also 𝑘𝜀 falls (see (12.69)), and these
effects combine to give a rapid increase of the eddy magnitudes with 𝑈.
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Frictional effects
Whether 𝛽 is present or not, friction is necessary to ultimately remove the energy flowing through
the system, as well as to remove enstrophy at small scales. Friction provides another mechanism
for halting the inverse cascade, and the simplest case is that of a linear drag representing Ekman
friction, in which case we write

𝐷𝜓 = −𝑟∇2𝜓. (12.72)

and the stopping wavenumber for a given 𝜀 is given, as in (11.68), by 𝑘𝑟 = (𝑟3/𝜀)1/2. However,
a little algebra shows that the use of this in (12.67) fails to give a result for 𝜀. From a physical
perspective, a linear drag that is weak enough to allow an inverse cascade to form is, ipso facto, too
weak to equilibrate the flow. A friction that becomes larger at larger scales, for example an ‘inverse
Laplacian’, has no such problems. More physically, a nonlinear drag, proportional to the square
of the amplitude of the flow, also leads to a well-posed problem with the cascade halting at a well-
defined scale. Finally, we should point out that in neither the atmosphere nor ocean is there an
extended inverse cascade, because the deformation scale and the beta scale are not asymptotically
well separated (although the 𝛽-effect does not prevent an inverse cascade to large zonal scales).

12.4††† PHENOMENOLOGY OF BAROCLINIC EDDIES IN THE ATMOSPHERE AND OCEAN
In the remaining sections of this chapter we take a more informal approach, illustrated by numeri-
cal experiments, to the problem of baroclinic eddies in the atmosphere and ocean. We draw from
our treatment of geostrophic turbulence but by being a little less formal we are able to travel farther,
for we spend less time looking at the map (but with a concomitant danger that we lose our way).

12.4.1 The Magnitude and Scale of Baroclinic Eddies
How big, in both amplitude and scale, do baroclinic eddies become? Suppose that the time-mean
flow is given, and that it is baroclinically unstable. Eddies will grow, initially according to the linear
theory of Chapter 9, but they cannot and do not continue to amplify: they ultimately equilibrate,
and this by way of nonlinear mechanisms. The eddies will extract energy from the mean flow, but
at the same time the available energy of the mean flow is being replenished by external forcing (i.e.,
the maintenance of an equator–pole temperature gradient by radiative forcing in the atmosphere,
and wind and buoyancy forcing at the surface in the ocean). Thus, we cannot a priori determine
the amplitude of baroclinic eddies by simply assuming that all of the available potential energy in
the mean flow is converted to eddying motion. To close the problem we find we need to make
three, not necessarily independent, assumptions:
(i) an assumption about the magnitude of the baroclinic eddies;
(ii) an assumption relating eddy kinetic energy to eddy available potential energy;
(iii) an assumption about the horizontal scale of the eddies.

Baroclinic eddies extract available potential energy (APE) from the mean flow, and it is reason-
able to suppose that an eddy of horizontal scale 𝐿𝑒 can extract, as an upper bound, the APE of the
mean flow contained within that scale. The APE is proportional to the variation of the buoyancy
field so that

(𝛥𝑏′)2 ∼ |𝛥𝑏|2 ∼ 𝐿2𝑒|∇𝑏|2, (12.73)

where 𝛥𝑏 is the variation in the buoyancy over the horizontal scale 𝐿e . (For simplicity we stay
with the Boussinesq equations, and 𝑏 = −𝑔𝛿𝜌/𝜌0. We could extend the arguments to an ideal-gas
atmosphere with 𝑏 = 𝑔𝛿𝜃/𝜃0.) Equivalently, we might simply write

𝑏′ ∼ 𝐿𝑒|∇𝑏|, (12.74)
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which arises from a mixing-length approach. Supposing that the temperature gradient is mainly
in the 𝑦-direction then, using thermal wind, we have

𝑏′ ∼ 𝐿𝑒𝑓
𝜕𝑢
𝜕𝑧

and 𝑣′𝜏 ∼ 𝑢, (12.75a,b)

where 𝑣′𝜏 is an estimate of the shear (multiplied by the depth scale) of the eddying flow. (These
estimates are the same as (12.64), with 𝑢 replacing 𝑈.)

Our second assumption is to relate the barotropic eddy kinetic energy to the eddy available
potential energy, and the most straightforward one to make is that there is a rough equipartition
between the two. This assumption is reasonable because in the baroclinic lifecycle (or baroclinic
inverse cascade) energy is continuously transferred from eddy available potential energy to eddy
kinetic energy, and the assumption is then equivalent to supposing that the relevant eddy magni-
tude is always proportional to this rate of transfer. Thus we assume 𝑣2𝜓 ∼ (𝑏′/𝑁)2 or

𝑣′𝜓 ∼
𝑏′
𝑁
. (12.76)

Finally, the scale of the eddies is determined by the extent to which the eddies might grow
through nonlinear interactions. As we discussed earlier, possibilities for this scale include the de-
formation radius itself (if the inverse cascade is weak) or the Rhines scale (if the inverse cascade is
slowed by the 𝛽-effect), or even the domain scale if neither of these applies.

Some consequences
The simple manipulations above have some very interesting consequences. Using (12.75) and
(12.76) we find

𝑣′𝜓 ∼
𝑓𝐿𝑒
𝑁𝐻
𝑢 = 𝐿𝑒
𝐿𝑑
𝑢, (12.77)

where 𝐿𝑑 = 𝑁𝐻/𝑓0 is the deformation radius and 𝑢 is the amplitude of the mean baroclinic ve-
locity, that is the mean shear multiplied by the height scale. This important relationship relates
the magnitude of the eddy kinetic energy to that of the mean. In the atmosphere the scale of the
motion is not much larger than the deformation radius (which is about 1000 km) and the eddy and
mean kinetic energies are, consistently, comparable to each other. In the ocean the deformation
radius (about 50 km over large areas) is significantly smaller than the scale of mesoscale eddies
(which is more like 200 km or more), and observations consistently reveal that the eddy kinetic
energy is an order of magnitude larger than the mean kinetic energy.13

One other important and slightly counter-intuitive result concerns the timescale of eddies.
From (12.77) we have

𝑇𝑒 ∼
𝐿𝑒
𝑣′𝜓
∼ 𝐿𝑑
𝑢
≡ 𝑇E, (12.78)

where 𝑇E is the Eady time scale. That is, the eddy time scale (at the scale of the largest eddies) is
independent of the process that ultimately determines the spatial scale of those eddies; if the eddy
length scale increases somehow, perhaps because friction or 𝛽 are decreased, the velocity scale
increases in proportion.

12.4.2 Baroclinic Eddies and their Lifecycle in the Atmosphere
Amplitude and scale
We saw in Section 9.9.2 that baroclinic instability in the atmosphere occurs predominantly in the
troposphere, i.e., in the lowest 10 km or so of the atmosphere, with the higher stratification of the
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Fig. 12.10 A numerical simulation of an idealized baroclinic lifecycle, showing contours of energy in spec-
tral space at successive times. Initially, there is baroclinic energy at low horizontal wavenumber, as in a
large-scale shear. Baroclinic instability transfers this energy to barotropic flow at the scale of the deforma-
tion radius, and this is followed by a barotropic inverse cascade to large scales. Most of the transfer to the
barotropic mode in fact occurs quite quickly, between times 11 and 14, but the ensuing barotropic inverse
cascade is slower. The entire process may be thought of as a generalized inverse cascade. The stratification
(𝑁2) is uniform, and the first deformation radius is at about wavenumber 15. Times are in units of the eddy
turnover time.15

eponymous stratosphere inhibiting instability. In the mid-latitude troposphere the vertical shear
and the stratification are relatively uniform and fairly simple models, such as the two-layer model
or the Eady model (with the addition of the 𝛽-effect) are reasonable first-order models.

The mean pole–equator temperature gradient is about 40K and the deformation radius𝑁𝐻/𝑓
is about 1000 km. The Rhines scale, √𝑈/𝛽 is a little larger than the deformation radius, being
perhaps 2000 km, and is similar to the width of the main mid-latitude baroclinic zone which lies
between about 40° and 65°, in either hemisphere. Given these, and especially given that the max-
imum wavelength for instability occurs at scales somewhat larger than the deformation radius,
there is little prospect of an extended upscale cascade, and for this reason the Earth’s atmosphere
has comparable eddy kinetic and mean kinetic energies.14

The baroclinic lifecycle
Thebaroclinic lifecycle of geostrophic turbulence, sketched schematically in Fig. 12.8, can be nicely
illustrated by way of numerical initial value problems, and we describe two such. The first is ex-
tremely idealized: take a doubly-periodic quasi-geostrophic model on the 𝑓-plane, initialize it
with baroclinic energy at large horizontal scales, and then let the flow freely evolve. Figure 12.10
shows the results. The flow, initially concentrated in high vertical wavenumbers to best illustrate
the energy transfer, is baroclinically unstable, and energy is transferred to barotropic flow at wave-
numbers close to the first radius of deformation, here at about wavenumber 15. Energy then slowly
cascades back to large scales in a predominantly barotropic inverse cascade, piling up at the largest
scales much as in decaying, two-dimensional turbulence. Nearly all of the initial baroclinic energy
is converted to barotropic, eddy kinetic energy and, even without any surface friction, the flow
evolves to a baroclinically stable state. Couched in these terms, it is easy to see that the baroclinic
lifecycle is a form of baroclinic inverse cascade, with an energy transfer to large total wavenumber,
𝐾tot, that is made up of contributions from both horizontal and vertical wavenumbers:

𝐾2tot = 𝐾2h + 𝑘2𝑑𝑚2, (12.79)

where𝑚 is the vertical wavenumber and𝐾h is the horizontal wavenumber. As we noted earlier, the
twin constraints of energy and enstrophy conservation prevent the excitation of horizontal scales
with very large horizontal wavenumbers, and so the lifecycle proceeds through wavenumbers at
the deformation scale.
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Fig. 12.11 Top: energy conversion and dissipation
processes in a numerical simulation of an idealized at-
mospheric baroclinic lifecycle, simulated with a GCM.
Bottom: evolution of the maximum zonal-mean veloc-
ity. Top: energy conversions. 𝐴Z and 𝐴E are zonal and
eddy available potential energies (APEs), and 𝐾Z and
𝐾E are the corresponding kinetic energies, and𝐶(⋅ → ⋅)
represents the corresponding conversion.
Initially baroclinic processes dominate, with conver-
sions from zonal to eddy APE, 𝐶(𝐴𝑍 → 𝐴𝐸), and then
eddy APE to eddy kinetic energy, 𝐶(𝐴𝐸 → 𝐾𝐸), fol-
lowed by the barotropic conversion of eddy kinetic to
zonal kinetic energy, a negative value of 𝐶(𝐾𝑍 → 𝐾𝐸).
The latter process is reflected in the increase of the
maximumzonal-mean velocity at about day 10, shown
in the lower panel.16

The results of the second, and more realistic, initial value problem are illustrated in Fig. 12.11.
Here, the atmospheric primitive equations on a sphere are integrated forward, beginning from a
baroclinically unstable zonal flow, plus a small-amplitude disturbance at zonal wavenumber 6. The
disturbance grows rapidly through baroclinic instability, accompanied by a conversion of energy
initially from the zonal mean potential energy to eddy available potential energy (EAPE), and then
from EAPE to eddy kinetic energy (EKE), and finally from EKE to zonal kinetic energy (ZKE).
The last stage of this roughly corresponds to the barotropic inverse cascade of quasi-geostrophic
theory, and because of the presence of a 𝛽-effect the flow becomes organized into a zonal jet. The
parameters in the Earth’s atmosphere are such that there is only one such jet, and in the lower
panel of Fig. 12.11 we see its amplitude increase quickly from days 10 to 12, associated with the
conversion of EKE to ZKE. (In other lifecycle experiments, the end state is found to be more akin
to a barotropic vortex or, inmeteorological parlance, a ‘cut-off cyclone’.17) A commonality between
all the lifecycles is the evolution toward a generally barotropic flow, with variable degrees of zonality
in the final state, depending on the importance of the 𝛽-effect.

Of course, the real atmosphere is never in the zonally uniform state that is used in idealized
baroclinic instability or lifecycle studies. Rather, at any given time, finite-amplitude eddies exist
and these provide a finite amplitude perturbation to the baroclinically unstable zonal flow. For
this reason we rarely, if ever, see an exponentially growing normal mode. Furthermore, given
any instantaneous atmospheric state, zonally symmetric or otherwise, the fastest growing (linear)
instability is not necessarily exponential but may be ‘non-modal’, with a secular or linear growth
that, over some finite time period and in some given norm, ismuchmore rapid than exponential.18



468 Chapter 12. Geostrophic Turbulence and Baroclinic Eddies

(a) (b ) (c)

Mode amp litude ‘A' Mode amp litude ‘B’

D
e
p
th

Buoyancy
–0.2 0 0.2

Fig. 12.12 (a) Two buoyancy profiles, −𝑔𝛿𝜌/𝜌0, one being a fairly realistic oceanic case with enhanced
stratification in the upper ocean (profile A), and the other with uniform stratification (profile B). (b) and
(c) The first four baroclinic modes [eigenfunctions of (12.80)] for A and B. With profile B the eigenmodes
are cosines, whereas in profile A they have a larger amplitude and shorter local wavelength in the upper
ocean. The number of zero crossings is equal to the mode number.

12.4.3 Baroclinic Eddies and their Lifecycle in the Ocean

Basic ideas

Baroclinic instability was first developed as a theory formid-latitude instabilities in the atmosphere
and the original problems were set in a zonally re-entrant channel. The ocean, apart from the
Antarctic Circumpolar Current (ACC), is not zonally re-entrant. However, it is driven by buoyancy
and wind-forcing at the surface, and these combine to produce a region of enhanced stratification
and associated shear in the ocean in the upper 500–1000m or so — that is, in the ‘thermocline’
— as discussed more fully in Chapter 20. The associated sloping isopycnals constitute a pool of
available potential energy, and so the ocean is potentially baroclinically unstable. Satellite obser-
vations indicate that baroclinic eddies are in fact almost ubiquitous in the mid- and high-latitude
oceans, especially in and around intense western boundary currents, such as the Gulf Stream, and
the ACC. The ocean is, literally, a sea of eddies.19

In addition to the geometry, the main differences between the oceanic and atmospheric prob-
lems are twofold:

(i) In the ocean, the shear and the stratification are not uniform between two rigid lids, nor even
uniformbetween one rigid lid and a structure like the tropopause. Instead, both stratification
and shear are largest in the upper ocean, decaying into a quiescent and nearly unstratified
abyss.

(ii) In the ocean, the first radius of deformation is much smaller than the scale of the large-
scale flow; that is, of the gyres or the large-scale overturning circulation. On dimensional
grounds we have, using a height scale and stratification representative of the upper ocean,
𝐿𝑑 ∼ 𝑁𝐻/𝑓 ∼ 10−2 × 103/10−4 = 100 km.

A consequence of the enhanced shear in the upper ocean is that the amplitude of the growing
waves is also largely concentrated in the upper ocean, as we saw in Fig. 9.22. Regarding the strat-
ification, in quasi-geostrophic theory we may, as in Section 6.5.2, define the deformation radii by
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Fig. 12.13 The oceanic first defor-
mation radius 𝐿𝑑 in kilometres, cal-
culated using the observed stratifi-
cation and an equation similar to
(12.80). Near equatorial regions are
excluded, and regions of ocean shal-
lower than 3500 m are shaded.
Variations in Coriolis parameter are
responsible for much of large-scale
variability, although weak stratifica-
tion also reduces the deformation
radius at high latitudes.21

solution of the eigenvalue problem

𝜕
𝜕𝑧
𝑓2
𝑁2
𝜕𝜙𝑛
𝜕𝑧
+ 𝛤𝑛𝜙𝑛 = 0, with 𝜕𝜙𝑛

𝜕𝑧
= 0 at 𝑧 = 0, 𝐻. (12.80a,b)

The successive eigenvalues, 𝛤𝑛, are related to the successive deformation radii, 𝐿𝑛, by 𝐿2𝑛 = 1/𝛤𝑛.
If the stratification (𝑁2) is uniform the resulting eigenfunctions are cosines with corresponding
eigenvalues and deformation radii given by

𝛤𝑛 = 𝑛2
𝑓2π2
𝑁2𝐻2
, 𝐿𝑛 =

1
√𝛤𝑛
= 𝑁𝐻
𝑛π𝑓0
. (12.81a,b)

If the stratification is non-uniform, we must in most cases solve the eigenproblem numerically (or
by wkb methods, see Section 3.4.2), and the results of one such calculation are given in Fig. 12.12.
The case with uniform stratification reproduces cosine modes, whereas in the more realistic case
the modes tend to have highest amplitude in the upper ocean, where the stratification is strongest
— a result that is typical of oceanic profiles.20

The results of a calculation of the first deformation radius using observed oceanic profiles are
given in Fig. 12.13, and values of 50–100 km emerge in mid-latitudes.22 We may therefore ex-
pect oceanic baroclinic instability to occur on a scale much smaller than that in the atmosphere,
and much smaller than the scale of an ocean basin. (However, the scale of baroclinic instability
will typically be larger than the first deformation radius, 𝐿1, shown in Fig. 12.13, because of two
compounding effects. First, in uniform stratification the first deformation radius, 𝐿1, as given by
(12.81b) is a factor of π smaller than the simple definition 𝑁𝐻/𝑓. Second, in simple baroclinic
instability problems like the Eady problem the wavelength of maximum instability is a few times
𝑁𝐻/𝑓. Thus, the wavelength of maximum instability may be an order of magnitude larger than
𝐿1.)

Eddy amplitudes and scales

The consequences of this small deformation radius on the lifecycle and finite-amplitude equilibra-
tion of oceanic baroclinic eddies are far-reaching, one being that there is more scope for an inverse
cascade than in the atmosphere, and indeed observations indicate that the horizontal scale of the
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Fig. 12.14 Idealized baroclinic lifecycle, similar to that in Fig. 12.10, but with enhanced stratifica-
tion of the basic state in the upper domain, representing the oceanic thermocline.

eddies is typically a few to several times larger than the local deformation radius itself. The situa-
tion is not clear cut, however, as some observations23 indicate that the eddy size nevertheless scales
with the local deformation radius, suggesting that the eddy scale may be set by the instability scale
and not an inverse cascade.

In any case, suppose that an ocean eddy has a horizontal scale 200 km, and that it sits in the
subtropical gyre where the mean temperature gradient is 10−5Km−1, that the mean shear and
ensuing baroclinic activity are mainly confined to the upper 1000m of the ocean, and that the
deformation radius is 50 km. The temperature gradient corresponds to a temperature difference of
about 20K across 2000 km, a horizontal buoyancy gradient of about 2 × 10−9 s−2 [using the simple
equation of state 𝜌 = 𝜌(1 −𝛽𝑇𝛥𝑇) where 𝛽𝑇 = 2× 10−4K−1] and a shear of about 2 cm s−1 over the
upper 1 km of ocean. Then, using (12.77), we can estimate a typical eddy velocity scale as

𝑣′𝜓 ∼
𝐿𝑒
𝐿𝑑
𝑢 ≈ 4𝑢 ≈ 8 cm s−1, (12.82)

implying, as we noted earlier, an EKE that is an order of magnitude larger than the mean kinetic
energy. Associated with this are typical temperature perturbations whose magnitude we can esti-
mate using (12.74) or (12.75) as being about 2K. These estimates are comparable to those observed
in mid-ocean, with more energetic eddies forming near intense western boundary currents where
gradients are large and barotropic instability also provides a source of energy for the eddies. There
is least a factor-of-a-few uncertainty, but it is noteworthy that they are roughly comparable to the
values observed.

Eddy lifecycles
The lifecycle of a mid-oceanic baroclinic eddy will differ from its atmospheric counterpart in two
main respects:
(i) Baroclinic eddies may be advected by the mean flow into regions with quite different prop-

erties from where they initially formed.
(ii) The non-uniformity of the stratification affects the passage to barotropic flow.

Both of these can best be studied by numerical means. Regarding the first, eddies will often form
in or near intense western boundary currents, but then will be advected by that current into the
potentially less unstable open ocean before completing their lifecycle. Regarding the second, an
oceanic analogue of the lifecycle illustrated in Fig. 12.10 is shown in Fig. 12.14. The main differ-
ence between this case and the atmospheric one is that baroclinic instability initially leads to the
transfer of energy to vertical mode one, followed by a transfer to larger horizontal scales in the
barotropic mode, as illustrated schematically in Fig. 12.15.24 If the energy is initially solely in the
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Fig. 12.15 Energy transfer paths as a function of
vertical mode and horizontal wavenumber, in a
fluid with an oceanic stratification; i.e., with a ther-
mocline. Vertical mode 0 is the barotropic mode.

first baroclinic mode the cycle is more similar to the atmospheric one, but higher baroclinic modes
may be more readily excited in the ocean than the atmosphere.

Notes
1 Rhines (1975). See also Holloway & Hendershott (1977) and Vallis & Maltrud (1993).

2 Adapted from Vallis & Maltrud (1993).

3 Themechanismdescribed here follows Vallis &Maltrud (1993). Interactions between Rossbywaves
will also give rise to zonal flow, as described by Newell (1969) and Rhines (1975). Wave–mean-flow
interactions provide a direct route to the production of zonal flows, as discussed in Chapter 15.
Williams (1978) was one of the first numerical simulations to show the production of jets.

4 More discussion on thesematters is variously given by Smith et al. (2002), Danilov &Gryanik (2002),
Galperin et al. (2006, 2010), Sukoriansky et al. (2007), Scott & Dritschel (2012), Chai (2016) and
others.

5 A PV staircase was proposed for the jets of Jupiter byMarcus (1993) and further discussed by Peltier
& Stuhne (2002), and a review is to be found in Dritschel & McIntyre (2008). Staircases in turbulent
flow can and have been found more generally, in particular in stratified flow in which an initially
smooth density gradient may break down into steps and layers when stirred (Phillips 1972, Ruddick
et al. 1989).

6 Adapted from Scott & Dritschel (2012).

7 Farrell & Ioannou (1995, 2008) and Srinivasan & Young (2012) describe a direct pathway to zonal
jets that does not require eddy–eddy interactions. Tobias & Marston (2013) describe the mecha-
nisms in a more general context at the price of some analytic accessibility, discussing the circum-
stances in which the jet formation proceeds by way of a cascade or a direct interaction with the
zonal flow.

8 Quasi-geostrophic turbulencewas introducedbyCharney (1971). Salmon (1980) andRhines (1977)
provided much of the two-layer phenomenology. Various laboratory experiments are discussed by
Read (2001).

9 Adapted from Salmon (1980).

10 Lindborg (1999) concluded that the data were consistent with a forward cascade of enstrophy be-
tween wavelengths of a few thousand kilometres and a few hundred kilometres. Boer & Shepherd
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(1983) and Shepherd (1987) also found a 𝑘−3 spectrum at similar scales, noting the importance of
interactions involving stationary waves. At scales smaller than than 100 km or so the spectrum
is shallower than −3, and more like −5/3. This may be due to non-geostrophic effects, for exam-
ple a forward cascade of energy associated with gravity wave breaking, or it may be due to a two-
dimensional inverse cascade of energy with an energy source at very small scales associated with
convection, or it may be due to effects associated with ‘surface quasi-geostrophic’ dynamics.

11 Adapted from Gage & Nastrom (1986).

12 Larichev & Held (1995) and Held & Larichev (1996). See Spall (2000) for an oceanic extension, and
Thompson & Young (2006) for evidence that the theory fails to account for coherent structures.

13 Related arguments concerning eddy magnitudes were given by Gill et al. (1974). Atmospheric en-
ergetics, and atmospheric observations in general, are described by Peixoto & Oort (1992). For the
oceanic case, see Wyrtki et al. (1976), Richardson (1983), and Stammer (1997).

14 This does not address the issue as to why the Rhines scale and deformation radius are similar. See
also Chapter 15.

15 Modified from Smith & Vallis (2001).

16 Adapted from Simmons & Hoskins (1978).

17 See Thorncroft et al. (1993). These authors identify two classes of lifecycles, which they call LC1 and
LC2, which have differing degrees of decay of eddy kinetic energy in the later parts of the lifecycle,
and with LC2 producing cut-off cyclones. Initial conditions and spatial inhomogeneities, including
the horizontal shear of the flow and the presence of critical layers, play an important role in guiding
the location of the wave breaking, and hence the final state that is reached.

18 The theory of this as applied to the atmosphere has been developed by Farrell (1984), Farrell &
Ioannou (1996) and other papers by these authors. Exponential growth is the exception, not the
rule, in baroclinic instability in the real world, both because of nonlinear effects and non-normal
instabilities. Indeed, if the basic flow is oscillatory, baroclinic instability can arise even if the basic
flow is never unstable via the CSP criterion.

19 This realization came to fruition as a result of the bilateral US–USSR POLYMODE project in the
1970s. See Robinson (1984).

20 For example, Kundu et al. (1975).

21 From Chelton et al. (1998).

22 The eigenproblem actually solved was

𝜕2𝜙/𝜕𝑧2 + (𝑁2(𝑧)/𝑐2)𝜙 = 0, 𝜙 = 0 at 𝑧 = 0,𝐻, (12.83)

where𝐻 is the ocean depth and𝑁 is the observed buoyancy frequency. The deformation radius is
given by 𝐿𝑑 = 𝑐/𝑓where 𝑐 is the first eigenvalue and𝑓 is the latitudinally varying Coriolis parameter.

23 Stammer (1997).

24 Fu & Flierl (1980) and Smith & Vallis (2001) examined this issue in more detail, both analytically
and numerically. Figure 12.15 is adapted from these papers.



The smallest eddies are almost numberless, and large things are rotated only by
large eddies and not by small ones, and small things are turned by small eddies
and large.
Leonardo da Vinci, describing turbolenza in a sketch book, c. 1500.

CHAPTER 13

Turbulent Diffusion and Eddy Transport

The transport of fluid properties by unsteady motion — that is, the way in which the
properties of a fluid may be carried from one location to another by waves and turbulence
— is one of the most important topics in geophysical fluid dynamics. It may be the domi-

nant transport in a fluid, greatly exceeding that of themean flow— in the atmosphere, for example,
heat is transferred polewards primarily by the action of unsteady weather systems, not by themuch
weaker time-mean flow. However, we are often not interested in the details of the turbulent eddies
and hence we might seek to parameterize the turbulent transport in terms of the mean flow; unfor-
tunately, no general theory exists for such transport, for indeed such a theory would amount to a
theory of turbulence. In the absence of this, we focus our attention in this chapter on the theory
(such as it is) and practice of turbulent diffusion. In models of turbulent diffusion, the turbulent
transport is generally related to the gradient of themean flow, and it is the simplicity of the resulting
expressions that has led to their wide adoption in areas as different as turbulent pipe flow, atmo-
spheric boundary layer transport and large-scale ocean modelling. Diffusive models are, or aim to
be, rational, simple and tractable — a blend of heuristic reasoning and elementary mathematics,
the latter needed to ensure that certain basic requirements (conservation laws, for example) of a
physical process are captured by a parameterization. However, just like other turbulent closures,
they rely on physical assumptions that cannot be rigorously justified. In the first part of the chapter
we consider turbulent diffusion from a general standpoint, and then specialize our discussion to
geofluids, and in particular to large-scale transport by baroclinic eddies. Those readers with some
prior knowledge of turbulent diffusion may choose to skip ahead to Section 13.6.

13.1 DIFFUSIVE TRANSPORT
We begin with a brief discussion of the diffusion equation itself, to wit

𝜕𝜑
𝜕𝑡
= 𝜅∇2𝜑, (13.1)

where 𝜅 is a constant, positive, scalar diffusivity and the tracer 𝜑 is a scalar field. We expect that an
initially concentrated blob of tracer would spread out — it would diffuse — and thus small parcels
of tracer are transported. How quickly does this occur, or, put another way, is there an effective
diffusive transport velocity?

473
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If the rate of spreading becomes independent of the initial conditions then, purely from dimen-
sional considerations, the spreading can depend only on the diffusivity and time itself and we can
write

𝑋2 = 𝛼𝜅𝑡, (13.2)

where 𝑋2 is the mean-square displacement, 𝑡 is time and 𝛼 is a nondimensional constant. Let
us quantify this with an explicit calculation. If 𝜑 is interpreted as the density of markers of fluid
parcels, then the mean-square displacement of the markers is given by (in three dimensions)

𝑋2 =
∫∞0 𝑟
2𝜑𝑟2 d𝑟
∫∞0 𝜑𝑟

2 d𝑟
, (13.3)

where the denominator, the total amount of tracer present, is a constant and we have assumed a
spherically symmetric distribution of tracer. Using (13.1) we find

d
d𝑡
∫
∞

0
𝑟2𝜑𝑟2 d𝑟 = 𝜅∫

∞

0
𝑟2 1
𝑟2
𝜕
𝜕𝑟
(𝑟2 𝜕𝜑
𝜕𝑟
) 𝑟2 d𝑟 = 6𝜅∫

∞

0
𝜑𝑟2 d𝑟, (13.4)

after a couple of integrations by parts. Thus

d
d𝑡
𝑋2 = 6𝜅, (13.5)

and because 𝜅 is a constant we have the important result that

𝑋2 = 6𝜅𝑡. (13.6)

In two dimensions the equivalent calculation begins with

𝑋2 =
∫∞0 𝑟
2𝜑𝑟d𝑟
∫∞0 𝜑𝑟d𝑟

(13.7)

and using the diffusion equation we find

d
d𝑡
∫
∞

0
𝑟2𝜑𝑟d𝑟 = 𝜅∫

∞

0
𝑟2 1
𝑟
𝜕
𝜕𝑟
(𝑟𝜕𝜑
𝜕𝑟
) 𝑟 d𝑟 = 4𝜅∫

∞

0
𝜑𝑟d𝑟. (13.8)

Thus we obtain
𝑋2 = 4𝜅𝑡. (13.9)

Finally, in one dimension (i.e., spreading along a line) it is easy to show that

𝑋2 = 2𝜅𝑡. (13.10)

Thus, in both three and two dimensions, the spread of a diffused scalar increases with the half power
of time.

13.1.1 An Explicit Example
We gain a little more intuition about what the above calculations mean by considering the case in
which the initial tracer distribution is a delta function at the origin. If the total amount of tracer is
unity, then in three dimensions at subsequent times the tracer is given by the distribution

𝜑(𝑟, 𝑡) = 1
8(π𝜅𝑡)3/2

exp(−𝑟2/4𝜅𝑡), (13.11)
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asmay be checked by substitution back into the equation ofmotion. The distribution clearly broad-
ens with time, and the mean-square distance from the origin is given by

𝑋2 = ∫
∞

0

4π𝑟2
8(π𝜅𝑡)3/2

exp(−𝑟2/4𝜅𝑡)d𝑟 = 6𝜅𝑡, (13.12)

as in (13.6). The important point is that the mean distance travelled by a particle during a time
interval 𝑡 is proportional to the square root of that time interval. This is, of course, redolent of a
randomwalk (see the shaded box on the following page), which brings us to the subject of turbulent
diffusion.

13.2 TURBULENT DIFFUSION
Fluids differ from solids in that they can transport properties by advection— thus, heat is primarily
transferred polewards in the atmosphere bymeans of airmovement and not bymolecular diffusion.
Turbulent fluid motion differs from laminar fluid motion in that such advective transport may be
greatly enhanced by the seemingly randommotion of the fluid, the net transport beingmuch larger
than that which would be effected by the time-mean fluid motion alone. Indeed, to continue the
atmospheric example, away from the tropics the poleward transport of heat in the atmosphere
is largely effected by way of the (large-scale) turbulent transfer of heat in mid-latitude weather
systems. Of course, such transfer is simply by advection, and if we could explicitly calculate the
motion of the fluid parcelswe could explicitly calculate the transport. However, turbulent transport
is both very complicated and very sensitive to the initial conditions, so that any hope of performing
such a calculation exactly in a real situation is often a forlorn one.

Turbulent transport is most important in inhomogeneous situations, because it is the diver-
gence of the transport that is important and the mean divergence is non-zero only if there is in-
homogeneity. The theories of Chapters 11 and 12 do not lend themselves to an easy extension to
inhomogeneous flow, and we turn to a slightly more empirical approach.1

13.2.1 Simple Theory
Let us consider how fluidmarkers are transported in a statistically steady, homogeneous, turbulent
flow. The markers are introduced at the origin 𝑥 = 𝑦 = 𝑧 = 0 at 𝑡 = 0; we may create an ensemble
of such markers by performing many such tracer release experiments on different realizations of
the turbulent flow, but with each flow having the same statistical properties. The question is, what
is the average rate of dispersion of a single particle of fluid?

The displacement of a marker at a time 𝑡 is given by

𝑿(𝑡) = ∫
𝑡

0
𝑽(𝑡′)d𝑡′, (13.13)

where 𝑽 is the velocity of the fluid parcel — a material velocity. (We will use uppercase variables
to denote material (‘Lagrangian’) quantities.) The mean-square displacement is

𝑋2(𝑡) = ∫
𝑡

0
d𝑡1 ∫
𝑡

0
𝑽(𝑡1) ⋅ 𝑽(𝑡2) d𝑡2, (13.14)

where the overbar denotes an ensemble average, and thus𝑽(𝑡1) ⋅ 𝑽(𝑡2) is a measure of the velocity
correlation between the velocities of the fluid parcels at times 𝑡1 and 𝑡2. That is,

𝑽(𝑡1) ⋅ 𝑽(𝑡2) = 𝑣2𝑅(𝑡2 − 𝑡1) = 𝑣2𝑅(𝜏), (13.15)
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A Random Walk

Here we give an elementary derivation of the most basic result in random walk theory,
the relationship of the mean-square displacement to the number of steps taken.2 A loose
analogy is that of drunkards staggering randomly from here to there, with no correlation
between their successive steps. After any number of steps, the mean displacement of the
drunkards is zero, but we expect their root-mean-square displacement to increase: this is
because drunkards independently thrown out of the same bar will generally wander off in
different directions (which is why themean displacement is zero), but after some timemost
of them will indeed end up some distance away.

For simplicity consider steps, 𝒔𝑛, each with random orientation but equal magnitude, 𝑠.
The displacement after 𝑛 steps is related to the displacement after 𝑛 − 1 steps by

𝑫𝑛 = 𝑫𝑛−1 + 𝒔𝑛, (R.1)

so that the amplitude of𝑫𝑛, namely𝐷𝑛, is given by

𝐷2𝑛 = (𝑫𝑛−1 + 𝒔𝑛) ⋅ (𝑫𝑛−1 + 𝒔𝑛)
= 𝐷2𝑛−1 + 𝑠2 + 2𝑫𝑛−1 ⋅ 𝒔𝑛. (R.2)

Taking an ensemble average over many realizations gives

𝐷2𝑛 = 𝐷2𝑛−1 + 𝑠2, (R.3)

having used𝑫𝑛−1 ⋅ 𝒔𝑛 = 0, because each step is random.

Now, 𝐷0 = 0, so that 𝐷21 = 𝑠2, 𝐷22 = 2𝑠2 and so on. Thus, using (R.3) to proceed
inductively, we have

𝐷2𝑛 = 𝑛𝑠2, (R.4)

or

𝐷2𝑛
1/2 = √𝑛𝑠. (R.5)

Thus, in a randomwalk the root-mean-square displacement increases with the half-power
of the number of steps taken. More work is required to calculate the distribution of the ran-
domwalkers, but itmay be shown that in the limit of infinitesimally small steps the random
walk becomes a Wiener process and the distribution becomes Gaussian, as in (13.11) (with
the exact form depending on the dimensionality of the problem), indicating a diffusive
process. Diffusion may be thought of as a continuous random walk, with the displacement
proportional to the square root of time.

where 𝑅(𝑡2 − 𝑡1) is the velocity correlation function and, because the turbulence is statistically
steady, this depends only on the time difference 𝜏 = 𝑡2 − 𝑡1. Furthermore, 𝑅(−𝜏) = 𝑅(𝜏). Thus,

𝑋2(𝑡) = ∫
𝑡

0
d𝑡1 𝑣2 ∫

𝑡

0
𝑅(𝑡2 − 𝑡1)d𝑡2 = ∫

𝑡

0
d ̂𝑡 𝑣2 ∫

𝑡− ̂𝑡

− ̂𝑡
𝑅(𝜏)d𝜏, (13.16)

changing variables to 𝜏 and ̂𝑡 = 𝑡1 (Fig. 13.1). We expect the velocity correlation function to fall
monotonically from its initial value of unity to a value approaching zero as 𝜏 → ∞, as in Fig. 13.2,
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t2 = t t̂

t̂ = t − τ

τ

t̂ = −τ

t̂ = t

t2

Fig. 13.1 Changes of time variables involved in (13.16) and (13.32). The original two-dimensional
integral is over the rectangle ABCD. Defining 𝜏 = 𝑡2 − 𝑡1 and ̂𝑡 = 𝑡1, then the area is spanned by
[ ̂𝑡 = (0, 𝑡), 𝜏 = (− ̂𝑡, 𝑡 − ̂𝑡)] as in (13.16), or by [𝜏 = (0, 𝑡), ̂𝑡 = (0, 𝑡 − 𝜏)] (i.e., ACD) plus [𝜏 = (−𝑡, 0), ̂𝑡 =
(−𝜏, 𝑡)] (i.e., ABC) in (13.32).

and typically, there will be some characteristic time 𝜏corr that parameterizes the behaviour of the
function. In general, we cannot obtain explicit general solutions without detailed knowledge of
this correlation function, but there are two interesting limits:

(i) The short-time limit. For small times, i.e., for 𝑡 ≪ 𝜏corr (and so 𝑡1, 𝑡2 ≪ 𝜏corr) the correlation
function will be approximately unity and so (13.16) becomes

𝑋2(𝑡) ≈ ∫
𝑡

0
d ̂𝑡 𝑣2 ∫

𝑡

0
d ̂𝑡 = 𝑣2𝑡2. (13.17)

Thus, the root-mean-square displacement increases linearly with time, and linearly with the
root-mean-square velocity of the flow. For small times, the fluid parcel’s behaviour is well
correlated with that at the initial time, and so the displacement increases linearly in the direc-
tion it was initially going. Indeed, directly from (13.13) we have, for small times,𝑿(𝑡) ≈ 𝑽𝑡,
which leads directly to (13.17).

(ii) The long-time limit. We are now concerned with the case 𝑡 ≫ 𝜏corr. Because the correlation
function falls with time, most of the contributions to the second integrand (involving 𝑅(𝜏))
in (13.16) are from 𝜏 ≤ 𝜏corr. Thus, without much loss in accuracy, we can replace the limits
of integration by −∞ and +∞; that is

𝑋2(𝑡) ≈ ∫
𝑡

0
d ̂𝑡 𝑣2 ∫

∞

−∞
𝑅(𝜏)d𝜏. (13.18)

Assuming the second integral converges, it is just a number; in fact, noting that𝑅(𝜏) = 𝑅(−𝜏),
we may use it to define the correlation time 𝜏corr by

𝜏corr ≡ ∫
∞

0
𝑅(𝜏)d𝜏. (13.19)

We then have the important result that

𝑋2(𝑡) ≈ 2𝑣2𝑡 ∫
∞

0
𝑅(𝜏)d𝜏 = 2𝑣2𝜏corr𝑡. (13.20)

That is, for times that are long compared with the turbulence correlation time, the distance
travelled by a fluid parcel in some time interval is proportional to the square-root of that
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time interval, just as for a diffusive process; this is because the fluid parcels are essentially
undergoing random walks. Equation (13.20) connects two quite different fluid properties:
the left-hand side tells us how tracers are dispersed in a turbulent flow, a material property,
whereas the right-hand side can be evaluated from the Eulerian velocity field at different
times. Both the left- and right-hand sides can be directly measured, by looking at the disper-
sion of a dye and by measuring the velocity at successive times.
We may define a coefficient of turbulent diffusivity by

𝐾turb = 13𝑣2𝜏corr , (13.21)

and then we have the result that
𝑋2(𝑡) = 6𝐾turb𝑡. (13.22)

Comparison of (13.22) with (13.6) indicates that the transport of turbulent flow, under these
conditions, is like a diffusive transport, with a coefficient of diffusivity given by (13.21).
[Sometimes, the numerical factors are neglected, and a diffusivity is defined by the expres-
sions

𝐾turb ≡
d𝑋2(𝑡)

d𝑡
or 𝐾turb ≡

1
2
d𝑋2(𝑡)

d𝑡
. (13.23)

These lose the exact connection with a true diffusion coefficient, but usually the turbulent
diffusivity can only be estimated, anyway.]
We may define a correlation length scale to be the approximate distance that a parcel moves,
on average, in a material (i.e., ‘Lagrangian’) correlation time. Thus

𝑙corr ≡ 𝑣rms𝜏corr, (13.24)

where 𝑣rms = (𝑣2)1/2, whence

𝐾turb = 13𝑣rms𝑙corr . (13.25)

In most situations, the numerical coefficient (1/3 here) cannot be trusted because a real tur-
bulent flow is unlikely to satisfy the restrictions of stationarity and homogeneity that we have
imposed. Nevertheless, a relationship similar to (13.25) — that a turbulent diffusivity is pro-
portional to an r.m.s. turbulent velocity and a correlation length scale, is the foundation for
semi-empirical mixing length theories that we discuss in Section 13.4.
The simple relationships between the mean-square displacement, the Lagrangian time scale,
the mean-square velocity and the eddy diffusivity allow the diffusivity to be computed from
the statistics of particle trajectories. Thus, suppose that a cluster of floats is released into the
ocean, or some balloons are released in the atmosphere. If neutrally buoyant, these instru-
ments then essentially become labelled fluid particles, and one may compute 𝐾turb directly
from the dispersion of the cluster using (13.22). If it is possible to measure their root-mean-
square velocity, then one may use (13.21) to estimate the diffusivity from this and the mate-
rial correlation time scale.

13.2.2 ♦ An Anisotropic Generalization
Wenowconsider the correlation between the different components of the displacement in anisotropic,
but still homogeneous, flow.3 The displacement of a fluid particle is given by (13.13), and this is a
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Fig. 13.2 Idealized velocity correlation function in
turbulent flow with correlation time 𝜏corr = 𝒪(1). For
small times, 𝜏 ≪ 𝜏corr, 𝑅(𝜏) ≈ 1. For large times,
𝜏 ≫ 𝜏corr, 𝑅(𝜏) ≪ 1. We may define the correlation
time by 𝜏corr = ∫

∞
0
𝑅(𝜏)d𝜏.

random vector. Thus, generalizing (13.14), we may define the fluid particle displacement covari-
ance tensor by

𝐷𝑖𝑗(𝑡) = 𝑋𝑖(𝑡)𝑋𝑗(𝑡) = ∫
𝑡

0
∫
𝑡

0
𝑉𝑖(𝑡1)𝑉𝑗(𝑡2) d𝑡1 d𝑡2, (13.26)

where the velocity denoted by 𝑉𝑖 is the 𝑖th component of the velocity of a fluid element. For small
times,𝑋𝑖(𝑡) ≈ 𝑣𝑖(𝒂, 0)𝑡, where 𝑣𝑖(𝒂, 0) is the fluid velocity at the parcel’s initial position, 𝒂, and we
obtain

𝐷𝑖𝑗(𝑡) ≈ 𝑣𝑖(𝒂, 0)𝑣𝑗(𝒂, 0)𝑡2. (13.27)

If the flow is statistically steady and homogeneous the average of any quantity has no spatial or
temporal dependence and so

𝐷𝑖𝑗(𝑡) = 𝐴𝑖𝑗𝑡2, (13.28)

where the tensor 𝐴𝑖𝑗 = 𝑣𝑖𝑣𝑗 has constant entries, and this is a slight generalization of (13.17).
The velocity covariance of a fluid parcel at times 𝑡1 and 𝑡2 is, as before, a function only of the

time difference 𝑡1 − 𝑡2 and so it must have the form

𝑉𝑖(𝑡1)𝑉𝑗(𝑡2) = (𝑣2𝑖 𝑣2𝑗 )
1/2
𝑅𝑖𝑗(𝑡2 − 𝑡1). (13.29)

Except in the case of isotropic flow 𝑅𝑖𝑗(𝜏) ≠ 𝑅𝑖𝑗(−𝜏), but we do have, in general,

𝑅𝑖𝑗(𝜏) = 𝑅𝑗𝑖(−𝜏). (13.30)

Now, to obtain a generalization of (13.20), we first use (13.29) in (13.26) to obtain

𝐷𝑖𝑗(𝑡) = (𝑣2𝑖 𝑣2𝑗 )
1/2
∫
𝑡

0
∫
𝑡

0
𝑅𝑖𝑗(𝑡2 − 𝑡1)d𝑡1 d𝑡2. (13.31)

If we change variables to 𝜏 = 𝑡2 − 𝑡1 and ̂𝑡 = 𝑡1 (see Fig. 13.1) we obtain4

𝐷𝑖𝑗(𝑡) = (𝑣2𝑖 𝑣2𝑗 )
1/2
(∫
𝑡

0
d𝜏∫
𝑡−𝜏

0
d ̂𝑡 𝑅𝑖𝑗(𝜏) + ∫

0

−𝑡
d𝜏∫
𝑡

−𝜏
d ̂𝑡 𝑅𝑖𝑗(𝜏)) , (13.32)

and using (13.30) this becomes

𝐷𝑖𝑗(𝑡) = 2 (𝑣2𝑖 𝑣2𝑗 )
1/2
∫
𝑡

0
d𝜏∫
𝑡−𝜏

0
d ̂𝑡 �̂�𝑖𝑗(𝜏), (13.33)
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where �̂�𝑖𝑗 = (𝑅𝑖𝑗 + 𝑅𝑗𝑖)/2. This order of integration enables us to perform the integration over ̂𝑡,
giving

𝐷𝑖𝑗(𝑡) = 2 (𝑣2𝑖 𝑣2𝑗 )
1/2
∫
𝑡

0
(𝑡 − 𝜏)�̂�𝑖𝑗(𝜏) d𝜏. (13.34)

For long times, i.e., for 𝑡 ≫ 𝜏corr, the upper limit of the integration may be taken to be infinity,
again because the contributions to the integrand from �̂�𝑖𝑗(𝜏) all come from small 𝜏. Furthermore,
we expect that for large 𝑡,

∫
∞

0
𝑡�̂�𝑖𝑗(𝜏) d𝜏 ≫ ∫

∞

0
𝜏�̂�𝑖𝑗(𝜏) d𝜏, (13.35)

because 𝑅𝑖𝑗(𝜏) is only non-negligible for small 𝜏, and 𝑡 ≫ 𝜏 in this range. Thus, we finally obtain a
generalization of (13.20) for the displacement covariance of two components of the displacement,
namely

𝐷𝑖𝑗 = 2 (𝑣2𝑖 𝑣2𝑗 )
1/2
𝑡 ∫
∞

0
�̂�𝑖𝑗(𝜏) d𝜏. (13.36)

The integral is a tensor with constant entries, analogous to the turbulent decorrelation time scale
of (13.19). Then, with 𝜏𝑖𝑗 ≡ ∫

∞
0 �̂�𝑖𝑗(𝜏) d𝜏, the corresponding turbulent diffusivity is

𝐾𝑖𝑗 = 13 (𝑣2𝑖 𝑣2𝑗 )
1/2
𝜏𝑖𝑗. (13.37)

13.2.3 Discussion
Wehave shown that, for sufficiently long times, the distance travelled by a fluid parcel in some time
is proportional to the square root of that time, just as for a diffusive process and just as for a random
walk. The motion of our fluid parcel is analogous to that of a dust particle undergoing Brownian
motion — both are continually buffeted and undergo random walks as a result. Still, it may appear
that the usefulness of our results is limited by the assumptions of stationarity and homogeneity —
it is well-nigh impossible in nature to produce a statistically stationary, homogeneous turbulent
flow, because statistical stationarity implies there must be an energy source and this, as well as the
presence of boundaries, militates against homogeneity. However, we should not be so pessimistic,
on two counts:
(i) Similar ideas may be directly applied to flows that are homogeneous in one direction, which

is more easily achievable in nature.
(ii) Often, a flow will not be homogeneous in any direction. However, if the statistics of the eddy

motion vary on a space scale that is longer than 𝑣rms𝜏corr, then the eddy transport properties
may be determined by a local theory. For example, the size of the eddy diffusivity is then
determined by𝐷𝑡 ∼ 𝑣rms𝑙corr where the parameters, and hence the diffusion coefficient, vary,
but only on a scale longer than the energy-containing scale.

The essential results of this section thus lie in (13.20), (13.21) and (13.25): that the dispersion
of a fluid particle in a turbulent flow is diffusive in nature, and that the turbulent diffusivity is
proportional to the product of the root-mean-square velocity and the correlation length.

13.3 TWO-PARTICLE DIFFUSIVITY
Let us now consider the problem of determining the mutual separation of two fluid parcels; the
problem is relevant to geofluids because by tracking the separation of floats in the ocean, or bal-
loons in the atmosphere, we can learnmuch about the nature of large-scale turbulence in those sys-
tems. The problem differs from the one-particle problem, because the separation of the particles
itself will affect the rate of increase of the separation. In the one-particle problem in homogeneous
flow, the position of the particular tagged fluid particle plays no direct role in determining its rate
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of spreading from its initial condition — any one position is the same as any other. But if two
particles are close together, they may be swept away together by some large eddy, without affect-
ing their mutual separation whereas two particles that are widely separated will undergo largely
uncorrelated motion. Thus, we identify two regimes:

(i) A regime in which the separation of the particles is greater than the scale of the largest eddies.
In this case, each particle is undergoing a random walk that is effectively uncorrelated with
that of the other particle.

(ii) A regime in which the separation of the particles is less than the energy-containing scale of
the motion. In this case, the eddies that contribute most to the two-particle separation are
those that are comparable in scale to the separation itself.

If we attempt to apply the Taylor analysis ab initio we evidently have, by analogy to (13.13)

𝒀(𝑡) = 𝑿1(0) − 𝑿2(0) + ∫
𝑡

0
[𝑽1(𝑡′) − 𝑽2(𝑡′)]d𝑡′, (13.38)

and a mean-square separation of

𝒀2(𝑡) = (𝑿1(0) − 𝑿2(0))2 + ∫
𝑡

0
d𝑡1 ∫
𝑡

0
[𝑾1(𝑡1) ⋅ 𝑾2(𝑡2)]d𝑡2, (13.39)

where𝑾(𝑡) = 𝑽1(𝑡) − 𝑽2(𝑡). However, it is now difficult to proceed much further. The problem is
that we cannot write

𝑾(𝑡1) ⋅ 𝑾(𝑡2) = 𝑤2𝑅(𝑡2 − 𝑡1), (13.40)

because the correlationwill depend on the initial separation of the particles as well as the time since
then. Thus, the diffusivity itself will depend on both time and the initial particle separation, and
the results analogous to those of the single-particle diffusivity cannot easily be recovered. However,
we can make some progress by separately considering the two above-mentioned regimes.

13.3.1 Large Particle Separation
This case is analogous to the single-particle case. The particle separation is given by

𝒀(𝑡) = 𝑿1(𝑡) − 𝑿2(𝑡), (13.41)

so the mean-square separation is

𝑌2(𝑡) = 𝑋1(𝑡)2 + 𝑋2(𝑡)2 − 2𝑿1(𝑡) ⋅ 𝑿2(𝑡). (13.42)

For long times, the last term is zero because the motion of the two particles is uncorrelated. Fur-
thermore, each of the first two terms is given by (13.20) or (13.22), so that the mean separation
varies as

𝑌2(𝑡) = 4𝑣2𝜏corr𝑡 (13.43)

and the rate of separation, for large 𝑡, is given by

d𝑌2(𝑡)
d𝑡
= 4𝑣2𝜏corr = 12𝐾turb. (13.44)

Thus, the relative diffusion is twice that of the single-particle process, in the limit that the particles
are separated by an amount larger than the largest eddies.
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13.3.2 Separation Within the Inertial Range

How do fluid parcels whose separation is at inertial scales behave relative to each other?5 Suppose
that two particles are tagged, and that their separation is greater than the viscous scale but smaller
than the scales of the largest eddies— that is, the separation lies within the inertial range of the flow.
Then, the rate of separation of the two particles can depend only on two quantities, the separation
itself and properties of the inertial range, meaning (in three dimensions) the energy flux, 𝜀, through
the system. It cannot depend on the time, because this would imply that the subsequent rate of
particle separation depends on the history of how the particles came to their current positions.
Thus we can write

d𝐿2

d𝑡
= 𝑔(𝐿, 𝜀), (13.45)

where 𝐿 ≡ 𝑌(𝑡)21/2. Dimensional analysis then gives

d𝐿2

d𝑡
= 𝐴𝜀1/3𝐿 4/3, (13.46)

where𝐴 is a nondimensional constant, and this is known as ‘Richardson’s four-thirds law’. We can
integrate (13.46) to give

𝐿2 ∼ 𝜀𝑡3. (13.47)

Another way of deriving (13.46) is to suppose that the separation obeys the diffusive law

d𝐿2

d𝑡
= 𝐾turb, (13.48)

where 𝐾turb is a turbulent diffusivity that is a function of the separation itself. This is because the
farther apart the eddies are, the larger the scale of the eddies that can move the two particles inde-
pendently, rather than just sweeping them along together. An estimate of the diffusivity is then

𝒦turb ∼ 𝑣𝑙, (13.49)

where 𝑣 is the characteristic velocity of an eddy of scale 𝑙, and 𝑙 ∼ 𝐿 = 𝑌21/2. Using the inertial
range scaling 𝑣 ∼ (𝑙𝜀)1/3 this is

𝒦turb ∼ 𝜀1/3𝐿
4/3, (13.50)

and so (13.48) becomes
d𝐿2

d𝑡
∼ 𝜀1/3𝐿 4/3, (13.51)

as before. Of course, dimensional consistency demands that we obtain the same result, but the
derivation is intuitive and the estimate of the two-particle diffusivity (i.e., (13.50), that the eddy
diffusivity governing the separation of two fluid parcels goes as the 4/3 power of their root-mean-
square separation) is useful. If the particle separation is greater than the scale of the largest eddies
in the system, 𝑙max, then

𝐾turb ∼ 𝑣(𝑙max)𝑙max ∼ 𝜀1/3𝑙4/3max = constant. (13.52)

The two-particle separation then proceeds as a conventional random walk or diffusive process,
with the mean-square separation increasing linearly with time.
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Fig. 13.3 Trajectories of surface drifters in the Gulf of
Mexico, each truncated to produce paths of just 25
days. The drifters were released as part of ‘SCULP’ —
the Surface CUrrent and Lagrangian drift Program.6

Diffusion in two-dimensional flow
In two dimensions the turbulent diffusivity will differ depending on whether the two-particle sepa-
ration is in the energy inertial range or in the enstrophy inertial range. In the energy inertial range
the scaling is the same as in the three-dimensional case, but in the enstrophy inertial range the rate
of separation will depend on the enstrophy cascade rate, 𝜂, and the separation itself. Dimensional
analysis then leads to

d𝐿2

d𝑡
= 𝐵𝜂1/3𝐿2, (13.53)

where 𝐵 is a nondimensional constant. This integrates to

𝐿2 = 𝐿(0)2 exp(𝐵𝜂1/3𝑡), (13.54)

or 𝑌2(𝑡) = 𝑌2(0) exp(𝐵𝜂1/3𝑡). Thus, the rate of separation is exponential in the enstrophy inertial
range, a result unique to two-dimensional turbulence. Similarly, using 𝑣 ∼ 𝜂1/3𝑙, the turbulent
diffusivity is given by

𝐾turb ∼ 𝜂1/3𝐿
2. (13.55)

A geophysical example
The above ideas are well illustrated by analysing the trajectories of surface drifters in the Gulf of
Mexico. The drifters are free-moving buoys which float about a half metre below the surface and
which thus act as imperfect fluid markers — imperfect because they cannot follow the full three-
dimensional motion of water parcels. Nevertheless, the motion at these scales can be expected
to be quasi-geostrophic and nearly horizontal, so the associated error will be small. The drifters
are tracked by satellite and their trajectories, proxies for the motion of fluid parcels, are shown in
Fig. 13.3. The two-particle, or two-drifter, separation is illustrated in Fig. 13.4 and two regimesmay
be discerned. In the first, the pair separations grow approximately exponentially in time, with an
e-folding time of 2 days, consistent with motion within an enstrophy inertial range using (13.54).
The second regime is characterized by a power-law growth, proportional to 𝑡2.2, somewhat slower
than the 𝑡3 separation expected for an energy inverse cascade using (13.47).7 The boundary for the
two regimes occurs at about 75 km, which is similar to the first deformation radius. No late-time
diffusive regime (where the dispersion goes like 𝑡) is observed, suggesting that there exist long-
time drifter correlations; these correlations arise because the separation of the drifters is never
significantly larger than the energy-containing scale of the eddies themselves.
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Fig. 13.4 Relative dispersion (the mean-square
separation) for 140 drifter pairs as a function of
time. The analysis utilizes all drifter pairs which
come within 1 km of each other during their life-
times.
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In the atmosphere similar exponential separation of pairs of drifting balloons in the strato-
sphere at scales of less than 1000 km has been seen, consistent with an enstrophy inertial range.
Evidence of a 𝑡3 separation at larger scales, consistent with an energy inverse cascade, has been
less forthcoming.8

13.4 MIXING LENGTH THEORY
Thediscussion of the previous two sections deals with the dispersion ofmarked fluid parcels. How-
ever, both for practical and fundamental reasons, we would like to be able to represent the turbu-
lent transport of a fluid property in an Eulerian form. Thus, consider the equation for a conserved
quantity 𝜑 in an incompressible turbulent flow:

D𝜑
D𝑡
= −∇ ⋅ (𝒗′𝜑′) + 𝜅∇2𝜑, (13.56)

where 𝜅 is the molecular diffusivity and the overbar denotes some kind of averaging or a filtering,
so that 𝜑 represents only large scales. (We also adopt the convention that, unless noted, whenever
the material derivative written as D/D𝑡 is applied to an averaged field, the advection is by the
averaged velocity only.) We expect the transport of 𝜑 to be enhanced by the turbulent flow and, as
we saw in the previous sections, in some circumstances this transport will have a diffusive nature,
completely overwhelming the molecular diffusivity. Let us consider this from an Eulerian angle,
and by analogy with molecular mixing.

Given the mean distribution 𝜑(𝑥, 𝑦, 𝑧), let a fluid parcel be displaced from its mean position
by a turbulent fluctuation. Suppose that the displaced parcel of fluid is able to carry its initial
properties a distance 𝑙′ before mixing with its surroundings. Then just prior to mixing with the
environment the fluctuation of 𝜑 is given by, in the one-dimensional case,

𝜑′ = −𝑙′ 𝜕𝜑
𝜕𝑥
− 1
2
𝑙′2 𝜕
2𝜑
𝜕𝑥2
+ 𝒪(𝑙′3). (13.57)

If the mean gradient is varying on a space-scale, 𝐿, that is larger than the mixing length 𝑙′, that is if

𝐿 ≡ |𝜕𝜑/𝜕𝑥|
|𝜕2𝜑/𝜕𝑥2|

≫ 𝑙′, (13.58)
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then we can neglect terms in 𝑙′2 and higher. The turbulent flux of 𝜑-stuff is then given by

𝐹 = 𝑢′𝜑′ = −𝑢′𝑙′ 𝜕𝜑
𝜕𝑥
. (13.59)

In more than one dimension, we have

𝑭 = 𝐹𝑖 = −𝑣′𝑖 𝑙′𝑗 𝜕𝑗𝜑 = −𝐾𝑖𝑗𝜕𝑗𝜑, (13.60)

with summation over repeated indices, where 𝐾𝑖𝑗 ≡ 𝑣′𝑖 𝑙′𝑗 . The quantity 𝐾𝑖𝑗 (which we also write
as K) is known as the eddy (or turbulent) diffusivity tensor. At high Reynolds number it is a prop-
erty of the flow rather than the fluid itself but, supposing that it can somehow be determined, the
equation for the mean value of 𝜑 becomes

D𝜑
D𝑡
= ∇ ⋅ (K∇𝜑) = 𝜕𝑖(𝐾𝑖𝑗𝜕𝑗𝜑), (13.61)

neglecting molecular diffusion.
Suppose that there exists a coordinate system in which the displacements in one direction (𝑙′𝑥,

displacements in the 𝑥-direction) are not correlated with the fluctuating velocity in another, or-
thogonal, direction (𝑣′, the velocity in the 𝑦-direction) and for simplicity we restrict ourselves to
two dimensions. Then, in that coordinate system K is symmetric and

K = (𝑢
′𝑙′𝑥 𝑢′𝑙′𝑦
𝑣′𝑙′𝑥 𝑣′𝑙′𝑦

) = (𝑢
′𝑙′𝑥 0
0 𝑣′𝑙′𝑦

) . (13.62)

The tensor may then, if needs be, be rotated to some other Cartesian coordinate system, but it will
remain a symmetric tensor. In isotropic flow the two diagonal entries are equal and the equation
of motion is,

D𝜑
D𝑡
= ∇ ⋅ (𝐾∇𝜑), (13.63)

which is identical to the equation with molecular diffusion, save that the eddy diffusivity scalar,𝐾,
is different from the molecular diffusivity. To the extent, then, that𝐾𝑖𝑗 is a symmetric tensor with
constant entries, the turbulence acts like an enhanced diffusion. If the flow is homogeneous, then
𝐾 does not vary spatially.

13.4.1 Requirements for Turbulent Diffusion
Turbulent diffusion evidently is a tractable and rational approach for parameterizing the effects
of turbulent transport.9 However, the premises required for the derivations above are not always
satisfied and the derivation itself is rather heuristic, and turbulent diffusion is in no way a fun-
damental solution to the turbulence closure problem. Nonetheless, it can be an extremely useful
parameterization in the appropriate circumstances, these being:
(i) There should be a scale separation between the mean gradient and the maximum mixing

length, and the mixing length and decorrelation time scale should be well-defined.
(ii) The diffused property 𝜑 should be a materially conserved quantity, except for the effects of

molecular diffusion.
(iii) The diffused property 𝜑 should be able to mix with its environment.

These are all largely self-evident from the derivation, but let us discuss items (ii) and (iii) a little
more.



486 Chapter 13. Turbulent Diffusion and Eddy Transport

(ii) Material conservation of tracer
We assumed that a parcel of fluid carries its value of 𝜑 a distance, on average, equal to its mixing
length before irreversibly mixing with its environment; this assumption is necessary in order that
one may write 𝜑′ = −𝑙′𝜕𝜑/𝜕𝑥. If 𝜑 is not materially-conserved over this scale other terms enter
this formula. In particular, momentum is affected by the pressure force, and so is not normally a
good candidate for turbulent diffusion. Potential vorticity is a better candidate, because it is a true
material invariant, save for dissipative terms, and in large-scale geophysical flows potential vorticity
also contains a great deal of the information about the flow. There is no ab initio requirement that
the tracer be passive, and if it is not then its turbulent transport will affect the flow itself.

(iii) Tracer mixing and turbulent cascades
If a parcel cannotmixwith its surroundings, then turbulentmixing cannot take place at all. Instead,
we have what might be called turbulent stirring and if 𝜑 were, say, a dye then it would merely be-
come threaded through the environment, producing streaks and swirls of colour rather than a truly
mixed fluid. As another example, let 𝜑 be temperature and suppose that it has a mean gradient,
so that temperature falls in the direction of increasing 𝑦. If a displaced parcel of fluid does not
mix with or assume the value of its new environment at some stage, then there will be no corre-
lation between the velocity producing the displacement and the value of the fluctuating quantity
𝜑′. Suppose, for example, that an eddy causes parcels to be displaced from their mean positions.
If a displaced parcel mixes with its surroundings, then a correlation will develop between 𝑣′ and
𝜑′, and we would have 𝑣′𝜑′ ≠ 0. However, if no mixing occurs, then the eddy simply recirculates
with eddies retaining their initial values, and 𝑣′𝜑′ is zero because of a lack of correlation between
the two quantities. Thus, it is essential that there be a degree of irreversibility to the flow in order
for turbulent diffusion to be appropriate.

Molecular diffusion is not the only process that enables an eddy to assume the value of its
surroundings — a Newtonian or other relaxation back to a specified temperature may have much
the same effect. Indeed, in the atmosphere a displaced parcel will be subject to a radiation field
that acts qualitatively in this way. For example, suppose that the temperature equation is

D𝑇
D𝑡
= −𝜆(𝑇 − 𝑇∗(𝑦, 𝑧)), (13.64)

where the right-hand side crudely represents radiative effects via a relaxation back to a specified
profile. Then a displaced parcel will be subject to a radiative damping that is different from that
at its initial position, and this will allow the parcel to take on the value of its surroundings, and
so potentially enable turbulent diffusion to occur (provided 𝜆 is small so that 𝑇 is approximately
materially conserved).

Formolecular diffusion to be themechanismwhereby a parcel mixes with its surroundings, the
turbulencemust create scales that are small enough for diffusion to act. Thismeans that turbulence
must create a cascade of 𝜑-stuff to small scales. This is quite consistent with the notion that 𝜑 is a
materially conserved quantity, because a scalar field 𝜑 that satisfies

D𝜑
D𝑡
= 𝐹 + 𝜅∇2𝜑, (13.65)

where 𝐹might represent a spectrally local source of variance of 𝜑, is certainly cascaded to smaller
scales. The presence of a molecular diffusion does not substantially affect the requirement that
𝜑 be conserved on parcels, because on scales comparable to the eddy mixing length the effect
of molecular diffusion is negligible. (And if it were not, perhaps because 𝜅 was extremely large
or because the turbulence was anaemic, we would not be particularly interested in the turbulent
transport.)
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13.4.2 A Macroscopic Perspective
Consider turbulent diffusion from a more macroscopic point of view, and in particular consider
the transport of a nearly materially conserved tracer obeying

D𝜑
D𝑡
= 𝐷, (13.66)

where the advecting flow is incompressible and 𝐷 is a dissipative process such that 𝐷𝜑 ≤ 0 (a
conventional harmonic diffusion has this property). By decomposing the fields into mean and
eddy components in the usual way an equation for the evolution of the tracer variance can be
straightforwardly derived, namely

1
2
𝜕
𝜕𝑡
𝜑′2 + 𝒗′𝜑′ ⋅ ∇𝜑 + 1

2
𝒗 ⋅ ∇𝜑′2 + 1

2
∇ ⋅ 𝒗′𝜑′2 = 𝐷′𝜑′, (13.67)

and where we may assume𝐷′𝜑′ < 0. If the mean flow is small and if the third-order term may be
neglected then in a statistically steady state we have

𝒗′𝜑′ ⋅ ∇𝜑 ≈ 𝐷′𝜑′ < 0. (13.68)

Therefore, on average, the flux of 𝜑 is downgradient in regions of dissipation, implying a positive
average eddy diffusivity, and a balance is maintained between the downgradient flux of 𝜑 (which
increases the variance) and dissipation. However, it should also be clear from (13.67) that if the
turbulence is not statistically stationary, or if there is a mean flow, then downgradient transport
cannot necessarily be expected. Indeed, the transport may be upgradient in regions where the
eddy variance is falling, for then we may have the balance

𝒗′𝜑′ ⋅ ∇𝜑 ≈ −1
2
𝜕
𝜕𝑡
𝜑′2 > 0. (13.69)

13.5 HOMOGENIZATION OF A SCALAR THAT IS ADVECTED AND DIFFUSED
Let us now assume that the effects of turbulence on a tracer are indeed diffusive. An important
consequence of this is that, in the absence of additional forcing, there can be no extreme values
of the tracer in the interior of the fluid and, in some circumstances, the diffusion will homogenize
values of the tracer in broad regions. In this section we demonstrate and explore these properties.

13.5.1 Non-existence of Extrema
Consider a tracer that obeys the equation

D𝜑
D𝑡
= ∇ ⋅ (𝜅∇𝜑) + 𝑆, (13.70)

where 𝜅 > 0 and the advecting velocity is divergence-free. We now show that in regions where the
source term, 𝑆, is zero there can be no interior extrema of 𝜑 if the flow is steady. The proof is in the
form of a reductio ad absurdum argument — we first suppose there is an extrema of 𝜑 in the fluid,
and show a contradiction.

Given an extremum, there will then be a surrounding surface (in three dimensions), or a
surrounding contour (in two), connecting constant values of 𝜑. For definiteness consider two-
dimensional incompressible flow for which the steady flow satisfies

∇ ⋅ (𝒖𝜑) = ∇ ⋅ (𝜅∇𝜑). (13.71)
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Fig. 13.5 If an extremum of a tracer 𝜑 exists
in the fluid interior, then diffusion will provide
a downgradient tracer flux. But over an area
bounded by a streamline, or by an isoline of 𝜑, the
net advective flux is zero. Thus, the diffusion can-
not be balanced by advection and so in a steady
state no extrema can exist.

Integrating the left-hand side over the area, 𝐴, enclosed by the iso-line of 𝜑, and applying the
divergence theorem, gives

∬
𝐴
∇ ⋅ (𝒖𝜑) d𝐴 = ∮(𝒖𝜑) ⋅ 𝒏 d𝑙 = 𝜑∮𝒖 ⋅ 𝒏 d𝑙 = 𝜑∬

𝐴
∇ ⋅ 𝒖 d𝐴 = 0, (13.72)

where 𝒏 is a unit vector normal to the contour. (If we were to integrate over an area bounded by
a velocity contour, then 𝒖 ⋅ 𝒏 = 0 and the integral would similarly vanish.) But the integral of the
right-hand side of (13.71) over the same area is non-zero; that is

∬
𝐴
∇ ⋅ (𝜅∇𝜑) d𝐴 = ∮𝜅∇𝜑 ⋅ 𝒏 d𝑙 ≠ 0, (13.73)

if the integral surrounds an extremum. This is a contradiction for steady flow. Hence, there can
be no isolated extrema of a conserved quantity in the interior of a fluid, if there is any diffusion
at all. The result (which applies in two or three dimensions) is kinematic, in that 𝜑 can be any
tracer at all, active or passive. The physical essence of the result is that the integrated effects of
diffusion are non-zero surrounding an extremum, and cannot be balanced by advection. Thus, if
the initial conditions contain an extremum, diffusion will smooth away the extremum until it no
longer exists. This process, and the homogenization discussed below, are illustrated in Fig. 13.5.

13.5.2 Homogenization in Two-dimensional Flow

For two-dimensional flow we can obtain a still stronger result if we allow ourselves to make more
assumptions about the strength and nature of the diffusion. The steady distribution of a scalar
quantity being advected by an incompressible flow is governed by

𝐽(𝜓, 𝜑) = ∇ ⋅ (𝜅∇𝜑) + 𝑆, (13.74)

where the terms on the right-hand side represent diffusion and source terms. Suppose that these
terms are small, in the sense that the individual terms on the left-hand side nearly balance each
other, so that

|𝐽(𝜓, 𝜑)| ≪ 𝑈|𝜑|
𝐿
. (13.75)
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This means we are in the high Peclet number limit (𝑃 = 𝑈𝐿/𝜅 ≫ 1), and the dominance of advec-
tion suggests that any steady solution to (13.74) is of the form

𝜑 = 𝐺(𝜓) + 𝒪(𝑃−1), (13.76)

where𝐺 is (for the moment) any function of its argument. Thus, isolines of 𝜑 are nearly coincident
with streamlines, and

∇𝜑 ≈ ∇𝜓d𝜑
d𝜓
. (13.77)

On integrating (13.74) over the area, 𝐴, bounded by some closed streamline, 𝜓 = 𝜓0 say, the
left-hand side vanishes and we obtain

0 = ∬
𝐴
𝑆d𝐴 +∮

𝜓0
𝜅∇𝜑 ⋅ 𝒏d𝑙. (13.78)

Using (13.77) then gives

∬
𝐴
𝑆d𝐴 = −∮

𝜓0
𝜅d𝜑
d𝜓
∇𝜓 ⋅ 𝒏 d𝑙. (13.79)

Since d𝜑/d𝜓 is constant along streamlines, and using 𝒖 = ∇⟂𝜓, we have

d𝜑
d𝜓
= −
∬𝑆 d𝐴
∮𝜓0 𝜅𝒖 ⋅ d𝒍

. (13.80)

This relationship determines 𝜑 as a function of 𝜓— that is, it determines 𝐺(𝜓)— in terms of the
forcing and dissipation acting on the fluid. If the fluid is both unforced and inviscid, then a steady
solution obtains when 𝜑 is an arbitrary function of 𝜓. If the source term 𝑆 is zero, but dissipation
is non-zero then the denominator of (13.80) is non-zero and therefore 𝜑must be uniform: 𝜑 has
been homogenized. The homogenization result also follows if we choose to integrate over an area
surrounded by an isoline of 𝜑, 𝜑0 say, but we leave this as a problem for the reader.

Interpretation
The homogenization result applies to a statistically steady flow in which the eddy transport of
𝜑-stuff by the eddying motion may be parameterized diffusively, and in which there is an approxi-
mate functional relationship between mean 𝜑 and mean 𝜓. The first of these assumptions we have
discussed at length in previous sections. The second requires that the diffusion must not be too
strong, so that locally the tracer is conserved on fluid parcels. In the steady state the tracer is then
a function of the streamfunction, the same function everywhere within the closed region.

Given these assumptions, the dynamics giving rise to homogenization is transparent: integrat-
ing round a contour of 𝜓 or 𝜑 the effect of the advective terms vanishes; the source (𝑆) and the dif-
fusion must balance each other, and if there is no source term there can be no tracer gradient. Put
another way, the flow will circulate endlessly and steadily around the contours of 𝜓, which nearly
coincide with contours of 𝜑. Advection cannot alter the mean value of 𝜑, so diffusion smooths
out gradients within the closed contours, effectively expelling gradients of 𝜑 to the boundaries and
forming a plateau of 𝜑-values. Because extrema of 𝜑 are forbidden, the value of 𝜑 on the plateau
cannot be amaximum orminimum: at the edge of the plateau the values of 𝜑must fall somewhere,
and rise somewhere else. The plateau can be a flat region etched out of a hillside, but a plateau on
top of a butte is forbidden, for in that case diffusion would erode the butte down to the level of
the surrounding land. Our derivation makes no distinction between a passive scalar like a dye
and an active scalar, like potential vorticity. In reality, in the latter case the dynamics will further
constrain the flow because the scalar distribution must be consistent with the velocity field that
advects it, and this is particularly important in the dynamics of ocean gyres.
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13.6 ♦ DIFFUSIVE FLUXES AND SKEW FLUXES
Thus far we have considered diffusion using a scalar diffusivity, and this is what is usually meant
by diffusion. However, if only from a mathematical point of view, we may allow the diffusivity to
be a tensor and this turns out to be very useful when considering the effects of baroclinic eddies.
Having a tensor diffusivity allows for the possibility of skew fluxes, which are perpendicular to the
gradient of the diffused quantity, unlike conventional diffusive fluxes, which are downgradient.

13.6.1 Symmetric and Antisymmetric Diffusivity Tensors
A tracer evolving freely save for the effects of molecular diffusivity, 𝜅𝑚, obeys the equation

D𝜑
D𝑡
= ∇ ⋅ (𝜅𝑚∇𝜑), (13.81)

where 𝜅𝑚 is a positive scalar quantity. In the more general case we might have

D𝜑
D𝑡
= −∇ ⋅ 𝑭 = ∇ ⋅ K∇𝜑, (13.82)

where K is (if 𝜑 is a scalar) a second-rank tensor and 𝑭 = −K∇𝜑 is the diffusive flux of 𝜑. The flux
has a component across the isosurfaces of 𝜑, called the diffusive flux, and a component along the
iso-surfaces, called the skew flux We will see that these fluxes are associated with the symmetric
and antisymmetric components of the diffusivity tensor, respectively, where

K = S + A, (13.83)

and, using component notation,

𝑆𝑚𝑛 =
1
2
(𝐾𝑚𝑛 + 𝐾𝑛𝑚), 𝐴𝑚𝑛 =

1
2
(𝐾𝑚𝑛 − 𝐾𝑛𝑚). (13.84)

The diagonal elements of the antisymmetric tensor are zero. The transport that is effected by these
two tensors has different physical characteristics, as we now discuss.

Diffusion with the symmetric tensor
In the simplest case of all, with an isotropic medium, K is diagonal with equal entries,

K = S = (
𝜅 0 0
0 𝜅 0
0 0 𝜅

) , (13.85)

and we have the familiar 𝑭 = −𝜅∇𝜑, and (13.82) has the same form as (13.81). If 𝜅 is positive, then
the flux is downgradient, meaning that

𝑭 ⋅ ∇𝜑 < 0, (13.86)

even if 𝜅 is spatially non-uniform. Furthermore, such a diffusion is variance-dissipating; to see
this, suppose we have the equation of motion

D𝜑
D𝑡
= ∇ ⋅ (𝜅∇𝜑). (13.87)

Multiplying by 𝜑 and integrating over the domain 𝑉 gives

1
2

d
d𝑡
∫
𝑉
𝜑2 d𝑉 = ∫

𝑉
𝑭 ⋅ ∇𝜑d𝑉 = −∫

𝑉
𝜅(∇𝜑)2 d𝑉 ≤ 0, (13.88)
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after an integration by parts and assuming that the normal derivative of 𝜑 vanishes at the bound-
aries; that is, there is no flux of 𝜑-stuff through the boundary. However, diffusion does preserve
the first moment of the field; that is

d
d𝑡
∫
𝑉
𝜑d𝑉 = ∫

𝑉
∇ ⋅ (𝜅∇𝜑) d𝑉 = 0, (13.89)

again assuming no flux through the boundaries.
The transport that is effected by the symmetric diffusion tensor is the diffusive flux, 𝑭𝑑, where

𝑭𝑑 = −S∇𝜑 = −𝑆𝑚𝑛𝜕𝑛𝜑, (13.90)

where we employ the common convention that repeated indices are summed. In general, the flux
has a component that is parallel to the tracer gradient; that is, 𝑭𝑑 ⋅ ∇𝜑 ≠ 0. Suppose we have the
simple equation of motion

𝜕𝜑
𝜕𝑡
= −∇ ⋅ 𝑭𝑑 = ∇ ⋅ (S∇𝜑). (13.91)

This equation preserves the first moment of 𝜑, provided there is no flux through the boundary.
Tracer variance evolves according to

1
2
𝜕
𝜕𝑡
∫
𝑉
𝜑2 d𝑉 = ∫

𝑉
𝜑∇ ⋅ (S∇𝜑) = −∫

𝑉
(S∇𝜑) ⋅ ∇𝜑 d𝑉. (13.92)

This can be shown to be negative or zero, provided that S is positive semi-definite, meaning that

∇𝜑 S∇𝜑 = 𝜕𝑚𝜑𝑆𝑚𝑛𝜕𝑛𝜑 ≥ 0. (13.93)

The flux effected by such a diffusivity is then downgradient in the sense that

𝑭𝑑 ⋅ ∇𝜑 = −S∇𝜑 ⋅ ∇𝜑 ≤ 0. (13.94)

The skew flux
The transport associated with the antisymmetric transport tensor is perpendicular to the gradient
of 𝜑, and so is neither upgradient nor downgradient. The flux is

𝑭sk = −A∇𝜑 = −𝐴𝑚𝑛𝜕𝑛𝜑, (13.95)

and thus
𝑭sk ⋅ ∇𝜑 = −A∇𝜑 ⋅ ∇𝜑 = −𝐴𝑚𝑛𝜕𝑛𝜑𝜕𝑚𝜑 = 0, (13.96)

where the final result follows because of the antisymmetry of A— the contraction of a symmetric
tensor and an antisymmetric tensor is zero.10 For this reason, the associated transport is known as
a skew flux (a term applying in general to fluxes that are perpendicular to the tracer gradient) or a
skew diffusion (when those fluxes are parameterized using an antisymmetric diffusivity). It follows
from this that if a tracer obeys

𝜕𝜑
𝜕𝑡
= ∇ ⋅ (A∇𝜑), (13.97)

then the tracer variance is conserved. This may be verified by multiplying this equation by 𝜑 and
integrating by parts, assuming that the flux vanishes at the boundaries. That is, a skew diffusion has
no effect on the variance of the skew diffused variable. One other familiar physical process shares
these properties, and that is advection by a divergence-free flow. A skew diffusion is physically
equivalent to such an advection in that the divergence of a skew diffusive flux is the same as the
divergence of an appropriately chosen advective flux.
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To explore this more, define an advective flux of a tracer 𝜑 to be a flux of the form

𝑭ad ≡ 𝒗𝜑, (13.98)

where 𝒗 is a divergence-free vector field. The divergence of the flux is just

∇ ⋅ 𝑭ad = ∇ ⋅ (𝒗𝜑) = 𝒗 ⋅ ∇𝜑. (13.99)

The field 𝒗 might be called a pseudovelocity or a quasi-velocity — it acts like a velocity but is not
necessarily the velocity of any fluid particle. Because 𝒗 is divergence-free, we may define a vector
streamfunction 𝝍 such that

𝒗 = ∇ × 𝝍 or 𝑣𝑛 = 𝜖𝑙𝑚𝑛𝜕𝑙𝜓𝑚. (13.100)

The Levi–Civita symbol 𝜖𝑙𝑚𝑛 is such that 𝜖123 = 𝜖231 = 𝜖312 = 1, 𝜖132 = 𝜖321 = 𝜖213 = −1,
and 𝜖𝑙𝑚𝑛 = 0 for other combinations. The equivalence of the two expressions may be verified by
expansion in Cartesian coordinates. The field𝝍 is not unique: the gradient of an arbitrary function
may be added to it, this gradient vanishing upon taking the curl, resulting in the same velocity field.
That is, if 𝝍′ = 𝝍 + ∇𝛾, then 𝒗 = ∇ × 𝝍 = ∇ × 𝝍′. The scalar field 𝛾 is known as the gauge, and the
freedom to choose it is the gauge freedom.

The advective flux 𝑭ad is related to the skew flux 𝑭sk by

𝜑𝒗 = 𝜑∇ × 𝝍 = ∇ × (𝜑𝝍) − ∇𝜑 × 𝝍, (13.101)

or
𝑭ad = 𝑭r + 𝑭sk, (13.102)

where 𝑭r = ∇ × (𝜑𝝍) is a rotational flux with no divergence, and

𝑭sk = −∇𝜑 × 𝝍 (13.103)

is a skew flux — ‘skewed’ because it is manifestly orthogonal to the gradient of 𝜑, i.e., ∇𝜑 ⋅ 𝑭sk = 0.
Because ∇ ⋅ 𝑭r = 0 the divergence of the skew flux and advective flux are equal:

∇ ⋅ 𝑭ad = ∇ ⋅ 𝑭sk. (13.104)

However, the skew flux, −∇𝜑 × 𝝍, and the advective flux, 𝜑∇ × 𝝍, may have, and in general do
have, different magnitudes and directions; only their divergences are equal. If the divergences of
the skew fluxes given by (13.95) and (13.103) are to be the same then 𝝍 must be related to the
antisymmetric tensor A. Using (13.95) we have

∇ ⋅ 𝑭sk = −𝜕𝑚(𝐴𝑚𝑛𝜕𝑛𝜑)
= −(𝜕𝑛𝜑)(𝜕𝑚𝐴𝑚𝑛) − [𝐴𝑚𝑛𝜕𝑛𝜕𝑚𝜑]
= −𝜕𝑛(𝜑𝜕𝑚𝐴𝑚𝑛) + [𝜑𝜕𝑛𝜕𝑚𝐴𝑚𝑛],

(13.105)

where the quantities in square brackets are zero as a consequence of the antisymmetry of A — a
symmetric operator acting on an antisymmetric tensor is zero. But the skew flux divergence is
equal to the advective flux divergence

∇ ⋅ 𝑭sk = ∇ ⋅ 𝑭ad = 𝜕𝑛(𝜑𝑣𝑛), (13.106)

so the associated skew velocity is related to the antisymmetric tensor

𝑣𝑛 = −𝜕𝑚𝐴𝑚𝑛, (13.107)
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and this is divergence-free because 𝜕𝑛𝜕𝑚𝐴𝑚𝑛 = 0. The streamfunction and the antisymmetric
tensor are thus related.

Using (13.107) and (13.100), and just a little algebra, gives

𝐴𝑚𝑛 = 𝜖𝑚𝑛𝑝𝜓𝑝 = (
0 𝜓3 −𝜓2
−𝜓3 0 𝜓1
𝜓2 −𝜓1 0

) , (13.108)

which provides an explicit connection between the antisymmetric tensor𝐴𝑚𝑛 and the streamfunc-
tion for the skew velocity 𝒗. Thus, to summarize:
• Any flux can be decomposed into a component across iso-surfaces of a scalar (the along-

gradient or diffusive flux) and a component along isosurfaces and so perpendicular to the
gradient (the skew flux).
• The along-gradient (usually downgradient) flux is effected by a diffusion using a symmetric

diffusivity tensor.
• The skew flux is effected by a diffusion using an antisymmetric diffusivity tensor, and this is

equivalent to an advection by some divergence-free velocity.
• The diffusive flux reduces tracer variance if the diffusivity is positive (in which case the dif-

fusion is downgradient), whereas the skew diffusion has no effect on variance.
Let us now consider how all of this is relevant to the large-scale flow in the atmosphere and the
ocean.

13.7††† EDDY DIFFUSION IN THE ATMOSPHERE AND OCEAN
We now, rather heuristically, discuss the transport of fluid properties by large-scale eddies typi-
cally generated by baroclinic instability — mesoscale eddies in the ocean, and weather systems
in the atmosphere. The practical motivation is perhaps more oceanographic than atmospheric.
Specifically, mesoscale and submesoscale eddies in the ocean cannot be easily resolved in numer-
ical models of its large-scale circulation, especially those used for climate simulations involving
integrations of the global ocean over decades and centuries. In such models, the effects of eddies
must be parameterized in terms of properties of the mean flow.

In the end this problem will be solved for us by the increasing power of computers, as it largely
has in atmospheric flows since numerical models of the general circulation already resolve most
of the effects of baroclinic eddies. However, we then have to deal with the hardly less difficult
problem of understanding those massive, turbulent, numerical integrations, and for that task a
theory of turbulent transport is a sine qua non.

13.7.1 Preliminaries
Consider a tracer that obeys the advective-diffusive equation

D𝜑
D𝑡
= ∇ ⋅ (𝜅𝑚∇𝜑). (13.109)

If the advecting flow is divergence-free then the ensemble average or filtered flow obeys, neglecting
the molecular diffusion,

D𝜑
D𝑡
= −∇ ⋅ 𝒗′𝜑′, (13.110)

where the right-hand side is the eddy transport (akin to Reynolds stresses). If we parameterize this
transport by a diffusion then

𝒗′𝜑′ = −K∇𝜑, (13.111)
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where K is, in general, a second-rank tensor. If, say, the average is a zonal average then

D𝜑
D𝑡
= −𝜕𝑣

′𝜑′
𝜕𝑦
− 𝜕𝑤
′𝜑′
𝜕𝑧
. (13.112)

If we are to employ a diffusive parameterization for the eddy terms in these equations, the issues
that then arise fall into two general camps:
(i) the overall magnitude of the eddy diffusivity, possibly as a function of the mean flow;
(ii) the structure of the diffusivity tensor, and in particular the separate structure of its symmetric

and antisymmetric parts.

13.7.2 Magnitude of the Eddy Diffusivity
The magnitude and scale of eddies were considered in Sections 12.3 and 12.4. Here we see how
these give rise to corresponding estimates of the magnitude of an eddy diffusivity. If we restrict
attention for the moment to the meridional transfer of tracer properties, then we might write

𝑣′𝜑′ = −𝜅vy 𝜕𝜑
𝜕𝑦
− 𝜅vz 𝜕𝜑
𝜕𝑧
, (13.113)

where 𝜅vy and 𝜅vz are components of the eddy diffusivity tensor with obvious notation. These
components have the dimensions of a length times a velocity and, to the extent that the diffusion
represents the eddying motion we expect that 𝜅vy has an approximate magnitude of

𝜅vy ∼ 𝑣′𝑙′, (13.114)

where 𝑣′ is a typical magnitude of the horizontal eddy velocity, and 𝑙′ is the mixing length of the
eddies, generally taken to be a typical length scale of the eddies. Larger and more energetic eddies
thus have a larger effect on the mean flow. We can estimate 𝑣′ and 𝑙′ in a number of reasonable
ways depending on the flow conditions, and we consider a few such below.11 The magnitude of the
component 𝜅vz may then be estimated by making choices about the plane of parcel displacements,
and this is considered in the next section.

Perhaps the simplest assumption to make follows from the fact that the eddies are a conse-
quence of baroclinic instability, and so one might suppose that the eddy length scale is the scale of
the instability — the first deformation radius. One might also suppose that the eddy velocity is of
the same approximate magnitude as the mean flow, 𝑢, thus giving

𝜅vy ∼ 𝐿𝑑𝑢 =
𝑁𝐻𝑢
𝑓
. (13.115)

Another way of deriving this result is by noting that 𝜅vy ∼ 𝑙′2/𝑇𝑒, where 𝑇𝑒 is a characteristic eddy
time scale. If 𝑇𝑒 is the Eady time scale, 𝐿𝑑/𝑢, and if 𝑙′ ∼ 𝐿𝑑, we reproduce (13.115). Equation
(13.115) may be written as

𝜅vy ∼ 𝐿𝑑𝑢 ∼
𝐿2𝑑𝑓
√Ri
∼ 𝐿2𝑑Fr𝑓, (13.116)

where Ri ≡ 𝑁2/𝛬2 = 𝑁2𝐻2/𝑢2 and Fr ≡ 𝑈/(𝑁𝐻) are the Richardson and Froude numbers for
this problem, respectively.

A little more generally, if there is a cascade to larger scales then the eddy scale, 𝐿𝑒 say, may
be larger than the deformation scale. Depending on circumstances, 𝐿𝑒 might be the domain scale
(if eddies grow to the size of the domain), the 𝛽-scale (if the 𝛽-effect halts the cascade), or some
scale determined by frictional effects (possibly in conjunction with 𝛽). However, the arguments of
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Section 12.3 suggest that the eddy time scale is the Eady time scale in all cases. We therefore have:

eddy length scale ∼ 𝐿𝑒, (13.117a)
eddy time scale, 𝑇𝑒 ∼ 𝐿𝑑/𝑢, (13.117b)

eddy velocity scale, 𝑈𝑒 ∼ 𝑢(𝐿𝑒/𝐿𝑑). (13.117c)

These give the general estimate for the horizontal diffusivity of

𝜅vy ∼ 𝑢(𝐿
2
𝑒
𝐿𝑑
) . (13.118)

The estimate (13.115) is a special case of this, with 𝐿𝑒 = 𝐿𝑑; the two estimates will thus differ if the
eddy scale is much larger than the deformation radius.

In the case in which the inverse cascade is modified by the Rossby waves we might (and ne-
glecting friction effects; see Section 12.1.2) suppose that the eddy scale is the 𝛽-scale, (12.6), and
we have

𝐿𝑒 ∼ 𝐿𝛽 = (
𝑈𝑒
𝛽
)
1/2
= 𝑢
𝛽𝐿𝑑
, (13.119)

using (13.117c). The eddy velocity scale is, using (13.117b),

𝑈𝑒 ∼ 𝑢
𝐿𝑒
𝐿𝑑
= 𝑢
2

𝛽𝐿2𝑑
, (13.120)

and combining (13.119) and (13.120) gives the estimate for the eddy diffusivity,

𝜅vy ∼ 𝑢
3

𝛽2𝐿3𝑑
. (13.121)

A similar estimate can be written in terms of the inverse energy cascade rate, 𝜀, giving

𝜅vy ∼ ( 𝜀
3

𝛽4
)
1/5
. (13.122)

This expression may be obtained purely by dimensional analysis, if it is assumed that the only
factors determining 𝜅 are 𝜀 and 𝛽. The estimate may be useful if 𝜖 is known independently, for
example by calculating the energy throughput in the system.

To summarize: the magnitude of any eddy diffusion may be estimated as the product of the
velocity scale and the energy-containing length scale of the eddies. If we assume that the time
scale is the Eady time scale we obtain (13.118), where 𝐿𝑒 is undetermined. If the eddy scale is
the 𝛽-scale, then (13.118) becomes (13.121). However, in neither the atmosphere nor the ocean
is the 𝛽-scale significantly (e.g., an order of magnitude) larger than the deformation scale, but
nor, complicating matters, does the inverse cascade necessarily halt at the 𝛽-scale (see Section
12.1.2). From an observational standpoint, the atmosphere has no −5/3 inverse cascade, although
there is some evidence for one in some regions of ocean.12 In other oceanic regions the eddies
may be advected away from each other and away from the unstable zone, or dispersed by Rossby
waves, before an inverse cascade can be organized, and energy will remain at the deformation scale.
These arguments suggest that although we can make sensible estimates, we cannot determine with
certainty what the magnitude of an eddy diffusivity should be, in either the atmosphere or ocean.
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13.7.3 ♦ Use of the Symmetric Transport Tensor
Along-gradient transport, or diffusion, is transport by a symmetric transport tensor as in (13.90).
The structure of the eddy diffusivity will determine, among other things, the surface along which
transport occurs; for example, a diffusion of temperature might occur meridionally and/or verti-
cally. To illustrate, let us consider transfer in a re-entrant channel with zonally homogeneous eddy
statistics so that the averaging operator is the zonal average; the meridional and upward transport
of a tracer 𝜑 are then given by

𝑣′𝜑′ = −𝜅vy 𝜕𝜑
𝜕𝑦
− 𝜅vz 𝜕𝜑
𝜕𝑧
, (13.123)

𝑤′𝜑′ = −𝜅wy 𝜕𝜑
𝜕𝑦
− 𝜅wz 𝜕𝜑
𝜕𝑧
, (13.124)

where 𝜅wy = 𝜅vz by the posited symmetry. The relationship between the various transfer coef-
ficients will be determined by the trajectories of the fluid parcels in the eddying motion. In the
Cartesian 𝑦–𝑧 frame the transport tensor is not necessarily diagonal (i.e., 𝜅vz and 𝜅wy may be non-
zero) but locally there is always a natural coordinate system in which the diffusivity tensor is di-
agonal. (A symmetric matrix may always be diagonalized by a suitable rotation of axes.) In that
diagonal frame we can write

S′ = 𝜅𝑠 (
1 0
0 𝛼) , (13.125)

where 𝜅𝑠 determines the overall size of the transfer coefficients (as estimated in the previous sec-
tion), and 𝛼 is the ratio of sizes of the components in the two orthogonal directions. Now, fluid
displacements in large-scale baroclinic eddies are nearly, but not exactly, horizontal — they may
be along isopycnals, for example, or at an angle between the horizontal and the isopycnals. Wemay
argue that the coordinate system in which the tensor is diagonal is the coordinate system defined
by the plane along which fluid displacements occur. This is sensible because the transfers along
and orthogonal to the fluid paths are each a consequence of different physical phenomena, and so
we may expect the transfer tensor to be diagonal in these coordinates.

Because eddy displacements are predominantly horizontal, the diagonal coordinate system has
a small slope, 𝑠, at an angle 𝜃with respect to the horizontal, where 𝑠 = tan 𝜃 ≈ 𝜃 ≪ 1. Furthermore,
we expect the parameter 𝛼 to be small (i.e., 𝛼 ≪ 1), because this represents transfer in a direction
orthogonal to the eddy fluid motion. We rotate the tensor S′ through an angle 𝜃 to move into the
usual 𝑦-𝑧 frame; that is

S = 𝜅𝑠 (
cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃 )(

1 0
0 𝛼)(

cos 𝜃 sin 𝜃
− sin 𝜃 cos 𝜃) (13.126a)

≈ 𝜅𝑠 (
1 + 𝑠2𝛼 𝑠(1 − 𝛼)
𝑠(1 − 𝛼) 𝑠2 + 𝛼 ) (for small 𝑠) (13.126b)

≈ 𝜅𝑠 (
1 𝑠
𝑠 𝑠2 + 𝛼) (for small 𝑠 and small 𝛼). (13.126c)

We can follow the same procedure in three dimensions. Then, if the eddy transport is isotropic
in the plane of eddy displacements, the three-dimensional transport tensor is

S′ = 𝜅𝑠(
1 0 0
0 1 0
0 0 𝛼

) , (13.127)

and the slope of themotion is a two-dimensional vector 𝒔 = (𝑠𝑥, 𝑠𝑦), with the superscripts denoting
components. If we rotate the transport tensor into physical space then we obtain, analogously to
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(13.126),

S = 𝜅𝑠(
1 + 𝑠𝑦2 + 𝛼𝑠𝑥2 (𝛼 − 1)𝑠𝑥𝑠𝑦 (1 − 𝛼)𝑠𝑥
(𝛼 − 1)𝑠𝑥𝑠𝑦 1 + 𝑠𝑥2 + 𝛼𝑠𝑦2 (1 − 𝛼)𝑠𝑦
(1 − 𝛼)𝑠𝑥 (1 − 𝛼)𝑠𝑦 𝛼 + 𝑠2

) (13.128a)

≈ 𝜅𝑠(
1 0 𝑠𝑥
0 1 𝑠𝑦
𝑠𝑥 𝑠𝑦 𝛼 + 𝑠2

) , (13.128b)

for small 𝑠 and small 𝛼, where 𝑠2 = 𝑠𝑥2 + 𝑠𝑦2.

The plane of eddy displacements
We are now in a position to make heuristic choices about the transfer coefficients, and we will
consider two bases for this:

I. Using linear baroclinic instability theory.13 In a simple model of a growing baroclinic (Eady)
wave, parcel trajectories that are along half the slope of themean isopycnals are able to release
the most potential energy. We thus suppose that 𝑠 = 𝑠𝜌/2, where 𝑠𝜌 is the isopycnal slope,
and that 𝛼 = 0 in (13.126c) or (13.128b). In two dimensions this gives

S = 𝜅𝑠 (
1 𝑠𝜌/2
𝑠𝜌/2 𝑠2𝜌/4

) , (13.129)

and so

𝑣′𝜑′ = −𝜅𝑠 (
𝜕𝜑
𝜕𝑦
+ 1
2
𝑠𝜌
𝜕𝜑
𝜕𝑧
) , (13.130a)

𝑤′𝜑′ = −1
2
𝜅𝑠𝑠𝜌 (
𝜕𝜑
𝜕𝑦
+ 1
2
𝑠𝜌
𝜕𝜑
𝜕𝑧
) . (13.130b)

If the tracer 𝜑 is potential temperature (and not just a passive tracer) then (13.130), along
with one of the estimates for the size of 𝜅𝑠 given in Section 13.7.2, constitutes a parameteri-
zation for the diffusive poleward and upward heat flux in the atmosphere.

II. Flow along neutral surfaces. If the fluid interior is adiabatic and steady, then fluid trajectories
are along neutral surfaces; that is, along surfaces of potential density or potential temperature.
One might therefore be inclined to assume that the eddy fluxes are aligned along the mean
neutral surfaces and choose 𝑠 = 𝑠𝜌. However, even in the adiabatic case, this is not always
a good choice. From the adiabatic thermodynamic equation D𝑏/D𝑡 = 0 we may derive the
equation for the eddy buoyancy variance, namely

1
2
𝜕𝑏′2
𝜕𝑡
+ 1
2
𝒖⋅∇𝑧𝑏′2+

1
2
𝑤𝜕𝑏
′2

𝜕𝑧
+𝒖′𝑏′ ⋅∇𝑧𝑏+𝑤′𝑏′

𝜕𝑏
𝜕𝑧
+ 1
2
∇𝑧 ⋅𝒖′𝑏′2+

1
2
𝜕
𝜕𝑧
𝑤′𝑏′2 = 0, (13.131)

and specialize to the case of a zonally uniform basic state and small-amplitude wave. In that
case

1
2
𝜕𝑏′2
𝜕𝑡
= −𝑣′𝑏′ 𝜕𝑏

𝜕𝑦
− 𝑤′𝑏′ 𝜕𝑏
𝜕𝑧
. (13.132)

If the wave is statistically steady then the left-hand side is zero and

𝒗′𝑏′ ⋅ ∇𝑥𝑏 = 0, (13.133)
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where the subscript 𝑥 indicates that the vectors are in themeridional plane, with no variation
in 𝑥. In this case there is indeed no along-gradient flux. However, if the wave is growing then
𝒗′𝑏′ ⋅ ∇𝑥𝑏 < 0 and if 𝜕𝑏/𝜕𝑦 < 0 and 𝑣′𝑏′ > 0, as in the Northern Hemisphere, then

𝑤′𝑏′

𝑣′𝑏′
> −𝜕𝑏/𝜕𝑦
𝜕𝑏/𝜕𝑧
, (13.134)

and so the mixing slope is less steep than the mean isopycnal slope, even though the flow
may be adiabatic. Similarly, if the wave is decaying the mixing slope is steeper than that of
the mean isopycnals. In an inhomogeneous flow, the advection by the mean flow in (13.131)
plays a similar role to time dependence: the advection of eddy variance by themean flow into
a region of larger variance will give rise to a mixing slope that is less steep than the isopycnal
slope, and conversely for a flow entering a region of less variance. Only for a statistically
steady, adiabatic, linear wave field is the mixing slope guaranteed to be along the isopycnals.
Having said all this, let us suppose that the fluid trajectories are indeed along neutral surfaces.
If there is no diffusion orthogonal to this then 𝛼 = 0, and the transport tensor is, in two or
three dimensions respectively.

S = 𝜅𝑠 (
1 𝑠𝜌
𝑠𝜌 𝑠2𝜌
) , S = 𝜅𝑠(

1 0 𝑠𝑥𝜌
0 1 𝑠𝑦𝜌
𝑠𝑥𝜌 𝑠
𝑦
𝜌 |𝑠𝜌|2
) . (13.135)

In the two-dimensional case

𝑣′𝜑′ = −𝜅𝑠 (
𝜕𝜑
𝜕𝑦
+ 𝑠𝜌
𝜕𝜑
𝜕𝑧
) , 𝑤′𝜑′ = −𝜅𝑠𝑠𝜌 (

𝜕𝜑
𝜕𝑦
+ 𝑠𝜌
𝜕𝜑
𝜕𝑧
) . (13.136a,b)

Suppose that 𝜑 is potential temperature 𝜃, and that surfaces of potential temperature define
neutral surfaces. Then plainly eddy motion along potential temperature surfaces does not
transfer potential temperature, and the diffusion defined by (13.136) should have no effect.
The equations themselves respect this, for then

𝑠𝜌 = −
𝜕𝑦𝜃
𝜕𝑧𝜃
, (13.137)

and using this in (13.136) gives

𝑣′𝜃′ = 0, 𝑤′𝜃′ = 0. (13.138a,b)

There is no eddy transport at all, as expected.

Application to atmosphere and ocean
In the atmosphere, if we wished to parameterize the heat transporting effects of baroclinic eddies
we might choose the mixing slope to be shallower than the isothermal slope. Heat may then be
transported downgradient, from equator to pole, in a diabatic process. This is a reasonable choice
because the eddy transport, in the atmosphere, is diabatic. This choice is less appropriate in the
ocean, because the ocean interior is almost adiabatic. That is to say, fluid transport is almost along
isopycnals, except for some rather small effects involving diapycnal diffusivity. Diffusing buoyancy
along isopycnals has no effect at all. In the real ocean the presence of salinity means that the
potential temperature, potential density and salinity surfaces are not parallel, and there will be
eddy diffusion of 𝜃 and 𝑆 (salinity) along neutral surfaces, but this fact does not help provide a
parameterization for the heat flux by baroclinic eddies, because we cannot expect such a flux to
depend for its existence on the presence of a second tracer, salinity. However, baroclinic eddies
certainly do have an effect on the ocean structure, and if our ocean model does not resolve them
we must parameterize them. For this, we turn to the antisymmetric transport tensor.
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13.7.4 ♦ Use of the Antisymmetric Transport Tensor
The antisymmetric transport tensor gives rise to the skew flux, or the pseudoadvection. In two
dimensions (one horizontal, one vertical) we can immediately write down its form, namely

A = ( 0 −𝜅
′
𝑎

𝜅′𝑎 0
) , (13.139)

where the transfer coefficient 𝜅′𝑎, which may vary in space and time depending on the flow itself,
determines the overall strength of the transport. In three dimensions we can write, by inspection,

A = 𝐴𝑖𝑗 = (
0 0 −𝜅′𝑥𝑎
0 0 −𝜅′𝑦𝑎
𝜅′𝑥𝑎 𝜅

′𝑦
𝑎 0

) , (13.140)

where we have used our gauge freedom to choose 𝐴21 = −𝐴12 = 0. Equation (13.140) preserves
the form of (13.139) if one of the horizontal dimensions is absent — that is, if either row one and
column one, or row two and column two, is eliminated. Our remaining choice is to determine the
sign and magnitude of the transport coefficients.

An adiabatic, potential-energy diminishing, eddy transport scheme
A very useful parameterization for the transport of tracers in ocean models by baroclinic eddy
fluxes, commonly known as the Gent–McWilliams or GM scheme,14 can be constructed using the
antisymmetric transport tensor. The satisfaction of two properties is the foundation of the scheme:
(i) Moments of the tracer should be preserved; in particular, the amount of fluid between two

isopycnal surfaces should be preserved. This suggests the scheme should not diffuse buoy-
ancy across constant-buoyancy surfaces.

(ii) The amount of available potential energy in the flow should be reduced, so mimicking the
effects of baroclinic instability, which transfers available potential energy to kinetic energy.

The first of these is automatically satisfied by using an antisymmetric diffusivity tensor. The second
property can be satisfied by choosing the transfer coefficients to be proportional to the slope of the
isopycnals, in which case we may write (13.140) as

A = 𝜅𝑎(
0 0 −𝑠𝑥
0 0 −𝑠𝑦
𝑠𝑥 𝑠𝑦 0

) , (13.141)

where 𝒔 = (𝑠𝑥, 𝑠𝑦) = ∇𝜌𝑧 = −∇𝑧𝜌/(𝜕𝜌/𝜕𝑧) is the isopycnal slope (recall that 𝑠𝑥 denotes a component
of a vector, and 𝑠𝑥 a derivative) and 𝜅𝑎 determines the overall magnitude of the diffusivity. In an
ocean model separately carrying temperature and salinity fields, then (13.141) would be applied
to each of these, with the isopycnal slope being determined using the equation of state. To more
easily see what properties are implied by the transport, let us specialize to the salt-free case, with
buoyancy, 𝑏, the only thermodynamic variable. The isopycnal slope is then 𝒔 = −(𝑏𝑥/𝑏𝑧, 𝑏𝑦/𝑏𝑧)
and the horizontal eddy buoyancy transfer 𝑭ℎ = (𝐹𝑥, 𝐹𝑦) is given by

𝑭ℎ = −(−𝜅𝑎𝒔
𝜕𝑏
𝜕𝑧
) = −𝜅𝑎 (

𝜕𝑏
𝜕𝑥
, 𝜕𝑏
𝜕𝑦
) = −𝜅𝑎∇𝑧𝑏, (13.142a)

which for positive 𝜅𝑎 is the same as conventional downgradient diffusion.
The vertical transfer is given by

𝐹𝑧 = −𝜅𝑎 (𝑠𝑥
𝜕𝑏
𝜕𝑥
+ 𝑠𝑦 𝜕𝑏
𝜕𝑦
) = 𝜅𝑎𝑠2

𝜕𝑏
𝜕𝑧
, (13.142b)
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where 𝑠2 = 𝒔 ⋅ 𝒔. This flux is up the vertical gradient; however, by construction, the total skew flux
is neither upgradient nor downgradient.

The combination of the downgradient horizontal flux and the upgradient vertical flux acts to
reduce the potential energy of the flow at the same time as preserving the volume of fluid within
each density interval. The upgradient flux in the vertical is a consequence of the need to reduce
the available potential energy: suppose warm light fluid overlays cold dense fluid in a statically
stable configuration, then a downgradient vertical diffusion would raise the centre of gravity of
the fluid, increasing its potential energy — just the opposite of the action of baroclinic instability.
Thus, the sign on the vertical diffusivity must be negative and this, in combination with the struc-
ture of (13.141) (and so a positive horizontal diffusivity) allows both properties (i) and (ii) above
to be satisfied. The parameterization does not preserve total energy; the loss of potential energy is
not balanced by a corresponding gain of kinetic energy, rather it is assumed to be lost to dissipa-
tion. Finally, to determine the magnitude of the (skew) eddy diffusivity we may turn again to the
phenomenological estimates of Section 13.7.2.

The eddy transport velocity

Applying (13.107) to (13.141) gives the eddy transport velocities,

𝒖 = − 𝜕
𝜕𝑧
(𝜅𝑎𝒔), �̃� = ∇𝑧 ⋅ (𝜅𝑎𝒔). (13.143)

The streamfunction associated with A is found using (13.108) and (13.141) giving

𝝍 = (−𝜅𝑎𝑠𝑦, 𝜅𝑠𝑥, 0) = 𝐤 × 𝜅𝑎𝒔. (13.144)

Two equivalent ways of implementing the GM parameterization are thus as a skew flux, as
in (13.142), or as an advection by the pseudovelocities (13.143). The vanishing of the normal
component of the velocity is equivalent to the vanishing of the normal component of the flux at the
boundary, and ensures that the scheme conserves tracer moments. The advective flux of buoyancy
is just

𝑭ad = 𝑏𝒗 = 𝑏∇ × 𝝍 = 𝑏∇ × (𝐤 × 𝜅𝑎𝒔), (13.145)

whereas using (13.103) the skew flux is given by

𝑭sk = −∇𝑏 × 𝝍 = −∇𝑏 × (𝐤 × 𝜅𝑎𝒔). (13.146)

Vector manipulation readily shows that the divergences of these two fluxes are equal.

13.7.5 Examples

Consider a situation with sloping isotherms (and with the density determined solely by temper-
ature) as illustrated in Fig. 13.6. The vertical flux attempts to tighten the temperature distribu-
tion, whereas the horizontal flux, being downgradient, attempts to smooth out horizontal inho-
mogeneities. Taken together, their net effect is to preserve the amount of fluid between any two
isotherms, but at the same time to rotate and flatten the isotherms, so reducing the available poten-
tial energy of the flow. This is different from a conventional downgradient diffusion. A purely hor-
izontal diffusion would, in principle, act to equalize values at each level, and a three-dimensional
downgradient diffusion would try to equalize all values. Thus, a skew flux behaves quite differently
from the usual downgradient diffusion, whichmerely acts to reduce gradients without caringmuch
about other fluid properties.
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Fig. 13.6 The GM skew fluxes arising from sloping
isotherms. The flux itself, 𝑭, is parallel to the isotherms,
with the horizontal flux being directed down the hori-
zontal gradient but the vertical flux being upgradient.
The effect of the vertical flux is to lower the centre of
gravity of the fluid, and reduce the potential energy. The
horizontal flux tries to make the temperature more uni-
form in the horizontal direction. The net effect of the
skew flux is to flatten the isotherms.

To illustrate this consider a very simple example, that of a two-dimensional (𝑦–𝑧) fluid inwhich
the initial density field is a 3 × 3 grid, with initial conditions

𝜌init = [
[

2 1 1
3 2 1
3 3 2

]
]
. (13.147)

The isopycnals are sloping, much as in Fig. 13.6, and the flow is statically stable everywhere.
A purely horizontal diffusion would lead to, in the absence of other processes and with zero

normal flux at the boundaries, a final state of

𝜌hd = [
[

1.33 1.33 1.33
2 2 2
2.66 2.66 2.66

]
]
, (13.148)

and a full (vertical and horizontal) diffusion would give

𝜌hvd = [
[

2 2 2
2 2 2
2 2 2

]
]
. (13.149)

Neither of the above two final states preserves the density census (i.e., its distribution) and both
imply strong diabatic effects— the fluid has beenmixed, and the density variance has been reduced.

In contrast, a skew diffusion or eddy-transport advection will rotate the density surfaces until
the isopycnal slope is zero, at which point the value of the transfer coefficients becomes zero and
the process stops. The final state is then

𝜌GM = [
[

1 1 1
2 2 2
3 3 3

]
]
. (13.150)

This action both preserves the density census and reduces the available potential energy.
We can equally well interpret these effects in terms of eddy-transport velocities, so emphasizing

that it is not the eddy flux itself that is important; rather, it is the flux divergence. If the slopes of
Fig. 13.6 extended uniformly everywhere, then the associated fluxes would have zero divergence,
and the eddy-induced velocities, given by (13.143), would be zero. On the other hand, consider
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Fig. 13.7 The eddy-induced velocities in the Gent–McWilliams parameterization. The induced
circulation attempts to flatten the sloping isopycnals. The induced vertical velocity, �̃�, is zero on
flat isopycnals.

the case illustrated in Fig. 13.7, with variously sloping isotherms. For a constant value of the eddy
diffusivity 𝜅 the slope of the isopycnals, 𝑠 = −(𝜕𝜌/𝜕𝑦)/(𝜕𝜌/𝜕𝑧), provides the streamfunction for
the eddy-induced velocity:

𝑣 = −𝜕𝜓
𝜕𝑧
= − 𝜕
𝜕𝑧
(𝜅𝑎𝑠), �̃� = 𝜕𝜓

𝜕𝑦
= 𝜕
𝜕𝑦
(𝜅𝑎𝑠). (13.151)

This induces the velocities illustrated in Fig. 13.7, which evidently serve to flatten the isopycnals.
Downgradient (symmetric) diffusion and skew diffusionwould normally be used together, and

the transport tensorwill then have both symmetric and antisymmetric components. In oceanmod-
els the mixing of temperature and salinity is often chosen to be along isopycnal surfaces. On the
other hand, in the atmosphere (especially in the troposphere) diabatic effects are quite important
and the symmetric tensor may be chosen to represent cross-isothermal transport.

13.8††† THICKNESS AND POTENTIAL VORTICITY DIFFUSION

In the previous section, we considered the structure of the diffusivity tensor, and then chose the
entries by physical reasoning to mimic the effects of baroclinic instability. An alternative approach
is to choose, a priori, a quantity to be diffused downgradient (i.e., not skew diffused), and then to
represent the effect in the equations of motion as commonly used. In this section we first explore
the use of thickness as a ‘diffusee’, and then look at potential vorticity. Thickness is the vertical
distance between two isotherms or isopycnals, and it is a candidate for diffusion because a down-
gradient thickness transfer within an isopycnal layer satisfies the following two conditions:
(i) The total mass contained between two isopycnals is preserved, provided there are no bound-

ary fluxes, so the effect is adiabatic.
(ii) If there is no orography a thickness flux serves to flatten isopycnals, and hence to reduce the

available potential energy of the flow, mimicking baroclinic instability.
These are similar to the two properties listed on page 499, and indeed we will find that thickness
diffusion is very similar to the GM scheme. However, thickness is not a materially conserved
quantity; thus, the arguments of Section 13.4 do not apply and turbulent diffusion of thickness is
rather ad hoc. Let us explore all these issues further.
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13.8.1 Equations for Thickness
Recalling the results of Section 3.10, in a Boussinesq fluid the ‘thickness’, or the distance between
two surfaces of constant buoyancy, is given by

thickness = ∫
𝑧(𝑏2)

𝑧(𝑏1)
d𝑧 = ∫

𝑏2

𝑏1

𝜕𝑧
𝜕𝑏

d𝑏, (13.152)

and thus we may define the thickness field (strictly a ‘thickness density’ field), 𝜎 ≡ 𝜕𝑧/𝜕𝑏. The vol-
ume of fluid between two isopycnal surfaces is proportional to 𝜎𝛥𝐴, where 𝛥𝐴 is an infinitesimal
area, and in the absence of diabatic processes this is conserved. Thus, we have D(𝜎𝛥𝐴)/D𝑡 = 0
and using D𝛥𝐴/D𝑡 = 𝛥𝐴∇𝑏 ⋅ 𝒖 we obtain the equation of motion for thickness (cf. (3.182))

D𝜎
D𝑡
+ 𝜎∇𝑏 ⋅ 𝒖 = 𝐷𝜎 or 𝜕𝜎

𝜕𝑡
+ ∇𝑏 ⋅ (𝒖𝜎) = 𝐷𝜎, (13.153)

now including a term 𝐷𝜎 to represent any diabatic terms. From (13.153) we obtain, after a little
algebra, the variance equation

1
2
𝜕
𝜕𝑡
𝜎′2 + 𝒖′𝜎′ ⋅ ∇𝑏𝜎 +

1
2
𝒖 ⋅ ∇𝑏𝜎′2 +

1
2
𝒖′ ⋅ ∇𝑏𝜎′2 = −𝑤′𝜎′ + 𝐷′𝜎𝜎′, (13.154)

where we have written 𝑤′ ≡ (𝜎∇𝑏 ⋅ 𝒖)′. This equation is to be compared with the corresponding
equation for a conserved tracer, (13.67). If the mean flow is small and the third-order correlations
may be neglected then (13.154) becomes, in a statistically steady state,

𝒖′𝜎′ ⋅ ∇𝑏𝜎 ≈ −𝑤′𝜎′ + 𝐷′𝜎𝜎′. (13.155)

Unlike the case for a tracer that is materially conserved except for dissipative effects, the transport
of thickness is not necessarily downgradient. However, in regions of baroclinic instability, where
there is conversion of available potential energy to kinetic energy 𝑤′𝜎′ is positive, thickness may
be transferred downgradient, suggesting a diffusive parameterization.

The eddy-induced and residual velocities
Now, let us decompose these variables in the usual manner into a mean component, denoted with
an overbar, and an eddy component, denoted with a prime. The averaged thickness equation is

𝜕𝜎
𝜕𝑡
+ ∇𝑏 ⋅ (𝜎 𝒖 + 𝜎′𝒖′) = 0, (13.156)

where 𝜎′𝒖′ is the eddy thickness flux. This equation may be written as

𝜕𝜎
𝜕𝑡
+ ∇𝑏 ⋅ [(𝒖 + 𝒖)𝜎] = 0, (13.157)

where

𝒖 ≡ 𝜎
′𝒖′
𝜎

(13.158)

is the ‘eddy-induced velocity’, sometimes referred to as the ‘bolus velocity’, so-called because the
thickness flux is said to be evocative of a peristaltic transfer along a passage bounded by imperme-
able but elastic walls. The quantity

𝒖∗ = 𝒖 + 𝒖 (13.159)
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is the residual velocity we encountered in Chapter 10, and it accounts for the total transport of
thickness, including both eddy and Eulerian means.

In adiabatic flow, the evolution of a materially conserved tracer 𝜏 is given by

D
D𝑡
(𝜏𝜎𝛥𝐴) = 0, (13.160)

whence, because 𝜎𝛥𝐴 is a constant,

𝜕𝜏
𝜕𝑡
+ 𝒖 ⋅ ∇𝑏𝜏 = 0. (13.161)

Combining this with the thickness equation, (13.153) with𝐷𝜎 = 0, gives

𝜕
𝜕𝑡
(𝜎𝜏) + ∇𝑏 ⋅ (𝜎𝒖𝜏) = 0, (13.162)

which in turn leads to

𝜕
𝜕𝑡
(𝜎 𝜏 + 𝜎′𝜏′) + ∇𝑏 ⋅ (𝜎 𝒖 𝜏) + ∇𝑏 ⋅ 𝜎′𝒖′𝜏 + ∇𝑏 ⋅ [(𝜎𝒖)′𝜏′] = 0, (13.163)

or, using (13.156),

𝜕𝜏
𝜕𝑡
+ 1
𝜎
𝜕
𝜕𝑡
(𝜎′𝜏′) + [𝒖 + 𝜎

′𝒖′
𝜎
] ⋅ ∇𝑏𝜏 = −

1
𝜎
∇𝑏 ⋅ [(𝜎𝒖)′𝜏′]. (13.164)

(To derive these, first let 𝜎𝜏𝒖 = (𝜎𝒖)′𝜏′ + 𝜎𝒖 𝜏.) If we neglect the correlation between 𝜎′ and 𝜏′,
then (13.164) has the form

𝜕𝜏
𝜕𝑡
+ (𝒖 + 𝒖) ⋅ ∇𝑏𝜏 = −

1
𝜎
∇𝑏 ⋅ [(𝜎𝒖)′𝜏′]. (13.165)

Thus, the averaged tracer evolves as if it were advected by two velocity fields: the large-scale field
itself, 𝒖, and the eddy-induced velocity 𝒖, their sum being the residual velocity. The term on the
right-hand side of (13.165) is the divergence of the transport of the tracer along the isopycnals
by the eddy transport (𝜎𝒖)′. These equations are not yet closed because we don’t know the eddy-
induced velocity, 𝒖.

13.8.2 Diffusive Thickness Transport
A downgradient diffusion of thickness parameterizes the eddy transport velocity by

𝒖 ≡ 𝜎
′𝒖′
𝜎
= − 1
𝜎
𝜅∇𝑏𝜎, (13.166)

where 𝜅 is an eddy diffusivity. Similarly, we might parameterize the right-hand side of (13.164) by

− 1
𝜎
∇𝑏 ⋅ [(𝜎𝒖)′𝜏′] =

1
𝜎
∇𝑏 ⋅ (𝜅𝜎∇𝑏𝜏), (13.167)

that is, as a diffusion of the tracer along isopycnals.
In height coordinates the eddy transport velocity will be a three-dimensional field, obtained by

appropriately transforming 𝒖. We have

𝒖 ≈ − 1
𝜎
𝜅∇𝑏𝜎 = −𝜅

𝜕𝑏
𝜕𝑧
∇𝑏 (
𝜕𝑧
𝜕𝑏
) = −𝜅𝜕𝑏
𝜕𝑧
𝜕𝒔
𝜕𝑏
= −𝜅𝜕𝒔
𝜕𝑧
, (13.168)
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where the third equality uses ∇𝑏𝑧 = 𝒔, the isopycnal slope. The final result is not quite the same
as (13.143), because the diffusivity is now outside the 𝑧-derivative. It is a subtle but important
distinction, because it means that if 𝜅 varies the vertical velocity can no longer be obtained easily
as a local function. That is to say, given (13.168), we no longer have �̃� = ∇𝑧 ⋅ 𝜅𝒔 as in (13.143).
Rather, �̃� must be evaluated by a non-local integration of the mass conservation requirement, so
that

�̃� = ∫∇𝑧 ⋅ (𝜅
𝜕𝒔
𝜕𝑧
) d𝑧. (13.169)

This result should not be disconcerting from a physical standpoint, because the baroclinic activ-
ity of eddies certainly involves vertical communication — recall the tendency toward barotropic
flow in baroclinic lifecycles. From a computational standpoint, it is a little less convenient. A less
satisfactory feature of thickness diffusion arises when the ocean floor is not flat; a strict thickness
diffusion might then increase the slope of the isopycnals and increase the available potential en-
ergy, which would be an unwanted effect. Nevertheless, overall the GM scheme is evidently similar
to a thickness diffusion.

13.8.3††† Potential Vorticity Diffusion
From a more fundamental perspective, potential vorticity, 𝑄, is a better candidate for diffusion
than thickness because it is a materially conserved quantity.15 It is not the only variable that is
materially conserved — potential temperature is also. However, potential temperature is advected
by the three-dimensional velocity field and the vertical advection complicates matters, since any
diffusion tensor certainly cannot be isotropic and is probably not symmetric. On the other hand,
in isentropic coordinates the adiabatic potential vorticity advection occurs in the isentropic plane
(and in quasi-geostrophic flow the advection is purely horizontal). Thus, only the two-dimensional
diffusion need be considered, and the diffusion tensor will be much simplified. Near the upper
and lower boundaries buoyancy may still be the appropriate field to diffuse, because 𝑤 = 0 and
buoyancy is conserved on parcels when advected by the horizontal flow. Horizontal diffusion of
buoyancy is not an adiabatic parameterization, but diabatic effects do occur at the surface. These
considerations suggest that downgradient potential vorticity diffusion on isentropic surfaces in the
fluid interior, combined with downgradient buoyancy diffusion at the upper and lower boundaries,
may be as rational a parameterization of eddy transfer effects as any simple diffusion scheme can
be.

Actually implementing a potential vorticity diffusion in the equations of motion is not easily
done, because when the equations of motion are written in conventional form the potential vor-
ticity flux does not directly appear. Furthermore, if potential vorticity is diffused with a constant
diffusivity, momentum is not conserved. The resolution of issues remains research task, and below
we just make a couple of remarks.

Connection to thickness diffusion
Potential vorticity diffusion is closely connected to thickness diffusion, especially in an oceanic
setting in which the scales of motion are much larger than the deformation radius and fluxes of rel-
ative vorticity are relatively unimportant. To see this, consider the expression for potential vorticity
in isentropic coordinates, namely

𝑄 = 𝑓 + 𝜁
𝜎
≈ 𝑓
𝜎
, (13.170)

where the second expression holds under planetary-geostrophic scaling. The eddy flux of potential
vorticity is then

𝒖′𝑄′ ≈ − 𝑓
𝜎2
𝒖′𝜎′, (13.171)
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which is similar to thickness flux, and using (13.158) and (13.171) gives the bolus velocity

𝒖 = 1
𝜎
𝒖′𝜎′ ≈ −𝜎

𝑓
𝒖′𝑄′. (13.172)

Now, the gradient of potential vorticity is approximately given by

∇𝑏𝑄 =
1
𝜎
∇𝑏𝑓 −
𝑓
𝜎2
∇𝑏𝜎 =
𝛽
𝜎
𝐣 − 𝑓
𝜎2
∇𝑏𝜎, (13.173)

so that potential vorticity diffusion is then

𝒖′𝑄′ = −K∇𝑏𝑄 = −K(
𝛽
𝜎
𝐣 − 𝑓
𝜎2
∇𝑏𝜎) . (13.174)

Using this equation with (13.172) gives the bolus velocity

𝒖 = K(𝛽
𝑓
𝐣 − 1
𝜎
∇𝑏𝜎) . (13.175)

This differs from (13.166) mainly in the existence of the term involving 𝛽 on the right-hand side.
The expression is singular at the equator, a consequence of ignoring the relative vorticity term in
the expression for potential vorticity.

Other recipes for diffusing potential vorticity are possible, but it may fairly be said that, al-
though potential vorticity diffusion has considerable theoretical appeal, no implementation in
a comprehensive ocean model has shown practical advantages over simpler GM or thickness-
diffusing schemes.

Using the transformed Eulerian mean
A natural framework to discuss how eddy fluxes interact with themean flow is the transformed Eu-
lerianmean (tem), discussed inChapter 10., and that frameworkmay also be useful for the eddy pa-
rameterization problem, especially in idealized settings. The connection is not unexpected, given
the connection between the residual velocity and the thickness-weighted mean velocity demon-
strated in Section 10.3.3. We’ll illustrate the use with a simple example.

Recall the tem form of quasi-geostrophic zonally averaged momentum and thermodynamic
equation,

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ = 𝑣′𝑞′, (13.176a)

𝜕𝑏
𝜕𝑡
+ 𝑁2𝑤∗ = 0, (13.176b)

with no forcing or dissipation terms for simplicity. The eddy flux terms now explicitly appear only
in the momentum equations, and the eddy flux on the right-hand side of (13.176a) is the potential
vorticity flux. A potential vorticity flux parameterization is thus both natural and adiabatic. Hav-
ing said that, the advecting velocities are the residual velocities, so that if the Eulerian velocity is
required one must pass from 𝑣∗ to 𝑣 using an eddy-flux parameterization. Similar considerations
apply to using the tem in the primitive equations, but oncemore our reach has exceeded our grasp,
and this is where the chapter stops.
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Notes
1 A significant fraction of the theory of turbulent diffusion stems from G. I. (Geoffrey Ingram) Taylor

(1886–1975), who made important contributions to both fluid and solid mechanics, in the former
to meteorology, oceanography and aerodynamics. In addition to his work in turbulence, Taylor is
known for his work on the theory of rotating fluids (the ‘Taylor–Proudman’ effect, for example)
and on hydrodynamic stability (analysis of stability of Couette flow, for example), and for his clear
and simple laboratory experiments. The main results of this section were first derived by Taylor
(1921a). Ludwig Prandtl (1875–1953) was the other great pioneer of turbulent diffusion; he is also
famous for his work in boundary-layer theory and aerodynamics.

2 A number of textbooks in both fluid dynamics and stochastic processes give more detail on this
topic. Gardiner (1985) is one.

3 See also Monin & Yaglom (1971).

4 The way variables are changed between (13.31) and (13.32) could also have been used to derive
(13.20), but in that case a simpler transformation sufficed.

5 This topic was first addressed empirically by Richardson (1926), although it was Obukhov (1941)
who first theoretically obtained the ‘4/3 power law’ describing how the eddy diffusivity varies with
separation for parcels in the inertial range. Our treatment takes advantage of Kolmogorov scaling.

6 This figure and Fig. 13.4 were kindly provided by Joe LaCasce; see LaCasce & Ohlmann (2003).

7 In the open ocean, Ollitrault et al. (2005) do find float separation that increases with 𝑡3, consistent
with a −5/3 inverse cascade range.

8 Morel & Larcheveque (1974) and Er-El & Peskin (1981). Earlier dispersion calculations were made
by Richardson (1926) who measured smoke spreading from chimneys, finding results that are con-
sistent with a three-dimensional energy inertial range at small scales.

9 Turbulent diffusion is both widely used and widely criticized. If there is a scale-separation between
awell-definedmean flow and the eddies then turbulent diffusion can be a very useful parameteriza-
tion. However, this condition is often not satisfied, because it is unusual in fluid mechanics for the
turbulent eddies to be significantly smaller than the mean flow. Baroclinic turbulence is something
of an exception because there is a natural scale of the turbulence — the deformation radius — that
is in general different from the scale of the mean flow, although even this scale separation may be
lost if there is an inverse cascade or if the deformation scale is sufficiently large, as in the Earth’s
atmosphere. Furthermore, properly choosing what variable is to be diffused, and ensuring that
various fluid conservation properties remain respected by the diffusion, remain difficult problems.

10 If 𝑆𝑖𝑗 and 𝐴𝑖𝑗 are symmetric and antisymmetric tensors respectively, then, summing over repeated
indices, their contraction is 𝐴𝑖𝑗𝑆𝑖𝑗 = −𝐴𝑗𝑖𝑆𝑖𝑗 = −𝐴𝑗𝑖𝑆𝑗𝑖 = −𝐴𝑖𝑗𝑆𝑖𝑗, where the last equality follows
because the indices are dummy. Thus, the contraction must equal zero.

11 Green (1970) and Stone (1972), in the context of the meridional transport of heat in the Earth’s
atmosphere, suggested that the magnitude of the turbulent diffusivity coefficients could be ob-
tained by dynamical arguments using such things as baroclinic instability theory and the amount
of available potential energy in the atmosphere, although their suggestions differ in such important
details as the eddy mixing length. Other efforts have drawn on geostrophic turbulence theory, for
example Larichev & Held (1995) and Smith & Vallis (2002).

12 Ollitrault et al. (2005).

13 Green (1970).

14 The Gent–McWilliams (GM) scheme originated in Gent & McWilliams (1990) and was much clari-
fied by Gent et al. (1995). Previously, Plumb (1979) and Moffatt (1983) had noted the connection
between symmetric and antisymmetric diffusivities and diffusive and advective fluxes, and Griffies
(1998) explicitly showed how the GM bolus velocities are related to a skew flux and can be calcu-
lated using an antisymmetric diffusivity tensor, which led to notable improvements in the scheme.
See McDougall (1998) and (Griffies 2004) for reviews andmore discussion. Visbeck et al. (1997) sug-
gested that the values of eddy diffusivities in the GM scheme might be determined by dynamical
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arguments similar to those of Green (1970) and Stone (1972). In spite of themanifest imperfections
of the GM scheme, to date (2017) no commonly implemented scheme has proven to be better, in
practice, for ocean climate models.

15 Potential vorticity diffusion was suggested by Green (1970) as a parameterization for large-scale
eddies in the atmosphere, and further explored and used in ocean contexts by Welander (1973),
Marshall (1981), Rhines & Young (1982a), Tréguier et al. (1997), Greatbatch (1998) and others. Lee
et al. (1997), Marshall et al. (1999), Drijfhout & Hazeleger (2001), and others, have explored numer-
ically whether the eddy transfer of tracers in the ocean is in fact diffusive, and whether potential
vorticity or thickness is a better quantity to diffuse. For other examples and methodologies see, for
example, Killworth (1997), Smith & Vallis (2002), Ferrari et al. (2010) or Marshall et al. (2012).



Part III

LARGE-SCALE ATMOSPHERIC
CIRCULATION





Blow the wind southerly, southerly, southerly,
Blow the wind south o’er the bonny blue sea;
Blow the wind southerly, southerly, southerly,
Blow bonnie breeze, my lover to me.
Traditional English folk song, Blow the Wind Southerly, c. 1834.

CHAPTER 14

The Overturning Circulation:
Hadley and Ferrel Cells

The large-scale circulation of the atmosphere is normally taken to mean the flow on
scales of the weather— several hundred or a thousand kilometres, say— to the global scale.
The general circulation is virtually synonymous with the large-scale circulation, although

the former is sometimes taken to be the time- or ensemble-averaged flow. Our goal in this and
the next few chapters is understand this circulation and other properties of the atmosphere that
accompany it — the temperature and moisture fields, for example. We might hope to answer the
simple question, why do the winds blow as they do? In this chapter we focus on the dynamics of
the Hadley Cell and, rather descriptively, on the mid-latitude overturning cell or the Ferrel Cell,
moving to a more dynamical view of the extratropical zonally averaged circulation in Chapter 15.

The atmosphere is a terribly complex system, and we cannot hope to fully explain its motion
as the analytic solution to a small set of equations. Rather, a full understanding of the atmosphere
requires describing it in a consistent way on many levels simultaneously. One of these levels in-
volves simulating the flow by numerically solving the governing equations of motion as completely
as possible by using a comprehensive General Circulation Model (gcm). Such a simulation brings
problems sof its own, for example understanding the simulation itself and discerning whether it is
a good representation of reality, and so we shall concentrate on simpler, more conceptual models
and the basic theory of the circulation. We begin this chapter with a brief observational overview of
some of the large-scale features of the atmosphere, concentrating on the zonally-averaged fields.1

14.1 BASIC FEATURES OF THE ATMOSPHERE
14.1.1 The Radiative Equilibrium Distribution
Agross but informativemeasure characterizing the atmosphere, and the effects that dynamics have
on it, is the pole-to-equator temperature distribution. The radiative equilibrium temperature is the
hypothetical, three-dimensional, temperature field that would obtain if there were no atmospheric
or oceanic motion, given the composition and radiative properties of the atmosphere and surface.
The field is a function of the incoming solar radiation and the atmospheric composition, and its
determination entails a complicated calculation, especially as the radiative properties of the atmo-
sphere depend heavily on the amount of water vapour and cloudiness it contains. (The distribution
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Fig. 14.1 (a) The (approximate) observed net average incoming solar radiation and outgoing in-
frared radiation at the top of the atmosphere, as a function of latitude (plotted on a sine scale).
(b) The temperatures associated with these fluxes, calculated using 𝑇 = (𝑅/𝜎)1/4, where 𝑅 is the so-
lar flux for the radiative equilibrium temperature and where 𝑅 is the infrared flux for the effective
emitting temperature. Thus, the solid line is an approximate radiative equilibrium temperature

of absorbers is usually taken to be that which obtains in the observed, moving, atmosphere, in or-
der that the differences between the calculated radiative equilibrium temperature and the observed
temperature are due to fluid motion.)

A much simpler calculation that illustrates the essence of the situation is to first note that at the
top of the atmosphere the globally averaged incoming solar radiation is balanced by the outgoing
infrared radiation. If there is no lateral transport of energy in the atmosphere or ocean then at
each latitude the incoming solar radiation will be balanced by the outgoing infrared radiation, and
if we parameterize the latter using a single latitudinally-dependent temperature we will obtain a
crude radiative-equilibrium temperature (the ‘radiative emitting temperature’) for the atmospheric
column at each latitude. Specifically, a black body subject to a net incoming radiation of 𝑆 (watts
per square metre) has a radiative-equilibrium temperature 𝑇rad given by 𝜎𝑇4rad = 𝑆, this being
Stefan’s law with Stefan–Boltzmann constant 𝜎 = 5.67 × 10−8Wm−2 K−4. Thus, for the Earth, we
have, at each latitude,

𝜎𝑇4rad = 𝑆(𝜗)(1 − 𝛼), (14.1)

where 𝛼 is the albedo of the Earth and 𝑆(𝜗) is the incoming solar radiation at the top of the atmo-
sphere, and its solution is shown in Fig. 14.1. The solid lines in the two panels show the net solar
radiation and the solution to (14.1), 𝑇rad; the dashed lines show the observed outgoing infrared
radiative flux, 𝐼, and the effective emitting temperature associated with it, (𝐼/𝜎)1/4. The emitting
temperature does not quantitatively characterize that temperature at the Earth’s surface, nor at
any single level in the atmosphere, because the atmosphere is not a black body and the outgoing
radiation originates from multiple levels. Nevertheless, the qualitative point is evident: the radia-
tive equilibrium temperature has a much stronger pole-to-equator gradient than does the effective
emitting temperature, indicating that there is a poleward transport of heat in the atmosphere–
ocean system. More detailed calculations indicate that the atmosphere is further from its radiative
equilibrium in winter than summer, indicating a larger heat transport. The transport occurs be-
cause poleward moving air tends to have a higher static energy (𝑐𝑝𝑇 + 𝑔𝑧 for dry air; in addition
there is some energy transport associated with water vapour evaporation and condensation) than
the equatorward moving air, most of this movement being associated with the large-scale circula-
tion. The radiative forcing thus seeks to maintain a pole-to-equator temperature gradient, and the
ensuing circulation seeks to reduce this gradient.
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Fig. 14.2 (a) Annual mean,
zonally-averaged zonal wind (heavy
contours and shading) and the
zonally-averaged temperature (red,
thinner contours).
(b) Annual mean, zonally averaged
zonal winds at the surface.
(c) and (d) Same as (a) and (b),
except for northern hemisphere
winter (December–January–
February, or DJF).
The wind contours are at inter-
vals of 5m s−1 with shading for
eastward winds above 20m s−1

and for all westward winds, and
the temperature contours are
labelled. The ordinate of (a) and
(c) is Z = −𝐻 log(𝑝/𝑝𝑅), where
𝐻 = 7.5 km and 𝑝𝑅 =100 hPa.

14.1.2 Observed Wind and Temperature Fields

The observed zonally-averaged temperature and zonal wind fields are illustrated in Fig. 14.2. The
vertical coordinate is log pressure, multiplied by a constant factor 𝐻 = 𝑅𝑇0/𝑔 = 7.5km, so
that the ordinate is similar to height in kilometres. (In an isothermal hydrostatic atmosphere
(𝑅𝑇0/𝑔)d ln𝑝 = − d𝑧, and the value of 𝐻 chosen corresponds to 𝑇0 = 256K.) To a good ap-
proximation temperature and zonal wind are related by thermal wind balance, which in pressure
coordinates is

𝑓𝜕𝑢
𝜕𝑝
= 𝑅
𝑝
𝜕𝑇
𝜕𝑦
. (14.2)

In the lowest several kilometres of the atmosphere temperature falls almost monotonically with
latitude and height, and this region is called the troposphere (look ahead to Fig. 15.25). The tem-
perature in the lower troposphere in fact varies more rapidly with latitude than does the effective
emitting temperature, 𝑇𝐸, the latter being more characteristic of the temperature in the mid-to-
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Fig. 14.3 The observed meridional
overturning circulation (moc) of the
atmosphere ( kg s−1) averaged over
December–January–February. Note
the direct Hadley Cells, particularly
strong in winter (HW and HS, in winter
and summer respectively) with rising
motion near the equator, descending
motion in the subtropics, and the
weaker, indirect, Ferrel Cells (FW and FS)
at mid-latitudes. Latitude
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upper troposphere. The meridional temperature gradient is much larger in winter than summer,
because in winter high latitudes receive virtually no direct heating from the Sun. The gradient is
also strongest at the edge of the subtropics, and here it is associated with a zonal jet, particularly
strong in winter. There is no need to ‘drive’ this wind with any kind of convergent momentum
fluxes: given the temperature, the flow is a consequence of thermal wind balance, and to the ex-
tent that the upper troposphere is relatively frictionless there is no need to maintain it against
dissipation. Of course just as the radiative-equilibrium temperature gradient is much larger than
that observed, so the zonal wind shear associated with it is much larger than that observed. Thus,
the overall effect of the atmospheric and oceanic circulation, and in particular of the turbulent
circulation of the mid-latitude atmosphere, is to reduce the amplitude of the vertical shear of the
eastward flow by way of a poleward heat transport. Observations indicate that about two-thirds
of this transport is effected by the atmosphere, and about a third by the ocean, rather more in low
latitudes.2

Above the troposphere is the stratosphere, and here temperature typically increases with height.
The boundary between the two regions is called the tropopause, and this varies in height from
about 16 km in the tropics to about 8 km in polar regions. We consider the maintenance of this
stratification in Section 15.5.

The surface winds typically have, going from the equator to the pole, an E–W–E (easterly–
westerly–easterly) pattern, although the polar easterlies are weak and barely present in the North-
ern Hemisphere. (Meteorologists use ‘westerly’ to denote winds from the west, that is eastward
winds; similarly ‘easterlies’ are westward winds.) In a given hemisphere, the surface winds are
stronger in winter than summer, and they are also consistently stronger in the Southern Hemi-
sphere than in the NorthernHemisphere, because in the former the surface drag is weaker because
of the relative lack of continental landmasses and topography. The surface winds are not explained
by thermal wind balance. Indeed, unlike the upper level winds, they must be maintained against
the dissipating effects of friction, and this implies a momentum convergence into regions of sur-
face westerlies and a divergence into regions of surface easterlies. Typically, the maxima in the
eastward surface winds are in mid-latitudes and somewhat poleward of the subtropical maxima
in the upper-level westerlies and at latitudes where the zonal flow is a little more constant with
height. The mechanisms of the momentum transport in the mid-latitudes and the maintenance of
the surface westerly winds are the topics of section 15.1.

14.1.3 Meridional Overturning Circulation

The observed (Eulerian) zonally-averaged meridional overturning circulation (moc) is shown in
Fig. 14.3. The figure shows a streamfunction,𝛹 for the vertical and meridional velocities such that,
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Some Features of the Large-scale Atmospheric Circulation

From Figures 14.1–14.3 we see or infer the following:
1. A pole–equator temperature gradient that is much smaller than the radiative

equilibrium gradient.

2. A troposphere, in which temperature generally falls with height, above which
lies the stratosphere, in which temperature increases with height. The two re-
gions are separated by a tropopause, which varies in height from about 16 km
at the equator to about 6 km at the pole.

3. A monotonically decreasing temperature from equator to pole in the tropo-
sphere, but a weakening and sometimes reversal of this above the tropopause.

4. A westerly (i.e., eastward) tropospheric jet. The time and zonally-averaged
jet is a maximum at the edge or just poleward of the subtropics, where it is
associated with a strong meridional temperature gradient. In mid-latitudes
the jet has a stronger barotropic component.

5. An E–W–E (easterlies–westerlies–easterlies) surface wind distribution. The
latitude of the maximum in the surface westerlies is in mid-latitudes, where
the zonally-averaged flow is more barotropic. The surface easterlies at high
latitudes are very weak and seasonal, barely showing on an annual average.

in the pressure coordinates used in the figure,

𝜕𝛹
𝜕𝑦
= −𝜔, 𝜕𝛹

𝜕𝑝
= 𝑣, (14.3)

where the overbar indicates a zonal average. In each hemisphere there is rising motion near the
equator and sinking in the subtropics, and this circulation is known as theHadley Cell.3 TheHadley
Cell is a thermally direct cell (i.e., the warmer fluid rises, the colder fluid sinks), much stronger in
the winter hemisphere, and extends to about 25–30°. In mid-latitudes the sense of the overturning
circulation is apparently reversed, with rising motion in the high-mid-latitudes, at around 60° and
sinking in the subtropics, and this is known as the Ferrel Cell. However, as with most pictures of
averaged streamlines in unsteady flow, this gives a misleading impression as to the actual material
flow of parcels of air because of the presence of eddying motion, and we discuss this in the next
chapter. At low latitudes the circulation ismore nearly zonally symmetric and the picture does give
a qualitatively correct representation of the actual flow. At high latitudes there is again a thermally
direct cell (although it is weak and not always present), and thus the atmosphere is often referred
to as having a three-celled structure.

14.1.4 Summary
Some of the main features of the zonally-averaged circulation are summarized in the shaded box
above. We emphasize that the zonally-averaged circulation is not synonymous with a zonally sym-
metric circulation, and the mid-latitude circulation is highly asymmetric. Any model of the mid-
latitudes that did not take into account the zonal asymmetries in the circulation — of which the
weather is the main manifestation — would be seriously in error. This was first explicitly real-
ized in the 1920s, and taking into account such asymmetries is the main task of the dynamical
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Fig. 14.4 A simple model of the Hadley
Cell. Rising air near the equator moves
poleward near the tropopause, descend-
ing in the subtropics and returning.
Thepolewardmoving air conserves its an-
gular momentum, leading to a shear of
the zonal wind that increases away from
the equator. By thermal wind the temper-
ature of the air falls as it moves poleward,
and to satisfy the thermodynamic budget
it sinks in the subtropics.
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meteorology of the mid-latitudes, and is the subject of the next chapter. The large-scale tropical
circulation of the atmosphere is to a much larger degree zonally symmetric, and although mon-
soonal circulations and the Walker circulation (a cell with rising air in the Western Pacific and
descending motion in the Eastern Pacific) are zonally asymmetric, they are relatively weaker than
typical mid-latitude weather systems. Indeed the boundary between the tropics and mid-latitude
may be usefully defined by the latitude at which such zonal asymmetries become dynamically im-
portant on the large scale and this boundary, at about 25°–30° on average, roughly coinciding with
the edge of the Hadley Cell. We begin our dynamical description with a study of the low-latitude
zonally symmetric atmospheric circulation.

14.2 A STEADY MODEL OF THE HADLEY CELL
Ceci n’est pas une pipe.
René Magritte. Title of painting, 1929.

14.2.1 Assumptions
Let us try to construct a zonally symmetricmodel of theHadleyCell, recognizing that such amodel
is likely applicable mainly to the tropical atmosphere, this being more zonally symmetric than the
mid-latitudes.4 We suppose that heating is maximum at the equator, and our intuitive picture,
drawing on the observed flow of Fig. 14.3, is of air rising at the equator and moving poleward at
some height𝐻, descending at some latitude 𝜗𝐻, and returning equatorward near the surface. We
will make three major assumptions:

(i) that the circulation is steady;
(ii) that the poleward moving air conserves its axial angular momentum, whereas the zonal flow

associated with the near-surface, equatorwardmoving flow is frictionally retarded andweak;
(iii) that the circulation is in thermal wind balance.

We also assume themodel is symmetric about the equator (an assumptionwe relax in Section 14.4).
These are all reasonable assumptions, but they cannot be rigorously justified; in other words, we are
constructing a model of the Hadley Cell, schematically illustrated in Fig. 14.4. The model defines
a limiting case — steady, inviscid, zonally-symmetric flow — that cannot be expected to describe
the atmosphere quantitatively, but that can be analysed fairly completely. Another limiting case, in
which eddies play a significant role, is described in Section 14.5. The real atmospheremay defy such
simple characterizations, but the two limiting cases provide useful benchmarks of understanding.
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14.2.2 Dynamics
We now try to determine the strength and poleward extent of the Hadley circulation in our steady
model. For simplicity we work with a Boussinesq atmosphere, but this is not an essential aspect.
We first derive the conditions under which conservation of angularmomentumwill hold, and then
determine the consequences of that.

The zonally-averaged zonal momentum equation may be easily derived from (2.50a) and/or
(2.62) and in the absence of friction it is

𝜕𝑢
𝜕𝑡
− (𝑓 + 𝜁)𝑣 + 𝑤𝜕𝑢

𝜕𝑧
= − 1
𝑎 cos2 𝜗

𝜕
𝜕𝜗
(cos2𝜗𝑢′𝑣′) − 𝜕𝑢

′𝑤′
𝜕𝑧
, (14.4)

where 𝜁 = −(𝑎 cos 𝜗)−1𝜕𝜗(𝑢 cos 𝜗) and the overbars represent zonal averages. If we neglect the
vertical advection and the eddy terms on the right-hand side, then a steady solution, if it exists,
obeys

(𝑓 + 𝜁)𝑣 = 0. (14.5)
Presuming that the meridional flow 𝑣 is non-zero (an issue we address in Section 14.2.8) then
𝑓 + 𝜁 = 0, or equivalently

2𝛺 sin 𝜗 = 1
𝑎
𝜕𝑢
𝜕𝜗
− 𝑢 tan 𝜗
𝑎
. (14.6)

At the equator we shall assume that 𝑢 = 0, because here parcels have risen from the surface where,
by assumption, the flow is weak. Equation (14.6) then has a solution of

𝑢 = 𝛺𝑎 sin
2𝜗

cos 𝜗
≡ 𝑈𝑀 . (14.7)

This gives the zonal velocity of the polewardmoving air in the upper branch of the (model) Hadley
Cell, above the frictional boundary layer. We can derive (14.7) directly from the conservation of
axial angular momentum, 𝑚, of a parcel of air at a latitude 𝜗. In the shallow atmosphere approxi-
mation we have (cf. (2.64) and equations following)

𝑚 = (𝑢 + 𝛺𝑎 cos 𝜗)𝑎 cos 𝜗, (14.8)

and if 𝑢 = 0 at 𝜗 = 0 and if𝑚 is conserved on a poleward moving parcel, then (14.8) leads to (14.7).
It also may be directly checked that

𝑓 + 𝜁 = − 1
𝑎2 cos 𝜗

𝜕𝑚
𝜕𝜗
. (14.9)

We have thus shown that, if eddy fluxes and frictional effects are negligible, the poleward flow
will conserve its angular momentum, the result of which, by (14.7), is that the magnitude of the
zonal flow in the Earth’s rotating frame will increase with latitude (see Fig. 14.5). (Also, given
the absence of eddies our model is zonally symmetric and we shall drop the overbars over the
variables.)

If (14.7) gives the zonal velocity in the upper branch of the Hadley Cell, and that in the lower
branch is close to zero, then the thermal wind equation can be used to infer the vertically averaged
temperature. Although the geostrophic wind relation is not valid at the equator (a more accurate
balance is the gradient wind balance, 𝑓𝑢 + 𝑢2 tan 𝜗/𝑎 = −𝑎−1𝜕𝜙/𝜕𝜗) the zonal wind is in fact
geostrophically balanced until very close to the equator, and at the equator itself the horizontal
temperature gradient in our model vanishes, because of the assumed interhemispheric symmetry.
Thus, conventional thermal wind balance suffices for our purposes, and this is

2𝛺 sin 𝜗𝜕𝑢
𝜕𝑧
= −1
𝑎
𝜕𝑏
𝜕𝜗
, (14.10)
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Fig. 14.5 If a ring of air at the equator moves poleward it
moves closer to the axis of rotation. If the parcels in the ring
conserve their angular momentum their zonal velocity must
increase; thus, if 𝑚 = (𝑢 + 𝛺𝑎 cos 𝜗)𝑎 cos 𝜗 is preserved and
𝑢 = 0 at 𝜗 = 0 we recover (14.7).

Axis of rotation

where 𝑏 = 𝑔 𝛿𝜃/𝜃0 is the buoyancy and 𝛿𝜃 is the deviation of potential temperature from a constant
reference value 𝜃0. (Be reminded that 𝜃 is potential temperature, whereas 𝜗 is latitude.) Vertically
integrating from the ground to the height𝐻 where the outflow occurs and substituting (14.7) for
𝑢 yields

1
𝑎𝜃0
𝜕𝜃
𝜕𝜗
= −2𝛺

2𝑎
𝑔𝐻

sin3𝜗
cos 𝜗
, (14.11)

where 𝜃 = 𝐻−1 ∫𝐻0 𝛿𝜃d𝑧 is the vertically averaged potential temperature. If the latitudinal extent
of the Hadley Cell is not too great we can make the small-angle approximation, and replace sin 𝜗
by 𝜗 and cos 𝜗 by one, then integrating (14.11) gives

𝜃 = 𝜃(0) − 𝜃0𝛺
2𝑦4
2𝑔𝐻𝑎2
, (14.12)

where 𝑦 = 𝑎𝜗 and 𝜃(0) is the potential temperature at the equator, as yet unknown. Away from
the equator, the zonal velocity given by (14.7) increases rapidly poleward and the temperature
correspondingly drops. How far poleward is this solution valid? And what determines the value
of the integration constant 𝜃(0)? To answer these questions we turn to thermodynamics.

14.2.3 Thermodynamics
In the above discussion, the temperature field is slaved to the momentum field in that it seems to
follow passively from the dynamics of themomentum equation. Nevertheless, the thermodynamic
equation must still be satisfied. Let us assume that the thermodynamic forcing can be represented
by a Newtonian cooling to some specified radiative equilibrium temperature, 𝜃𝐸; this is a severe
simplification, especially in equatorial regions where the release of heat by condensation is impor-
tant. The thermodynamic equation is then

D𝜃
D𝑡
= 𝜃𝐸 − 𝜃
𝜏
, (14.13)

where 𝜏 is a relaxation time scale, perhaps a few weeks. Let us suppose that 𝜃𝐸 falls monotonically
from the equator to the pole, and that it increases linearly with height, and a simple representation
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of this is
𝜃𝐸(𝜗, 𝑧)
𝜃0
= 1 − 2
3
𝛥𝐻𝑃2(sin 𝜗) + 𝛥𝑉 (

𝑧
𝐻
− 1
2
) , (14.14)

where 𝛥𝐻 and 𝛥𝑉 are nondimensional constants that determine the fractional temperature differ-
ence between the equator and the pole, and the ground and the top of the fluid, respectively. 𝑃2
is the second Legendre polynomial, and it is usually the leading term in the Taylor expansion of
symmetric functions (symmetric around the equator) that decrease from pole to equator; it also
integrates to zero over the sphere. 𝑃2(𝑦) = (3𝑦2 − 1)/2, so that in the small-angle approximation
and at 𝑧 = 𝐻/2, or for the vertically averaged field, we have

𝜃𝐸
𝜃0
= 1 + 1
3
𝛥𝐻 − 𝛥𝐻 (

𝑦
𝑎
)
2

or 𝜃𝐸 = 𝜃𝐸0 − 𝛥𝜃(
𝑦
𝑎
)
2
, (14.15a,b)

where 𝜃𝐸0 is the equilibrium temperature at the equator, 𝛥𝜃 determines the equator–pole radiative-
equilibrium temperature difference, and

𝜃𝐸0 = 𝜃0(1 + 𝛥𝐻/3), 𝛥𝜃 = 𝜃0𝛥𝐻. (14.16)

Now, let us suppose that the solution (14.12) is valid between the equator and a latitude 𝜗𝐻
where 𝑣 = 0, so that within this region the system is essentially closed. Conservation of potential
temperature then requires that the solution (14.12) must satisfy

∫
𝑌𝐻

0
𝜃d𝑦 = ∫

𝑌𝐻

0
𝜃𝐸 d𝑦, (14.17)

where𝑌𝐻 = 𝑎𝜗𝐻 is as yet undetermined. Poleward of this, the solution is just 𝜃 = 𝜃𝐸. Now, wemay
demand that the solution be continuous at 𝑦 = 𝑌𝐻 (without temperature continuity the thermal
wind would be infinite) and so

𝜃(𝑌𝐻) = 𝜃𝐸(𝑌𝐻). (14.18)
The constraints (14.17) and (14.18) determine the values of the unknowns 𝜃(0) and 𝑌𝐻. A little
algebra gives

𝑌𝐻 = (
5𝛥𝜃𝑔𝐻
3𝛺2𝜃0
)
1/2
, (14.19)

and
𝜃(0) = 𝜃𝐸0 − (

5𝛥𝜃2𝑔𝐻
18𝑎2𝛺2𝜃0

) . (14.20)

A useful nondimensional number that parameterizes these solutions is

𝑅 ≡ 𝑔𝐻𝛥𝜃
𝜃0𝛺2𝑎2

= 𝑔𝐻𝛥𝐻
𝛺2𝑎2
, (14.21)

which is the square of the ratio of the speed of shallow water waves to the rotational velocity of the
Earth, multiplied by the fractional temperature difference from equator to pole. Typical values for
the Earth’s atmosphere are a little less than 0.1. In terms of 𝑅 we have

𝑌𝐻 = 𝑎 (
5
3
𝑅)
1/2
, 𝜃(0) = 𝜃𝐸0 − (

5
18
𝑅)𝛥𝜃. (14.22a,b)

The solution, (14.12) with 𝜃(0) given by (14.22b) is plotted in Fig. 14.6. Perhaps the single most
important aspect of the model is that it predicts that the Hadley Cell has a finitemeridional extent,
even for an atmosphere that is completely zonally symmetric. The baroclinic instability that does
occur inmid-latitudes is not necessary for the Hadley Cell to terminate in the subtropics, although
it may be an important factor, or even the determining factor, in the real world.
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Fig. 14.6 The radiative equilibrium temperature
(𝜃𝐸, dashed line) and the angular-momentum-
conserving solution (𝜃𝑀, solid line) as a function of
latitude. The two dotted regions have equal areas.
The parameters are: 𝜃𝐸𝑂 = 303K, 𝛥𝜃 = 50K, 𝜃0 =
300K, 𝛺 = 7.272 × 10−5 s−1, 𝑔 = 9.81ms−2, 𝐻 =
10 km. These give 𝑅 = 0.076 and 𝑌𝐻/𝑎 = 0.356,
corresponding to 𝜗𝐻 = 20.4°.

14.2.4 Zonal Wind
The angular-momentum-conserving zonal wind is given by (14.7), which in the small-angle ap-
proximation becomes

𝑈𝑀 = 𝛺
𝑦2
𝑎
. (14.23)

This relation holds for 𝑦 < 𝑌𝐻. The zonal wind corresponding to the radiative-equilibrium solu-
tion is given using thermal wind balance and (14.15b), which leads to

𝑈𝐸 = 𝛺𝑎𝑅. (14.24)

That the radiative-equilibrium zonal wind is a constant follows from our choice of the second Leg-
endre function for the radiative equilibrium temperature and is not a fundamental result; nonethe-
less, for most reasonable choices of 𝜃𝐸 the corresponding zonal wind will vary much less than the
angular-momentum-conserving wind (14.23). The winds are illustrated in Fig. 14.7. There is a
discontinuity in the zonal wind at the edge of the Hadley Cell, and of the meridional temperature
gradient, but not of the temperature itself.

14.2.5 Properties of the Solution
From (14.22) we can see that the model predicts that the latitudinal extent of the Hadley Cell is:
• proportional to the square root of themeridional radiative equilibrium temperature gradient:

the stronger the gradient, the farther the circulation must extend to achieve thermodynamic
balance via the equal-area construction in Fig. 14.6;
• proportional to the square root of the height of the outward flowing branch: the higher the

outward flowing branch, the weaker the ensuing temperature gradient of the solution (via
thermal wind balance), and so the further poleward the circulation must go;
• inversely proportional to the rotation rate𝛺: the stronger the rotation rate, the stronger the

angular-momentum-conserving wind, the stronger the ensuing temperature gradient and
so the more compact the circulation.

These precise dependencies on particular powers of parameters are not especially significant in
themselves, nor are they robust to changes in parameters. For example, were we to choose a merid-
ional distribution of radiative equilibrium temperature different from (14.14) we might find differ-
ent exponents in some of the solutions, although we would expect the same qualitative dependen-
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Fig. 14.7 The zonal wind corresponding to the
radiative equilibrium temperature (𝑈𝐸,) and the
angular-momentum-conserving solution (𝑈𝑀) as
a function of latitude, given (14.23) and (14.24) re-
spectively.
The parameters are the same as those of Fig. 14.6,
and the radiative equilibrium wind, 𝑈𝐸 is a con-
stant, 𝛺𝑎𝑅. The actual zonal wind (in the model)
follows the thick solid line: 𝑢 = 𝑈𝑚 for 𝜗 < 𝜗𝐻 (𝑦 <
𝑌𝐻), and 𝑢 = 𝑈𝐸 for 𝜗 > 𝜗𝐻 (𝑦 > 𝑌𝐻).

cies. However, the dependencies do provide predictions thatmay be testedwith a numericalmodel.
Also, as we have already noted, a key property of the model is that it predicts that the Hadley Cell
has a finite meridional extent, even in the absence of mid-latitude baroclinic instability.

Another interesting property of the solutions is a discontinuity in the zonal wind. For tropical
latitudes (i.e., 𝑦 < 𝑌𝐻), then 𝑢 = 𝑈𝑀 (the constant angular momentum solution), whereas for
𝑦 > 𝑌𝐻, 𝑢 = 𝑈𝐸 (the thermal wind associated with radiative equilibrium temperature 𝜃𝐸). There is
therefore a discontinuity of 𝑢 at 𝑦 = 𝑌𝐻, because 𝑢 is related to the meridional gradient of 𝜃which
changes discontinuously, even though 𝜃 itself is continuous. No such discontinuity is observed in
the real world, although one may observe a baroclinic jet at the edge of the Hadley Cell.

14.2.6 Strength of the Circulation

We canmake an estimate of the strength of theHadley Cell by consideration of the thermodynamic
equation at the equator, namely

𝑤𝜕𝜃
𝜕𝑧
≈ 𝜃𝐸0 − 𝜃
𝜏
, (14.25)

this being a balance between adiabatic cooling and radiative heating. If the static stability is deter-
mined largely by the forcing, and not by the meridional circulation itself, then 𝜃−10 𝜕𝜃/𝜕𝑧 ≈ 𝛥𝑉/𝐻,
and (14.25) gives

𝑤 ≈ 𝐻
𝜃0𝛥𝑉
𝜃𝐸0 − 𝜃
𝜏
. (14.26)

Thus, the strength of the circulation is proportional to the distance of the solution from the radia-
tive equilibrium temperature. The right-hand side of (14.25) can be evaluated from the solution
itself, and from (14.22b) we have

𝜃𝐸0 − 𝜃
𝜏
= 5𝑅𝛥𝜃
18𝜏
. (14.27)

The vertical velocity is then given by

𝑤 ≈ 5𝑅𝛥𝜃𝐻
18𝜏𝛥𝑉𝜃0

= 5𝑅𝛥𝐻𝐻
18𝜏𝛥𝑉
. (14.28)
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Using mass continuity we can transform this into an estimate for the meridional velocity. Thus, if
we let (𝑣/𝑌𝐻) ∼ (𝑤/𝐻) and use (14.22), we obtain

𝑣 ∼ 𝑅
3/2𝑎𝛥𝐻
𝜏𝛥𝑉
∝ 𝛥
5/2
𝐻
𝛥𝑉

and 𝛹 ∼ 𝑣𝐻 ∼ 𝑅
3/2𝑎𝐻𝛥𝐻
𝜏𝛥𝑉

∝ (𝛥𝜃)5/2, (14.29)

where𝛹 is the meridional overturning stream function𝛹, which evidently increases fairly rapidly
as the gradient of the radiative equilibrium temperature increases. The characteristic overturning
time of the circulation, 𝜏𝑑 is then

𝜏𝑑 =
𝐻
𝑤
∼ 𝜏𝛥𝑉
𝑅𝛥𝐻
. (14.30)

We require 𝜏𝑑/𝜏 ≫ 1 for the effects of the circulation on the static stability to be small and therefore
𝛥𝑉/(𝑅𝛥𝐻) ≫ 1, or equivalently, using (14.16),

𝜃0𝛥𝑉 ≫ 𝑅(𝜃𝐸0 − 𝜃0). (14.31)

If instead 𝜏 ≫ 𝜏𝑑, then the potential temperature would be nearly conserved as a parcel ascended
in the rising branch of the Hadley Cell, and the static stability would be nearly neutral.

14.2.7††† Effects of Moisture
Suppose now that moisture is present, but that the Hadley Cell remains a self-contained system;
that is, it neither imports nor exportsmoisture. We envision that water vapour joins the circulation
by way of evaporation from a saturated surface into the equatorward, lower branch of the Hadley
Cell, and that this water vapour then condenses in and near the upward branch of the cell. The
latent heat released by condensation is exactly equal to the heat required to evaporate moisture
from the surface, and no heat is lost or gained to the system. However, the heating distribution is
changed from the dry case, becoming a strong function of the solution itself and likely to have a
sharp maximum near the equator. Even if we were to try to parameterize the latent heat release by
simply choosing a flow dependent radiative equilibrium temperature, the resulting problemwould
still be quite nonlinear and a general analytic solution seems out of our reach.5

Nevertheless, we may see quite easily the qualitative features of moisture, at least within the
context of this model. The meridional distribution of temperature is still given by way of thermal
wind balance with an angular-momentum-conserving zonal wind, and so is still given by (14.12).
We may also assume that the meridional extent of the Hadley Cell is unaltered; that is, a solution
exists with circulation confined to 𝜗 < 𝜗𝐻 (although it may not be the unique solution). Then, if
𝜃∗𝐸 is the effective radiative equilibrium temperature of the moist solution, we have that 𝜃∗𝐸(𝑌𝐻) =
𝜃𝐸(𝑌𝐻) and, in the small-angle approximation,

∫
𝑌𝐻

0
𝜃d𝑦 = ∫

𝑌𝐻

0
𝜃∗𝐸 d𝑦 = ∫

𝑌𝐻

0
𝜃𝐸 d𝑦, (14.32)

where the first equality holds because it defines the solution, and the second equality holds because
moisture provides no net energy source. Because condensation will occur mainly in the upward
branch of the Hadley Cell, 𝜃∗𝐸 will be peaked near the equator, as sketched in Fig. 14.8. This con-
struction makes it clear that the main difference between the dry and moist solutions is that the
latter has a more intense overturning circulation, because, from (14.25), the circulation increases
with the temperature difference between the solution and the forcing temperature. Concomitantly,
our intuition suggests that the upward branch of the moist Hadley circulation will become much
narrower andmore intense than the downward branch because of the enhanced efficiency of moist
convection, and these expectations are generally confirmed by numerical integrations of the moist
equations of motion.
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Fig. 14.8 Schematic of the effects of mois-
ture on a model of the Hadley Cell. The tem-
perature of the solution (solid line) is the
same as that of a dry model, because this
is determined from the angular-momentum-
conservingwind. Theheating distribution (as
parameterized by a forcing temperature) is
peaked near the equator in the moist case,
leading to a more vigorous overturning circu-
lation.

14.2.8 The Radiative Equilibrium Solution
Instead of a solution given by (14.12), could the temperature not simply be in radiative equilibrium
everywhere? Such a state would have no meridional overturning circulation and the zonal velocity
would be determined by thermal wind balance; that is,

𝑣 = 0, 𝜃 = 𝜃𝐸, 𝑓
𝑢
𝐻
= −𝑔 𝜕
𝜕𝑦
(𝜃𝐸
𝜃0
) . (14.33)

To answer this question we consider the steady zonally symmetric zonal angular momentum equa-
tion with viscosity; that is, the zonally-averaged, viscous, steady, shallow atmosphere version of
(2.68), namely

1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(𝑣𝑚 cos 𝜗) + 𝜕(𝑚𝑤)

𝜕𝑧
= 𝜈
𝑎 cos 𝜗
𝜕
𝜕𝜗
(cos2 𝜗 𝜕
𝜕𝜗
𝑢

cos 𝜗
) + 𝜈𝑎 cos 𝜗𝜕

2𝑢
𝜕𝑧2
, (14.34)

where the variables vary only in the 𝜗–𝑧 plane. The viscous term on the right-hand side arises from
the expansion in spherical coordinates of the Laplacian. Note that it is angular velocity, not the
angular momentum, that is diffused, because there is no diffusion of the angular momentum due
to the Earth’s rotation. However, to a very good approximation, the viscous termwill be dominated
by vertical derivatives and we may then write (14.34) as

∇𝑥 ⋅ (𝒗𝑚) = 𝜈
𝜕2𝑚
𝜕𝑧2
. (14.35)

where ∇𝑥⋅ is the divergence in the meridional plane. The right-hand side now has a diffusive form,
and in Section 13.5.1 we showed that variables obeying equations like this can have no extrema
within the fluid. Thus, there can be no maximum or minimum of angular momentum in the
interior of the fluid, a result known as Hide’s theorem.6 In effect, diffusion always acts to smooth
away an isolated extremum, and this cannot be counterbalanced by advection. The result also
implies that there can be no interior extrema in a statistically steady state if there is any zonally
asymmetric eddy motion that transports angular momentum downgradient.

If the viscosity were so large that the viscous term was dominant in (14.34), and so with the
horizontal term now important, then the fluid would evolve toward a state of solid body rotation,



524 Chapter 14. The Overturning Circulation: Hadley and Ferrel Cells

this being the fluid state with no internal stresses. In that case, there would be a maximum of
angular momentum at the equator — a state of ‘super-rotation’. (Related mechanisms have been
proposed for the maintenance of super-rotation on Venus.7)

Returning now to the question posed at the head of this section, suppose that the radiative
equilibrium solution does hold. Then a radiative equilibrium temperature decreasing away from
the equatormore rapidly than the angular-momentum-conserving solution 𝜃𝑀 implies, using ther-
mal wind balance, a maximum of 𝑚 at the equator and above the surface, in violation of the no-
extremum principle. Of course, we have derived the angular-momentum-conserving solution in
the inviscid limit, in which the no-extrema principle does not apply. But any small viscosity will
make the radiative equilibrium solution completely invalid, but potentially have only a small effect
on the angular-momentum-conserving solution; that is, in the limit of small viscosity the angular-
momentum-conserving solution can conceivably hold approximately, at least in the absence of
boundary layers, whereas the radiative equilibrium solution cannot.

However, if the radiative equilibrium temperature varies more slowly with latitude than the
temperature corresponding to the angular momentum conserving solution then a radiative equi-
librium solution can obtain, without violating Hide’s theorem. In particular, this is the case if
𝜃𝐸 ∝ 𝑃4(sin 𝜗), where 𝑃4 is the fourth Legendre polynomial, and so the possibility exists of two
equilibrium solutions for the same forcing; however, 𝑃4 is an unrealistically flat radiative equilib-
rium temperature for the Earth’s atmosphere.

14.3 A SHALLOW WATER MODEL OF THE HADLEY CELL
Although expressed in the notation of the primitive equations, the model described above takes
no account of any vertical structure in its stratification and is, de facto, a shallow water model. (We
discuss how the primitive equations reduce to the shallowwater equations in Sections 3.4 and 18.7.)
Furthermore, the geometric aspects of sphericity play no essential role. Thus, wemay transparently
express the essence of the model by:
(i) explicitly using the shallow water equations instead of the stratified equations;
(ii) using the equatorial 𝛽-plane, with 𝑓 = 𝑓0 + 𝛽𝑦 and 𝑓0 = 0.

Let us therefore, if only as an exercise, construct a reduced-gravity model with an active upper
layer overlying a stationary lower layer.

14.3.1 Momentum Balance
The inviscid zonal momentum equation of the upper layer is

D𝑢
D𝑡
− 𝛽𝑦𝑣 = 0 (14.36)

or
D
D𝑡
(𝑢 − 𝛽𝑦

2

2
) = 0, (14.37)

which is the 𝛽-plane analogue of the conservation of axial angular momentum. (In this section, all
variables are zonally averaged, but we omit any notation denoting that.) From (14.37) we obtain
the zonal wind as a function of latitude,

𝑢 = 1
2
𝛽𝑦2 + 𝐴, (14.38)

where 𝐴 is a constant, which is zero if 𝑢 = 0 at the equator, 𝑦 = 0. The flow given by (14.38) is
then analogous to the angular momentum conserving flow in the spherical model, (14.7). Because
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the lower layer is stationary, the analogue of thermal wind balance in the stratified model is just
geostrophic balance, namely

𝑓𝑢 = −𝑔′ 𝜕ℎ
𝜕𝑦
, (14.39)

where ℎ is the thickness of the active upper layer. Using (14.39) and 𝑓 = 𝛽𝑦 we obtain

𝑔′ 𝜕ℎ
𝜕𝑦
= −1
2
𝛽2𝑦3, whence ℎ = − 1

8𝑔′
𝛽2𝑦4 + ℎ(0), (14.40a,b)

where ℎ(0) is the value of ℎ at 𝑦 = 0.

14.3.2 Thermodynamic Balance
The thermodynamic equation in the shallow water equations is just the mass conservation equa-
tion, which we write as

Dℎ
D𝑡
= −1
𝜏
(ℎ − ℎ∗), (14.41)

where the right-hand side represents heating— ℎ∗ is the field to which the height relaxes on a time
scale 𝜏. For illustrative purposes we will choose

ℎ∗ = ℎ0(1 − 𝛼|𝑦|). (14.42)

(If we chose the more realistic quadratic dependence on 𝑦, the model would be more similar to
that of the previous section.) To be in thermodynamic equilibrium we require that the right-hand
side integrates to zero over the Hadley Cell; that is

∫
𝑌

0
(ℎ − ℎ∗)d𝑦 = 0, (14.43)

where 𝑌 is the latitude of the poleward extent of the Hadley Cell, thus far unknown. Poleward of
this, the height field is simply in equilibriumwith the forcing— there is nomeridional motion and
ℎ = ℎ∗. Since the height field must be continuous, we require that

ℎ(𝑌) = ℎ∗(𝑌). (14.44)

The two constraints (14.43) and (14.44) provide values of the unknowns ℎ(0) and 𝑌, and give

𝑌 = (5ℎ0𝛼𝑔
′

𝛽2
)
1/3
, (14.45)

which is analogous to (14.19), as well as an expression for ℎ(0) that we leave as a problem for the
reader. The qualitative dependence on the parameters is similar to that of the full model, although
the latitudinal extent of theHadley Cell is proportional to the cube root of themeridional thickness
gradient 𝛼.

14.4††† ASYMMETRY AROUND THE EQUATOR
TheSun is overhead at the equator but two days out of the year, and in this sectionwe investigate the
effects that asymmetric heating has on the Hadley circulation. Observations indicate that except
for the brief periods around the equinoxes, the circulation is dominated by a single cell with rising
motion centred in the summer hemisphere, but extending well into the winter hemisphere. That is,
as seen in Fig. 14.3, the ‘winter cell’ is broader and stronger than the ‘summer cell’, and it behoves
us to try to explain this. We will stay in the framework of the inviscid angular-momentum model
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Fig. 14.9 A Hadley circulation
model in which the heating is cen-
tred off the equator, at a latitude
𝜗0. The lower level convergence
occurs at a latitude 𝜗1 that is not in
general equal to 𝜗0. The resulting
winter Hadley Cell is stronger and
wider than the summer cell. ��������
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of Section 14.2, changing only the forcing field to represent the asymmetry and being a little more
attentive to the details of spherical geometry.8

To represent an asymmetric heating we may choose a radiative equilibrium temperature of the
form

𝜃𝐸(𝜗, 𝑧)
𝜃0
= 1 − 2
3
𝛥𝐻𝑃2(sin 𝜗 − sin 𝜗0) + 𝛥𝑉 (

𝑧
𝐻
− 1
2
)

= 1 + 𝛥𝐻
3
[1 − 3(sin 𝜗 − sin 𝜗0)2] + 𝛥𝑉 (

𝑧
𝐻
− 1
2
) .

(14.46)

This is similar to (14.14), but now the forcing temperature falls monotonically from a specified
latitude 𝜗0. If 𝜗0 = 0 the model is identical to the earlier one, but if not we envision a circulation as
qualitatively sketched in Fig. 14.9, with rising motion off the equator at some latitude 𝜗1, extend-
ing into the winter hemisphere to a latitude 𝜗𝑤, and into the summer hemisphere to 𝜗𝑠. We will
discover that, in general, 𝜗1 ≠ 𝜗0 except when 𝜗0 = 0. Following our procedure we used in the
symmetric case as closely as possible, we then make the following assumptions:

(i) The flow is quasi-steady. That is, at any time of year the flow adjusts to a steady circulation
on a time scale more rapid than that on which the solar zenith angle appreciably changes.

(ii) The flows in the upper branches conserve angular momentum, 𝑚. Further assuming that
𝑢 = 0 at 𝜗 = 𝜗1 so that𝑚 = 𝛺𝑎2 cos2 𝜗1 we obtain

𝑢(𝜗) = 𝛺𝑎(cos
2 𝜗1 − cos2 𝜗)
cos 𝜗

. (14.47)

Thus, we expect to see westward (negative) winds aloft at the equator. In the lower branches
the zonal flow is assumed to be approximately zero, i.e., 𝑢(0) ≈ 0.

(iii) The flow satisfies hydrostatic and gradient wind balance. The meridional momentum equa-
tion is then

𝑓𝑢 + 𝑢
2 tan 𝜗
𝑎
= −1
𝑎
𝜕𝜙
𝜕𝜗
, (14.48)

and because the flow crosses the equator we cannot neglect the second term on the left-
hand side. Combining this with hydrostatic balance (𝜕𝜙/𝜕𝑧 = 𝑔𝜃/𝜃0) leads to a generalized
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thermal wind balance, which may be written as

𝑚𝜕𝑚
𝜕𝑧
= −𝑔𝑎

2 cos2 𝜗
2𝜃0 tan 𝜗

𝜕𝜃
𝜕𝜗
. (14.49)

If the undifferentiated𝑚 is approximated by𝛺𝑎2 cos2 𝜗, this reduces to conventional thermal
wind balance, (14.10).

(iv) Potential temperature in each cell is conserved when integrated over the extent of the cell.
Thus,

∫
𝜗𝑠

𝜗1
(𝜃 − 𝜃𝐸) cos 𝜗 d𝜗 = 0, ∫

𝜗𝑤

𝜗1
(𝜃 − 𝜃𝐸) cos 𝜗 d𝜗 = 0, (14.50)

for the summer and winter cells, respectively, where 𝜃 is the vertically averaged potential
temperature.

(v) Potential temperature is continuous at the edge of each cell, so that

𝜃(𝜗𝑠) = 𝜃𝐸(𝜗𝑠), 𝜃(𝜗𝑤) = 𝜃𝐸(𝜗𝑤), (14.51)

and is also continuous at 𝜗1. This last condition must be explicitly imposed in the asym-
metric model, whereas in the symmetric model it holds by symmetry. Now, recall from
the symmetric model that the value of the temperature at the equator was determined by
the integral constraint (14.17) and the continuity constraint (14.18). We have analogues of
these in each hemisphere, namely (14.50) and (14.51), and thus, if 𝜗1 is set equal to 𝜗0 we
cannot expect that they each would give the same temperature at 𝜗0. Thus, 𝜗1 must be a free
parameter to be determined.

Given these assumptions, the solution may be calculated. Using thermal wind balance, (14.49),
with𝑚(𝐻) = 𝛺𝑎2 cos2 𝜗1 and𝑚(0) = 𝛺𝑎2 cos2 𝜗 we find

− 1
𝜃0
𝜕𝜃
𝜕𝜗
= 𝛺
2𝑎2
𝑔𝐻
( sin 𝜗
cos3 𝜗

cos4 𝜗1 − sin 𝜗 cos 𝜗) , (14.52)

which integrates to

𝜃(𝜗) − 𝜃(𝜗1) = −
𝜃0𝛺2𝑎2
2𝑔𝐻
(sin2 𝜗 − sin2 𝜗1)2

cos2 𝜗
. (14.53)

The value of 𝜗1, and the value of 𝜃(𝜗1), are determined by the constraints (14.50) and (14.51). It
is not in general possible to obtain a solution analytically, but one may be found numerically by
an iterative procedure and one such is illustrated in Fig. 14.10. The zonal wind of the solution
is always symmetric around the equator, because it is determined solely by angular momentum
conservation. The temperature is therefore also symmetric, as (14.53) explicitly shows. However,
the width of the solution in each hemisphere will, in general, be different.

Furthermore, because the strength of the circulation increases with difference between the tem-
perature of the solution and the radiative equilibrium temperature, the circulation in the winter
hemisphere will also be much stronger than that in the summer, a prediction that is consistent
with the observations (see Fig. 14.3). More detailed calculations show that, because the strength of
the model Hadley Cell increases nonlinearly with 𝜗0, the time-average strength of the Hadley Cell
with seasonal forcing is stronger that that produced by annually averaged forcing. However, this
does not appear to be a feature of either the observations or more complete numerical simulations,
suggesting that an angular-momentum-conserving model has some deficiencies.9

The lack of consideration of zonal asymmetries and the lack of angular momentum conserva-
tion because of the effects of baroclinic eddies are issues that are shared with the steadymodel with
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Fig. 14.10 Solutions of the Hadley Cell model with heating centred at the equator (𝜗0 = 0°, left) and off
the equator (𝜗0 = +6° N, right), with 𝛥𝐻 = 1/6. The dashed line is the radiative equilibrium temperature
and the solid line is the angular-momentum-conserving solution. In the right-hand panel, 𝜗1 ≈ +18°, and
the circulation is dominated by the cell extending from +18° to −36°.8

hemispheric symmetry. A problem that is unique to the asymmetric model is the quasi-steady as-
sumption, given the presence of a temporally progressing seasonal cycle. Because the latitude of
the upward branch of the Hadley Cell varies with season, the value of the angular momentum en-
tering the system also varies with time, and so a homogenized value of angular momentum is hard
to achieve. Nonetheless, the overall picture that the model paints, with its qualitative explanation
of the strengthened and extended winter Hadley Cell, is very useful, even if quantitatively flawed.

14.5††† EDDY EFFECTS ON THE HADLEY CELL
So far, we have ignored the effects of baroclinic eddies on the Hadley circulation although we have
no reason to believe that their effects will be negligible. In fact, as the upper-level flow moves
poleward the shear of the zonal wind increases, as described above, and at some point the flow will
become baroclinically unstable. We first describe a simple model of this, before considering eddy
fluxes more generally.10

14.5.1 A Hadley Cell Limited by Baroclinic Instability
Suppose that the flow moving poleward conserves its angular momentum, and for simplicity con-
sider flow on a beta-plane. The flow is given by (14.7), which in the small angle approximation
implies a shear, 𝛬𝑀, of

𝛬𝑀 ≈
𝛺𝑎𝜗2
𝐻
= 𝛽𝑦
2

2𝐻
, (14.54)

where𝐻 is the height of the outflow and the last two expressions hold in the small angle approxi-
mation. Now, in a quasi-geostrophic two-level model, the flow becomes unstable when the shear
between upper and lower levels reaches a critical value, 𝛬𝐶, given by

𝛬𝐶 ≡
𝑈1 − 𝑈2
𝐻/2
= 1
2𝐻
𝛽𝐿2𝑑, (14.55)

where 𝐿𝑑 = 𝑁𝐻/𝑓 is the baroclinic deformation radius, and on the sphere 𝛽 = 2𝛺 cos𝜙/𝑎. Both
𝛽 factor and the 𝑓 hiding in 𝐿𝑑 make 𝛬𝐶 grow towards the equator. Equating (14.54) and (14.55)
suggests that the angular-momentum conserving flow will become unstable at a latitude 𝜗𝐶 given
by, in the small angle approximation,

𝜗𝐶 ≈ (
𝑁𝐻
2𝛺𝑎
)
1/2
. (14.56)
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Fig. 14.11 Upper tropospheric zonal winds. The
dashed curve shows the angular-momentum con-
serving wind, with u = 0 at the equator. The solid
curve shows the threshold for baroclinic instabil-
ity of the upper-level flow using a two-layer quasi-
geostrophic calculation, (14.55), with 𝑓 varying
with latitude in the deformation radius.

The value of 𝜗𝐶 above should not be taken literally — the real atmosphere is not a two-level quasi-
geostrophic model! But it does capture the essential truth that the angular momentum conserving
solution will become baroclinically unstable at some latitude, as sketched in Fig. 14.11. It is a quan-
titative issue as to whether the Hadley flow becomes strongly unstable before it reaches its natural
poleward extent. However, even if baroclinic instability itself is weak over much of the tropics,
baroclinic instability further poleward will have an effect and lead to the non-conservation of an-
gular momentum, as we now discuss.

14.5.2 Diagnostic Considerations
Thezonally-averaged zonalmomentum equation, (14.4), may bewritten as an equation for angular
momentum,𝑚. Referring back to Section 2.2 if needs be, the equation may be written as

𝜕𝑚
𝜕𝑡
+ 1

cos 𝜗
𝜕
𝜕𝑦
(𝑣𝑚 cos 𝜗) + 𝜕

𝜕𝑧
(𝑤𝑚) = − 1

cos 𝜗
𝜕
𝜕𝑦
(𝑚′𝑣′ cos 𝜗) − 𝜕

𝜕𝑧
(𝑚′𝑤′)

= − 1
cos 𝜗
𝜕
𝜕𝑦
(𝑢′𝑣′𝑎 cos2 𝜗) − 𝜕

𝜕𝑧
(𝑢′𝑤′𝑎 cos 𝜗),

(14.57)

where𝑚 = (𝑢+𝛺𝑎 cos 𝜗)𝑎 cos 𝜗, 𝑚′ = 𝑢′𝑎 cos 𝜗, 𝑦 = 𝑎𝜗, and the vertical andmeridional velocities
are related by the mass continuity relation

1
cos 𝜗
𝜕
𝜕𝑦
(𝑣 cos 𝜗) + 𝜕𝑤

𝜕𝑧
= 0. (14.58)

In the angular-momentum-conserving model the eddy fluxes were neglected and (14.57) was ap-
proximated by the simple expression 𝜕𝑚/𝜕𝜗 = 0, and by construction the Rossby number is 𝒪(1),
because 𝜁 = −𝑓.

The observed eddy heat and momentum fluxes are shown in Fig. 14.12. The eddy momentum
flux is generally poleward, converging in the region of the mid-latitude surface westerlies. Its mag-
nitude, andmore particularly its meridional gradient, is as large or larger than themomentum flux
associated with the mean flow. Neglecting vertical advection and vertical eddy fluxes, and using
(14.58), (14.57) may be written as

𝜕𝑚
𝜕𝑡
+ 𝑣𝜕𝑚
𝜕𝑦
= − 1

cos 𝜗
𝜕
𝜕𝑦
(𝑢′𝑣′𝑎 cos2 𝜗). (14.59)
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Fig. 14.12 (a) The average merid-
ional eddy heat flux and (b) the eddy
momentum flux in the northern hemi-
sphere winter (DJF). The ordinate is
log-pressure, with scale height 𝐻 =
7.5 km. Positive fluxes are shaded, and
the dashed line marks the thermal
tropopause.
The eddy heat flux (contour inter-
val 2 Km s−1) is largely poleward and
downgradient in both hemispheres.
The eddymomentumflux (contour in-
terval 10m2 s−2) is upgradient and con-
verges in mid-latitudes in the region of
the mean jet, leading to eastward sur-
face winds.11

(a)

(b)

The quantity 𝑢′𝑣′ increases to a maximum at about 30°, so the right-hand side is negative in the
tropics and lower subtropics. Thus, if 𝑣 > 0 (as in the upper branch of the Northern Hemisphere
Hadley Cell) and the flow is steady, the observed eddy fluxes are such as to cause the angular
momentum of the zonal flow to decrease as it moves poleward, and the zonal velocity is lower
than it would be in the absence of eddies. (In the Southern Hemisphere the signs of 𝑣 and the eddy
momentum flux are reversed, but the dynamics are equivalent.)

The eddy flux of heat will also affect the Hadley Cell, although in a different fashion. We see
from Fig. 14.12 that the eddy flux of temperature is predominantly poleward, and therefore that
eddies export heat from the subtropics to higher latitudes. Now, the zonally-averaged thermody-
namic equation may be written

𝜕𝑏
𝜕𝑡
+ 1

cos 𝜗
𝜕
𝜕𝑦
(𝑣𝑏 cos 𝜗) + 𝜕

𝜕𝑧
(𝑤𝑏) = − 1

cos 𝜗
𝜕
𝜕𝑦
(𝑣′𝑏′ cos 𝜗) − 𝜕

𝜕𝑧
(𝑤′𝑏′) + 𝑄𝑏, (14.60)

where 𝑄𝑏 represents the heating. After vertical averaging, the vertical advection terms vanish and
the resulting equation is the thermodynamic equation implicitly used in the angular-momentum-
conserving model, with the addition of the meridional eddy flux on the right-hand side. A di-
verging eddy heat flux in the subtropics (as in Fig. 14.12) is evidently equivalent to increasing the
meridional gradient of the radiative equilibrium temperature, and therefore will increase the in-
tensity of the overturning circulation.
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14.5.3 An Idealized Eddy-driven Model

Consider now the extreme case of an ‘eddy-driven’ Hadley Cell. (The driving for the Hadley Cell,
and the atmospheric circulation in general, ultimately comes from the differential heating between
equator and pole. Recognizing this, ‘eddy driving’ is a convenient way to refer to the role of ed-
dies in producing a zonally-averaged circulation. See also endnote 2 on page 858.) The model is
over-simple, but revealing. Neglecting vertical derivatives the zonally-averaged zonal momentum
equation (14.4) may be written

𝜕𝑢
𝜕𝑡
− (𝑓 + 𝜁)𝑣 = − 𝜕

𝜕𝑦
𝑢′𝑣′ . (14.61)

using Cartesian geometry for simplicity. If the Rossby number is sufficiently low this becomes

𝜕𝑢
𝜕𝑡
− 𝑓𝑣 = 𝑀, (14.62)

where𝑀 = −𝜕𝑦(𝑢′𝑣′), . This approximation is not quantitatively accurate but it will highlight the
role of the eddies. Note the contrast between this model and the angular-momentum-conserving
model. In the latter we assumed 𝑓 + 𝜁 ≈ 0, and Ro = 𝒪(1); now we are neglecting 𝜁 and assuming
the Rossby number is small. At a similar level of approximation let us write the thermodynamic
equation, (14.60), as

𝜕𝑏
𝜕𝑡
+ 𝑁2𝑤 = 𝐽, (14.63)

where 𝐽 = 𝑄𝑏 − 𝜕𝑦(𝑣′𝑏′) represents the diabatic terms and eddy forcing. We are assuming, as
in quasi-geostrophic theory, that the mean stratification, 𝑁2 is fixed, and now 𝑏 represents only
the (zonally averaged) deviations from this. The mass continuity equation allows us to define a
meridional streamfunction 𝛹; that is

𝜕𝑣
𝜕𝑦
+ 𝜕𝑤
𝜕𝑧
= 0 allows 𝑤 = 𝜕𝛹

𝜕𝑦
, 𝑣 = −𝜕𝛹

𝜕𝑧
. (14.64a,b)

We may then use the thermal wind relation, 𝑓𝜕𝑢/𝜕𝑧 = −𝜕𝑏/𝜕𝑦, to eliminate time derivatives in
(14.62) and (14.63), giving12

𝑓2 𝜕
2𝛹
𝜕𝑧2
+ 𝑁2 𝜕

2𝛹
𝜕𝑦2
= 𝑓𝜕𝑀
𝜕𝑧
+ 𝜕𝐽
𝜕𝑦
. (14.65)

This is a linear equation for the overturning streamfunction, one that holds even if the flow is not in
a steady state, and a positive value of 𝛹, in the Northern Hemisphere, corresponds to rising at the
equator. The equation is equally (or in fact more) valid in mid-latitudes as in the tropics. We see
that the overturning circulation is forced by eddy fluxes of heat and momentum, as well as heating
and other terms that might appear on the right-hand sides of (14.62) and (14.63). If we rescale the
vertical coordinate by the Prandtl ratio (i.e., let 𝑧 = 𝑧′𝑓/𝑁) then (14.65) is a Poisson equation for
the streamfunction. A few other germane points are as follows:
• The horizontal gradient of the thermodynamic forcing partially drives the circulation, and

both the heating term and the horizontal eddy flux divergence act in the same sense. A
thermodynamically forced overturning circulation, with warm fluid rising and cold fluid
sinking, is called a ‘direct cell’.
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Fig. 14.13 Sketch of how eddy fluxes can af-
fect the Hadley Cell even when the baroclinic
zone is centred well poleward of the Cell.
Rossby waves are generated by baroclinic in-
stability at mid-latitudes. Some propagate
equatorward, and deposit westward momen-
tum, 𝜕(𝑢′𝑣′)/𝜕𝑦 > 0 inside the Hadley Cell.
At some latitude the Rossby wave momen-
tum flux is neither convergent nor divergent,
𝜕(𝑢′𝑣′)/𝜕𝑦 = 0, corresponding to the edge of
the Hadley cell.
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• The vertical gradient of the horizontal eddy momentum divergence partially drives the cir-
culation, and because 𝜕𝑦(𝑢′𝑣′) > 0 over the tropics and subtropics (for the Northern Hemi-
sphere, see Fig. 14.12) these fluxes intensify the circulation, weakening the zonal flow aloft
terms and strengthening the overturning circulation. The Coriolis term 𝑓𝑣 is balanced by
the eddy momentum flux convergence.
• If 𝑁 is small, then the circulation becomes stronger if the other terms remain the same,

because the air can circulate without transporting any heat.
• In winter, the increased strength of eddy momentum and buoyancy fluxes drives a stronger

Hadley Cell. This constitutes a different mechanism from that given in Section 14.4 for the
increased strength of the winter cell.

14.6 NON-LOCAL EDDY EFFECTS AND NUMERICAL RESULTS
14.6.1††† A Non-local Model
We saw above that eddy fluxes will tend to strengthen the Hadley Cell and weaken the zonal winds.
These eddy fluxes can be important even if the main zone of baroclinic instability is well poleward
of the Hadley Cell termination, because Rossby waves can propagate equatorward from the baro-
clinic zone into the subtropics (as sketched in Fig. 14.13). This propagation will be discussed more
in Sections 15.1 and 16.2, but suffice it to say here that equatorward propagating Rossby waves pro-
duce a polewardmomentum flux, 𝑢′𝑣′ > 0 (we use NorthernHemisphere and Cartesian notation).
Even if the main baroclinic activity occurs around, say, 45°, then the amplitude of the poleward
eddy fluxmay reach itsmaximumvalue some distance equatorward of that latitude if the baroclinic
zone itself extends further equatorward, and observations (Fig. 14.12) show that the flux is a max-
imum at about 30° (varying with season), diminishing equatorward of that, so that in the Hadley
Cell 𝜕𝑦(𝑢′𝑣′) > 0. The edge of theHadley Cell is coincident with the latitude at which the poleward
eddy flux divergence is zero, since the steady-state momentum equation is approximately

− (𝑓 + 𝜁)𝑣 = − 𝜕
𝜕𝑦
𝑢′𝑣′. (14.66)

At the edge of the Hadley Cell we have 𝑣 = 0 and thus 𝜕𝑦 (𝑢′𝑣′) = 0. The model is a little simplistic
because other terms in themomentum equationmay then become important, but it is nevertheless
instructive.

The latitude at which the right-hand side of (14.66) becomes small is not necessarily the same
as the one where the poleward flow in the Hadley Cell becomes baroclinically unstable, although
the two may be similar in practice. In fact, determining the latitudinal distribution of eddy fluxes
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is a difficult problem in wave–mean-flow interaction, since the eddy fluxes affect and are affected
by the mean flow. As well as the generation of eddy fluxes by baroclinic instability, the absorption
or dissipation of Rossby waves is an important factor, since in their absence the momentum flux
would be approximately constant equatorward of the baroclinic zone, and the right-hand side of
(14.66) would be zero over a range of latitudes. The absorption of Rossby waves is enhanced near
critical latitudes (where the wave speed equals the mean fluid speed) and the wave activity and the
momentum flux diminish equatorward of that, but the critical latitude itself need not correspond
to themaximum of the eddymomentum fluxes. In the real world the critical latitude is not sharply
defined and, although it is often equatorward of the edge of the Hadley Cell rather than coincident
with it, Rossby waves may begin to dissipate well before reaching it, and so poleward of it.

The details of the dynamics determining the Hadley Cell edge are plainly rather complex, al-
though a qualitative picture is simply described. The eddy momentum flux convergence, 𝜕𝑦(𝑢′𝑣′),
is negative in mid-latitudes and positive in low-latitudes, with a zero crossing (𝜕𝑦(𝑢′𝑣′) = 0) near
the edge of the Hadley Cell, as in Fig. 14.13. Consistent with this, observations (e.g., Fig. 14.12)
show that the latitude of the eddy momentum flux maximum coincides with a rapid change in
tropopause height, which itself is generally coincident with the edge of the Hadley Cell.

Evidently, the effects of baroclinic instability, and not just the effects of a local instability, can
greatly influence the Hadley Cell, and to round out this section we illustrate that fact with some
numerical simulations.

14.6.2 Numerical Solutions
Some illustrative results from two idealized numerical experiments with a gcm are shown in Figs.
14.14 and 14.15. The gcm has no explicit representation of moisture, except that the lapse rate is
adjusted to a value close to the moist adiabatic lapse rate if it exceeds that value. In one experi-
ment the model is constrained to produce an axisymmetric solution (left-hand panels of the fig-
ures), and the zonal wind produced by the model in the Hadley Cell outflow is fairly close to being
angular-momentum-conserving. In a three-dimensional version of themodel, in which baroclinic
eddies are allowed to form, the zonal wind is significantly reduced from its angular-momentum-
conserving value, and correspondingly the overturning circulation is much stronger (right-hand
panels). Indeed, the strength of the Hadley Cell increases roughly linearly with the strength of
the eddies in a sequence of numerical integrations similar to those shown, as suggested by (14.65).
Qualitatively similar results are found in a model with no convective parameterization. In this
case, the lapse rate is closer to neutral, 𝑁2 is small, and the overturning circulation is generally
stronger, as also expected from (14.65). The results generally indicate very strong eddy effects on
the strength of the Hadley Cell, and the value of the zonal wind within it, although a dry model
may overemphasize the importance of eddy effects, because the circulation in a zonally symmetric
dry model is weaker than a similar moist model, as discussed in Section 14.2.7.

14.6.3 Final Remarks
Is the real Hadley circulation ‘eddy-driven’, as in Sections 14.5 and above, or is it a largely zonally
symmetric structure constrained by angular momentum conservation, as in Section 14.2? And
how does this balance vary with season?

Observations of the overturning flow in summer and winter provide a guide. Figure 14.16
shows the thickness-weighted transport overturning circulation in isentropic coordinates, and (as
discussed in Chapter 10) this circulation includes both the Eulerian mean transport and the trans-
port due to eddies. Thewinter cell (the cross-equatorial cell with the upward branch in the summer
hemisphere) is strong and self-contained, with considerable recirculation most of which comes
from its zonally symmetric component. The winter cell is quite distinct from the mid-latitude cir-
culation, suggesting the dominance of axisymmetric dynamics, for if it were solely a response to
eddy heat and momentum fluxes one might expect it to join more smoothly with the mid-latitude
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Axisymmetric Three-dimensional

Fig. 14.14 The zonal wind in two numerical simulations. The right panel is from an idealized dry, three-
dimensional atmospheric GCM, and the left panel is an axisymmetric version of the same model. Plot-
ted are the zonal wind at the level of the Hadley Cell outflow, 𝑢o; the surface wind, 𝑢s; and the angular-
momentum-conserving value, 𝑢m.13
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Fig. 14.15 As for Fig. 14.14, but now showing the streamfunction of the overturning circulation. ‘Altitude’
is𝜎 = 𝑝/𝑝𝑠, where𝑝𝑠 is surface pressure, and contour interval is 5 Sv (i.e., 5×109 kg s−1). The effects of eddies
may be exaggerated because the model is dry.

Ferrel Cell. The axisymmetric winter Hadley Cell is naturally stronger than its summer coun-
terpart, even in a dry atmosphere, and the further effects of condensation and the concomitant
concentration of the thermodynamic source may strengthen it further, giving the axisymmetric
circulation a dominant role.

In summer, in contrast, there is virtually no recirculation within the Hadley Cell and it does
not appear as a self-contained structure, suggestive of baroclinic eddy effects and/or a strong mid-
latitude influence. And even without baroclinic eddies, zonally asymmetric circulations are im-
portant, for the Hadley Cell over India and South East Asia is intimately linked with monsoonal
circulations. But tying the monsoon circulation into a theory of the Hadley Cell, and in particular
into the transition from winter to summer dynamics, is, alas, a task for another day.

14.7 THE FERREL CELL
In this section we give a descriptive introduction to the Ferrel Cell, taking the eddy fluxes of heat
and momentum to be given and viewing the circulation from a zonally averaged and Eulerian
perspective. We investigate the associated dynamics in the next chapter.
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Fig. 14.16 The observed mass transport
streamfunction in isentropic coordinates in
northern hemisphere winter (DJF). The dotted
line is the median surface temperature.
The return flow is nearly all in a layer near the
surface, much of it at a lower temperature
than the median surface temperature. Note
the more vigorous circulation in the winter
hemisphere.14

TheFerrel Cell is an indirect meridional overturning circulation inmid-latitudes (see Fig. 14.3)
that is apparent in the zonally-averaged 𝑣 and 𝑤 fields, or the meridional overturning circulation
defined by (14.3) or (14.64b). It is ‘indirect’ because cool air apparently rises in high latitudes,
moves equatorward and sinks in the subtropics. Why should such a circulation exist? The an-
swer, in short, is that it is there to balance the eddy momentum convergence of the mid-latitude
eddies and it is effectively driven by those eddies. To see this, consider the zonally-averaged zonal
momentum equation in mid-latitudes; at low Rossby number, and for steady flow this is just

− 𝑓𝑣 = − 1
cos2𝜗
𝜕
𝜕𝜗
(cos2𝜗𝑢′𝑣′) + 1

𝜌
𝜕𝜏
𝜕𝑧
. (14.67)

This equation is a steady version of (14.62) with the addition of a frictional term 𝜕𝜏/𝜕𝑧 on the
right-hand side. At the surface we may approximate the stress by a drag, 𝜏 = 𝑟𝑢𝑠, where 𝑟 is a con-
stant, with the stress falling away with height so that it is important only in the lowest kilometre or
so of the atmosphere, in the atmospheric Ekman layer. Above this layer, the eddy momentum flux
convergence is balanced by the Coriolis force on themeridional flow. Inmid-latitudes (from about
30° to 70°) the eddy momentum flux divergence is negative in both hemispheres (Fig. 14.12) and
therefore, from (14.67), the averaged meridional flow must be equatorward, as illustrated schemat-
ically in Fig. 14.17.

The flow cannot be equatorward everywhere, simply by mass continuity, and the return flow
occurs largely in the Ekman layer, of depth 𝑑 say. Here the eddy balance is between the Coriolis
term and the frictional term, and integrating over this layer gives

− 𝑓𝑉 ≈ −𝑟𝑢𝑠, (14.68)

where 𝑉 = ∫𝑑0 𝜌𝑣 d𝑧 is the meridional transport in the boundary layer, above which the stress
vanishes. The return flow is poleward (i.e., 𝑉 > 0 in the Northern Hemisphere) producing an
eastward Coriolis force. This can be balanced by a westward frictional force provided that the
surface flow has an eastward component. In this picture, then, the mid-latitude eastward zonal
flow at the surface is a proximate consequence of the poleward flowing surface branch of the Ferrel
Cell, this poleward flow being required bymass continuity given the equatorward flow in the upper
branch of the cell. In this way, the Ferrel Cell is responsible for bringing the mid-latitude eddy
momentum flux convergence to the surface where it may be balanced by friction (refer again to
Fig. 14.17).

A more direct way to see that the surface flow must be eastward, given the eddy momentum
flux convergence, is to vertically integrate (14.67) from the surface to the top of the atmosphere.
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Fig. 14.17 The eddy-driven Ferrel
Cell, from an Eulerian point of
view.
Above the planetary boundary
layer the mean flow is largely in
balancewith the eddy heat andmo-
mentum fluxes. The lower branch
of the Ferrel Cell is largely confined
to the boundary layer, where it is in
a frictional–geostrophic balance.
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By mass conservation, the Coriolis term vanishes (i.e., ∫∞0 𝑓𝜌𝑣 d𝑧 = 0) and we obtain

∫
∞

0

1
cos2 𝜗
𝜕
𝜕𝜗
(cos2 𝜗𝑢′𝑣′)𝜌 d𝑧 = [ �𝜏]�∞0 = −𝑟𝑢𝑠. (14.69)

That is, the surface wind is proportional to the vertically integrated eddy momentum flux con-
vergence. Because there is a momentum flux convergence, the left-hand side is negative and the
surface winds are eastward.

The eddy heat flux also plays a role in the Ferrel Cell, for in a steady state we have, from (14.63)

𝑤 = 1
𝑁2
[𝑄𝑏 −

1
cos 𝜗
𝜕(𝑣′𝑏′ cos 𝜗)
𝜕𝑦

] , (14.70)

and inspection of Fig. 14.12 shows that the observed eddy heat flux produces an overturning cir-
culation in the same sense as the observed Ferrel Cell (again see Fig. 14.17).

Is the circulation produced by the heat fluxes necessarily the same as that produced by the
momentum fluxes? In a non-steady state the effects of both heat and momentum fluxes on the
Ferrel Cell are determined by (14.65) (an equation which applies more accurately at mid-latitudes
than at lowones because of the low-Rossby number assumption), and there is no particular need for
the heat andmomentumfluxes to act in the sameway. But in a steady state theymust act to produce
a consistent circulation. To see this, for simplicity let us take𝑓 and𝑁2 to be constant, let us suppose
the fluid is incompressible and work in Cartesian coordinates. Take the 𝑦-derivative of (14.67) and
the 𝑧-derivative of (14.70) and use the mass continuity equation. Noting that 𝑣′𝜁′ = −𝜕𝑢′𝑣′/𝜕𝑦
we obtain

𝜕
𝜕𝑦
(𝑣′𝜁′ + 𝑓0

𝑁2
𝜕𝑣′𝑏′
𝜕𝑧
) = 𝜕
𝜕𝑧
( 𝑓0
𝑁2
𝑄[𝑏]) + 𝜕

𝜕𝑦
( 1
𝜌0
𝜕𝜏
𝜕𝑧
) . (14.71)

The expression on the left-hand side is the divergence of the eddy flux of quasi-geostrophic po-
tential vorticity! That the heat and momentum fluxes act to produce a consistent overturning cir-
culation is thus equivalent to requiring that the terms in the quasi-geostrophic potential vorticity
equation are in a steady-state balance. The eddy fluxes of heat and momentum evidently play a
huge role in the mid-latitude circulation, and in the next chapter we examine the fluid dynamics
giving rise to these eddy fluxes.
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Notes
1 Many of the observations presented here are so-called reanalyses, prepared by the National Cen-

ters for Environmental Prediction (NCEP) and the European Centre for Medium-Range Weather
Forecasts (ECMWF), described in Kalnay (1996) and Dee et al. (2011). Reanalysis products are syn-
theses of observations and model results and so are not wholly accurate representations of the at-
mosphere. However, especially in data-sparse regions of the globe and for poorly measured fields,
they are likely to be more accurate representations of the atmosphere than could be achieved us-
ing only the raw data. Of course, this in turn means they contain biases introduced by the models.
A reanalysis is a particular form of state estimate, which is the more general name given to similar
products and is the name used in oceanography.

2 Trenberth & Caron (2001).

3 George Hadley (1685–1768) was a British meteorologist who formulated the first dynamical theory
for the trade winds, presented in a paper (Hadley 1735) entitled ‘Concerning the cause of the gen-
eral trade winds.’ At that time, trade winds referred to any large-scale prevailing wind, and not just
tropical winds. The name ‘trade’ may be associated with the commercial (i.e., trade) exploitation of
the wind by mariners on long ocean journeys, but trade also means (or at least meant) customary,
and trade winds customarily blow in one direction. Relatedly, in Middle English the word trade
means path or track — hence the phrase ‘the wind blows trade’, meaning the wind is on track.
Hadley realized that in order to account for the zonal winds, the Earth’s rotation makes it necessary
for there also to be a meridional circulation. His vision was of air heated at low latitudes, cooled at
high latitudes, giving rise to a single meridional cell between the equator and each pole. Although
he thought of the cell as essentially filling the hemisphere, and he did not account for the instabil-
ity of such a flow, it was nevertheless a foundational contribution to meteorology. The thermally
direct cell in low latitudes is now named after him.

A three-celled circulationwas proposed byWilliamFerrel (1817–1891), anAmerican school teacher
and meteorologist, and the middle of these cells is now named for him. His explanation of the cell
(Ferrel 1856a) was not correct, hardly surprising because the eddy motion that drives the Ferrel
Cell was not understood for another 100 years or so. Ferrel’s ideas evolved to something more akin
to a two-celled picture (Ferrel 1859), similar to that proposed by J. Thomson in 1857. The history
of these ideas is discussed by Thomson (1892). Ferrel did however give the first essentially correct
description of the role of the Coriolis force and the geostrophic wind in the general circulation
(Ferrel 1858, a paper with a quite modern style), a key development in the history of geophysical
fluid dynamics. Ferrel also contributed to tidal theory (Ferrel 1856b) and to ocean dynamics. (See
http://www.history.noaa.gov/giants/ferrel2.html).

Although Hadley’s single-celled viewpoint was superseded by the three-celled and two-celled struc-
tures, the modern view of the overturning circulation is, ironically, that of a single cell of ‘residual
circulation’, which, although having distinct tropical and extratropical components, in some ways
qualitatively resembles Hadley’s original picture.

4 Schneider (1977) proposed an axially-symmetric, angular momentum conserving model of the
Hadley Cell. Held & Hou (1980) developed the model we follow here.

5 Fang & Tung (1996) do find some analytic solutions in the presence of moisture.

6 After Hide (1969).

7 Gierasch (1975).

8 Largely following Lindzen & Hou (1988). The solutions of Fig. 14.10 are taken from that paper.

9 See Dima & Wallace (2003) for some relevant observations. They noted that the asymmetry of the
Hadley Cell is affected by monsoonal circulations (which are, of course, not accounted for in the
model presented here). Fang & Tung (1999) investigated the effects of time dependence and note
that quasi-steadiness is not well satisfied, although this alone was unable to limit the nonlinear am-
plification effect. In reality, the effects of baroclinic eddies are important in Hadley Cell dynamics,
as we discuss in Section 14.5.

10 Although our presentation does not follow the historical order, that the effects of baroclinic eddies
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are likely to be important in modifying the Hadley circulation is in fact the traditional view, emerg-
ing in the second half of the 20th century. Lorenz (1967), for example, discusses the fact that an
ideal, axisymmetric, Hadley circulation is likely to be baroclinically unstable, although the Hadley
circulation envisioned was one that filled the hemisphere. More recently Kim & Lee (2001), Walker
& Schneider (2005), Frierson et al. (2007), and many others, have discussed the effects of baroclinic
eddies on the Hadley Cell.

11 Figure courtesy of M. Juckes, using an ECMWF reanalysis.

12 A simple generalization of (14.65) is to replace (14.62) by (14.59) and then to use the thermal wind
equation in the form

𝑓
𝑎 cos 𝜗
𝜕𝑚
𝜕𝑧
= − 𝜕𝑏
𝜕𝑦
. (14.72)

An equation very similar to, but a little more general than, (14.65) may then be derived. A still more
general, usually elliptic equation for the overturning circulation may be derived from the zonally-
averaged primitive equations, assuming only that the zonally-averaged zonal wind is in gradient
wind balance with the pressure field (Vallis 1982).

13 The simulations, kindly performed by C. Walker, are similar to those in Walker & Schneider (2005).

14 Figure courtesy of T. Schneider, using an ECMWF reanalysis.
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Round and round and round she goes,
And where she stops, nobody knows.
Origin unknown, used in The Original Amateur Hour, radio and TV program, 1934–1970.

CHAPTER 15

Zonally-Averaged Mid-Latitude
Atmospheric Circulation

The focus of this chapter is the zonally-averaged structure and circulation of the extra-
tropical troposphere. Because of the presence of strong zonal asymmetries — in particular
baroclinic eddies or, more simply, the weather — this circulation differs markedly from

the zonally symmetric circulation that would exist if eddies did not develop at all. The angular-
momentum-conserving model of the Hadley Cell discussed in Chapter 14 is an example of a
zonally-symmetric circulation, but this may be quite different from the zonally-averaged circu-
lation in a turbulent atmosphere. Let us explain more.

When studying some aspects of the large-scale ocean circulation, or the low-latitude atmo-
spheric circulation, we can make a great deal of progress by treating the large-scale flow as if it
were absolutely steady with the eddies having only a perturbative effect. However, this approach
fails badly for the mid-latitude atmosphere: the large-scale mid-latitude circulation is intrinsically
unsteady on the large-scale to the extent that the associated eddies essentially are the circulation.
The eddies are also unpredictable and chaotic; that is to say, the large-scale mid-latitude circulation
of the atmosphere is a turbulent flow. This turbulence involves large-scale, geostrophically and hy-
drostatically balanced flow — that is, it is geostrophic turbulence — and so has different properties
than the smaller-scale, more nearly three- dimensional turbulence that may occur in boundary
layers and the like. Further, this large-scale turbulence (sometimes called ‘macro-turbulence’) is
neither fully-developed nor isotropic — it interacts with the Rossby waves that arise from the plan-
etary rotation and might be regarded as a form of weak turbulence. Why is the large-scale flow
turbulent? Why is it zonally asymmetric at all? There are two potential sources for zonal asymme-
tries:
(i) The zonal asymmetries that exist in the underlying boundary conditions and forcing: moun-

tains, land–sea contrasts, the diurnal cycle, and so on.
(ii) Hydrodynamic instability: even if the surface and the forcing were exactly zonally symmet-

ric, the corresponding zonally symmetric solutions of the equations of motion would have a
large shear in the zonal wind and thismight be baroclinically unstable to zonally asymmetric
perturbations.

If the flow were not unstable, then we might expect that the zonal asymmetries of item (i) would
give rise to corresponding, steady, zonal asymmetries in the resulting circulation, and this process
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Fig. 15.1 The time averaged zonal wind at 150° W (in the mid-Pacific) in December–January–February
(DJF, left), March–April–May (MAM, right). The contour interval is 5m s−1. Note the double jet in each
hemisphere, one in the subtropics and one in mid-latitudes. The subtropical jets are associated with
a strong meridional temperature gradient, whereas the mid-latitude, eddy-driven, jets have a stronger
barotropic component and are associated with westerly winds at the surface.

is discussed in the next chapter. However, the flow is unstable, primarily via baroclinic instability
(as discussed in Chapter 9), and this leads to eddy growth and ultimately to geostrophic turbu-
lence; this is, essentially, what gives rise to weather. The large-scale circulation is not, however, so
turbulent that such things as Rossby waves cease to have meaning. Indeed, the most important
nonlinear interactions are those involving Rossby waves and the zonally-averaged flow, and ideas
of wave–mean-flow interaction go a long way in explaining the generation of the zonally-averaged
flow. In particular, it is this interaction that produces the momentum convergence that gives rise
to surface wind pattern.

In this chapter we focus on the effects of item (ii), and try to understand the mid-latitude circu-
lation of an atmosphere with zonally symmetric forcing and boundary conditions. We assume that
the zonal asymmetries due to the boundary conditions do not qualitatively affect our arguments,
and that the circulation of the atmosphere with a perfectly smooth surface would resemble that of
the real circulation. We will present our arguments semi-independently of earlier chapters, and
in particular we will develop some of the results of wave–mean flow interaction ab initio, so that
a reader with just a little experience can start here and refer back to these chapters as needed. We
begin with a discussion of the mechanisms that maintain the surface westerlies.1

15.1 SURFACE WESTERLIES AND THE MAINTENANCE OF A BAROTROPIC JET
15.1.1 Observations and Motivation
The atmosphere above the surface has a generally eastward flow, with a broad maximum about
10 km above the surface at around 40° in either hemisphere. But if we look a little more at the
zonally average wind in Fig. 14.2(a) we see hints of there being two jets — one (the subtropical
jet) at around 30°, and another somewhat poleward of this, especially apparent in the Southern
Hemisphere. Such a jet is particularly noticeable in certain regions of the globe, when a zonal
average is not taken, as in Fig. 15.1. The subtropical jet is associated with a strong meridional
temperature gradient at the edge of the Hadley Cell, and is quite baroclinic. On the other hand,
the mid-latitude jet (sometimes called the subpolar jet) is more barotropic (it has little vertical
structure, with less shear than the subtropical jet) and lies above an eastward surface flow. This
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absolute vorticity 

increasing poleward

Fig. 15.2 Sketch of the effects of a mid-
latitude disturbance on the circulation
around the latitude line C.
If initially the absolute vorticity increases
monotonically poleward, then the distur-
bance will bring fluid with lower absolute
vorticity into the cap region. Then, using
Stokes theorem, the velocity around the
latitude line C will become more westward.

flow feels the effect of friction and so there must be a momentum convergence into this region,
as is seen in Fig. 14.12. We will find that this momentum convergence occurs largely in transient
eddies, and the jet is known as the eddy-driven jet. Although the eddies are a product of baroclinic
instability, the essential mechanism of jet production is present in barotropic dynamics, so we first
consider how an eastward jet can bemaintained in a turbulent two-dimensional flow on the surface
of a rotating sphere.

In barotropic turbulence, alternating east–west jets can be maintained if 𝛽 is non-zero, as de-
scribed in Section 12.1. However, that case was homogeneous, with no preferred latitude for a
particular direction of jet, whereas in the atmosphere there appears to be but one mid-latitude jet,
and although it meanders it certainly has a preferred average location. In the subsections that fol-
low we give four explications as to how the jet is maintained; the first has a different flavour from
the others, but they are all really just different perspectives on the same mechanism; they are all
the same explanation.2

15.1.2 The Mechanism of Jet Production

I. The vorticity budget

Suppose that the absolute vorticity normal to the surface (i.e., 𝜁 + 2𝛺 sin 𝜗) increases monotoni-
cally poleward. (A sufficient condition for this is that the fluid is at rest.) By Stokes’ theorem, the
circulation around a line of latitude circumscribing the polar cap, 𝐼, is equal to the integral of the
absolute vorticity over the cap. That is,

𝐼𝑖 = ∫
cap
𝝎𝑖𝑎 ⋅ d𝑨 = ∮

𝐶
𝑢𝑖𝑎 d𝑙 = ∮

𝐶
(𝑢𝑖 + 𝛺𝑎 cos 𝜗) d𝑙, (15.1)

where 𝝎𝑖𝑎 and 𝑢𝑖𝑎 are the initial absolute vorticity and velocity, respectively, 𝑢𝑖 is the initial zonal
velocity in the Earth’s frame of reference, and the line integrals are around the line of latitude. For
simplicity let us take 𝑢𝑖 = 0 and suppose there is a disturbance equatorward of the polar cap, and
that this results in a distortion of the material line around the latitude circle 𝐶 (Fig. 15.2). Since
we are supposing the source of the disturbance to be distant from the latitude of interest, then
if we neglect viscosity the circulation along the material line is conserved, by Kelvin’s circulation
theorem. Thus, vorticity with a lower value is brought into the region of the polar cap — that is,
the region poleward of the latitude line 𝐶. Using Stokes’ theorem again the circulation around the
latitude circle 𝐶must therefore fall; that is, denoting values after the disturbance with a subscript
𝑓,

𝐼𝑓 = ∫
cap
𝝎 fa ⋅ d𝑨 < 𝐼𝑖 (15.2)
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so that
∮
𝐶
(𝑢𝑓 + 𝛺𝑎 cos 𝜗) d𝑙 < ∮

𝐶
(𝑢𝑖 + 𝛺𝑎 cos 𝜗) d𝑙, (15.3)

and
𝑢𝑓 < 𝑢𝑖, (15.4)

with the overbar indicating a zonal average. Thus, there is a tendency to produce westward flow
poleward of the disturbance. By a similar argument westward flow is also produced equatorward
of the disturbance — to see this one might apply Kelvin’s theorem over all of the globe south of the
source of the disturbance (taking care to take the dot-product correctly between the direction of
the vorticity vector and the direction normal to the surface). Finally, note that the overall situation
is the same in the SouthernHemisphere. Thus, on the surface of a rotating sphere, external stirring
will produce westward flow away from the region of the stirring.

Now suppose, furthermore, that the disturbance imparts no net angular momentum to the
fluid. Then the integral of 𝑢𝑎 cos 𝜗 over the entire hemisphere must be constant. But the fluid is
accelerating westward away from the disturbance. Therefore, the fluid in the region of the distur-
bance must accelerate eastward; that is, angular momentum must converge into the stirred region,
producing an eastward flow. This simple mechanism is the essence of the production of eastward
eddy-driven jets in the atmosphere, and of the eastward surface winds in mid-latitudes. The stir-
ring that here we have externally imposed comes, in reality, from baroclinic instability.

If the stirring subsides then the flow may reversibly go back to its initial condition, with a con-
comitant reversal of the momentum convergence that caused the zonal flow. Thus, we must have
some form of dissipation and irreversibility in order to produce permanent changes, and in par-
ticular we need to irreversibly mix vorticity. (This result is closely related to the non-acceleration
results of Chapter 10.) If the fluid is continuously mixed, then we also need a source that restores
the absolute vorticity gradient, otherwise we will completely homogenize the vorticity over the
hemisphere.

II. Rossby waves and momentum flux
We saw above that amean gradient of vorticity is an essential ingredient in themechanismwhereby
a mean flow is generated by stirring. Given such, we expect Rossby waves to be excited, and we
now show how Rossby waves are intimately related to the momentum flux maintaining the mean
flow.

If a stirring is present inmid-latitudes thenwe expect that Rossbywaves will be generated there,
propagate away and break and dissipate. To the extent that the waves are quasi-linear and do not
interact, then just away from the source region each wave has the form

𝜓 = Re𝐶ei(𝑘𝑥+𝑙𝑦−𝜔𝑡) = Re𝐶ei(𝑘𝑥+𝑙𝑦−𝑘𝑐𝑡), (15.5)

where 𝐶 is a constant, with dispersion relation

𝜔 = 𝑐𝑘 = 𝑢𝑘 − 𝛽𝑘
𝑘2 + 𝑙2
≡ 𝜔𝑅, (15.6)

provided that there is no meridional shear in the zonal flow. The meridional component of the
group velocity is given by

𝑐𝑦𝑔 =
𝜕𝜔
𝜕𝑙
= 2𝛽𝑘𝑙
(𝑘2 + 𝑙2)2

. (15.7)

Now, the direction of the group velocity must be away from the source region; this is a radia-
tion condition (discussed more in the next subsection), demanded by the requirement that Rossby
waves transport energy away from the disturbance. Thus, northward of the source 𝑘𝑙 is positive
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Fig. 15.3 Generation of zonal
flow on a rotating sphere.
Stirring in mid-latitudes (by baro-
clinic eddies) generates Rossby
waves that propagate away. Mo-
mentum converges in the region of
stirring, producing eastward flow
there and weaker westward flow
on its flanks.

and southward of the source 𝑘𝑙 is negative. That the product 𝑘𝑙 can be positive or negative arises be-
cause for each 𝑘 there are two possible values of 𝑙 that satisfy the dispersion relation (15.6), namely

𝑙 = ±( 𝛽
𝑢 − 𝑐
− 𝑘2)
1/2
, (15.8)

assuming that the quantity in parentheses is positive.
The velocity variations associated with the Rossby waves are

𝑢′ = −Re𝐶 i𝑙ei(𝑘𝑥+𝑙𝑦−𝜔𝑡), 𝑣′ = Re𝐶 i𝑘ei(𝑘𝑥+𝑙𝑦−𝜔𝑡), (15.9a,b)

and the associated momentum flux is

𝑢′𝑣′ = −1
2
𝐶2𝑘𝑙. (15.10)

Thus, given that the sign of 𝑘𝑙 is determined by the group velocity, northward of the source the mo-
mentum flux associated with the Rossby waves is southward (i.e., 𝑢′𝑣′ is negative), and southward
of the source the momentum flux is northward (i.e., 𝑢′𝑣′ is positive). That is, the momentum flux
associated with the Rossby waves is toward the source region. Momentum converges in the region
of the stirring, producing net eastward flow there and westward flow to either side (Fig. 15.3).

Another way of describing the same effect is to note that if 𝑘𝑙 is positive then lines of constant
phase (𝑘𝑥 + 𝑙𝑦 = constant) are tilted north-west/south-east, and the momentum flux associated
with such a disturbance is negative (𝑢′𝑣′ < 0). Similarly, if 𝑘𝑙 is negative then the constant-phase
lines are tilted north-east/south-west and the associated momentum flux is positive (𝑢′𝑣′ > 0).
The net result is a convergence of momentum flux into the source region. In physical space this is
reflected by having eddies that are ‘bow-shaped’, as in Fig. 15.4.

♦ The radiation condition and Rayleigh friction
Why is the group velocity directed away from the source region? It is because the energy flux
travels at the group velocity, and the energy flux must be directed away from the source region; the
reader comfortable with that statementmay stop here. (See Section 6.7 formore on group velocity.)
Another way to determine the direction of the group velocity is to employ a common trick in
problems of wave propagation, that of adding a small amount of friction to the inviscid problem.3
The solution of the ensuing problem in the limit of small friction will often make clear which
solution is physically meaningful in the inviscid problem, and therefore which solution nature
chooses. Consider the linear barotropic vorticity equation with linear friction,

𝜕𝜁
𝜕𝑡
+ 𝛽𝜕𝜓
𝜕𝑥
= −𝑟𝜁, (15.11)
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Fig. 15.4 The momentum transport in physical
space, caused by the propagation of Rossby waves
away from a source in mid-latitudes. The ensuing
bow-shaped eddies are responsible for a convergence
of momentum, as indicated. If the arrows were
reversed the momentum transport would still have
the same sign.

where 𝑟 is a small friction coefficient. The dispersion relation is

𝜔 = −𝛽𝑘
𝐾2
− i𝑟 = 𝜔𝑅(𝑘, 𝑙) − i𝑟, (15.12)

where 𝜔𝑅 is defined by (15.6), with 𝑢 = 0, and so the wave decays with time. Now suppose a
wave is generated in some region, and that it propagates meridionally away, decaying as it moves
away. Then, instead of an imaginary frequency, we may suppose that the frequency is real and
the 𝑦-wavenumber is imaginary. Specifically, we take 𝑙 = 𝑙0 + 𝑙′, where 𝑙0 = ±[𝛽/(𝑢 − 𝑐) − 𝑘2]1/2
for some zonal wavenumber 𝑘, as in (15.8), and 𝜔 = 𝜔𝑅(𝑘, 𝑙0). For small friction, we obtain 𝑙′ by
Taylor-expanding the dispersion relation around its inviscid value, 𝜔𝑅(𝑘, 𝑙0), giving

𝜔 + i𝑟 = 𝜔𝑅(𝑘, 𝑙) ≈ �𝜔𝑅(𝑘, 𝑙0) +
𝜕𝜔𝑅(𝑘, 𝑙)
𝜕𝑙
|
𝑙=𝑙0
𝑙′, (15.13)

and therefore
𝑙′ = i𝑟
𝑐𝑦𝑔
, (15.14)

where 𝑐𝑦𝑔 = 𝜕𝑙𝜔𝑅(𝑘, 𝑙)|𝑙=𝑙0 is the 𝑦-component of the group velocity. The wavenumber is imaginary,
so that the wave either grows or decays in the 𝑦-direction, and the wave solution obeys

𝜓 ≈ Re𝐶 exp[i(𝑘𝑥 − 𝜔𝑅𝑡)] exp(i𝑙0𝑦 − 𝑟𝑦/𝑐
𝑦
𝑔 ). (15.15)

We now demand that the solution decay away from the source, because any other choice is mani-
festly unphysical, even as we let 𝑟 be as small as we please. Thus, with the source at 𝑦 = 0, 𝑐𝑦𝑔 must
be positive for positive 𝑦 and negative for negative 𝑦. In other words, the group velocity must be
directed away from the source region, and so momentum flux converges on the source region.

III. The pseudomomentum budget
Thekinematic relation between vorticity flux andmomentumflux for non-divergent two-dimensional
flow is

𝑣𝜁 = 1
2
𝜕
𝜕𝑥
(�𝑣2 − 𝑢2)� − 𝜕

𝜕𝑦
(𝑢𝑣). (15.16)
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After zonal averaging this gives

𝑣′𝜁′ = −𝜕𝑢
′𝑣′
𝜕𝑦
, (15.17)

noting that 𝑣 = 0 for two-dimensional incompressible (or geostrophic) flow. In spherical coordi-
nates this expression becomes

𝑣′𝜁′ cos 𝜗 = − 1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(cos2𝜗𝑢′𝑣′). (15.18)

If either (15.17), or (15.18) are integrated with respect to 𝑦 between two quiescent latitudes then
their right-hand sides vanish. That is the zonally-averagedmeridional vorticity flux vanishes when
integrated over latitude.

Now, the barotropic zonal momentum equation is (for horizontally non-divergent flow)

𝜕𝑢
𝜕𝑡
+ 𝜕𝑢
2

𝜕𝑥
+ 𝜕𝑢𝑣
𝜕𝑦
− 𝑓𝑣 = −𝜕𝜙

𝜕𝑥
+ 𝐹𝑢 − 𝐷𝑢, (15.19)

where 𝐹𝑢 and𝐷𝑢 represent the effects of any forcing and dissipation. Zonal averaging, with 𝑣 = 0,
gives

𝜕𝑢
𝜕𝑡
= −𝜕𝑢𝑣
𝜕𝑦
+ 𝐹𝑢 − 𝐷𝑢, or 𝜕𝑢

𝜕𝑡
= 𝑣′𝜁′ + 𝐹𝑢 − 𝐷𝑢. (15.20)

using (15.17). Thus, the zonally-averagedwind ismaintained by the zonally-averaged vorticity flux.
On average there is little if any direct forcing of horizontal momentum and we may set 𝐹𝑢 = 0, and
if the dissipation is parameterized by a linear drag (15.20) becomes

𝜕𝑢
𝜕𝑡
= 𝑣′𝜁′ − 𝑟𝑢, (15.21)

where the constant 𝑟 is an inverse frictional time scale.
Now consider the maintenance of this vorticity flux. The barotropic vorticity equation is

𝜕𝜁
𝜕𝑡
+ 𝒖 ⋅ ∇𝜁 + 𝑣𝛽 = 𝐹𝜁 − 𝐷𝜁, (15.22)

where 𝐹𝜁 and𝐷𝜁 are forcing and dissipation of vorticity. Linearize about a mean zonal flow to give

𝜕𝜁′
𝜕𝑡
+ 𝑢𝜕𝜁

′

𝜕𝑥
+ 𝛾𝑣′ = 𝐹′𝜁 − 𝐷′𝜁, (15.23)

where
𝛾 = 𝛽 − 𝜕

2𝑢
𝜕𝑦2

(15.24)

is the meridional gradient of absolute vorticity. (We use 𝛾 rather than 𝛽∗ to denote this quantity
because the argument may be extended to layered models, where 𝛾 = 𝜕𝑞/𝜕𝑦.) Now multiply
(15.23) by 𝜁′/𝛾 and zonally average, assuming that 𝑢𝑦𝑦 is small compared to 𝛽 or varies only slowly,
to form the pseudomomentum equation,

𝜕𝒫
𝜕𝑡
+ 𝑣′𝜁′ = 1

𝛾
(𝜁′𝐹′𝜁 − 𝜁′𝐷′𝜁), (15.25)

where
𝒫 = 1
2𝛾
𝜁′2 (15.26)
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Fig. 15.5 Mean flow generation by a meridionally
confined stirring. Because of Rossby wave propagation
away from the source region, the distribution of pseu-
domomentum dissipation is broader than that of pseu-
domomentum forcing, and the sum of the two leads
to the zonal wind distribution shown, with positive
(eastward) values in the region of the stirring. See also
Fig. 15.8.

poleequator

is a wave activity density, equal to the pseudomomentum for this problem (see Section 10.2 and
(10.29b) for related discussion). The parameter 𝛾 is positive if the average absolute vorticity in-
creases monotonically northward, and this is usually the case in both Northern and Southern
Hemispheres.

In the absence of forcing and dissipation, (15.21) and (15.25) imply an important relationship
between the change of the mean flow and the pseudomomentum, namely

𝜕𝑢
𝜕𝑡
+ 𝜕𝒫
𝜕𝑡
= 0. (15.27)

Now if for some reason 𝒫 increases, perhaps because a wave enters an initially quiescent region
because of stirring elsewhere, then mean flow must decrease. However, because the vorticity flux
integrates to zero, the zonal flow cannot decrease everywhere. Thus, if the zonal flow decreases
in regions away from the stirring, it must increase in the region of the stirring. In the presence of
forcing and dissipation this mechanism can lead to the production of a statistically steady jet in the
region of the forcing, since (15.21) and (15.25) combine to give

𝜕𝑢
𝜕𝑡
+ 𝜕𝒫
𝜕𝑡
= −𝑟𝑢 + 1

𝛾
( 𝜁′𝐹′𝜁 − 𝜁′𝐷′𝜁 ) , (15.28)

and in a statistically steady state

𝑟𝑢 = 1
𝛾
( 𝜁′𝐹′𝜁 − 𝜁′𝐷′𝜁 ) . (15.29)

The terms on the right-hand side represent the stirring and dissipation of vorticity, and integrated
over latitude their sum will vanish, or otherwise the pseudomomentum budget cannot be in a
steady state. However, let us suppose that forcing is confined tomid-latitudes. In the forcing region,
the first term on the right-hand side of (15.29) will be larger than the second, and an eastward
mean flow will be generated. Away from the direct influence of the forcing, the dissipation term
will dominate and westward mean flows will be generated, as sketched in Fig. 15.5. Thus, on a
𝛽-plane or on the surface of a rotating sphere an eastward mean zonal flow can be maintained by a
vorticity stirring that imparts no net momentum to the fluid. In general, stirring in the presence of
a vorticity gradient will give rise to a mean flow, and on a spherical planet the vorticity gradient is
provided by differential rotation.

It is crucial to the generation of a mean flow that the dissipation has a broader latitudinal distri-
bution than the forcing: if all the dissipation occurred in the region of the forcing then from (15.29)
no mean flow would be generated. This broadening arises via the action of Rossby waves that are
generated in the forcing region and that propagate meridionally before dissipating, as described in
the previous subsection, so allowing the generation of a mean flow.
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Fig. 15.6 If a region of fluid on the 𝛽-
plane or on a rotating sphere is stirred,
then Rossbywaves propagate away from
the disturbance, and this is the direction
of the wave-activity flux vector. Thus,
there is divergence of wave activity in
the stirred region, and using (15.34) this
produces an eastward acceleration.

IV. The Eliassen–Palm flux
TheEliassen–Palm (EP) flux (Section 10.2) provides a convenient framework for determining how
waves affect themean flow, and the barotropic case is a particularly simple and instructive example.
In the unforced case, the zonally-averaged momentum equation may be written as

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ = ∇𝑥 ⋅ 𝓕, (15.30)

where 𝑣∗ is the residual meridional velocity and 𝓕 is the Eliassen–Palm flux, and ∇𝑥⋅ is the diver-
gence in the meridional plane. In the barotropic case 𝑣∗ = 0 and

𝓕 = −𝐣 𝑢′𝑣′ . (15.31)

If the momentum flux is primarily the result of interacting nearly monochromatic waves, then the
EP flux obeys the group velocity property (Section 6.7), namely that the flux ofwave activity density
is equal to the group velocity multiplied by the wave activity density. Thus,

ℱ𝑦 ≡ 𝐣 ⋅ 𝓕 ≈ 𝑐𝑦𝑔𝒫, (15.32)

where 𝒫 is the wave activity density, or pseudomomentum, given by

𝒫 = 𝜁
′2

2𝑞𝑦
= 𝜁
′2

2𝛾
, (15.33)

and, if 𝛾 > 0, 𝒫 is a positive-definite quantity. The zonal momentum equation and the Eliassen–
Palm relation (10.29a) become respectively

𝜕𝑢
𝜕𝑡
= 𝜕
𝜕𝑦
(𝑐𝑦𝑔𝒫), 𝜕𝒫

𝜕𝑡
+ 𝜕
𝜕𝑦
(𝑐𝑦𝑔𝒫) = 0, (15.34a,b)

and so
𝜕𝑢
𝜕𝑡
= −𝜕𝒫
𝜕𝑡
, (15.35)

as in (15.27).
Now suppose that we initiate a disturbance at some latitude, and then let the fluid evolve freely.

The disturbance generates Rossby waves whose group velocity will be directed away from the re-
gion of disturbance, and from (15.34b) the wave activity density 𝒫 will diminish in the region of
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Fig. 15.7 The time and zonally-averaged
wind (solid line) obtained by an integration
of the barotropic vorticity equation (15.36)
on the sphere.
The fluid is stirred in mid-latitudes by a ran-
dom wavemaker that is statistically zonally
uniform, acting around zonal wavenumber 8,
and that supplies no net momentum. Mo-
mentum converges in the stirring region lead-
ing to an eastward jetwith awestward flow to
either side, and zero area-weighted spatially
integrated velocity. The dashed line shows
the r.m.s. (eddy) velocity created by the stir-
ring.
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the disturbance (and increase elsewhere). However, from (15.34a) the zonal velocity will increase
in the region of the disturbance, and an eastward flow will be generated. That is, momentum con-
verges in the region of the disturbance and an eastward jet is generated, as sketched in Fig. 15.6.

TheEP flux argument, the pseudomomentum argument and the Rossbywave argument are just
different expressions of the same physical process. Indeed, the result of (15.10) can be regarded as
illustrating the group velocity property of the EP flux for barotropic Rossby waves. The vorticity
budget argument is a little more general than these arguments, because it does not depend on
linearization or small amplitude disturbances. None of these arguments requires that the flow be
truly turbulent and, although they all involve nonlinear interactions, it is the presence of the 𝛽-
effect — a linear term in the vorticity equation — that is crucial in the development of a mean
flow.

15.1.3 A Numerical Example
We conclude from the above arguments that momentum will converge into a rapidly rotating flow
that is stirred in a meridionally localized region. To illustrate this, we numerically integrate the
barotropic vorticity equation on the sphere, with a meridionally localized stirring term; explicitly,
the equation that is integrated is

𝜕𝜁
𝜕𝑡
+ 𝐽(𝜓, 𝜁) + 𝛽𝜕𝜓

𝜕𝑥
= −𝑟𝜁 + 𝜅∇4𝜁 + 𝐹𝜁. (15.36)

The first term on the right-hand side is a linear drag, parameterizing momentum loss in an Ekman
layer. The second term removes enstrophy that has cascaded to small scales; it has a negligible
impact at large scales. The forcing term 𝐹𝜁 is a wavemaker confined to a zonal strip of about 15°
meridional extent, centred at about 45°N, that is statistically zonally uniform and that spatially
integrates to zero. Within that region it is a random stirring with a temporal decorrelation scale of
a few days and a spatial decorrelation scale corresponding to about wavenumber 8, thusmimicking
weather scales. Thus, it provides no net source of vorticity or momentum, but it is a source of
pseudomomentum because 𝐹𝜁𝜁 > 0.

The results of a numerical integration of (15.36) are illustrated in Figs. 15.7 and 15.8. An east-
ward jet forms in the vicinity of the forcing, with westward flow on either side. The pseudomo-
mentum stirring and dissipation that produce this flow are shown in Fig. 15.8. As expected, the
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Fig. 15.8 The pseudomomentum stirring
(solid line, 𝐹′𝜁𝜁′), dissipation (red dashed line,
𝐷′𝜁𝜁′) and their sum (dotted), for the same in-
tegration as Fig. 15.7.
Because Rossby waves propagate away from
the stirred region before breaking, the distri-
bution of dissipation is broader than the forc-
ing, resulting in an eastward jet where the stir-
ring is centred, with westward flow on either
side.

dissipation has a broader distribution than the forcing, and the sum of the two (the dotted line)
has the same meridional distribution as the zonal flow itself.

15.2 LAYERED MODELS OF THE MID-LATITUDE CIRCULATION

Let us now extend our barotropic model in the direction of increasing realism. So far we have
shown that localized stirring can give rise to an eastward acceleration as Rossby waves propagate
away from the disturbance. The source of the disturbance is baroclinic instability, and to incor-
porate that effects will necessitate some vertical structure into the problem; we do this by way of
layered models of the circulation.4 That is, we consider an atmosphere to consist of one or more
isentropic layers, as described in Section 3.10. The equations describing such layers are virtually
isomorphic to the shallow water equations and, for the sake of familiarity and simplicity, and with
no loss of essential dynamics, we use the Boussinesq shallow water equations. We begin with a
model of a single layer, with summaries for the impatient on page 552 and on page 556.

15.2.1 A Single-layer Model

We first consider a single layer obeying the shallow water equations. We further restrict the flow
by supposing that it is constrained by two rigid surfaces: an upper flat lid and a lower, wavy (but
stationary) surface (Fig. 15.9). Wemay imagine the fluid layer to crudely represent the upper tropo-
sphere, with the (given) lower wavy surface corresponding to the undulating mid-atmosphere in-
terface of a two-layer model. (This section is in some ways an exercise, and too much realism
should not be ascribed to the model.) Thus frictional effects are small in the momentum equa-
tion, and in particular there is no Ekman layer and no drag on the velocity field. However, there
may be some dissipative effects in the vorticity equation, arising from the cascade of enstrophy to
small scales. We also suppose that the Rossby number is small, that the variations in layer thick-
ness are small compared to the mean layer thickness, and that variations in Coriolis parameter are
small. Let the initial flow be a uniform zonal current, passing over the wavy lower boundary. The
boundary is waviest in mid-latitudes, creating a disturbance from which Rossby waves emanate.
Our questions are: (i) How does the wavy interface affect the mean zonal flow? (ii) What if any
meridional circulation is induced?
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Fig. 15.9 A model atmosphere with an active layer
of mean thickness 𝐻, local thickness ℎ, and a variable
lower surface of height displacement 𝜂, lying above a
stationary layer with a slightly larger potential density.

H
h

η

Equations of motion
The zonal momentum equation for the layer may be written as

𝜕𝑢
𝜕𝑡
− (𝑓 + 𝜁)𝑣 = −𝜕𝐵

𝜕𝑥
, (15.37)

where 𝐵 = 𝜙+𝒖2/2 is the Bernoulli function for the problem and 𝜙 is the kinematic pressure, 𝑝/𝜌0.
The zonal average of the equation is

𝜕𝑢
𝜕𝑡
− 𝑓𝑣 = 𝜁𝑣 + 𝜁′𝑣′ . (15.38)

Note that 𝑣 is wholly ageostrophic (𝑣𝑔 = 𝜕𝑥𝜓 = 0). Now, using 𝜕𝑢/𝜕𝑥 + 𝜕𝑣/𝜕𝑦 = 0, the vorticity
flux is related to the momentum flux by

𝑣𝜁 = − 𝜕
𝜕𝑦
(𝑢𝑣) + 1
2
𝜕
𝜕𝑥
(𝑣2 − 𝑢2), (15.39)

so that, under quasi-geostrophic scaling, (15.38) simplifies to

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣 = 𝜁′𝑣′ = −

𝜕
𝜕𝑦
𝑢′𝑣′ . (15.40)

Although 𝑣 is small and ageostrophic, mass conservation does not demand that it be zero, because
the thickness of the layer is not constant — look ahead to (15.43). Thus, as 𝑣 is multiplied by
the large term 𝑓0, the term 𝑓0𝑣 term should be retained (whereas 𝜁𝑣 is dropped). If the flow is
statistically steady and there are no sources or sinks of momentum (15.40) becomes

𝑓0𝑣 =
𝜕
𝜕𝑦
𝑢′𝑣′ . (15.41)

To complete the model we use the zonally-averaged mass conservation equation, namely

𝜕ℎ
𝜕𝑡
+ 𝜕
𝜕𝑦
𝑣ℎ = 0. (15.42)

In the situation here 𝜕ℎ/𝜕𝑡 = 0, because the flow is confined between two rigid surfaces, and
so 𝜕𝑣ℎ/𝜕𝑦 = 0. If the mass flux vanishes somewhere, for example at a meridional boundary, it
therefore vanishes everywhere and we have

𝑣ℎ + 𝑣′ℎ′ = 0. (15.43)
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Using (15.41) and (15.43) gives

1
𝑓0
𝜕
𝜕𝑦
𝑢′𝑣′ + 𝑣

′ℎ′

ℎ
= 0, or 𝑣′𝜁′ − 𝑓0

𝑣′ℎ′

ℎ
= 0. (15.44a,b)

Because thickness variations are assumed to be small we may write this as

𝑣′𝜁′ − 𝑓0
1
𝐻
𝑣′ℎ′ = 0, (15.45)

where 𝐻 is the reference thickness of the layer, which may be taken as its mean thickness. The
left-hand side of (15.45) is actually just the potential vorticity flux for this problem — look ahead
to (15.51). The potential vorticity equation for the layer is

D𝑄
D𝑡
= D

D𝑡
[𝜁 + 𝑓
ℎ
] = 0, (15.46)

where ℎ is the fluid layer thickness. For small variations in layer thickness and Coriolis parameter
this becomes

D𝑞
D𝑡
= 𝜕𝑞
𝜕𝑡
+ 𝑢𝜕𝑞
𝜕𝑥
+ 𝑣 𝜕𝑞
𝜕𝑦
= 0, 𝑞 = 𝜁 + 𝛽𝑦 + 𝑓0

𝜂
𝐻
, (15.47a,b)

where 𝜂 = 𝐻 − ℎ is the height of the lower interface (Fig. 15.9) and this is a function of 𝑥 and 𝑦
but not, in this model, time. Using the horizontal non-divergence of the flow, the zonally-averaged
potential vorticity equation is

𝜕𝑞
𝜕𝑡
= −𝜕𝑣 𝑞
𝜕𝑦
− 𝜕𝑣
′𝑞′
𝜕𝑦
. (15.48)

The term involving 𝑣 is very small, and omitting it and using (15.47a) we obtain the perturbation
potential vorticity equation

𝜕𝑞′
𝜕𝑡
+ 𝑢𝜕𝑞

′

𝜕𝑥
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= −𝐷′, (15.49)

where we include a term, 𝐷′, to represent dissipative processes. Multiplying by 𝑞′/(𝜕𝑞/𝜕𝑦) and
zonally averaging we obtain the pseudomomentum equation for this system, namely

𝜕𝒫
𝜕𝑡
= 𝜕
𝜕𝑡
(𝑞
′2

2𝛾
) = −𝑣′𝑞′ − 𝐷

′𝑞′
𝛾
, (15.50)

where 𝛾 = 𝜕𝑞/𝜕𝑦. This equation is the equivalent of (15.25), but now for the layered system. In
a turbulent fluid we cannot, in general, demand that 𝐷′ = 0, even as the viscosity goes to zero,
because of the presence of an enstrophy flux to smaller scales and a concomitant dissipation. But
in regions where𝐷′ is zero (where there is no wave breaking) then the potential vorticity fluxmust
also be zero in a steady state. For our argument let us assume that, in fact,𝐷′ = 0.

Using (15.47b), the eddy potential vorticity flux is

𝑣′𝑞′ = 𝑣′𝜁′ + 𝑓0
𝐻
𝑣′𝜂′ = 𝑣′𝜁′ − 𝑓0

𝐻
𝑣′ℎ′ , (15.51)

where 𝜂′ is the topography and ℎ′ is the layer thickness perturbation. Using this in the zonal
momentum equation (15.40) gives

𝜕𝑢
𝜕𝑡
= 𝑣′𝑞′ + 𝑓0

𝐻
𝑣′ℎ′ + 𝑓0𝑣. (15.52)
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Informal Summary of the Single-layer Arguments

The zonally-averaged momentum equation is

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣 = 𝑣′𝜁′ = −

𝜕𝑢′𝑣′
𝜕𝑦
. (SL.1)

A region that is the source of Rossby waves will generally be a regionwhere there ismomen-
tum flux convergence, where 𝜕𝑢′𝑣′/𝜕𝑦 < 0. In this region 𝑣 will be directed equatorward
if 𝑢 is steady, and this flow is the upper branch of the Ferrel Cell. To think about this in
terms of potential vorticity, first define the residual meridional velocity by

𝑣∗ = 𝑣
′ℎ′

ℎ
+ 𝑣. (SL.2)

This is proportional to the total meridional mass flux in a layer, and is zero in this one-layer
model. The momentum equation is then

𝜕𝑢
𝜕𝑡
= 𝑓0𝑣∗ −

𝑓0
ℎ
𝑣′ℎ′ + 𝑣′𝜁′ (SL.3a)

= 𝑓0𝑣∗ + 𝑣′𝑞′ . (SL.3b)

using 𝑣′𝑞′ = 𝑣′𝜁′ − (𝑓0/ℎ)𝑣′ℎ′ , where 𝑞 the is potential vorticity. The second term on the
right-hand side of (SL.3a) is the form drag exerted by the topography on the flow, and in
a steady state this balances the momentum flux convergence of the Rossby waves. Because
of the presence of Rossby waves we expect 𝑣′𝜁′ > 0. If there is no dissipation then in
steady flow 𝑣′𝑞′ = −𝑓0𝑣∗ = 0 and the eddy mass flux is poleward (positive if 𝑓0 > 0) and a
meridional flow is generated as in Fig. 15.10.

We can infer the potential vorticity flux more directly using the pseudomomentum
equation:

𝜕𝒫
𝜕𝑡
= 𝜕
𝜕𝑡
(𝑞
′2

2𝛾
) = −𝑣′𝑞′ − 𝐷

′𝑞′
𝛾
, (SL.4)

where 𝛾 = 𝜕𝑞/𝜕𝑦. If dissipation is identically zero, then the potential vorticity flux is zero
if the waves are steady. Then, using (SL.3b), there is no acceleration of the zonal flow — an
example of the non-acceleration theorem.

More generally (and in the real atmosphere) there will be some dissipation away from
the source region: Rossby waves will preferentially break in critical layers (near where 𝑢 =
𝑐) and/ormore generally Rossbywaveswill interact producing an enstrophy cascade. These
processes give𝐷′𝑞′ > 0 and (for 𝛾 > 0) a negative potential vorticity flux, 𝑣′𝑞′ < 0. In these
regions, a balance in the momentum equation (SL.3b) can be achieved either by balancing
the PV flux with a friction term, as in the barotropic model of Section 15.1, or by a Coriolis
force on a poleward residual meridional velocity. That is, 𝑓0𝑣∗ ≈ −𝑣′𝑞′ > 0, so generating
a poleward residual flow.
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Fig. 15.10 Dynamics of a single layer, with
no dissipation. The force on the active layer
arises from the formdrag exerted by the inter-
face. Vorticity dynamics demands that this
produce a converging eddy momentum flux
(𝜕𝑦𝑢′𝑣′ < 0), which in turn produces a pole-
ward eddy mass flux (𝑣′ℎ′ > 0), and so an
equatorward Eulerian flow.

But the last two terms on the right-hand side constitute the total mass flux, so we finally write

𝜕𝑢
𝜕𝑡
= 𝑣′𝑞′ + 𝑓0𝑣∗, 𝑣∗ = 𝑣 +

𝑣′ℎ′
𝐻
. (15.53a,b)

The quantity 𝑣∗ is the residual circulation for this problem; it is proportional to the sumofmass flux
from the mean flow and the eddies (see Section 10.3 for more discussion). Now, 𝑣∗ is proportional
to the total meridional mass flux and therefore here, because the flow is confined between rigid
lids and if there are no sources or sinks of mass, 𝑣∗ = 0 everywhere (see (15.43) with ℎ = 𝐻).

Dynamics
When the flow passes over the wavy boundary, Rossby waves will, as in the barotropic case, cause
momentum flux to converge in the generation region. If the flow is steady and dissipation-free
then from the momentum equation

𝑓0𝑣 =
𝜕𝑢′𝑣′
𝜕𝑦
, (15.54)

and, in regions of momentum flux convergence (i.e., where 𝜕𝑢′𝑣′/𝜕𝑦 < 0) the mean meridional
velocity is equatorward. Thus, whereas frictional forces balance the vorticity flux in a constant-
thickness barotropic model (because in that case 𝑣 = 0) in the free atmosphere a meridional cir-
culation may be generated, and this is the basis of the equatorial flow in the upward branch of the
Ferrel cell. However, this does not imply that the total mass flux is equatorward; in fact, for this
single-layer model it must be zero, and therefore

𝑣′ℎ′ = −ℎ𝑣 > 0. (15.55)

That is, the eddy mass flux is poleward, balancing the equatorward mean flow. These balances are
sketched in Fig. 15.10.

Another way to arrive at this result is to utilize potential vorticity fluxes directly. For steady,
dissipation-free flow the pseudomomentum equation (15.50) reveals that the potential vorticity
flux vanishes. Then using (15.53) and noting that 𝑣∗ = 0 we have 𝜕𝑢/𝜕𝑡 = 0— an example of the
non-acceleration theorem that steady non-dissipative waves do not induce a change in the zonal
momentum. Then, using (15.51) we find

𝑣′𝜁′ = 𝑓0
𝐻
𝑣′ℎ′ , (15.56)

and using (15.43) we recover (15.54).
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Fig. 15.11 An atmosphere with two homoge-
neous (or isentropic) layers of mean thickness
𝐻1 and 𝐻2, local thickness ℎ1 and ℎ2, and in-
terface 𝜂, contained between two flat, rigid sur-
faces.

From the point of view of the momentum equation, the momentum flux convergence is bal-
anced by the form drag caused by the flow over the wavy boundary. To see this we use (15.53b) to
write the zonal momentum equation as

𝜕𝑢
𝜕𝑡
= 𝑓0𝑣 + 𝑣′𝜁′ = 𝑓0𝑣∗ −

𝑓0
𝐻
𝑣′ℎ′ + 𝑣′𝜁′ , (15.57)

where here 𝑣∗ (but not 𝑣) is zero. The term −(𝑓0/𝐻)𝑣′ℎ′ represents the force on the fluid layer
coming from the wavy boundary — the form drag, as described in Section 3.6. Specifically, the
average force per unit area exerted on the layer by the sloping surface is given by

𝐹 = −𝑓0𝜌0𝑣′𝜂′ = 𝑓0𝜌𝑜𝑣′ℎ′ , (15.58)

and dividing by 𝜌0𝐻 provides the acceleration on the active fluid layer. The atmosphere also exerts
an equal and opposite force on the wavy surface, an effect we consider in the next section. A steady
state is achieved, without dissipation, when the form drag is balanced by the eddy momentum flux
convergence. From (15.51) or (15.53), this state is the same as the condition that the potential
vorticity flux vanishes.

Final remarks on the one-layer model
A summary of the single-layer arguments is given in the shaded box on page 552. In the single-layer
model, as in the barotropic model, the zonal flow is proximately driven by eddy fluxes of potential
vorticity, and in the model the eddy fluxes must be zero if a steady state is to be achieved. Vis-à-vis
the real atmosphere this is a little unrealistic, because from the pseudomomentum equation (15.50)
we expect these fluxes to be negative, and there is then nothing to balance them in the momentum
equation, (15.53), if 𝑣∗ = 0. In the real atmosphere, there are effectively sources and sinks in the
mass conservation equation that arise from the thermodynamics that allow 𝑣∗ to be non-zero; we
then expect 𝑣∗ > 0, but to explore this requires a two-layer model, in which the single layer of the
one-layer model will correspond to the upper layer of the two-layer model.

15.2.2 A Two-layer Model
We now consider a model with two active layers, constructing what is probably the simplest model
that can capture the dynamics of the mid-latitude tropospheric general circulation without undue
approximation. Indeed virtually all of the phenomenology that we associate with the circulation
— a thermal wind, mid-latitude surface westerly winds, the Ferrel cell, breaking Rossby waves — is
present. A three-layer model introduces no new physics, although a continuously stratified model
does lead to some differences of interpretation. The physical model we have in mind is one of
two isentropic layers of a compressible ideal gas, virtually equivalent to a two-layer shallow water
model illustrated in Fig. 15.11, and our presentation will be in terms of the latter. The upper layer
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may be thought of as being forced by an undulating interface between the lower and upper layers, a
crude representation of stratification. We continue to assume that quasi-geostrophic scaling holds;
that is, the flow is in near geostrophic balance, variations in layer thickness are small compared to
their mean thickness and variations in the Coriolis parameter are small. We also assume that the
two fluid layers are held between two flat rigid lids — topography is an unnecessary complication
at this stage.

Equations of motion
Theequations ofmotion are those of a two-layer Boussinesq shallowwatermodel confined between
two rigid flat surfaces, and readers comfortable with these dynamics (see Sections 3.3 and 3.5) may
quickly skip through this section, glancing at the boxed equations, and look at the summary on
the next page. The momentum equations of each layer are

D𝒖1
D𝑡
+ 𝒇 × 𝒖1 = −∇𝜙1, (15.59a)

D𝒖2
D𝑡
+ 𝒇 × 𝒖2 = −∇𝜙2 − 𝑟𝒖2, (15.59b)

where 𝜙1 = 𝑝𝑇/𝜌0 and 𝜙2 = 𝑝𝑇/𝜌0 + 𝑔′𝜂, with 𝑝𝑇 being the pressure at the lid at the top, 𝜂 the
interface displacement (see Fig. 15.11) and 𝑔′ = 𝑔(𝜌2 − 𝜌1)/𝜌0 the reduced gravity, and we may
take 𝜌0 = 𝜌1. We have also included a simple representation of surface drag, −𝑟𝒖2, in the lowest
layer, and 𝑟 is a constant. We will use a constant value of the Coriolis parameter except where it is
differentiated, and on zonal averaging the zonal components of (15.59) become

𝜕𝑢1
𝜕𝑡
− 𝑓0𝑣1 = 𝑣′1𝜁′1 (15.60a)

𝜕𝑢2
𝜕𝑡
− 𝑓0𝑣2 = 𝑣′2𝜁′2 − 𝑟𝑢2. (15.60b)

Geostrophic balance in each layer implies

𝑓0𝒖𝑔1 = 𝐤 × ∇𝜙1, 𝑓0𝒖𝑔2 = 𝐤 × ∇𝜙1 + 𝑔′𝐤 × ∇𝜂, (15.61a,b)

where the subscript 𝑔 denotes geostrophic. Subtracting one equation from the other gives

𝑓0(𝒖1 − 𝒖2) = −𝑔′𝐤 × ∇𝜂, (15.62)

dropping the subscripts 𝑔 on 𝒖. This equation represents thermal wind balance (or the Margules
relation) for this system. A temperature gradient thus corresponds to a slope of the interface height,
with the interface sloping upwards toward lower temperatures, analogous to isentropes sloping up
toward the pole in the real atmosphere.

The quasi-geostrophic potential vorticity for each layer is

𝑞𝑖 = 𝜁𝑖 + 𝑓 − 𝑓0
ℎ𝑖
𝐻𝑖
, (15.63)

where 𝐻𝑖 is the reference thickness of each layer, which we take to be its mean thickness. The
potential vorticity flux in each layer is then

𝑣′𝑖 𝑞′𝑖 = 𝑣′𝑖 𝜁′𝑖 −
𝑓0
𝐻𝑖
𝑣′𝑖 ℎ′𝑖 . (15.64)
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Phenomenology of a Two-layer Mid-Latitude Atmosphere

A radiative forcing that heats low latitudes and cools high latitudes will lead to an isentropic
interface that slopes upward with increasing latitude, and a poleward total mass flux in the
upper layer and an equatorward flux in the lower layer. The interface implies a thermal
wind shear between the two layers. Neglecting relative vorticity, the potential vorticity
gradients in each layer are given by

𝜕𝑞1
𝜕𝑦
= 𝛽 − 𝑓0
𝐻1
𝜕ℎ1
𝜕𝑦
> 0 and

𝜕𝑞2
𝜕𝑦
= 𝛽 − 𝑓0
𝐻2
𝜕ℎ2
𝜕𝑦
≲ 0. (TL.1)

The gradient generally is large and positive in the upper layer and small and negative in
the lower layer — the gradient must change sign if there is to be baroclinic instability as we
assume to be the case. This baroclinic instability generates eddy fluxes that largely deter-
mine the surface winds and themeridional overturning circulation. The zonal momentum
equation in each layer is

𝜕𝑢1
𝜕𝑡
= 𝑓0𝑣1 + 𝑣′1𝜁′1 = 𝑓0𝑣∗1 + 𝑣′1𝑞′1 , (TL.2a)

𝜕𝑢2
𝜕𝑡
= 𝑓0𝑣2 + 𝑣′2𝜁′2 − 𝑟𝑢2 = 𝑓0𝑣∗2 + 𝑣′2𝑞′2 − 𝑟𝑢2, (TL.2b)

where

𝑣∗𝑖 = 𝑣𝑖 +
𝑣′𝑖 ℎ′𝑖
𝐻𝑖

(TL.3)

is the residual meridional flow. In steady state the potential vorticity flux will be equator-
ward in the upper layer and poleward in the lower layer. Because themass flux in each layer
is equal and opposite, the surface (i.e., lower-layer) wind is given by the vertical integral of
the vorticity or potential vorticity fluxes, namely

𝑟𝐻2𝑢2 = 𝐻1𝑣′1𝑞′1 + 𝐻2𝑣′2𝑞′2 = 𝐻1𝑣′1𝜁′1 + 𝐻2𝑣′2𝜁′2 . (TL.4)

The vorticity flux is positive in the upper layer and negative in the lower layer. However,
because the potential vorticity gradient in the upper layer is large, this layer is more linear
than the lower layer and Rossby waves are better able to transport momentum. The magni-
tude of the vorticity flux is thus larger in the upper layer than in the lower layer and, using
(TL.4), the surface winds are positive (eastward) in the mid-latitude baroclinic zone (see
Fig. 15.14).

To balance the upper-layer mid-latitude momentum flux convergence a meridional
overturning circulation (a Ferrel cell) is generated. In a steady state 𝑓0𝑣1 = −𝑣′1𝜁′1 so that
the zonally-averaged upper level flow is equatorward. However, the total mass flux in the
upper level is poleward; thus, the equatorward meridional velocity in the upper branch of
the Ferrel cell is the consequence of an Eulerian zonal average and does not correspond to
a net equatorward mass transport.

In the real atmosphere, the equatorward residual flow occurs close to the surface. Thus,
formore realism, wemight think of the lower layer as representing a near-surface layer and
choose𝐻1 ≫ 𝐻2, or even construct a three-layer model with a shallow near-surface layer
and two interior layers.
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Using this in (15.60) gives

𝜕𝑢1
𝜕𝑡
= 𝑣′1𝑞′1 + 𝑓0𝑣∗1 ,

𝜕𝑢2
𝜕𝑡
= 𝑣′2𝑞′2 + 𝑓0𝑣∗2 − 𝑟𝑢2, (15.65a,b)

where

𝑣∗𝑖 = 𝑣𝑖 +
𝑣′𝑖 ℎ′𝑖
𝐻𝑖

(15.66)

is the meridional component of the residual velocity in each layer, proportional to the total merid-
ional mass flux in each layer. These are the transformed Eulerian mean (tem) forms of the equa-
tions, first encountered in Section 10.3.

In the barotropic model of Section 15.1 the mean meridional velocity vanished at every lati-
tude, a consequence of mass conservation in a single layer between two rigid flat surfaces. In the
single-layer model of Section 15.2.1 the mean meridional velocity was in general non-zero, but
the total meridional mass flux (i.e., the meridional component of the residual velocity) was zero if
the domain is bounded laterally by solid walls. In the two-layer model we will allow a transforma-
tion of mass from one layer to another, which is the equivalent of heating: a conversion of mass
from the lower layer to the upper layer is heating, and conversely for cooling. Thus, heating at low
latitudes and cooling at high latitudes leads to the interface sloping upwards toward the pole. In
the two-layer model the constraint that mass conservation supplies is that, assuming a statistically
steady state, the total poleward mass flux summed over both layers must vanish.

The mass conservation equation for each layer is

𝜕ℎ𝑖
𝜕𝑡
+ ∇ ⋅ (ℎ𝑖𝒖𝑖) = 𝑆𝑖, (15.67)

where 𝑆𝑖 is the mass source term and we may suppose that 𝑆1+𝑆2 = 0 everywhere. A zonal average
gives

𝜕ℎ𝑖
𝜕𝑡
+ 𝜕ℎ𝑖𝑣𝑖
𝜕𝑦
= 𝑆𝑖 , (15.68)

or, setting ℎ𝑖 = 𝐻𝑖 and using (15.66),

𝜕ℎ𝑖
𝜕𝑡
+ 𝐻𝑖
𝜕𝑣∗𝑖
𝜕𝑦
= 𝑆𝑖 . (15.69)

Themass source term in these equations is equivalent to heating, and let us suppose that this is such
as to provide heating at low latitudes and cooling at high ones. This is equivalent to conversion of
an upper-layer mass to a lower-layer mass at high latitudes, and the reverse at low latitudes; such
a conversion can only be balanced by a poleward mass flux in the upper layer and an equatorward
mass flux in the lower layer (Fig. 15.12). That is to say, an Earth-like radiative forcing between
equator and pole implies that the total mass flux in the upper layer will be poleward. This is the
opposite of the mean meridional circulation of the Ferrel cell shown in Fig. 14.3! What’s going on?
Before we can answer that, let us manipulate the equations of motion and obtain a couple of useful
preliminary results.

Manipulating the equations
Because the total depth of the fluid is fixed, the mass conservation equations in each layer, (15.67),
may each be written as an equation for the interface displacement, namely

𝜕𝜂
𝜕𝑡
+ ∇ ⋅ (𝜂𝒖1) = −𝑆1, or 𝜕𝜂

𝜕𝑡
+ ∇ ⋅ (𝜂𝒖2) = 𝑆2, (15.70a,b)
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Fig. 15.12 Thermodynamics of a two-layer
model, with an isentrope (or an interface be-
tween two layers) sloping up toward a cold
pole, caused by cooling at high latitudes and
heating at low.
The heating is balanced by a net mass flux
— the meridional overturning circulation. In
the tropics this circulation is the Hadley Cell,
and is nearly all in the mean flow. In mid-
latitudes the circulation is largely in the resid-
ual flow, and the Eulerian mean flow (the Fer-
rell Cell) is in the opposite sense.
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where 𝜂 = 𝐻1−ℎ1 = ℎ2−𝐻2 and ℎ1+ℎ2 = 𝐻1+𝐻2. Because of the thermal wind equation, (15.62),
(15.70a) and (15.70b) are identical: 𝒖1 ⋅ ∇𝜂 = 𝒖2 ⋅ ∇𝜂 and 𝑆1 = −𝑆2. (If 𝑆1 ≠ −𝑆2 the flow would
not remain balanced and the thermal wind equation could not be satisfied.) The zonally-averaged
interface equation may be written as

𝜕𝜂
𝜕𝑡
− 𝐻1
𝜕𝑣∗1
𝜕𝑦
= 𝑆, or 𝜕𝜂

𝜕𝑡
+ 𝐻2
𝜕𝑣∗2
𝜕𝑦
= 𝑆, (15.71)

where 𝑆 = −𝑆1 = +𝑆2, consistent with the mass conservation statement

𝐻1𝑣∗1 + 𝐻2𝑣∗2 = 0, (15.72)

which states that the vertically integrated total mass flux vanishes at each latitude.
Now, whereas (15.72) is a kinematic statement about the total mass flux, the dynamics provides

a constraint on the eddy mass flux in each layer. Using the thermal wind relationship we have

𝑓0(𝑣′1 − 𝑣′2)𝜂′ = 𝑔′
𝜕𝜂′
𝜕𝑥
𝜂′ = 0. (15.73)

Hence, if the upper and lower surfaces are both flat, we have that

𝑣′1ℎ′1 = −𝑣′2ℎ′2 , (15.74)

and the eddy meridional mass fluxes in each layer are equal and opposite. If the bounding surfaces
are not flat, we have

𝑣′1𝜂′𝑇 − 𝑣′1ℎ′1 = 𝑣′2𝜂′𝐵 + 𝑣′2ℎ′2 (15.75)

instead, where 𝜂𝑇 and 𝜂𝐵 are the topographies at the top and the bottom. Equations (15.74) and
(15.75) are dynamical results, and not just kinematic ones; they are equivalent to noting that the
form drag on one layer due to the interface displacement is equal and opposite to that on the other,
namely

𝑣′1𝜂′ = −[−𝑣′2𝜂′], (15.76)

where the minus sign inside the square brackets arises because the interface displacement is into
layer one but out of layer two.

Using (15.64) and (15.75) the eddy potential vorticity fluxes in the two layers are related by

𝐻1𝑣′1𝑞′1 + 𝐻2𝑣′2𝑞′2 = 𝐻1𝑣′1𝜁′1 + 𝐻2𝑣′2𝜁′2 − 𝑓0𝑣′1𝜂′𝑇 + 𝑓0𝑣′2𝜂′𝐵 , (15.77)
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which is the layered version of the continuous result (see (10.26) on page 383),

∫
𝑇

𝐵
𝑣′𝑞′ d𝑧 = ∫

𝑇

𝐵
𝑣′𝜁′ d𝑧 + 𝑓0

𝑁2
[𝑣′𝑏′]𝑇𝐵 . (15.78)

For flat upper and lower surfaces, and using 𝑣𝑖𝜁𝑖 = −𝜕𝑢𝑖𝑣𝑖/𝜕𝑦, (15.77) becomes

𝐻1𝑣′1𝑞′1 + 𝐻2𝑣′2𝑞′2 = −𝐻1
𝜕
𝜕𝑦
𝑢′1𝑣′1 − 𝐻2

𝜕
𝜕𝑦
𝑢′2𝑣′2 , (15.79)

and integrating with respect to 𝑦 between quiescent latitudes gives

∫ [𝐻1𝑣′1𝑞′1 + 𝐻2𝑣′2𝑞′2] d𝑦 = 0 . (15.80)

That is, the total meridional flux of potential vorticity must vanish. This is a consequence of the
fact that the potential vorticity flux is the divergence of a vector field; in the continuous case

𝑣′𝑞′ = −𝜕𝑢
′𝑣′
𝜕𝑦
+ 𝑓0
𝜕
𝜕𝑧
𝑣′𝑏′
𝑁2
, (15.81)

which similarly vanishes when integrated over a volume if there are no boundary contributions.

15.2.3 Dynamics of the Two-layer Model
Wenow consider the climate, or the time averaged statistics, of our two-layermodel. The equations
of motion are (15.60) or (15.65), and (15.68) or (15.69). These equations are not closed because
of the presence of eddy fluxes, and in this section we make some phenomenological and rather
general arguments about how these behave in order to get a sense of the general circulation. In the
next section we use a specific closure to address the same problem.

Let us summarize the physical situation. The two layers of our model are confined in the verti-
cal direction between two flat, rigid surfaces, and they are meridionally confined between slippery
walls at high and low latitudes (the ‘pole’ and ‘equator’). The circulation is driven thermodynami-
cally by heating at low latitudes and cooling at high ones, which translates to a conversion of layer
1 fluid to layer 2 fluid at high latitudes, and the converse at low latitudes (see Fig. 15.12). This sets
up an interface that slopes upwards toward the pole and, by thermal wind, a shear. This situation
is baroclinically unstable, and this sets up a field of eddies, most vigorous in mid-latitudes where
the temperature gradient (or interface slope) is largest. Three fields encapsulate the dynamics —
the lower-layer wind field, the meridional circulation, and the meridional temperature gradient,
and our goal is to understand their qualitative structure. We note from the outset that the resid-
ual circulation is poleward in the upper layer, equatorward in the lower layer, and that this is a
thermodynamic result, a consequence of heating at low latitudes and cooling at high latitudes.

From (15.65), the steady-state lower-layer wind is given by

𝑟𝐻2𝑢2 = 𝐻1𝑣′1𝑞′1 + 𝐻2𝑣′2𝑞′2 = 𝐻1𝑣′1𝜁′1 + 𝐻2𝑣′2𝜁′2 , (15.82)

where the second equality uses (15.79). That is, the lower-layer wind is determined by the vertical
integral of either the vorticity flux or the potential vorticity flux.

Neglecting contributions due to the mean horizontal shear (which are small if the beta-Rossby
number, 𝑈/𝛽𝐿2, is small) the potential vorticity gradient in each layer is given by

𝜕𝑞1
𝜕𝑦
= 𝛽 − 𝑓0
𝐻1
𝜕ℎ1
𝜕𝑦
≫ 0 and

𝜕𝑞2
𝜕𝑦
= 𝛽 − 𝑓0
𝐻2
𝜕ℎ2
𝜕𝑦
≲ 0. (15.83a,b)
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In the upper layer 𝜕ℎ1/𝜕𝑦 is negative so that the total potential vorticity gradient is positive and
larger than 𝛽 itself. In the lower layer 𝜕ℎ2/𝜕𝑦 is positive and indeed if there is to be baroclinic
instability it must be as large as 𝛽 in order for 𝜕𝑞/𝜕𝑦 to change sign somewhere. Thus, although
negative the potential vorticity gradient is much weaker in the lower layer. Thus, Rossby waves
(meaning waves that exist because of a background gradient in potential vorticity) will propagate
further in the upper layer, and this asymmetry is the key to the production of surface winds.

Now, the potential vorticity flux must be negative (and downgradient) in the upper layer, and
there are variousways to see this. One is from the upper-layermomentum equation (15.65a) which
in a steady state gives

𝑣′1𝑞′1 = −𝑓0𝑣∗1 . (15.84)

Because 𝑣∗1 is poleward, 𝑓0𝑣∗1 is positive and the potential vorticity flux is negative in both North-
ern and Southern Hemispheres. Equivalently, in the upper layer the radiative forcing is increasing
the potential vorticity gradient between the equator and the pole, so there must be an equatorward
potential vorticity flux to compensate. Finally, the perturbation enstrophy or pseudomomentum
equations tell us that in a steady state the potential vorticity flux is downgradient (also see Section
15.3.2). This is not an independent argument, since it merely says that the enstrophy budget may
be balanced through a balance between production proportional to the potential vorticity gradi-
ent and the dissipation. For similar reasons we expect the potential vorticity flux to be positive
(poleward) in the lower layer.

Now, (15.80) tells us that the latitudinally integrated potential vorticity flux is equal and oppo-
site in the two layers. If the potential vorticity flux in the lower layer were everywhere equal and
opposite to that in the upper layer, then using (15.82) there would be no surface wind, in contrast
to the observations. In fact, the potential vorticity flux is more uniformly distributed in the upper
layer, and this gives rise to the surface wind observed. Let us give a couple of perspectives (on
the same argument) as to why this should be so. The argument centres around the fact that the
potential vorticity gradient is stronger in the upper layer, as we can see from (15.83).

I. Rossby waves and the vorticity flux
The stronger potential vorticity gradient of the upper layer is better able to support linear
Rossby waves than the lower layer. Thus, the vorticity flux in the region of Rossby-wave
genesis in mid-latitudes will be large and positive in the upper layer, and small and negative
in the lower layer. Thus, therewill bemoremomentum convergence into the source region in
the upper layer than in the lower layer, and the vertical integral of the vorticity fluxwill largely
be dominated by that of the upper layer. This is positive in mid-latitudes and, to ensure that
its latitudinal integral is zero, it is negative on either side. Using (15.82), a surface wind has
the same pattern as the net vorticity flux, and so is eastward in themid-latitude source region
and westward on either side.

II. Potential vorticity flux
Rossby waves are generated in the region of baroclinic instability, at approximately the same
latitude in both upper and lower layers. However, because the potential vorticity gradient
is larger in the upper layer than in the lower layer, Rossby waves are able to propagate more
efficiently and breaking and associated dissipation will tend to be further from the source
region in the upper layer than in the lower layer. Now, the pseudomomentum equation for
each layer is, similarly to (15.50) for the one-layer case,

𝜕𝒫𝑖
𝜕𝑡
= 𝜕
𝜕𝑡
(𝑞
′2
𝑖
2𝛾𝑖
) = −𝑣′𝑖 𝑞′𝑖 −

𝐷′𝑖 𝑞′𝑖
𝛾𝑖
, 𝑖 = 1, 2, (15.85)

where 𝛾𝑖, the potential vorticity gradient, has opposite signs in each layer. In a statistically
steady state, the region of strongest dissipation is the region where the potential vorticity
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Fig. 15.13 The upper panel sketches
the potential vorticity fluxes in each
layer in a two-layer model. The surface
wind is proportional to their vertical in-
tegral. The PV fluxes are negative (posi-
tive) in the upper (lower) layer, but are
more uniformly distributed at upper lev-
els.
The lower panel shows thenet (vertically
integrated) PV fluxes and the associated
surface winds. In both panels the x-axis
is latitude.

flux is largest. In the upper layer, Rossby-wave propagation allows the dissipation region to
spread out from the source, whereas in the lower layer the dissipation region will be con-
centrated near the source. The distribution of the potential vorticity flux then becomes as
illustrated in Fig. 15.13. The surface winds, being the vertical integral of the potential vortic-
ity fluxes, are westerly in the baroclinic region and easterly to either side.

Momentum balance and the overturning circulation
From thermodynamic arguments we deduced that the residual circulation is direct, meaning that
warm fluid rises at low latitudes, moves poleward aloft, and returns near the surface. At low lati-
tudes where eddy effects are small the zonally-averaged Eulerian circulation circulates in the same
way, giving us the Hadley Cell. In mid-latitudes, we may determine the Eulerian circulation from
the momentum equation, (15.60). In the upper layer the balance is between the vorticity flux and
the Coriolis term, namely

𝑓0𝑣1 = −𝑣′1𝜁′1 < 0. (15.86)

That is, the mean Eulerian flow is equatorward, and this is the upper branch of the Ferrel cell. Note
that the Eulerian circulation is in the opposite sense to the residual circulation.

In the lower layer the vorticity fluxes are weak and the balance is largely between the Coriolis
force on the meridional wind and the frictional force on the zonal wind (as in Fig. 14.17). If the
upper-layer flow is equatorward, the lower-layer flowmust be poleward bymass conservation, and
so the zonal wind is positive (eastward); that is

𝑟𝑢2 ≈ 𝑓0𝑣2 = −
𝐻1
𝐻2
𝑓0𝑣1 > 0, (15.87a,b)

where the second equality follows by mass conservation of the Eulerian flow.
In terms of the tem form of the equations, (15.65), the corresponding balances in the centre of

the domain are
𝑓0𝑣∗1 = −𝑣′1𝑞′1 > 0 (15.88a)
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Fig. 15.14 Eddy fluxes in a two-layer model of an atmosphere with a single mid-latitude baroclinic zone.
The upper-layer fluxes are solid lines and the lower-layer fluxes are dashed. The bottom-right panel shows
the sum of the lower- and upper-layer vorticity fluxes (or, equivalently, the sum of the potential vorticity
fluxes), which is proportional (when the surface friction is a linear drag) to the surface wind. The fluxes
satisfy the various relationships and integral constraints of Section 15.2.2 but are otherwise idealized.

and
𝑟𝑢2 = 𝑓0𝑣∗2 + 𝑣′2𝑞′2 = −𝑓0

𝐻1
𝐻2
𝑣∗1 + 𝑣′2𝑞′2 =

𝐻1
𝐻2
𝑣′1𝑞′1 + 𝑣′2𝑞′2 > 0, (15.88b)

using mass conservation and the fact that the lower-layer potential vorticity fluxes are larger than
those of the upper layer. Illustrations of the dynamical balances of the two-layer model are given
in Figs. 15.13 and 15.14.

15.3††† EDDY FLUXES AND AN EXAMPLE OF A CLOSED MODEL

The arguments above are heuristic and phenomenological and, although quite plausible, they are
not wholly systematic. In this section we give a more axiomatic calculation by making certain
closure assumptions that relate the eddy fluxes to the mean fields; specifically, we invoke the dif-
fusion of potential vorticity, and then calculate the zonal winds and meridional circulation. The
main purpose of this section is to explicitly show that if we do invoke a potential vorticity closure
then a complete solution of the flow follows. However, too much credence should not be given to
the particular closure we do invoke, for it cannot be rigorously justified.

15.3.1 Equations for a Closed Model

With quasi-geostrophic scaling, the equations of motion are the momentum equations written in
residual form,

𝜕𝑢1
𝜕𝑡
= 𝑓0𝑣∗1 + 𝑣′1𝑞′1 , (15.89a)

𝜕𝑢2
𝜕𝑡
= 𝑓0𝑣∗2 + 𝑣′2𝑞′2 − 𝑟𝑢2, (15.89b)
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and the mass conservation equation for each layer which may be written as an equation for the
interface height,

𝜕𝜂
𝜕𝑡
− 𝐻1
𝜕𝑣∗1
𝜕𝑦
= 𝑆, (15.90)

where 𝜂 = 𝐻1 − ℎ1 = ℎ2 − 𝐻2, with the notation of the previous sections. This can be written in
terms of 𝑣∗2 because

𝐻1𝑣∗1 + 𝐻2𝑣∗2 = 0. (15.91)

The velocities and thickness of the layers are related by the thermal wind relation

𝑓0(𝑢1 − 𝑢2) = 𝑔′
𝜕𝜂
𝜕𝑦
= −𝑔′ 𝜕ℎ1
𝜕𝑦
. (15.92)

Using this to eliminate time derivatives between (15.89) and (15.90) reveals that the residual cir-
culation satisfies

𝑓20
𝐻
𝐻2
𝑣∗1 − 𝐻1𝑔′

𝜕2𝑣∗1
𝜕𝑦2
= +𝑔′ 𝜕𝑆
𝜕𝑦
− 𝑓0 (𝑣′1𝑞′1 − 𝑣′2𝑞′2) − 𝑓0𝑟𝑢2, (15.93)

where𝐻 = 𝐻1+𝐻2. Thus, the residual circulation is driven by the potential vorticity fluxes, plus the
diabatic terms. We may derive a similar expression for the Eulerian mean meridional flow, namely

𝑓20
𝐻
𝐻2
𝑣1 − 𝐻1𝑔′

𝜕2𝑣1
𝜕𝑦2
= 𝑔′ 𝜕𝑆
𝜕𝑦
+ 𝑔′ 𝜕

2

𝜕𝑦2
𝑣′1ℎ′1 − 𝑓0 (𝑣′1𝜁′1 − 𝑣′2𝜁′2) − 𝑓0𝑟𝑢2. (15.94)

However, the right-hand side now involves both the eddy vorticity fluxes and the eddy mass fluxes.
The above equations illustrate the natural way in which the potential vorticity fluxes proximately
‘drive’ the extratropical atmosphere (see also the box on page 566).

Potential vorticity equation
A single prognostic equation for each layer is obtained by eliminating the residual circulation from
(15.89) and (15.90), giving

𝜕𝑞1
𝜕𝑡
= −𝜕𝑣

′
1𝑞′1
𝜕𝑦
+ 𝑓0
𝐻1
𝑆, (15.95a)

𝜕𝑞2
𝜕𝑡
= −𝜕𝑣

′
2𝑞′2
𝜕𝑦
− 𝑓0
𝐻2
𝑆 + 𝑟𝜕𝑢2
𝜕𝑦
, (15.95b)

where 𝑞𝑖 are the quasi-geostrophic potential vorticities of each layer given by

𝑞1 = −
𝜕𝑢1
𝜕𝑦
+ 𝑓0
𝜂
𝐻1
, 𝑞2 = −

𝜕𝑢2
𝜕𝑦
− 𝑓0
𝜂
𝐻2
. (15.96a,b)

Closure
If the potential vorticity fluxes can be expressed in terms of the mean fields then (15.95) is a closed
set of equations. We can then solve for the potential vorticity in each layer and, using (15.93), for
the residual circulation. One simple and rational closure is to assume that potential vorticity flux
is transferred downgradient so that

𝑣′𝑖 𝑞′𝑖 = −𝐾𝑖
𝜕𝑞𝑖
𝜕𝑦
, (15.97)
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Fig. 15.15 Results from a diffusive closure in a two-
layer zonally averaged model. Upper-layer quantities
are solid lines and lower-layer quantities are dashed,
and 𝛽 = 1.
The zonal wind (upper left) produces the PV fields
(above), and a diffusive closure then produces the PV
fluxes (left). The sum of the PV fluxes gives the sur-
face wind acceleration, �̇�surface, with a characteristic E-
W-E pattern.

where 𝐾𝑖 is an eddy diffusivity, or transfer coefficient, which here is just a scalar quantity.5 Note
that the model demands a closure of the potential vorticity flux — not momentum, vorticity or
the mass flux — and potential vorticity, being a materially conserved variable, is also that field for
which a diffusive closure is most applicable.

Such a closure has all of the features and problems associated with diffusive closures discussed
in Chapter 13, plus some of its own. One is that such a diffusive closure will not automatically
respect the kinematic constraint that the volume integral of the potential vorticity fluxmust vanish,
which for the two-layer model is expressed by (15.80). We may choose the vertical structure of the
diffusivity in such a way that this constraint is satisfied, and in that case the model produces the
results illustrated in Fig. 15.15.

Thediffusive closure does indeed then produce potential vorticity fluxes similar to the observed
westward–eastward–westward surface wind pattern, and a residual circulation of the same sense
as in Fig. 15.12, and constitutes perhaps the simplest closed model of the zonally-averaged atmo-
spheric circulation. Note that the surface wind is produced by the integral of the potential vorticity
flux and, because the fluxes are quite different in the two layers, two layers are needed to produce a
realistic pattern of surface wind without oversimplification, as well as to represent the meridional
overturning and residual circulations. However, the model is a little ad hoc and the results depend
on the structure of the transfer coefficients and the boundary conditions chosen.

15.3.2 ♦ Necessary Conditions for a Statistically Steady State

In linear baroclinic instability problems, a necessary condition for instability (the Charney–Stern–
Pedlosky, or csp, condition) is that the potential vorticity change sign in the interior of the fluid, or
that the potential vorticity gradient in the interior has a particular signwith respect to the buoyancy
gradient at horizontal bounding surfaces, as discussed in Chapters 9 and 10. These conditions
do not apply in the statistical steady state of the forced-dissipative problem, but we may derive
related conditions that do, although they are not completely general. We will focus on the interior
condition and not the boundary conditions, as is appropriate in a layered model, but the argument
could be extended to cover boundary issues explicitly.
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The linear perturbation potential vorticity equation is

𝜕𝑞′
𝜕𝑡
= −𝑢𝜕𝑞

′

𝜕𝑥
− 𝑣′ 𝜕𝑞
𝜕𝑦
− 𝐷′, (15.98)

where𝐷′ represents dissipative processes. From this we form the enstrophy equation

1
2
𝜕𝑞′2
𝜕𝑡
+ 𝐷′𝑞′ = −𝑣′𝑞′ 𝜕𝑞

𝜕𝑦
, (15.99)

where an overbar is a zonal average and we generally assume 𝐷′𝑞′ > 0, as with a linear drag on 𝑞.
In the standard linear problem we take 𝐷 = 0 and then for growing waves (𝜕𝑡𝑞′2 > 0) the right-
hand side must be positive. But the integral of 𝑣′𝑞′ over latitude and height is zero, and thus 𝑣′𝑞′
must take both positive and negative signs. Hence, for growing waves, 𝜕𝑞/𝜕𝑦 must also take both
positive and negative signs, and we recover the csp condition that 𝜕𝑞/𝜕𝑦 must change sign for an
instability. (We need not assume that the instabilities have normal form. A very similar argument
was given in Section 10.6.)

In a statistically steady state the production of variance by the terms on the right-hand side
is balanced by a cascade of variance to small scales. The quantity 𝑣′𝑞′ is non-zero, but its spatial
integral still vanishes. We therefore have

∫ 𝐷
′𝑞′
𝜕𝑞/𝜕𝑦

d𝑦 d𝑧 = −∫ 𝑣′𝑞′ d𝑦 d𝑧 = 0. (15.100)

Now,𝐷′𝑞′ > 0, and therefore to satisfy the equation 𝜕𝑞/𝜕𝑦must change sign somewhere. That is, in
a statistically steady state with dissipation, 𝜕𝑞/𝜕𝑦 must be both positive and negative somewhere
in the domain. This is an analogue of the csp result for wave–mean-flow interaction. Furthermore,
if (as we have assumed) the left-hand side of (15.99) is positive everywhere, then eddy flux must
be downgradient everywhere.

We can go a little further and obtain a result with the nonlinear terms. The zonally-averaged
perturbation enstrophy equation is then

1
2
𝜕𝑞′2
𝜕𝑡
= −𝑣′𝑞′ 𝜕𝑞

𝜕𝑦
− 1
2
𝜕
𝜕𝑦
𝑣′𝑞′2 − 𝐷′𝑞′ . (15.101)

On integrating in 𝑦 the third-order term vanishes and we obtain

∫(�1
2
𝜕
𝜕𝑡
𝑞′2 + 𝐷′𝑞′)� d𝑦 = −∫ 𝑣′𝑞′ 𝜕𝑞

𝜕𝑦
d𝑦, (15.102)

and so, if the left-hand side is positive, the flux must still be downgradient in the integrated sense
that

∫𝑣′𝑞′ 𝜕𝑞
𝜕𝑦

d𝑦 < 0. (15.103)

Suppose that the flux is locally downgradient, meaning that 𝜕𝑞/𝜕𝑦 and 𝑣′𝑞 have opposite signs, and
in the nonlinear case this is an additional physical assumption. Then, because 𝑣′𝑞′ has both posi-
tive and negative values (because its integral is zero), then so must the potential vorticity gradient,
𝜕𝑞/𝜕𝑦. That is, when dissipation is present and if the potential vorticity fluxes are downgradient, a
statistically steady state can be maintained only if the potential vorticity gradient changes sign some-
where. In the continuously stratified case, this condition is replaced by ones involving a combi-
nation of the interior potential vorticity gradient and the buoyancy gradient at the boundary, the
conditions being the same as necessary conditions for instability.
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Potential Vorticity Fluxes and the Extratropical Atmosphere

Theextratropical circulation of the atmosphere is driven by the differential heating between
equator and pole, mediated by fluxes of potential vorticity. Thus, in a layeredmodelwe have
the following:

(i) Zonal winds. At each level the acceleration of the zonal winds is governed by the
potential vorticity fluxes:

𝜕𝑢𝑖
𝜕𝑡
= 𝑣′𝑖 𝑞′𝑖 + 𝑓0𝑣∗𝑖 + 𝐹𝑖, (PV.1)

where 𝑣∗𝑖 is the residual meridional flow and 𝐹𝑖 represents friction.

(ii) Surface winds. In steady state, the surface winds are produced by the vertically inte-
grated potential vorticity fluxes:

𝑟𝐻𝑠𝑢𝑠 = ∑
𝑖
𝐻𝑖𝑣′𝑖 𝑞′𝑖 , (PV.2)

where 𝑢𝑠 is the surface wind,𝐻𝑠 the thickness of the lowest layer, and 𝑟 is a frictional
coefficient.

(iii) Meridional transport. The total (or residual) meridional transport is, proximately,
forced by the potential vorticity fluxes. For example, in a two-layer model

𝑓20
𝐻
𝐻2
𝑣∗1 − 𝐻1𝑔′

𝜕2𝑣∗1
𝜕𝑦2
= +𝑔′ 𝜕𝑆
𝜕𝑦
− 𝑓0 (𝑣′1𝑞′1 − 𝑣′2𝑞′2) − 𝑓0(𝐹1 − 𝐹2), (PV.3)

where 𝑆 is proportional to the diabatic forcing, and this equation holds at all times.
In a steady state the momentum equation gives simply

𝑓0𝑣∗𝑖 = −𝑣′𝑖 𝑞′𝑖 − 𝐹𝑖. (PV.4)

Above the surface layer friction is negligible and the meridional transport responds
almost solely to the potential vorticity fluxes.

15.4 A STRATIFIED MODEL AND THE REAL ATMOSPHERE
In the previous section we introduced the effects of stratification by way of a two-layer model. Let
us now discuss, albeit rather qualitatively, the dynamics of a continuously stratified model more
relevant to the real atmosphere. These dynamics are generally similar to that of the two-layermodel,
although a number of differences in interpretation do arise. In particular, rather than the potential
vorticity flux in the two layers, it is the potential vorticity flux in the interior and the buoyancy flux
near the boundary that are the key aspects in producing the mean circulation.

15.4.1 Potential Vorticity and its Fluxes
The observed zonally-averaged potential vorticity field is shown in Fig. 15.16. Of interest to us is
the fact that over most of the atmosphere, over most of the year, the potential vorticity gradient
is monotonic, with the potential vorticity increasing northward. (The potential vorticity in the
troposphere also increases moving northward along isentropes.) How, then, can the atmosphere
be baroclinically unstable? It is because the surface buoyancy (or temperature) decreases poleward,
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Fig. 15.16 The observed zonally-averaged Ertel potential vorticity distribution (dark solid and dashed
lines, peaking up at the equator) and the potential temperature (lighter, red lines) for (a) annual mean, (b)
December–January–February. Also shown is the position of the thermal tropopause (black, dot-dashed
line). The potential vorticity is in ‘PV units’, 1 PVU ≡ 1.0 × 10−6m2K s−1 kg−1, and has uneven contour
intervals. The vertical coordinate is log pressure, with Z = −H log (𝑝/𝑝𝑅)km, where 𝑝𝑅 = 105 Pa and H =
7.5 km.

and thus the atmosphere becomes unstable via the interaction of a surface edge wave with an in-
terior Rossby wave (see the conditions on page 351 or page 404). This baroclinic instability may
then excite Rossby waves which propagatemeridionally, producing amomentum convergence and
westward surface flow, and an associated meridional circulation or Ferrel Cell, much as described
in Section 15.1. Let us explore these phenomena in a little more detail.

Surface winds
Consider the zonally-averaged, continuously stratifiedmomentumequationswith quasi-geostrophic
scaling,

𝜕𝑢
𝜕𝑡
= 𝑣′𝜁′ + 𝑓0𝑣 + 𝐹 = 𝑣′𝑞′ + 𝑓0𝑣∗ + 𝐹, (15.104)

where 𝐹 represents frictional effects and the residual velocity 𝑣∗ is given by

𝑣∗ = −𝜕𝜓
∗

𝜕𝑧
= 𝑣 − 𝜕
𝜕𝑧
( 1
𝑁2
𝑣′𝑏′) . (15.105)

The friction is given by the vertical gradient of a stress, 𝐹 = 𝜕𝜏/𝜕𝑧, and at the surface we may
parameterize the stress, following (5.210) on page 208, by 𝜏 = 𝑟𝑢 where 𝑟 is a constant. Then, ver-
tically integrating (15.104) from the surface to the top of the atmosphere (where frictional stresses
and the buoyancy flux both vanish) we find, in steady state,

𝑟𝑢(0) = ⟨𝑣′𝜁′⟩ = ⟨𝑣′𝑞′⟩ + 𝑓0
𝑁2
𝑣′𝑏′(0), (15.106)

where the angle brackets denote a vertical integral and (0) denotes surface values. Thus, the surface
winds are determined, analogously to (15.82), by the vertically integrated relative vorticity fluxes,
or equivalently by the integral of the interior potential vorticity fluxes and the buoyancy fluxes at
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Latitude Latitude
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Fig. 15.17 The Eliassen–Palm flux in an idealized primitive equation of the atmosphere. (a) The EP flux
(arrows) and its divergence (contours, with intervals of 2m s−1/day). The solid contours denote flux diver-
gence, a positive PV flux, and eastward flow acceleration; the dashed contours denote flux convergence
and deceleration. (b) The EP flux (arrows) and the time and zonally-averaged zonal wind (contours). See
the Appendix A for details of plotting EP fluxes.
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Fig. 15.18 The observed Eliassen–Palm flux (arrows) and its divergence (contours, with intervals of
2m s−1/day, zero contour omitted) in the Northern Hemisphere. Solid contours denote divergence, a pos-
itive (eastward) torque on the flow, and dashed contours denote convergence, a westward torque. (a)
Annual mean, (b) DJF (December-January-February).

the surface. The advantage of the latter representation is that both potential vorticity and buoyancy
are materially conserved variables and it may be easier to deduce some properties of their fluxes
than of the fluxes of relative vorticity. Compared to the two-layer formulation, the interior fluxes
are analogous to those of the upper layer whereas the surface fluxes are analogous to those of the
lower layer, especially as the lower layer becomes thin.

Potential vorticity and Eliassen–Palm fluxes
As in Section 10.2, the quasi-geostrophic potential vorticity flux may be written as the divergence
of the Eliassen–Palm (EP) vector,

𝑣′𝑞′ = ∇𝑥 ⋅ 𝓕, (15.107)
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Fig. 15.19 Schematic of Eliassen-Palm fluxes in a baroclinic atmosphere. The vertical component,
𝑣′𝜃′ (or 𝑣′𝑏′) occurs primarily during the growing phase of the baroclinic lifecycle and corresponds
to a poleward heat flux. The meridional fluxes in the upper atmosphere are associated with Rossby
waves, and the vertical integral of the momentum flux divergence gives rise to surface westerlies.

where ∇𝑥⋅ ≡ 𝐣𝜕/𝜕𝑦 + 𝐤 𝜕/𝜕𝑧 and

𝓕 ≡ −𝑢′𝑣′ 𝐣 + 𝑓0
𝑁2
𝑣′𝑏′ 𝐤. (15.108)

(See Appendix A to this chapter for primitive equation and spherical coordinate versions; in prac-
tice the quasi-geostrophic expression qualitatively captures the dominant terms in the primitive
equation expressions.) The EP vector as obtained from an idealized primitive equation general cir-
culationmodel integration is shown in Fig. 15.17, and the EP vector from observations is shown in
Fig. 15.18, and both show qualitatively similar properties — a generally upwards-pointing vector
in mid-latitude, veering equatorward aloft (and sometimes with some poleward propagation) as
illustrated in Fig. 15.19.

The upward component represents the meridional transfer of heat, and this occurs during the
growth phase of the baroclinic lifecycle and is qualitatively captured by linear models — for exam-
ple, in the Eady problem the EP flux is directed purely vertically (Fig. 10.2), and this aspect resem-
bles the vertical components of Figs. 15.17 and 15.18. But why should the average over a complete
baroclinic lifecycle (which Fig. 15.19 schematically represents) even approximately resemble that
of the growing phase of the baroclinic lifecycle? After all, the eddies must subsequently decay, and
one might imagine that the fluxes would then reverse themselves. In fact, this is not the case: the
baroclinic lifecycle is not reversible, because of two effects. First, there is transfer of baroclinic
energy to barotropic modes (as described in Chapter 12) followed by a barotropic decay. Thus,
over the complete cycle, there is no downwelling branch of EP fluxes that would correspond to
equatorward heat transfer, and on average the poleward heat transfer (the 𝑣′𝜃′ branch) balances
the net atmospheric heating. Second, there is an irreversible absorption and decay of the Rossby
waves emanating from the baroclinic zone. These Rossby waves give rise to the lateral component
of the EP flux, much as described in Section 15.1, although the wave activity is predominantly in
the upper troposphere where the potential vorticity gradient is larger. This propagation is an irre-
versible process since the Rossby waves break and dissipate some distance from their source; this
dissipation breaks the non-acceleration conditions and provides the mean flow acceleration and,
consequentially, the observed zonal wind
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Latitude Latitude
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Fig. 15.20 The observed zonally-averaged zonal wind (thicker, red, contours, interval 5ms−1), and the
Eliassen–Palm flux divergence (contour interval 2ms−1/day, zero contour omitted). Regions of positive EP
flux divergence (eastward acceleration) are lightly shaded; regions less than −2m s−1/day are more darkly
shaded. (a) Annual mean, (b) DJF (December–January–February).
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Fig. 15.21 The divergence of the two components of the EP flux (shaded), and the zonally-averaged zonal
wind (thicker, red, contours) for DJF. (a) The momentum fluxes, −𝜕𝑦𝑢′𝑣′ , contour interval is 1ms−1/day−1,
light shaded for positive values > 1, dark shaded for negative values < −1. (b) The buoyancy flux,
𝑓𝜕𝑧(𝑣′𝑏′/𝑁2), with contour interval and shading convention as in Fig. 15.20.

The divergence of the EP flux — that is, the potential vorticity flux — accelerates (or deceler-
ates) the mean flow, as can be seen from (15.104) and Fig. 15.20. Broadly speaking, the EP flux
decelerates the flow aloft (where it is balanced by the Coriolis force on the poleward residual flow)
but provides an eastward acceleration at the surface (where it is largely balanced by friction). How-
ever, the two components of the flux (Fig. 15.21) have rather different effects on the mean flow.
The horizontal component acts to extract momentum from the subtropics and deposit it in mid-
latitudes, and so accelerate the flowproducing a fairly barotropic eastward jet. (It is this component
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that gives rise to so-called negative viscosity, in which the eddies transfer momentum upgradient.)
The vertical component of the EP flux arises from the meridional buoyancy flux and acts to reduce
the intensity of the mid-latitude westerlies aloft, transferring momentum to the surface where it
may be balanced by friction, and producing the surface westerlies. Two questions spring to mind:
(i) Why is the meridional wave-activity propagation predominantly in the upper atmosphere?

That is to say, why do the EP vectors only veer laterally above about 400 hPa, and not in the
lower atmosphere?

(ii) Why is the wave-activity propagation (the direction of the EP flux vectors) predominantly
equatorward?

As regards item (i), the propagation ismainly in the upper atmosphere because it is here that the
potential vorticity gradient is strongest, as can be seen from Fig. 15.16. In the upper troposphere
the beta effect is reinforced by the thermodynamic vortex stretching term, whereas the two effects
partial cancel in the lower troposphere, an effect that is seen most clearly in a two-layer model (for
example, Fig. 15.15), Thus, wave propagation is more efficient in the upper troposphere, whereas
the lower troposphere is more nonlinear and so here the enstrophy cascade, and wavebreaking, oc-
cur locally and closer to the region of baroclinic instability itself. Regarding item (ii), the proximate
reason is that waves predominantly break on the equatorial side of the instability, and this in turn
is for two possible reasons. One is that 𝛽 increases towards the equator, so that linear propagation
is more dominant. The other is that there is often a critical layer in the subtropics, where the speed
of the waves equals that of the flow itself (𝑢 = 𝑐), and here breaking can efficiently occur.

15.4.2 Overturning Circulation

The Eulerian overturning circulation (meaning the circulation from a conventional zonal average
at constant height) in mid-latitudes is a single indirect cell, the Ferrel Cell, with rising motion at
high latitudes and sinking in the subtropics (top panel of Fig. 15.22). The residual circulation is
direct and, consistent with the theory of Section 10.3.3, resembles closely the thickness-weighted
circulation. The observed circulation is shown in Fig. 15.22 with a schematic in Fig. 15.23. The
main features are qualitatively captured by the two-layer dynamics of Section 15.2.2, but the con-
tinuously stratified case differs in some respects.

Themain difference between the continuous and two-layer cases is that in the former the return
flows — both the lower branch of the Ferrel Cell and the equatorial branch of the residual circula-
tion — are not distributed over the lower troposphere, but are confined to a relatively thin layer. In
the lower branch of the Ferrel Cell the dynamical balance is between friction and the Coriolis force
on the meridional flow, so that its thickness is that of a turbulent Ekman layer and about a kilo-
metre. To understand this better, let us take a quasi-geostrophic perspective. The mean potential
vorticity gradient in the free atmosphere is nearly everywhere poleward and the potential vortic-
ity flux is largely downgradient and equatorward. This means that here the residual circulation is
largely poleward, satisfying the balance

𝑓𝑣∗ ≈ −𝑣′𝑞′ . (15.109)

In a multi-layer quasi-geostrophic model, with friction acting only in the lowest layer, the circula-
tion is closed by return flow in the lowest layer; thus, as the number of layers increases the return
flow is carried in an ever-thinner layer, this becoming a delta-function in the continuous limit,
just as in the example of residual flow in the Eady problem (Section 10.5). In the real atmosphere,
the return flow cannot be confined to a delta-function, but this argument suggests that it will oc-
cur close to the surface and this expectation is borne out in the lower panels of Fig. 15.22 and
in Fig. 14.16. In fact, much of the equatorial return flow occurs in isentropic layers that have a
potential temperature below the mean value at the surface — that is, in cold air outbreaks.
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Fig. 15.22 Top left: The observed zonally-averaged, Eulerian-mean, streamfunction in Northern Hemi-
sphere winter (DJF, 1994–1997). Negative contours are dashed, and values greater or less than 1010 kg s−1

(10 Sv) are shaded, darker for negative values. The circulation is clockwise around the lighter shading. The
three thick solid lines indicate variousmeasures of the tropopause: the two that peak at the equator are iso-
lines of potential vorticity, 𝑄 = ±1.5, ±4 PV units, and the flatter one is the thermal tropopause. Top right:
The thickness-weighted meridional mass streamfunction. After calculation in isentropic coordinates, the
streamfunction is projected back on to log-pressure coordinates for display. Bottom: the residual stream-
function calculated from the Eulerian circulation and the eddy fluxes.6

15.5††† TROPOPAUSE HEIGHT AND THE STRATIFICATION OF THE TROPOSPHERE
Let us now explore the physical processes that determine atmospheric stratification. The atmo-
sphere may be divided by stratification into certain distinct regions, illustrated in Fig. 15.24 and
Fig. 15.25. The left panel of Fig. 15.24 shows the so-called ‘US standard atmosphere’, a rough av-
erage temperature profile and a sometimes-useful standard, as well as actual observed values in
the lower atmosphere. In the lower 10 km or so of the atmosphere we have the troposphere, a dy-
namically active region wherein most of the weather and the vast predominance of heat transport
occurs. The troposphere is capped by the tropopause, above which lies the stratosphere, a region of
stable stratification extending upwards to about 50 km. (Troposphere means ‘turning sphere’, ap-
propriately so as within it dynamical overturning is prevalent. Stratosphere means ‘layered sphere’,
and here there is much less vertical motion.) The stratosphere is capped by the stratopause, above
which are the mesosphere, thermosphere and exosphere, regions of the upper atmosphere that do
not concern us here. Our focus will be on the processes that determine the stratification of the
lower atmosphere and the height of the tropopause.7
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mixing

Fig. 15.23 Schematic of the stratification and residual overturning circulation in the lower atmosphere.
Theoverturning circulation has twodistinct parts, a tropical Hadley Cell where the large-scale flow is largely
zonally-symmetric and a shallower extratropical cell where the heat and momentum transfer occurs in
eddying motion. The equatorward return flow is mostly confined to a shallow surface layer. The lower
stratosphere is ventilated by the troposphere along isentropic surfaces, whereas in the upper stratosphere
isentropes do not intersect the tropopause. The tropopause is the boundary between the partially mixed
troposphere and the near-radiative equilibrium stratosphere. Mixing tends to occur along slopes some-
what shallower than the isentropes.

In the troposphere temperature generally falls with height, whereas in the stratosphere it in-
creases with height, and this gives rise to a thermal definition of the tropopause:8 The tropopause
is the lowest level at which the lapse rate decreases to 2 K km−1 or less, provided also that the average
lapse rate between this level and all higher levels within 2 km does not exceed 2K km−1. At any partic-
ular time there might also be a second tropopause: if above the first tropopause the average lapse
rate between any level and all higher levels within 1 km exceed 3Kkm−1, then a second (higher)
tropopause is defined by that same criterion. Finally, such definitions are presumed not to apply
if they are satisfied below 500 mb. As so defined, the thermal tropopause typically varies in height
from about 16 km at low latitudes to about 8 km near the poles. These statements are a practical
definition of the tropopause appropriate for today’s climate on Earth — they would not hold on an-
other planet or in a changed climate. Regardless, the tropopause is a distinct boundary separating
two differently stratified regions, the troposphere and the stratosphere. The thermal tropopause is
marked in Fig. 15.22 and, as we see there and in Fig. 15.16, in the extratropics it is almost parallel
to isolines of potential vorticity, and sometimes an isoline of potential vorticity (say𝑄 = 3 or 4 PV
units) is used as a somewhat ad hoc definition of the extratropical tropopause.

Finally we note that the tropopause appears as a rather sharp feature when viewed instanta-
neously, although this sharpness is often blurred when time or spatial averages are taken. The solid
line in Fig. 15.24, denoted ‘tropopause-based average’, shows the profile obtained when the tropo-
pause height itself is taken as a common reference level, using data from individual radiosonde
ascents over the United States.9 The sharpness may indicate that the tropopause is acting as a mix-
ing barrier for potential vorticity, separating the better-mixed troposphere and the more quiescent
stratosphere.
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Fig. 15.24 (a) The temperature profile of the ‘US standard atmosphere’, marking the standard regions of
the atmosphere below 80 km. In addition to the regions shown, the top of the mesosphere is marked by
the mesopause, at about 80 km, above which lies the ‘thermosphere’, in which temperatures rise again into
the ‘exosphere’, extending a few thousand kilometres and where the atmospheric temperature ceases to
have a useful meaning. (b) Observed, annually averaged profiles of temperature in the atmosphere, where
the ordinate is log-pressure. ‘Tropics’ is the average from 30° S to 30° N, and the extratropics is the average
over the rest of the globe. The observations are from a reanalysis over 1958–2003 that extends upwards to
about 35 km. See text for the meaning of ‘tropopause-based average’.

15.5.1 Baroclinic Eddies and the Maintenance of Stratification
The atmosphere is largely heated at the surface – the ground is heated by the Sun and the ground
heats the atmosphere. If the air near the surface becomes too warm it will become convectively
unstable and the resulting convection (here meaning predominantly vertical convection occurring
on relatively small scales) will transport heat upwards, stabilizing the temperature profile. If we
look at the temperature profiles in Fig. 15.25 we see that in the tropics and subtropics the lapse
rate is very close to the saturated adiabatic lapse rate, which is the lapse rate that is neutrally stable
to convection in the presence of moisture (as we consider further in Chapter 18), suggesting that
the stratification is indeed maintained by convection. But in mid- and high latitudes the lapse rate
is quite stable with respect to convection, suggesting that some process other than convection is
transporting heat upwards. The obvious candidate is baroclinic instability because that has the
property of transporting heat both poleward and upward, both of which occur in the atmosphere,
and if the vertical transport is efficient enough convection will then not be needed.

The baroclinic eddies do not extend infinitely upwards, and so we expect a boundary — a
tropopause— between a dynamical troposphere and a stratosphere that is more nearly in radiative
equilibrium. That is to say, the troposphere is that region in which a dynamical distribution of
energy takes place; in the tropic this redistribution is by convection, and in mid-latitudes the re-
distribution is effected by baroclinic eddies. Given this picture, two questions present themselves:
(i) What determines the stratification (i.e., the lapse rate) of the mid-latitude troposphere?
(ii) What determines the height of the tropopause?

The full answer to these questions involves both radiation and dynamics. In the following sections,
we will focusmore on dynamics, and in Section 15.6 we will bring radiation into themix. However,
we won’t discuss radiation itself until Chapter 18, so the reader who desires a full understanding
will have to skip back and forth a little.
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Fig. 15.25 The annually- and zonally-averaged observed (from reanalysis) temperature profiles at various
latitudes, along with profiles constructed by integrating the saturated and dry adiabatic lapse rates, chosen
to coincide with the observed temperature at 925 hPa, or about 750 m.

15.5.2††† Potential Vorticity Mixing and Baroclinic Adjustment
Baroclinic eddies grow from small beginnings to finite amplitude, and it is the finite amplitude
eddies that stir the atmosphere and define the troposphere. However, they do not forget their
linear properties, so let us remind ourselves of one.

A linear height scale
On the 𝛽-plane, linear baroclinic instability can produce a height scale that is different from the
height of any pre-existing ‘lid’ or from the density scale height. This height scale is (Section 9.9.1)

ℎ = 𝛬𝑓
2

𝛽𝑁2
, (15.110)

where 𝛬 = 𝜕𝑢/𝜕𝑧. That is to say, if ℎ < 𝐻, where 𝐻 is the density scale height (or the height
of some lid in a Boussinesq model), then the baroclinic eddies will extend upwards to a height
ℎ, and this will be the vertical extent of significant heat fluxes. Thus (one might argue), below
ℎ the thermal structure is determined by the dynamical effects of baroclinic instability, whereas
above ℎ the atmosphere is more nearly in radiative equilibrium. Using 𝛬 = (15ms−1)/(10 km),
𝛽 = 1.6×10−11 s−1m−1,𝑓 = 1×10−4 s−1 and𝑁 = 10−2 s−1 gives ℎ ≈ 10 km, which approximates the
height of the tropopause in mid-latitudes. This is not a prediction because we have taken observed
values for the stratification and shear. The amplitude ofmeridional heat transfer, which determines
the meridional temperature gradient and so the shear 𝛬, is really determined by nonlinear effects.
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Mixing
Let us now suppose that baroclinic eddies grow to finite amplitude and mix potential vorticity
(see Section 13.5 for a general discussion of potential vorticity mixing). Such mixing will try to
homogenize potential vorticity, or equivalently to expel potential vorticity gradients to a bound-
ary, and if so the (extratropical) tropopause will occur at an isoline of potential vorticity, and be
marked by a near-discontinuity in the potential vorticity distribution. Because 𝑄 ≈ (𝑓/𝜌)𝜕𝜃/𝜕𝑧,
the tropopause would also correspond to a discontinuity in stratification. These ideas are, at least
qualitatively, in accord with observations: the potential vorticity distribution in the troposphere
is somewhat more homogeneous than in the stratosphere — see Fig. 15.16, noting the unequal
contour intervals of PV, and there is a near-discontinuity in stratification (by definition) at the
tropopause. What are the effects of that mixing?

Potential vorticity mixing will occur only so far as needed in order to stabilize the mean flow.
We also know that themeridional surface temperature gradient remains negative, so that if the flow
is stabilized it must involve changes in the interior potential vorticity distribution. If horizontal
scales are sufficiently large we may neglect the contribution of relative vorticity, and the quasi-
geostrophic potential vorticity and its gradient become

𝑞 = 𝛽𝑦 + 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕𝜓
𝜕𝑧
) and 𝜕𝑞

𝜕𝑦
= 𝛽 − 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝛬) . (15.111)

We might hypothesize that the vertical extent to which mixing occurs is just sufficient to make the
two terms on the right-hand side a similar size in order that the potential vorticity can become
homogeneous, or that it can change sign and be just unstable. This gives 𝛽 ∼ 𝑓20𝛬/(𝑁2𝐻𝑇) , where
𝐻𝑇 is the vertical extent of the instability and, we assume, the height of the tropopause; that is

𝐻𝑇 ∼
𝑓20𝛬
𝑁2𝛽
. (15.112)

Put another way, in this model the troposphere extends vertically as far as baroclinic waves can alter
the potential vorticity from its planetary value. (A similar depth scale occurs when evaluating the
depth of the wind’s influence in an ocean circulation model, Section 20.2.1.) If the lapse rate (and
the shear) is known, this height determines the tropopause. Note the similarity of (15.112) to
(15.110) — a similarity that is unsurprising given that we are constructing a height scale from
a shear, 𝑓, 𝛽 and 𝑁2 using potential vorticity dynamics in both cases. We still do not have a
prediction for𝐻𝑇, because the stratification𝑁2 is unknown.

Baroclinic adjustment
Equilibration by potential vorticity mixing is closely related to a process known as baroclinic ad-
justment, by analogy with convective adjustment. The essential idea is that baroclinic eddies are
sufficiently efficient that they can stabilize the mean flow by transferring heat poleward and up-
ward until the necessary condition for instability (the Charney–Stern–Pedlosky condition, in so
far as the flow is quasi-geostrophic and inviscid) is just satisfied, and the atmosphere is marginally
supercritical to baroclinic instability. The adjustment might conceivably proceed predominantly
by changes in the static stability, 𝑁2, or predominantly by changes in the horizontal temperature
gradient. The arguments for such an adjustment process are a little ad hoc, and the final state to
which the atmosphere putatively adjusts is not well-defined since there is no critical shear for in-
stability in a continuously stratified model. In a two-level model the critical shear for instability is
given by (9.121), which may be put in the form

𝛬crit =
𝛽𝑁2𝐻
𝑓20
, (15.113)
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which is of the same form as (15.112). In a continuously stratifiedmodel, (15.113)may be regarded
as a value of the shear above which the baroclinic eddies become deep (all eddies are deep in the
two-level model) and transport heat efficiently.

Allowing the parameters 𝑓 and 𝛽 to vary with latitude, and using the thermal wind relation,
(15.112) or (15.113) may be written in the form

𝐻𝑇 = −(
𝜕𝑦𝜃
𝜕𝑧𝜃
) 𝑓
𝛽
= 𝑠𝑓
𝛽
∼ 𝑠𝑎, (15.114)

where 𝑠 = −(𝜕𝑦𝜃)/(𝜕𝑧𝜃) is the isentropic slope and 𝑎 is the Earth’s radius. This equation suggests
that the isentropic slope is roughly such that isentropes extend from the surface in the subtropics
to the tropopause at the poles, and this is more-or-less true in the present atmosphere (Fig. 15.16).
That is to say, if adjustment-like arguments do hold, the isentropic slope will remain roughly con-
stant even as other parameters change — for example, the horizontal temperature gradient may
change with season but the stratification changes such as to keep 𝑠 the same. The numerical and
observational evidence for such an adjustment is mixed, although it is plausible that a weaker ver-
sion may hold in which potential vorticity is imperfectly homogenized and (15.112) provides a
plausible scaling, but not a precise prediction.10

Even if the above scalings were correct, they provide a closed prediction of neither the tropo-
pause height nor stratification; they only provide a relation between the two. We will close the
problem in Section 15.6, but first we consider another point of view.

15.5.3 † Extratropical Convection and the Ventilated Troposphere
A point of view that differs qualitatively from the potential vorticity one is to suppose that the mid-
latitude tropospheric lapse rate is maintained by convection, the convection occurring predomi-
nantly in the warm sector of mature baroclinic waves.11 In reality such convection will involve
moisture, but first consider a dry atmosphere. In a given baroclinic zone the minimum potential
temperature difference between the tropopause and the surface, 𝛥𝑧𝜃 = 𝜃𝑇 − 𝜃𝑆 is approximately
zero: if the tropopause were colder than this the column would be convectively unstable, and the
difference would become zero. The essential assumption that we make is that within a baroclinic
zone there generally does exist a region that is convectively unstable, and that convection then en-
sues with sufficient efficiency to partially fill the troposphere with air with that surface value of
potential temperature. The process differs from convection in the tropics because it is organized
by baroclinic waves and, if we imagine a succession of baroclinic waves around a latitude band
the mean value of 𝛥𝑧𝜃 will be approximately, we assume, its minimum (zero) plus a fraction of its
standard deviation. The standard deviation in turn is a consequence of the pre-existingmeridional
temperature gradient and meridional advection across that gradient, and therefore

standard deviation(𝛥𝑧𝜃) ∝ 𝛥𝑦𝜃, (15.115)

where the termon the right-hand side is themeridional temperature difference at the surface across
the baroclinic zone. The mean potential temperature difference between the surface and tropo-
pause is then simply proportional to the meridional temperature gradient at that latitude, with an
undetermined constant of proportionality and so

𝛥𝑧𝜃 ∝ 𝛥𝑦𝜃. (15.116)

Finally, if moisture is present (as it is!) the potential temperature should be replaced by the equiv-
alent potential temperature — the potential temperature achieved when all the water vapour in a
parcel of air condenses and the latent heat of condensation is used to heat the parcel (Section 18.3.2).

The physical hypothesis is essentially that within a baroclinic wave the advection of warm air
into a cold region necessarily leads to convection, and that this convection then efficiently fills the
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The Stratification of the Troposphere and Stratosphere

• The troposphere is that region of the atmosphere inwhich a dynamical redistribution
of heat occurs. The stratosphere above it is more nearly in radiative equilibrium (al-
though in winter in the lower stratosphere, radiative equilibrium is not a very good
approximation). The tropopause is the change in stratification between the two re-
gions.

• The tropospheric lapse rate and the height of the tropopause are determined by a
combination of dynamics and radiation. The tropopause temperature is, to a fair ap-
proximation, determined by the requirements of radiative balance and the height of
the tropopause then follows if the lapse rate is known, and vice versa. Dynamical and
radiative consistency leads to a state in which the tropopause height is the height to
which dynamical effects extend and equal to the height needed for radiative balance.

• In Earth’s atmosphere, there are two dynamical processes important for the mainte-
nance of stratification:

(i) Convection, especially moist convection. It is generally thought that moist con-
vection plays the dominant role in determining tropical stratification, leading to
a lapse rate that is approximately neutral to moist convection (discussed more
in Chapter 18).

(ii) Baroclinic eddies. In mid-latitudes baroclinic eddies transport heat poleward
and upwards, so determining in the mid-latitude meridional temperature gra-
dient and stratification. Various theories for this have been proposed, but none
are accepted as having wide applicability and accuracy. In one incarnation
(‘baroclinic adjustment’) baroclinic activity is so efficient that the atmosphere
becomes onlymarginally supercritical to baroclinic instability, a process related
to homogenization of potential vorticity. In a variation on this theme, poten-
tial vorticity and surface potential temperature are diffused downgradient, but
potential vorticity is not necessarily homogenized. A complete theory would
require estimates of the structure and magnitude of the eddy diffusivities.

In the extratropics moist convection is less dominant, but convection in the warm
sector of baroclinic eddies may act to produce a stratification that is related to the
meridional temperature difference across a baroclinic zone.

• If we have a theory for the stratification produced by baroclinic eddies then we can
use that theory in conjunction with radiative calculations to make predictions of the
tropopause height, as in Section 15.6. For example, various dynamical arguments
suggest the importance of the height scale𝐻 ∼ (𝑓2𝛬)/(𝑁2𝛽), where we associate𝐻
with the tropopause height. Radiative arguments also lead to a expression for tropo-
pause height in terms of the stratification. Using the two together gives predictions
for both tropopause height and the stratification.

• In the mid-stratosphere, ozone absorbs solar radiation and this gives rise to an in-
crease in temperature with height from the lower- to the mid-stratosphere. This ef-
fectmakes the stratosphere still more stable to baroclinic instability andmay sharpen
the tropopause, but it is not the root cause of the tropopause.
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available volume, to the extent possible, with the warmest possible fluid. Oceanographers will find
this a comfortable concept, for they are used to the notion of convection filling the domain with
the densest available fluid (densest in the oceanic case because oceanic convection usually occurs
from the top, with cold, dense water sinking). However, unlike the ocean in which the bottom
of the container limits the volume of dense water that can be made, here it is the tropopause that
provides the upper lid; the height of this is determined by the dynamics itself, in conjunction with
the requirement of radiative balance. Thus, the baroclinic zone becomes, in oceanographic par-
lance, ventilated by the warmest air at the surface. However, the entire baroclinic zone does not
completely fill with this warm air because the convection is maintained by a meridional temper-
ature gradient and it is necessarily intermittent: baroclinic instability would shut off if the entire
baroclinic zone were filled with homogeneous warm fluid, and the zone would then meridionally
restratify. It is this continual maintenance of variance that leads to (15.116).

The ultimate consequence of these convection arguments is that the moist isentropic slope is
proportional to that slope which would take an isentrope at the surface to the tropopause across
a baroclinic zone. On Earth, this is similar to the potential vorticity mixing ideas, which suggest
that the isentropic slope is proportional to the slope that goes from the ground to the tropopause
over a horizontal scale 𝑓/𝛽, the equator-to-pole scale, but the reasons are different.

15.6††† A MODEL FOR BOTH STRATIFICATION AND TROPOPAUSE HEIGHT
In the previous section we discussed various ideas regarding the effects of baroclinic eddies on
the mid-latitude stratification. The discussion was incomplete on two grounds. First, the ideas
themselves are heuristic. Second, even if true, they don’t give us a complete picture; they just give
us a relation between stratification and tropopause height. A second relation is needed, and this
is provided by the radiative-dynamical arguments of Section 18.6 and Appendix C of Chapter 18,
which the reader may now read with profit. In those sections we showed that, if the lapse rate in
the lower atmosphere is assumed constant, it can extend upward only to a certain height in order
to maintain an overall radiative balance — that is, in order that the outgoing longwave radiation
equal the incoming solar radiation. Specifically, we obtained an approximate analytic expression
for the tropopause height,𝐻𝑇, (18.172), namely

8𝛤𝐻2𝑇 − C𝐻𝑇𝑇𝑇 − 𝜏𝑠𝐻𝑎𝑇𝑇 = 0. (15.117)

where C = 2 log 2 ≈ 1.39. In this expression 𝛤 is the lapse rate, −𝜕𝑇/𝜕𝑧, 𝑇𝑇 is the temperature
at the tropopause, 𝜏𝑠 is the surface optical depth and 𝐻𝑎 is the scale height of the main infrared
absorber. The radiative parameters are determined by the composition of the atmosphere and
we regard them as given, and the temperature at the tropopause is, to a decent approximation,
given by radiative balance, namely 2𝜎𝑇4𝑇 ≈ 𝑆net where 𝑆net is the net incoming solar radiation. (If
there is a lateral convergence of heat in the atmosphere then 𝑆net should be modified appropriately.
Alternatively, we regard (15.117) as a theory for the global mean tropopause height.) The main
assumptions leading to (15.117) are that the atmosphere is radiatively grey in the infrared and that
the lapse rate is uniform up to𝐻𝑇.

In mid-latitudes, (15.117) does not provide a closed prediction for tropopause height because
the lapse rate is not known (whereas in the tropics we might take the lapse rate to be determined
by convection). However, if we combine (15.117) with the ideas about baroclinic transport we
obtain a closed model. We do not have a good model of baroclinic transport, but for the purposes
here let us suppose that the isentropic slope is such that (15.114) roughly holds. Noting that, in a
hydrostatic atmosphere, (𝑇/𝜃) 𝜕𝜃/𝜕𝑧 = 𝛤𝑑 − 𝛤 where 𝛤𝑑 is the dry adiabatic lapse rate, we rewrite
(15.114) as

𝛤 = 𝛤𝑑 + (
𝜕𝑦𝑇
𝐻𝑇
) 𝑓
𝛽
. (15.118)
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Fig. 15.26 Left: Contours of tropopause height as a function of the temperature difference between the
subtropics and pole, and the optical depth. Right: Corresponding lapse rate, −𝜕𝑇/𝜕𝑦 . The results are from
a theoretical calculation using (15.120) and (15.118), here with𝐻𝑎 = 2km and a tropopause temperature
of 215 K.

If we take𝐻𝑇 ≈ 10km and 𝜕𝑇/𝜕𝑦 ≈ 40K/(7000 km) we obtain not-unreasonable values for 𝛤 of
around 4Kkm−1.

If we suppose that both (15.117) and (15.118) are true we obtain predictions for the height of
the tropopause in mid-latitudes and the tropospheric stratification, as a function of the horizontal
temperature gradient and the radiative properties of the atmosphere. In doing so we are saying
the following, in rather general terms. The height of the tropopause is the height to which baroclinic
eddies extend, and it is also the height demanded by radiative balance. The simultaneous satisfaction
of these two conditions provides predictions for both the tropopause height and the lapse rate.
The theory is not complete, because the lateral temperature gradient is not predicted, and this is a
function of the efficiency of baroclinic eddies. It is also the case that we have chosen a particular
closure for baroclinic eddies that may not have general applicability. If we had a better theory we
would use it instead, and the reader is invited to explore other options.

15.6.1 Some Calculations
If we combine (15.118) and (15.117) we obtain

8𝛤𝑑𝐻2𝑇 − 𝐻𝑇 [C𝑇𝑇 − (
8𝑓𝜕𝑦𝑇
𝛽
)] − 𝜏𝑠𝐻𝑎𝑇𝑇 = 0, (15.119)

the solution of which is
𝐻𝑇 =

1
16𝛤𝑑
(𝐴 + √𝐴2 + 32𝛤𝑑𝜏𝑠𝐻𝑎𝑇𝑇) , (15.120)

where 𝐴 = C𝑇𝑇 − 8𝑓𝜕𝑦𝑇/𝛽. The solutions are plotted in Fig. 15.26, but it may help interpret these
if we consider the optically thin and thick cases, namely

Optically thick: 𝜏𝑠𝐻𝑎 ≫
𝐴2
32𝛤𝑑𝑇𝑇

whence 𝐻𝑇 ≈ √
𝑇𝑇𝜏𝑠𝐻𝑎
8𝛤𝑑
, (15.121)

Optically thin: 𝜏𝑠𝐻𝑎 ≪
𝐴2
32𝛤𝑑𝑇𝑇

whence 𝐻𝑇 ≈
𝐶𝑇𝑇 − 8𝜕𝑦𝑇𝑓/𝛽
8𝛤𝑑

. (15.122)
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The optically thin case shows the effects of baroclinic eddies. If the horizontal heat transport is
very strong and 𝜕𝑇/𝜕𝑦 is small then the lapse rate will approach the dry adiabat and the tropopause
height will diminish, and conversely for a weak heat transport. Solutions to the full problem show
that behaviour, as well as a slight increase in height with optical depth, because with bigger optical
depth the effective emitting level is higher, and the tropopause height tracks the emitting level.

The solutions are qualitatively reasonable, but we repeat some caveats. On the radiative side
the atmosphere is not grey, although that is a quantitative rather than qualitative deficiency. On
the dynamical side we have used an ansatz — that the isentropic slopes are fixed — that we believe
not to be exactly true and even this is not a complete treatment of baroclinic activity, since it does
not give us the horizontal temperature gradient. Notwithstanding these points, the calculation
does capture a fundamental principle, that the tropopause height and stratification are determined
by the joint effects of dynamics and radiation. Finally, the stratosphere is quite stably stratified
and this strongly inhibits baroclinic instability. Thus, once formed by the mechanisms above, the
tropopause provides a natural lid on baroclinic instability, keeping it tropospherically confined.

APPENDIX A: TEM FOR THE PRIMITIVE EQUATIONS IN SPHERICAL COORDINATES
In spherical and log-pressure coordinates let us define the residual streamfunction for the ideal-gas
primitive equations by12

𝜓∗ ≡ 𝜓 + 𝑣
′𝜃′

𝜕𝑍𝜃
. (15.123)

Here, an overbar denotes a conventional (Eulerian) zonal average, 𝜓 is the streamfunction of the
zonally-averaged flow, 𝑍 = −𝐻 ln(𝑝/𝑝𝑅) where 𝑝𝑅 is a reference pressure and𝐻 is a scale height,
and 𝜌𝑅 = 𝜌0 exp(−𝑍/𝐻)where 𝜌0 is a constant. The associated transformed, or residual, velocities
are:

𝑣∗ = − 1
𝜌𝑅
𝜕
𝜕𝑍
(𝜓∗𝜌𝑅), 𝑤∗ =

1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(𝜓∗ cos 𝜗), (15.124)

with an equivalent expression for 𝑣 and𝑤 in terms of𝜓. (The notation for log-pressure coordinates
follows Section 2.6.3 on page 82, except here we use a lowercase 𝑤 for the vertical velocity.) If we
write the equations of motion in terms of the residual velocities instead of the Eulerian velocities
we obtain the ‘transformed Eulerian mean’, or tem, equations (section 10.3). The tem forms of the
zonally-averaged thermodynamic and zonal momentum equations are:

𝜕𝜃
𝜕𝑡
+ 𝑣
∗

𝑎
𝜕𝜃
𝜕𝜗
+ 𝑤∗ 𝜕𝜃
𝜕𝑍
= 1
𝜌𝑅
𝜕𝐺
𝜕𝑧
, (15.125a)

𝜕𝑢
𝜕𝑡
+ 𝑣∗ ( 1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(𝑢 cos 𝜗) − 𝑓) + 𝑤∗ 𝜕𝑢

𝜕𝑍
= 1
𝜌𝑅 cos 𝜗

∇ ⋅ 𝓕. (15.125b)

The transformed equations of motion are completed by the meridional momentum, mass continu-
ity and hydrostatic equations:

𝑢 (𝑓 + 𝑢
𝑎

tan 𝜗) = −1
𝑎
𝜕𝛷
𝜕𝜗
+ 𝑆, (15.126a)

1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(𝑣∗ cos 𝜗) + 1

𝜌𝑅
𝜕
𝜕𝑍
(𝜌𝑅𝑤∗) = 0, (15.126b)

𝜕𝛷
𝜕𝑍
= 𝑅𝑇
𝐻
𝑇 = 𝑅
𝐻𝜃

e−𝜅𝑍/𝐻. (15.126c)
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In (15.125b), 𝓕 = (ℱ𝜗,ℱ𝑍) is the Eliassen–Palm flux, given by

ℱ𝜗 = 𝜌𝑅 cos 𝜗 [𝑢𝑍
𝑣′𝜃′

𝜕𝑍𝜃
− 𝑢′𝑣′] , (15.127a)

ℱ𝑍 = 𝜌𝑅 cos 𝜗 [(𝑓 −
𝜕𝜗(𝑢 cos 𝜗)
𝑎 cos 𝜗

) 𝑣
′𝜃′

𝜕𝑍𝜃
− 𝑢′𝑤′] , (15.127b)

with

∇ ⋅𝓕 = 1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(ℱ𝜗 cos 𝜗) + 𝜕

𝜕𝑍
ℱ𝑍. (15.127c)

In (15.125a)

𝐺 = 𝜌𝑅
𝜕𝑍𝜃
(𝑣′𝜃′ 1
𝑎
𝜕𝜃
𝜕𝜗
+ 𝑤′𝜃′ 𝜕𝜃
𝜕𝑍
) , (15.127d)

and 𝑆 in (15.126a) contains various, generally small, terms that lead to departures from gradient-
wind balance between 𝑢 and the geopotential 𝛷. Expressions very similar to the ones above also
arise in pressure coordinates.

In many circumstances, the EP flux is well approximated by

𝓕 = (−𝜌𝑅 cos 𝜗 𝑢′𝑣′, 𝑓𝜌𝑅 cos 𝜗
𝑣′𝜃′

𝜕𝑍𝜃
) , (15.128)

in which case the zonal flow is accelerated by the EP flux according to

𝜕𝑢
𝜕𝑡
+ ⋯ = 1
𝑎 cos2 𝜗

𝜕
𝜕𝜗
(−𝑢′𝑣′ cos2 𝜗) + 1

𝜌𝑅
𝜕
𝜕𝑍
(𝜌𝑅𝑓
𝑣′𝜃′

𝜕𝑍𝜃
) . (15.129)

With 𝑓 = 𝑓0 (15.128) becomes the quasi-geostrophic EP flux, and in this limit 𝐺 is also neglected.
In the figures that show the EP vectors, the horizontal and vertical components of the EP flux

are scaled by 𝑎 (the Earth’s radius) and by 𝐻 = 1000 hPa (the pressure depth of the atmosphere),
respectively. The scaling determines the direction of the arrows and makes it possible to see the
divergence by eye, and which component dominates in producing that divergence. In the figures
that show the EP flux divergence, we plot the right-hand side of (15.125b), namely the EP flux
divergence divided by 𝜌𝑅 cos 𝜗, this being the quantity that directly contributes to the acceleration
of the zonal flow.13

Notes
1 The modern view of the mid-latitude general circulation — of a largely zonally-asymmetric motion

that provides the bulk of the meridional transport of heat and momentum in the extratropics —
began to take form in the 1920s in papers by Defant (1921) and Jeffreys (1926). Defant regarded the
mid-latitude circulation as turbulence on a large scale (albeit without realizing the important orga-
nizing effects of waves), and calculated the horizontal eddy-diffusivities using Prandtl-like mixing
length arguments. Soon after, Jeffreys presciently wrote of ‘the dynamical necessity for a continual
exchange of air between high and low latitude’ and that ‘no general circulation of the atmosphere
without cyclones is dynamically possible when friction is taken into account.’ This point of view
slowly gained ground, with, for example, Starr (1948) advocating the point of view that large-scale
eddies were responsible for the bulk of the meridional transport of momentum in mid-latitudes,
and Rossby (1949) eventually noting in a review article that ‘One is forced to conclude that there no
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longer exists a compelling reason to build the theory of the maintenance of the general circulation
exclusively on meridional solenoidal circulations’.
Following this work came a pair of discussion papers by Eady (1950, 1954), that, setting the stage
for the modern viewpoint, struggle with the turbulent transport of mid-latitude eddies and the
maintenance of the surface currents — the importance of the enstrophy budget is discussed, for ex-
ample, and Eady comes close to deriving wave activity conservation. Around that time Kuo (1951)
discussed the maintenance of zonal flows by the mechanism of vorticity transfer in a state with a
meridional background gradient, similar to mechanism I of Section 15.1.2. Another milestone was
the influential monograph by Lorenz (1967) that synthesized the progress to that date, noting (in
his last paragraph) that the cause of the poleward eddy momentum transport across mid-latitudes
(and hence the cause of the surface eastwardwinds) had not at that time been rigorously explained.
If perhaps not rigorous, we do now have a qualitative explanation of these dynamics by way of
potential vorticity dynamics and the momentum transport in Rossby waves, as described in this
chapter and in Chapter 10.

2 The mechanism producing a westerly jet in the atmosphere, and the associated surface westerlies,
used to be referred to as ‘negative viscosity’ (Starr 1968), because it is associatedwith an upgradient
transfer of momentum. The generation of a zonal flow by rearrangements of vorticity on a back-
ground statewith ameridional gradientwas noted byKuo (1951). Dickinson (1969) andThompson
(1971, 1980) calculated the momentum transport by Rossby waves, with Thompson explicitly not-
ing that the zonal momentum flux was in the opposite direction to the group velocity. There is
thus a potential for upgradient transfer and mean flow generation, as experimentally verified by
Whitehead (1975). These ideas were developed further by Green (1970), Rhines & Holland (1979)
and others since.

3 This technique is noted by Lighthill (1965), who remarks that the idea goes back to Rayleigh.

4 Following Held (2000).

5 Models of the general circulation of this ilk were introduced by Green (1970). Dickinson (1969) also
considered the potential vorticity transport in planetary waves.

6 Adapted from Juckes (2001).

7 Early evidence that the temperature increases above about 11 km came from the balloon measure-
ments of Tesserenc De Bort (1902), who also suggested the names tropopause and stratosphere,
and Assmann (1902). See Hoinka (1997) for a historical account. More recently, radiative and
dynamical issues relevant to this topic are discussed by, among others, Stone (1972), Held (1982),
Juckes (2000) and some of the articles in Schneider & Sobel (2007), and we draw on many of them.

8 Paraphrasing World Meteorological Organization (1957); see also Lewis (1991).

9 Thomas Birner calculated the tropopause-based averages. See also Birner et al. (2002) and Birner
(2006).

10 In some but not all circumstances it seems that rotating fluids do seek to become marginally su-
percritical, in some sense, to baroclinic instability. The original suggestion (‘baroclinic adjustment’)
was due to Stone (1978), and Stone & Nemet (1996) found that the isentropic slope of the real at-
mosphere does not vary strongly with season, even though the heat flux does, a result supportive of
baroclinic adjustment ideas. Related to this (although their interpretation and reasoning were dif-
ferent) Schneider & Walker (2006) found that an idealized model atmosphere was only marginally
supercritical over a broad parameter regime. However, other simulations have found examples of
supercritical flows. Salmon (1980) and Vallis (1988b) found that quasi-geostrophic flow could be
strongly supercritical, and Thuburn & Craig (1997) and Zurita-Gotor & Vallis (2009, 2011) found
results that were not supportive of baroclinic adjustment in primitive equation models. In Earth’s
atmosphere linear calculations show that the mean atmospheric state, certainly in winter, is baro-
clinically unstable, with growth rates of about 0.2 day−1 or more (Valdes & Hoskins 1988), and the
Eady growth rate is similarly positive over a large fraction of the mid-latitudes. See Zurita-Gotor
& Lindzen (2007) for a review of some of these ideas. Jansen & Ferrari (2012, 2013) discussed and
modelled the reasons for the various differences, and concluded that marginal criticality is not a
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general property of a rotating stratified system. It is likely that much of Earth’s ocean is supercritical.
Nevertheless, the idea is one we use in Section 15.6.

11 Following Juckes (2000).

12 For more detail see Edmon et al. (1980) or Andrews (1987).

13 E. Gerber kindly constructed these figures.



Place me on Sunium’s marbled steep,
Where nothing, save the waves and I,
May hear our mutual murmurs sweep.
George Gordon Byron (Lord Byron), The Isles of Greece, 1820.

CHAPTER 16

Planetary Waves and Zonal Asymmetries

Planetary waves are large-scale Rossby waves in which the potential vorticity gradient is
provided by differential rotation (i.e., the beta-effect). They are ubiquitous in Earth’s atmo-
sphere and almost certainly in other planetary atmospheres. They propagate horizontally

over the two Poles, and they propagate vertically into the stratosphere and beyond. In the previous
chapter we saw that it is the propagation of Rossby waves away from their mid-latitude source that
gives rise to themean eastward eddy-driven jet. In this chapterwewill see that the dynamics of such
waves also largely determines the large-scale zonally asymmetric circulation of the mid-latitude at-
mosphere. In the first few sections we discuss the properties and propagation of planetary waves
themselves, and in many ways these sections are a continuation of Chapter 6. We then look more
specifically at planetary waves forced by surface variations in topography and thermal properties,
for it is these waves that give rise to the zonally asymmetric circulation.

In proceeding this way we are dividing our task of constructing a theory of the general circula-
tion of the extratropical atmosphere into two. Thefirst task (Chapters 14 and 15)was to understand
the zonally averaged circulation and the transient zonal asymmetries by supposing that, to a first
approximation, this circulation is qualitatively the same as it would be if the boundary conditions
were zonally symmetric, with no mountains or land–sea contrasts. Given the statistically zonally
symmetric circulation, the second task is to understand the zonally asymmetric circulation. We
may do this by supposing that the latter is a perturbation on the former, and using a theory lin-
earized about the zonally symmetric state. It is by no means obvious that such a procedure will be
successful, for it depends on the nonlinear interactions among the zonal asymmetries being weak.
We might make some a priori estimates that suggest that this might be the case, but the ultimate
justification for the approach lies in its a posteriori success. In our discussion of stationary waves
we will focus first on the response to orography at the lower boundary, and then consider thermo-
dynamic forcing — arising, for example, from an inhomogeneous surface temperature field. Our
focus throughout this chapter is the mid-latitudes.

16.1 ROSSBY WAVE PROPAGATION IN A SLOWLY VARYING MEDIUM
In Chapters 6 and 7 we looked at wave propagation using linearized equations of motion. We now
focus and extend this discussion by looking at Rossby wave propagation in a medium in which the
parameters (such as the zonal wind and the stratification) vary spatially — as occurs in the real
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atmosphere. If the parameters do vary then waves may propagate into a region in which they am-
plify, perhaps violating the initial assumption of linearity, so let us first look at what the conditions
for linearity are.1

16.1.1 Linear Dynamics
If the linear equations are to be an accurate representation of the dynamics then the perturbation
quantities need to be small compared to the background state, or at least the nonlinear terms must
be small. In reality this is not always the case and indeed it may be that in course of propagation the
waves amplify andmay even break. Wave breaking is familiar to anyone who has been to the beach
and watched water waves move toward the shore and crash in the ‘surf zone’ as the mean depth be-
comes too shallow to support laminar surface waves. Manifestly, the linear approximation breaks
down at this point. More generally, wave breaking simply refers to an irreversible deformation
of material surfaces, generally leading to dissipation. Since Rossby waves generally grow in am-
plitude as they propagate up (because density falls) we can expect Rossby wave breaking to occur
somewhere in the atmosphere, but waves can also break as they propagate laterally, if and when
they grow in size to such an extent that the nonlinear terms in the equations of motion become
important.

To examine this consider the quasi-geostrophic potential vorticity equation,

( 𝜕
𝜕𝑡
+ 𝒖 ⋅ ∇) 𝑞 = 0, 𝑞 = 𝛽𝑦 + ∇2𝜓′ + 𝑓

2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕𝜓
𝜕𝑧
) . (16.1a,b)

Thederivation of this equationwas given inChapter 5 and all the terms are defined there. In brief, 𝑞
is the quasi-geostrophic potential vorticity and 𝜓 the streamfunction, 𝑓0 is the Coriolis parameter
and 𝜌𝑅 is a density profile, a function of z only. Breaking the above equation up into mean and
perturbation quantities in the usual way we obtain

( 𝜕
𝜕𝑡
+ 𝑢(𝑦, 𝑧) 𝜕

𝜕𝑥
) 𝑞′ + 𝑣′ 𝜕𝑞

𝜕𝑦
= −(𝜕𝑢

′𝑞′
𝜕𝑥
+ 𝜕𝑣
′𝑞′
𝜕𝑦
) . (16.2)

In the linear approximation we neglect the terms on the right-hand side and, seeking wave-like
solutions of the form 𝜓 = 𝐹(𝑥 − 𝑐𝑡), we obtain

(𝑢 − 𝑐)𝜕𝑞
′

𝜕𝑥
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= 0. (16.3)

For the linear approximation to be valid the terms in this equationmust be larger than the nonlinear
terms in (16.2), and this will be the case if

|𝑢 − 𝑐| ≫ |𝑢′| and | 𝜕𝑞
𝜕𝑦
| ≫ |𝜕𝑞

′

𝜕𝑦
| . (16.4a,b)

Although it is common to only treat the case in which 𝑢 is a constant, we may also consider the
case in which 𝑢 varies slowly, either in latitude or height or both, and (16.3) then approximately
holds locally. But if a wave propagates into a region in which 𝑢 = 𝑐 then the linear criterion must
break down. Regions where 𝑢 = 𝑐 are called critical lines, critical surfaces, critical heights or critical
latitudes, depending on context, and in many circumstances a critical layer of finite width will
surround the critical line, in which frictional and/or nonlinear effects are important. The location
of a critical surface does not depend on the frame of reference used to measure the velocities.

For reference we first write down a few results for the simplest case when 𝜕𝑞/𝜕𝑦, 𝑢,𝑁2 and 𝜌𝑅
are all constant, referring to Section 6.5 as needed. We look for solutions of the form

𝜓′ = Re �̃�ei(𝑘𝑥+𝑙𝑦+𝑚𝑧−𝜔𝑡), (16.5)
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and obtain the dispersion relation

𝜔 = 𝑢𝑘 − 𝑘𝛽
𝑘2 + 𝑙2 + Pr2𝑚2

, (16.6)

where Pr = 𝑓0/𝑁 is the Prandtl ratio. The components of the group velocity are given by

𝑐𝑥𝑔 = 𝑢 +
(𝑘2 − 𝑙2 − 𝑃𝑟2𝑚2)𝛽
(𝑘2 + 𝑙2 + Pr2𝑚2)2

, 𝑐𝑦𝑔 =
2𝑘𝑙𝛽

(𝑘2 + 𝑙2 + Pr2𝑚2)2
, 𝑐𝑧𝑔 =

2𝑘𝑚Pr2𝛽
(𝑘2 + 𝑙2 + Pr2𝑚2)2

.
(16.7a,b,c)

16.1.2 Conditions for Wave Propagation
Suppose that the zonal wind varies slowly with latitude and height, but that, for simplicity, the
density, 𝜌𝑅, is a constant. The equation of motion is

( 𝜕
𝜕𝑡
+ 𝑢(𝑦, 𝑧) 𝜕

𝜕𝑥
) 𝑞′ + 𝑣′ 𝜕𝑞

𝜕𝑦
= 0. (16.8)

Because the coefficients of the equation are not constant we cannot assume harmonic solutions in
the 𝑦 and 𝑧 directions; rather, we seek solutions of the form

𝜓′ = �̃�(𝑦, 𝑧)ei𝑘(𝑥−𝑐𝑡). (16.9)

If the parameters in (16.8) are varying slowly compared to the wavelength of the waves then a
dispersion relation still exists (as discussed in Section 6.3), but the relation will be of the form
𝜔 = 𝛺(𝒌; 𝒙, 𝑡); where the function 𝛺 varies slowly in space. Now, if the medium is not an explicit
function of 𝑥 or of time the 𝑥-wavenumber and the frequency will be a constant, and hence 𝑐 is con-
stant too, and we can use the dispersion relation to findwhat are effectively the other wavenumbers
in the problem. Using (16.9) in (16.8) we find (with𝑁2 constant)

𝜕2�̃�
𝜕𝑦2
+ 𝑓
2
0
𝑁2
𝜕2�̃�
𝜕𝑧2
+ 𝑛2(𝑦, 𝑧)�̃� = 0, where 𝑛2(𝑦, 𝑧) = 𝜕𝑞/𝜕𝑦

𝑢 − 𝑐
− 𝑘2. (16.10a,b)

Equation (16.10a) is similar to the Rayleigh or Rayleigh–Kuo equation encountered in Chapter
9, but now 𝑐 is given and is not an eigenvalue; rather, the frequency is known and the dispersion
relation gives the quantity 𝑛. The quantity 𝑛 is the refractive index and it greatly affects how the
waves propagate: solutions are wavelike when 𝑛2 is positive and evanescent when 𝑛2 is negative.
To see this in a simple case, suppose there is no 𝑧-variation so that 𝜕2�̃�/𝜕𝑦2 + 𝑛2�̃� = 0, whereas
if 𝑛 is constant and real we have harmonic solutions in the 𝑦-direction of the form exp(i𝑛𝑦). If
𝑛2 < 0 the solutions will evanesce. Waves tend to propagate toward regions of large 𝑛2 and turn
away from regions of negative 𝑛2, as we will see in the examples to follow.

The value of 𝑛2 will become very large if and as 𝑢 approaches 𝑐 from above and the waves,
being very short, will tend to break. If 𝑢 continues to diminish and becomes smaller than 𝑐 then
𝑛2 switches from being large and positive to large and negative. If 𝑛2 diminishes because 𝜕𝑞/𝜕𝑦
diminishes then it will transition smoothly to a negative value. The location where 𝑢 = 𝑐 is called a
critical surface (or line). The location where 𝑛2 passes through zero is called a turning surface (or
line).

The bounds on 𝑛2 can be translated into bounds on the zonal phase speed 𝑐. Given a zonal
wind 𝑢, wave propagation requires that 𝑐 is bounded by

𝑢 − 𝜕𝑞/𝜕𝑦
𝑘2 + 𝛾2

< 𝑐 < 𝑢. (16.11)
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At the upper bound (a critical surface) the wavelength is small and wave breaking is likely to occur.
At the lower bound (a turning surface) the refractive index tends to zero and the wavelength tends
to infinity. Waves will tend to propagate away from regions with a small 𝑛 and be refracted toward
regions of large 𝑛. The bounds can also be expressed in terms of the zonal velocity:

0 < 𝑢 − 𝑐 < 𝜕𝑞/𝜕𝑦
𝑘2 + 𝛾2
. (16.12)

This form is useful when considering a situation in which the wave speed is given, for example by
boundary conditions; Equation (16.12) then tells us under what configurations of zonal velocity
wave propagation can occur. The lower bound corresponds to a critical surface and the upper
bound to a turning surface.

It is algebraically complicated to continue our analysis in the three-dimensional case, so let us
consider the cases in which the inhomogeneities in the medium occur separately in the horizontal
and vertical. A summary of some key concepts is provided on page 590.

16.2 HORIZONTAL PROPAGATION OF ROSSBY WAVES

Consider the purely horizontal problem for which the linearized equation of motion is

( 𝜕
𝜕𝑡
+ 𝑢(𝑦) 𝜕
𝜕𝑥
) 𝑞′ + 𝑣′ 𝜕𝑞

𝜕𝑦
= 0, (16.13)

where 𝑞′ = ∇2𝜓′, 𝑣′ = 𝜕𝜓′/𝜕𝑥 and 𝜕𝑞/𝜕𝑦 = 𝛽 − 𝑢𝑦𝑦, which we will denote 𝛽∗. If 𝑢 and 𝛽∗ do not
vary in space then we may obtain wavelike solutions in the usual way and obtain the dispersion
relation

𝜔 ≡ 𝑐𝑘 = 𝑢𝑘 − 𝜕𝑞/𝜕𝑦
𝑘2 + 𝑙2
, (16.14)

where 𝑘 and 𝑙 are the 𝑥- and 𝑦-wavenumbers.
If the parameters do vary in the 𝑦-direction then we seek a solution 𝜓′ = �̃�(𝑦) exp[i𝑘(𝑥 − 𝑐𝑡)]

and obtain, analogous to (16.10),

𝜕2�̃�
𝜕𝑦2
+ 𝑙2(𝑦)�̃� = 0, where 𝑙2(𝑦) = 𝛽

∗

𝑢 − 𝑐
− 𝑘2. (16.15a,b)

If the parameter variation is sufficiently small, occurring on a spatial scale longer than the wave-
length of the waves, then we may expect that the disturbance will propagate locally as a plane wave.
The solution is then of wkb form (see Appendix A to Chapter 6), namely

�̃�(𝑦) = 𝐴0𝑙−1/2 exp(i∫ 𝑙 d𝑦) , (16.16)

where𝐴0 is a constant. The phase of the wave in the 𝑦-direction, 𝜃, is evidently given by 𝜃 = ∫ 𝑙 d𝑦,
so that the local wavenumber is given by d𝜃/d𝑦 = 𝑙. The group velocity is calculated in the normal
way using the dispersion relation (16.14) and we obtain

𝑐𝑥𝑔 = 𝑢 +
(𝑘2 − 𝑙2)𝛽∗
(𝑘2 + 𝑙2)2

, 𝑐𝑦𝑔 =
2𝑘𝑙 𝛽∗
(𝑘2 + 𝑙2)2

, (16.17a,b)

where 𝑙 is given by (16.15b), with both quantities varying slowly in the 𝑦-direction.
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16.2.1 Wave Amplitude
As a Rossby wave propagates its amplitude is not necessarily constant because, in the presence of
a shear, the wave may exchange energy with the background state, and the wkb solution, (16.15),
tells us that the variation goes like 𝑙−1/2(𝑦). This variation can be understood from somewhat
more general considerations. As discussed in Chapter 10 (specifically Section 10.2.1) an inviscid,
adiabatic wave will conserve its wave activity, and specifically its pseudomomentum, meaning that

𝜕𝒫
𝜕𝑡
+ ∇ ⋅ 𝓕 = 0, (16.18)

where 𝒫 is quadratic in the wave amplitude and 𝓕 is the flux of 𝒫, and the two are related by the
group velocity property𝓕 = 𝒄𝑔𝒫. In the zonally-averaged case the pseudomomentum and flux for
the stratified quasi-geostrophic equations are given by

𝒫 = 𝑞
′2

2𝛽∗
, 𝓕 = −𝑢′𝑣′ 𝐣 + 𝑓0

𝑁2
𝑣′𝑏′ 𝐤, (16.19)

with 𝓕 being the Eliassen–Palm (EP) flux. If the waves are steady then ∇ ⋅ 𝓕 = 0, and in the two-
dimensional case under consideration 𝑏′ = 0 and 𝜕𝑢′𝑣′/𝜕𝑦 = 0. Thus 𝑢′𝑣′ = 𝑘𝑙|�̃�|2 = constant,
and since 𝑘 is constant along a ray the amplitude of a wave varies like

|�̃�| = 𝐴0
√𝑙(𝑦)
, (16.20)

as in the wkb solution. The energy of the wave then varies like

Energy = (𝑘2 + 𝑙2)𝐴
2
0
𝑙
. (16.21)

16.2.2 Two Examples
To illustrate the above ideas in a concrete fashion we consider two examples, one with a turning
line and one with a critical line. Very close to the turning line and critical line more detailed
analysis is needed to obtain a complete solution, but we can obtain a sense of the behaviour with
an elementary treatment.

Waves with a turning latitude
A turning line arises where 𝑙 = 0 and it corresponds to the lower bound of 𝑐 in (16.11). The line
arises if the potential vorticity gradient diminishes to such an extent that 𝑙2 < 0 and the waves
then cease to propagate in the 𝑦-direction. This may happen even in unsheared flow as a wave
propagates polewards and the magnitude of beta diminishes.

As a wave packet approaches a turning latitude then 𝑛 goes to zero so the amplitude and the
energy of the wave approach infinity. However, the wave will never reach the turning latitude
because themeridional component of the group velocity is zero, as can be seen from the expressions
for the group velocity, (16.17). As a wave approaches the turning latitude 𝑐𝑥𝑔 → (𝛽 − 𝑢𝑦𝑦)/𝑘2 and
𝑐𝑦𝑔 → 0, so the group velocity is purely zonal and indeed, as 𝑙 → 0,

𝑐𝑥𝑔 − 𝑢
𝑐𝑦𝑔
= 𝑘
2𝑙
→ ∞. (16.22)

Because themeridional wavenumber is small thewavelength is large, so we do not expect thewaves
to break. Rather, we intuitively expect that a wave packet will turn — hence the eponym ‘turning
latitude’ — and be reflected.
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Rossby Wave Propagation in a Slowly Varying Medium

The linear equation of motion is, in terms of streamfunction,

( 𝜕
𝜕𝑡
+ 𝑢(𝑦, 𝑧) 𝜕

𝜕𝑥
)[ �∇2𝜓′ + 𝑓

2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕𝜓′
𝜕𝑧
)] � + 𝜕𝜓

′

𝜕𝑥
𝜕𝑞
𝜕𝑦
= 0. (RP.1)

We suppose that the parameters of the problem vary slowly in 𝑦 and/or 𝑧 but are uniform
in 𝑥 and 𝑡. The frequency and zonal wavenumber are therefore constant. We seek solutions
of the form 𝜓′ = �̃�(𝑦, 𝑧)ei𝑘(𝑥−𝑐𝑡) and find (if, for simplicity,𝑁2 and 𝜌𝑅 are constant)

𝜕2�̃�
𝜕𝑦2
+ 𝑓
2
0
𝑁2
𝜕2�̃�
𝜕𝑧2
+ 𝑛2(𝑦, 𝑧)�̃� = 0, where 𝑛2(𝑦, 𝑧) = 𝜕𝑞/𝜕𝑦

𝑢 − 𝑐
− 𝑘2. (RP.2)

The value of 𝑛2 must be positive in order that waves can propagate, and so waves cease to
propagate when they encounter either
(i) A turning surface, where 𝑛2 = 0, or
(ii) A critical surface, where 𝑢 = 𝑐 and 𝑛2 becomes infinite.

For a given wave speed, the location of the turning surface, but not that of the critical
surface, depends on wavenumber. The condition for wave propagation may be expressed
as bounds on the zonal flow, to wit

0 < 𝑢 − 𝑐 < 𝜕𝑞/𝜕𝑦
𝑘2
. (RP.3)

If the length scale over which the parameters of the problem vary is much longer than
the wavelengths themselves we can expect the solution to look locally like a plane wave and
a wkb analysis can be employed. In the purely horizontal problem we assume a solution
of the form 𝜓′ = �̃�(𝑦)ei𝑘(𝑥−𝑐𝑡) and find

𝜕2�̃�
𝜕𝑦2
+ 𝑙2(𝑦)�̃� = 0, 𝑙2(𝑦) = 𝜕𝑞/𝜕𝑦

𝑢 − 𝑐
− 𝑘2. (RP.4)

The wkb solution is of the form

�̃�(𝑦) = 𝐴𝑙−1/2 exp (� ± i∫ 𝑙 d𝑦)� . (RP.5)

Thus, 𝑙(𝑦) is the local 𝑦-wavenumber, and the amplitude of the solution varies like 𝑙−1/2.
However, the wkb condition fails at both a critical line and a turning line.

Approaching a critical line the amplitude of the wave diminishes (in the wkb approx-
imation) because 𝑙 is large. In the critical layer wave amplitude is in fact nearly constant
but the vorticity becomes very large, and either nonlinearity and/or dissipation become
important, and since wavelength is small the waves may break. At a turning line the am-
plitude and energy will both be large, but since the wavelength is long the waves will not
necessarily break; rather, they are reflected.

A similar analysis may be employed for vertically propagating Rossby waves, and either
a turning level or a critical level will prevent the upward propagation of waves into the
stratosphere — this is the ‘Charney–Drazin’ condition, discussed in Section 16.5.3.
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Fig. 16.1 Parameters for the first example considered
in Section 16.2.2, with all variables nondimensional. The
zonal flow is uniform with 𝑢 = 1 and 𝑐 = 0 (so that
𝑢𝑦𝑦 = 0) and 𝛽 diminishes linearly as 𝑦 increases pole-
wards as shown. With zonal wavenumber 𝑘 = 1 there
is a turning latitude at 𝑦 = 0.8, and the wave properties
are illustrated in Fig. 16.2.

To illustrate this, consider waves propagating in a background state that has no horizontal shear
but with a beta effect that diminishes polewards. To be concrete suppose that 𝛽 = 5 at 𝑦 = 0,
diminishing linearly to 𝛽 = 0 at 𝑦 = 0, and that 𝑢 − 𝑐 = 1 everywhere. There is no critical line
but depending on the 𝑥-wavenumber there may be a turning line, and if we choose 𝑘 = 1 then the
turning line occurs when 𝛽 = 1 and so at 𝑦 = 0.8. The turning latitude depends on the value of
the 𝑥-wavenumber — if the zonal wavenumber is larger then waves will turn further south. The
parameters are illustrated in Fig. 16.1.

For a given zonal wavenumber (𝑘 = 1 in this example) the value of 𝑙2 is computed using
(16.15b), and the components of the group velocity using (16.17), and these are illustrated in
Fig. 16.2. We may choose either a positive or a negative value of 𝑙, corresponding to northward
or southward oriented waves, and we illustrate both in the figure. The value of 𝑙2 becomes zero at
𝑦 = 0.8, and this corresponds to a turning latitude. The values of the wave amplitude and energy
are computed using (16.20) and (16.21) (with an arbitrary amplitude at 𝑦 = 0) and these both
become infinite at the turning latitude.

What is happening physically? We may suppose that at some location in the domain there is
a source of waves — baroclinic disturbances for example. Waves propagate away from the source
(since the waves must carry energy away), and this determines the sign of 𝑛 of any particular wave
packet. The disturbancemay in general consist of many zonal wavenumbers andmany frequencies
(or phase speeds, 𝑐), but the dispersion relation must be satisfied for each pair and this determines
themeridional wavenumber via an equation like (16.15). As thewave packet propagates away from
the source then, as we noted in Section 6.3 on ray theory, if themedium is zonally symmetric the 𝑥-
wavenumber, 𝑘, is preserved. If the medium is not time-varying then the frequency, and therefore
thewave speed 𝑐, are also preserved. Wemay approximately construct a ray by following the arrows
in Fig. 16.2, and we see that a ray propagating polewards will bend eastward as it approaches the
turning latitude Although its amplitude will become large it will not necessarily break because the
wavelength is large; in fact, the packet may be reflected southward. We may heuristically construct
a ray trajectory by drawing a line that is always parallel to the arrows marking the group velocity.
Indeed, the entire procedure might be thought of as an Eulerian analogue of ray theory; rather
than following a wave packet we just evaluate the field of group velocity, and if there is no explicit
time dependence in the problem a ray follows the arrows.

The above argument suggests but does not demonstrate reflection at the turning latitude. The
arrows of Fig. 16.2 are all zonal at the turning line and do not actually turn back. One might
imagine using a wkb analysis but the wkb approximation fails in the vicinity of a turning latitude:
the meridional wavenumber 𝑙 tends to zero but d𝑙/d𝑦 does not, and the wkb condition (6.164)
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Fig. 16.2 Left: The group velocity evaluated using (16.17) for the parameters illustrated in Fig. 16.1,
which give a turning latitude at 𝑦 = 0.8. For 𝑥 < 0.5we choose positive values of 𝑛, and a northward
group velocity, whereas for 𝑥 > 0.5we choose negative values of 𝑛. Right panel: Values of refractive
index squared (𝑛2), the energy and the amplitude of a wave. 𝑛2 is negative for 𝑦 > 0.8. See text for
more description.

cannot be satisfied (even though the wave equation itself is not singular). However, a momentum
flux argument shows that the reflection is in fact perfect in the absence of dissipation. Suppose
there is a wave source in mid- or low latitudes (say at 𝑦 = 0 in Fig. 16.2) producing poleward
propagating waves. Poleward of the turning line the waves evanesce and the zonally-averaged
polewards momentum flux is zero at large 𝑦. However, this decay has occurred in the absence of
friction, and therefore that momentum flux is zero everywhere. To see this with equations, away
from forcing regions the inviscid barotropic pseudomomentum conservation equation, (16.18),
becomes

𝜕𝒫
𝜕𝑡
+ 𝑣′𝜁′ = 0, or 𝜕𝒫

𝜕𝑡
− 𝜕
𝜕𝑦
𝑢′𝑣′ = 0. (16.23)

Thus, in a statistically steady state, 𝑢′𝑣′ is a constant, and that constant is zero if the flux is zero at
large 𝑦. Since the forcing is producing a poleward propagating Rossby wave (with 𝑢′𝑣′ < 0 in the
Northern Hemisphere) there must be a reflected wave with 𝑢′𝑣′ > 0, and that reflected wave must
come from the vicinity of the turning line.

Fig. 16.3 Parameters for the second example consid-
ered in Section 16.2.2, with all variables nondimensional.
The zonal flow has a broad eastward jet and 𝛽 is con-
stant. There is a critical line at 𝑦 = 0.2, and with zonal
wavenumber 𝑘 = 5 the wave properties are illustrated
in Fig. 16.4.
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Fig. 16.4 Left: The group velocity evaluated using (16.17) for the parameters illustrated in Fig. 16.1,
which give a critical line at 𝑦 = 0.2. For 𝑥 < 0.5 we choose positive values of 𝑛, and a northward
group velocity, whereas for 𝑥 > 0.5we choose negative values of 𝑛. Right panel: Values of refractive
index squared, the energy and the amplitude of a wave. The value of 𝑛2 becomes infinite at the
critical line and the linear theory breaks down in its vicinity. See text for more description.

Waves with a critical latitude
A critical line occurs when 𝑢 = 𝑐, corresponding to the upper bound of 𝑐 in (16.11), and from
(16.15) we see that at a critical line the meridional wavenumber approaches infinity. From (16.17)
we see that both the 𝑥- and𝑦-components of the group velocity are zero— awave packet approach-
ing a critical line just stops (at least according to ray theory). Specifically, as 𝑙 becomes large

𝑐𝑥𝑔 − 𝑢 → 0, 𝑐
𝑦
𝑔 → 0,

𝑐𝑥𝑔 − 𝑢
𝑐𝑦𝑔
→ − 𝑙
𝑘
→ −∞. (16.24)

From (16.20) the amplitude of the wave packet also approaches zero, but its energy approaches
infinity. Since the wavelength is very small we expect the waves to break and deposit their momen-
tum, and this situation commonly arises when Rossby waves excited in mid-latitudes propagate
equatorward and encounter a critical latitude in the subtropics.

To illustrate this let us construct a background state that has an eastward jet in mid-latitudes
becoming westward at low latitudes, with 𝛽 constant chosen to be large enough so that 𝛽 − 𝑢𝑦𝑦 is
positive everywhere. (Specifically, we choose 𝛽 = 1 and 𝑢 = −0.03 sin(8π𝑦/5 + π/2) − 0.5, but the
precise form is not important.) If 𝑐 = 0 then there is a critical line when 𝑢 passes through zero,
which in this example occurs at 𝑥 = 0.2. (The value of 𝑢 − 𝑐 is small at 𝑦 = 1, but no critical line
is actually reached.) These parameters are illustrated in Fig. 16.3. We also choose 𝑘 = 5, which
results in a positive value for 𝑙2 everywhere.

As in the previous example we compute the value of 𝑙2 using (16.15b) and the components of
the group velocity using (16.17), and these are illustrated in Fig. 16.4, with northward propagating
waves shown for 𝑥 < 0.5 and southward propagating waves for 𝑥 > 0.5. The value of 𝑛2 increases
considerably at the northern and southern edges of the domain, and is actually infinite at the critical
line at 𝑦 = 0.2. Using (16.20) the amplitude of the wave diminishes as the critical line approaches,
but the energy increases rapidly, suggesting that the linear approximation will break down. The
waves (in the linear approximation) tend to stall before reaching the critical line, because both
the 𝑥 and the 𝑦 components of the group velocity become very small. This is a little misleading
because ray theory breaks down and a disturbance can reach the critical line, and in the region
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Fig. 16.5 Sketch of a Rossby-wave critical layer. Incident Rossby waves from mid-latitudes propa-
gate in a horizontally sheared flow toward a critical line at which 𝑢(𝑦) = 𝑐. Surrounding the critical
line is a critical layer, in which either nonlinear or frictional effects, or both, are important. If nonlin-
ear effects are important then the critical layer may reflect, but there is still likely to be dissipation
in the critical layer. Equatorward of the critical layer the waves evanesce.3

of the critical line — that is, in the critical layer — either frictional or nonlinear effects, or both,
become important, as we see in the next section. The situation illustrated in this example is of
particular relevance to the maintenance of the zonal wind structure in the troposphere: waves are
generated in mid-latitudes and propagate equatorward, and as they approach a critical line in the
subtropics they break, deposit westward momentum and retard the flow.

16.3 ♦ CRITICAL LINES AND CRITICAL LAYERS

We now look a little more closely at the behaviour of Rossby waves near a critical line and then,
more briefly, at gravity wave behaviour. Critical layer theory is extensive and technical, and our
discussion only scratches the surface and ismostly linear; readerswishing formore should go to the
literature.2 We use Northern Hemisphere conventions, envisioning waves propagating southward
toward a subtropical critical line.

16.3.1 Preliminaries

Consider horizontally propagating Rossby waves obeying the linear barotropic vorticity equation
on the beta-plane (vertically propagating waves may be considered using similar techniques). The
equation of motion is

( 𝜕
𝜕𝑡
+ 𝑢 𝜕
𝜕𝑥
)∇2𝜓′ + 𝛽∗ 𝜕𝜓

′

𝜕𝑥
= −𝑟∇2𝜓′, (16.25)

where 𝛽∗ = 𝛽−𝜕2𝑦𝑢. The parameter 𝑟 is a drag coefficient that acts directly on the relative vorticity,
andwe shall assume that it is small compared to theDoppler-shifted frequency of the waves, except
possibly near a critical line. It is not a particularly realistic form of dissipation but it is simple and
captures the essential process. We seek solutions of the form

𝜓′(𝑥, 𝑦, 𝑡) = �̃�(𝑦)ei(𝑘(𝑥−𝑐𝑡)). (16.26)
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Substituting into (16.25) we find, after a couple of lines of algebra, that �̃� satisfies, analogously to
(16.15),

d2�̃�
d𝑦2
+ 𝑙2(𝑦)�̃� = 0, where 𝑙2(𝑦) = 𝛽∗

𝑢 − 𝑐 − i𝑟/𝑘
− 𝑘2. (16.27a,b)

If the zonal wind has a lateral shear then 𝛽∗ may vary with 𝑦, and thus so does 𝑙. If 𝑟 is non-zero
then 𝑙 has an imaginary component so that the wave decays away from its source region, and as
𝑢 → 𝑐 the decay will be particularly strong.

Suppose that the friction is zero. Near the critical line the 𝑦-wavenumber will be much larger
than 𝑘 and the streamfunction will obey an equation of the form

d2�̃�
d𝑦2
≈ − 𝛽

∗

𝑢 − 𝑐
�̃� = − 𝐴
𝑦 − 𝑦𝑐
�̃�, (16.28)

where𝐴 is a constant, and by shifting the origin we will take 𝑦𝑐 = 0. By inspection an approximate
solution to this equation for small 𝑦 is

d�̃�
d𝑦
= 𝐵 ln𝑦, �̃� = 𝐵 (𝑦 ln𝑦 − 𝑦 − 1

𝐴
) ≈ −𝐵
𝐴
. (16.29)

where 𝐵 is a constant. (Equation (16.28) actually has Bessel function solutions.) The vorticity, �̃�𝑦𝑦
then goes as 1/𝑦 and the velocity goes as ln𝑦 near the critical line. Both quantities blow up, but
the streamfunction itself does not. The pseudomomentum also blows up as the critical layer. To see
this, multiply (16.25) by 𝜁/𝛽∗ and zonally average to give

𝜕𝒫
𝜕𝑡
+ 𝜕ℱ
𝜕𝑦
= −𝛼𝒫, (16.30)

where 𝒫 = 𝜁′2/2𝛽∗ is the pseudomomentum, 𝜕ℱ/𝜕𝑦 = −𝜕𝑦(𝑢′𝑣′) = 𝑣′𝜁′ is its flux divergence,
and 𝛼 = 2𝑟. If 𝛼 = 0 then 𝒫 must blow up at the critical line because 𝜁 does. Finally, the wkb
approximation fails approaching a critical line: equations (16.27) and (16.28) tell us that

𝑙2 ∼ 1
𝑦

and d𝑙
d𝑦
∼ 1
𝑦3/2
. (16.31)

Thus, for small 𝑦, d𝑙/d𝑦 > 𝑙2 because 𝑦−3/2 > 𝑦−1 for small 𝑦. The wkb condition that the wave-
number, 𝑙, varies more slowly than 𝑙2 (requiring, as in (6.164), that d𝑙/d𝑦 ≪ 𝑙2) is not satisfied.

Behaviour near a critical line
A detailed analysis is required to determine what does happen at the critical line, but in the linear
problem we can make some useful headway. As in Fig. 16.5 we imagine there is a small region
surrounding the critical line — the critical layer — in which either the nonlinear terms or the
frictional terms, or both, are important. In the critical layer 𝑦 derivatives are much larger than 𝑥
derivatives so that 𝜁′ ≈ −𝜕𝑢′/𝜕𝑦 = 𝜕2𝜓′/𝜕𝑦2. Furthermore, since 𝑢−𝑐 is small, a Taylor expansion
gives

𝑢 − 𝑐 ≈ 𝑦 �𝜕𝑢
𝜕𝑦
|
𝑢=𝑐
, (16.32)

and we will denote the derivative as 𝜕𝑦𝑢𝑐. Using (16.27) with 𝑙2 ≫ 𝑘2 then gives

̃𝜁 = −𝛽
∗�̃�

𝑢 − 𝑐 − i𝑟/𝑘
≈ −𝛽

∗�̃�
𝑦𝜕𝑦𝑢𝑐 − i𝑟/𝑘

= −𝛽�̃�
𝑦 − i ̂𝑟
= −𝛽(𝑦 + i ̂𝑟)�̃�
𝑦2 + ̂𝑟2

, (16.33)
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where 𝛽 = 𝛽∗/𝜕𝑦𝑢𝑐 and ̂𝑟 = 𝑟/(𝑘𝜕𝑦𝑢𝑐). The vorticity flux in the critical layer is given by

𝑣′𝜁′ = 1
2
Re i𝑘�̃� ̃𝜁∗ = −𝑘𝛽 ̂𝑟

2(𝑦2 + ̂𝑟2)
|��̃�2|�. (16.34)

The factor of 2 comes from the averaging, and only the part of ̃𝜁 proportional to i ̂𝑟 contributes
because of its phase relative to i�̃�. There are two interesting aspects to (16.34):
(i) The vorticity flux is negative. (All the individual terms, including 𝑘, are positive.)
(ii) The stream function is almost constant in the critical layer, so that for small friction (16.34)

is sharply peaked around 𝑦 = 0. It tends to a delta-function as ̂𝑟 → 0, because

𝛿(𝑦) = 1
π

lim
̂𝑟→0
̂𝑟

𝑦2 + ̂𝑟2
. (16.35)

We can see that the thickness of the critical layer, 𝛿𝑟 is just ̂𝑟.
The first property above tells us that the critical layer is dissipative. The second property tells us
that the eddy momentum flux has a finite jump across the critical line. For small 𝑟 we have

[𝑢′𝑣′]+
−
= −∫
+

−
𝜁′𝑣′ d𝑦 = ∫

+

−

−𝑘𝛽 ̂𝑟
2(𝑦2 + ̂𝑟2)

|��̃�2|� d𝑦 = −∫
+

−

1
2
𝑘𝛽π| ��̃�2| �𝛿(𝑦) d𝑦 = −1

2
𝑘𝛽π| ��̃�2|�,

(16.36)
where the integrals are over the critical layer, and themomentumflux therefore diminishes across it.
The last term on the right-hand side has no dependence on 𝑟, whichmeans there is finite absorption,
even as friction tends to zero. There will be no transmission through the critical layer, as we can see
using a wave activity argument. For 𝑦 < 0 (south of the critical line) the waves evanesce, but if (as
we assume) friction there is negligible then in a statistically steady 𝜕𝑦𝑢′𝑣′ = 0. Thus 𝑢′𝑣′ = 0 at
the southern edge of the critical line, and therefore pseudomomentum must fall to zero across the
critical line. Put simply, the eddy momentum fluxes are zero far from the critical layer (because
waves evanesce), but the flux does not vary with 𝑦 so it is zero at the southern edge of the critical
layer. In fact, in such a layer there is also no reflection, and absorption is complete.

The zonal velocity itself also jumps across the layer. Since the streamfunction, and hence 𝑣′ =
𝜕𝜓′/𝜕𝑥, vary only weakly across the critical layer, 𝜁′ ≈ −𝜕𝑢′/𝜕𝑦. The jump in velocity across the
critical layer is then given by

[ �𝑢′]�+− = −∫
+

−
𝜁′ d𝑦, (16.37a,b)

which also may be calculated.

Nonlinear effects
Wewill say only a fewwords about this problem. First consider the critical layer thickness. Another
way to evaluate the thickness in the linear problem is to directly note that the relative sizes of the
advection term and the frictional term in the equation of motion is 𝑦𝜕𝑦𝑢𝑐/𝑟 so that an estimate for
the frictional critical layer thickness is 𝛿𝑟 ∼ 𝑟/(𝑘𝜕𝑦𝑢𝑐), as before. We can use a similar argument
in the nonlinear case, and if we suppose a balance between the nonlinear terms and advection of
the mean flow then the critical layer thickness, 𝛿𝑛𝑙, can be estimated from

𝑦𝜕𝑢𝑐
𝜕𝑦
𝜕𝜁′
𝜕𝑥
∼ 𝑣′ 𝜕𝜁

′

𝜕𝑦
∼ 𝑘𝜓′ 𝜁

′

𝛿
whence 𝛿𝑛𝑙 ∼ |

𝑣′
𝑘𝜕𝑦𝑢𝑐
|
1/2
∼ | 𝜓
′

𝜕𝑦𝑢𝑐
|
1/2
, (16.38)

where 𝑣′ is the meridional velocity near the critical layer. In Earth’s atmosphere the nonlinear
terms typically are important (and 𝛿𝑛𝑙 > 𝛿𝑟). Nevertheless, dissipation can and normally will oc-
cur in a nonlinear critical layer, either directly by the drag term in (16.25) or because the nonlinear
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interactions lead towave breaking and a nonlinear cascade to dissipationwithin the layer itself, and
that dissipation will retard the mean flow (i.e., make it more westward). This effect is important
in the subtropics, where Rossby waves propagating equatorward from mid-latitudes in the upper
troposphere encounter a critical level, and generate a critical layer. Rossby waves propagating up-
wards toward and into the stratosphere can also encounter a critical level, contributing to the qbo
phenomenon described in Section 17.6.

If the critical layer is thin, then the total flow is a superposition of the background flow, 𝑢(𝑦) ≈
𝑦𝜕𝑢𝑐/𝜕𝑦 and the disturbance field. The disturbance streamfunction, 𝜓′ varies like exp(i𝑘𝑥), with
no 𝑦 variation because it is continuous across the critical line, so that the total streamfunction
varies like

𝜓 ≈ −1
2
𝜕𝑢𝑐
𝜕𝑦
𝑦2 + Re𝜓′(0)ei𝑘𝑥. (16.39)

This gives a pattern like that illustrated in Fig. 16.5, known as a Kelvin cat’s eye pattern.
The dynamics of the pattern determines the value of ∫ 𝑣′𝜁′ which in turn determines the value

of 𝑢′𝑣′ at the edges, as in (16.36). If this value is reduced from the value of the incomingwaves then
the critical layer is reflecting, but determining whether this is so requires a more detailed analysis
than we can provide here.

16.3.2 Internal Gravity Wave Critical Layers
Gravity wave critical layers have a rather different character than Rossby wave critical layers be-
cause of the nature of the dispersion relation. Referring back to (7.53) on page 259, we linearize
the Boussinesq equations about a sheared mean flow 𝑢(𝑧). Confining attention to two dimensions,
𝑥 and 𝑧, then a little algebra results in the ‘Taylor–Goldstein’ equation,

d2�̃�
d𝑧2
+ [ 𝑁

2

(𝑢 − 𝑐)2
− 𝑢𝑧𝑧
𝑢 − 𝑐
− 𝑘2] �̃� = 0. (16.40)

Here, �̃� is the amplitude of the streamfunction in the vertical plane, with (𝑢, 𝑤) = (−𝜕𝛹/𝜕𝑧, 𝜕𝛹/𝜕𝑥).
The presence of the first term in square brackets gives the equation a different nature than the
Rossby problem, since if we omit the second term the equation has the form

d2�̃�
d𝑧2
∼ −Ri �̃�
𝑧2
, (16.41)

where Ri = 𝑁2/(𝜕𝑧𝑢𝑐)2 is the Richardson number. This means that, if the flow is stable, the waves
oscillate extremely rapidly as the critical line is approached — in fact an infinite number of times —
and the group velocity also diminishes rapidly. (Solutions to (16.41) have the form �̃� = 𝑧𝛼 where
𝛼 = (1 ±√1 − 4Ri)/2 and are oscillatory if Ri > 1/4, which is the condition for flow stability.) The
slowdowngives dissipationmore time to act, and commonly awavewill completely dissipate before
the critical line is reached. If nonlinearity is allowed, the flowwill break down into turbulence near
the critical layer with a rapid cascade to dissipative scales.

The wkb approximation and notions of group velocity remain valid to a much greater degree
than in the Rossby wave case. From (16.41) the vertical wavenumber,𝑚, obeys

𝑚2 ∼ 1
𝑧2
, d𝑚

d𝑧
∼ 1
𝑧2
∼ 𝑚2, (16.42)

Thus, the wkb condition is neither obviously well satisfied nor badly violated, and we can expect
group velocity and wkb theory to provide useful information much closer to the critical line than
in the Rossby wave case. In particular, a Rossby wave will typically reach a critical layer even as the
group velocity stalls, whereas a gravity wave may be absorbed before that. Aspects of the gravity
wave analysis are continued in the discussion of the stratosphere in Section 17.3.3.
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16.4 ♦ A WKB WAVE–MEAN-FLOW PROBLEM FOR ROSSBY WAVES
Let us now assume that the background properties do vary slowly and see how far we can get with
a wkb approximation. As we saw above, wkb theory fails approaching a critical line, so we cannot
determine what happens when 𝑢 − 𝑐 is very small, but the analysis is nevertheless instructive. If
the friction is small and 𝑟 ≪ 𝑘(𝑢 − 𝑐), and if the meridional wavenumber 𝑙 is larger than the zonal
wavenumber 𝑘 then 𝑙 is given by

𝑙2(𝑦) ≈ [𝛽
∗(𝑢 − 𝑐 + i𝑟/𝑘)
(𝑢 − 𝑐)2 + 𝑟2/𝑘2

] ≈ 𝛽
∗

𝑢 − 𝑐
[1 + i𝑟
𝑘(𝑢 − 𝑐)

] , (16.43)

whence

𝑙(𝑦) ≈ ( 𝛽
∗

𝑢 − 𝑐
)
1/2
[1 + i𝑟
2𝑘(𝑢 − 𝑐)

] . (16.44)

The solution for the streamfunction is given by, in the wkb approximation,

�̃� = 𝐴𝑙−1/2 exp(±i ∫
𝑦
𝑙d𝑦′) , (16.45)

just as in (16.16), but now the wave will decay as it moves away from its source and deposit mo-
mentum into the mean flow. Let us calculate this.

The momentum flux, 𝐹𝑘, associated with an 𝑥-wavenumber of 𝑘 is given by

𝐹𝑘(𝑦) = 𝑢′𝑣′ = −i𝑘(𝜓
𝜕𝜓∗
𝜕𝑦
− 𝜓∗ 𝜕𝜓
𝜕𝑦
) , (16.46)

and using (16.44) and (16.45) in (16.46) we obtain

𝐹𝑘(𝑦) = 𝐹0 exp(∫
𝑦

0

±𝑟𝛽∗1/2
𝑘(𝑢 − 𝑐)3/2

d𝑦′) . (16.47)

In deriving this expressionwe use the fact that the amplitude of �̃� (i.e., 𝑙−1/2) varies only slowly with
𝑦 so that when calculating 𝜕�̃�/𝜕𝑦 the derivative of 𝑙may be ignored. In (16.47) 𝐹0 is the value of
the flux at 𝑦 = 0 and the sign of the exponent must be chosen so that the group velocity is directed
away from the wave source region. Clearly, if 𝑟 = 0 then the momentum flux is constant.

The integrand in (16.47) is the attenuation rate of the wave and it has a straightforward physical
interpretation. Using the real part of (16.44) in (16.17b), and assuming |𝑙| ≫ |𝑘|, the meridional
component of the group velocity is given by

𝑐𝑦𝑔 =
2𝑘𝑙 𝛽∗
(𝑘2 + 𝑙2)2

≈ 2𝑘 𝛽
∗

𝑙3
= 2𝑘(𝑢 − 𝑐)

3/2

𝛽∗1/2
. (16.48a,b)

Thus we have

Wave attenuation rate = 𝑟𝛽
∗1/2

𝑘(𝑢 − 𝑐)3/2
= 2 × Dissipation rate (2𝑟)

Meridional group velocity (𝑐𝑦𝑔 )
. (16.49)

This result is of some generality in wave dynamics, and a simple interpretation is that as the group
velocity diminishes the dissipation has more time to act and the wave is preferentially attenuated.

How does this attenuation affect the mean flow? The mean flow is subject to many waves and
so obeys the equation

𝜕𝑢
𝜕𝑡
= −∑
𝑘

𝜕𝐹𝑘
𝜕𝑦
+ viscous terms. (16.50)
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Because the amplitude varies only slowly compared to the phase, the amplitude of 𝜕𝐹𝑘/𝜕𝑦 varies
mainly with the attenuation rate (16.49). Consider a Rossby wave propagating away from some
source region with a given frequency and 𝑥-wavenumber. Because 𝑘 is negative a Rossby wave al-
ways carries westward (or negative) momentumwith it. That is, 𝐹𝑘 is always negative and increases
(becomes more positive) as the wave is attenuated; that is to say, if 𝑟 ≠ 0 then 𝜕𝐹𝑘/𝜕𝑦 is positive
and from (16.50) the mean flow is accelerated westward as the wave dissipates. The dissipation,
and attendant acceleration, will be particularly strong as the wave approaches a critical line where
𝑢 = 𝑐, although here the quantitative aspects of the analysis begin to fail.

The situation arises when Rossby waves, generated in mid-latitudes, propagate equatorward.
As the waves enter the subtropics 𝑢 − 𝑐 becomes smaller and the waves dissipate, producing a
westward force on the mean flow. Globally, momentum is conserved because there is an equal
and opposite (and therefore eastward) wave force at the wave source producing an eastward eddy-
driven jet, as discussed in the previous chapter.

Interpretation using wave activity
We can derive and interpret the above results by thinking about the propagation of wave activ-
ity, specifically the pseudomomentum given by (16.30). Referring as needed to the discussion in
Sections 10.2.1 and 10.2.2, the flux obeys the group velocity property so that

𝜕𝒫
𝜕𝑡
+ 𝜕
𝜕𝑦
(𝒄𝑔𝒫) = −2𝑟𝒫. (16.51)

Let us suppose that the wave is in a statistical steady state and that the spatial variation of the group
velocity occurs on a longer spatial scale than the variations inwave activity, consistent with thewkb
assumption that group velocity varies slowly. We then have

𝑐𝑦𝑔
𝜕𝒫
𝜕𝑦
= −2𝑟𝒫. (16.52)

which integrates to give

𝒫(𝑦) = 𝒫0 exp(−∫
𝑦 2𝑟
𝑐𝑦𝑔

d𝑦′) . (16.53)

That is, the attenuation rate of the wave activity is the dissipation rate of wave activity divided by
the group velocity, as in (16.47) and (16.49). The wave-activity method of derivation suggests that
this result is a general one, not restricted to Rossby waves, and indeed in Section 17.3.2 we will find
that the attenuation rate of vertically propagating gravity waves is given by a similar expression.

The divergence of wave activity will lead to a force on the mean zonal flow, much as discussed
in Section 15.1. For definiteness, suppose that waves propagate away from amid-latitude source in
the Northern Hemisphere. South of the source 𝑐𝑦𝑔 is negative and north of the source 𝑐𝑦𝑔 is positive.
In either case, from (16.53) the wave activity density decreases away from the source and, with
reference to (15.34a), the ensuing force on the mean flow is negative, or westward.

16.5 VERTICAL PROPAGATION OF ROSSBY WAVES
We now consider the vertical propagation of Rossby waves in a stratified atmosphere. The vertical
propagation is important both because it must be taken into account to obtain an accurate pic-
ture of the tropospheric response to topographic and thermal forcing, and because it can excite
motion in the stratosphere, as considered in Chapter 17. We will continue to use the stratified
quasi-geostrophic equations, but we now allow the model to be compressible and semi-infinite, ex-
tending from 𝑧 = 0 to 𝑧 = ∞. It is simplest to first consider the problem slightly generally, without
regard to boundary conditions; in Section 16.5.2 we will consider the lower boundary conditions
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and the requirements for waves to propagate vertically into the stratosphere. Our governing equa-
tion is the quasi-geostrophic potential vorticity equation, and with applications to the stratosphere
in mind we will use log-pressure coordinates so that the equation of motion is

𝜕𝑞
𝜕𝑡
+ 𝐽(𝜓, 𝑞) = 0, 𝑞 = ∇2𝜓 + 𝛽𝑦 + 𝑓

2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕𝜓
𝜕𝑧
) , (16.54)

where 𝑧 = 𝐻 ln(𝑝/𝑝0) and 𝜌𝑅 = 𝜌0e−𝑧/𝐻 with 𝐻 being a specified density scale height, typically
𝑅𝑇(0)/𝑔.

16.5.1 Conditions for Wave Propagation
Let us linearize (16.54) about a zonal wind that depends only on 𝑧; that is, we let

𝜓 = −𝑢(𝑧)𝑦 + 𝜓′, (16.55)

and obtain
𝜕𝑞′
𝜕𝑡
+ 𝑢𝜕𝑞

′

𝜕𝑥
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= 0, 𝜕𝑞

𝜕𝑦
= 𝛽 − 𝑓

2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕𝑢
𝜕𝑧
) , (16.56)

or equivalently, in terms of streamfunction,

( 𝜕
𝜕𝑡
+ 𝑢 𝜕
𝜕𝑥
)[ �∇2𝜓′ + 𝑓

2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕𝜓′
𝜕𝑧
)] � + 𝜕𝜓

′

𝜕𝑥
[�𝛽 − 𝑓

2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕𝑢
𝜕𝑧
)] � = 0. (16.57)

The first term in square brackets is the perturbation potential vorticity, 𝑞′ and the second term
equals 𝜕𝑞/𝜕𝑦. Seeking solutions of the form 𝜓′ = Re �̃�(𝑧) exp[i(𝑘𝑥 + 𝑙𝑦 − 𝑘𝑐𝑡)] gives

[𝑓
2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕�̃�
𝜕𝑧
)] = �̃� (𝐾2 − 𝜕𝑞/𝜕𝑦

𝑢 − 𝑐
) . (16.58)

Let us simplify by assuming that both 𝑢 and𝑁2 are constants so that 𝜕𝑞/𝜕𝑦 = 𝛽. Equation (16.58)
further simplifies if we define

𝛷(𝑧) = �̃�(𝑧) ( 𝜌𝑅
𝜌𝑅(0)
)
1/2
= �̃�(𝑧)e−𝑧/2𝐻 (16.59)

whence we obtain

d2𝛷
d𝑧2
+ 𝑚2𝛷 = 0, where 𝑚2 = 𝑁

2

𝑓20
( 𝛽
𝑢 − 𝑐
− 𝐾2 − 𝛾2) , (16.60a,b)

where 𝛾2 = 𝑓20 /(4𝑁2𝐻2) = 1/(2𝐿𝑑)2 and where 𝐿𝑑 is the deformation radius as sometimes defined
(i.e., 𝐿𝑑 = 𝑁𝐻/𝑓0). The above equation has the same form as (16.10b). If the parameters on
the right-hand side of (16.60b) are constant then so is 𝑚, and (16.60) has solutions of the form
𝛷(𝑧) = 𝛷0ei𝑚𝑧, so that the streamfunction itself varies as

𝜓′ = Re𝛷0 exp [i(𝑘𝑥 + 𝑙𝑦 + 𝑚𝑧 − 𝑘𝑐𝑡) + 𝑧/2𝐻] . (16.61)

In the (more realistic) case in which 𝑚 varies with height then, if the variation is slow enough,
the solution looks locally like a plane wave with 𝑚 being a slowly varying vertical wavenumber,
and wkb techniques may be used to find a solution, as we discuss further in Section 16.6. But
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Fig. 16.6 The boundary between propagating
waves and evanescent waves as a function of zonal
wind and wavenumber, using (16.63), for a cou-
ple of values of 𝛾. With 𝑁 = 2 × 10−2 s−1, 𝛾 =
1.6 (𝛾 = 2) corresponds to a scale height of
7.0 km (5.5 km) and a deformation radius 𝑁𝐻/𝑓
of 1400 km (1100 km).

even then essentially the same condition for propagation applies, namely that 𝑚2 > 0 and, using
(16.60b), this condition is satisfied if

0 < 𝑢 − 𝑐 < 𝛽
𝐾2 + 𝛾2

. (16.62)

This condition is obviously similar to (16.12). For waves of some given frequency (𝜔 = 𝑘𝑐) the
above expression provides a condition on 𝑢 for the vertical propagation of planetary waves. For
stationary waves, 𝑐 = 0, the condition becomes

0 < 𝑢 < 𝛽
𝐾2 + 𝛾2

. (16.63)

That is, in words, stationary, vertically oscillatory modes can exist only for zonal flows that are
eastwards and that are less than the critical velocity𝑈𝑐 = 𝛽/(𝐾2 +𝛾2). This criterion, known as the
Charney–Drazin condition,4 is illustrated in Fig. 16.6 and we return to it in Section 16.5.3. The
critical velocity for stationary waves evidently depends on the scale of the wave. For waves of a
non-zero frequency the criterion is less severe, but stationary waves have a particular importance
because they can be readily generated by surface topography.

Dispersion relation and group velocity
Noting that𝜔 = 𝑐𝑘 and rearranging (16.60b)we obtain the dispersion relation for three-dimensional
Rossby waves, namely

𝜔 = 𝑢𝑘 − 𝛽𝑘
𝐾2 + 𝛾2 + 𝑚2𝑓20 /𝑁2

. (16.64)

The three components of the group velocity for these waves are then:

𝑐𝑥𝑔 = 𝑢 +
𝛽[𝑘2 − (𝑙2 + 𝑚2𝑓20 /𝑁2 + 𝛾2)]
( �𝐾2 + 𝑚2𝑓20 /𝑁2 + 𝛾2)�2

, (16.65a)

𝑐𝑦𝑔 =
2𝛽𝑘𝑙

(�𝐾2 + 𝑚2𝑓20 /𝑁2 + 𝛾2) �2
, 𝑐𝑧𝑔 =

2𝛽𝑘𝑚𝑓20 /𝑁2

(�𝐾2 + 𝑚2𝑓20 /𝑁2 + 𝛾2) �2
. (16.65b,c)
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Fig. 16.7 East–west section of an upwardly
propagating Rossby wave. The slanting lines
are lines of constant phase and ‘high’ and
‘low’ refer to the pressure or streamfunction
values. Both 𝑘 and 𝑚 are negative so the
phase lines are oriented up and to the west.
The phase propagates westward and down-
ward, but the group velocity is upward.
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The propagation in the horizontal is analogous to the propagation in a shallow water model,
as in (6.66b); we see that higher baroclinic modes (bigger 𝑚) will have a more westward group
velocity. The vertical group velocity is proportional to 𝑚, and for waves that propagate signals
upward we must choose𝑚 to have the same sign as 𝑘 so that 𝑐𝑧𝑔 is positive. If there is no mean flow
then the zonal wavenumber 𝑘 is negative (in order that frequency is positive) and𝑚must then also
be negative. Energy then propagates upward but the phase propagates downward.

16.5.2 ♦ A Solution for Topographically-excited Waves
Wenowderive some explicit solutions for Rossby waves excited at a lower boundary by topography.
Rossby waves may also be excited by thermal anomalies at the lower boundary, although in Earth’s
atmosphere their amplitude is somewhat smaller, and the treatment of such waves is left to the
reader.5 The lower boundary is obtained using the thermodynamic equation,

𝜕
𝜕𝑡
(𝜕𝜓
𝜕𝑧
) + 𝐽(𝜓, 𝜕𝜓

𝜕𝑧
) + 𝑁

2

𝑓0
𝑤 = 0, (16.66)

along with an equation for the vertical velocity, 𝑤, at the lower boundary. This is

𝑤 = 𝒖 ⋅ ∇ℎ𝑏 + 𝑟𝜁, (16.67)

where the two terms respectively represent the kinematic contribution to vertical velocity due to
flow over topography and the contribution fromEkman pumping, with 𝑟 a constant, and the effects
are taken to be additive. Linearizing the thermodynamic equation about the zonal flow and using
(16.67) gives the boundary condition at 𝑧 − 0,

𝜕
𝜕𝑡
(𝜕𝜓
′

𝜕𝑧
) + 𝑢 𝜕
𝜕𝑥
𝜕𝜓′
𝜕𝑧
− 𝑣′ 𝜕𝑢
𝜕𝑧
= −𝑁

2

𝑓0
(𝑢𝜕ℎ𝑏
𝜕𝑥
+ 𝑟∇2𝜓′) , (16.68)

Solution
We look for solutions of (16.56) and (16.68) in the form

𝜓′ = Re �̃�(𝑧) sin 𝑙𝑦ei𝑘(𝑥−𝑐𝑡) with ℎ𝑏 = Re ℎ̃𝑏 sin 𝑙𝑦ei𝑘𝑥, (16.69)
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with ℎ̃𝑏 being purely real. Solutions must then satisfy

[𝑓
2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕�̃�
𝜕𝑧
)] = �̃� (𝐾2 − 𝜕𝑞/𝜕𝑦

𝑢 − 𝑐
) (16.70)

in the interior, and the boundary condition

(𝑢 − 𝑐)𝜕�̃�
𝜕𝑧
− �̃�𝜕𝑢
𝜕𝑧
+ i𝑟𝑁2𝐾2
𝑘𝑓0
�̃� = −𝑁

2𝑢ℎ̃𝑏
𝑓0
, at 𝑧 = 0, (16.71)

as well as a radiation condition at plus infinity (and we must have that 𝜌0�̃�2 be finite). Let us
simplify by considering the case of constant 𝑢 and 𝑁2 and with 𝑟 = 0. As before we let 𝛷(𝑧) =
�̃�(𝑧) exp(−𝑧/2𝐻) and obtain the interior equation

d2𝛷
d𝑧2
+ 𝑚2𝛷 = 0, where 𝑚2 = 𝑁

2

𝑓20
( 𝛽
𝑢 − 𝑐
− 𝐾2 − 𝛾2) , (16.72a,b)

and 𝛾2 = 𝑓20 /(4𝑁2𝐻2) = 1/(2𝐿𝑑)2, where 𝐿𝑑 is the deformation radius, which is essentially the
same as (16.60). The conditions for wave propagagation, and in particular the Charney–Drazin
condition, are just as previously derived. The surface boundary condition is now

(𝑢 − 𝑐) (d𝛷
d𝑧
+ 𝛷
2𝐻
) = −𝑁

2𝑢ℎ̃𝑏
𝑓0
, at 𝑧 = 0. (16.73)

This leads to an expression for the streamfunction amplitude, namely

𝛷0 =
𝑁2ℎ̃𝑏/𝑓0

(𝛼, −i𝑚) − (2𝐻)−1
, where 𝛼 = +𝑁

𝑓0
(𝐾2 + 𝛾2 − 𝛽

𝑢
)
1/2
, (16.74a,b)

and (𝛼, −i𝑚) refers to the (trapped, oscillatory) case. A little algebra gives the solutions in the form

𝜓′(𝑥, 𝑦, 𝑧) = Re exp[i(𝑘𝑥 + 𝑚𝑧) + 𝑧/2𝐻] sin 𝑙𝑦𝑓0ℎ̃𝑏 [i𝑚 − (2𝐻)
−1]

𝐾2𝑠 − 𝐾2
, 𝑚2 > 0 (16.75a)

𝜓′(𝑥, 𝑦, 𝑧) = Re exp[(2𝐻)−1 − 𝛼𝑧 + i𝑘𝑥] sin 𝑙𝑦 𝑁2ℎ̃𝑏
𝑓0 [𝛼 − (2𝐻)−1]

, 𝑚2 < 0 (16.75b)

where𝐾2𝑠 = 𝛽/𝑢.
Resonance is possiblewhen𝛼 = 1/(2𝐻)or𝐾2 = 𝐾2𝑠 and this condition obtainswhenbarotropic

Rossby waves are stationary. The wave resonates because the wave is a solution of the unforced,
inviscid equations for the barotropic wave. If 𝐾 > 𝐾𝑠 then 𝛼 > 1/(2𝐻) and the forced wave (i.e.,
the amplitude of 𝜓) decays with height with no phase variation. If 𝛼 < 1/(2𝐻) then �̃� increases
with height (although 𝜌𝑅|�̃�|2 decreases with height), and this occurs when (𝐾2𝑠 − 𝛾2)1/2 < 𝐾 < 𝐾𝑠.
If (𝐾2𝑠 − 𝛾2)1/2 > 𝐾 then the amplitude of 𝜙, (i.e., 𝜌𝑅|�̃�|2) is independent of height; their vertical
structure is oscillatory, like exp(i𝑚𝑧).

16.5.3 Properties of the Solutions
Upward propagation and the Charney–Drazin condition
Let us return to the criterion for upward propagation given in (16.63) and illustrated in Fig. 16.6.
One way to interpret this condition is to note that in a resting medium the Rossby wave frequency
has a minimum value (and maximum absolute value), when𝑚 = 0, of

𝜔 = − 𝛽𝑘
𝐾2 + 𝛾2

. (16.76)
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Suppose that the waves are generated by bottom topography, and that 𝑢 is uniform. In a frame
moving with speed 𝑢 our Rossby waves (stationary in the Earth’s frame) have frequency −𝑢𝑘, and
this is the forcing frequency arising from the now-moving bottom topography. Thus, (16.63) is
equivalent to saying that for oscillatory waves to exist the forcing frequency must lie within the
frequency range of vertically propagating Rossby waves.

For westward flow, or for sufficiently strong eastward flow, the waves decay exponentially as
𝛷 = 𝛷0 exp(−𝛼𝑧) where 𝛼 is given by (16.74b). The critical velocity 𝑢𝑐 = (𝛽/𝐾2 + 𝛾2) is a func-
tion of wavenumber, increasing with horizontal wavelength. Thus, for a given eastward flow long
waves may penetrate vertically when short waves are trapped, an effect sometimes referred to as
‘Charney–Drazin filtering’. There are three important consequences of this:

(i) Stratospheric motion is typically of larger horizontal scale than that of the troposphere, be-
cause Rossby waves tend to be excited first in the troposphere (by both baroclinic instability
and flow over topography), but the shorter waves are trapped and only the longer ones reach
the stratosphere.

(ii) The Rossby waves more commonly reach the stratosphere in the Northern Hemisphere than
in the Southern Hemisphere. In both hemispheres the shorter, baroclinically forced Rossby
waves are filtered, but the Northern Hemisphere also generates long Rossby waves through
topographic interactions. Theoverturning circulation in the stratosphere (that is, theBrewer–
Dobson circulation) is therefore stronger in the Northern Hemisphere.

(iii) Rossby waves find it hard to reach the stratosphere in summer, for then the stratospheric
winds are often westwards (because the pole is warmer than the equator) and all waves are
trapped in the troposphere. The eastward stratospheric winds that favour vertical penetra-
tion occur in the other three seasons, although very strong eastward winds can suppress
penetration in mid-winter.

Other properties of the solution
Various other properties of the solution are described below, and a summary is given in the box on
the next page.

Amplitudes and phases. The decaying solutions have no vertical phase variations (they are ‘equiv-
alent barotropic’) and the streamfunction is exactly in phase or out of phase with the topog-
raphy according as 𝐾 > 𝐾𝑠 and 𝛼 > (2𝐻)−1, or 𝐾 < 𝐾𝑠 and 𝛼 < (2𝐻)−1. In the latter case
the amplitude of the streamfunction actually increases with height, but the energy, propor-
tional to 𝜌𝑅|𝜓′2| falls. The oscillatory solutions have (if there is no shear) constant energy
with height but a shifting phase. The phase of the streamfunction at the surface may be in
or out of phase with the topography, depending on𝑚, but the potential temperature, 𝜕𝜓/𝜕𝑧
is always out of phase with the topography. That is, positive values of ℎ𝑏 are associated with
cool fluid parcels.

Vertical energy propagation. As noted, the energy propagates upwards for the oscillatory waves.
This may be verified by calculating 𝑝′𝑤′ (the vertical component of the energy flux), where
𝑝′ is the pressure perturbation, proportional to 𝜓′, and 𝑤′ is the vertical velocity perturba-
tion. To this end, linearize the thermodynamic equation (16.66) to give

𝜕
𝜕𝑡
(𝜕𝜓
′

𝜕𝑧
) + 𝑢 𝜕
𝜕𝑥
𝜕𝜓′
𝜕𝑧
− 𝜕𝑢
𝜕𝑧
𝜕𝜓′
𝜕𝑥
+ 𝑁
2

𝑓0
𝑤′ = 0. (16.77)

Then, multiplying by 𝜓′ and integrating by parts gives a balance between the second and
fourth terms,

𝑁2𝜓′𝑤′ = 𝑢𝑏′𝑣′, (16.78)
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Upward Propagating Rossby Waves

In general Rossby waves satisfy

𝜓′ = Re𝛷0 exp [i(𝑘𝑥 + 𝑙𝑦 + 𝑚𝑧 − 𝑘𝑐𝑡) + 𝑧/2𝐻] , (T.1)

where 𝛷0 is a constant determined by the lower boundary conditions and

𝑚 = ±𝑁
𝑓0
(𝛽
𝑢
− 𝐾2 − 𝛾2)

1/2
, with 𝛾 = 𝑓0

2𝑁𝐻
. (T.2)

If 𝑚2 > 0 the solutions are propagating, or radiating, waves in the vertical direction. If
𝑚2 < 0 the energy of the solution, |𝜌𝑅𝜓′2|, is vertically evanescent. The condition 𝑚2 > 0
is equivalent to

0 < 𝑢 < 𝛽
𝑘2 + 𝑙2 + (𝑓0/2𝑁𝐻)2

, (T.3)

which is known as the Charney–Drazin condition. Vertical penetration is favoured when
thewinds areweakly eastwards, and the range of𝑢-values that allows this is larger for longer
waves. Some other properties of the solution are:
• In order that the energy propagate upwards the vertical component of the group

velocity must be positive, and hence 𝑘 and𝑚must have the same sign.

• The meridional heat flux is proportional to 𝑘𝑚, and thus upward propagation of
waves is associated with a poleward heat transport.

• In an atmosphere in which density falls exponentially with height the amplitude of
the streamfunction grows exponentially, so eventually nonlinear terms will become
important. The waves may break, even in the absence of a critical layer.

where 𝑏′ = 𝑓0𝜕𝜓′/𝜕𝑧 and 𝑣′ = 𝜕𝜓′/𝜕𝑥. Thus, the upward transfer of energy is proportional
to the poleward heat flux. Evidently, the transfer of energy is upwardwhen 𝑘𝑚 > 0, and from
(16.65), this corresponds to the condition that the vertical component of group velocity is
positive, which has to be the case from general arguments. For Rossby waves 𝑘 < 0 so that
upward energy propagation requires𝑚 < 0 and therefore downward phase propagation.

Meridional heat transport. The meridional heat transport associated with a wave is

𝜌𝑅𝑣′𝑏′ = 𝜌𝑅𝑓0
𝜕𝜓′
𝜕𝑥
𝜕𝜓′
𝜕𝑧
. (16.79)

For an oscillatory wave the heat flux is proportional to 𝑘𝑚. Now, the condition that energy
is directed upward is that 𝑘𝑚 is positive, for then 𝑐𝑧𝑔 is positive. Thus, upward propagation
is associated with a polewards heat flux. The meridional transport associated with a trapped
solution is identically zero.

Form drag. If the waves propagate energy upwards, there must be a surface interaction to supply
that energy. There is a force due to form drag (see Section 3.6) associatedwith this interaction
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given by

form drag = 𝑝′ 𝜕ℎ𝑏
𝜕𝑥
. (16.80)

In the trapped case, the streamfunction is either exactly in or out of phase with the topogra-
phy, so this interaction is zero. In the oscillatory case

𝜓′ 𝜕ℎ𝑏
𝜕𝑥
= 𝑓0ℎ̃

2
𝑏𝑘𝑚

4(𝐾2𝑠 − 𝐾2)
, (16.81)

where the factor of 4 arises from the 𝑥 and 𝑦 averages of the squares of sines and cosines.
The rate of doing work is 𝑢 times (16.81).

16.6 ♦ VERTICAL PROPAGATION OF ROSSBY WAVES IN SHEAR
In the real atmosphere the zonal wind and the stratification change with height and there may be
regions in which propagation occurs and regions where it does not, and in this section we illustrate
that phenomenon with two examples. In one example the zonal wind increases sufficiently with
height that wave propagation ceases because the wind is too strong, and in the other the zonal
wind decreases aloft and becomes negative (westward), again causing wave propagation to cease.
If the zonal wind and the stratification both vary sufficiently slowly with height — meaning that
the scale of the variation is much greater than a vertical wavelength— then locally the solution will
look like a plane wave and the analysis is straightforward, very similar to that performed in Section
7.5 (where we looked at internal waves with varying stratification) and Section 16.2.2 (where we
looked at horizontally propagating Rossby waves).

For simplicity we consider Rossby waves in a flow with vertical shear but no horizontal shear,
with constant stratification and constant density. With reference to Section 16.1.2, the equation of
motion is

( 𝜕
𝜕𝑡
+ 𝑢(𝑧) 𝜕
𝜕𝑥
) 𝑞′ + 𝛽𝑣′ = 0. (16.82)

We seek solutions of the form
𝜓′ = �̃�(𝑧)ei𝑘(𝑥−𝑐𝑡)+𝑙𝑦, (16.83)

obtaining

𝜕2�̃�
𝜕𝑧2
+ 𝑚2(𝑧)�̃� = 0, where 𝑚2(𝑧) = 𝑁

2

𝑓20
[ 𝛽
𝑢 − 𝑐
− (𝑘2 + 𝑙2)] . (16.84a,b)

The wkb solution to this equation (see Appendix A to Chapter 6) is

�̃�(𝑧) = 𝐴𝑚−1/2 ei ∫𝑚 d𝑧. (16.85)

where 𝐴 is a constant. The local vertical wavenumber is just 𝑚 itself (for this is the derivative of
the phase), and the amplitude varies like𝑚−1/2. This variation of amplitude is consistent with the
conservation of wave activity, which in this case means that the Eliassen–Palm flux is constant. As
there is no horizontal divergence in this problem, the constancy of𝓕 in (16.19) implies 𝜕𝑧𝑣′𝑏′ = 0
and therefore

𝑘𝑚|�̃�|2 = constant. (16.86)
Since the horizontal wavenumber is constant the dependence of the amplitude on 𝑚−1/2 imme-
diately follows. The energy of the wave is not constant unless there is no shear, since it may be
extracted or given up to the mean flow.

As discussed in earlier sections, wave propagation requires than𝑚2 be positive. For stationary
waves (𝑐 = 0) this gives the condition that 0 < 𝑢 < 𝛽/(𝑘2 + 𝑙2)At the lower bound there is a critical
line and 𝑚2 → ∞. At the upper bound 𝑚2 = 0 and this is a turning line. Let us illustrate the
behaviour approaching these regions with two examples.
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Fig. 16.8 Two profiles of nondimensional
zonalwindused in the calculations illustrated
in Fig. 16.9 and Fig. 16.10. (a) is a uniform
shear that gives rise to a turning latitude, and
(b) shows a profile in which the zonal wind di-
minishes to zero aloft, giving rise to a critical
line.

16.6.1 Two Examples
In much the same way as we illustrated horizontal propagation in Section 16.2 we’ll calculate the
group velocity and wave amplitudes in two cases, one with a turning line and the other with a
critical line. The same caveats apply — that the slowly-varying assumption fails at theses lines, and
we cannot use wkb or ray theory to properly calculate reflection or absorption.

Waves with a turning line
Consider Rossby waves propagating in a background state in which the zonal wind increases uni-
formly with height, as in Fig. 16.8a, but in which all other parameters are constant. Specifically, we
choose (nondimensional) values of 𝛽 = 5, 𝑘 = 𝑙 = 1 and 𝑐 = 0 (the reader may re-dimensionalize).
We also scale the vertical coordinate so that Pr = 1. For the profile chosen𝑚2 is positive for 𝑢 < 2.5
and so for 0 < 𝑧 < 0.8, as shown in Fig. 16.9. For 𝑙 fixed and𝑚 given by (16.84b) we calculate the
group velocity using (16.7) and these are displayed in Fig. 16.9. We choose upwardly propagating
waves (i.e. 𝑚 > 0); in any physical situation the group velocity will be directed away from the
source, and we are assuming this occurs at the surface. We also show equatorward moving waves
for 𝑦 < 0.5 and poleward moving waves for 𝑦 > 0.5, but this is for illustrative purposes. The right-
hand panel of the figure shows the value of 𝑚2 diminishing with height, along with the vertical
profiles of the amplitude (which goes like𝑚−1/2) and the energy (which goes like (𝑘2 + 𝑙2 +𝑚2)𝑚).

We see from Fig. 16.9 that the group velocity turns away from the turning line, and we can
understand this from the ratio of the group velocities given in (16.7), namely

𝑐𝑧𝑔
𝑐𝑦𝑔
= Pr
2𝑚
𝑙
, (16.87)

where Pr = 𝑓/𝑁. The group velocity is horizontal at the turning line. The amplitude of the waves
is infinite, but the waves do not necessarily break because the vertical wavelength is very large. In
fact, for the reasons given in the horizontally propagating case, we expect the waves to reflect.

Waves with a critical line
Now consider waves in a zonal wind that initially increases with height and then decreases and be-
comes negative, as illustrated in Fig. 16.8b. There is a critical line where 𝑢 passes through zero, but
all the other parameters are the same as in the previous example. The value of 𝑚2 now generally
increases with height, as illustrated in the right-hand panel of Fig. 16.10, becoming infinite at the
critical line and negative above it. The amplitude of the wave, being proportional to 𝑚−1/2 actu-
ally goes to zero at the critical line but the energy increases without bound (in the linear, inviscid
approximation).
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Fig. 16.9 Vertically propagating Rossby waves approaching a turning line. Left panel: group ve-
locity vectors calculated using (16.7) for the parameters shown in Fig. 16.8a and with a source at
𝑦 = 0.5. Right: profiles of 𝑚2, wave amplitude and energy. The horizontal line at 𝑧 = 0.8 marks
a turning line: the group velocity turns away from it and the amplitude and energy both tend to
infinity there.
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Fig. 16.10 Vertically propagating Rossby waves approaching a critical line. Left panel: group ve-
locity vectors calculated using (16.7) for the parameters shown in Fig. 16.8b. Right: profiles of 𝑚2,
wave amplitude and energy. The horizontal line at 𝑧 ≈ 0.85marks a critical line; the group velocity
turns toward it but its amplitude diminishes as the critical line is approached.

The group velocity, shown in the left panel of Fig. 16.10, turns upward and toward the critical
line and, from (16.87), is purely vertical at the critical line. The amplitude of the group velocity
also diminishes, frictional and nonlinear effects become more important, and the notion of group
velocity itself ceases to bemeaningful close to the critical line where thewkb approximation breaks
down.

As a final remark, we note that the condition that there be neither a critical line or a turning
line is essentially a version of the Charney–Drazin criterion for wave propagation.
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16.7 FORCED AND STATIONARY ROSSBY WAVES
We now turn our attention to understanding the large-scale zonally asymmetric circulation of the
atmosphere, much of which is determined by the presence of stationary Rossby waves forced by
topographic and thermal anomalies at the surface.6

16.7.1 A Simple One-layer Case
Manyof the essential ideas can be illustrated by a one-layer quasi-geostrophicmodel, with potential
vorticity equation

D𝑞
D𝑡
= 0, 𝑞 = 𝜁 + 𝛽𝑦 − 𝑓0

𝐻
(𝜂 − ℎ𝑏), (16.88)

where 𝐻 is the mean thickness of the layer, 𝜂 is the height of the free surface, ℎ𝑏 is the bottom
topography, and the velocity and vorticity are given by 𝒖 = (𝑔/𝑓0)∇⟂𝜂 ≡ (𝑔/𝑓0)𝐤 × ∇𝜂 and 𝜁 =
(𝜕𝑣/𝜕𝑥 − 𝜕𝑢/𝜕𝑦) = (𝑔/𝑓0)∇2𝜂. Linearizing (16.88) about a flat-bottomed state with zonal flow
𝑢(𝑦) = −(𝑔/𝑓0)𝜕𝜂/𝜕𝑦 gives

𝜕𝑞′
𝜕𝑡
+ 𝑢𝜕𝑞

′

𝜕𝑥
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= 0, (16.89)

where 𝑞′ = 𝜁′ − (𝑓0/𝐻)(𝜂′ − ℎ𝑏) and 𝜕𝑞/𝜕𝑦 = 𝛽 + 𝑢/𝐿2𝑑 with 𝐿𝑑 = √𝑔𝐻/𝑓0, the radius of defor-
mation. Equation (16.89) may be written, after the cancellation of a term proportional to 𝑢𝜕𝜂′/𝜕𝑥,
as

𝜕
𝜕𝑡
(𝜁′ − 𝜓

′

𝐿2𝑑
) + 𝑢𝜕𝜁

′

𝜕𝑥
+ 𝛽𝑣′ = −𝑢𝜕ℎ̂

𝜕𝑥
, (16.90)

where 𝜓′ = (𝑔/𝑓0)𝜂′ and ℎ̂ = ℎ𝑏𝑓0/𝐻 = ℎ𝑏𝑔/(𝐿2𝑑𝑓0).
The solution of this equation consists of the solution to the homogeneous problem (with the

right-hand side equal to zero, as considered in section 6.4 on Rossby waves) and the particular
solution. We proceed by decomposing the variables into their Fourier components

(𝜁′, 𝜓′, ℎ̂) = Re ( ̃𝜁, �̃�, ℎ̃𝑏) sin 𝑙𝑦 ei𝑘𝑥, (16.91)

where such a decomposition is appropriate for a channel, periodic in the 𝑥-direction and with no
variation at the meridional boundaries, 𝑦 = (0, 𝐿). The full solution will be a superposition of such
Fourier modes and, because the problem is linear, these modes do not interact. The free Rossby
waves, the solution to the homogeneous problem, evolve according to

𝜓 = Re �̃� sin 𝑙𝑦 ei(𝑘𝑥−𝜔𝑡), (16.92)

where 𝜔 is given by the dispersion relation,

𝜔 = 𝑘𝑢 −
𝑘𝜕𝑦𝑞
𝐾2 + 𝑘2𝑑

= 𝑘(𝑢𝐾
2 − 𝛽)
𝐾2 + 𝑘2𝑑

, (16.93a,b)

where 𝐾2 = 𝑘2 + 𝑙2 and 𝑘𝑑 = 1/𝐿𝑑. Stationary waves occur at the wavenumbers for which 𝐾 =
𝐾𝑆 ≡ √𝛽/𝑢. To the free waves we add the solution to the steady problem,

𝑢𝜕𝜁
′

𝜕𝑥
+ 𝛽𝑣′ = −𝑢𝜕ℎ̂

𝜕𝑥
, (16.94)

which is, using the notation of (16.91)

�̃� = ℎ̃𝑏
(𝐾2 − 𝐾2𝑠 )

. (16.95)
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Now, ℎ̃𝑏 is a complex amplitude; thus, for𝐾 > 𝐾𝑠 the streamfunction response is in phase with the
topography. For𝐾2 ≫ 𝐾2𝑠 the steady equation of motion is

𝑢𝜕𝜁
′

𝜕𝑥
≈ −𝑢𝜕ℎ̂
𝜕𝑥
, (16.96)

and the topographic vorticity source is balanced by zonal advection of relative vorticity. For 𝐾2 <
𝐾2𝑠 the streamfunction response is out of phase with the topography, and the dominant balance
for very large scales is between the meridional advection of planetary vorticity, 𝑣𝜕𝑓/𝜕𝑦 or 𝛽𝑣, and
the topographic source. For 𝐾 = 𝐾𝑠 the response is infinite, with the stationary wave resonating
with the topography. Now, any realistic topography can be expected to have contributions from all
Fourier components. Thus, for any given zonal wind there will be a resonant wavenumber and an
infinite response. This, of course, is not observed, and one reason is that the real system contains
friction. The simplest way to include this is by adding a linear damping to the right-hand side of
(16.90), giving

𝜕
𝜕𝑡
(𝜁′ − 𝜓

′

𝐿2𝑑
) + 𝑢𝜕𝜁

′

𝜕𝑥
+ 𝛽𝑣′ = −𝑟𝜁′ − 𝑢𝜕ℎ̂

𝜕𝑥
. (16.97)

The free Rossby waves all decay monotonically to zero. However, the steady problem, obtained by
omitting the first term on the left-hand side, has solutions

�̃� = ℎ̃𝑏
(𝐾2 − 𝐾2𝑠 − i𝑅)

, (16.98)

where 𝑅 = (𝑟𝐾2/𝑢𝑘), and the singularity has been removed. The amplitude of the response is
still a maximum for the stationary wave, and for this wave the phase of the response is shifted by
π/2 with respect to the topography. The solution is shown in Fig. 16.11.7 It is typical that for a
mountain range whose Fourier composition contains all wavenumbers, there is a minimum in the
streamfunction a little downstream of the mountain ridge.

16.7.2 Application to Earth’s Atmosphere
With three parameters, I can fit an elephant.
William Thomson, Lord Kelvin (1824–1907).

Perhaps surprisingly, given the complexity of the real system and the simplicity of themodel, when
used with realistic topography a one-layer model can give reasonably realistic answers for the
Earth’s atmosphere (although we must always be careful of just fitting a model to observations).
Thus, we calculate the stationary response to the Earth’s topography using (16.97), using a rea-
sonably realistic representation of the Earth’s topography and, with qualification, the zonal wind.
The zonal wind on the left-hand side of (16.97) is interpreted as the wind in the mid-troposphere,
whereas the wind on the right-hand side is better interpreted as the surface wind, and so perhaps
is about 0.4 times the mid-troposphere wind. Since the problem is linear, this amounts to tuning
the amplitude of the response. The results, obtained using a rather crude representation of the
Earth’s topography, are plotted in Fig. 16.12. Also plotted is the observed time averaged response
of the real atmosphere (the 500 hPa height field at 45°N). The agreement between model and ob-
servation is quite good, but this must be regarded as somewhat fortuitous if only because the other
main source of the stationary wave field — thermal forcing — has been completely omitted from
the calculation. Quantitative agreement is thus a consequence of the aforesaid tuning. Neverthe-
less, the calculation does suggest that the stationary, zonally asymmetric, features of the Earth’s
atmosphere arise via the interaction of the zonally symmetric wind field and the zonally asymmet-
ric lower boundary, and that these may be calculated to a reasonable approximation with a linear
model.
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Fig. 16.11 The response to topographic forcing, i.e., the solution to the steady version of (16.97), for
topography consisting of an isolated Gaussian ridge (left panels) and a pure sinusoid (right panels). The
wavenumber of the stationary wave is about 4 and 𝑟/(𝑢𝑘) = 1. The upper panels show the amplitude of
the topography (dashed curve) and the perturbation streamfunction response (solid curve). The lower
panels are contour plots of the streamfunction, including the mean flow. With the ridge, the response is
dominated by the resonant wave and there is a streamfunction minimum, a ‘trough’, just downstream of
the ridge. In the case on the right, the flow cannot resonate with the topography, which consists only of
wavenumber 2, and the response is exactly out of phase with the topography.

16.7.3 ♦ One-dimensional Rossby Wave Trains

Although the Fourier analysis above gives exact (linear) results, it is not particularly revealing of
the underlying dynamics. We see from Fig. 16.11 that the response to the Gaussian ridge is largely
downstream of the ridge, and this suggests that it will be useful to consider the response as being
due to Rossbywavetrains being excited by local features. This is also suggested by Fig. 16.13, which
shows that the response to realistic topography is relatively local, and may be considered to arise
from two relatively well-defined wavetrains, each of finite extent, one coming from the Rockies
and the other from the Himalayas.

Oneway to analyse thesewavetrains, and onewhich also brings up the concept of group velocity
in a natural way, is to exploit (as in Section 15.1.2) a connection between changes in wavenumber
and changes in frequency. Consider the linear barotropic vorticity equation in the form

𝜕
𝜕𝑡
(𝜁 − 𝑘2𝑑𝜓) + 𝑢

𝜕𝜁
𝜕𝑥
+ 𝛽𝜕𝜓
𝜕𝑥
= −𝑟𝜁, (16.99)

where 𝑟 is a frictional coefficient, which we presume to be small. Setting 𝑘𝑑 = 0 for simplicity, the
linear dispersion relation is

𝜔 = 𝑢𝑘 − 𝛽𝑘
𝐾2
− i𝑟 ≡ 𝜔𝑅(𝑘, 𝑙) − i𝑟, (16.100)
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Fig. 16.12 Solutions of the Charney–Eliassen model. The solid lines are the steady solution of (16.97)
using the Earth’s topography at 45° N with two values of friction (R1 ≈ 6 days, R2 ≈ 3 days) and two values
of resonant zonal wavenumber (2.5 for k1, 3.5 for k2), corresponding to zonal winds of approximately 17
and 13ms−1. The solutions are given in terms of height, 𝜂′, where 𝜂′ = 𝑓0𝜓′/𝑔, with the scale on the left of
each panel. The dashed line in each panel is the observed average height field at 500 hPa at 45° N in January.
The dotted line is the topography used in the calculations, with the scale on the right of each panel.

Fig. 16.13 The solution of the upper left-hand panel
of Fig. 16.12 (solid line), and the solution divided into
two contributions (dashed lines), one due to the topog-
raphy only of the western hemisphere (i.e., with the to-
pography in the east set to zero) and the other due to
the topography only of the eastern hemisphere.
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where 𝐾2 = 𝑘2 + 𝑙2 and 𝜔𝑅(𝑘, 𝑙) is the inviscid dispersion relation for Rossby waves. Now, if there
is a local source of the waves, for example an isolated mountain, we may expect to see a spatial
attenuation of the wave as it moves away from the source. We may then regard the system as
having a fixed, real frequency, but a changing, possibly complex, wavenumber. To determine this
wavenumber for stationary waves (and so with 𝜔 = 0), for small friction we expand the dispersion
relation in a Taylor series about the inviscid value of𝜔𝑅 at the real stationarywavenumber 𝑘𝑠, where
𝑘𝑠 = (𝐾2𝑠 − 𝑙2)1/2 and 𝐾𝑠 = √𝛽/𝑢. This gives

𝜔 + i𝑟 = 𝜔𝑅(𝑘, 𝑙) ≈ 𝜔𝑅(𝑘𝑠, 𝑙) + �
𝜕𝜔𝑅
𝜕𝑘
|
𝑘=𝑘𝑠
𝑘′ +⋯ . (16.101)

Thus, 𝑘′ ≈ i𝑟/𝑐𝑥𝑔 , where 𝑐𝑥𝑔 is the zonal component of the group velocity evaluated at a fixed position
and at the stationary wavenumber; using (6.61b) this is given by

𝑐𝑥𝑔 = �
𝜕𝜔𝑅
𝜕𝑘
|
𝑘=𝑘𝑠
= 2𝑢𝑘

2
𝑠

𝑘2𝑠 + 𝑙2
. (16.102)

The solution therefore decays away from a source at 𝑥 = 0 according to

𝜓 ∼ exp(i𝑘𝑥) = exp [i(𝑘𝑠 + 𝑘′)𝑥] ≈ exp(i𝑘𝑠𝑥 − 𝑟𝑥/𝑐𝑥𝑔), (16.103)

and, because 𝑐𝑥𝑔 > 0, the response is east of the source. The approximate solution for the stream-
function (denoted 𝜓𝛿) of (16.97) in an infinite channel, with the topography being a 𝛿-function
mountain ridge at 𝑥 = 𝑥′, and with all fields varying meridionally like sin 𝑙𝑦, is thus

𝜓𝛿(𝑥 − 𝑥′, 𝑦) ∼
{
{
{

0 𝑥 ≤ 𝑥′

− 1
𝑘𝑠

sin 𝑙𝑦 sin[𝑘𝑠(𝑥 − 𝑥′)] exp[−𝑟(𝑥 − 𝑥′)/𝑐𝑥𝑔] 𝑥 ≥ 𝑥′.
� (16.104)

In themore general problem in which the topography is a general function of space, every location
constitutes a separate source of wavetrains, and the complete (approximate) solution is given by
the integral

𝜓′(𝑥, 𝑦) = ∫
∞

−∞
ℎ̂(𝑥)𝜓𝛿(𝑥 − 𝑥′, 𝑦)d𝑥′. (16.105)

The field 𝜓𝛿(𝑥 − 𝑥′, 𝑦), is the Green function for the problem, sometimes denoted 𝐺(𝑥 − 𝑥′, 𝑦).
Example solutions calculated using both the Fourier and Green function methods are illus-

trated in Fig. 16.14. As in Fig. 16.11 there is a trough immediately downstream of the mountain,
a result that holds for a broad range of parameters. In these solutions, the streamfunction decays
almost completely in one circumnavigation of the channel, and thus, downstream of the moun-
tain, both methods give virtually identical results. Such a correspondence will not hold if the wave
can circumnavigate the globe with little attenuation, for then resonance will occur and the Green
function method will be inaccurate; thus, whether the resonant picture or the wavetrain picture is
more appropriate depends largely on the frictional parameter. A frictional time scale of about 10
days is often considered to approximately represent the Earth’s atmosphere, in which case waves
are only slightly damped on a global circumnavigation, and the Fourier picture is natural with
the possibility of resonance. However, the smaller (more frictional) value of 5 days seems to give
quantitatively better results in the barotropic problem, and the solution is more evocative of wave-
trains. The larger friction may perform better because it is crudely parameterizing the meridional
propagation and dispersion of Rossby waves that is neglected in the one-dimensional model.8
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Fig. 16.14 A one-dimensional Rossby wave train ex-
cited by uniform eastward flow over a 𝛿-function
mountain ridge (ℎ) in the centre of the domain. The
upper curve, 𝐺, shows the Green’s function (16.104),
whereas the lower curve shows the exact (linear) re-
sponse, 𝜓, in a re-entrant channel calculated numeri-
cally using the Fourier method.
The two solutions are both centred around zero and
offset for clarity; the only noticeable difference is up-
stream of the ridge, where there is a finite response in
the Fourier case because of the progression of thewave-
train around the channel. The stationary wavenumber
is 7.5.
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16.7.4 The Adequacy of Linear Theory
Having calculated some solutions, we are in a position to estimate, post facto, the adequacy of the
linear theory by calculating the magnitude of the omitted nonlinear terms. The linear problem
here differs in kind from that which arises when using linear theory to evaluate the stability of a
flow, as in Chapter 9. In that case, we assume a small initial perturbation and the initial evolution
of that perturbation is then accurately described using linear equations. In this case the ampli-
tude of the perturbation is arbitrary, for it may grow exponentially and its size at any given time
is proportional to the magnitude of the initial perturbation, which is assumed small but which is
otherwise unconstrained. In contrast, when we are calculating the stationary linear response to
flow over topography or to a thermal source, the amplitude of the solution is not arbitrary; rather,
it is determined by the parameters of the problem, including the size of the topography, and rep-
resents a real quantity that might be compared to observations. Of course, because the problem is
linear, the amplitude of the solution is directly proportional to the magnitude of the topography
or thermal perturbation.

From (16.98), and recalling that the amplitude of ℎ̃ is scaled relative to the real topography by
the factor (𝑔/𝐿2𝑑𝑓0), we crudely estimate the amplitude of the response to topography to be

|𝜓′| ∼ 𝛼𝑔ℎ𝑏
𝑓0
≈ 𝛼 × 108m2 s−1 = 2 × 107m2 s−1, |𝜂′| = 𝑓0|𝜓

′|
𝑔
∼ 𝛼ℎ𝑏 ≈ 0.2km, (16.106)

where the nondimensional parameter 𝛼 accounts for the distance of the response from resonance
and the ratio of the length scale to the deformation scale. Choosing 𝛼 = 0.2 and ℎ𝑏 = 1km
gives the numerical values above, which are similar to those calculated more carefully, or observed
(Fig. 16.12).

If linear theory is to be accurate, we must demand that the self-advection of the response is
much smaller than the advection by the basic state, and so that

|𝐽(𝜓′, ∇2𝜓′)| ≪ |𝑢 𝜕
𝜕𝑥
∇2𝜓′|, (16.107)

or, again rather crudely, that |𝜓′/𝐿| ≪ 𝑢. For 𝐿 = 5000 km we have 𝜓′/𝐿 = 4ms−1, which is a



16.8 Effects of Thermal Forcing 615

few times smaller than a typical mid-troposphere zonal flow of 20ms−1, suggesting that the linear
approximation may hold water. However, the inequality is not a large one, especially as a different
choice of numerical factors would give a different answer, and the use of a simple barotropic model
also implies inaccuracies. Rather, we conclude that we must carefully calculate the linear response,
and compare it with the observations and the implied nonlinear terms, before concluding that
linear theory is appropriate, although it certainly does give qualitative insight.

16.8 ♦ EFFECTS OF THERMAL FORCING
How does thermal forcing influence the stationary waves? To give an accurate answer for the real
atmosphere is a little more difficult than for the orographic case where the forcing can be included
reasonably accurately in a quasi-geostrophic model with a term 𝑢 ⋅ ∇ℎ𝑏 at the lower boundary.
Anomalous (i.e., variations from a zonal or temporal mean) thermodynamic forcing typically also
arises initially at the lower boundary through, for example, variations in the surface temperature.
However, such anomalies may be felt throughout the lower troposphere on a relatively short time
scale by way of such non-geostrophic phenomena as convection, so that the effective thermody-
namic source that should be applied in a quasi-geostrophic calculation has a finite vertical extent.
However, an accurate parameterization of this may depend on the structure of the atmospheric
boundary layer and this cannot always be represented in a simple way. Because of such uncertain-
ties our treatment concentrates on the fundamental and qualitative aspects of thermal forcing, and
the reader should look to the literature for more complete derivations.9

The quasi-geostrophic potential vorticity equation, linearized around a uniform zonal flow, is
(cf. (16.57))

( 𝜕
𝜕𝑡
+ 𝑢 𝜕
𝜕𝑥
)[ �∇2𝜓′ + 𝑓

2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕𝜓′
𝜕𝑧
)] � + 𝜕𝜓

′

𝜕𝑥
[�𝛽 − 𝑓

2
0
𝜌𝑅
𝜕
𝜕𝑧
( 𝜌𝑅
𝑁2
𝜕𝑢
𝜕𝑧
)] � = 𝑓0
𝑁2
𝜕𝑄
𝜕𝑧
≡ 𝑇,

(16.108)
where 𝑇 is defined for convenience and 𝑄 is the source term in the (linear) thermodynamic equa-
tion,

𝜕
𝜕𝑡
(𝜕𝜓
′

𝜕𝑧
) + 𝑢 𝜕
𝜕𝑥
𝜕𝜓′
𝜕𝑧
− 𝑣′ 𝜕𝑢
𝜕𝑧
+ 𝑁
2

𝑓0
𝑤′ = 𝑄
𝑓0
. (16.109)

A particular solution to (16.108)may be constructed if 𝑢 and𝑁2 are constant, and if𝑄 has a simple
vertical structure. If we again write 𝜓′ = Re �̃�(𝑧) sin 𝑙𝑦 exp(i𝑘𝑥) and let 𝛷(𝑧) = �̃�(𝑧) exp(−𝑧/2𝐻)
we obtain

d2𝛷
d𝑧2
+ 𝑚2𝛷 = 𝑇

i𝑘𝑢
e−𝑧/2𝐻, where 𝑚2 = 𝑁

2

𝑓20
(𝛽
𝑢
− 𝐾2 − 𝛾2) . (16.110)

If we let𝑇 = 𝑇0 exp(−𝑧/𝐻𝑄), so that the heating decays exponentially away from the Earth’s surface,
then the particular solution to the stationary problem is found to be

�̃� = Re i�̂�e−𝑧/𝐻𝑄
𝑘𝑢 [(𝑁/𝑓0)2(𝐾2𝑠 − 𝐾2) + 𝐻−2𝑄 (1 + 𝐻𝑄/𝐻)]

, (16.111)

where �̂� is a constant proportional to 𝑇0. This solution does not satisfy the boundary condition at
𝑧 = 0, which in the absence of topography and friction is

𝑢 𝜕
𝜕𝑥
𝜕𝜓′
𝜕𝑧
− 𝑣′ 𝜕𝑢
𝜕𝑧
= 𝑄(0)
𝑓0
. (16.112)

A homogeneous solution must therefore be added, and just as in the topographic case this leads
to a vertically radiating or a surface trapped response, depending on the sign of 𝑚2. One way to
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calculate the homogeneous solution is to first use the linearized thermodynamic equation (16.109),
or the linearized vorticity equation (16.114), to calculate the vertical velocity at the surface implied
by (16.111), 𝑤𝑝(0) say. We then notice that the homogeneous solution is effectively forced by an
equivalent topography given by ℎ𝑒 = −𝑤𝑝(0)/(i𝑘𝑢(0)), and so proceed as in the topographic case.
The complete solution is rather hard to interpret, and is in any case available only in special cases,
so it is useful to take a more qualitative approach.

16.8.1 Thermodynamic Balances
It is the properties of the particular solution that mainly distinguish the response to thermody-
namic forcing from that due to topography, because the homogeneous solutions of the two cases
are similar. Far from the source region the homogeneous solution will dominate, giving rise to
wavetrains as discussed previously.

We can determine many of the properties of the response to thermodynamic forcing by con-
sidering the balance of terms in the steady linear thermodynamic equation, which we write as

𝑢 𝜕
𝜕𝑥
𝜕𝜓′
𝜕𝑧
− 𝜕𝜓
′

𝜕𝑥
𝜕𝑢
𝜕𝑧
+ 𝑁
2

𝑓0
𝑤′ = 𝑄
𝑓0
≡ 𝑅 (16.113a)

or
𝑓0𝑢
𝜕𝑣′
𝜕𝑧
− 𝑓0𝑣′
𝜕𝑢
𝜕𝑧
+ 𝑁2𝑤′ = 𝑄. (16.113b)

The vorticity equation is

𝑢𝜕𝜁
′

𝜕𝑥
+ 𝛽𝑣′ = 𝑓0

𝜌𝑅
𝜕𝜌𝑅𝑤′
𝜕𝑧
. (16.114)

Assuming that the diabatic forcing is significant, wemay imagine three possible simple balances
in the thermodynamic equation:
(i) zonal advection dominates, and 𝑣′ = 𝜕𝜓′/𝜕𝑥 ∼ 𝑄𝐻𝑄/(𝑓0𝑢);
(ii) meridional advection dominates, and 𝑣′ ∼ 𝑄𝐻𝑢/(𝑓0𝑢);
(iii) vertical advection dominates, and 𝑤′ ∼ 𝑄/𝑁2. Then, for large enough horizontal scales

the balance in the vorticity equation is 𝛽𝑣′ ∼ 𝑓0𝑤′𝑧 and 𝑣′ ∼ 𝑓0𝑄/(𝛽𝑁2𝐻𝑄). For smaller
horizontal scales advection of relative vorticity may dominate that of planetary vorticity, and
𝛽 is replaced by 𝑢𝐾2.

Here, 𝐻𝑄 is the vertical scale of the source (so that 𝜕𝑄/𝜕𝑧 ∼ 𝑄/𝐻𝑄) and 𝐻𝑢 is the vertical scale
of the zonal flow (so that 𝜕𝑢/𝜕𝑧 ∼ 𝑢/𝐻𝑢). We also assume that the vertical scale of the solution is
𝐻𝑄, so that 𝜕𝑣′/𝜕𝑧 ∼ 𝑣′/𝐻𝑄. Which of the above three balances is likely to hold? Heuristically,
we might suppose that the balance with the smallest 𝑣′ will dominate, if only because meridional
motion is suppressed on the 𝛽-plane. Then, zonal advection dominates meridional advection if
𝐻𝑢 > 𝐻𝑄, and vice versa. Defining �̂� = min(𝐻𝑢, 𝐻𝑄), then horizontal advection will dominate
vertical advection if

𝜇1 =
𝛽𝑁2𝐻𝑄�̂�
𝑢𝑓20

≪ 1. (16.115)

More systematically, we can proceed in reductio ad absurdum fashion by first neglecting the
vertical advection term in (16.113), and seeing if we can construct a self-consistent solution. If
𝜓′ = Re �̃�𝑝(𝑧)ei𝑘𝑥, and noting that 𝑢𝜕�̃�𝑝/𝜕𝑧 − �̃�𝑝𝜕𝑢/𝜕𝑧 = 𝑢2(𝜕/𝜕𝑧)(�̃�𝑝/𝑢), we obtain

�̃�𝑝 =
i𝑢
𝑘𝑓0
∫
∞

𝑧

𝑄
𝑢2

d𝑧, (16.116)
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where𝑄 denotes the Fourier amplitude of𝑄. Then, from the vorticity equation (16.114), we obtain
the (Fourier amplitude of the) vertical velocity

�̃�𝑝 =
−i𝑘
𝑓0𝜌𝑅
∫
∞

𝑧
𝜌𝑅𝑢(𝐾2𝑠 − 𝐾2)�̃�𝑝 d𝑧. (16.117)

Using this one may, at least in principle, check whether the vertical advection in (16.113) is indeed
negligible. If 𝑢 is uniform (and so𝐻𝑢 ≫ 𝐻𝑄), then we find

�̃�𝑝 ∝
i𝑄𝐻𝑄
𝑘𝑓0𝑢

and �̃�𝑝 ∝
𝑄𝐻2𝑄(𝐾2𝑠 − 𝐾2)
𝑓20

. (16.118a,b)

Using this, vertical advection indeed makes a small contribution to the thermodynamic equation
provided that

𝜇2 =
𝑁2𝐻2𝑄|𝐾2𝑠 − 𝐾2|
𝑓20

≪ 1. (16.119)

If 𝐾2𝑠 ≫ 𝐾2 and �̂� = 𝐻𝑄 then (16.119) is equivalent to (16.115). If 𝑢 is not constant and if
𝐻𝑢 ≪ 𝐻𝑄 then 𝐻𝑢 replaces 𝐻𝑄 and the criterion for the dominance of horizontal advection
becomes

𝜇 =
𝑁2�̂�𝐻𝑄|𝐾2𝑠 − 𝐾2|
𝑓20

≪ 1. (16.120)

This is the condition that the first term in the denominator of (16.111) is negligible compared
with the second. For a typical tropospheric value of 𝑁2 = 10−4 s−1 and for 𝐾 > 𝐾𝑆 we find that
𝜇 ≈ (𝐻𝑄/7km)2, and so we can expect 𝜇 < 1 in extra-equatorial regions where the heating is
shallow. At low latitudes 𝑓0 is smaller, 𝛽 is bigger and 𝜇 ≈ (𝐻𝑄/1km)2, and we can expect 𝜇 > 1.
However, there is both uncertainty and variation in these values.

Equivalent topography
In the case in which zonal advection dominates, the equivalent topography is given by

ℎ𝑒 =
−�̃�𝑝(0)
i𝑘𝑢(0)
= 1
𝑢(0)𝑓0𝜌𝑅(0)

∫
∞

0
𝜌𝑅𝑢(𝐾2𝑠 − 𝐾2)�̃�𝑝 d𝑧, (16.121)

where �̃�𝑝 is given by (16.116). The point to notice here is that if𝐾 < 𝐾𝑠 the equivalent topography
is in phase with 𝜓𝑝.

16.8.2 Properties of the Solution
In the tropics 𝜇 may be large for 𝐻𝑄 greater than a kilometre or so. Heating close to the surface
cannot produce a large vertical velocity and will therefore produce a meridional velocity. However,
away from the surface the heat source will be balanced by vertical advection. For scales such that
𝐾 < 𝐾𝑆, a criterion that might apply at low latitudes for wavelengths longer than a few thousand
kilometres, the associated vortex stretching 𝑓𝜕𝑤/𝜕𝑧 > 0 is balanced by 𝛽𝑣 and a poleward merid-
ional motion occurs. This implies a trough west of the heating and/or a ridge east of the heating,
although the use of quasi-geostrophic theory to draw tropical inferences may be a little suspect.

In mid-latitudes 𝜇 is typically small and horizontal advection locally balances diabatic heating.
In this case there is a trough a quarter-wavelength downstream from the heating, and equatorward
motion at the longitude of the source. (To see this, note that if the heating has a structure like cos 𝑘𝑥
then from either (16.111) or (16.116) the solution goes like 𝜓𝑝 ∝ − sin 𝑘𝑥.) The trough may be
warm or cold, but is often warm. If 𝐻𝑄 ≪ 𝐻𝑢, as is assumed in obtaining (16.111), then 𝜃 is
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(a)

(b) (c)

Fig. 16.15 Numerical solution of a baroclinic primitive equationmodel with a deep heat source at
15° N and a zonal flow similar to that of northern hemisphere winter. (a) Height field in a longitude
height at 18° N (the tick marks on the vertical axis are at 100, 300, 500, 700 and 900 hPa); (b) 300
hPa vorticity field; (c) 300 hPa height field. The cross in (a) and the hatched region in (c) indicate
the location of the heating.10

positive and warm. This is because zonal advection dominates and so the effect of the heating is
advected downstream. If𝐻𝑄 ≫ 𝐻𝑢 and meridional advection is dominant, then the trough is still
warm provided 𝑄 decreases with height. The vertical velocity can be inferred from the vorticity
balance. If 𝑓0𝜕𝑤/𝜕𝑧 ≈ 𝛽𝑣 and if 𝑤 = 0 at the surface (in the absence of Ekman pumping and any
topographic effects) there is descent in the neighbourhood of a heat source. This counter-intuitive
result arises because it is the horizontal advection that is balancing the diabatic heating. (This
result cannot be inferred from the particular solution alone.) If the advection of relative vorticity
balances vortex stretching, the opposite may hold.

The homogeneous solution can be inferred from (16.121) and (16.75). Consider, for example,
waves that are trapped (𝑚2 < 0) but still have 𝐾 < 𝐾𝑆; that is 𝐾2 < 𝐾2𝑆 < 𝐾2 + 𝛾2. The homoge-
neous solution forced by the equivalent topography is out of phase with that topography, and so
out of phase with 𝜓𝑝, using (16.121). For still shorter waves, 𝐾 > 𝐾𝑠, the homogeneous solution
is in phase with the equivalent topography, and so again out of phase with 𝜓𝑝. Thermal sources
produced by large-scale continental land masses may have 𝐾2 < 𝐾2𝑠 and, if 𝐾2 + 𝛾2 < 𝐾2𝑆 they
will produce waves that penetrate up into the stratosphere and typically these solutions will dom-
inate far from the source. Evidently though, the precise relationship between the particular and
homogeneous solution is best dealt with on a case-by-case basis. A few more general points are
summarized in the box on page 619.

16.8.3 Numerical Solutions

Thenumerically calculated response to an isolated heat source is illustrated in Figs. 16.15 and 16.16.
The first figure shows the response to a ‘deep’ heating at 15°N. As the reasoning above would
suggest, the vertical velocity field (not shown) is upwards in the vicinity of the source. Away from
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Thermal Forcing of Stationary Waves

(i) The solution is composed of a particular solution and a homogeneous so-
lution.

(ii) The homogeneous solution may be thought of as being forced by an ‘equiv-
alent topography’, chosen so that the complete solution satisfies the bound-
ary condition on vertical velocity at the surface.

(iii) For a localized source, the far field is dominated by the homogeneous so-
lution. This solution has the same properties as a solution forced by real
topography. Thus, it may include waves that penetrate vertically into the
stratosphere as well as wavetrains propagating around the globe with an
equivalent barotropic structure.

(iv) In the extratropics a heating is typically balanced by horizontal advection,
producing a trough a quarter wavelength east (downstream) of a localized
heat source. The heat source is balanced by advection of cooler air from
higher latitudes, and there may be sinking air over the heat source. This
can occur when 𝜇 ≪ 1; see (16.120).

(v) In the tropics, a heat source may be locally balanced by vertical advection,
that is adiabatic cooling as air ascends. This can occur when 𝜇 ≫ 1.

(vi) In the real atmosphere, the stationary solutionsmust coexist with the chaos
of time-dependent, nonlinear flows. Thus, they are likely tomanifest them-
selves only in time averaged fields and in a modified form.

the source, the solution is dominated by the homogeneous solutions in the form of wavetrains, as
described in Section 16.7.3, with a simple vertical structure. (In fact, the pattern is quite similar to
that obtained with a suitably forced barotropic model, as was found in the topographically forced
case.)

Figure 16.16 shows the response to a perturbation at 45°N, and again the solutions are quali-
tatively in agreement with the reasoning above. The local heating is balanced by an equatorward
wind, and there is a surface trough about 20° east of the source, and an upper-level pressure max-
imum, or ridge, about 60° east. The scale height of the wind field,𝐻𝑢 is about 8 km, greater than
that of the source, and the balance in the thermodynamic equation is between the zonal advec-
tion of the temperature anomaly 𝑢𝜃′𝑥 and the heat source, so producing a temperature maximum
downstream. Again, the far field is dominated by the wavetrain of the homogeneous solution.

Finally, we show a calculation (Fig. 16.17) that, although linear, includes realistic forcing from
topography, heat sources and observed transient eddy flux convergences, and uses a realistic zon-
ally averaged zonal flow, although some physical parameters representing friction and diffusion in
the calculationmust be changed in order that a steady solution can be achieved. Such a calculation
is likely to be the most accurate achievable by a linear model, and discrepancies from observations
indicate the presence of nonlinearities that are neglected in the calculation. In fact, a generally
good agreement with the observed fields is found, and provides some post facto justification for
the use of linear, stationary wave models.13

In such realistic calculations it is virtually impossible to see the wavetrains emerging from iso-
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(a)

(b) (c)

Fig. 16.16 As for Fig. 16.15, but now the solution of a baroclinic primitive equation model with a deep
heat source at 45° N. (a) Height field in a longitude height at 18° N; (b) 300 hPa vorticity field; (c) 300 hPa
height field. The cross in (a) and the hatched region in (c) indicate the location of the heating.11

              Observed                                                Linear Theory   
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Fig. 16.17 Left: the observed stationary (i.e., time-averaged) streamfunction at 300 hPa (about 8.5 km
altitude) in northern hemisphere winter. Right: the steady, linear response to forcing by orography, heat
sources and transient eddy flux convergences, calculated using a linear model with the observed height-
varying zonally averaged zonal wind. Contour interval is 3×106 m2 s-1, and negative values are shaded. Note
the generally good agreement, and also the much weaker zonal asymmetries in the southern hemisphere.12
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lated features like the Rockies or Himalayas, because they are combined with the responses from
all the other sources included in the calculation. Breaking up the forcing into separate contribu-
tions from orographic forcing, heating, and the time averaged momentum and heat fluxes from
transient eddies reveals that all of these separate contributions have a non-neglible influence. We
should also remember that the effects of the fluxes from the transient eddies are not explained
by such a calculation, merely included in a diagnostic sense. Nevertheless, the agreement does
reveal the extent to which we might understand the steady zonally asymmetric circulation of the
real atmosphere as the response due to the interaction of a zonally uniform zonal wind with the
asymmetric features of the Earth’s geography and transient eddy field. The quasi-stationary re-
sponse of the planetary waves to surface anomalies, and the interaction of transient eddies with
the large-scale planetary wave field, are important factors in the natural variability of climate, and
their understanding remains a challenge for dynamical meteorologists.

16.9 ♦ WAVE PROPAGATION USING RAY THEORY
Catch a wave and you’re sitting on top of the world.
Brian Wilson and Mike Love (The Beach Boys), Catch a Wave, 1963.

Rossby waves propagate meridionally as well as zonally, and we can expect the major mountain
ranges onEarth, aswell as thermal anomalies, to generate Rossbywaves that propagate both zonally
and meridionally. The coefficients of the linear equations that determine this propagation will
vary with space: on the sphere 𝛽 is a function of latitude and in general topography is a function
of both latitude and longitude; thus calculating the trajectories of the waves will be difficult, and
we cannot expect to solve the full problem except numerically, but a few ideas from wave tracing
illustrate many of the features of the response, and indeed of the stationary wave pattern in the
Earth’s atmosphere.14

Let us first recall a few results about rays and ray tracing that we encountered in Section 6.3.
Most of the important properties of a wave, such as the energy (if conserved) and the wave activity,
propagate along rays at the group velocity. Rays themselves are lines that are parallel to the group
velocity, generally emanating from some wave source. A ray is perpendicular to the local wave
front, and in a homogeneous medium a wave propagates in a straight line. In non-homogeneous
media the group velocity varies with position; however, if themedium varies only slowly, on a scale
much larger than that of the wavelength of the waves, the wave activity still propagates along rays
at the group velocity.

The variation of wavenumber and frequency vary according to, respectively,

𝜕𝑘𝑖
𝜕𝑡
+ 𝑐𝑔𝑗
𝜕𝑘𝑖
𝜕𝑥𝑗
= −𝜕𝛺
𝜕𝑥𝑖
, 𝜕𝜔
𝜕𝑡
+ 𝑐𝑔𝑗
𝜕𝜔
𝜕𝑥𝑗
= 𝜕𝛺
𝜕𝑡
. (16.122)

If the frequency is not an explicit function of space then the wavenumber is constant along a ray,
and similarly for time and frequency. Thus, in problems of the form

𝜕
𝜕𝑡
∇2𝜓 + 𝛽(𝑦)𝜕𝜓

𝜕𝑥
= 0, (16.123)

then the frequency and the 𝑥-wavenumber, but not the 𝑦-wavenumber, are constant along a ray.
The wavenumber is not constant in the 𝑦-direction because the frequency is a function of 𝑦.

16.9.1 Rossby Waves and Rossby Rays
If the wave source is localized, then ray theory provides a useful way of calculating and interpreting
the response. On the 𝛽-plane and away from the orographic source the steady linear response to a
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zonally uniform but meridionally varying zonal wind will obey

𝑢(𝑦) 𝜕
𝜕𝑥
( 𝜕
2

𝜕𝑥2
+ 𝜕
2

𝜕𝑦2
)𝜓 + 𝛽𝜕𝜓

′

𝜕𝑥
= 0. (16.124)

In fact, an equation of this form applies on the sphere. To see this, we transform the spherical
coordinates (𝜆, 𝜗) into Mercator coordinates with the mapping15

𝑥′ = 𝑎𝜆, 1
𝑎
𝜕
𝜕𝜆
= 𝜕
𝜕𝑥′
, 𝑦′ = 𝑎

2
ln(1 + sin 𝜗
1 − sin 𝜗

) , 1
𝑎
𝜕
𝜕𝜗
= 1

cos 𝜗
𝜕
𝜕𝑦′
. (16.125)

The spherical-coordinate vorticity equation then becomes

𝑢𝑀
𝜕
𝜕𝑥
( 𝜕
2

𝜕𝑥′2
+ 𝜕
2

𝜕𝑦′2
)𝜓 + 𝛽𝑀

𝜕𝜓
𝜕𝑥′
= 0, (16.126)

where 𝑢𝑀 = 𝑢/ cos 𝜗 and

𝛽𝑀 =
2𝛺
𝑎

cos2 𝜗 − d
d𝑦′
[ 1
cos2 𝜗

d
d𝑦
(𝑢𝑀 cos2 𝜗)] = cos 𝜗(𝛽𝑠 +

1
𝑎
𝜕𝜁
𝜕𝜗
) , (16.127)

where 𝛽𝑠 = 2𝑎−1𝛺 cos 𝜗. Thus, 𝛽𝑀 is the meridional gradient of the absolute vorticity, multiplied
by the cosine of latitude. An advantage of Mercator coordinates over their spherical counterparts
is that (16.126) has a Cartesian flavour to it, with the metric coefficients being absorbed into the
parameters 𝑢𝑀 and 𝛽𝑀. Of course, unlike the case on the true 𝛽-plane, the parameter 𝛽𝑀 is not a
constant, but this is not a particular disadvantage if 𝑢𝑦𝑦 is also varying with 𝑦.

Having noted the spherical relevance we revert to the Cartesian 𝛽-plane and seek solutions of
(16.124) with the form 𝜓′ = �̃�(𝑦) exp(i𝑘𝑥), whence

d2�̃�
d𝑦2
= (𝑘2 − 𝛽

𝑢
) �̃� = (𝑘2 − 𝐾2𝑠 ) �̃�, (16.128)

where 𝐾𝑠 = (𝛽/𝑢)1/2. From this equation it is apparent that if 𝑘 < 𝐾𝑠 the solution is harmonic
in 𝑦 and Rossby waves may propagate away from their source. On the other hand, wavenumbers
𝑘 > 𝐾𝑠 are trapped near their source; that is, short waves aremeridionally trapped by eastward flow.
Without solving (16.128), we can expect an isolated mountain to produce two wavetrains, one for
each meridional wavenumber 𝑙 = ±(𝐾2𝑠 − 𝑘2)1/2. These wavetrains will then propagate along a ray,
and given the dispersion relation this trajectory can be calculated (usually numerically) using the
expressions of the previous section. The local dispersion relation of Rossby waves is

𝜔 = 𝑢𝑘 − 𝛽𝑘
𝑘2 + 𝑙2
, (16.129)

so that their group velocity is

𝑐𝑥𝑔 =
𝜕𝜔
𝜕𝑘
= 𝑢 − 𝛽(𝑙

2 − 𝑘2)
(𝑘2 + 𝑙2)2

= 𝜔
𝑘
+ 2𝛽𝑘

2

(𝑘2 + 𝑙2)2
, 𝑐𝑦𝑔 =

𝜕𝜔
𝜕𝑙
= 2𝛽𝑘𝑙
(𝑘2 + 𝑙2)2

. (16.130a,b)

The sign of the meridional wavenumber thus determines whether the waves propagate polewards
(positive 𝑙) or equatorwards (negative 𝑙). Also, because the dispersion relation (16.130) is indepen-
dent of 𝑥 and 𝑡, the zonal wavenumber and frequency in the wave group are constant along the
ray, and the meridional wavenumber must adjust to satisfy the local dispersion relation (16.129).
Thus, from (16.128), the meridional scale becomes larger as 𝐾𝑠 approaches 𝑘 from above and an
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Fig. 16.18 The rays emanating from a point source at 30° N
and 180° (nine o’clock), calculated using the observed value
of the wind at 300 hPa.16 The crosses mark every 180° of
phase, and mark the positions of successive positive and neg-
ative extrema. The numbers indicate the zonal wavenumber
of the ray. The ray pathsmay be comparedwith the full linear
calculation shown in Fig. 16.19.

incident wavetrain is reflected, its meridional wavenumber changes sign, and it continues to prop-
agate eastwards.

Stationary waves have 𝜔 = 0, and the trajectory of a ray is parameterized by

d𝑦
d𝑥
= 𝑐
𝑦
𝑔
𝑐𝑥𝑔
= 𝑙
𝑘
. (16.131)

For a given zonal wavenumber the trajectory is then fully determined by this condition and that
for the local meridional wavenumber, which from (16.129) is

𝑙2 = 𝐾2𝑠 − 𝑘2. (16.132)

Finally, from (16.130) the magnitude of the group velocity is

|𝑐𝑔| = [(𝑐𝑥𝑔)2 + (𝑐
𝑦
𝑔 )2]1/2 = 2

𝑘
𝐾𝑠
𝑢, (16.133)

which is double the speed of the projection of the basic flow, 𝑢, onto the wave direction. Given
the above relations, and the zonal wind field, we can compute rays emanating from a given source,
although the calculation must still be done numerically. One example is given in Fig. 16.18.

♦ A wkb solution
The wave amplitudes along a ray can be obtained using a wkb approach. We write (16.128) as

d2�̃�
d𝑦2
+ 𝑙2(𝑦)�̃� = 0, where 𝑙2(𝑦) = 𝐾2𝑠 − 𝑘2, (16.134a,b)

and if 𝑙(𝑦) is varying sufficiently slowly in 𝑦 then the wkb solution for the stationary stream-
function is

𝜓(𝑥, 𝑦) = 𝐴𝑙−1/2 exp [i (𝑘𝑥 + ∫
𝑦
𝑙(𝑦)d𝑦)] , (16.135)

where 𝐴 is a constant. Consider, for example, the disturbance excited by an isolated low-latitude
peak, with 𝑢 increasing, and so 𝐾𝑠 decreasing, polewards of the source. Assuming that initially
there exists a zonal wavenumber 𝑘 less than 𝐾𝑠 then two eastward propagating wavetrains are ex-
cited. The meridional wavenumber of the poleward wavetrain diminishes according to (16.134b),
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Fig. 16.19 The linear stationary response induced by a circular mountain at 30° N and at 180°
longitude (nine o’clock). The figure on the left uses a barotropic model, whereas the figure on the
right uses a multi-layer baroclinic model.18 In both cases the mountain excites a low-wavenumber
polar wavetrain and a higher-wavenumber subtropical train.

so that, using (16.131), the ray becomes more zonal. At the latitude where 𝑘 = 𝐾𝑠, the ‘turning
latitude’ the wave is reflected but continues propagating eastwards. The southward propagating
wavetrain is propagating into amediumwith smaller 𝑢 and larger𝐾𝑠. At the critical latitude, where
𝑢 = 0, 𝑙 → ∞ but 𝑐𝑥𝑔 and 𝑐

𝑦
𝑔 both tend to zero, but [using (16.130)] in such a way that 𝑐𝑥𝑔/𝑐

𝑦
𝑔 → 0.

That is, the rays become meridionally oriented and their speed tends to zero, and the waves may
be absorbed.17 Finally, we mention without derivation that for zonal flows with constant angular
velocity the trajectories are great circles.

16.9.2 Application to an Idealized Atmosphere
Given the complexity of the real atmosphere, and the availability of computers, it is probably best to
think of the remarks above as helping us interpret more complete numerical, but still linear, calcu-
lations of stationary Rossby waves — for example, numerical solutions of the stationary barotropic
vorticity equation in spherical coordinates,

𝑢
𝑎 cos 𝜗
𝜕𝜁′
𝜕𝜆
+ 𝑣′ (1
𝑎
𝜕𝜁
𝜕𝜗
+ 𝛽) = − 𝑢𝑓0

𝑎𝐻 cos 𝜗
𝜕ℎ𝑏
𝜕𝜆
− 𝑟𝜁′, (16.136)

where [𝑢, 𝑣] = 𝑎−1[−𝜕𝜓/𝜕𝜗, (𝜕𝜓/𝜕𝜆)/ cos 𝜗], 𝛽 = 2𝛺𝑎−1 cos 𝜗 and 𝜁 = ∇2𝜓. The last term in
(16.136) crudely represents the effects of friction and generally reduces the sensitivity of the solu-
tions to resonances. Solutions to (16.136) may be obtained first by discretizing and then numeri-
cally inverting a matrix, and although the actual procedure is quite involved it is analogous to the
Fourier methods used earlier for the simpler one-dimensional problem. Such linear calculations,
in turn, help us interpret the stationary wave pattern from more comprehensive models and in the
Earth’s atmosphere.

Figure 16.19 shows the stationary solution to the problemwith a realistic northern hemisphere
zonal flow and an isolated, circularmountain at 30°N.The topography excites twowavetrains, both
of which slowly decay downstream because of frictional effects, rather like the one-dimensional
wavetrain in Fig. 16.14. The polewards propagating wavetrain develops a more meridional ori-
entation, corresponding to a smaller meridional wavenumber 𝑙, before moving southwards again,
developing amuchmore zonal orientation eventually to decay completely as itmeets the equatorial
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westward flow. The equatorially propagating train decays a little more rapidly than its polewards
moving counterpart because of its proximity to the critical latitude. More complicated patterns
naturally result if a realistic distribution of topography is used, as we see in Fig. 16.17. We can
see wavetrains emanating from both the Rockies and the Himalayas, but distinct poleward and
equatorward wavetrains are hard to discern.

Notes
1 Thanks to Isaac Held and Peter Haynes for various comments on Rossby waves and critical lines.

2 Early discussions of Rossby wave critical layers include those of Warn & Warn (1976), Stewartson
(1977) and Killworth & McIntyre (1985). Booker & Bretherton (1967) consider gravity wave critical
layers. Haynes (2015) provides an accessible review of both.

3 Modelled after a figure in Haynes (2015).

4 After Charney & Drazin (1961).

5 A quite extensive discussion of the thermal (and the topographically forced) problem is given by
Pedlosky (1987a).

6 Much of our basic understanding in this area stems from conceptual and numerical work on forced
Rossby waves by Charney & Eliassen (1949), who looked at the response to orography using a
barotropic model. This was followed by a study by Smagorinsky (1953) on the response to ther-
modynamic forcing using a baroclinic, quasi-geostrophic model. Seeking more realism later studies
have employed the primitive equations and spherical coordinates in studies that are at least partly
numerical (e.g., Egger 1976, and a host of others), although most theoretical studies perforce still
use the quasi-geostrophic equations. We also draw from various review articles, among themSmith
(1979), Dickinson (1980), Held (1983), particularly for Sections 16.7.3 and 16.8, and Wallace (1983).
See also the collection in the Journal of Climate, vol. 15, no. 16, 2002.

7 Toobtain the solutions shown in Fig. 16.11 and Fig. 16.12, the topography is first specified in physical
space. Its Fourier transform is taken and the streamfunction in wavenumber space is calculated
using (16.98). The inverse Fourier transform of this gives the streamfunction in physical space.

8 The difference between wavetrains emanating from an isolated topographic feature and a global
resonant response is relevant for intra-seasonal variability, which might be considered a quasi-
stationary response to slowly changing boundary conditions like the sea-surface temperature. If
resonance is important, we might expect to see global-scale anomalies, whereas the viewpoint of
damped wave-trains is more local. This whole area is one of continuing, active, research with deep
roots going back to Namias (1959) and Bjerknes (1959) and beyond.

A different point of view, one that we do not explore in this book, is that the zonally asymmetric fea-
tures of the Earth’s atmosphere are predominantly due to nonlinear effects. One possibility is that
eddies might significantly modify (and perhaps amplify and sustain) stationary patterns through
their large-scale turbulent transfers; see, for example, Green (1977) and Shutts (1983). We could
incorporate such effects into a linear model by including the eddy effects as a forcing term on the
right-hand side of a linear equation such as (16.90), or its two- or three-dimensional analogue, al-
though the forcing term would have to be calculated using a nonlinear theory or taken from obser-
vations. Different again is the notion, inspired by models of low-order dynamical systems, that the
atmosphere might have regimes of behaviour, and that the zonally asymmetric patterns are man-
ifestations of the time spent in a particular regime before transiting to another. See for example
Kimoto & Ghil (1993) and Palmer (1997).

9 See endnote 6 above for references. Because of these difficulties, understanding the effects of sea-
surface temperature anomalies on the atmosphere has become largely the subject of gcm experi-
ments, and one plaguedwith ambiguous results that depend in part on the particular configuration
of the gcm. Some of the modelling issues are reviewed by Kushnir et al. (2002).

10 From Hoskins & Karoly (1981).
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11 From Hoskins & Karoly (1981).

12 Adapted from Held et al. (2002).

13 Such solutions are nearly always most easily obtained numerically. One way is to use a Fourier
method described earlier. A related method is to write the equations in finite difference form,
schematically as A𝑿 = 𝑭, where 𝑿 is the vector of all the model fields, 𝑭 represents the known
forcing and A is a matrix obtained from the equations of motion and boundary conditions, and
solve for𝑿. A quite different method is to use a nonlinear time-dependent model, such as a GCM:
prescribe or hold steady the zonally averaged zonal flow aswell as all the zonally asymmetric forcing
terms, but multiply the asymmetric terms by a small number (e.g., 0.01) to ensure the response is
linear; then calculate the steady response by forward time integration, and then divide that solution
by the small number to obtain the final solution.

14 The description of the stationary waves in terms of wavetrains comes from Hoskins & Karoly (1981),
with some earlier theoretical results having been derived by Longuet-Higgins (1964).

15 Steers (1962) and Phillips (1973).

16 From Hoskins & Karoly (1981).

17 At the critical latitude the wkb analysis fails and both dissipative and nonlinear effects are likely to
play a role, as discussed by Dickinson (1968), Tung (1979) and others.

18 From Grose & Hoskins (1979) and Hoskins & Karoly (1981).



And beyond it, the deep blue air, that shows
Nothing, and is nowhere, and is endless.
Philip Larkin, High Windows, 1974.

CHAPTER 17

The Stratosphere

The stratosphere is the region of the atmosphere above the troposphere and below the
mesosphere; thus, it extends from the tropopause at a height of about 8–15 km, or a pressure
of around 200–300 hPa, to the stratopause at about 50 km or about 1 hPa (see Fig. 15.24 on

page 574). Themiddle atmosphere is the somewhat larger region that also includes themesosphere,
and so that extends up to the mesopause at about 90 km or 2 × 10−3 hPa, but we won’t consider the
mesosphere here. Our goal in this chapter is to provide an introduction to the dynamics giving
rise to the structure and variability of the stratosphere.1

Theoutline of this chapter is roughly as follows. We begin with a rather descriptive overview of
the stratosphere as a whole. Then, starting in Section 17.2, we discuss the Rossby and gravity waves
that in many ways serve to drive the circulation. We come back to the circulation itself in Section
17.4, focusing mainly on the generation of zonal flows and the meridional residual overturning
circulation. We round out the chapter with discussions of two striking examples of stratospheric
variability, namely the quasi-biennial oscillation in Section 17.6, and extratropical variability and
sudden warmings in Section 17.7, with these terms to be defined in the sections ahead.

17.1 A DESCRIPTIVE OVERVIEW
In the troposphere the stratification is determined by dynamical processes— largely by convection
at low latitudes and additionally by baroclinic instability at high latitudes — and the tropopause is
the height to which the dynamical activity reaches, as discussed in Chapter 15. In contrast, in the
stratosphere the temperature is determined to a much greater degree by radiative processes and
the dynamics are, compared to those in the tropopause, slow. Over much of the stratosphere the
temperature actually increases with height, and this is due to a layer of ozone that absorbs solar
radiation in the mid-stratosphere between about 20 and 30 km. If there were no ozone we would
certainly have a tropopause and a stratosphere, but the temperature in the stratosphere would
increase much less with height than it in fact does.

The radiative-equilibrium temperature for January is illustrated in Fig. 17.1. This temperature
is that which would putatively ensue without any stratospheric fluid motion, although we take the
distribution of absorbers (such as ozone) to be those present in the actual, moving, atmosphere,
and the calculation involves a linearization around the observed temperature.2 There is quite a
strong lateral gradient in the winter hemisphere and a weaker reversed temperature in the sum-
mer hemisphere, and in fact the part of the stratosphere with the highest radiative equilibrium

627
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Fig. 17.1 The zonally averaged radiative-equilibrium temperature in January and July; that is, the temper-
ature that would nominally arise in the absence of fluid motion in the stratosphere, but with the actual
distribution of radiative absorbers. Above about 50 km the equilibrium temperature generally diminishes
with height. The ordinate is pressure, and the height values are approximate.

temperature is the upper-stratosphere summer pole, at around 1 hPa. The actual observed zon-
ally averaged temperature and zonal-wind structure are plotted in Fig. 17.2. From these figures we
infer the following:

• The stratosphere is very stably stratified, with a typical lapse rate corresponding to 𝑁 ≈
2×10−2 s, about twice that of the troposphere on average. This is in part due to the absorption
of solar radiation by ozone between 20 and 50 km.
• In the summer the solar absorption at high latitudes leads to a reversed temperature gradient

(warmer pole than equator) and, by thermal wind balance, a negative vertical shear of the
zonal wind. The temperature distribution is not far from the radiative equilibrium distribu-
tion, and over much of the summer stratosphere the mean winds are negative (westward).
• Inwinter high latitudes receive very little solar radiation and there is a strongmeridional tem-

perature gradient and consequently a strong vertical shear in the zonal wind. Nevertheless,
this temperature gradient is significantly weaker than the radiative equilibrium temperature
gradient, implying a poleward heat transfer by the fluid motions.

How do the dynamics of the stratosphere differ from the troposphere? One way is that there is
little, if any, baroclinic instability in the stratosphere — for various reasons. Suppose we first think
of the stratosphere in isolation. There is no clear reversal of the potential vorticity gradient and
no real opportunity for counter-propagating edge waves or Rossby waves to interact in the strato-
sphere, and hence stratosphere alone may simply be baroclinically stable. If the stratosphere were
baroclinically unstable the instability would be much weaker, because of its higher stratification. A
typical value of the static stability in the stratosphere is𝑁 ≈ 2×10−2 s−1, and using a height scale of
20 km gives a value of the deformation radius𝑁𝐻/𝑓 of about 4000 km, as opposed to the canoni-
cal value of 1000 km in the troposphere. (The stratospheric estimate is very approximate because
the scale height,𝐻𝑠 is much less than 20 km, and a relevant deformation radius is then𝑁√𝐻𝐻𝑠/𝑓.
But on the other hand one could also take𝐻 > 20 km, so 4000 km may be a fair estimate.) Thus,
even with the same horizontal temperature gradient as the troposphere, a typical instability scale
(of the stratosphere in isolation) would be large, perhaps at wavenumber 2 rather than wavenum-
ber 8. The stratospheric growth rate would then be much less than in the troposphere: the Eady
growth rate is given by 𝜎𝐸 ≡ 0.31𝛬𝐻/𝐿𝑑 = 0.31𝑈/𝐿𝑑, where 𝛬 is the shear, giving the growth rate
that is several times smaller than its tropospheric counterpart. Of course, if baroclinic instability
has a modal form then the instability has the same horizontal scale and grows at the same rate in
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Fig. 17.2 Above: The zonally averaged temperature
and zonal wind in January, from an older (1980s) data
set extending up to 100 km The temperature contour
interval is 10 K, and values less than 220 K are shaded.
Zonal wind contours are 10m s−1 and negative (west-
ward) values are shaded.3

Left: Temperature (colour shading) and zonal wind
(contours) from a modern reanalysis product, also for
January. Contour interval is 10m s−1 and negative val-
ues are dashed.

the stratosphere as the tropospheric one — it is the same mode! But in this case the higher lapse
rate suppresses the amplitude of the stratospheric instability, as shown in Fig. 9.21.

For all these reasons, baroclinic instability is not the main process leading to a circulation in
the stratosphere — the main process is the propagation and subsequent breaking and dissipation
of gravity and Rossby waves from the troposphere to the stratosphere. This breaking will produce
an acceleration of the zonal flow, and/or a meridional overturning circulation, and a good frac-
tion of this chapter will be devoted to describing that process. But first we’ll provide a little more
description about the circulation itself, and it is convenient to divide that into two parts:
(i) a quasi-horizontal circulation;
(ii) a meridional overturning circulation (moc) that is most usefully described as a residual cir-

culation (the residual meridional circulation, or rmoc) using the tem formalism.

17.1.1 The Quasi-Horizontal Circulation
In the extra-tropics the stratification is high and the Rossby number small and, at least to the extent
that the scales of motion are not truly hemispheric the circulation is well described by the quasi-
geostrophic equations. Now, not only does any stratospheric baroclinic instability tend to occur on
a large scale, but so does anywave activity that arises from the propagation of Rossbywaves up from
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1000 hPa 500 hPa

200 hPa 20 hPa

Fig. 17.3 The geopotential height on 1 February, 2000, at various levels in the atmosphere —
1000 and 500 hPa are in the troposphere, 200 hPa is around the tropopause and 20 hPa is in the
mid-stratosphere, at about 30 km. Note the general increase in the scale of the variations of the
geopotential with height.

the troposphere. This is because of Charney–Drazin filtering, summarized in Fig. 16.6: the smaller
the wavelength the smaller is the range of zonal winds through which the waves can propagate. If
the wind is too high the waves encounter a turning surface, whereas if the wind is too low they
encounter a critical layer. Thus, we would expect that the general horizontal scale of motion is
larger in the stratosphere than in the troposphere, and this is borne out by inspection of Fig. 17.3,
which shows geopotential height at various levels. The complex patterns of the lower and mid-
troposphere are well filtered, and in mid-stratosphere the pattern is dominated by wavenumbers 1
and 2. Indeed it seems from the figure (which is typical) that much of the motion is concentrated
around a polar vortex.

Looking at geopotential (which roughly corresponds to a streamfunction) gives a somewhat
misleading impression of the lack of activity away from the poles. Here, because diabatic effects
occur on a rather longer time scale than advective processes, the flow may be characterized by the
advection of potential vorticity on more slowly evolving isentropic surfaces, as illustrated in Figs.
17.4 and 17.5. Both the potential vorticity and the tracer are evocative of two-dimensional turbu-
lence. We see Rossbywaves breaking and vortices stretched into filaments and tendrils, the features
of an enstrophy cascade. We also perceive some idea of the spectral non-locality of the enstrophy
transfer — a single large vortex overturns and breaks and there is little sense of a spectrally-local
cascade of enstrophy to dissipative scales. For this reason, the mid-latitude region is sometimes
known as the surf zone. It is precisely this wave breaking that gives rise to the enstrophy flux to
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Fig. 17.4 The tracer distribution in the north-
ern hemisphere lower stratosphere on 28 January
1992. The tracer was initialized on 16 January by
setting it equal to the potential vorticity field cal-
culated from an observational analysis, and then
advected for 12 days by the observed wind fields.4

small scales and its dissipation, and which in turn gives rise to the overturning circulation that we
discuss below.

The surf-zone does not usually extend to the pole, and in winter dense cold air over the pole
forms itself into a cyclonic vortex, apparent in both Fig. 17.3 and 17.5. Although the vortex is
ultimately the result of diabatic forcing, and has a preferred location, the tendency of quasi-two-
dimensional flow to organize itself into vortices (as we see in Figs. 9.6 and 11.8) contributes to its
coherence and isolation from the rest of the hemisphere. The boundary of the vortex, as measured
by the value of the potential vorticity or of the tracer, is quite sharp with the value of PV often
jumping by a factor of 2 or so, and the vortex is quite persistent — in fact it is a near-permanent
feature of the winter hemisphere. Within the vortex potential vorticity tends to homogenize, and
once formed themain communication that the vortex has with the surf zone is via occasional wave
breaking at its boundary. It is interesting that, although the potential vorticity gradient is strong at
the edge of the vortex, the exchange of properties is weak, implying a failure of notions of diffusion,
or at least diffusion with a constant value of diffusivity; the edge of the vortex is a mixing barrier.
We saw this property before, in our discussion of potential vorticity staircases in Section 12.1.3.

Stable as it is, the polar vortex is nevertheless sometimes disrupted by wave activity from below;
this tends to occur when the wave activity itself is quite strong, and when the mean conditions are
such as to steer that wave activity polewards. Occasionally, this activity is sufficiently strong so as
to cause the vortex to break down, or to split into two smaller vortices, and so allow warm mid-
latitude air to reach polar latitudes — an event known as a stratospheric sudden warming, and one
such is illustrated in Fig. 17.22. We come back to the mechanism of such warmings later in the
chapter.

17.1.2 The Overturning Circulation
That there is a meridional overturning circulation in the stratosphere was inferred by A. Brewer
and G. Dobson based on observations of water vapour and chemical transport, and it is now often
called the Brewer–Dobson circulation.7 Brewer and Dobson both inferred the circulation on the
basis of tracer transports, rather than performing an Eulerian average of velocity measurements
(which would have been impossible then, and is still difficult now). Thus, the circulation they
inferred was, in modern parlance, a residual circulation and some modern observations of this cir-
culation are shown in Fig. 17.6. The figure actually shows the observed thickness-weighted circula-
tion, which is almost equivalent to the residual circulation (Section 10.3.3), and which represents
both the Eulerian mean and eddy-contributed components. We see a single, equator-to-pole cell
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Fig. 17.5 The potential vorticity on two isentropic surfaces, the 310 K surface (left) and the 475 K
surface (right), on 19 January, 2005. The shaded bar is in PV units. The 310 K surface is mainly in the
troposphere (see Fig. 15.16) where baroclinic instability is abundant. The 475 K surface is at about
20 km altitude, and on it we see a polar stratospheric vortex with a fairly sharp boundary where the
PV gradient is high, and a mid-latitude region of smaller-scale features and wave breaking.5

Fig. 17.6 The observed
thickness-weighted (resid-
ual) streamfunction in the
stratosphere, in Sverdrups
(109 kg s−1). The circulation is
clockwise where the contours
are solid.
The circulation is stronger
in the winter hemispheres,
whereas the equinoctial
circulations (September,
March) are more inter-
hemispherically symmetric.6

July 1992 Sep 1992

Jan 1992 Mar 1992

��
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Fig. 17.7 Asketchof the residualmeanmeridional circulation of the atmosphere. The solid arrows
indicate the residual circulation (B-D for Brewer–Dobson) and the shaded areas the main regions
of wave breaking (i.e., enstrophy dissipation) associated with the circulation. In the surf zone the
breaking is mainly that of planetary Rossby waves, and in the troposphere and lower stratosphere
the breaking is that of baroclinic eddies. The surf zone and residual flow are much weaker in the
summer hemisphere. Only in the Hadley Cell does the residual circulation consist mainly of the
Eulerian mean; elsewhere the eddy component dominates.

in each hemisphere, stronger in the winter hemisphere where it goes high into the stratosphere.
There is also a distinct lower branch to the circulation, present in all seasons although strongest in
winter, that is confined to the lower stratosphere and is in some ways a vertical extension of (the
residual circulation of) the tropospheric Ferrel Cell. Not all the upper circulation is ventilated by
the troposphere— some of it recirculates within the stratosphere. This circulation and some of the
associated dynamics are illustrated schematically in Fig. 17.7,8 and three regions may usefully be
delineated: (i) a tropical region; (ii) amid-latitude region; (iii) the polar vortex. The tropical region
is relatively quiescent, an area of upward motion where air is drawn up from the troposphere. In
mid-latitudes the residual flow is generally directed poleward before sinking at high latitudes. In
winter the extreme cold leads to the formation of the polar vortex, a strong cyclonic vortex that
appears quite isolated from mid-latitudes although, especially in the Northern Hemisphere, it is
not always centred over the pole.

Let us now turn to the dynamics of the circulation, and since this is in largemeasure dependent
on the waves that exist in the stratosphere we first discuss them.



634 Chapter 17. The Stratosphere

17.2 WAVES IN THE STRATOSPHERE
Both gravity waves and Rossby waves are important in the stratosphere and we have already dis-
cussed aspects of both. Our goal now is to see how they affect the stratosphere, first inmid-latitudes
and then in equatorial regions, where Rossby waves and gravity waves are intertwined.

17.2.1 Linear Equations of Motion
Because we are dealing explicitly with compressible atmosphere we will use the ideal gas equations
with log-pressure coordinates, as discussed in Section 2.6.3. (Neverthelesswewill oftenfind that, to
a decent approximation, the equations reduce to the Boussinesq form, with compressibility having
only a small effect.) We will restrict attention to the hydrostatic case, thereby limiting ourselves to
relatively large scales. On a𝛽-plane the equations ofmotion in log-pressure coordinates, linearized
about a resting state, may be written as

𝜕𝑢
𝜕𝑡
− 𝑓𝑣 = −𝜕𝛷

𝜕𝑥
, 𝜕𝑣

𝜕𝑡
+ 𝑓𝑢 = −𝜕𝛷

𝜕𝑦
, (17.1a,b)

𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 1
𝜌𝑅
𝜕(𝜌𝑅𝑤)
𝜕𝑧
= 0, 𝜕

𝜕𝑡
𝜕𝛷
𝜕𝑧
+ 𝑤𝑁2∗ = 0. (17.1c,d)

The equations are, respectively, the two horizontal momentum equations, the mass continuity
equation and the thermodynamic equation. The notation is as in Section 2.6.3 except we use 𝑧,
not 𝑍, and 𝑤, not 𝜔; thus, 𝑧 = −𝐻 ln(𝑝/𝑝𝑅) where 𝑝𝑅 is a constant reference pressure and 𝐻 is
a reference height, and 𝑤 = D𝑧/D𝑡. As usual 𝑢 and 𝑣 are the horizontal velocities and 𝛷 is the
geopotential. The density profile 𝜌𝑅 is an exponential, 𝜌𝑅(𝑧) = 𝜌0 exp(−𝑧/𝐻), where we may take
𝜌0 = 1, and 𝑁2∗ is a reference stratification parameter similar to but not exactly the same as the
buoyancy frequency; we will take it to be constant and drop the subscript *. TheCoriolis parameter
𝑓 varies as 𝑓 = 𝑓0 + 𝛽𝑦; when we consider equatorial waves we will take 𝑓0 = 0, and when we
consider gravity waves in mid-latitudes we will take 𝛽 = 0.

As in Section 16.5 it is convenient to extract that part of the solution that grows exponentially
with height, and so seek wave solutions of the form

[𝑢, 𝑣, 𝑤, 𝛷] = [𝑢(𝑦), 𝑣(𝑦), �̃�(𝑦), �̃�(𝑦)]e𝑧/2𝐻ei(𝑘𝑥+𝑚𝑧−𝜔𝑡). (17.2)

We cannot assume a simple harmonic form in the 𝑦-direction because the equations of motion
have coefficients (i.e., 𝑓) that depend on 𝑦. Substituting (17.2) into (17.1) yields

−i𝜔𝑢 − 𝑓𝑣 = −i𝑘�̃�, −i𝜔𝑣 + 𝑓𝑢 = −𝜕�̃�
𝜕𝑦
, (17.3a)

i𝑘𝑢 + 𝜕𝑣
𝜕𝑦
+ i (𝑚 + i

2𝐻
) �̃� = 0, −i𝜔( 1

2𝐻
+ i𝑚) �̃� + �̃�𝑁2 = 0. (17.3b)

Perhaps surprisingly, in many situations we can ignore the factor 1/2𝐻 in this system. Many ob-
served stratospheric waves have a vertical wavelength, 𝜆, that is of order a few kilometres and usu-
ally less than 10 km. Also, 𝑇0 = 240K then𝐻 ≈ 7 km. The 1/2𝐻 factor is small when𝑚 ≫ 1/2𝐻
or 4π𝐻/𝜆 ≫ 1. In fact, it is the square of this ratio that needs to be large, and this is true for all
but the deepest stratospheric waves. Compressibility remains in the system because, using (17.2),
all the perturbation variables grow exponentially with height, albeit slowly.

In the sections that follow we look at some of the waves supported by this system. The analysis
is more complicated for equatorial regions, where gravity and Rossby waves are intertwined, so we
begin with the mid-latitudes.
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17.2.2 Waves in Mid-Latitudes
In mid-latitudes there is a good frequency separation between Rossby waves and gravity waves so
they can be treated separately, and since we have already treated both in Chapters 7 and 16 our
discussion focuses on their stratospheric relevance.

Rossby waves

If we neglect the factor of 1/𝐻2 the 𝑥- and 𝑧-components of the group velocity are

𝑐𝑥𝑔 =
(𝑘2 − 𝑙2 − 𝑓20𝑚2/𝑁2)𝛽
(𝑘2 + 𝑙2 + 𝑓20𝑚2/𝑁2)2

, 𝑐𝑧𝑔 =
2𝑘𝑚𝛽𝑓20 /𝑁2

(𝑘2 + 𝑙2 + 𝑓20𝑚2/𝑁2)2
. (17.4a,b)

Since 𝑘 < 0 for Rossby waves then, in order for the waves to be upwardly propagating, (17.4b)
requires that 𝑚 < 0. Thus, the lines of constant phase tilt westward with height. The ratio of the
vertical to the horizontal components of group velocity is not, unlike the case with gravity waves,
a simple function of the wavenumbers and it is not possible to determine wither 𝑐𝑥𝑔 is positive or
negative without knowing the value of 𝑙, the meridional wavenumber. To obtain a typical value of
the vertical group velocity in the atmosphere we may take 𝑘−1 = 1000km, 𝑚−1 = 10km, 𝑓0/𝑁 =
10−2, 𝛽 = 10−11m−1 s−1, giving 𝑐𝑧𝑔 ∼ 0.1ms−1 ≈ 10 km/day.

BecauseRossbywaves grow in amplitude as they ascend the linearity assumptionwill eventually
fail and the waves may break and dissipate, and in doing so they will deposit momentum. They
may also break and/or dissipate if they encounter a critical line. This deposition is responsible for
the production of the stratospheric meridional overturning circulation that we discuss later.

Gravity waves

Gravity wavesmay also propagate up into the stratosphere from the troposphere. If we take𝑓 to be
a constant, 𝑓0, then, except for the factor of 𝜌𝑅 the set (17.1) is the same as the 𝑓-plane hydrostatic
Boussinesq equations, namely (7.144) on page 280. It is a straightforward matter to show that the
dispersion relation is

𝜔2 = 𝑓
2𝑚′2 + (𝑘2 + 𝑙2)𝑁2
𝑚′2

= 𝑓2 + 𝑁
2(𝑘2 + 𝑙2)
𝑚′2
, (17.5)

where 𝑚′2 = 𝑚2 + 1/4𝐻2. As noted above the factor of 1/4𝐻2 is often small and we shall ignore
it. If we suppose that the horizontal component of the wave vector is aligned with the 𝑥-axis (i.e.
𝑙 = 0) then the group velocity components are

𝑐𝑥𝑔 =
𝑁2𝑘
𝜔𝑚2
= 𝑁
2

𝜔𝑚
cos 𝜗, 𝑐𝑧𝑔 = −

𝑁2(𝑘2 + 𝑙2)𝑚
𝜔𝑚4

= −𝑁
2

𝜔𝑚
cos2 𝜗, (17.6a,b)

where cos2 𝜗 = 𝑘2/(𝑘2 +𝑚2) ≈ 𝑘2/𝑚2 ≪ 1. The above expressions are most easily derived directly
from (17.5) but are also the hydrostatic limit of the full expression (7.140). The directional aspects
of these expressions are the same as those given for the non-rotating case in (7.74) with sin 𝜗 = 1,
consistent with the hydrostatic limit — indeed we can obtain (17.6) from (7.74) by setting cos𝜆 =
1, sin 𝜗 = 1, 𝜔 = 𝑁 cos 𝜗 and 𝜅 = 𝑚. Thus, the relation of the group velocity to the phase speed
is much the same as for the gravity waves considered in Chapter 7, and in particular we have
𝑐𝑧𝑔/𝑐𝑥𝑔 = −𝑘/𝑚. If thewaves are generated in the troposphere then 𝑐𝑧𝑔must be positive and so𝑚must
be negative. In mid-latitudes there is however no requirement that the horizontal propagation be
in any particular direction. The distributions of velocity, pressure and temperature are illustrated
in the two panels of Fig. 17.8 for waves with a positive and negative horizontal wavenumber and a
negative vertical wavenumber.
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Fig. 17.8 Phase relationships for two examples of upwardly propagating gravity waves. The sketch
on the left shows waves propagating to the left, with 𝑘 < 0, and the one on the right shows waves
with 𝑘 > 0. The solid and dashed lines are contours of constant phase: ‘high’ and ‘low’ refer to
pressure and ‘light’ and ‘heavy’ refer to density and correspond to warm and cold, respectively.
In both sketches 𝑚 is negative and the group velocity is directed upward and phase propagates
downward. For hydrostatic flow the phase lines would be nearly horizontal. The figure may be
compared with Fig. 7.3.

17.2.3 Waves in the Equatorial Stratosphere

Equatorial waves in the stratosphere — Kelvin waves and Rossby waves — turn out to be partic-
ularly important in generating stratospheric variability. It transpires that there can be vertically
propagating waves with both eastward and westward phase speeds, even at relatively low frequen-
cies, and this difference in phase speed has important consequences. We first look at Kelvin waves,
for these provide a gentle introduction via a special treatment, and follow this by a more general
treatment that includes Rossby and gravity waves.

Kelvin waves

Weobtain theKelvinwave solution by setting 𝑣 = 0 everywhere in (17.3), whence, after eliminating
�̃�, (17.3) straightforwardly becomes

𝜔𝑢 = 𝑘�̃�, 𝑓𝑢 = −𝜕�̃�
𝜕𝑦
, 𝜔 (𝑚2 + 1

4𝐻2
) �̃� − 𝑁2𝑘𝑢 = 0. (17.7a,b,c)

Equations (17.7a,b) give 𝜔𝜕𝑢/𝜕𝑦 + 𝑘𝑓𝑢 = 0, which upon integration and with 𝑓 = 𝛽𝑦 yields

𝑢(𝑦) = 𝑢0e−𝛽𝑦
2/2𝑐𝑝 , (17.8)

where 𝑐𝑝 = 𝜔/𝑘 and 𝑢0 is the value of 𝑢 at the equator. The exponential fall-off is familiar from
our earlier studies of Kelvin waves in Chapter 8 and requires that 𝑐𝑝 > 0, meaning that the phase
speed of the waves is eastward. Also, since 𝜔 > 0 by convention, the 𝑥-wavenumber is positive (i.e,
𝑘 > 0). The dispersion relation for Kelvin waves follows easily from (17.7a,c) and is

𝜔2 = 𝑁
2𝑘2

𝑚2 + 1/4𝐻2
. (17.9)
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Aside from the factor of 1/4𝐻2, which in any case is often small compared to𝑚2, (17.9) is essentially
the same as the dispersion relation for hydrostatic gravity waves, namely (7.60) on page 261. The
zonal and vertical components of the group velocity are

𝑐𝑥𝑔 =
𝑁

(𝑚2 + 1/4𝐻2)1/2
, 𝑐𝑧𝑔 =

𝜕𝜔
𝜕𝑚
= −𝑁𝑘𝑚
(𝑚2 + 1/4𝐻2)3/2

. (17.10)

Now, for upwardly propagating waves (and so for waves that emanate from the troposphere) we
require 𝑐𝑧𝑔 > 0 and therefore (because 𝑘 > 0)𝑚 < 0. The combined conditions of 𝑘 > 0 and𝑚 < 0
mean that the phase lines tilt eastward with height, as in the right panel of Fig. 17.8. Finally, note
that the frequency of Kelvin waves, unlike inertia-gravity waves, is uninfluenced by rotation and
thus, as seen in Fig. 8.6, can extend over a broad range.

A more general treatment of equatorial waves
For simplicity let us assume that the scale height 𝐻 is very large compared to the vertical wave-
lengths of interest; that is,𝑚2 ≫ 1/𝐻2 and exp(−𝑧/𝐻) = 1. Eqs. (17.1b) and (17.1c) then combine
to give

𝜕
𝜕𝑡
𝜕2𝛷
𝜕𝑧2
− 𝑁2 (𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = 0. (17.11)

If we assume a vertical structure of the form𝛷(𝑥, 𝑦, 𝑧, 𝑡) = �̃�(𝑥, 𝑦, 𝑡) exp(i𝑚𝑧), and similarly for 𝑢
and 𝑣, then we obtain

𝜕�̃�
𝜕𝑡
+ 𝑁
2

𝑚2
(𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = 0, (17.12a)

with corresponding momentum equations

𝜕𝑢
𝜕𝑡
− 𝑓𝑣 = −𝜕�̃�

𝜕𝑥
, 𝜕𝑣
𝜕𝑡
+ 𝑓𝑢 = −𝜕�̃�

𝜕𝑦
. (17.12b,c)

Evidently, (17.12) are isomorphic to the linear shallow water equations (8.20) on page 304 with the
replacement 𝑐2 = 𝑁2/𝑚2, where in (8.20) 𝑐2 ≡ 𝑔𝐻𝑒 where𝐻𝑒 is the equivalent depth. (Note that 𝑐
is not necessarily the phase speed in this problem; we will denote that as 𝑐𝑝.) The correspondence
between the continuously-stratified and shallow water equations is a general one, as we found in
Section 3.4. All of the machinery following (8.20) can now be applied to (17.12), with Rossby-
gravity waves and Kelvin waves emerging in the same way (and the Kelvin waves identified above
emerge as a special case); thus, in what follows we draw directly from Section 8.2. We will use 𝑚
to denote the vertical wavenumber and 𝑛 to denote the order of the Hermite function, akin to a
meridional wavenumber.

Rossby-gravity waves
The dispersion relation that emerges from (17.12) is, by analogy with (8.37b), (8.53) and (8.63),

𝜔2 − 𝑐2𝑘2 − 𝛽𝑘𝑐
2

𝜔
= (2𝑛 + 1)𝛽𝑐, 𝑛 > 0, (17.13a)

𝜔2 − 𝜔𝑘𝑐 − 𝛽𝑐 = 0, 𝑛 = 0, (17.13b)
𝜔 = 𝑐𝑘, 𝑛 = −1, (17.13c)

where 𝑐 = 𝑁/𝑚. The case with 𝑛 = 0 is the Yanai wave (a Rossby-gravity wave) and the cases with
𝑛 ≥ 1 are planetary waves or gravity waves. The ‘𝑛 = −1’ case is the Kelvin wave, and all cases are
illustrated in Fig. 8.6.
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Fig. 17.9 Dispersion curves plotted in �̂�–�̂� space, using (17.15). Shown are gravity waves, the
Yanai wave and the Kelvin wave for positive and negative �̂�, with the plot at the right showing a
magnification of the region near the origin. The arrows in the figure indicate the group velocity,
which, being the gradient of the frequency, is perpendicular to the curves. Upward propagating
waves occur for negative𝑚. Compare with Fig. 8.6.

For waves whose origin is in the troposphere we may think of the frequency as being given
and (17.13) then provides a condition on the vertical wavenumber. This in turn suggests that we
nondimensionalize the wavenumbers by defining

�̂� = 𝜔
2

𝛽𝑁
𝑚 = 𝜔

2

𝛽𝑐
, �̂� = 𝜔

𝛽
𝑘, (17.14)

with the hats denoting nondimensional variables. Equations (17.13) become

�̂�2 − (2𝑛 + 1)�̂� − �̂�2 − �̂� = 0, 𝑛 > 0, (17.15a)
�̂� − �̂� − 1 = 0, 𝑛 = 0 (17.15b)
�̂� = �̂�, 𝑛 = −1. (17.15c)

These equations define a set of curves in �̂�–�̂� space that are similar to the curves in 𝜔–𝑘 space
defined by (17.13), although (17.15) are lower order. Equation (17.15a) has the solution

�̂� = (𝑛 + 12 ) ± [(�̂� + 12)
2 + 𝑛(𝑛 + 1)]

1/2
, (17.16)

and the complete set of curves is plotted in Fig. 17.9. The curves at the top and bottom are gravity
waves, corresponding to the positive sign in (17.16), and the planetary waves are the curves just to
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the left of the origin, corresponding to the negative sign. The 𝑛 = 0 curve (the Yanai wave) and the
𝑛 = −1 curve (the Kelvin wave) are labelled.

We can infer the group velocity from the figure by noting that, since 𝛽 and𝑁 are constant, and
using (17.14), the curves are contours of constant frequency. The group velocity is the gradient
of frequency in wavenumber space and so is at right angles to these curves and directed toward a
higher frequency, and is marked by short arrows. For waves propagating up from the troposphere
the group velocity must be upward, and therefore have negative𝑚, as can be seen from (17.6) and
(17.10).

17.3 WAVE MOMENTUM TRANSPORT AND DEPOSITION
Steady waves by themselves don’t affect themean flow. Rather, they affect themean flowwhen they
are generated or dissipated, and typically they are generated in the troposphere and dissipated in
the stratosphere. Let’s look into that, beginning with Rossby waves.

17.3.1 Rossby Waves

The vertical transport of zonal momentum by eddies is given by𝑤′𝑢′ , where an overbar denotes a
zonal average. However, directly evaluating this expression from the quasi-geostrophic equations
is not particularly simple because 𝑤 is not a first order variable — it results from the divergence
of the ageostrophic horizontal velocities.9 In fact, under quasi-geostrophic scaling we neglect the
vertical eddy flux divergences, but nevertheless the eddy fluxes may certainly make themselves felt
aloft, among other things by generating a form stress that acts to transfer momentum vertically
and generating a meridional overturning circulation, as discussed in Section 10.4.3.

To proceed we will use the transformed Eulerian mean (tem) framework of Section 10.3, for
which the inviscid and adiabatic zonally-averaged momentum and thermodynamic equations are

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ = 𝑣′𝑞′ ,

𝜕𝑏
𝜕𝑡
+ 𝑁2𝑤∗ = 0, (17.17a,b)

where potential vorticity flux is related to the EP flux, 𝓕, by

𝑣′𝑞′ = ∇ ⋅ 𝓕, 𝓕 = −𝑢′𝑣′ 𝐣 + 𝑓0
𝑁2
𝑣′𝑏′ 𝐤, (17.18)

and now for simplicity we use the Boussinesq equations with 𝑏 as buoyancy. If the eddy fluxes are
due to the presence of waves that satisfy a dispersion relation then, as shown in Section 10.2.2, the
EP flux is related to the group velocity by

𝓕 = (ℱ𝑦,ℱ𝑧) = 𝒄𝑔𝒫. (17.19)

Combining the above equations we obtain

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ =

𝜕
𝜕𝑦
(𝑐𝑦𝑔𝒫) + 𝜕𝜕𝑧 (𝑐

𝑧
𝑔𝒫) = ∇ ⋅ 𝓕. (17.20)

Now, reprising (10.29a), the wave activity, specifically the pseudomomentum, 𝒫, satisfies a con-
servation law of the form

𝜕𝒫
𝜕𝑡
+ ∇ ⋅ 𝓕 = 𝒟, (17.21)

where 𝒫 = 𝑞′2/2𝛽, which is a positive quantity, and 𝒟 represents dissipation. If 𝒟 = 0 and the
waves are steady then ∇ ⋅ 𝓕 = 0 so that the left-hand side of (17.20) is zero. (This is the non-
acceleration result of Section 10.4.2.) Evidently in order to get a zonal flow acceleration or an moc
we need to invoke some dissipative or time-dependent processes.



640 Chapter 17. The Stratosphere

Consider the case in which Rossby waves propagate up from the troposphere, with 𝑐𝑧𝑔 > 0. Sup-
pose that there is some dissipation in the system (and/or that Rossby waves break as they ascend)
and that wave activity 𝒫 falls with height, and suppose further that we are in a statistically steady
state. In this case ∇ ⋅ 𝓕 < 0 and from (17.17a) this will produce a mean flow deceleration (i.e., a
westward acceleration) and/or a polewards residual flow. The balance between these two possibil-
ities is discussed later, but one may intuit that close to the equator the more likely outcome is a
zonal acceleration rather than a meridional circulation. Why is there a preferred sense of accel-
eration when the waves break? Ultimately it is because of the beta effect which distinguishes east
from west, and the pseudomomentum𝒫 is proportional to beta. The beta effect leads to a particu-
lar orientation of the phase of Rossby waves and this carries westward momentum away from the
source region. When the waves break, be it in the tropospheric subtropics or in the stratosphere,
a westward momentum is deposited.

17.3.2 Gravity and Kelvin waves
Now consider the vertical momentum transport in gravity waves. If these are uninfluenced by rota-
tion, or if they reside on the𝑓-plane, then there is no preferred horizontal direction of propagation.
Kelvin waves, on the other hand, propagate their phase eastward only. The upward transport of
momentum from waves originating in the troposphere can occur only for waves with a positive
group velocity, and thus for either of the examples illustrated in Fig. 17.8. Those waves that prop-
agate phase westward (i.e., have 𝑘 < 0) have 𝑢′𝑤′ < 0, and those that propagate phase eastward,
such as equatorial Kelvin waves, have 𝑢′𝑤′ > 0. The contribution to the zonal flow acceleration
by the wave transport is given by

𝜕𝑢
𝜕𝑡
= − 𝜕
𝜕𝑧
𝑢′𝑤′ + other terms. (17.22)

and if the amplitude of the waves stays constant with height then no mean flow acceleration is
induced. However, if the amplitude diminishes with height, because of dissipative processes, then
the waves that have a westward (eastward) phase propagationwill cause the zonal flow to accelerate
westward (eastward). Thus the dissipation of Kelvin waves as they propagate vertically will cause an
eastward acceleration of the zonal flow.

17.3.3 ♦ Processes of Wave Attenuation
We now explicitly consider the dissipation of waves and the associated momentum deposition as
gravity waves propagate vertically. (The reader may wish to skim Section 16.3 before proceeding,
for there we consider similar but algebraically simpler problems.) To keep the algebra manageable
we will consider the propagation of two-dimensional (𝑥–𝑧) gravity waves in a Boussinesq fluid
uninfluenced by rotation. The momentum and buoyancy equations, linearized about a zonal flow
𝑈(𝑧) and constant stratification𝑁2, are

𝜕𝑢
𝜕𝑡
+ 𝑈𝜕𝑢
𝜕𝑥
= −𝜕𝜙
𝜕𝑥
, 𝜕𝑤
𝜕𝑡
+ 𝑈𝜕𝑤
𝜕𝑥
= −𝜕𝜙
𝜕𝑧
+ 𝑏, (17.23a)

𝜕𝑏
𝜕𝑡
+ 𝑈𝜕𝑏
𝜕𝑥
+ 𝑤𝑁2 = −𝛼𝑏. (17.23b)

We include a damping term, −𝛼𝑏, where 𝛼 is a constant, in the buoyancy equation but neglect
viscous effects in the momentum equation. If we cross-differentiate the momentum equation and
use the mass continuity equation (𝜕𝑢/𝜕𝑥 + 𝜕𝑤/𝜕𝑧 = 0) we obtain the linear vorticity equation

( 𝜕
𝜕𝑡
+ 𝜕
𝜕𝑥
)∇2𝜓 + 𝜕𝜓

𝜕𝑥
d2𝑈
d𝑧2
= 𝜕𝑏
𝜕𝑥
, (17.23c)
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where 𝜓 is such that 𝑤 = 𝜕𝜓/𝜕𝑥 and 𝑢 = −𝜕𝜓/𝜕𝑧. We seek solutions of (17.23) in the form

[�𝜓, 𝑏] � = [ ��̃�(𝑧), �̃�(𝑧)]�ei𝑘(𝑥−𝑐𝑡), (17.24)

and a little algebra reveals

i(−𝑘𝑐 + 𝑈𝑘) (−𝑘2𝜓 + d2�̃�
d𝑧2
) + i𝑘𝜓d

2𝑈
d𝑧2
= i𝑘�̃�, (17.25a)

i(−𝑘𝑐 + 𝑈𝑘)�̃� + i𝑘𝑁2�̃� = −𝛼�̃�. (17.25b)

These last two equations combine to give

d2�̃�
d𝑧2
+ 𝑚2(𝑧)�̃� = 0, 𝑚2(𝑧) = [𝑁

2[1 + i𝛼/𝑘(𝑈 − 𝑐)]
(𝑈 − 𝑐)2 + 𝛼2/𝑘2

− 𝑘2 − d2𝑈/d𝑧2
(𝑈 − 𝑐)

] . (17.26)

This is an equation for the vertical structure of the streamfunction. If 𝑈 and𝑁2 were constant in
(17.26) then𝑚 would be constant and its real part would be the vertical wavenumber. There is an
imaginary component to𝑚which can be expected to cause the solution to decay in the vertical. In
most circumstances the decay is slow but in the neighbourhood of a critical line where 𝑐 = 𝑈 then
the decay will be rapid. The wave can be expected to deposit momentum and accelerate or deceler-
ate the mean flow, depending on the direction of the phase propagation of the wave. When 𝛼 = 0
there is no dissipation and no deposition (except possibly at the critical line itself). Although the
equation seems complicated, we can proceed to a solution if we make some reasonable simplifying
assumptions:
(i) We consider (as is realistic) low aspect ratio flows (𝐿𝑧/𝐿𝑥 ≪ 1) so that the factor of 𝑘2 is

small compared to𝑚2 and may be neglected.
(ii) We assume that the variation of the mean flow occurs on a long vertical scale compared to
𝑚, and so neglect the term in d2𝑈/d𝑧2. This assumption also allows us to use wkb methods.

(iii) We assume dissipation is small, and in particular that 𝛼/𝑘(𝑈 − 𝑐) ≪ 1.
With these approximations (17.26b) becomes

𝑚(𝑧) ≈ [𝑁
2[1 + i𝛼/𝑘(𝑈 − 𝑐)]
(𝑈 − 𝑐)2 + 𝛼2/𝑘2

]
1/2
≈ 𝑁
𝑈 − 𝑐
[1 + i𝛼
2𝑘(𝑈 − 𝑐)

] , (17.27)

and we can proceed with a wkb solution.

WKB solution and momentum flux
The wkb solution to (17.26) is

�̃�(𝑧) = 𝐴𝑚−1/2 exp(±i ∫
𝑧
𝑚d𝑧′) , (17.28)

where 𝐴 is a constant. The wave momentum flux, 𝐹, associated with the wave is

𝐹𝑘(𝑧) = 𝑢′𝑤′ = −i𝑘(�̃�
𝜕�̃�∗
𝜕𝑧
− �̃�∗ 𝜕�̃�
𝜕𝑧
) , (17.29)

where the overbar denotes a zonal average and the right-hand side is always real, and the subscript
on 𝐹 indicates we are considering the effects of a single wave of wavenumber 𝑘.

Now, the fact that 𝑚 varies only slowly with 𝑧 (specifically 𝑚2 ≫ |d𝑚/d𝑧|) means that when
we take the vertical derivative of �̃� we can ignore the derivative of the vertical derivative of the
amplitude, 𝐴𝑚−1/2. Given this, and using (17.28) and (17.27) in (17.29) we obtain

𝐹𝑘(𝑧) = 𝐹0 exp(i ∫
𝑧

0
(𝑚 − 𝑚∗)d𝑧′) = 𝐹0 exp(∫

𝑧

0

−𝑁𝛼
𝑘(𝑈 − 𝑐)2

d𝑧′) . (17.30)
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where 𝐹0 is the value of the flux at 𝑧 = 0 and we have chosen the sign in the exponent to be
appropriate for upwardly propagating gravity waves. The integrand in the right-most expression
is the attenuation rate of the wave and, referring to (7.80) on page 266, it can be written as

Attenuation rate = 𝛼
𝑘(𝑈 − 𝑐)2/𝑁

= Dissipation rate
Vertical group velocity

. (17.31)

As𝑈− 𝑐 diminishes the group velocity falls, giving the dissipative processes more time to act. The
result of (17.31) is a general one; we found an almost identical result when looking at the absorption
of Rossby waves in Section 16.3 — see (16.49). (The dissipation rate in expressions like (16.49) and
(17.31) is that of wave activity, which in the gravity wave case here equals the thermal dissipation
rate.)

Effect on the mean flow
If a wave propagating upward is attenuated there will be a divergence in the eddy momentum flux
associatedwith that wave. In particular, if 𝛼 in (17.31) is non-zero thenmomentumflux deposition
will increase rapidly as a critical layer is approached, 𝜕𝐹𝑘/𝜕𝑧 will be non-zero and the zonal mean
flow will be accelerated or decelerated. For definiteness, consider a wave propagating upward with
a positive phase speed (so 𝑚 < 0 and 𝑘 > 0). From (17.30) 𝐹𝑘 diminishes with height and the
mean flow is accelerated eastward. Similarly, absorption of a wave of negative phase speed leads to
a negative, or westward mean-flow acceleration. It is not inconceivable to imagine that the wave
deposition will affect the mean flow to an extent that the position of the deposition is significantly
altered, leading to interesting dynamical behaviour. Indeed this is precisely what happens in the
quasi-biennial oscillation of the equatorial stratosphere. But before we discuss variability let us
discuss the maintenance of the mean state.

17.4 PHENOMENOLOGY OF THE RESIDUAL OVERTURNING CIRCULATION
We now return to a discussion of the general circulation of the stratosphere and in particular the
maintenance of the residual meridional overturning circulation (rmoc), or the Brewer–Dobson
circulation. We expect the circulation to be a consequence of waves coming up from the tropo-
sphere and breaking, with both tropospheric baroclinic instability and flow over thermal and to-
pographic zonal asymmetries being sources of wave activity. We may naturally ask such questions
as whether wavebreaking can give rise to a circulation of the right strength and the right sense,
whether it will give the correct seasonal variability, and what determines vertical extent of the cir-
culation. We begin with some elementary theory and phenomenology, for we will find that it will
explain a number of themain features of the rmoc, and the advanced or confident reader may skip
ahead to Section 17.5.

17.4.1 Wave Breaking and Residual Flow
The equations of motion governing the mean fields are the zonally averaged momentum and ther-
modynamic equations, which with quasi-geostrophic scaling and in residual form (Section 10.3.1)
may be written as

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ = ∇ ⋅ 𝓕 + 𝐹,

𝜕𝜃
𝜕𝑡
+ 𝜕𝜃
𝜕𝑧
𝑤∗ = 𝐽, (17.32a,b)

where 𝐹 represents frictional effects and 𝐽 represents heating, and on the 𝛽-plane the residual ve-
locities are related to the Eulerian means by

𝑣∗ = 𝑣 − 1
𝜌𝑅
𝜕
𝜕𝑧
(𝜌𝑅
𝑣′𝜃′

𝜕𝑧𝜃
) , 𝑤∗ = 𝑤 + 𝜕

𝜕𝑦
(𝑣
′𝜃′

𝜕𝑧𝜃
) . (17.33)
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Fig. 17.10 The Eliassen–Palm (EP) flux vectors (arrows), the EP flux divergence (shading) and the zonally
averaged zonal wind (contours) for northern hemisphere summer and winter. The tropospheric EP fluxes
are of similar magnitudes in the summer and winter hemispheres, but are almost zero in the summer in
the stratosphere. Note also strong convergence at high latitudes in the stratospheric winter hemispheres,
leading to poleward residual flow and/or zonal flow acceleration.10

The vector 𝓕 is the Eliassen–Palm flux, and this is related to the meridional flux of potential vor-
ticity by ∇ ⋅ 𝓕 = 𝑣′𝑞′ . The wave activity (or pseudomomentum) obeys the Eliassen–Palm relation

𝜕𝒫
𝜕𝑡
+ ∇ ⋅ 𝓕 = 𝒟, (17.34)

where 𝒫 is the pseudomomentum, 𝓕 is its flux and 𝒟 is its dissipation.
From the autumn to the spring, the zonal wind in the stratosphere is generally receptive to

planetary-scale Rossby waves propagating up from the troposphere (Fig. 16.6), although at high
latitudes in winter there may be a period when the eastward zonal winds are too strong for waves
to propagate. If these waves break in the stratosphere then there will be an enstrophy flux to small
scales and dissipation. In a statistically-steady state and with small frictional effects the dominant
balance in the zonal momentum equation (17.32a) is

− 𝑓0𝑣∗ ≈ 𝑣′𝑞′ , (17.35)

where 𝑣∗ is the residual velocity and the potential vorticity flux on the right-hand side is induced
by the Rossby wave breaking. In dissipative regions the zonally averaged potential vorticity flux
will tend to be down its mean gradient and, if the potential vorticity gradient is polewards (largely
because of the 𝛽-effect), the residual velocity will be positive if 𝑓0 is positive. That is, the residual
flow will be polewards, in both hemispheres, and the mechanism giving rise to this is called the
‘Rossby wave pump’. Put another way, Rossby waves propagating up from the troposphere break
and deposit westward momentum in the stratosphere, and in the mean this wave drag is largely
balanced by the Coriolis force on the polewards residual meridional circulation.

This meridional circulation is weakest in summer mainly because linear Rossby waves cannot
propagate upward through the westwardmeanwinds, as illustrated in Fig. 17.10. It is quite striking
how theEP vectors avoid the region ofwestwardwinds in the summer hemisphere, even though the
level of wave activity at low elevations is relatively similar in the summer and winter hemispheres
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(look between 10 and 15 km in the figure). We can interpret this by noting that for nearly plane
waves the EP flux obeys the group velocity property, meaning that𝓕 = 𝒄𝑔𝒫; however, as discussed
in Section 16.5, if the mean winds are westward the waves evanesce and do not propagate, and
thus almost the entire summer hemisphere is shielded from upwardly propagating waves, leaving
it in a near-radiative equilibrium state. In the other seasons, the EP flux is able to propagate into
the stratosphere and a circulation is generated. This acts to weaken the pole–equator temperature
gradient, as we see by inspection of the thermodynamic equation: if the heating is represented by
a simple relaxation to a radiative equilibrium state, 𝜃𝐸, then in a steady state we have

𝑁2𝑤∗ = 𝜃𝐸 − 𝜃
𝜏
. (17.36)

Poleward flow in mid-latitudes must be supplied by rising air at low latitudes, and sinking air at
high latitudes. Thus, from autumn to spring, at low latitudes we have 𝜃 < 𝜃𝐸 and at high latitudes
𝜃 > 𝜃𝐸.

Although cause and effect can be very difficult to disentangle in fluid dynamical problems, and
the ultimate cause of nearly all fluid motions in the atmosphere is the differential heating from the
Sun, it is important to realize that the meridional overturning in the stratosphere is not a direct
response to differential solar heating: note that the most intense solar heating is over the summer
pole, yet here there is little or no ascent. Rather, the circulation is more usefully thought of as a
response to potential vorticity fluxes which in turn are determined by the upward propagation of
Rossby waves from the troposphere combined with the poleward gradient of potential vorticity
in the stratosphere. It is salutary to note that without motion we have 𝜃 = 𝜃𝐸, so there is no net
heating at all — the heating is a consequence of the wave forcing.

17.5 ♦ DYNAMICS OF THE RESIDUAL OVERTURNING CIRCULATION
We now discuss the dynamics of the residual meridional overturning circulation, the rmoc, in
rather more detail than in the previous section and with a little repetition of important matters.11
The dynamics of the rmoc can be usefully couched as a quasi-linear problem. That is, the govern-
ing equations can be written with the linear terms on the left-hand side and the nonlinear terms
as forcing terms on the right-hand side. This cannot be regarded as a full solution, but if the right-
hand sides can be determined, if only approximately, by independent means then the equations
can be solved fairly straightforwardly and the structure of the rmoc so determined. Such a proce-
dure is likely to be more successful in the stratosphere than in the troposphere; in the latter, the
nonlinear terms are a truly essential part of the solution and cannot properly be separated from
the linear dynamics (although we might choose to separate the terms to diagnose what forces the
rmoc). In the stratosphere the nonlinear terms represent the effects of waves and wave breaking
on the mean flow. These waves — both gravity waves and Rossby waves — often have their origins
in the troposphere, and although the propagation and breaking of the waves does depend strongly
on the background flow the basic features of the forcing of the rmoc can still usefully be considered
independently of the rmoc itself.

17.5.1 Equations of Motion
Away from the equator the Rossby number is small and the equations governing the large scale flow
are in good geostrophic balance. The equations ofmotion governing themean fields are the zonally
averaged momentum and thermodynamic equations, along with the thermal wind equation and
the mass continuity equations. We write the equations in their full form in spherical coordinates
using the ideal gas equations in log-pressure coordinates, since both sphericity and compressibility
are important, using the tem formalism, giving

𝜕𝑢
𝜕𝑡
− 𝑓𝑣∗ = 𝒢 + 𝒟 = ∇ ⋅ 𝓕 − 𝛾𝑢, 𝑓𝜕𝑢

𝜕𝑧
+ 𝑅
𝑎𝐻
𝜕𝑇
𝜕𝜗
= 0, (17.37a,b)
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𝜕𝑇
𝜕𝑡
+ 𝑤∗𝒮 = 𝑄𝑠 + 𝑄𝑙 = 𝜇(𝑇𝑅 − 𝑇),

1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(𝑣∗ cos 𝜗) + 1

𝜌𝑅
𝜕
𝜕𝑧
(𝜌𝑅𝑤∗) = 0. (17.37c,d)

These equations are, respectively, the zonal momentum equation, the thermal wind equation, the
thermodynamic equation and the mass continuity equation, with an overbar denoting a zonal av-
erage. The vertical coordinate, 𝑧 is log pressure and 𝑆 = 𝐻𝜌𝑁2/𝑅 where 𝑅 is the gas constant and
𝐻𝜌 is the scale height used to define 𝑧; thus, 𝑧 has dimensions of height and 𝜌𝑅 = exp(−𝑧/𝐻𝜌). The
velocity components 𝑣∗ and 𝑤∗ are the residual, or transformed Eulerian mean, meridional and
vertical velocities. The equations have a very similar form if written in height coordinates using the
anelastic approximation (Section 2.5); in that case, 𝜌𝑅 is a reference profile of density and the ther-
modynamic equation is written using potential temperature or buoyancy as the thermodynamic
variable, the factor𝐻𝜌/𝑅 no longer appears, and 𝑧 really is physical height.

The right-hand side of (17.37a) represents wave forcing and friction: 𝒢 = ∇⋅𝓕 is the divergence
of the Eliassen–Palm flux and 𝒟 is the frictional force, which we take to be a simple linear drag.
Such a drag is a little arbitrary but its form greatly simplifies the ensuing analysis. On the right-
hand side of the thermodynamic equation 𝑄𝑠 and 𝑄𝑙 represent the forcing due to solar and long
wave radiation; we take 𝑄𝑙 = −𝜇𝑇 where 𝜇 is a constant thermal damping rate, and we may write
𝑄𝑠 = 𝜇𝑇𝑟(𝜗, 𝑧) where 𝑇𝑅 is a radiative equilibrium temperature, assumed known. There are no
fluid-dynamic wave-forcing terms in the tem form of the thermodynamic equation. Typically, the
momentum dissipation is small and 𝛾 ≪ 𝜇, and indeed we may take 𝛾 = 0 without much loss of
realism, except close to the ground.

17.5.2 An Equation for the rmoc

If the right-hand sides are known, (17.37) constitutes a closed set of equations for the response
of the temperature and the three components of the velocity to an applied wave force 𝒢 and so-
lar heating 𝑄𝑠. Although nominally the equations have two time derivatives, the zonal wind and
temperature are related through the thermal wind relation and the equations are balanced and no
gravity waves are present. Our interest here is in the rmoc, and it is possible to derive a single
equation for either 𝑣∗ and 𝑤∗, and we will focus on 𝑤∗.

The procedure is similar to that used in Section 14.5.3. Essentially, we differentiate (17.37a)
with respect to 𝑧 and (17.37c) with respect to 𝜗 and then use (17.37c) to eliminate the time deriva-
tives. We then use the mass continuity equation to obtain a single equation in 𝑤∗. We are par-
ticularly interested in the dependence of the rmoc on the spatial structure and time dependence
of 𝒢 and 𝑄𝑠, and to this end it is instructive to consider the case in which the time dependence is
harmonic; that is, 𝒢 = 𝒢ei𝜔𝑡, 𝑄𝑠 = 𝑄𝑆ei𝜔𝑡 and �̃� = 𝑤∗ei𝜔𝑡. After a little algebra, we obtain

𝜕
𝜕𝑧
[ 1
𝜌0
𝜕(𝜌0�̃�)
𝜕𝑧
] + ( i𝜔 + 𝛾

i𝜔 + 𝜇
) 𝑁2
4𝛺2𝑎2 cos 𝜗

𝜕
𝜕𝜗
[ cos 𝜗
sin2 𝜗
𝜕�̃�
𝜕𝜗
]

= 1
2𝛺𝑎 cos 𝜗

𝜕
𝜕𝜗
[cos 𝜗
sin 𝜗
𝜕𝒢
𝜕𝑧
] + ( i𝜔 + 𝛾

i𝜔 + 𝜇
) 𝑅
4𝐻𝛺2𝑎2 cos 𝜗

𝜕
𝜕𝜗
[ cos 𝜗
sin2 𝜗
𝜕𝑄𝑠
𝜕𝜗
] .

(17.38a)

The equation is quite a handful, but it is useful to realize that, schematically and without all the
metric factors, it is of the form

𝜕2�̃�
𝜕𝑧2
+ 𝐴𝑁

2

𝑓2
𝜕2�̃�
𝜕𝑦2
∼ 1
𝑓
𝜕
𝜕𝑦
𝜕𝒢
𝜕𝑧
+ 𝐴
𝑓2
𝜕2𝑄𝑠
𝜕𝑦2
, (17.38b)

where
𝐴 = i𝜔 + 𝛾

i𝜔 + 𝜇
.
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Equation (17.38b) is similar to (10.63), since with the addition of diabatic terms and a slight change
in notation (10.63) is

𝑓20
𝜕2�̃�
𝜕𝑧2
+ 𝐴𝑁2 𝜕

2�̃�
𝜕𝑦2
= 𝑓0
𝜕𝒢
𝜕𝑧
+ 𝐴𝜕𝑄𝑠
𝜕𝑦
, (17.38c)

where �̃� = 𝜓∗ei𝜔𝑡 is the amplitude of the residual streamfunction of the overturning circulation.
Since 𝑤∗ = 𝜕𝜓∗/𝜕𝑦, (17.38b) is almost the 𝑦-derivative of (17.38c). (In (10.63) we took 𝛾 = 𝜇 so
that𝐴 = 1.) Much of the physical interpretation in what follows comes from (17.38b) and (17.38c),
although we will allow 𝑓 to vary spatially — that is, we use 𝑓 and not 𝑓0.

With quasi-geostrophic scaling the wave forcing term in (17.38) is

𝒢 = 𝑣′𝑞′ = − 𝜕
𝜕𝑦
𝑢′𝑣′ + 𝜕
𝜕𝑧
( 𝑓0
𝑁2
𝑣′𝑏′) = ∇ ⋅ 𝓕, where 𝓕 = −𝑢′𝑣′ 𝐣 + 𝑓0

𝑁2
𝑣′𝑏′ 𝐤, (17.39)

and 𝓕 is the Eliassen–Palm flux.

17.5.3 The Nature of the Response
The operator on the left-hand side of (17.38) is elliptic, similar to a Poisson equation. Thus, the
response will be much less localized than the forcing itself, a concept that is familiar from potential
vorticity inversion. To understand the equation better it is useful to take a heuristic look at some
special cases, as follows. The cases are not all ‘orthogonal’ to each other — thus, for example, the
low-latitude limit could be either low frequency or high frequency.

(i) The aspect ratio of the response
From (17.38c) the natural aspect ratio of the response, 𝛼𝑟 say, is given by

𝛼𝑟 =
𝐻𝑟
𝐿𝑟
= 1
𝐴1/2
𝑓
𝑁
= ( i𝜔 + 𝜇

i𝜔 + 𝛾
)
1/2 𝑓
𝑁
, (17.40)

where 𝐻𝑅 and 𝐿𝑅 are the vertical and horizontal scales of the response. If the thermal and
mechanical dissipation are zero, or have the same time scale, then𝐴 = 1, but more generally
the presence of dissipation can alter the aspect ratio considerably. Also, the thermal dissi-
pation can be expected to be much stronger than the mechanical dissipation, meaning that
𝜇 ≫ 𝛾. The high- and low-frequency limits then have somewhat similar behaviour.

(ii) The high-frequency limit
In this case the thermal andmechanical damping are negligible and𝐴 = (i𝜔+𝛾)/(i𝜔+𝜇) ≈ 1.
Since 𝜇 typically varies between 1/(20 days) in the lower stratosphere and 1/(5 days) in the
upper stratosphere, and 1/𝛾 is an even longer time, phenomena of order a few days fall into
this category. Sudden stratospheric warmings are one example, although since the timescale
of warmings is of order days thermal effects are not wholly negligible.
Using (17.40) we see that the aspect ratio of the response is simply of the order of Prandtl’s
ratio. That is, 𝛼𝑟 = 𝐻/𝐿 ∼ 𝑓/𝑁 and since 𝑓 ∼ 10−4 s−1 and 𝑁 ∼ 10−2 s−1 or larger, the
response to rapid forcing is typically quite shallow. Of course, although the Prandtl ratio is
small it is a natural scaling of vertical to horizontal scales in atmospheric dynamics and shal-
lowness should be interpreted in that context. Still, as we approach the equator the response
shallows still further, although at the equator itself (17.38) ceases to be valid. A quantitative
analysis of the right-hand side of (17.38a) further suggests that both waves (the 𝒢 term) and
solar forcing act to drive the overturning circulation.

(iii) The low-frequency limit
In this case the frequency is less than the thermal damping rate; that is, 𝜔 ≪ 𝜇, with one
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obvious example being the annual cycle. If as is realistic, 𝛾 ≪ 𝜇 then |𝐴| becomes small.
The effect of the solar heating thus also becomes small in (17.38c). The response generally
deepens, with the ratio of the vertical to the horizontal scales being given by

𝛼𝑟 =
𝐻𝑟
𝐿𝑟
≈ ( 1
𝐴1/2
) 𝑓
𝑁
= ( 𝜇

i𝜔 + 𝛾
)
1/2 𝑓
𝑁
≫ 𝑓
𝑁
, (17.41)

if 𝜇 ≫ 𝛾. In the steady-state limit the solar heating is balanced by the thermal relaxation and
the right-hand side of (17.37c) nearly vanishes. We discuss this limit in more detail below,
in the section on downward control.

(iv) Deep and shallow forces
A forcemay be regarded as deep or shallow depending onwhether its aspect ratio (vertical to
horizontal, 𝛼𝐹 say) is greater or less than 𝑓/𝑁, and it turns out that deep force tends to gives
rise to an acceleration of the zonal wind (a non-zero 𝜕𝑢/𝜕𝑡) whereas a shallow force tends
to give rise to a meridional circulation. To see this we will consider the simplified forms of
the momentum equation

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ = 𝒢, (17.42)

along with the moc equation, (17.38c) which, if 𝑓0 and 𝑁 are both constant, is a Poisson
equation with a right-hand side equal to 𝜕𝒢/𝜕𝑧. Solutions can be obtained by Fourier series
methods with terms having the form

�̃� = 𝛹 cosh 𝑘𝑧𝑧 sin 𝑘𝑦𝑦. (17.43)

Let us suppose the forcing is also of this form, so that by a deep forcingwemean that 𝑘𝑦/𝑘𝑧 ≫
𝑓0/𝑁 and shallow means 𝑘𝑦/𝑘𝑧 ≫ 𝑓0/𝑁. We’ll also suppose that 𝐴 = 𝒪(1). From (17.38c)
we see that

(𝑓20 𝑘2𝑧 − 𝑁2𝑘2𝑦)�̃� ∼ 𝑓0𝑘𝑧𝐺, (17.44)
where𝐺 is the forcing amplitude. From this we can informally infer the form of the solution
for deep and shallow forcing, as follows:

• Deep forcing: The dominant balance in (17.44) is between the second term on the left-
hand side and the right-hand side and therefore �̃� ∼ 𝑓0𝑘𝑧𝐺/(𝑁2𝑘2𝑦) and

�̃� ∼ 𝑓0𝑘𝑧𝐺
𝑁2𝑘𝑦
, 𝑣 ∼ 𝑓0𝑘

2
𝑧𝐺
𝑁2𝑘2𝑦
. (17.45)

Now look at the momentum equation (17.42). The ratio of the Coriolis force to the
forcing on the right-hand side is given by

|𝑓0𝑣|
|𝒢| ∼
𝑓20 𝑘2𝑧
𝑁2𝑘2𝑦
≪ 1, (17.46)

where the inequality follows by definition of what is deep. The dominant balance in the
momentum equation must then be between the wave forcing and the acceleration.
• Shallow forcing: The dominant balance in (17.44) is between the first term on the left-

hand side and the right-hand side and therefore �̃� ∼ 𝐺/(𝑓0𝑘𝑧) and

�̃� ∼
𝑘𝑦𝐺
𝑓0𝑘𝑧
, 𝑣 ∼ 𝐺

𝑓0
. (17.47)

The ratio of the Coriolis term to the forcing term in the momentum equation is now
𝒪(1), and therefore the response to a shallow forcing appears in the meridional circu-
lation rather than as an acceleration.



648 Chapter 17. The Stratosphere

Fig. 17.11 Downward control. Left
panel: wave activity propagates upward
(dashed lines) from the troposphere,
breaking and depositing zonal momen-
tum in the shaded region. This induces
an overturning circulation (solid lines)
connecting the wave-breaking region
with a bottom frictional boundary layer.
Right panel: putative ‘upward control’,
requiring friction above thewave breaking
region for a steady response. Latitude Latitude
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Theunderlying reason for the two different responses arises from the need to satisfy the ther-
mal wind equation. A shallow force means that a shear is generated, and hence via thermal
wind the temperature must change, but this can only be accomplished if there is an rmoc to
affect temperature. If the force is deep then the response can and will be in the form of an
acceleration. Close to the equator all forces are essentially deep because 𝑓 is small.

(v) Deep and shallow heating
A similar analysis may be applied to a heating field, but given the intuition we have just de-
veloped about the response to amechanical forcing there is no need to go through the details
(although these are straightforward). A shallow heating (perhaps more usefully thought of
as a broad heating) can and will produce a direct response in the temperature field itself.
However, if the heating is deep (or latitudinally confined) then any direct response in the
temperature field would have to be associated with a response in the zonal wind. Instead, a
latitudinally confined heating tends to produce a response in the meridional circulation.

(vi) The low-latitude limit
At low-latitudes most forces become deep because 𝑓 is small. More precisely, the criterion
for deepness, that 𝐻𝑓/𝐿𝑓 ≫ 𝑁/𝑓 where 𝐻𝑓 and 𝐿𝑓 are the vertical and horizontal scales
of the forcing, becomes easier to satisfy. Thus, wavebreaking at low-latitudes is more likely
to induce an acceleration than a similar wavebreaking in mid-latitudes, which will tend to
induce an overturning circulation. By the same token, a heating source at low-latitudes has
a greater tendency to induce an overturning circulation than a similar heat source in mid-
latitudes. The above statements are rules of thumb and not necessarily quantitative.

17.5.4 The Steady-state Limit and Downward Control
Let us now consider in a little more detail the steady-state response in which𝜔/𝜇 → 0, and we also
take 𝛾 = 0, so that there is no momentum forcing. Although (17.38) of course still holds, it is also
useful to look directly at themomentum equation and thermodynamic equations. Themomentum
equation, (17.37a) reduces to a balance between the Coriolis force and the wave driving, namely

− 𝑓𝑣∗ = 𝒢, (17.48)

and the thermodynamic equation becomes

𝑤∗𝒮 = 𝑄𝑠 + 𝑄𝑙 = 𝜇(𝑇𝑅 − 𝑇). (17.49)

The thermodynamic equation gives us very little information about the vertical velocity because
the right-hand side contains the unknown temperature, 𝑇; rather, we can glean much of the infor-
mation we want from (17.48).



17.5 Dynamics of the Residual Overturning Circulation 649

Latitude
-80             -40               0                40              80

-80             -40               0                40              80

-80             -40               0                40              80

H
ei

g
h
t 

(k
m

)

60

40

20

 0

60

40

20

 0

60

40

20

 0

H
ei

g
h
t 

(k
m

)
H

ei
g
h
t 

(k
m

)
a

b

c

Fig. 17.12 The numerically-computed response of the
meridional overturning circulation to a longitudinally
symmetric westward force, with the frequency of the
forcing decreasing from top to bottom.12 Contours are
streamlines of the residual circulation, with the same uni-
form interval in all panels, and the shading denotes the
forcing region.
(a) Response to high-frequency forcing, 𝜔/𝜇 ≫ 1, 𝜔 ≫ 𝛾.
The response is adiabatic and weakly spreads into the op-
posite hemisphere.
(b) A lower frequency case with 𝜔/𝜇 = 0.34, correspond-
ing to an annual cycle and a 20-day thermal relaxation
timescale. The solid and dashed lines show the response
that is in phase and out of phase with the forcing, respec-
tively.
(c) Steady state response, 𝜔/𝜇 ≪ 1. The circulation in-
creases in magnitude and narrows as the frequency de-
creases, and in panel (c) it is given using the downward
control expression (17.51a).

If we differentiate (17.48) with respect to 𝑦 (or 𝜗) and use the mass continuity equation we
obtain

1
𝜌0
𝜕𝜌0𝑤
𝜕𝑧
= 1
𝑎 cos 𝜗
𝜕
𝜕𝜗
(𝒢 cos 𝜗
𝑓
) . (17.50)

This is a first-order partial differential equation for the vertical velocity, and we can obtain the
vertical velocity itself by a vertical integration, using a single boundary condition. If we require
that vertical velocity stays finite at 𝑧 → ∞ and that 𝜌0𝑤 = 0,s then we obtain

𝑤∗(𝑧) = 1
𝑎𝜌0(𝑧) cos 𝜗

𝜕
𝜕𝜗
∫
∞

𝑧
(𝜌0(𝑧

′)𝒢(𝜗, 𝑧′) cos 𝜗
𝑓

) d𝑧′. (17.51a)

The Cartesian quasi-geostrophic version of this equation is just

𝑤∗(𝑧) = − 1
𝜌𝑅
𝜕
𝜕𝑦
∫
∞

𝑧
𝜌𝑅(𝑧′)

𝒢(𝜗, 𝑧′)
𝑓0

d𝑧′. (17.51b)

Equation (17.51) implies that, in the steady-state limit, the vertical velocity at a given height is
determined by the wave forcing above that height. The physical situation is illustrated in the left
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panel of Fig. 17.11. Here, a wave source in the troposphere propagates upward and breaks in the
middle atmosphere depositing momentum. This induces a meridional circulation as illustrated in
the left panel, with a response below the momentum source. The numerically-computed response
to an imposed force is illustrated in Fig. 17.12, showing how the response changes depending on
the time-scales of the forcing and damping, with the steady-state response illustrated in the bottom
panel.

The above derivation may seem a little disingenuous, for surely we might just as well have
assumed 𝑤 = 0 at 𝑧 = 0, leading (in the quasi-geostrophic case) to

𝑤∗(𝑧) = 1
𝜌𝑅
𝜕
𝜕𝑦
∫
𝑧

0
𝜌𝑅
𝒢 + 𝒟
𝑓0

d𝑧′. (17.52)

This might appear to give ‘upward control’, as illustrated in the right panel of Fig. 17.11. However,
if we are integrating from the ground up then frictional effects are important near the surface and
must be included, as represented by the frictional term𝒟 in (17.52). Furthermore, mass conserva-
tion demands that

∫
∞

0
𝜌𝑅𝑣∗ d𝑧 = 0, implying ∫

∞

0
𝜌𝑅(𝒢 + 𝒟)d𝑧 = 0, (17.53a,b)

using (17.37a) for steady state conditions. Thus, above the level of themomentum source 𝒢, (17.52)
also in fact implies that the vertical velocity is zero, because 𝒢 and 𝒟 have cancelling effects. Thus,
the location of the frictional boundary layer where the momentum is removed is one way to dis-
tinguish up from down. Equation (17.53b) tells us that the frictional boundary layer at the bottom
must adjust to remove the same amount of momentum that is deposited by wave breaking higher
up, if there is to be a steady state. If there were a momentum sink above the momentum deposi-
tion region there would be no justification for downward control, for we would have to include
that frictional term in (17.51). However, it is hard to envision how such a sink could exist with-
out violating angular momentum conservation. If there were no frictional sink at the ground the
disturbance would initially propagate down, but on reaching the ground would then propagate up.

From the point of view of the diagnostic equation for the meridional overturning circulation,
in the steady state limit we have 𝐴 = 0, and the solar forcing on the right-hand side and the 𝑦-
derivative on the left-hand side of (17.38) both vanish, and the equation for the rmoc becomes

𝜕
𝜕𝑧
[ 1
𝜌0
𝜕(𝜌0�̃�)
𝜕𝑧
] = 1
2𝛺𝑎 cos 𝜗

𝜕
𝜕𝜗
[cos 𝜗
sin 𝜗
𝜕𝒢
𝜕𝑧
] , (17.54a)

or, in the quasi-geostrophic limit,

𝑓0
𝜕2�̃�
𝜕𝑧2
= 𝜕𝒢
𝜕𝑧
. (17.54b)

That is to say, in a steady state the solar forcing provides no input to the meridional circulation!
This may seem a little counter-intuitive, but if there is no wave forcing and 𝒢 = 0 then the vertical
velocity is zero and the temperature adjusts to the radiative equilibrium temperature, so that the
diabatic forcing is zero.

The temperature field
Given that in a statistically steady state the vertical velocity field is determined by the wave forcing,
the temperature field can be determined diagnostically from the thermodynamic equation. Thus,
using (17.37c) with no time-dependence and a vertical velocity given by (17.51), we obtain in the
quasi-geostrophic case

𝑇(𝑧) − 𝑇𝑟(𝑧) =
𝒮
𝜇𝜌𝑅
𝜕
𝜕𝑦
∫
∞

𝑧
𝜌𝑅
𝒢(𝜗, 𝑧′)
𝑓0

d𝑧′, (17.55)
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Parameter Background Rossby-gravity waves Kelvin waves

Static stability,𝑁 2.2 × 10−2 s−1
Beta at equator, 𝛽 2.3×10−11m−1 s−1
Coriolis parameter, 1.27×10−5 s−1
𝑓, at 5°

Wave period 4–5 days 10–20 days
Zonal wavelength 10,000 km 20,000–40,000 km
Zonal wavenumber 4 1–2

dimensionally 6.3×10−7m−1 1.6–3.2×10−7m−1
Meridional scale 1,200 km 1,500 km
Vertical wavelength 4–8 km 6–10 km
Phase speed, 20–25m s−1 25ms−1

relative to ground (westward) (eastward)
Amplitudes:

zonal velocity 2–3m s−1 4–8m s−1

meridional velocity 2–3m s−1 0
vertical velocity 1–2mms−1 1–2mms−1

temperature 1 K 2–3 K
geopotential height 4 m 30 m
𝐹0, wave forcing at 3–6×10−3m2 s−2 4–10×10−3m2 s−2
17 km, see (17.59).

Thermal damping rate, 𝛼 0.5–1.5×10−6 s−1 0.5–1.5×10−6 s−1

Table 17.1 Typical, approximate, values of parameters appropriate for waves and background
flow in the equatorial lower stratosphere.13

with a similar but more complicated expression in the full case. The temperature field at a given
height is determined purely by the momentum forcing, being given by the meridional gradient of
the zonal force above that height.

††† An oceanic comparison
It is instructive to compare downward control with the Stommel problem in oceanography (Section
19.1.1). In tem (residual) form, the approximate zonally averaged zonal momentum equationmay
be written, as in (17.32a), as

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ = ℱ + 𝒟, (17.56)

The steady version of (17.56) and the equation for the streamfunction for the horizontal flow, 𝜓, in
the ocean, (19.6), may thus respectively be written

𝑓0
𝜕𝜓∗
𝜕𝑧
= ℱ + 𝒟, 𝛽𝜕𝜓

𝜕𝑥
= ℱ𝑤 − 𝑟∇2𝜓, (17.57a,b)

where ℱ𝑤 represents the wind forcing at the ocean surface, and the second term on the right-hand
side of (17.57b) represents friction. In (17.57a), 𝑣∗ = −𝜕𝜓∗/𝜕𝑧 and in (17.57b), 𝑣 = 𝜕𝜓/𝜕𝑥. The
two equations have a formal similarity — is there more?

In the ocean interior, the frictional term is negligible, and in solving the resulting first-order
equation (𝛽𝜕𝜓/𝜕𝑥 = ℱ𝑤) we may apply the boundary condition of 𝜓 = 0 only at one meridional
boundary. The natural choice is to choose the eastern boundary for this, and then invoke frictional
processes to bring𝜓 to zero on thewest. It is a natural choice because Rossbywaves propagate west-
ward (‘westward control’, as in Fig. 19.14); thus, the boundary current (e.g., the Gulf Stream) is on
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Fig. 17.13 Time-height sections of the observed zonal-mean zonal wind for 1979–2010, averaged from
5° S to 5° N. The contour is the zero wind line, and in the bottom panel the seasonal cycle is removed. The
quasi-biennial oscillation, or qbo, is clearly visible between 20 and 40 km, or about 60 and 3 hPa.15

the west because the wind’s influence is carried westward by Rossby waves, not vice versa. The con-
sequence is that westward control is an enormously robust effect that pervades almost every aspect
of large-scale physical oceanography. In the atmospheric case there is no similar mechanism that
demands that the influence of the momentum source be propagated only downward. However,
even without friction there is an up-down asymmetry in the atmospheric case because of (a) ther-
mal damping, and (b) density variations. If we imagine a case with no boundaries at either top
or bottom then the forcing creates meridional cells that propagate both up and down, growing (it
turns out) like 𝑡1/2. However, the solution also indicates that the upward propagating cell would
eventually disappear, essentially to satisfy a boundary condition of boundedness at positive infinity
(where density vanishes), leaving only a downward influence.14 In the case with boundaries a finite
distance from the source, the final steady state does depend on the location of the frictional layers,
and in particular a steady solution with only a downward influence results because the frictional
boundary layer is at the bottom, not vice versa.

As we mentioned, the mechanism of downward control is related to that which gives rise to
the Ferrel Cell in the troposphere, and that is certainly a strong and robust effect. Whether the
downward control effect following wavebreaking in the stratosphere is strong enough to influence
circulation in the troposphere, or the structure of the tropopause, remains an open question.

17.6 THE QUASI-BIENNIAL OSCILLATION
17.6.1 A Brief Review of the Observations
The quasi-biennial oscillation, or qbo, is a nearly periodic reversal of the zonal wind in the equa-
torial stratosphere, as illustrated in Fig. 17.13 and Fig. 17.14. It is the most dominant variability of
that region, and the following lists some of the main features of the phenomenon:16

• The zonal winds in the equatorial region between about 5 and 100 hPa (about 40 and 18 km)
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Fig. 17.14 The amplitudes (the root-mean square of the zonally-averaged wind of the oscillations
after temporal filtering, with contours at 1, 3, 6, 9, 12 and 15m s−1) of the qbo and the sao. The qbo
evidently extends roughly from 15° S to 15° N and from 100 hPa to 1 hPa (about 17 km to 50 km).
The sao is broader, higher, weaker and faster.17

alternate between being eastward and westward with an average period of about 28 months,
with the period varying between 22 and 34 months.
• Theqbo is almost latitudinally symmetric about the equator. The amplitude is approximately

Gaussian with a half width of about 12°.
• The phenomenon is approximately zonal symmetric; that is, the longitudinal variation is

small.
• The maximum amplitude of the oscillation is about 30m s−1(±15ms−1) at about 20 hPa

on the equator. The westward winds are slightly stronger than the eastward winds, after
removing the annual cycle.
• The wind pattern descends at about 1 km per month with little loss of amplitude until it

reaches 100 hPa, and the cycle begins again. (This does not mean that information propa-
gates downward, as we discuss later.)
• The qbo is mildly synchronized to the annual cycle, with transitions between eastward and

westward flow having a tendency to occur more commonly in March–June than in the other
months.

See also the summary on page 655. Although we will not discuss it here, another oscillatory phe-
nomenon occurs above the qbo known as the semi-annual oscillation, or sao. The sao is an oscil-
lation in the zonal wind with an approximate period of six months (it should perhaps be called the
quasi semi-annual oscillation) and it occurs between 1 hPa and 0.1 hPa and extends from about
30°N to 30° S (Fig. 17.14).

17.6.2 A Qualitative Discussion of Mechanisms
Candidate mechanisms
We first note that the qbo must involve zonally asymmetric motions. Without such asymmetric
or eddying motions there can be no maximum of angular momentum within the fluid interior,
and therefore no eastward winds at the equator, as explained in Sections 13.5.1 and 14.2.8. Given
this, let us ponder for a moment what might be the mechanism of the qbo. One might suppose
that horizontally propagating planetary waves would be a likely mechanism, for the transport of
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momentum by Rossby waves is known to be an important mechanism for the maintenance of jets
in mid-latitudes. However, the descent of the wind pattern with no loss of amplitude cannot be
easily explained by such a mechanism.18 Other proposed mechanisms have involved interactions
with the annual cycle or its harmonics (natural enough given the period of the qbo) or have in-
voked external forcing or some nonlinear feedback. However, no candidate mechanism was able
to explain all the features noted above, until a mechanism involving the vertical propagation and
absorption of gravity waves was proposed, as we now describe.

A gravity wave mechanism
The mechanism for the qbo that is now generally accepted involves the upward propagation and
absorption of gravity waves and their effect on zonal flow.19 We first describe the basic mechanism
rather roughly and qualitatively.

A broad spectrum of gravity waves, with phase speeds in both eastward and westward direc-
tions, is generated in the upper equatorial troposphere by deep convection and various other insta-
bilities. The waves will in general have a component of the group velocity that is directed upward,
and if these waves are dissipated via mechanical or thermal damping then they will force mean
flow accelerations (steady, non-dissipative waves cannot force a mean flow acceleration). A criti-
cal level, where the phase speed of the waves equals the speed of themean flow (i.e., where 𝑐 = 𝑢) is
one place where wave absorption andmean-flow acceleration will be particularly effective, because
as a wave approaches a critical level it slows, giving more time for dissipation to act. However, it is
not necessary for there to be an actual critical level; indeed, waves approaching a critical level will
often be largely dissipated before reaching it.

Let us suppose that initially there is a westward shear (that is 𝜕𝑢/𝜕𝑧 > 0) and that there are
upward propagating gravity waves with positive phase speed 𝑐. These will be very efficiently ab-
sorbed as they approach the critical level, depositing momentum and causing the mean flow to
accelerate. As pictured in Fig. 17.15, this causes the critical level to descend and hence the subse-
quent absorption of gravity waves and acceleration of the zonal flow will be at a lower level. The
wind anomaly thus descends, and so on. A similar effect will still occur even if there is no critical
level, provided there is enough dissipation for the gravity wave to be absorbed somewhere, causing
the mean flow to accelerate. Even if this acceleration is insufficient to induce a critical level, the
difference between the wave speed and the zonal fluid speed will be reduced (i.e., 𝑐−𝑢 diminishes)
and gravity wave absorption is enhanced. Gravity waves are thus absorbed at a lower level than
previously and the anomaly in the zonal wind descends, as before.

Eventually, in the above models, the wind anomaly descends to the level of the gravity wave
source. Depending on the strength of the dissipation one might imagine that dissipative processes
could then wipe out the wind anomaly completely and the whole process would start all over again,
or perhaps a low level westward wind anomaly would persist, so redefining the mean flow. How-
ever, in either case the zonal wind anomaly would not change sign (i.e., become westward), as is
observed in the real qbo. For that to occur we may invoke a second wave in conjunction with an
instability, as we now explain.

A two-wave model
Suppose now there are two upward propagating gravity waves with speeds +𝑐 and −𝑐 (where 𝑐 itself
is positive), each of which will slowly be dissipated as it propagates, with the dissipation enhanced
for smaller values of |𝑢 − 𝑐| or |𝑢 + 𝑐|, respectively. (There will of course be very large dissipation
if there is a true critical level.) Suppose that the mean flow has no shear, then simply by symmetry
that state can persist, with the eastward andwestwardwaves being dissipated equally as they ascend
with no zonal flow generation. However, that symmetric state is unstable; to see this suppose that
there is a small eastward perturbation to the zonal wind, as illustrated in the left panel of Fig. 17.15.
The eastward propagating wave will then be preferentially dissipated, because 𝑢 − 𝑐 is smaller for
it than for the westward wave. The eastward anomaly in the zonal wind will therefore grow and
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Essentials of the QBO

What is the Quasi-Biennial Oscillation?

• Theqbo is a quasi-periodic reversal of the zonal-mean zonal winds between about 20 km
and 45 km altitude and 15° S to 15°N, with an irregular period of about 28 months. It
is the dominant pattern of variability in the equatorial stratosphere and it is the clearest
manifestation of a non-directly forced nearly-periodic phenomenon in the atmosphere.
• The eastward and westward zonal winds appear to propagate downward at about 1 km

per month, reversing at the end of each half cycle.
• The half-amplitude of the zonal wind cycle is about 15ms−1, with the westward winds

being slightly stronger.

What is the mechanism?

• The oscillation is caused by the upward propagation and absorption of Kelvin waves and
Rossby-gravity waves at the equator. If a wave has an eastward phase speed then, on
absorption, it will cause the mean zonal flow to accelerate eastward. Furthermore, the
absorption is strongest near a critical layer, where the mean zonal wind speed equals
the phase speed. An upward propagating Kelvin wave thus causes the mean flow aloft
to accelerate eastward, and then the maximum in eastward winds to move downward
and eventually to be dissipated. An upward propagating Rossby wave then generates a
westward zonal wind anomaly aloft, which similarly propagates down. In this way the
zonal wind oscillates between positive and negative values, as illustrated in Fig. 17.16.
• The waves are generally considered to be primarily excited by moist convection in the

upper tropical troposphere.
• The period is determined by a combination of parameters involving the wave and mean

flow. In the simplest model of two upwardly propagating gravity waves the period is
given by

𝑃 = 𝐴𝑘𝑐
3

𝛼𝑁0𝐹0
(QBO.1)

where 𝐴 is a nondimensional number weakly dependent on viscosity, and the other pa-
rameters, properties of the waves and mean flow, are defined in the text. The period is
not proportional to the period of the waves; rather it is inversely proportional to their
strength, 𝐹0, because stronger waves cause more mean flow acceleration and a faster de-
scent of the pattern.

Why is the phenomenon equatorially confined?

• The mechanism requires there to be upwardly propagating waves with very different
phase speeds in order that the mean flow can oscillate between the two values. In equa-
torial regions such a forcing can be provided by Rossby waves and Kelvin waves.
• In mid-latitudes the tropospheric flow is largely balanced and it is primarily long Rossby

waves that reach the stratosphere with a spectrum of phase speeds. If and when they
break they would provide only a westward acceleration. Furthermore, in mid- and high
latitudes an imposed force tends to induce a mean meridional circulation, not a mean
flow acceleration (Section 17.5).
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Fig. 17.15 Schema of the initial instability leading to the qbo.20 The solid lines show the zonal flow,
the wavy arrows indicate the gravity-wave penetration from below and the double arrows indicate wave-
induced acceleration. Initially, as in the left panel, a small eastward perturbation is added to a stationary
mean flow. The eastward moving wave is preferentially absorbed and the perturbation is amplified and
then descends, with the right panel showing the zonal flow at the successive times indicated, with the
gravitywave penetration illustrated at 𝑡 = 3. After the flowdevelops an eastward component thewestward
wave penetrates higher before being absorbed, inducing a westward flow aloft that then itself descends,
making the eastward anomaly thinner. Subsequent stages and the development of a periodic oscillation
are illustrated in Fig. 17.16.

descend, just as described above. The upward propagation of the eastwardwave is then limited, but
the westward wave is unconstrained so it reaches higher levels before eventually being absorbed,
providing a westward acceleration to the zonal flow, as illustrated in the right panel of Fig. 17.15.

As the the westward anomaly descends it squeezes the eastward anomaly which becomes thin-
ner and thinner. Dissipative processes then become more efficient and can erode the eastward
anomaly completely, with the flowbecoming entirelywestward, as illustrated in panel (b) of Fig. 17.16.
A high level eastward anomaly is then created (panel (c) of Fig. 17.16), descending and squeezing
the westward anomaly, and a mirror image of the first stage takes place. The entire cycle repeats
itself and an oscillation is born, with the period of the oscillation being determined by the strength
of the gravity waves and the rate of dissipation: stronger gravity waves lead to a faster acceleration
of the mean flow and so a greater rate of descent and so a shorter period. Finally, note that the
waves need not have speeds symmetric on either side of zero, +𝑐 and −𝑐. Suppose, for example, the
wave speeds were both positive, 𝑎 and 𝑏 say. The mean flow could accelerate to an average value
of (𝑎 + 𝑏)/2, with the flow then oscillating between 𝑎 and 𝑏 in a fashion similar to the symmetric
case.

17.6.3 A Quantitative Model of the qbo

We now consider the above wave–mean-flow interaction model a little more quantitatively, and
our first goal will be to obtain equations of motion for the interaction. To this end we will param-
eterize the vertical propagation and absorption of gravity waves by simple expressions resulting
from gravity wave theory described in Section 17.2.3. The absorption leads to a zonal flow acceler-
ation, which in turn affects the wave absorption, and so on.

Let us consider a semi-infinite (no top), non-rotating, stratified fluid subject to a standing wave
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Fig. 17.16 Schema of the evolution of the
qbo with gravity-wave forcing from below,
following an initial perturbation illustrated
in Fig. 17.15.21 The solid lines show the mean
flow and thewavy lines indicate the propaga-
tion of gravity waves. Horizontal double ar-
rows indicate wave forcing and single arrows
indicate viscous relaxation.
The panels are at successive times, with the
top four panels showing a half cycle, and pan-
els (d), (e) and (f) aremirror images of (a), (b)
and (c). Wave-induced acceleration of the
mean flow occurs preferentially near critical
levels where 𝑢 = 𝑐.

forcing at the lower boundary. Specifically, the waves are of the form

𝑤 = Re �̃�1(𝑧)ei𝑘(𝑥−𝑐𝑡) + �̃�2(𝑧)ei𝑘(𝑥+𝑐𝑡). (17.58)

The waves have a dispersion relation as discussed in Section 17.2.3, a positive (upward) group
velocity, and we will take �̃�1 = �̃�2. If there is a source of gravity waves such as convection there is
no difficulty in exciting waves with either an eastward or westward phase speed: a Kelvin wave has
a purely eastward phase speed (𝑐𝑝 > 0), a Rossby-gravity wave has a westward phase speed, and
gravity waves completely uninfluenced by rotation can have a phase speed in either direction. The
Kelvin and Rossby-gravity waves, probably the most important waves for the qbo, typically have
zonal wavenumbers 1–4, and so zonal wavelengths greater than 10 000 km, and periods of 3 days
or longer.

As the waves propagate up they are dissipated, primarily by thermal rather than viscous dis-
sipation, and their amplitude diminishes in the vertical and consequently they deposit momen-
tum into the mean flow. From the wkb calculation of Section 17.3.3 the wave momentum flux,
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𝐹𝑘(𝑧) = 𝑢′𝑤′, of a given upward-propagating wave is of the form

𝐹𝑘(𝑧) = 𝐹𝑘(0) exp [−∫
𝑧

0
𝑔𝑘(𝑧′)d𝑧′] , (17.59)

where the subscript 𝑘 indicates the zonal wave number and the attenuation rate, 𝑔𝑘(𝑧), for a given
upward-propagating internal wave is given by

𝑔𝑘(𝑧) =
damping rate

vertical group velocity
= 𝛼
𝑘(𝑢 − 𝑐)2/𝑁

, (17.60)

where 𝑐 is the phase speed of the waves. The mean flow, 𝑢(𝑧, 𝑡), is influenced by many such waves
and so evolves according to

𝜕𝑢
𝜕𝑡
= −∑
𝑘

𝜕𝐹𝑘
𝜕𝑧
+ 𝜈𝜕
2𝑢
𝜕𝑧2
. (17.61)

In writing (17.61) we include a dissipative term but neglect terms representing advection by the
mean flow (such as𝑤𝜕𝑢/𝜕𝑧) and the Coriolis force 𝑓𝑣. Equation (17.61), with (17.59) and (17.60),
is a closed partial differential equation in a single unknown for themeanflow. If the forcing consists
of two waves, one with a phase speed 𝑐 that is positive and one with a negative phase speed, the
model produces behaviour that is quite similar to that of the qbo, as we see shortly.

Direction of influence
Although both the observations and the schematic solutions illustrated in Fig. 17.16 suggest that
influence is somehow propagating downward, this is in fact not the case when the gravity waves
are propagating upward. From (17.59) and (17.61) the wave-driven acceleration of the mean flow,
𝐴𝑤 say, is given by

𝐴𝑤 = −
𝜕𝐹
𝜕𝑧
= +𝐹(0)𝑔(𝑧) exp [∫

𝑧

0
𝑔(𝑧′)d𝑧′] = +𝑔(𝑧)𝐹(𝑧). (17.62)

That is, the acceleration is a function only of the profile of 𝑔 in the region from 0 to 𝑧, that is the
region through which the wave has propagated. Furthermore, attenuation rate 𝑔(𝑧) is itself, from
(17.60), a function only of the local value of 𝑢(𝑧) and not of the derivatives of 𝑢. Thus, the wave
forcing at some level 𝑧 is a function only of the profile of 𝑢(𝑧′) for 𝑧′ < 𝑧 and independent of
the profile at higher altitudes. In other words, and in so far as the diffusivity term in (17.61) is
negligible, there is no downward propagation of influence of the mean flow and the mean flow
evolution is independent of what takes place above. The physical origin of this result is simply that
waves are propagating upward and are absorbed by the mean profile as they ascend. If there were
a source of waves at very high altitude, or if waves were reflected within the fluid (in which case
the first-order wkb approximation is incomplete) then there could be a downward propagation of
influence.

17.6.4 Scaling and Numerical Solutions
Scaling the equations — nondimensionalizing in an intelligent way — not only makes numerical
integration easier but also indicates what the natural height and time scales are for the problem.
Important external parameters that determine the problemare the stratification𝑁 (which has units
of inverse time, 𝑇−1), the damping rate 𝛼 (also units of inverse time) and the strength of the wave
forcing, 𝐹 (units of (𝐿/𝑇)2). A natural horizontal scale is the inverse of the wavenumber 𝑘.

Denoting nondimensional quantities with a hat, let

𝐹 = 𝐹/𝐹0, �̂� = 𝑁/𝑁0, (17.63)
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Fig. 17.17 The evolution of the mean zonal wind at
two different levels in a numerical solution of (17.67).
All the variables are nondimensional, with the only
parameter in the problem being viscosity, and here
𝜈 = 0.15. A small perturbation is added to 𝑢, and
relatively quickly the solution becomes periodic.

where 𝐹0 = 𝐹(0) and𝑁0 is a typical value of𝑁. If𝑁 were uniform then we would simply choose
𝑁0 = 𝑁whence �̂� = 1. To obtain sensible nondimensional quantities we note that the attenuation
rate, 𝑔, has dimensions of inverse height, so using (17.60) we choose a scaling height𝐻 as

𝐻 = 𝑘𝑐
2

𝛼𝑁0
. (17.64)

This might suggest a time scaling of 𝑇 = 𝑘𝑐/𝛼𝑁. However, because we have a forced problem, the
form of (17.61) indicates that we choose

𝑇 = 𝑐𝐻
𝐹0
= 𝑘𝑐

3

𝛼𝑁0𝐹0
, (17.65)

with a velocity scaling of 𝑈 = 𝐹0𝑇/𝐻 = 𝑐 (note that this is not an advective scaling). The non-
dimensional coefficient of viscosity and thermal damping coefficients are then

𝜈 = 𝜈 𝑇
𝐻2
= 𝜈𝛼𝑁0
𝐹0𝑘𝑐
, �̂� = 𝛼𝑇 = 𝑘𝑐

3

𝑁0𝐹0
. (17.66)

The nondimensional equation for the mean flow evolution is then, for a single wave,

𝜕𝑢
𝜕 ̂𝑡
= −𝜕𝐹
𝜕𝑧
+ 𝜈𝜕
2𝑢
𝜕𝑧2
, where 𝐹(𝑧) = exp [−∫

𝑧

0

1
(𝑢 − 1)2

d𝑧′] , (17.67a,b)

with the hats indicating nondimensional quantities. The great simplification that (17.67) offers
over (17.59)–(17.61) is that in (17.67) there are no parameters, save for the viscosity, and so the
time and vertical scales of the problem are laid bare. In particular, if viscosity is small the only
significant timescale in the system is (17.65) and the period of the oscillationmust be proportional
to that, and the vertical scale of the oscillation must be given by (17.64). Evidently the period of
the oscillation is inversely proportion to the strength of the waves, but the vertical extent and the
amplitude of the oscillation are both independent of the wave strength.

A numerical solution

Equation (17.67)may readily be numerically integrated22 and solutions are illustrated in Figs. 17.17,
17.18 and 17.19. The simulations showmany of the qualitative features of the observed qbo, includ-
ing the decay of the pattern with height and its apparent downward propagation. The simulations
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Fig. 17.18 Time height sec-
tion of nondimensional zonal
wind in a numerical solution
of (17.67), showing the last
20 time units of the same in-
tegration as Fig. 17.17. The
zero contour is thicker.
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are dependent on the viscosity 𝜈 in that, if 𝜈 = 0, the jet at the bottom of the domain cannot be
dissipated and the system in fact evolves to a steady state. On the other hand, if the viscosity is large
then the jets become too broad, and the boundary layer near 𝑧 = 0 that is evident in Fig. 17.18 is
thicker. Still, if the viscosity is small but non-zero then over the bulk of the cycle it plays little role
and the oscillation period is only weakly dependent on its value. Thus, for example, in Fig. 17.16
viscosity is needed to wipe out the low level westward jet between panels (d) and (e), but has little
role in the rest of the half cycle and so only a small effect on the period. If viscosity is unimportant
then the only timescale in the problem is that given by (17.65) and the period is proportional to it,
and from numerical integrations we find that it is given by

𝑃 = 𝐴 𝑘𝑐
3

𝛼𝑁0𝐹0
(17.68)

where𝐴 ≈ 8. Note that the period of the qbo is not directly dependent on the period of oscillation
of the waves themselves, but is dependent on their strength.

17.6.5 The Roles of Rossby and Kelvin Waves
The waves that propagate into the stratosphere in equatorial regions are of two main types, Kelvin
waves and Rossby waves. Kelvin waves are a form of gravity wave but have only an eastward phase
propagation, whereas Rossby waves are balanced waves with a westward phase propagation. The
theoretical development paralleling Section 17.6.3 is naturally more complex, in part because the
problem is now, in principle, a three-dimensional one. However, it is much simplified if we con-
sider motions at the equator and if we take note that, in general, the attenuation rate of a wave is
equal to its damping rate divided by its group velocity, as in (17.60). The corresponding attenuation
rates for Kelvin and Rossby waves are then given by

Kelvin wave: 𝑔𝐾(𝑧) =
𝛼

𝑘𝐾(𝑢 − 𝑐𝐾)2/𝑁
, (17.69a)

Rossby wave: 𝑔𝑅(𝑧) =
𝛼

𝑘𝑅(𝑢 − 𝑐𝑅)2/𝑁
( 𝛽
𝑘2𝑅(𝑢 − 𝑐𝑅)

− 1) . (17.69b)

The Kelvin wave attenuation rate is just the same as that for a non-rotating gravity wave, although
the wave speed, 𝑐𝐾, is strictly positive. The Rossby wave attenuation rate (whose derivation re-
quires a little work) involves the equatorial beta parameter and a negative phase speed, 𝑐𝑅. The
full problem is defined by (17.61) and (17.59), now with 𝑔(𝑧) given by (17.69). It is evident that
the problem is no longer east–west symmetric, but the essential structure of the problem remains.
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Fig. 17.19 Profiles of zonal wind
at the times indicated from the nu-
merical solution of (17.67), shown
in Fig. 17.18.

Rossby wave absorption is enhanced near a critical layer where 𝑢 = 𝑐𝑅, and Kelvin wave absorp-
tion still occurs near 𝑢 = 𝑐𝐾, so we expect to see an oscillation contained between these two values.
Further, just as in the gravity wave problem, influence propagates upward with the waves.

The equation set (17.61), (17.59) and (17.69) may be numerically integrated and solutions are
illustrated in Fig. 17.20. It is the factor 𝑔𝑅 that is responsible for the westward acceleration of
the mean flow, for ‘dragging’ 𝑢 toward the value 𝑐𝑅, which is negative. But 𝑔𝑅 is zero when 𝑢 −
𝑐𝑅 = 𝛽/𝑘2𝑅 which, for our numerical simulation, occurs when 𝑢 = 1. Thus, when 𝑢 is close to
its eastward (Kelvin-wave induced) peak the westward acceleration is small. Another source of
east–west asymmetry is the likelihood that Rossby waves and Kelvin waves may have different
amplitudes. If Kelvin waves were stronger, for example, then the eastward acceleration would be
stronger than the westward and that part of the cycle would be faster.

17.6.6 General Discussion

The above sections have described a couple of relatively simple models that seem to capture the
essence of the qbo. The simple model using both Rossby waves and Kelvin waves is not noticeably
more realistic in its predictions; rather, it is attractive because Rossby waves and Kelvin waves
are observed in the equatorial stratosphere and may be more realistic in its assumptions. The
observed east–west asymmetry in the observed qbo is not obviously caused by the differences
betweenRossbywaves andKelvinwaves; other possibilities include the effects of amean circulation
and possible differences in the strength of the eastward and westward forcing.

The model with two non-rotating gravity waves is attractive because it allows a more com-
plete analysis of its properties. In particular, the upward propagation of waves leading to a down-
ward propagation of the zonal wind pattern, and the factors determining the period of the oscil-
lation, are made transparent. The period of the problem is given by (17.68). Using Table 17.1
as a guide, let us take the following dimensional values of the parameters: 𝑘 = 2 × 10−7m−1,
𝛼 = 1 × 10−6 s−1, 𝑐 = 25ms−1,𝑁0 = 2.2 × 10−2 s−1, 𝐹0 = 5 × 1010−3m2 s−2. We obtain a timescale
of 𝑇 = (𝑘𝑐3/𝛼𝑁0𝐹0) ≈ 160days or about 5 months and so, using (17.68), a period of 40 months.
Obviously there is considerable uncertainty in the parameters chosen and it would not be difficult
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Fig. 17.20 Time height sec-
tion of nondimensional zonal
wind in a numerical solution
similar to that of Fig. 17.18,
but now using (17.69) and so
with both Rossby and Kelvin
waves. The zero contour is
thicker.
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to choose a set of parameters giving the observed value of about 26 months — or for that matter,
to choose a set that gave a still longer period.

The vertical scale of the oscillation is given by (17.64) and with the above set of parameters we
obtain 𝐻 = (𝑘𝑐2/𝛼𝑁0) ≈ 6km. From the numerical simulations we see that the vertical penetra-
tion of the phenomena is 2 or 3 times this, so about 15 km. This value again is reasonably close
to the observed value of, from Fig. 17.13, about 20 km, but again we should be wary of too close
an agreement, especially using a one-dimensional quasi-Boussinesq model. It is interesting that
the period and vertical extent of the observed oscillation vary only a little, implying only a little
interannual variability in the forcing strength and other parameters of the problem.

The actual waves themselves are primarily generated by convection in the tropical troposphere,
they then propagate up into the stratosphere. It is difficult to numerically simulate a qbo with an
explicit representation of gravity waves because of the large range of scales involved in the prob-
lem, although three-dimensional simulations with parameterized gravity waves have been quite
successful. Still, a striking demonstration of the mechanism above came from laboratory exper-
iments, using an annulus of stratified water subject to a standing wave forced by a flexible lower
boundary. Given a strong enough forcing an oscillating mean flow was generated whose structure
was found to be in very good agreement with the two-wave theory. Thus, at the very least, the
mechanism does describe a real physical phenomenon.23

There are a great many aspects of the qbo that we have not discussed, including its latitudinal
structure, the effects of a mean circulation, and three-dimensional numerical simulations, and a
few references that may serve as an introduction to these topics are given here.24 The qbo is also
not completely regular, as we see from Fig. 17.13, and one somewhat unusual example occurred
in early in 2016 (Fig. 17.21). The qbo normally shows a fairly steady downward propagation of
the westerly phase, but in January 2016 the westerly winds in the lower stratosphere switched back
to easterlies after only about 6 months, the shortest period of westerlies above 20 km in a record
going back to 1953. This behaviour may have been caused by anomalous horizontal propagation
of Eliassen–Palm fluxes from mid-latitudes because of the absence of a subtropical critical line,
although we cannot be definitive. Still, it is the regularity of the qbo rather than the occasional
anomaly that is most striking.

Finally, to make a personal remark, the qbo is both a curiosity and a triumph. The former
because its relationship to and influence on tropospheric circulation, and the climate and weather
that affect humankind, is not obvious to the casual or even expert observer; it does not have the
impact of an El Niño event or a cold winter, for example. Yet, excepting directly forced oscillations
like the diurnal and seasonal cycle, it is the clearest example of a nearly periodic phenomenon
in the atmosphere and its simple and beautiful explanation must rank as a major achievement in
geophysical fluid dynamics.
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Fig. 17.21 Equatorial zonal
wind, similar to Fig. 17.13, but
now with cycles of the qbo from
2003 to 2016 and showing the
interruption of the eastward
winds below about 25 km in
early 2016.25

17.7 VARIABILITY AND EXTRA-TROPICAL WAVE–MEAN-FLOW INTERACTION

As noted in Section 17.1, the stratosphere has only mild, if any, baroclinic instability and because
of its high stratification the amplitude of a baroclinic mode reaching up from the troposphere
thus tends to decay rapidly in the stratosphere, as in Fig. 9.21. If there were to be a baroclinic
instability confined to the stratosphere it would be at large scales, perhaps at wavenumbers 1, 2 or
3, as opposed to wavenumber 8 or so in the troposphere. But this is not to say there is no variability
in the stratosphere, with the variability arising in two main ways:
(i) From waves propagating up from the troposphere, with the stratospheric variability arising

from the variability of the troposphere.
(ii) From oscillatory or even chaotic flow arising from the interaction, within the stratosphere,

of large-scale planetary waves with themselves and with the mean flow. The forcing may still
come from the troposphere but, even when this is steady, intra-stratospheric interactions
may give rise to unsteadiness.

In either case the variability tends to be relatively slow (compared to the troposphere) and at a large
scale — waves from the troposphere undergo Charney–Drazin filtering and tend to occur at wave-
numbers 1 and 2, and as noted any baroclinic instability is also at large scale. It is therefore useful
to think of the variability as a wave–mean-flow problem rather than as a problem in geostrophic
turbulence.

17.7.1 Upward Propagating Disturbances and Sudden Warmings

Consider planetarywaves that are excited in the troposphere andpropagate upward, as described in
Chapter 16, with this occurring predominantly inwinterwhen the tropospheric forcing is strongest.
The wave activity obeys

𝜕𝒫
𝜕𝑡
+ ∇ ⋅ 𝓕 = 𝐷, (17.70)

where 𝒫 = 𝑞′2/2𝑞𝑦 and ∇ ⋅ 𝓕 = 𝑣′𝑞′. Thus, if dissipation is small and 𝜕𝒫/𝜕𝑡 is positive, 𝑣′𝑞′ is
negative. Now consider the zonal momentum equation in quasi-geostrophic tem form, namely

𝜕𝑢
𝜕𝑡
− 𝑓0𝑣∗ = 𝑣′𝑞′. (17.71)

Rossby waves propagating into the stratosphere or, by the same token, dissipating Rossby waves in
a statistically steady state, thus induce a deceleration (i.e., a westward tendency) of the zonal mean
flow and/or a poleward meridional flow, and only for a very deep forcing is the residual circulation
response negligible. Also, the zonal-wind response to a wave forcing will tend to be of larger scale
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Fig. 17.22 The edge of the stratospheric polar vortex in December 1984. Plotted is the 35 PVU isosurface
of 𝑄∗ = 𝑄(𝜃/𝜃0)−4.5, where 𝑄 is Ertel PV and 𝜃0 = 475K. The vertical coordinate is potential temperature.
Like 𝑄, 𝑄∗ is materially conserved in adiabatic flow, and roughly compensates for the change in density
with height that affects the Ertel PV. The left panel (14 December) shows the vortex in a fairly usual state,
and the right panel (30 December) shows a split vortex following a stratospheric sudden warming.26

Feb 15 1979 Feb 19 1979 Feb 23 1979

Feb 18 1984 Feb 23 1984 Feb 28 1984

Fig. 17.23 Time sequence of two stratosphericwarmings, with the top row showing a displacement of the
initial (blue) polar vortex, and the bottom showing a split, with the dates marked. Contours are anomalous
geopotential height larger (smaller) than 4km (-4km) in red (blue), between 200 and 10 hPa, spaced at 2km
intervals. In both cases the initial polar vortex is cold (blue) with an anomalously warm end state (red).27
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Fig. 17.24 The wave–mean-flow dynamics of a stratospheric warming. (a) Upward propagating Rossby
waves (wavy lines)break in the stratosphere, and the wave activity (dashed line) diminishes. The EP flux
divergence is negative (∇ ⋅ 𝓕 < 0), inducing a westward acceleration (𝜕𝑢/𝜕𝑡 < 0) over a broader region be-
cause of the ellipticity in (17.72). (b) The circulation and temperature response induced. The negative EP
flux divergence is shaded dark, inducing westward acceleration over the broader region (light shading). As-
suming there is no acceleration far away from the wavebreaking, the temperature response can be inferred
from thermal wind, with a warming at the lower poleward end of the breaking and an induced residual
circulation as shown by the arrows.

than the forcing itself, as can be seen from (10.87),

[ 𝜕
2

𝜕𝑦2
+ 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕
𝜕𝑧
)] 𝜕𝑢
𝜕𝑡
= 𝜕
2

𝜕𝑦2
𝑣′𝑞′. (17.72)

The elliptic nature of the operator acting on 𝜕𝑢/𝜕𝑡 produces a response on a larger scale than the
right-hand side.

Suppose, then, that Rossby waves propagate upward from the troposphere and break in the
stratosphere. The mean eastward flow (sometimes called the polar night jet) will be weakened, so
allowing more waves to propagate up, since strong eastward flow inhibits propagation (Fig. 16.6).
If the process continues the winds will eventually reverse, forming a critical layer (as described
in Section 16.6.1) where 𝑢 = 0. This completely inhibits further upward propagation and wave
breaking is intensified, inducing a westward flow at the level to which the propagation reaches.
There is a rapid changeover to westward flow and the critical layer descends. This sequence has
an obvious similarity with the westward acceleration phase of the qbo, but in the extra-tropics
there is no eastward counterpart as there are no Kelvin waves, and thus no oscillation. Rather, the
eastward winds of the polar night jet are gradually restored by radiative effects.

A reduced (or reversed) vertical shear is, by thermal wind, associated with a reduced (or re-
versed) meridional temperature gradient, so that the polar night jet is replaced by a warmer west-
ward flow. Put simply, the deposition of westward wave momentum leads to a warming of the
high-latitude stratosphere. Such an event can at times be strong enough to split asunder the cold
polar vortex, as illustrated in Figs. 17.22 and 17.23, andwhen it does the event is known as a sudden
stratospheric warming.28
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The interaction of the waves and mean-flow is sketched in Fig. 17.24. In the left panel we see a
wave propagating up from the troposphere and breaking, with wave activity then falling. The EP
flux is negative in the breaking region causing a deceleration of the zonal flow over a somewhat
broader region because of the elliptic operator in (17.72). The temperature response, shown in
the right panel, can be inferred from thermal wind balance, noting that above the breaking region
𝜕𝑡(𝜕𝑢/𝜕𝑧) > 0 so that 𝜕𝑡(𝜕𝑇/𝜕𝑦) < 0, and oppositely for below. The direction of the residual
circulation then follows by noting that adiabatic warming (cooling) results from descent (ascent).
The residual circulation may also be inferred from (17.38b) or (17.38c).

Numerical simulations
To illustrate the abovemechanism in amore realistic setting we show some results from a primitive
equation simulation that mimics the broad features of the observations quite well. The advantage
over showing the observations is that a great many events are simulated and full diagnostics can
be obtained.29 To obtain the results, the model (which had a well-resolved stratosphere) was in-
tegrated for many decades, during which time many sudden warmings occurred. Composites of
these events are shown in Fig. 17.25.

The results show an anomalous upward flux of wave activity (EP flux) that, on dissipating in the
stratosphere, induces awestward acceleration of the zonal flow, aweakening of the polar vortex and
a warming of the polar regions, extending equatorward as far as 60°. It seems to be the condition
of the stratosphere in filtering, or not, upward propagating waves that determines whether or not
a warming occurs, rather than anomalous bursts originating in the troposphere. Vortex dynamics
also play a role: a vortex, once formed, is rather stable and has a natural tendency to persist rather
than break up; in two-dimensional turbulence vortices tend to merge and not split. This stability
prevents warmings from occurring too frequently, since the wave activity must be strong enough
to overcome the elastic properties of the vortex edge.

17.7.2 ♦ Wave–Mean-Flow Interaction and Stratospheric Variability
Stratospheric variability need not arise solely from waves propagating up from the tropopause,
andwe can illustrate this with a simple numerical model of wave–mean-flow interaction, similar to
those discussed in Section 10.1.3. Specifically themodel consists of the following quasi-geostrophic
ideal-gas equations.30 The zonally-averaged fields obey

𝜕𝑞
𝜕𝑡
= 𝐹 − 𝜕
𝜕𝑦
𝑣′𝑞′, (17.73a)

where

𝑞(𝑦, 𝑧, 𝑡) − 𝛽𝑦 = [ 1
𝜌𝑅
𝜕
𝜕𝑧
(𝜌𝑅
𝑓20
𝑁2
𝜕𝛹
𝜕𝑧
) + 𝜕
2𝛹
𝜕𝑦2
] , (𝑢, 𝑅

𝐻𝑓0
𝑇) = (−𝜕𝛹

𝜕𝑦
, 𝜕𝛹
𝜕𝑧
) . (17.73b,c)

The eddies obey
𝜕𝑞′
𝜕𝑡
+ 𝑢𝜕𝑞

′

𝜕𝑥
+ 𝑣′ 𝜕𝑞
𝜕𝑦
= 𝐹′, (17.74a)

where

𝑞′(𝑥, 𝑦, 𝑧, 𝑡) = ∇2𝜓′ + 1
𝜌𝑅
𝜕
𝜕𝑧
(𝜌𝑅
𝑓20
𝑁2
𝜕𝜓′
𝜕𝑥
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′

𝜕𝑦
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′

𝜕𝑥
) (17.74b)

and
𝜕𝑞
𝜕𝑦
= 𝛽 − 𝜕

2𝑢
𝜕𝑦2
− 1
𝜌𝑅
𝜕
𝜕𝑧
(𝜌𝑅
𝑓20
𝑁2
𝜕𝑢
𝜕𝑧
) . (17.74c)
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t = +10 dayst = 0 days

t = −10 dayst = −40 days

Fig. 17.25 Theevolution of a stratospheric warming obtainedwith a general circulationmodel, composit-
ing several events together. The top plots show anomalous zonalmean zonal wind, with surface intervals of
2 m/s, with time running from right to left. The bottom plots show time slices of anomalous temperature
in colour contours (interval 1.5 K, red is warm), with times relative to the peak warming. In both plots the
black arrows show anomalous EP flux.
There is a strengthening and slight northward propagation of the polar vortex prior to the onset, and a
strong weakening during and after the onset. At forty days prior to the onset (upper left panel in lower set
of plots), anomalies are very small. Ten days before onset (upper right), warming has appeared in the polar
upper stratosphere, and anomalously strong EP fluxes appear throughout the atmosphere. At the onset
(lower left), the warming and the EP flux anomalies are strongest. Ten days later (lower right), the temper-
ature anomalies are weaker and confined to the lower stratosphere, and the EP fluxes are very weak.31
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Fig. 17.26 Evolution of
the zonal mean zonal wind
in a case with steady wave
forcing with a value of 200
in the top panel and 300 in
the bottom panel. In the
bottom panel the contours
are every 20m s−1, positive
values have lighter shades
and the zero contour is
heavy. T

The notation follows our usual conventions, with 𝜌𝑅(𝑧) being a reference density profile and 𝐹
and 𝐹′ the forcing/dissipation terms for the mean flow and eddies, respectively. It is the domain,
the boundary conditions and forcing that distinguish the model and make it representative of the
stratosphere, as we now discuss.

The model domain is a channel nominally centred at 60° and of width 60°, extending upward
to about 100 km. The forcing on the zonal flow is a relaxation back to a specified radiative equi-
librium temperature field (or equivalently a thermal wind field). In the results shown below this
is independent of time and corresponds to a constant shear of 1ms−1 per kilometre, or a temper-
ature difference of about 15K across the domain, with a relaxation timescale that varies from 20
days at 20 km to 4 days at 50 km. There is also a weak linear drag on the mean flow. The eddies
are forced by imposing a constant perturbation at the lower boundary, with wavenumber 2 in the
simulations shown. There is a radiative damping on the eddies ensuring that the eddies are mostly
damped before reaching the top of the domain. The vertical variations are represented using fi-
nite differencing, whereas in the horizontal both the mean flow and the eddies are expanded in a
Fourier series with only a very small number of terms retained. Thus, we write

[𝑞, 𝛹] = [𝑄0(𝑧, 𝑡), 𝛹0(𝑧, 𝑡)] cos 𝑙𝑦, [𝑞′, 𝜓′] = Re [𝑞0(𝑧, 𝑡), 𝜓0(𝑧, 𝑡)] sin 𝑙𝑦 exp(i𝑘𝑥), (17.75)

and after some manipulation we can obtain evolution equations for 𝑄0 and 𝑞0 with diagnostic
equations for𝛹0 and 𝜓0. The quadratic terms in the equations of motion create higher order terms
that are projected back onto the retained terms. (Aside from the severe horizontal truncation the
numerical method used to find results is not a key aspect of the model.)

Some numerical results and interpretation
Results of two numerical integrations are shown in Fig. 17.26 and Fig. 17.27. In one integration the
geopotential forcing at the lower boundary has an amplitude of 200m, whereas in the other it has
an amplitude of 300m. In the first case the flow evolves into an absolute steady state, whereas in the
second themean flow and the waves oscillate with a period of about 25 days, with themean flow ac-
tually becoming negative over half the cycle. The streamfunction in the unsteady case is tilting into
the mean shear (the right panel of Fig. 17.27), evocative of baroclinic instability. The oscillations
are in some way redolent of stratospheric warmings. The climatological eastward winds transition
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Fig. 17.27 Snapshots of the wave streamfunction in the steady case (forcing of 200) in the left
panel and in the oscillatory case (forcing of 300) in the right panel. Zero contour is heavy.

rather quickly to westward winds (darker shading in Fig. 17.26), with the westward winds then
descending and with a slower recovery back to climatology. There are two points to be made:
(i) Interactions that are internal to the stratosphere can give rise to oscillatory motion.
(ii) The source of energy for the waves may in part arise from a baroclinic instability and in part

from tropospheric forcing.
To summarize, stratospheric warmings are not solely a response to tropospheric forcing; the inter-
nal dynamics of the stratosphere, and stratosphere-troposphere interactions, can also play a role,
albeit a secondary one.

Notes
1 To read more about the middle atmosphere see, for example, the review by Hamilton (1998), the

collection of articles in Journal of the Meteorological Society of Japan, vol. 80, no. 4B, 2002, the book
by Andrews et al. (1987) and the review by Haynes (2005). I am also grateful to Nili Harnik and
Peter Haynes for many comments on this chapter.

2 The calculation is described in Jucker et al. (2013).

3 Upper figure courtesy of J. Wilson of GFDL, using data from Fleming et al. (1988). Lower figure uses
data from the ecmwf era-interim reanalysis.

4 Courtesy of D. Waugh.

5 Courtesy of A. Dörnbrack.

6 Adapted from Eluszkiewicz et al. (1997).

7 Brewer (1949) and Dobson (1956). Brewer deduced upward motion into the stratosphere at low
latitudes based on the water vapour distribution, while Dobson deduced a poleward transport
within the stratosphere based on the ozone distribution — the circulation takes ozone from the
low latitudes toward the poles. Although originally the Brewer–Dobson circulation was taken to
mean the chemical transport circulation, it is now usually taken to mean the residual (i.e., thickness
weighted) overturning circulation. The two may differ if there is a mixing of chemicals without a
mixing of mass, and the chemical transport may differ among chemicals.

8 See also Plumb (2002), which motivated this figure.

9 It turns out that 𝑢′𝑤′ > 0 for upward propagating Rossby waves and thus, if the waves were to be
dissipated, an eastward acceleration would seemingly be implied. In fact it is the form stress that
is the most important aspect of vertical momentum transport in such waves, and when the waves
are dissipated a westward acceleration ensues.
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10 Blanca Ayarzaguena Porras kindly made this figure using an ERA-interim reanalysis.

11 Drawing from Garcia (1987) and Haynes (2005).

12 Adapted from Holton et al. (1995).

13 Values are taken from Wallace (1973), Plumb (1984) and Andrews et al. (1987).

14 The solution with no boundaries is not obvious from the description given here and the reader
should consult the solution given in Haynes et al. (1991), as well as exploring the analogy further.

15 I am grateful to Verena Schenzinger who kindly made this plot using winds from the ERA-interim
reanalysis. See also Gray (2010).

16 A broad overview of qbo is provided by Baldwin et al. (2001), with updates and additions by Gray
(2010), and a more theoretical review is given by Plumb (1984). The term quasi-biennial oscillation
seems to have been coined by Angell & Korshover (1964), although the discovery of the qbo is
generally credited to R. J. Reed and R. A. Ebdon, independently and at about the same time (Ebdon
1960, Veryard & Ebdon 1961, Reed 1960, Reed et al. 1961).

17 Figure adapted from Gray (2010), who used the method of Pascoe et al. (2005).

18 Wallace & Holton (1968), Baldwin et al. (2001).

19 The first theory of the qbo along these lines was put forward by Lindzen & Holton (1968) and
Holton & Lindzen (1972), with clarifications and simplifications by Plumb (1977), and it is these
models that we draw from. Prior to Lindzen & Holton’s work, Booker & Bretherton (1967) had
shown how the momentum deposition by gravity waves can be enhanced near critical lines and
this was a key theoretical advance. A host of papers elaborating on the basic mechanism have
since appeared, discussing such thing as the particular type of gravity waves involved, the role of
the Coriolis force and the meridional confinement of the qbo, the possible influence of the solar
cycle and El Niño, the impact on tracer transport and so on.

20 Adapted from Plumb (1984).

21 Adapted from Plumb (1984).

22 Code is available to the reader.

23 Plumb & McEwan (1978). Regarding atmospheric relevance, and as with some other scientific the-
ories of complex phenomena, it is hard to be absolutely certain that the theory is correct, for the
sceptic can always point to observational disagreements or say that another theory might be the
correct one. Sometimes the analogue of deciphering a complex communication may be apt: if an
encrypted signal is deciphered to reveal ameaningfulmessage, itmay seemperverse to askwhether
the deciphering is unique, and whether some other message might have emerged from a different
decryption.

24 Examples of additional theoretical development are Dunkerton (1982, 1997), Boyd (1978) and
Plumb & Bell (1982). Simulations of a qbo in an atmospheric gcm have been achieved by Taka-
hashi (1996), Hamilton et al. (2001), Scaife et al. (2002), Giorgetta et al. (2002) and others. The
possible effects of the qbo on the extra-tropical circulation are discussed by Holton & Tan (1980,
1982), Jones et al. (1998), Kushner (2010), Labitzke et al. (2006), Randel et al. (1999), Scott & Haynes
(1998), Dunkerton et al. (1988) and others. The anomalous qbo of 2015–2016 is documented by
Newman et al. (2016) and Osprey et al. (2016).

25 This plot was kindly made by Varena Schenzinger using data from the Singapore radiosonde. For a
description of qbo datasets see http://www.geo.fu-berlin.de/en/met/ag/strat/produkte/qbo/.

26 Figure kindly prepared by M. Jucker using ERA-interim reanalysis. See Lait (1994) for a discussion
of the alternative PV.

27 Data from ECMWF ERA-Interim, visualization with the software ‘pv-atmos’, described in Jucker
(2014).

28 The model described here was proposed by Matsuno (1971) and although nonlinear effects (and,
to a lesser degree, non-geostrophic effects) play a quantitative role, Matsuno’s model remains the
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foundation of our understanding. An early review is that of Schoeberl (1978) and there have been
numerous studies since. To name but a few, Dunkerton et al. (1981) and Palmer (1981) explored
the phenomenon from a tem perspective, Limpasuvan et al. (2000) and Charlton & Polvani (2007)
provide a comprehensive view of the observations of warmings using reanalysis datasets, Charlton
et al. (2007) look at various simulations with gcms, and Gray et al. (2001) look at external influences
on the timing of warmings.

29 These simulations were kindly performed by Martin Jucker. See also Jucker et al. (2014) and Jucker
(2016).

30 This model was introduced by Holton & Mass (1976) and the numerical results we show use a code
adapted from one by J. Holton. Plumb (1981), Yoden (1987, 1990) and others have explored the
model further with a view to better understanding the parameters for which steady, oscillatory
or chaotic motion was present. Christiansen (1999, 2000), Scaife & James (2000), Scott & Haynes
(2000), Sjoberg & Birner (2012), Jucker et al. (2014) and others have explored related behaviour
using various types of models and observations, for example with the primitive equations and/or
including eddy-eddy interactions and with different boundary conditions.

31 Figure created using the software ‘pv-atmos’, described in Jucker (2014).





I’m singing in the rain, Just singing in the rain,
What a glorious feelin’, I’m happy again.
I’m laughing at clouds, So dark up above,
The sun’s in my heart, And I’m ready for love .
Lyrics by Arthur Freed, music by Nacio Herb Brown, Singin’ in the Rain, 1929.

CHAPTER 18

Water Vapour and the Tropical
Atmosphere

Water is an ordinary substance with extraordinary effects.Themost obvious is that
oceans themselves are made of water, and if our planet were dry this book would per-
force bemuch shorter (if only). Leaving aside the dynamical effects of the oceans, water

covers over two-thirds of Earth’s surface and because it is warm in some places and cold in others,
and because the atmosphere is in motion, water evaporates into the atmosphere in one place and
condenses from it elsewhere. The condensation leads to rain, one of the most talked-about aspects
of weather and climate. Water also freezes to form ice, so that at any given time water exists on
Earth in all three phases. Radiatively, water vapour is a greenhouse gas, meaning that it absorbs
infrared radiation that might otherwise be lost to space and so maintains the surface of the planet
at a temperature over 20K higher than an equivalent dry planet. Dynamically, the condensation
of water vapour in the atmosphere releases energy, warming the air and tending to make it more
unstable than otherwise and leading to convection. Further, the net transport of water vapour
from low to high latitudes is effectively a meridional transport of energy.

In this chapter we focus on a small number of these issues, mainly on the kinematics and dy-
namics of water vapour itself and on some aspects of the dynamics of the tropical atmosphere,
where the effects of water vapour are most manifest. The tropics would certainly differ from the
mid-latitudes even if the atmospherewere dry— its Coriolis parameter is small among other things
— so our attention there is by no means confined to the effects of water vapour. Nevertheless, trop-
ical convection and the attendant ‘radiative-convective equilibrium’ are greatly influenced by the
presence of water. We begin with a discussion of the thermodynamic properties of water vapour
itself. We then move on to an essentially kinematic description of the factors determining the
large scale distribution of relative humidity, before finally looking at convection and at tropical
dynamics more generally.1

18.1 A MOIST IDEAL GAS
Water is the compound of hydrogen and oxygen with the chemical formula H2O, although in infor-
mal conversation water is often understood to mean only the liquid form of the compound. Water
vapour is a gas made up of molecules of H2O, and ice is the solid form of water. Steam, in common
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parlance, is a mixture of air, water vapour and suspended droplets of water, usually at a very high
temperature. Steam is formed when water vapour at temperatures above boiling point cools under
contact with air and some of the water vapour condenses, forming a fine mist. Cloud and fog are
also mixtures of dry air, water vapour and water droplets, but need not be at high temperature.
Our focus will be on water vapour which, as we will see, can exist over a wide range of temper-
atures; let us first say how we quantify it and how it affects the equation of state. A number of
thermodynamic derivations are also given in Appendix A (page 720). Those derivations are more
systematic but less pedagogical than those below, and may appeal to some.

18.1.1 Ideal Gas Equation of State
The thermal equation of state for an ideal gas is conventionally written in the form

𝑝𝑉 = 𝑁𝑘𝐵𝑇 = 𝑛𝑅∗𝑇, (18.1)

where 𝑁 is the total number of molecules in the volume 𝑉, 𝑛 is the number of moles in that
volume, and 𝑁 = 𝑛𝑁𝐴 where 𝑁𝐴 is Avogadro’s number. A mole is the amount of a substance
that contains the same number of elementary entities, usually atoms or molecules, as there are
atoms in 12 grams of carbon-12, that number being Avogadro’s number (𝑁𝐴 ≈ 6.02 × 1023). Two
moles of a substance contains two times Avogadro’s number of elementary units. The constants
in the above equation are Boltzmann’s constant, 𝑘𝐵, and the universal gas constant, 𝑅∗, where
𝑅∗ ≡ 𝑁𝐴𝑘𝐵 = 8.314 Jmol−1K−1. As noted in Chapter 1, for any particular gas it is convenient to
define the specific gas constant by 𝑅 = 𝑅∗/𝜇 where 𝜇 is the molar mass (mean molecular weight
in kg/mol). For a single component gas we then divide (18.1) by the total mass𝑀 = 𝑛𝜇 to obtain

𝑝 = 𝜌𝑅𝑇. (18.2)

Throughout this chapter we will be concerned only with ‘simple ideal gases’, or ‘perfect gases’, for
which the gas constants at constant composition are, in fact, constant.

For a multi-component ideal gas the partial pressure of each component is independent of the
presence of the other components (because the volume of the molecules is negligible) and so is
equal to the hypothetical pressure of that gas if it alone occupied the volume of the mixture. The
total pressure is therefore the sum of the partial pressures of each gas, a dictum known as Dalton’s
law of partial pressures. The partial pressure of each constituent in a mixture is proportional to the
number of molecules of that constituent, and therefore also proportional to the number of moles.
Because of Dalton’s dictumwe can obtain a simple expression for the equation of state of a mixture,
as follows. Denoting the constituents by subscript 𝑖, the total pressure is given by

𝑝 = ∑
𝑖
𝑝𝑖 = ∑

𝑖

1
𝑉
𝑛𝑖𝑅∗𝑇 = ∑

𝑖
(𝑀
𝑉
) 𝑛𝑖𝜇𝑖
𝑀𝜇𝑖
𝑅∗𝑇. (18.3)

Let us define the effective molar mass, 𝜇𝑒, by

1
𝜇𝑒
= ∑
𝑖

𝑛𝑖𝜇𝑖
𝑀𝜇𝑖
= ∑
𝑖

𝜑𝑖
𝜇𝑖
, (18.4)

where 𝜑𝑖 = (𝑛𝑖𝜇𝑖)/𝑀 is the mass fraction of the i-th constituent. We then have

𝑝 = 𝜌𝑅𝑇, where 𝑅 = 𝑅
∗

𝜇𝑒
= ∑
𝑖
𝜑𝑖𝑅𝑖 , (18.5a,b)

and 𝑅𝑖 = 𝑅∗/𝜇𝑖. The effective gas constant of the mixture is thus the mass-weighted mean of the
specific gas constants of its constituents. Any given gas has a specific gas constant that is inversely
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proportional to its molecular weight. Thus, for a given fluid density and temperature a gas with a
higher molecular weight will exert a lower pressure than one that has a smaller molecular weight,
because it will have fewer molecules per unit mass. Similar expressions apply to the heat capacities
𝑐𝑝 and 𝑐𝑣, so that a heavier gas (higher molecular weight) has a smaller specific heat capacity.

18.1.2 Application to Moist Air

Dry air has virtually constant composition and its mean molar mass is 𝜇𝑑 = 29.0 × 10−3 kgmol−1,
giving𝑅𝑑 = 𝑅∗/𝜇𝑑 = 287 J kg−1K−1. Water vapour has amolarmass of𝜇𝑣 = 18.014×10−3 kgmol−1
giving 𝑅𝑣 = 461.5 J kg−1K−1. The two gas constants are related by

𝑅𝑣
𝑅𝑑
= 𝜇
𝑑

𝜇𝑣
≡ 1
𝜖
≈ 1.608. (18.6)

Now consider a mixture of dry air and water vapour.

Measures of moisture
When mixtures are present we use superscripts 𝑑, 𝑣 and 𝑙 to denote thermodynamic quantities
associated with dry air, water vapour and liquid water. The absolute humidity is the amount of
water vapour per unit volume, with units of kgm-3, or informally gm-3. Themixing ratio,𝑤, is the
ratio of the mass of water vapour,𝑚𝑣, to that of dry air,𝑚𝑑, in some volume of air and is thus

𝑤 ≡ 𝑚
𝑣

𝑚𝑑
= 𝜌
𝑣

𝜌𝑑
. (18.7)

It is a nondimensional measure but it is often expressed in terms of grams per kilogram. In the
atmosphere values range from close to zero to about 20 g kg−1 (2 × 10−2) in the tropics on a humid
day.

The specific humidity, 𝑞, is the ratio of the mass of water vapour to the total mass of air — dry
air plus water vapour — and so is

𝑞 ≡ 𝑚
𝑣

𝑚𝑑 + 𝑚𝑣
= 𝑤
1 + 𝑤

and 𝑤 = 𝑞
1 − 𝑞
. (18.8a,b)

The specific humidity is just the mass concentration of water vapour in air. In most circumstances
in Earth’s atmosphere 𝑚𝑣 ≪ 𝑚𝑑 so that 𝑞 ≈ 𝑤, usually to an accuracy of about one percent. In
most of this chapter we will ignore the differences between 𝑤 and 𝑞, but this is not appropriate for
all planetary atmospheres.

The partial pressure of water vapour in air, 𝑒, is the pressure exerted by water molecules and is
proportional to the number of moles of water vapour in the volume. It is given by

𝑒 = 𝑛
𝑣

𝑛𝑑 + 𝑛𝑣
𝑝 = 𝑚𝑣/𝜇𝑣
𝑚𝑑/𝜇𝑑 + 𝑚𝑣/𝜇𝑣

𝑝, (18.9)

where 𝑛𝑣 and 𝑛𝑑 are the number of moles of water vapour and dry air in the mixture and 𝑝 is the
total pressure. Using (18.7) we can write (18.9) as

𝑒 = 𝑤𝑝
𝑤 + 𝜖

or 𝑤 = 𝜖𝑒
𝑝 − 𝑒
. (18.10)

In terms of 𝑞 instead of 𝑤 these expressions are

𝑒 = 𝑞𝑝
𝑞 + 𝜖(1 − 𝑞)

and 𝑞 = 𝜖𝑒
𝑝 − 𝑒(1 − 𝜖)

, (18.11)
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In Earth’s atmosphere 𝑤 ≪ 1 so that

𝑒 ≈ 𝑤𝑝
𝜖
= 1.61𝑤𝑝 and 𝑞 ≈ 𝑤 ≈ 𝜖 𝑒

𝑝
. (18.12)

If the mixing ratio of water vapour is 10 g kg−1 (a typical tropical value) and 𝑝 = 1000 hPa then
𝑒 ≈ 16 hPa.

The relative humidity, ℋ, is the ratio of the actual vapour pressure to the saturation vapour
pressure, 𝑒𝑠, which is the maximum vapour pressure that can occur at a given temperature before
condensation occurs, as will be discussed in Section 18.1.4. Thus,ℋ = 𝑒/𝑒𝑠 ≈ 𝑞/𝑞𝑠 where 𝑞𝑠 is the
specific humidity at saturation.

18.1.3 Equation of State and Virtual Temperature
Using (18.5b) the effective gas constant of moist air varies with humidity according to

𝑅 = 𝑚
𝑑𝑅𝑑 + 𝑚𝑣𝑅𝑣
𝑚𝑑 + 𝑚𝑣

= (1 − 𝑞)𝑅𝑑 + 𝑞𝑅𝑣 = 𝑅𝑑 [1 + 𝑞 (1
𝜖
− 1)] , (18.13)

with similar expressions for 𝑐𝑝 and 𝑐𝑣. In humid air, with 𝑅𝑑 = 287 J kg−1K−1 and 𝑞 = 0.02 say, we
have 𝑅 = 𝑅𝑑(1 + 0.02 × 0.61) = 290.5 J kg−1K−1,

Theheat capacity ofwater vapour can be estimated from itsmolecular properties. Water vapour
is a triatomic molecule with three translational and three rotational degrees of freedom. If these
were the only degrees of freedom then the internal energy would be given by 𝐼 = 6𝑅𝑣𝑇/2, whence
𝑐𝑣𝑣 ≈ 3𝑅𝑣 = 1384Wm−2 and 𝑐𝑣𝑝 = 𝑅𝑣 + 𝑐𝑣𝑣 = 1846 J kg−1K−1, where 𝑐𝑣𝑣 and 𝑐𝑣𝑝 are the specific
heat capacities for water vapour at constant volume and pressure, respectively. In fact vibrational
degrees of freedom can sometimes be excited and the measured values are a little higher, namely
𝑐𝑣𝑣 = 1397 J kg−1K−1 and 𝑐𝑣𝑝 = 1859 J kg−1K−1 (at 273K, increasing very slightly with temperature).
The heat capacity of moist air is thus slightly higher than that of dry air, but since values of 𝑞 are
small the difference is only about 1%.

The variation of gas constant with humidity can be inconvenient in numerical models. A
workaround is to define a so-called virtual temperature, 𝑇𝑣, which is the temperature that dry air
would need to be in order to have the same density and pressure as moist air. That is, by definition,

𝑝 = 𝜌𝑅𝑇 = 𝜌𝑅𝑑𝑇𝑣, (18.14)

where 𝑅 is given by (18.13). Using (18.13) we obtain

𝑝 = 𝜌𝑅𝑑𝑇𝑣, where 𝑇𝑣 = 𝑇 [1 + 𝑞 (
1
𝜖
− 1)] ≈ 𝑇(1 + 0.61𝑞). (18.15)

The virtual temperature, 𝑇𝑣, increases with specific humidity and if 𝑞 = 20 g kg−1 then 𝑇𝑣 is about
12%, or 3K, larger than the actual temperature. Such a temperature is often used in numerical
models of the atmosphere because it enables various thermodynamic equations to keep their orig-
inal form, with gas constants that actually are constant.

Because the concentration of water vapour in Earth’s atmosphere is so small, the variations of
the heat capacities are small and constant values are often used to calculate quantities such as the
potential temperature and the adiabatic lapse rate. This is not always appropriate, and Appendix
A of this chapter indicates how, in principle, more accurate calculations could be made.

18.1.4 Saturation Vapour Pressure
Vapour pressure is the partial pressure of water vapour in the atmosphere. At any given temper-
ature, there is a maximum value of that vapour pressure beyond which condensation normally
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occurs and this is known as the saturation vapour pressure. Why should this be so, and why don’t
other atmospheric gases, such as oxygen or carbon dioxide, also condense? To understand this, we
have to understand the thermodynamic equilibrium between a liquid and a gas.

Equilibration of the Gibbs function
Consider a system that consists of an enclosed, insulated container partially filled with liquid, and
with vapour above it. The two subsystems can exchange mass and energy, with liquid potentially
evaporating into vapour and vapour condensing into the liquid. Energy is required to evaporate the
liquid into a vapour to overcome the molecular forces in the liquid and this is given by𝑀(ℎ𝑣 − ℎ𝑙),
where𝑀 is the mass that has evaporated, ℎ𝑣 is the specific enthalpy of the vapour and ℎ𝑙 is the
specific enthalpy of the liquid. The enthalpy of vaporization, more commonly called the latent
heat of evaporation, is defined by the difference between the two enthalpies at a temperature 𝑇,
namely,

𝐿(𝑇) ≡ ℎ𝑣 − ℎ𝑙, (18.16)

with 𝐿 having units of J kg−1. It is a function of temperature, because the enthalpies of liquid water
and water vapour are both functions of temperature, and a very weak function of pressure — see
Appendix A for details. For water, 𝐿 diminishes almost linearly by about 10% going from 0°C to
100° C, from 2.5 × 106 to 2.26 × 106 J kg−1.

Now suppose we leave the container alone for a long time so that the liquid and vapour come
into equilibrium at a temperature 𝑇. If a mass𝑀 is to evaporate from liquid into vapour then the
energy required, 𝐸, can be related to the entropy difference between the liquid and vapour phases,

𝐸 = 𝑀𝐿 = 𝑀(ℎ𝑣 − ℎ𝑙) = 𝑀𝑇(𝜂𝑣 − 𝜂𝑙), (18.17)

where 𝜂𝑣 and 𝜂𝑙 are the specific entropies of the vapour and liquid, and the temperature is fixed
because all the energy put into the liquid is used for evaporation. Re-arranging we find

ℎ𝑣 − 𝑇𝜂𝑣 = ℎ𝑙 − 𝑇𝜂𝑙 or g𝑣 = g𝑙, (18.18a,b)

where g𝑙 ≡ ℎ𝑙 − 𝑇𝜂𝑙 and g𝑣 ≡ ℎ𝑣 − 𝑇𝜂𝑣 are the specific Gibbs functions for the liquid and vapour
(Section 1.5.2). That is, the specific Gibbs functions for the liquid and water phases of a substance are
the same at equilibrium. The result follows directly from (18.17): the energy required to evaporate
a mass of liquid, which is equal to the mass times the specific enthalpy difference between the
vapour and the liquid, is also equal to the mass times the specific entropy difference between the
vapour and liquid. The equality is true only at equilibrium, when temperature remains fixed, so
that (18.18b) is an equation, not an identity.

Another way to derive the above result is to begin with the fact that the total Gibbs function,
for the entire system, must remain constant. That is, if𝑀𝑙 and𝑀𝑣 are the masses of liquid and
water, then

𝐺 = 𝑀𝑙g𝑙 +𝑀𝑣g𝑣 (18.19)

and
𝛿𝐺 = 𝑀𝑙 𝛿g𝑙 +𝑀𝑣 𝛿g𝑣 + (g𝑣 − g𝑙)𝛿𝑀 = 0, (18.20)

where 𝛿𝑀 is themass exchanged between liquid and vapour arising from a small fluctuation. Now,
from (1.78) changes in Gibbs functions arise because of changes in temperature and pressure; that
is, in general,

𝛿g = −𝜂 𝛿𝑇 + 𝛼 𝛿𝑝, (18.21)

and given this, (18.20) becomes

𝛿𝐺 = 𝑀𝑙(−𝜂𝑙 𝛿𝑇 + 𝛼𝑙 𝛿𝑝) +𝑀𝑣(−𝜂𝑣 𝛿𝑇 + 𝛼𝑣 𝛿𝑝) + (g𝑣 − g𝑙)𝛿𝑀 = 0, (18.22)
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where 𝛼𝑙 and 𝛼𝑣 are the specific volumes (the inverse density) of the liquid and vapour, respectively.
But the temperature and pressure are fixed, and thus, in order that 𝛿𝐺 = 0 we must have that
g𝑣 = g𝑙. The reason for equality of the two Gibbs functions — as opposed to the equality of some
other thermodynamic potential — stems from the fact that the Gibbs function is the only potential
for which the natural variables are intensive, namely temperature and pressure. The derivation we
have given exploits this directly, for we kept 𝑝 and 𝑇 fixed.

18.1.5 Clausius–Clapeyron Equation
Now suppose that the temperature of the liquid-vapour system changes by an amount 𝛿𝑇, leading
to a change in the vapour pressure and in the specific Gibbs functions for the liquid and water
vapour. Using (18.21) the change in the two Gibbs functions is given by

𝛿g𝑙 = −𝜂𝑙 𝛿𝑇 + 𝛼𝑙 𝛿𝑝, 𝛿g𝑣 = −𝜂𝑣 𝛿𝑇 + 𝛼𝑣 𝛿𝑝, (18.23)

and, since the two changes must be the same, 𝛿g𝑙 = 𝛿g𝑣. Re-arranging (18.23) and taking the limit
of small changes then gives

d𝑝
d𝑇
= 𝜂
𝑙 − 𝜂𝑣
𝛼𝑣 − 𝛼𝑙
. (18.24)

Using (18.16) and (18.17) this equation can be written

d𝑝
d𝑇
= ℎ
𝑙 − ℎ𝑣
𝑇(𝛼𝑣 − 𝛼𝑙)

= 𝐿
𝑇(𝛼𝑣 − 𝛼𝑙)

, (18.25)

where to obtain the rightmost expression we use the definition of 𝐿. The quantity 𝑝 is the vapour
pressure of the vapour above the liquid, which we are denoting 𝑒. Furthermore, it is the saturation
vapour pressure, 𝑒𝑠, because the vapour is in equilibrium with the liquid: if more vapour were
added it would immediately condense. Using this notation, the saturation vapour pressure of a
condensible gas above a liquid is given by

d𝑒𝑠
d𝑇
= 𝐿
𝑇(𝛼𝑣 − 𝛼𝑙)

. (18.26)

This is the Clausius–Clapeyron equation, and it tells us how the pressure of a vapour that is in
thermodynamic equilibrium with an adjacent liquid varies with temperature. If for some reason
the vapour pressure is higher than this value, and if there is an adjacent surface of liquid water,
then the vapour will condense into a liquid — a common manifestation of which is the formation
of clouds and rain. Evidently, since 𝐿 > 0 and 𝛼𝑣 > 𝛼𝑙, the saturation vapour pressure increases
with temperature so that a reduction in temperature can lead to saturation. At the temperature at
which the saturation vapour pressure of a substance equals that of the ambient pressure then any
liquid present will boil. For water at a pressure of 1000 hPa this occurs at about 100° C, with a lower
temperature needed at a lower pressure, which is why it takes longer to properly boil an egg at high
altitude.

The presence of a liquid surface is crucial to the derivation, and it means that the equation only
applies to a condensible. For gases such as carbon dioxide or oxygen at temperatures encountered
on Earth, the saturation vapour pressure is very much higher than the actual pressure at the Earth’s
surface and the gas never condenses; the partial pressure of the gas is then determined by the ideal
gas relation and not by (18.26). On Mars, temperatures are sufficiently low that carbon dioxide
(the main constituent of the Martian atmosphere) is a condensate and as much as 25% of the Mar-
tian atmosphere will condense in winter. On Titan temperatures are even lower and methane is a
condensate, and methane lakes are scattered over the dystopian surface.
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On Earth, the partial pressure of water vapour, however, is constrained by (18.26), meaning
that the partial pressure will often reach the saturated value and the vapour will then normally
condense. Condensation is not, however, guaranteed, and to see this imagine a container that
contains unsaturated water vapour and no liquid water, and suppose its temperature is then low-
ered; the pressure of the vapour will then fall following the ideal gas law. The saturation vapour
pressure falls more quickly than this and so at some temperature the vapour pressure will exceed
the saturation vapour pressure, but the vapour will not automatically condense since there is no
liquid present and (18.26) does not apply. The vapour is then said to be supersaturated. A super-
saturated state is unstable and condensation will eventually occur and liquid water will form, and
subsequent changes in temperature induce pressure changes that satisfy the Clausius–Clapeyron
equation. Supersaturated water vapour is fairly rare in Earth’s atmosphere because there is usually
no shortage of condensation nuclei.

At the other end of the temperature scale, liquid water can exist at temperatures well below
freezing when there is insufficient water for the molecules to become organized into a crystalline
structure, and super-cooled water droplets rather than ice then result — a common situation in
clouds. If the liquid that is present is in the form of small spherical droplets then the saturation
vapour pressure will differ slightly from that when the vapour is over a flat surface, because surface
tension will affect the energy required for a molecule to escape from the droplet and so the latent
heat of vaporization will differ. If the vapour is in contact with ice instead of water then its satura-
tion vapour pressure will differ again, because the specific enthalpy of ice is different from that of
liquid water.

Application to an ideal gas
In a mixture of ideal gases the partial pressure of one gas is unaffected by the presence of the other
gases (because the volume of the gas molecules is assumed to be negligible) and in particular the
saturation vapour pressure for a particular component is independent of the presence of other com-
ponents. We can then, at least approximately, integrate (18.26) to see how the saturation vapour
pressure of a particular component varies with temperature. Let us assume that density of the
vapour is much less than that of the liquid, so that 𝛼𝑣 ≫ 𝛼𝑙. Given that the partial pressure of the
vapour satisfies the ideal gas law, namely 𝑒𝑣𝛼𝑣 = 𝑅𝑣𝑇, where 𝑅𝑣 is the specific gas constant for the
vapour, the Clausius–Clapeyron equation becomes

d𝑒𝑠
d𝑇
= 𝐿𝑒𝑠
𝑅𝑣𝑇2
. (18.27)

This is the form of Clausius–Clapeyron equation that is normally used in atmospheric applications.
If we further assume that 𝐿 is a constant then (18.27) can be integrated to give

𝑒𝑠 = 𝑒0 exp [
𝐿
𝑅𝑣
( 1
𝑇0
− 1
𝑇
)] , (18.28)

where 𝑒0 and 𝑇0 are constants, for example 𝑇0 = 273K and 𝑒0 = 6.12hPa. Equation (18.28) is a
good approximation if the temperature range is not too wide, and as seen in Fig. 18.1 the satura-
tion vapour pressure of water increases approximately exponentially over commonly encountered
terrestrial temperatures. Note that the expression for saturation vapour pressure does not depend
on the presence or otherwise of dry air.

The fact that water vapour content cannot normally exceed the saturation value distinguishes
the distribution of water from other tracers in the atmosphere, even without taking the heating
effects of condensation into account. Note finally that if the atmosphere were motionless it would
everywhere be in thermodynamic equilibrium with the moist surface and the surface layers would
be saturated, and diffusion of water vapour upwards would then saturate the rest of the atmosphere.
Thus, the relative humidity of the atmosphere is determined by its circulation, as we now discuss.
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Fig. 18.1 The saturation vapour pressure of
water vapour, calculated using the analytic for-
mula (18.28), which assumes that 𝐿 is constant
(dashed line), and using a more accurate, semi-
empirical formula (solid line).2 The inset is the
same plot over a smaller range.
The parameters used in the analytic formula are
𝑇0 = 273K, 𝑒0 = 6.12hPa, 𝐿 = 2.44 × 106 J kg-1

and 𝑅𝑣 = 462 J kg-1 K -1.

v
18.2 THE DISTRIBUTION OF RELATIVE HUMIDITY
To a first approximation, the distribution of water in the atmosphere is determined by the distribu-
tion of temperature. This is because of the near-exponential dependence of absolute humidity on
temperature through the Clausius–Clapeyron equation, so that variations of relative humidity of
even an order of magnitude, from 10% to 100% say, are barely noticeable in the specific humidity
distribution, as seen in Fig. 18.2. It is, however, the relative humidity that determines such basic
quantities as rainfall, and its distribution (Fig. 18.3 and Fig. 18.4) shows a quite different picture,
with the following features evident:
• High, near-saturated values close to the ground.
• Low relative humidity in the subtropics at latitudes between 15° to 40° (depending on season)

in both hemispheres.
• High values near the equator extending up to the tropopause.
• Vertically near-uniform values in mid- and high latitudes, increasing with latitude close to

the pole in some cases.
• Very low values over much of the stratosphere.
The gross distribution of zonally-averaged temperature can be understood, at least in a rough

way, using fairly simple arguments. The incoming solar radiation at the top of the atmosphere
would lead, in the absence of atmospheric motion, to a strong meridional radiative equilibrium
temperature gradient, as in Fig. 14.1. The meridional transport of heat by the Hadley Cell and by
mid-latitude baroclinic eddies flattens that temperature gradient, and onemight crudelymodel this
transport as a diffusion. In the vertical heat is transported upwards by convection and baroclinic
eddies, which might be modelled as a relaxation back to some specified neutrally stable profile or
specified isentropic slope. However, arguments of this type cannot capture some basic features of
the relative humidity distribution, and diffusive arguments in particular can be quite misleading.
The effects of advection, either explicitly or as represented by a stochastic process, are crucial, and
in this section we consider advection-diffusion-condensation models of the general form

𝜕𝑞
𝜕𝑡
+ 𝒗 ⋅ ∇𝑞 = ∇ ⋅ 𝜅∇𝑞 − 𝑆, (18.29)

where 𝑞 is the specific humidity, 𝒗 is a specified velocity field, 𝜅 is a diffusion coefficient and 𝑆 is
the condensational sink.4 Condensation in the atmosphere involves complicated microphysical
processes but the basic effect is to remove liquid water once the volume becomes saturated and to
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Fig. 18.2 Zonally-averaged specific humidity distribution (g/kg) in the atmosphere, as retrieved
from a microwave satellite, for boreal summer in 2008 (top) and boreal winter 2008–2009 (bot-
tom).3 Note the logarithmic scale.

largely prevent relative humidity from exceeding 100% (although supersaturation can occur locally
if there are no particulates in the air ontowhich thewater vapourmay condense). A simple analytic
way to represent such a condensation process is to let

𝑆 = {0, 𝑞 ≤ 𝑞𝑠,
(𝑞 − 𝑞𝑠)/𝜏, 𝑞 > 𝑞𝑠,

� (18.30)

where the time 𝜏 is much smaller than any large scale diffusion time, 𝐿2/𝜅, where 𝐿 is a characteris-
tic length. Such a sink effectively prevents 𝑞 from exceeding 𝑞𝑠 except by a tiny amount. In (18.29)
we may consider the advection and diffusion terms as representing larger scale processes and the
sink as representing small-scale microphysical processes. We begin our exploration by omitting
advection, and a summary can be found on page 683.

18.2.1 A Diffusion-Condensation Model
If we omit advection in (18.29) we have a simple diffusion-condensation model

𝜕𝑞
𝜕𝑡
= ∇ ⋅ 𝜅∇𝑞 − 𝑆. (18.31)

Although superficially plausible, such amodel is too-often unable to reproduce locally unsaturated
regions. For simplicity consider the one-dimensional case satisfying

𝜕𝑞
𝜕𝑡
= 𝜅 𝜕
2𝑞
𝜕𝑥2
− 𝑆, (18.32)
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Fig. 18.3 Zonally-averaged relative humidity distribution in the atmosphere (in percent, shading),
and isolines of equivalent potential temperature (contours), inferred from satellite as in Fig. 18.2.
(Equivalent potential temperature is a modification of potential temperature to account for water
vapour, and is a approximately an adiabat; see Section 18.3.2.)

Fig. 18.4 Values of zonally-averaged rela-
tive humidity in boreal winter plotted along
isolines of equivalent potential temperature
(red contours in Fig. 18.3), with values of 𝜃eq
as indicated in the legend.
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Water Vapour Transport and Relative Humidity

• Water vapour in the atmosphere is primarily transported by advection, much of this
on large, near planetary scales but also by convection and smaller scale turbulence.
Specific humidity is materially conserved in the absence of condensation and diffu-
sion.

• If the vapour pressure exceeds the saturated value (as given by the Clausius–
Clapeyron relation) condensation will occur provided condensation nuclei or liquid
water are present. The condensation normally occurs much more quickly than large-
scale advective processes, and this situation is known as the fast condensation limit.

• When dealing with large-scale flows in Earth’s atmosphere the limit is a good approx-
imation. Levels of relative humidity are then determined mainly by advective pro-
cesses rather than themicrophysical details of the condensation process. Specifically,
the relative humidity of a parcel is determined by the temperature at the location of
last saturation, as in (18.35).

• If the advection is not fully resolved— for example if there is some small-scale turbu-
lence in the flow — then introducing some diffusion seems natural, as is commonly
done for tracers, but a large diffusivity can give unrealistic results because of the ir-
reversible nature of condensation. Diffusion is then not a good representation of
small-scale quasi-random flow and is overly prone to produce saturation.

• In Earth’s atmosphere some of the large-scale features of the relative humidity distri-
bution may be explained as follows:
• High levels of relative humidity close to the surface. These are due to transport

from a saturated surface, especially over the ocean and moist ground.
• High levels of relative humidity in the ascending branch of the Hadley Cell.

These are due to upward advection from a nearly saturated surface. The branch
is, however, not saturated on the zonal-average, because of the presence of
smaller scale motion such as downdrafts that unsaturate the air.
• A subtropical minimum of relative humidity. This largely arises because of the

mean descending motion, advecting water vapour into a warmer region and
decreasing its relative humidity.
• Variable relative humidity in mid- and high latitudes, with locally strong gradi-

ents. Chaotic advection by baroclinic eddies takes moisture upwards and pole-
wards into cooler regions where it becomes saturated, but also downwards and
equatorwards so reducing relative humidity.
• Very low levels of relative humidity in the stratosphere. The tropopause is a

cold trap and so relative humidity is very low beyond it. The cold-trap effect
occurs in both advective and diffusive models. In Earth’s atmosphere, the little
water vapour that is in the stratosphere mainly enters advectively through the
tropical tropopause.
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Fig. 18.5 Steady solution of the diffusion-condensation model (18.32) and (18.33), withℋ𝑏 = 0.7
at 𝑥 = 0 and temperature (° C) falling linearly from 𝑥 = 0 as shown. Water vapour falls linearly
away from the boundary at 𝑥 = 0 until it becomes saturated at 𝑥 = 0.23, after which the region is
saturated. Two solutions are plotted, the one with dashed lines showing the solution with twice
the diffusivity as that with solid lines. The two solutions are nearly identical except for the sink
term, the rainfall.

with constant 𝜅. In this model, any interior minimum of 𝑞𝑠 will lead to saturation in that neigh-
bourhood. To see this, note that in any region where moisture is present and that has 𝜕2𝑞/𝜕𝑥2 > 0
and 𝑞 < 𝑞𝑠, there will be a net flux of water vapour into that region. Saturation must eventually
occur, at which point 𝑞 remains very close to the value of 𝑞𝑠. If 𝜕2𝑞𝑠/𝜕𝑥2 > 0 then the diffusive
flux will maintain the saturated state. Given the monotonic dependence of 𝑞𝑠 on temperature this
result means that, in a moist atmosphere in which water vapour is transported diffusively, the
neighbourhood of an interior minimum of temperature will become saturated.

A corollary of this result is that, unless there is a source of moisture at a boundary, a region
with 𝜕2𝑞𝑠/𝜕𝑥2 > 0 everywhere will under many conditions eventually lose nearly all its moisture.
Suppose that 𝜕𝑞/𝜕𝑥 = 0 at 𝑥 = 0 and that 𝑞𝑠 has a maximum at 𝑥 = 0, and that the region
extends to infinity and is initially saturated. (Envision a semi-infinite domain with temperature
decreasing linearly away from a no-flux boundary, and therefore with no source of moisture, at
𝑥 = 0.) Moisture is transported to higher values of 𝑥 where condensation occurs and moisture is
removed. As time progresses the region of saturation moves to higher and higher vales of 𝑥, but
nevertheless water is continuously removed. In a finite domain, with no flux boundary conditions
at either end, a small amount of moisture will remain in the system for all time because a finite
amount of water vapour is needed for condensation to occur.

Now consider the more atmospherically relevant situation with a moisture source at 𝑥 = 0,
with 𝑞𝑠 decreasing monotonically away and with the other boundary either extending to infinity
or being a no-flux boundary at finite 𝑥. Such a situation might represent an atmosphere sitting
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Fig. 18.6 As for Fig. 18.5, but now with ℋ𝑏 = 1 and an interior temperature minimum, a ‘cold
trap’, at 𝑥 = 0.7 (see temperature panel), and water vapour has a log scale. Relative humidity falls
rapidly beyond the cold trap and the rainfall there is zero.

atop a moist surface with temperature decreasing with height. Consider the case

𝑞 = ℋ𝑏𝑞𝑠(𝑇0), 𝑥 = 0,
𝜕𝑞
𝜕𝑥
= 0, 𝑥 = 1,

(18.33)

whereℋ𝑏 is a parameter such that if the boundary is effectively saturated thenℋ𝑏 = 1, andℋ𝑏 < 1
otherwise, andwe suppose that𝑇 decreases between𝑇0 at 𝑥 = 0 and𝑇1 at 𝑥 = 𝑥1. Consider first the
case with𝐻𝑏 = 1. If 𝑇 falls linearly then the value of 𝑞𝑠 falls approximately exponentially between
𝑥 = 0 and 𝑥 = 1, with 𝜕2𝑞𝑠/𝜕𝑥2 > 0, and the steady solution of this problem is that the domain is
saturated everywhere. To see this, suppose that 𝑞 < 𝑞𝑠 is some region so that 𝑆 = 0. Water vapour
will then diffuse into that region until condensation begins, maintaining 𝑞 ≈ 𝑞𝑠 everywhere, with,
if (18.30) applies, 𝑞 in fact exceeding 𝑞𝑠 by a very small amount so that the diffusion into the region
is balanced by condensation. If 𝐻𝑏 < 1 then the region next to the surface will not be saturated
and in steady state the water vapour content will decrease linearly, to satisfy 𝜕2𝑞/𝜕𝑥2 = 0, until at
some value of 𝑥, 𝑥𝑠 say, the atmosphere becomes saturated and remains so for 𝑥 > 𝑥𝑠. The actual
solution is

𝑞(𝑥) = {ℋ𝑏𝑞𝑠(0) + 𝑥𝛥𝑞/𝑥𝑠, 𝑥 < 𝑥𝑠,
𝑞𝑠(𝑥), 𝑥 ≥ 𝑥𝑠,

� (18.34)

where𝛥𝑞 = (𝑞𝑠(𝑥𝑠)−ℋ𝑏𝑞𝑠(0)) and 𝑥𝑠 is such that the flux is continuous there. Amoment’s thought
reveals that 𝑥𝑠 = 𝛥𝑞/(𝜕𝑞𝑠/𝜕𝑥)𝑥=𝑥𝑠 and 𝑥𝑠 = 0 ifℋ𝑏 = 1. It is interesting that the values of water
vapour in the solution (plotted in Fig. 18.5) do not depend upon 𝜅 and only very weakly on 𝜏. In
the fast condensation limit (in which 𝜏 is small compared to the diffusion time) variations of 𝜏
determine only the tiny amount by which 𝑞 exceeds 𝑞𝑠. The amount of condensation is actually
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Fig. 18.7 Annually-averaged relative humidity (in percent) at 925 hPa, about 750 m above sea
level. The contrast over land and ocean is apparent especially in the subtropics. (In regions of high
topography values are interpolated.)

largely determined by the value of 𝜅: large values of 𝜅 lead to a stronger diffusion of water vapour
into dryer regions where it is almost immediately removed by condensation. This result illustrates
the tenet that on large scales precipitation is at leading order determined by the motion of the fluid
(here represented by diffusion), with variations in 𝜏 (crudely representing complex microphysical
processes) being of less import. Microphysical processes are nevertheless important in many ways
— a weather forecast model with poor microphysics would likely have little skill in forecasting the
onset of precipitation, even if the climatology of the model were good.

Although the above model is over-simple in some respects, the dependence of the solution on
ℋ𝑏 does capture the dependence of relative humidity in the lower atmosphere on the nature of the
surface beneath, as seen in Fig. 18.7 showing relative humidity at 925 hPa. Over the desert regions
the relative humidity is unsurprisingly low. Perhaps what is surprising is that the general dryness
of the subtropics cannot be seen over the oceans— the surfacemoisture source simply overwhelms
the drying effects of descending air (discussed more below).

A variation on the above theme introduces a temperatureminimum, or ‘cold trap’, in the interior
of the domain, as at 𝑥 = 0.7 in Fig. 18.6. This configuration is a crude model of the tropopause,
with temperatures increasing in the stratosphere beyond. Water vapour has to pass through the
cold trap and so, since the specific humidity cannot be higher than the saturated value at the cold
trap, the atmosphere will be unsaturated beyond it with relative humidity decreasing rapidly, as is
seen in the real atmosphere in Fig. 18.3.

Although informative, diffusive-condensation models are fundamentally limited in what they
can achieve, because of the deficiencies of diffusion in parameterizing the motion of a tracer in the
presence of condensation. In particular, in the absence of a cold trap, diffusive models are prone
to produce saturation everywhere. If the atmosphere obeyed (18.31) with a saturated surface, then
the atmosphere would become saturated everywhere up to the tropopause, which from Fig. 18.3 is
manifestly not the case. To remedy this we turn our attention to the effects of advection.

18.2.2 Advection-Diffusion-Condensation models
Consider now the effects of advection. Neglecting diffusion, the specific humidity of a parcel is con-
served unless condensation occurs. If amoist parcel travels into a region of decreasing temperature
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Fig. 18.8 Steady-state distributions of relative humidity (filled contours, left) and water vapour
(right) in a single cell as defined by the streamfunction (red contours, clockwise flow. so air rising
at the ‘equator’ at y = 0) in a closed domain. The domain boundary is saturated at the bottom,
and temperature decreases linearly with height. The diffusivity 𝜅 = 0.001 and so the Peclet number,
Pe ≡ 𝑈𝐿/𝜅 ∼ 1000.

0.0 0.5 1.0
y

0.0

0.5

1.0

z

Relative humidity

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.5 1.0
y

0.0

0.5

1.0
Water Vapour

4.4e-03

9.5e-03

2.0e-02

4.4e-02

9.4e-02

2.0e-01

4.3e-01

9.3e-01

2.0e+00

Fig. 18.9 As for Fig. 18.8, but with bigger diffusivity, 𝜅 = 0.1 and Pe ∼ 10. Most of the domain is
now much wetter.

it will eventually become saturated; however, if it passes into a region of increasing temperature
then its relative humidity drops. Consider, for example, a cold trap with a temperature minimum
at 𝑥 = 𝑥ct, as in the previous section. A parcel advected through the trap becomes saturated at 𝑥ct,
beyond which its specific humidity is constant, so that relative humidity is given by

ℋ(𝑥) = 𝑞𝑠(𝑇(𝑥ct))
𝑞𝑠(𝑇(𝑥))

. (18.35)

That is to say, the relative humidity of a parcel is given by the value of the saturated vapour pressure
at the point of last saturation, divided by the saturated vapour pressure at its current location.

Let us see the extent to which a simple advection-diffusion-condensation model can explain
some of the features of the zonally-averaged relative humidity seen in Fig. 18.3. Consider a two-
dimensional model in the 𝑦-𝑧 plane obeying (18.29), with a divergence-free advecting velocity, a
saturated surface at 𝑧 = 0 andnoflux boundary conditions elsewhere. A simplemodel representing
some of the features of the Hadley Cell is that of a single cell in a unit-sized square domain with a
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Relative humidityRelative humidity

Fig. 18.10 Therelative humidity producedusing a stochastic advection-condensationmodelwith
the same imposed temperature, mean streamfunction (red contours) and boundary conditions
as Fig. 18.8 and Fig. 18.9, with a larger stochasticity in the right panel. Specifically, the stochastic
components of the left and right panels correspond to diffusivities of Figs. 18.8 and 18.9 respectively.

streamfunction of the form 𝜓 = sin π𝑦 sin π𝑧. We suppose the lower boundary is saturated, that
there are no-flux boundary conditions on the other boundaries, and that temperature is uniform
in latitude and falls linearly with height from 26° C to -50° C.

Solutions are illustrated in Fig. 18.8 and Fig. 18.9, the latter having diffusivity 𝜅 that is a hundred
times larger. The upward branch in both cases is completely saturated. In the low diffusivity case
the interior of the cell is quite dry, with a relative humidity that drops almost to zero in the centre.
Increasing the diffusivity simply tends to moisten the interior, but does little to reduce the relative
humidity in the upward branch of the cell. However, the upward branch of the real Hadley Cell is
not saturated on the zonal mean (Fig. 18.3). Let us try to remedy this model failing.

Stochastic effects
The upwards branch of the Hadley Cell is not saturated because it is not steady — there is both
ascending and descending motion, with the relative humidity of parcels falling as they descend so
reducing the average value. We can mimic this effect by introducing a stochastic component into
a Lagrangian model and performing ‘Monte Carlo’ simulations.5 The model advects infinitesimal
parcels of water vapour — one million in the simulations shown in Fig. 18.10 — by a prescribed
mean field plus a random component. Whenever the parcels touch the ground they become satu-
rated andwhenever their relative humidity exceeds one condensation occurs. We show results with
two levels of stochastic motion, one comparable to the diffusivity used in Fig. 18.8 and the other
comparable to that of Fig. 18.9, all with the same temperature, boundary condition and mean ve-
locity fields, and the results shown in Fig. 18.10 are coarse-grained time averages. Although the
results withweak stochasticity do resemble thosewith small diffusion (compare the left-hand panel
of Fig. 18.10 with Fig. 18.8), those with large stochasticity have less resemblance to those with large
diffusivity. Most notably, the explicit randomness reduces the relative humidity in the ascending
branch without saturating the interior, a property that diffusion is unable to capture.

Relative humidity in mid-latitudes
The diffusive steady overturning model fails qualitatively when applied to an entire hemisphere,
even with more realistic overturning circulation and temperature fields. To see this we construct
a model in which the overturning streamfunction (representing a residual circulation) resembles
that of the bottom panel of Fig. 15.22, as illustrated (red contours) in Fig. 18.11. To this we add
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Fig. 18.11 Relative humidity (shading) for small diffusivity (left, 𝜅 = 0.001, Pe = 1000) and larger dif-
fusivity (centre, 𝜅 = 0.05, Pe = 20), and a clockwise overturning circulation as contoured. The imposed
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−40° C, and diminishes meridionally at the surface from 26° C at the equator (𝑦 = 0) to -15° C at the pole
(𝑦 = 1).

a temperature distribution that decreases polewards and upwards until it reaches a tropopause
at 𝑧 = 0.8, then increases upwards again in the stratosphere, and we assume that the surface is
saturated. With a small diffusivity (which is more realistic) the lower tropopause dries out too
readily because of the sinking motion, and with larger diffusivity the atmosphere becomes more
saturated but with little of the observed structure. Two features that the model can reproduce are
the dry stratosphere, because of the tropospheric cold trap, and the subtropical minimum, a robust
feature of the downwelling in the Hadley Cell.

The main failings of this model arise from the fact that in mid-latitudes water vapour is not
primarily advected by the overturning circulation, and diffusion is a poor model of the meridional
transport. Rather, moisture is transported from the boundary layer into the free atmosphere by
convection and polewars by larger-scale baroclinic eddies in a quasi-horizontal fashion, roughly
along moist isentropic surfaces. Mid-latitude relative humidity is thus highly variable, as can be
seen in Fig. 18.12, with sharp gradients between high and low values and with variations being
strongly correlated with the parcel trajectory — note for example the swath of high relative humid-
ity just west of the UK associated with moisture moving poleward and to a lower temperature. As
previously note, on the zonal average relative humidity is high in the boundary layer, diminishes as
one moves upwards, then stays roughly constant as one moves polewards along a moist isentrope
before increasing again at very high latitudes (Fig. 18.3 and Fig. 18.4).

We can understand some of these features using a simple advective-diffusive-condensation
model, with the unsteadiness explicitly incorporated into the advection, and with no other stochas-
tic component. Consider (18.29) in two horizontal dimensions in a channel of size (𝐿𝑥, 𝐿𝑦), peri-
odic in 𝑥, with a saturated boundary at𝑦 = 0 and no flux at𝑦 = 𝐿+𝑦, andwith imposedmeridional
temperature gradient (° C) and advecting streamfunction of the forms

𝑇(𝑦) = 20 − 30𝑦/𝐿𝑦, 𝜓(𝑥, 𝑦, 𝑡) = −𝑈𝑦 + 𝛹0 sin(π𝑦/𝐿𝑦) ei(𝑘𝑥−𝜔𝑡). (18.36)

We will choose |𝛹0| = 1, 𝑈 = 10, 𝑘 = 4π/𝐿𝑥, 𝜅 = 0.005 (so Pe ∼ 200 on the domain scale), and a
solution is shown in Fig. 18.13. The details of the solution depend on the parameters chosen, but
there are a couple of quite robust results:

(i) Relative humidity at a point depends on where a parcel has come from, and hence is corre-
lated with the streamlines, and is generally higher for parcels moving to colder regions.

(ii) Relative humidity is close to one (i.e, 100%) next to the saturated boundary, then decreases
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Fig. 18.12 Snapshot of relative humidity at 500 hPa on 9 February, 2015 (shading, in percent),
with red contours of geopotential height, from reanalysis.
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Fig. 18.13 A snapshot of relative humidity (right panel, shading) obtained by a numerical solution
of the advective-diffusive-condensation model (18.29) and (18.36) in the horizontal (𝑥–𝑦) plane.
The contours are the streamfunction. The middle panel is the zonally-averaged relative humidity
and the left panel is the imposed temperature gradient (° C).

to a minimum in the interior, rising again at high latitudes (cf., the observations shown in
Fig. 18.4). The width of the saturated region near the saturated boundary diminishes as the
Peclet number increases, and the mid-domain minimum arises because of the drying effects
of advection, which diminish near either boundary.

There are many limitations to such a model, one being that in reality temperature itself is advected
by the flow and another being that advection is three-dimensional, but exploring these effects is
beyond the scope of our story.6 A summary of relative humidity transport is provided in the box
on page 683, but we now move on to the dynamical effects of water vapour, and in particular
convection.
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Fig. 18.14 Idealization of small-scale con-
vection embedded within a large scale circu-
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face below, and cools by radiation to space
from above. The horizontal temperature
gradient drives a large-scale meridional over-
turning circulation, embedded in which con-
vection forms, especially at the warmer end.

18.3 ATMOSPHERIC CONVECTION
As introduced in Section 2.10, convection occurs when a parcel that is displaced upwards (down-
wards) finds itself lighter (heavier) than its surroundings, and hence becomes subject to a buoyancy
force that amplifies the initial displacement. Convection is particularly prevalent in the tropics for
reasons that are, at lowest order, independent of the presence of water vapour; rather, it is simply
that the surface is warmer there, as sketched in Fig. 18.14. Consider, rather heuristically, a fluid
that is heated by a warm surface from below and cools by radiation from above. If the surface
is warmer at one end, as illustrated, a large-scale circulation will arise, transporting energy from
warmer regions to cooler ones. In the absence of convection, there will be a larger vertical tem-
perature gradient where the surface temperature is warm, and so these regions are more prone to
convection. Having said this, moisture does affect convection in rather profound ways, one being
that moisture is a destabilizing influence, as we now discover.

18.3.1 Generalized Enthalpy and Adiabatic Lapse Rates
A column of air that is convectively stable when dry can be made convectively unstable by the
presence of water vapour, because when water vapour condenses heat is released, warming the
parcel and potentiallymaking itmore buoyant than its surroundings. To explore this we beginwith
a derivation of the conditions under which a moist column of air may be unstable — essentially an
extension of Section 2.10 to include the effects of condensation.

An adiabatic (and convectively neutral) profile is one in which the entropy is constant. Recall-
ing the arguments in Sections 1.6 and 1.10.3, the entropy may be related to the enthalpy by writing
the fundamental relation as

dℎ = 𝑇d𝜂 + 𝛼 d𝑝, (18.37)
andwhere, if the column is hydrostatically balanced,𝛼 d𝑝 = −𝑔 d𝑧. Thus, the condition that d𝜂 = 0
is equivalent to

d(ℎ + 𝑔𝑧) = 0. (18.38)
That is, the dry static stability or generalized enthalpy, ℎ∗ = ℎ + 𝑔𝑧, is constant in an adiabatic,
hydrostatic, profile. The enthalpy of a dry parcel of ideal gas is given by ℎ𝑑 = 𝑐𝑝𝑇 and thus,

ℎ∗ ≡ ℎ𝑑 + 𝑔𝑧 = 𝑐𝑝𝑇 + 𝑔𝑧. (18.39)

Since an adiabatic profile has dℎ∗ = 0 we recover the dry adiabatic lapse rate (Section 2.10.2), to
wit

�𝛤𝑑 = −d𝑇
d𝑧
|
ad
= 𝑔
𝑐𝑝
. (18.40)
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The adiabatic lapse rate for a moist parcel is given using similar reasoning, but we need an
appropriate expression for the enthalpy. A parcel of total mass 𝑀𝑡 composed of dry air, water
vapour and liquid water such that𝑀𝑡 = 𝑀𝑣 +𝑀𝑙 has an enthalpy given by

𝐻 = ℎ𝑑𝑀𝑑 + ℎ𝑣𝑀𝑣 + ℎ𝑙𝑀𝑙, (18.41)

where ℎ denotes specific enthalpy and the superscripts denote dry air, water vapour and liquid
water respectively. Dividing by the total mass, the specific enthalpy of the parcel is thus

ℎ = (1 − 𝑞𝑤)ℎ𝑑 + 𝑞𝑣ℎ𝑣 + 𝑞𝑙ℎ𝑙, (18.42)

where
𝑞𝑤 = 𝑞𝑣 + 𝑞𝑙, 𝑞𝑣 = 𝑀

𝑣

𝑀𝑡
, 𝑞𝑙 = 𝑀

𝑙

𝑀𝑡
. (18.43)

As in (18.16) the latent heat of evaporation is defined to be 𝐿 = ℎ𝑣 − ℎ𝑙 so that (18.42) becomes

ℎ = (1 − 𝑞𝑤)ℎ𝑑 + 𝑞𝑤ℎ𝑙 + 𝐿𝑞𝑣. (18.44)

The generalized enthalpy is equal to this quantity plus a potential 𝜙, and if that potential is equal
to 𝑔𝑧 the quantity is the moist static energy,

ℎ∗𝑚 = (1 − 𝑞𝑤)ℎ𝑑 + 𝑞𝑤ℎ𝑙 + 𝐿𝑞𝑣 + 𝑔𝑧. (18.45)

Since ℎ𝑑 = 𝑐𝑑𝑝𝑇 and ℎ𝑙 = 𝑐𝑙𝑇 (to a very good approximation and where 𝑐𝑙 is the heat capacity of
liquid water) we have

ℎ∗𝑚 = 𝑐𝑑𝑙𝑝 𝑇 + 𝐿𝑞𝑣 + 𝑔𝑧, (18.46)

where 𝑐𝑑𝑙𝑝 = (1 − 𝑞𝑤)𝑐𝑑𝑝 + 𝑞𝑤𝑐𝑙. This quantity varies with liquid water content but in Earth’s at-
mosphere the variation is small and in the derivation below we will take 𝑐𝑑𝑙𝑝 to be a constant and
denote it 𝑐𝑝 (its value is very similar to that of 𝑐𝑑𝑝 ). For adiabatic motion, the moist static energy
is a constant, whether or not water is evaporating or condensing: the latent heat of evaporation or
condensation is merely exchanged with the dry generalized enthalpy.

The saturated adiabatic lapse rate
In a moist atmosphere the moist static energy is conserved as a parcel ascends and dℎ∗𝑚/d𝑧 = 0.
Using (18.46), an ascending parcel then has a lapse rate given by

𝑐𝑝
d𝑇
d𝑧
= −𝐿d𝑞

𝑣

d𝑧
− 𝑔. (18.47)

If the air is moist but not saturated then an ascending parcel will follow the dry adiabatic lapse
rate (because d𝑞𝑣/d𝑧 = 0) but if it is saturated (and 𝑞𝑣 = 𝑞𝑠) then as a parcel ascends it will cool
and some water vapour will condense. Since 𝑞𝑠 ≈ 𝜖𝑒𝑠/𝑝, and so is a function of temperature and
pressure, we have

d𝑞𝑠
d𝑧
= (𝜕𝑞𝑠
𝜕𝑇
)
𝑝

d𝑇
d𝑧
+ (𝜕𝑞𝑠
𝜕𝑝
)
𝑇

d𝑝
d𝑧
= (𝜕𝑞𝑠
𝜕𝑇
)
𝑝

d𝑇
d𝑧
+ (𝑞𝑠
𝑝
)𝜌𝑔, (18.48)

using hydrostasy. Using the Clausius–Clapeyron equation and the ideal gas equation of state gives

d𝑞𝑠
d𝑧
= 𝐿𝑞𝑠
𝑅𝑣𝑇2

d𝑇
d𝑧
+ 𝑔𝑞𝑠
𝑅𝑑𝑇
. (18.49)
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Using (18.47) and (18.49) we obtain an expression for the lapse rate of an adiabatically ascending
saturated parcel,

�𝛤𝑠 = −
d𝑇
d𝑧
|
ad
= 𝑔
𝑐𝑝
1 + 𝐿𝑞𝑠/(𝑅𝑑𝑇)
1 + 𝐿2𝑞𝑠/(𝑐𝑝𝑅𝑣𝑇2)

. (18.50)

The quantity 𝛤𝑠 is the saturated adiabatic lapse rate, plotted in Fig. 18.15. (This quantity is often
called the moist adiabatic lapse rate, but that name is better given to the lapse rate of moist air
that does not condense, and which differs slightly from the dry adiabatic lapse rate. In fact 𝛤𝑠 is
properly a pseudo-adiabatic lapse rate, because liquid water is not accounted for — see Appendix
A.)The lapse rate is a function of temperature and pressure because 𝑞𝑠 = 𝜖𝑒𝑠/𝑝 and 𝑒𝑠 is given by the
solution of the Clausius–Clapeyron equation, (18.28). Values of 𝛤𝑠 are typically around 6Kkm−1
in the lower atmosphere although since d𝑞𝑠/d𝑇 is an increasing function of 𝑇, 𝛤𝑠 decreases with
increasing temperature and can be as low as 3Kkm−1. The second term in the numerator of (18.50)
is usually quite small (around 0.1, although it can become large at very high temperatures) but the
second term in the denominator is positive and order unity. Since 𝑔/𝑐𝑝 is the dry adiabatic lapse
rate, the saturated adiabatic lapse rate is smaller than the dry adiabatic lapse rate, as can be seen
directly from (18.47) since d𝑞𝑣/d𝑧 < 0.

The saturated adiabatic lapse rate determines the stability of a saturated profile. Using parcel
theory, just as in Section 2.10, a profile will be stable or unstable depending on whether the lapse
rate is less than or greater than (18.50); that is

Stability ∶ − 𝜕�̃�
𝜕𝑧
< 𝛤𝑠, Instability ∶ − 𝜕�̃�

𝜕𝑧
> 𝛤𝑠, (18.51a,b)

where �̃� is the environmental temperature. The lapse of the atmosphere rarely exceeds the saturated
adiabatic lapse rate, as was seen in Fig. 15.25. In the tropics and subtropics the lapse is, on average,
very close to the saturated adiabat up to about 300 hPa (about 9 km), whereas in mid-latitudes
it is considerably less, and so more stable, because of the upward transport of heat by baroclinic
eddies. Convection only directly determines the lapse rate over a small fraction of the tropicswhere
convection actually occurs, but nevertheless the average lapse rate is close to moist neutral. This
is because the gravity waves emanating from convective regions adjust the tropics to have weak
horizontal temperature gradient, in a process akin to geostrophic adjustment, hence maintaining
approximately the same vertical profile even away from regions of active convection, as discussed
more in Sections 18.8 and 18.9.



694 Chapter 18. Water Vapour and the Tropical Atmosphere

18.3.2 Equivalent Potential Temperature
In a dry atmosphere adiabatic motion is characterized by the material conservation of potential
temperature, 𝜃, a surrogate for entropy. Thus in adiabatic flow D𝜃/D𝑡 = 0, and the dry adiabatic
lapse rate can be characterized equivalently either as d𝑇/d𝑧 = −𝑔/𝑐𝑝 or d𝜃/d𝑧 = 0. We can
construct a similar quantity for moist air. Suppose that a parcel is lifted, and so cooled, until all its
moisture condenses, and that all the latent heat released goes into heating the parcel. The equivalent
potential temperature, 𝜃eq, is the potential temperature that the parcel then achieves.7 If the parcel
is then moved along a dry adiabat to a reference pressure 𝑝𝑅 (commonly 1000 hPa) the actual
temperature it will then have is 𝜃eq. As a consequence of the near adiabatic nature of the process,
𝜃eq is an approximate measure of the entropy of the parcel, as we will show (see also Appendix A).

We may obtain an approximate analytic expression for 𝜃eq by noting that the first law of ther-
modynamics, đ𝑄 = 𝑇 d𝜂, implies, by definition of potential temperature,

− 𝐿 d𝑞 = 𝑐𝑝𝑇d ln 𝜃, (18.52)

during the condensation process, where d𝑞 is the change inwater vapour content. Integrating gives,
by definition of equivalent potential temperature,

− ∫
0

𝑞

𝐿
𝑐𝑝𝑇

d𝑞 = ∫
𝜃eq

𝜃
d ln 𝜃. (18.53)

Here, 𝑞 is the initial amount of water vapour contained in the parcel and 𝑇 is the temperature
at which condensation occurs. We might imagine lifting a parcel from its initial position to a
temperature 𝑇 at which saturation first occurs. To remove all the water vapour the parcel must be
lifted to great height, because all of the water vapour will only condense if the final temperature
is very low, with condensation occurring continuously and so with varying temperature along the
way. But if we assume that temperature is constant during condensation, and that 𝐿 and 𝑐𝑝 are also
constants, then (18.53) gives

𝜃eq = 𝜃 exp(
𝐿𝑞
𝑐𝑝𝑇
) = 𝑇(𝑝𝑅

𝑝
)
𝑅/𝑐𝑝

exp( 𝐿𝑞
𝑐𝑝𝑇
) . (18.54)

The equivalent potential temperature so defined is approximately conserved during condensation,
the approximation arising going from (18.53) to (18.54). It is a useful expression for diagnostic
purposes and in constructing theories of convection, but it is not accurate enough to use as a
primary prognostic variable in a numerical model that aims to be realistic. In saturated adiabatic
flow a parcel will follow a ‘moist isentrope’ (an isoline of equivalent potential temperature) more
closely than a dry isentrope.

To see that the equivalent potential temperature is an approximate measure of the entropy of a
saturated parcel we begin with the entropy of dry air, which referring to (1.107) is

𝜂𝑑 = 𝑐𝑝 ln 𝜃 = 𝑐𝑝 ln(𝑇/𝑇0) − 𝑅 ln(𝑝/𝑝0), (18.55)

where 𝑇0 and 𝑝0 are constants. If we add to this a contribution from liquid water (see Appendix A
on page 720 for a more complete tratement) then the saturation entropy, 𝜂𝑠, is approximately given
by

𝜂𝑠 ≈ 𝜂𝑑 +
𝐿𝑞𝑠
𝑇
= 𝑐𝑝 ln(𝑇/𝑇0) − 𝑅 ln(𝑝/𝑝0) +

𝐿𝑞𝑠
𝑇
, (18.56)

where 𝑞𝑠 is the saturation specific humidity and final liquid water content. If we now define 𝜃eq by

𝑐𝑝 ln(𝜃eq/𝑇0) ≡ 𝜂𝑠, (18.57)
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Fig. 18.16 Schematic of a conditional instability in an
atmosphere with environmental lapse rate 𝛤𝑒 (dashed
line). A parcel at I is forced to rise, and it does so along
the dry adiabat, 𝛤𝑑, until it is saturated at the lifting
condensation level, lcl. It will then rise along the sat-
urated adiabat, 𝛤𝑠, and after reaching the level of free
convection (LFC) it is convectively unstable. The parcel
continues to rise along the saturated adiabat, without
any external forcing, until it reaches the level of neutral
buoyancy (lnb). Not to scale.

then using (18.56) and (18.57) we recover (18.54) with 𝑞 = 𝑞𝑠— meaning that the logarithm of the
equivalent potential temperature is, approximately, the entropy. To relate this result to the lapse
rate, consider a parcel ascending into a colder region and condensing. The saturationmoist entropy
will stay the same: the last term on the right-hand side of (18.56) will fall, but the ensuing heating
causes the temperature to increase. If we differentiate (18.56) with respect to 𝑧 and set 𝜕𝜂𝑠/𝜕𝑧 = 0
then, using hydrostasy and a little algebra, we recover the saturated adiabatic lapse rate given by
(18.50), which, therefore, has constant 𝜃eq and constant 𝜂𝑠.

18.4 CONVECTION IN A MOIST ATMOSPHERE
Over a wide range of temperatures and pressures the saturated adiabatic lapse rate is considerably
less than the dry lapse rate (Fig. 18.15), and thus amoist atmosphere can be stable to dry convection
but unstable to moist convection. If an environmental profile is unstable then convection ensues,
transporting energy upward, until the atmosphere nearly stabilizes. But if the atmosphere is not
saturated it is the dry adiabatic lapse rate that is the relevant one (or, strictly, the adiabatic lapse rate
of moist, non-condensing air, which is very slightly different). The observed environmental profile
in convecting situations may thus be a combination of the dry adiabatic and saturated adiabatic
profiles. An unsaturated parcel that is unstable by the dry criterion will rise and cool following a
dry adiabat, 𝛤𝑑, until it becomes saturated, above which it will rise following a saturated adiabat, 𝛤𝑠.
The temperature then does not fall as rapidly as the dry case because the latent heat release warms
the parcel as it rises.

These facts give moist convection a particular flavour and lead to the notion of conditional
stability, whereby a parcel is stable to an infinitesimal perturbation but unstable to a finite pertur-
bation. Consider an environment in which the lapse rate lies between the moist and dry rates, as
in Fig. 18.16, and consider a parcel near the surface at position I. Suppose the parcel is adiabatically
lifted (perhaps mechanically) then its temperature profile follows the dry adiabat until it is satu-
rated at, by definition, the lifting condensation level (lcl). However, the parcel is actually negatively
buoyant and so would sink unless the parcel is forced to continue rising, but if it does continue to
rise it will be along a saturated adiabat and eventually, at the level of free convection (lfc) is will
become buoyant and convectively unstable. It will continue to rise until its buoyancy no longer
exceeds that of the environment, at the level of neutral buoyancy, which may well be at or close to
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the tropopause where the temperature starts to increase again. (The height of the tropopause is
not independent of the convection itself, a matter we discuss in Section 18.6.) Evidently, to trigger
such an instability a finite perturbation is needed (for example a large scale flow over a hill forcing
a parcel upwards) and this is known as conditional instability. A parcel that is initially sitting at the
lcl will only be unstable if it is saturated, which is by no means usually the case: the water has to
get there somehow.8

Convection in the atmosphere need not be ‘conditional’, in the sense described above, nor is
the atmosphere necessarily always in a conditionally unstable state. Indeed, on average the trop-
ical atmosphere is closer to a moist profile than a dry profile. It is also important to remember
that convection ultimately arises because the radiative forcing produces a vertical profile that is
convectively unstable, with large-scale horizontal temperature gradients confining the convection
to warmer regions, as in Fig. 18.14.

18.4.1 Energetics of Convection

How much energy is available for a parcel in convection? One way is to calculate the work released
by, or required for, a parcel as it moves through an environment that has a different density. The
upward force per unit mass on a parcel of density 𝜌𝑝 in an environment with density 𝜌𝑒 is just the
familiar buoyancy force,

𝐹𝑏 = 𝑔
𝜌𝑒 − 𝜌𝑝
𝜌𝑝
= 𝑔
𝛼𝑝 − 𝛼𝑒
𝛼𝑒
. (18.58)

Thus, the energy released as a parcel ascends from 𝑧1 to 𝑧2 is

Energy = ∫
𝑧2

𝑧1
𝑔
𝛼𝑝 − 𝛼𝑒
𝛼𝑒

d𝑧 = −∫
𝑝2

𝑝1
(𝛼𝑝 − 𝛼𝑒)d𝑝, (18.59)

if the environment is in hydrostatic balance. If we take the limits of integration to be the level of
free convection and the level on neutral buoyancy, the energy is known as the convective available
potential energy, or cape. Using the ideal gas relation, and assuming that the parcel has the same
pressure as the environment, (18.59) becomes

CAPE = −𝑅∫
LNB

LFC
(𝑇𝑝 − 𝑇𝑒)

d𝑝
𝑝
. (18.60)

If the height axis in Fig. 18.16 were log pressure then the cape would be proportional to the area B.
If the limits were taken from the initial height to the lfc then the integral would be proportional
to the area A and would be negative, and is known as the ‘convective inhibition,’ or cin. That is

CIN = −𝑅∫
LFC

𝑝bot
(𝑇𝑝 − 𝑇𝑒)

d𝑝
𝑝
, (18.61)

where𝑝bot is the pressure at the bottom or in a boundary layer, and cin is the amount of energy that
must be supplied to initiate convection. In some accounts the definition of cape includes the cin,
in which case cape may be negative (but this is unusual). It is often the case that observed profiles
of temperature in the tropics exhibit both cin and cape, and a parcel in the lower atmosphere is
stable and the instability is only conditional. That a finite perturbation may be needed to initiate
convection is a distinguishing feature of moist convection.

Given the initiation of convection, one may envision an unstable parcel of air experiencing a
buoyant force and accelerating though the unstable region, gaining kinetic energy, and this energy
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can be quite significant. Suppose that 𝑇𝑝 − 𝑇𝑒 = 1° C and that the limits of integration are 250 hPa
and 750 hPa. Then we estimate

CAPE ∼ 𝑅(𝑇𝑝 − 𝑇𝑒)
𝛥𝑝
𝑝
= 𝑅 × 1 × 750 − 250

500
= 286 J kg−1. (18.62)

This is actually an underestimate, by a factor of a few, of the value of cape often found in tropical
atmospheres, but nevertheless if we translate it to a vertical velocity using 𝑤 = 2√cape then we
find 𝑤 ≈ 24ms−1! In fact, cape is a significant overestimate of the kinetic energy that is imparted
to a buoyant parcel: a parcel will not keep its identity because of mixing or entrainment with its
surroundings and the environmental profile itself becomes altered, and even if the parcel did keep
its identity it would give up some of its kinetic energy to the environment in pushing it out of the
way. Nevertheless, the estimate gives the sense that atmospheric convection is a vigorous process,
occurring on a fast timescale compared to large-scale dynamics. Let us suppose that the above
estimate is too big by a factor of 10. The time taken for a parcel to travel half the height of the
troposphere in the tropics is then approximately 7500m/2.4ms−1 = 3000 s, or less than one hour.
Thus, the timescales of atmospheric convection are measured in hours, not days.

18.4.2 Effects of Convection
We have seen that, with even small differences in between an environmental profile and a stable
profile, convection will be vigorous and act on rather fast timescales. What will the result of that
convection be? Parcels will ascend until they are no longer unstable, at which point they can mix
irreversibly with their environment, warming the environment aloft. (Indeed the parcels will mix
as they ascend, but they have more time to mix as the ascent slows.) The convection and the
mixingwill proceed until the environmental profile is no longer unstable, a process that, if it occurs
on a very short timescale, is called convective adjustment or, if on a longer timescale, convective
relaxation. One might suppose that the profile to which the environment will adjust will be the
saturated adiabatic or dry adiabatic lapse rates, depending on whether the atmosphere is saturated
or not, although this is something of an oversimplification.9 The convection will also transfer
moisture vertically, and if this transfer causes the profile to become saturated then condensation
and precipitation may occur.

Let us denote the adjusted reference profiles of temperature and specific humidity as 𝑇𝑟(𝑧) and
𝑞𝑟(𝑧) (or equivalents in pressure). If the vertical structure of these profiles is given, the magnitude
of the profile will be determined by the fact that convection will conserve enthalpy. If, for example,
atmosphere is far from saturated then the reference profiles will satisfy

∫
𝑝𝑇

𝑝𝐵
𝑐𝑝(𝑇𝑟 − 𝑇𝑖)d𝑝 = 0 and ∫

𝑝𝑇

𝑝𝐵
(𝑞𝑟 − 𝑞𝑖)d𝑝 = 0, (18.63)

where the subscript 𝑖 denotes the initial environmental profile and 𝑝𝐵 and 𝑝𝑇 denote the levels
at the base and top of the convection. If precipitation does occur then only the total enthalpy is
conserved and we have

∫
𝑝𝑇

𝑝𝐵
(ℎ𝑟 − ℎ𝑖)d𝑝 = 0, (18.64)

where ℎ = 𝑐𝑝𝑇 + 𝐿𝑞 is the (moist) specific enthalpy. One then needs a second constraint to deter-
mine the profiles of 𝑇𝑟 and 𝑞𝑟 separately.

The specification of these profiles, and the levels of the base and the top of the convection, is
not an exact science since the notion of adjustment is an approximation. As a first estimate in a
moist atmosphere one might suppose that 𝑇𝑟 is the dry adiabat below saturation and the saturated
adiabatic lapse rate above, and that the reference profile of 𝑞𝑟 is such that the atmosphere remains
saturated, or nearly so, after adjustment, and that 𝑝𝐵 and 𝑝𝑇 are the levels of free convection and of
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Fig. 18.17 Schematic of convective adjustment in a satu-
rated atmosphere. The initial environment, with profile 𝛤𝑖,
is unstable to moist convection and adjusts to the saturated
adiabatic lapse rate 𝛤𝑠, with the dry adiabat 𝛤𝑑 shown for ref-
erence. The average temperature of the final profile is such
that the enthalpy is conserved, which provides a relationship
between the areas A and B.
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neutral buoyancy, respectively. Application of (18.64) then uniquely determines the final profiles
of temperature and humidity, as schematically illustrated for a saturated atmosphere in Fig. 18.17.
Details apart, two robust, key points should be emphasized:
(i) To a first approximation, convection determines the profiles of temperature and humidity

rather than the actual heating rate or the precipitation. Theheating andprecipitation released
by convection are a function of the environmental profile that in turn is largely determined
by the larger-scale processes, although convection feeds back onto this profile.

(ii) After convection has occurred the local profile is, by construction, stable. However, this
profile is not necessarily in equilibrium with the large-scale motion, or with the radiative
processes that initially gave rise to the unstable profile. This disequilibrium may cause the
profile to evolve further, possibly giving rise to more convection.

The above state of affairs— a putative initial profile set up by radiation and/or large-scale dynamics,
modified quickly by convection, leading to a further slow evolution and convection — is called
quasi-equilibrium.

18.4.3††† Convective Quasi-Equilibrium

Convective quasi-equilibrium is a posited state in which the forcing of a convectively unstable
profile by large-scale dynamics and/or radiation is statistically balanced by convection.10 The large-
scale forcing may change, and the system may evolve, but in quasi-equilibrium the convection is
assumed to occur on a faster timescale than the other processes and the fluid quickly enters into
a statistical equilibrium state. Even as the large-scale evolves, the vertical profile at each step is
largely determined by convection. That such a state exists is an assumption, but in Earth’s tropical
atmosphere it seems a fairly good one when dealing with timescales of longer than a few days,
because convective timescales are relatively short and so convection is able to significantly alter
the stratification. The assumption of quasi-equilibrium is marginally satisfied over the diurnal
cycle.

The most obvious consequence of quasi-equilibrium is that the temperature profile is con-
strained to be close to being neutrally stable, which generally means a saturated-adiabatic profile
except possibly in some regions in the lower atmosphere where the appropriate profile may be dry
adiabatic, and in the boundary layer where properties are well mixed. A second important conse-
quence concerns cape, convective available potential energy. Quasi-equilibrium implies that the
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Convection, Quasi-Equilibrium and Radiative-Convective Equilibrium

• Atmospheric convection ultimately arises because the radiative forcing tends to produce tem-
perature profiles, and hence buoyancy profiles, that are statically unstable. Large-scale advec-
tion, moving cold air over warm air, also leads to convection.

• Convection is most prevalent in the tropics because it is here that the surface is warmest, and
the radiative-equilibrium lapse rate would be most unstable (Section 18.5). This would be
true even in the absence of moisture, but moisture is most important in the tropics because
it is warmest, and because water is imported via the Hadley Cell.

• The presence of moisture may cause the critical lapse rate for convection to be lower than
that for dry air, because of the release of heat when water vapour condenses. The effect only
arises if a parcel is saturated. Thus, a column of air may be conditionally unstable if it requires
a finite perturbation to raise a parcel to a level where it saturates (Fig. 18.16).

• Atmospheric convection tends to occur onmuch faster timescales than those associated with
the large-scale circulation. Once convection occurs the lapse rate is closely constrained to the
critical lapse rate in the regions of convection.

• In a process analogous to geostrophic adjustment, internal waves propagating away from
convection maintain weak horizontal temperature gradients and ensure that the lapse rate
does not deviate too far from saturated adiabatic anywhere in the tropics (Fig. 15.25). In
mid-latitudes, in contrast, energy is also transported upward by large-scale baroclinic eddies
and the lapse rate is lower (more stable).

• When the large-scale dynamical or radiative forcing changes, the convective flux changes to
constrain the lapse rate, and the production of cape by the large scale is approximately bal-
anced by the relaxation of cape by convection. This state of affairs is called quasi-equilibrium,
and its occurrence is really a hypothesis that appears to be fairly well-satisfied, if the larger
timescales are sufficiently long, in Earth’s tropical atmosphere.

• Quasi-equilibrium, if and where closely satisfied, leads to considerable simplifications re-
garding the dynamics of large-scale flow for it de-emphasizes the need to explicitly calculate
vertical energy fluxes because the lapse rate is constrained. Equations resembling the shallow-
water equations, with a small number of verticalmodes, then become a decent approximation
for large-scale baroclinic flow, with diabatic effects forcing the first baroclinic mode.

• A radiative-convective equilibrium state arises when the radiative-equilibrium state is con-
vectively unstable. Convection then balances the radiative forcing, producing at first approx-
imation a convectively active state up to some finite height, with a radiative equilibrium state
beyond (Fig. 18.18).

• The height to which the constrained lapse rate extends is determined by the need to main-
tain an overall radiative balance — the incoming solar radiation must equal the outgoing
infrared radiation — and this is the leading-order determinant of the tropopause height
(Section 18.6.2). A similar calculation could be applied in mid-latitudes, with a lapse rate
determined as much or more by baroclinic instability as by convection.

• Quasi-equilibrium is a useful idealizationwhen convection occurs quickly and efficiently, but
it does notmean that the large scale always controls the convection. There aremany situations
when there is no causal separation between convection and the large scale — indeed the
convection may create its own large scale flow, the mjo being one example.
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cape is released by convection at about the same rate as it is generated by the forcing. Thus, at the
same time as radiative forcing may be creating an unstable profile with a finite amount of cape,
convection is destroying that potential energy, largely by converting it to kinetic energy where it is
dissipated. The amount of cape in a profile may (and does) vary on slow timescales, the variation
being produced by theweak imbalance between production and destruction; observations indicate
it can vary by a factor of a few over the course of many days, and the environmental profile may
also depart from the saturated adiabat away from convectively active regions. However, it turns
out that the average stratification over the tropics will not deviate too much from moist neutral
because internal waves extend the moist-neutral profile in the convective regions to the cloud-free
regions, and horizontal pressure and temperature gradients are constrained to be relatively small.
This ‘weak temperature gradient’ effect is described in Section 18.8.

Finally, albeit a little less tangibly, quasi-equilibrium gives rise to a point of view of tropical
dynamics, that convection does not act as a primary determinant of the heat source for the large-
scale circulation. Rather, convection controls the temperature and water vapour profiles, with the
heating associated with the convection being determined by the requirement that such a profile be
maintained, and thus ultimately arising from the larger scale forcing. (This process is analogous
to the production of condensation in the fast-condensation models of Section 18.2, in which the
condensation criteria determine the profile of water vapour but not the amount of condensation.)
The resulting environmental profile then lies on the edge of stability, with a non-zero cape because
of the finite time-scale and finite efficiency of convection andwith the intensity of convection being
just what is required to maintain that profile. The value of cape then evolves slowly, compared to
convective timescales, if and as external factors change.

Having said this, quasi-equilibrium should not be thought of as being exact or even especially
profound — it is a way to gain an understanding of the structure of the tropics but is not a univer-
sal recipe. There are many situations — the diurnal cycle, aspects of boundary layer development,
weak convection — in which the quasi-equilibrium assumptions do not hold. Furthermore, the
recipemaymislead ifmisapplied: evenwhen quasi-equilibriumholds in so far as the buoyancy pro-
file is constrained to be moist neutral, it should not be thought that convection and the associated
condensation is always a quasi-passive process. That is, the scale separation between convective
events and the large-scale does not mean that the large-scale always ‘controls’ the convection and
the convection merely ‘feeds back’ on the large scale. For example, a localised source of convec-
tion near the equatormay itself create a large-scale flow pattern similar to that of theMatsuno–Gill
problem (Section 8.5), and this effect may be at the heart of theMadden–Julian oscillation (Section
18.10). Here one might say the convection controls the large-scale and the large-scale feeds back
on the convection! Also, in themoist model of the Hadley Cell (Section 14.2.7) the release of latent
heat in the upward branch serves to change the horizontal distribution of heating and greatly in-
tensify the overturning circulation. The convection should not be thought of as the primary driver
of the Hadley Cell, but it has a lowest-order effect.

Caveats aside, quasi-equilibrium is a very useful concept and in following sections we look at
two particularly important consequences. First (albeit after an introduction to radiative equilib-
rium) we discuss radiative-convective equilibrium, and we then use quasi- equilibrium to simplify
the equations of motion for the larger-scale circulation.

18.5 RADIATIVE EQUILIBRIUM
In order to understand the effects of convection we must first determine what the profile of tem-
perature would be in its absence — the radiative-equilibrium state. The electromagnetic radiation
in the Earth’s atmosphere may usefully be divided into two types, solar (or shortwave) radiation
and infrared (or longwave) radiation. We will assume the atmosphere is semi-grey (i.e., grey in the
infrared) and, in some instances, transparent to solar radiation. Neither assumption is quantita-
tively good, but they capture the essence. In Appendix B to this chapter we show that the upward,
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𝑈, and downward,𝐷, streams of longwave radiation then satisfy the radiative-transfer equations,

d𝐷𝐿
d𝜏
= 𝐵 − 𝐷𝐿,

d𝑈𝐿
d𝜏
= 𝑈𝐿 − 𝐵. (18.65a,b)

Here, 𝐵 = 𝜎𝑇4 is the radiative flux emitted by a black body, 𝜏 is the optical depth and 𝜎 is Stefan’s
constant. The optical depth is related to the geometric height 𝑧 by d𝜏 = −𝑒𝐿 d𝑧 where 𝑒𝐿 is the
longwave emissivity. The net flux of longwave radiation is𝑁𝐿 = 𝑈𝐿 −𝐷𝐿 and the longwave heating
is proportional to the net flux divergence, −𝜕𝑁𝐿/𝜕𝑧.

18.5.1 Solutions
Formal solution to radiative transfer equations
If the temperature profile is known then 𝐵 is known and (18.65) is a pair of first order differential
equations in the two unknowns 𝑈 and 𝐷. The solution requires two boundary conditions and in
atmospheric problems thesemight be provided at the top of the atmosphere, for example by requir-
ing that the downward infrared radiation be zero (i.e., 𝐷𝐿(𝜏 = 0)), and by specifying the upward
radiation (i.e., let 𝑈𝐿(𝜏 = 0) = 𝑈0 where 𝑈0 is given). Alternatively, the upward radiation at the
bottom of the atmosphere could be specified if the ground temperature were known. The solution
in physical space is found by specifying the form of 𝜏(𝑧); that is, by specifying the emissivity. To
obtain the solution we multiply (18.65) by the integrating factors exp(𝜏) and exp(−𝜏) to give

d
d𝜏
(𝐷𝐿e𝜏) = 𝐵e𝜏,

d
d𝜏
(𝑈𝐿e−𝜏) = −𝐵e−𝜏. (18.66a,b)

Integrating between 0 and 𝜏′ straightforwardly gives

𝐷𝐿(𝜏′) = e−𝜏′ [𝐷𝐿(0) − ∫
𝜏′

0
𝐵(𝜏)e𝜏 d𝜏] , 𝑈𝐿(0) = 𝑈𝐿(𝜏′)e−𝜏

′ + ∫
𝜏′

0
𝐵(𝜏)e−𝜏 d𝜏. (18.67a,b)

There are other ways to write the solutions that may be appropriate depending on the boundary
conditions, but in any case the solutions are in general non-local, for they depend on the tempera-
ture along the path. The terms in (18.67) represent the attenuation of radiation as it travels along
its path, as well as the cumulative emission. However, in some important special cases we can get
a local solution, as we now see.

Radiative equilibrium solution
A radiative equilibrium state has, by definition, no radiative heating. If the atmosphere is trans-
parent to solar radiation then the condition implies that the vertical divergence of the longwave
radiation is zero:

𝜕(𝑈𝐿 − 𝐷𝐿)
𝜕𝑧
= 0 implying 𝜕(𝑈𝐿 − 𝐷𝐿)

𝜕𝜏
= 0. (18.68a,b)

This condition is normally not satisfied in the atmosphere because the air is in motion. If it were
satisfied then (18.65) and (18.68b) form three equations in three unknowns, 𝑈𝐿, 𝐷𝐿, and 𝐵, and a
solution can be found as follows.

Consider an atmosphere with net incoming solar radiation 𝑆net and suppose the planet is in
radiative equilibrium with the incoming solar radiation balanced by outgoing infrared radiation.
That is, 𝑈𝐿𝑡 ≡ 𝑈𝐿(𝜏 = 0) = 𝑆net where 𝑈𝐿𝑡 is the net outgoing longwave radiation (OLR) at the top
of the atmosphere. The downward infrared radiation at the top of the atmosphere is zero, so that
the boundary conditions on the radiative transfer equations at the top of the atmosphere are

𝐷𝐿 = 0, 𝑈𝐿 = 𝑈𝐿𝑡 at 𝜏 = 0. (18.69)
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Fig. 18.18 Radiative equilibrium temperature calculated using (18.73), with𝐻𝑎 = 2 km. Left: out-
going IR (and incoming solar) radiation is 240 W m–2 and surface optical depth varies from 0 to 6.
Right: the optical depth is 3.0 and outgoing IR radiation varies from 50 to 450 W m–2.

To obtain a solution we rewrite (18.65) as
𝜕
𝜕𝜏
(𝑈𝐿 − 𝐷𝐿) = 𝑈𝐿 + 𝐷𝐿 − 2𝐵,

𝜕
𝜕𝜏
(𝑈𝐿 + 𝐷𝐿) = 𝑈𝐿 − 𝐷𝐿. (18.70a,b)

and a little algebra reveals that a solution of these equations that satisfies (18.68b) is

𝐷𝐿 =
𝜏
2
𝑈𝐿𝑡, 𝑈𝐿 = (1 +

𝜏
2
)𝑈𝐿𝑡, 𝐵 = (

1 + 𝜏
2
)𝑈𝐿𝑡, (18.71a,b,c)

as can be easily verified by substitution back into the equations.
It remains to explicitly relate 𝜏 to 𝑧, and one approximate recipe is to suppose that 𝜏 has an

exponential profile,
𝜏(𝑧) = 𝜏0 exp(−𝑧/𝐻𝑎), (18.72)

where 𝜏0 is the optical depth at 𝑧 = 0 and 𝐻𝑎 is the scale height of the absorber. In the Earth’s
atmosphere the optical depth is determined by the concentrations of water vapour (primarily) and
carbon dioxide (secondarily) and 𝜏0 (the scaled optical depth) typically varies between 2 and 4,
depending on the water vapour content of the atmosphere, and 𝐻𝑎 ≈ 2km, this being a typical
scale height for water vapour. From (18.71c) the temperature then varies as

𝑇4 = 𝑈𝐿𝑡 (
1 + 𝜏0𝑒−𝑧/𝐻𝑎
2𝜎
) , (18.73)

which is illustrated in Fig. 18.18. The following aspects of the solution deserve mention:
(i) Temperature increases rapidly with height near the ground.
(ii) The upper atmosphere, where 𝜏 is small, is nearly isothermal.
(iii) The temperature at the top of the atmosphere, 𝑇𝑡 is given by

𝜎𝑇4𝑡 =
𝑈𝐿𝑡
2
. (18.74)

Thus, if we define the emitting temperature,𝑇𝑒, to be such that𝜎𝑇4𝑒 = 𝑈𝐿𝑡, then𝑇𝑡 = 𝑇𝑒/21/4 <
𝑇𝑒; that is, the temperature at the top of the atmosphere is lower than the emitting tempera-
ture.
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(iv) Related to the previous point, 𝐵𝑡/𝑈𝐿𝑡 = 1/2. That is, the upwards long wave flux at the top of
the atmosphere is twice that which would arise if there were a black surface at a temperature
𝑇𝑡. The reason is that there is radiation coming from all heights in the atmosphere.

Interestingly, in obtaining a solution we have not imposed a boundary condition at the ground —
in fact there is no ground at all in this problem! What happens if we add one? That is, suppose
that we declare that there is a black surface at some height, say 𝑧 = 0, and we require that the
atmosphere remain in radiative equilibrium with the same temperature profile. What temperature
does the ground take? From (18.71) the upward irradiance and temperature at any height 𝑧 are
related by

𝑈𝐿(𝑧) = (
2 + 𝜏(𝑧)
1 + 𝜏(𝑧)

) 𝜎𝑇4(𝑧). (18.75)

At 𝑧 = 0 the ground will have to supply upwards radiation equal to that given by (18.75), and
therefore its temperature, 𝑇𝑔 is given by

𝜎𝑇4𝑔 = (
2 + 𝜏0
1 + 𝜏0
)𝜎𝑇4𝑠 , (18.76)

where 𝑇𝑠 is the temperature of the fluid adjacent to the ground (the ‘surface temperature’). That
is, 𝑇𝑔 > 𝑇𝑠 and there is a temperature discontinuity at the ground, especially if optical depth is
small. In fact, in very still and clear conditions a very rapid change of temperature near the ground
can sometimes be observed, but usually the presence of conduction and convection, as we discuss
below, ensures that 𝑇𝑔 and 𝑇𝑠 are equal.

We note that in the limit in which 𝜏 = 0 in the upper atmosphere we have

𝐷𝐿 = 0, 𝑈𝐿 = 𝑈𝐿𝑡, 𝐵 =
𝑈𝐿𝑡
2
. (18.77)

That is, the upper atmosphere is isothermal, there is no downwelling irradiance and the upward
flux is constant. The upper-atmosphere temperature, 𝑇𝑢𝑎 say, and the emitting temperature are
related by 𝑇𝑢𝑎 = 𝑇𝑒/21/4.

The above results imply that at a given optical depth, the temperature difference between the
surface and the ground increases with temperature. From (18.73) we have that

𝑇4𝑡 =
𝑈𝐿𝑡
2𝜎
, 𝑇4𝑠 =

𝑈𝐿𝑡(1 + 𝜏0)
2𝜎
, (18.78)

whence
𝑇4𝑠 − 𝑇4𝑡 = 𝑇4𝑡 𝜏0 or 𝛥𝑇 ≈ 𝜏0

4
𝑇𝑡 , (18.79)

where 𝛥𝑇 = 𝑇𝑠 − 𝑇𝑡 and we assume 𝛥𝑇 ≪ 𝑇𝑠, 𝑇𝑡. Thus, in the absence of other effects, higher
temperatures lead to larger average lapse rates, and so are potentiallymore conducive to convection.

18.6 RADIATIVE-CONVECTIVE EQUILIBRIUM

In the radiative equilibrium solution the temperature gradient near the ground varies so rapidly
that −𝜕𝑇/𝜕𝑧 may exceed even the dry adiabatic lapse rate. If so, the radiative equilibrium solution
is convectively unstable and convection will be triggered and energy (and moisture) will be redis-
tributed throughout the column. What is the resulting temperature profile? The answer is given
in Fig. 18.19, which we now explain.
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Fig. 18.19 Radiative and radiative-convective
equilibrium profiles. The initial radiative equilib-
rium temperature adjusts to a specified profile
(in this instance a constant lapse rate) that
extends to a finite height, beyond which radiative
equilibrium holds. This height (the tropopause)
is determined by the requirement of radiative
balance, and the overall adjustment process is
not adiabatic. The curves are results of numerical
calculations with 𝜏0 = 6, 𝛤 = 6.5 K km –1 and
outgoing radiation of 240 W m–2 (see Section
18.6.2).
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18.6.1 ♦ The General Case
We first approach the problem without making any simplifying quasi-equilibrium assumptions,
supposing only that we have a balance between longwave and solar radiation and the effects of
convection. Let us assume that upward and downward shortwave fluxes,𝑈𝑆 and𝐷𝑆, obey the two-
stream radiative equations with no thermal emission and no scattering, known as the Schwarzchild
equations, namely

d𝐷𝑆
d𝜏𝑆
= −𝐷𝑆,

d𝑈𝑆
d𝜏𝑆
= 𝑈𝑆. (18.80a,b)

Here, 𝜏𝑆 is the shortwave optical depth, which is related to the physical height by d𝜏𝑆 = −𝑒𝑆 d𝑧,
where 𝑒𝑆 is the shortwave emissivity. and we can then write the radiative equations as

d𝐷𝑆
d𝜏𝐿
= −𝑒𝑆
𝑒𝐿
𝐷𝑆,

d𝑈𝑆
d𝜏
= 𝑒𝑆
𝑒𝐿
𝑈𝑆. (18.81a,b)

The solar heating is proportional to the convergence of the net solar fluxes, −𝜕𝑁𝑆/𝜕𝑧 where𝑁𝑆 =
𝑈𝑆 − 𝐷𝑆. The convection also provides a local heating, and this is proportional to the convergence
of the upwards enthalpy flux. Thus, in a steady state,

𝜕
𝜕𝑧
(𝑁𝑆 + 𝑁𝐿 +ℋ) = 0 implying 𝜕

𝜕𝜏
(𝑁𝑆 + 𝑁𝐿 +ℋ) = 0, (18.82a,b)

whereℋ is the enthalpy flux. Using (18.70a) we write (18.82b) as

𝑈𝐿 + 𝐷𝐿 − 2𝐵 +
1
𝑒𝐿
𝑄𝑆 +
𝜕ℋ
𝜕𝜏
= 0, (18.83)

where 𝑄𝑆 is the solar heating given by 𝑄𝑆 = −𝜕𝑁𝑆/𝜕𝑧 = 𝑒−1𝐿 𝜕𝑁𝑆/𝜕𝜏. If we had a theory for the
enthalpy fluxes,ℋ, then (18.83), in conjunction with the Schwarzchild equations and knowledge
of the solar radiation and atmospheric emissivity, would determine the temperature profile with
height. We have no such theory, but we can still make progress.

Effects of solar fluxes
Suppose first (and taking a diversion from convection) that the enthalpy fluxes are zero, much as
in the stratosphere. We then have a radiative equilibrium profile that satisfies

𝜕
𝜕𝑧
(𝑁𝐿 + 𝑁𝑆) = 0, (18.84)
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Fig. 18.20 Effects of a band of solar radia-
tion absorption. Shading marks the absorb-
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implying
𝜕𝑁𝐿
𝜕𝑧
= 𝑄𝑆 or 𝜕𝑁𝐿

𝜕𝜏
= −𝑄𝑆
𝑒𝐿
. (18.85a,b)

If we differentiate (18.85b) with respect to 𝜏 and use (18.70a,b) we obtain

2𝜕𝐵
𝜕𝜏
= 𝑁𝐿 +

𝜕
𝜕𝜏
(𝑄𝑆
𝑒𝐿
) or 8𝜎𝑇3 𝜕𝑇

𝜕𝑧
= −𝑒𝐿𝑁𝐿 +

𝜕
𝜕𝑧
(𝑄𝑆
𝑒𝐿
) . (18.86a,b)

The middle of the stratosphere in Earth’s atmosphere contains a layer of ozone that absorbs solar
radiation. Thus, 𝜕𝑁𝑠/𝜕𝑧 < 0 and 𝑄𝑆 is positive. The net longwave radiation𝑁𝐿 is positive in this
region, as there is much more upwelling radiation than downwelling, and this tends to produce a
negative vertical temperature gradient, but the effect is weak because 𝑒𝐿 is small. However, the solar
radiation can have a strong effect because 𝑒𝐿 appears in the denominator of the term involving 𝑄𝑆.
Just below the heating region 𝜕𝑄𝑆/𝜕𝑧 is positive and this produces a positive value of 𝜕𝑇/𝜕𝑧, with
the converse above the ozone layer. Thus, the region of solar heating corresponds to a maximum
of temperature, or at least a region of small vertical temperature gradient, with negative values of
𝜕2𝑇/𝜕𝑧2, as schematically illustrated in Fig. 18.20. The result is intuitively reasonable, but (18.86)
provides the explicit solution. A non-intuitive result that follows from (18.86b) concerns the effects
of an increasing infrared emissivity, such as happenswith globalwarming. Suppose that 𝜕𝑇/𝜕𝑧 > 0,
as in the stratosphere because of the presence of a layer of ozone, and suppose further that 𝑒𝐿 then
increases, because of an increased concentration of greenhouse gases. Changes in the longwave
term are small, because 𝑒𝐿 is small, but changes in the solar term are large, and these cause 𝜕𝑇/𝜕𝑧
to diminish. That is, an increase in the concentration of greenhouse gases will cause stratospheric
temperatures to fall.11 The result arises because of the balance, in this case, between solar heating
and infrared cooling, as in (18.85a) and Fig. 18.20. If the emissivity increases there will still be the
same infrared loss to space, to achieve radiative balance, and if the emissivity is higher the loss can
be achieved at a lower temperature.

Effects of enthalpy fluxes
Now consider the effects of an enthalpy flux, supposing that the atmosphere is transparent to solar
radiation. The equilibrium condition, (18.83), becomes

𝑈𝐿 + 𝐷𝐿 − 2𝐵 +
𝜕ℋ
𝜕𝜏
= 0. (18.87)

Differentiating with respect to 𝜏 and using (18.70b) gives

2𝜕𝐵
𝜕𝜏
= 𝑁𝐿 +

𝜕2ℋ
𝜕𝜏2
. (18.88)
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Now, from (18.82a) we must have 𝑁𝑆 + 𝑁𝐿 + ℋ = 0 for all 𝑧, if the atmosphere is in an overall
radiative balance and ifℋ = 0 at the atmosphere’s top. If the solar flux is constant with height then,
also for all 𝑧,

𝑁𝐿 = 𝑆net −ℋ, (18.89)

where 𝑆net is the net incoming solar radiation, a positive quantity. Using this expression (18.88)
becomes

2𝜕𝐵
𝜕𝜏
= 𝑆net −ℋ +

𝜕2ℋ
𝜕𝜏2

or 8𝜎𝑇3
𝑒𝐿
𝜕𝑇
𝜕𝑧
= −𝑆net +ℋ −

1
𝑒𝐿
𝜕
𝜕𝑧
( 1
𝑒𝐿
𝜕ℋ
𝜕𝑧
) . (18.90a,b)

These expressions explicitly tell us how the lapse rate is affected by enthalpy fluxes. If we knewℋ
we could integrate (18.90) to give us the temperature at every level, and if ℋ = 0 the equations
are equivalent to the derivative of (18.71c). Enthalpy fluxes are usually positive (i.e., upwards) in
the atmosphere and so they tend to increase 𝜕𝑇/𝜕𝑧 and reduce the lapse rate; that is, they tend to
warm the upper atmosphere and cool the lower atmosphere and the surface. Since we do not have
a quantitative theory for these fluxes let us invoke some ideas of quasi-equilibrium and specify the
resulting lapse rate rather than the fluxes themselves.

18.6.2††† Convective Adjustment and the Height of the Tropopause
Let us assume that convection occurs with sufficient efficiency so that it will establish a convectively
neutral lapse rate, 𝛤 say, which for simplicity we here assume is constant. We may also assume that
the convection equalizes the ground temperature and the surface temperature (the temperature of
the layer of air immediately above the ground). Such a model simplifies the problem enormously,
for we avoid completely the problem of solving the radiative transfer equations. However, radia-
tion is still present, and we must still satisfy an overall radiative balance, and this determines the
height to which the convection extends — which is, effectively, the height of the tropopause. In
the first instance we can suppose that the convection occurs quickly and adiabatically, so that the
re-arrangement of the temperature profile conserves energy. However, such a profile will not nec-
essarily be a solution of the radiative transfer equations (18.67) and the profile must adjust until
a solution is found. If the lapse rate is fixed, the only degree of freedom is the height to which
convection reaches — that is, the height of the tropopause — above which radiative equilibrium
holds.

The computation of this height follows a straightforward algorithm. If the top of the convecting
layer occurs at a height,𝐻𝑇, at which the optical depth is small, then outgoing long-wave radiation
there will be approximately equal to the outgoing radiation at the top of the atmosphere,𝑈𝐿(𝜏 = 0),
which is equal to the incoming solar radiation and therefore known. This gives the tropopause
temperature (from (18.76), namely 𝑇4𝑇 = 𝑈𝐿(𝜏 = 0)/2𝜎) and therefore, if we know 𝐻𝑇 and the
lapse rate, the temperature at all heights. We can then calculate the upwards radiative flux using a
variant of (18.67b), which we may write as

𝑈𝐿(𝑧 = 0) = 𝑈𝐿(𝑧 = 𝐻𝑇)e𝜏𝑠 + ∫
𝐻𝑇

0
𝐵(𝜏)e𝜏𝑠−𝜏 d𝜏

d𝑧
d𝑧, (18.91)

where 𝜏𝑠 is the optical depth at the surface. However, for an arbitrary tropopause height, the up-
welling radiation at the bottom, 𝑈𝐿(𝑧 = 0), as given by (18.91), will not equal 𝜎𝑇4𝑠 , which it must
do if radiative balance is to be satisfied. The height of the tropopause must therefore adjust, and
an iterative algorithm for finding the equilibrium solution goes as follows:
(i) Obtain the radiative equilibrium temperature profile.
(ii) Make a guess for the height of the tropopause, and using the given lapse rate obtain the

temperature all the way down to the ground.
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Fig. 18.21 Contours of tropopause height (km) as a function of lapse rate and surface optical depth in a
grey atmosphere, calculated numerically by iterating the Schwarzchild equations (left) and using an ana-
lytic approximation (right), with𝐻𝑎 = 2km and outgoing longwave radiation of 242 W m–2, or tropopause
temperature of 215 K.

(iii) Integrate the radiative transfer equations, (18.91), down from the top. The outgoing radiative
balance is achieved thisway but there is no balance at the surface if temperature is continuous.
That is, 𝜎𝑇4𝑠 ≠ 𝑈𝐿(𝑧 = 0).

(iv) Change the height of the tropopause, find another solution, and iterate until the surface
radiative balance is properly achieved.

A profile of temperature so calculated, along with the radiative-equilibrium temperature, is shown
in Fig. 18.19, and solutions as a function of lapse rate and temperature are given in Fig. 18.21.

18.6.3 Approximate Analytic Solution
In Appendix C (page 725) we show that an approximate analytic solution of the above algorithm
for the height of the tropopause,𝐻𝑇, is

8𝛤𝐻2𝑇 − C𝐻𝑇𝑇𝑇 − 𝜏𝑠𝐻𝑎𝑇𝑇 = 0, (18.92)

or

𝐻𝑇 =
1
16𝛤
(C𝑇𝑇 + √C2𝑇2𝑇 + 32𝛤𝜏𝑠𝐻𝑎𝑇𝑇) , (18.93)

where 𝐶 = log 4 ≈ 1.4, 𝛤 is the lapse rate, 𝑇𝑇 is the temperature at the tropopause, 𝜏𝑠 is the surface
optical depth and 𝐻𝑎 is the scale height of the main infrared absorber. For Earth’s atmosphere,
𝐻𝑎 ≈ 2km, 𝜏𝑠 ≈ 5 and 𝛤 ≈ 6.5Kkm−1. All three terms in (18.92) are then approximately the same
size and (18.93) gives𝐻𝑇 ≈ 11km. We can now be a little more precise about what it means for an
atmosphere to be optically thin or thick. Using (18.93) and approximating 𝐶2 = 2 we see that the
optically thick limit arises when

𝜏𝑠𝐻𝑎 ≫
𝑇𝑇
16𝛤

whence 𝐻𝑇 ≈ √
𝑇𝑇𝜏𝑠𝐻𝑎
8𝛤
. (18.94)

The optically thin case has

𝜏𝑠𝐻𝑎 ≪
𝑇𝑇
16𝛤

whence 𝐻𝑇 ≈
𝐶𝑇𝑇
8𝛤
. (18.95)



708 Chapter 18. Water Vapour and the Tropical Atmosphere

With parameters appropriate for Earth’s atmosphere both of the above limits give estimates in the
range 6–15 km, and they are additive effects. Plots of the tropopause height as a function of lapse
rate and optical depth, calculated using (18.93), as well as numerical solutions using the algorithm
of the previous subsection, are given in Fig. 18.21, and the agreement is fairly good in Earth’s pa-
rameter regime. A robust result is that as the lapse rate diminishes (−𝜕𝑇/𝜕𝑧 becomes smaller) the
tropopause height increases, essentially to maintain the same tropopause temperature.

The main quantitative deficiency of this argument is that the atmosphere is not grey — the
absorption of radiation is a function of wavelength. A less severe approximation is to suppose that
the infrared radiation occurs in two bands — a ‘window’ region and the remainder. In the window
region the atmosphere is fairly transparent, meaning that a fraction (∼ 1/4 or 1/3) of the radiation
emitted by the surface goes straight to space. This has the effect of slightly decoupling the tropo-
pause temperature from the effective emitting temperature. Nonetheless, the general arguments
leading to (18.93) remain valid and the way in which the tropopause height varies with optical
depth and stratification will carry through in the more realistic case.12

Effects of lateral energy transport and application to mid-latitudes.
Although we have set the above calculation in the context of convection, it applies in any situation
where the lapse rate can be specified; the argument would equally well apply if the lapse rate were
set by baroclinic instability. We can also apply a modified argument even when there is a horizon-
tal transport of energy, for such a transport effectively just acts to change the radiative emitting
temperature. If the lateral convergence of energy and the incoming solar radiation are known then
the amount of radiation that the column must emit to space in order to maintain energy balance
is easily calculated. For example, if there is a convergence of energy at high latitudes because of
the transport of energy by baroclinic eddies, then the column needs to emit less infrared radia-
tion to space than it would otherwise in order to maintain radiative equilibrium. In actuality, in
mid-latitudes the lapse rate cannot be regarded as being specified independently of the lateral heat
transport, and the determination of the lapse rate and the tropopause height become intertwined.
The reader is referred back to Section 15.5 to follow this argument.

18.7 VERTICALLY-CONSTRAINED EQUATIONS OF MOTION FOR LARGE SCALES
Let us now segue toward the large scale dynamics of the tropics. We first show how having a nearly
constant lapse rate constrains the vertical degrees of freedom, so reducing the equations of motion
to something akin to the shallow water equations, and readers may wish to skim Section 3.4 before
continuing.

18.7.1 Reduction of Vertical Degrees of Freedom
The assumption that convection maintains a moist-adiabatic profile everywhere constrains the
vertical structure of the horizontal temperature gradient and, at least in so far as the momentum
dynamics are linear, reduces the equations of motion governing the large-scale to a set similar
to the shallow-water equations.13 To see this we begin with hydrostasy in pressure coordinates
applied to the fluctuating fields,

𝜕𝜙′
𝜕𝑝
= −𝛼′, (18.96)

where 𝜙′ and 𝛼′ are variations in the geopotential and the specific volume. The latter can be taken
to be a function of the state variables pressure and saturation entropy, 𝜂 (dropping the subscript 𝑠).
Variations in 𝛼 at constant pressure thus obey

𝛼′ = (𝜕𝛼
𝜕𝜂
)
𝑝
𝜂′ = (𝜕𝑇
𝜕𝑝
)
𝜂
𝜂′, (18.97)
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using one of Maxwell’s equations (page 19). If we integrate (18.96) in the vertical and use (18.97)
we obtain

𝜙′(𝑥, 𝑦, 𝑝, 𝑡) = −∫𝛼 d𝑝 = ∫(𝜕𝑇
𝜕𝑝
)
𝜂
𝜂′ d𝑝 = 𝜂′ ∫ d𝑇, (18.98)

where we can take 𝜂′ out of the integral because it is constant if the atmosphere has a saturated
adiabatic profile. Integrating gives

𝜙(𝑥, 𝑦, 𝑝, 𝑡) − 𝜙(𝑥, 𝑦, 𝑡) = (𝑇(𝑥, 𝑦, 𝑡) − 𝑇(𝑥, 𝑦, 𝑝, 𝑡)) 𝜂(𝑥, 𝑦, 𝑡), (18.99)

where we have written the constant of integration such that 𝜙 and 𝑇 are the vertical means, in
pressure coordinates, of 𝜙 and 𝑇. Following conventional usage, we call the vertically integrated
components ‘barotropic’ and the deviations ‘baroclinic’.

The temperature difference (𝑇(𝑥, 𝑦, 𝑡) − 𝑇(𝑥, 𝑦, 𝑝, 𝑡)) in (18.99) is determined by the saturated
adiabatic lapse rate and in the horizontal this varies quite weakly with the temperature variations
found in the tropics. Thus, the horizontal variations of the terms on the right-hand side are domi-
nated by variations in entropy, and to a good approximation we can write

∇𝜙(𝑥, 𝑦, 𝑝, 𝑡) = ∇𝜙(𝑥, 𝑦, 𝑡) + 𝑀(𝑝)∇𝜂(𝑥, 𝑦, 𝑡), (18.100)

where𝑀(𝑝) = 𝑇(𝑥, 𝑦, 𝑡) − 𝑇(𝑥, 𝑦, 𝑝, 𝑡) and which we take to be a function of pressure alone. The
profile of𝑀(𝑝) has a single node in the vertical, and this constrains the horizontal velocity to have
a similar variation in the vertical, and the vertical integral of𝑀(𝑝) vanishes.

Velocity decomposition
First consider the vertical velocity. In pressure coordinates the mass continuity equation is

𝜕𝜔
𝜕𝑝
= −∇𝑝 ⋅ 𝒖, (18.101)

where 𝒖 = (𝑢, 𝑣). Let 𝒖 = 𝒖 + 𝒖∗, where 𝒖 and 𝒖∗ are the barotropic and baroclinic components
of 𝒖, and 𝜔 is the vertical (pressure) velocity. We suppose that the fluid is confined between the
ground at 𝑝 = 𝑝𝑔 and a rigid tropopause at 𝑝𝑡, with 𝜔 = 0 at both. The baroclinic components of
the velocity will, as a consequence of their definition, vanish when integrated over the troposphere.
An integration of (18.101) over the troposphere implies the barotropic flow is divergence-free:

∇𝑝 ⋅ 𝒖 = 0. (18.102)

The vertical velocity is thus related to the baroclinic flow by,

𝜕𝜔
𝜕𝑝
= −∇𝑝 ⋅ 𝒖∗. (18.103)

The horizontal flow itself is given using the momentum equation which, using (18.100), we
write as

𝜕𝒖
𝜕𝑡
+ 𝒗 ⋅ ∇𝒖 + 𝒇 × 𝒖 = −∇𝜙 +𝑀(𝑝)∇𝑝𝜂, (18.104)

where 𝒗 is the three-dimensional velocity and we omit forcing and viscous terms, and ∇ without
a subscript denotes horizontal derivative. The above equation suggests that it will be a good ap-
proximation to suppose that the horizontal velocity has the same vertical structure as𝑀(𝑝) and
we let

𝒖(𝑥, 𝑦, 𝑝, 𝑡) = 𝒖0(𝑥, 𝑦, 𝑡) + 𝑚(𝑝)𝒖1(𝑥, 𝑦, 𝑡), (18.105)
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where 𝒖0 (= 𝒖) and 𝒖1 are the ‘barotropic’ and ‘first baroclinic’ components of the flow, and
𝑚(𝑝) = 𝑀(𝑝)/𝑁 where 𝑁 is a normalizing coefficient, say [ �∫𝑀2 d𝑝/(𝑝𝑡 − 𝑝𝑔)]�1/2, so that 𝑚(𝑝)
is a dimensionless basis function. The reader will appreciate the similarity of this approach to that
of Section 3.4, now with the quasi-equilibrium constraints determining the form of the vertical
eigenfunctions for us.

Momentum equations
Neglecting the advective term the horizontal momentum equation decomposes exactly into sepa-
rate barotropic and baroclinic equations which, omitting frictional terms, are

𝜕𝒖0
𝜕𝑡
+ 𝒇 × 𝒖0 = −∇𝜙0,

𝜕𝒖1
𝜕𝑡
+ 𝒇 × 𝒖1 = −∇𝜙1, (18.106a,b)

where 𝜙0 = 𝜙 and 𝜙1 = 𝑁𝜂. These have the same form as the linearized shallow water equa-
tions. We may obtain a diagnostic equation for the barotropic pressure by taking the divergence
of (18.106a), whence the time derivatives disappear because ∇ ⋅ 𝒖0 = 0. Alternatively, take the curl
of (18.106a) to give the linear barotropic vorticity equation,

𝜕𝜁0
𝜕𝑡
+ 𝛽𝑣0 = 0. (18.107)

This equation is closed because, since the flow is divergence-free, there exists a streamfunction 𝜓
such that (𝑢0, 𝑣0) = (−𝜕𝜓/𝜕𝑦, 𝜕𝜓/𝜕𝑥) and 𝜁0 = ∇2𝜓.

If we add nonlinearity back in then the baroclinic and barotropic modes interact. Thus, the
terms 𝒖1 ⋅ ∇𝒖1 and 𝒖0 ⋅ ∇𝒖0 both project onto the barotropic flow, and the terms 𝒖1 ⋅ ∇𝒖0 and
𝒖0 ⋅ ∇𝒖1 project onto the baroclinic flow, in a way that is analogous to that occurring in two-layer
quasi-geostrophic flow (Section 12.2.2). A baroclinic–baroclinic interaction also arises because of
vertical advection and we obtain

𝜕𝒖0
𝜕𝑡
+ 𝒖0 ⋅ ∇𝒖0 + 𝐷0(𝒖1, 𝒖1) + 𝒇 × 𝒖0 = −∇𝜙0, (18.108a)

𝜕𝒖1
𝜕𝑡
+ 𝒖1 ⋅ ∇𝒖0 + 𝒖0 ⋅ ∇𝒖1 + 𝐷1(𝒖1, 𝒖1) + 𝒇 × 𝒖1 = −∇𝜙1, (18.108b)

where 𝐷0 and 𝐷1 are nonlinear (largely advective) operators whose exact form is not of concern
here. The barotropic flow is divergence free and this determines the pressure 𝜙0, but 𝜙1 is as yet
undetermined.

Thermodynamics
To close the equation for baroclinic flow we use an equation for the entropy or for the equivalent
potential temperature in conjunctionwith (18.100). Since entropy is assumed invariantwith height
there is no vertical dependence and the equation might be written in the general form,

𝜕𝜂
𝜕𝑡
+ 𝒖 ⋅ ∇𝜂 = 𝑆, (18.109)

where 𝑆 are various source and sink terms of both heat and moisture. This term hides a multitude
of sins, for it potentially includes radiative, condensational, evaporative and turbulent flux terms
with complex flow-dependent specifications, possibly needing separate equations for dry air and
moisture. However, since entropy is (it is assumed) constant with height, we need a thermody-
namic equation only at one level, which we might take to be near the surface, or we may use a
vertical average.

In summary, the constraints on the vertical temperature structure imposed by convection lead
to a relatively simple vertical structure of all the dynamical fields, and as a consequence a heat
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source will primarily force the first baroclinic mode. In the linear approximation the baroclinic
flow is uncoupled from the barotropic flow. The procedure provides some justification for using
shallow water-like equations in tropical dynamics, as in Chapter 8, with the velocity fields to be
interpreted as being those of the first baroclinic mode, an approach that is especially useful if the
dynamics are predominantly linear. More generally, it is perhaps useful to think of this type of
quasi-equilibrium model in a similar light as quasi-geostrophy: neither is quantitatively accurate
for flow evolution (we would use neither model for an accurate weather forecast) but they may be
able to provide insight where the full equations are too complex.

The equations derived above are still unbalanced, and are simpler than the primitive equations
only in their constrained vertical structure. Let us try to go a little further and see if we can incor-
porate any balances in the horizontal that might simplify matters.

18.8 SCALING AND BALANCED DYNAMICS FOR LARGE-SCALE FLOW IN THE TROPICS
In earlier chapters we looked at flowwith small Rossby number and, by performing a scale analysis,
determinedwhat the dominant balance of termswas in the equations ofmotion. This allowed us to
derive the quasi-geostrophic equations, which are the basis for much of the theory of mid-latitude
motion. Is such a program possible for the tropics? The answer is, ‘well, in part’. It is possible to
derive some reduced sets of equations for the tropics, and that will be themain topic of this section.
However, these reduced sets have not proven nearly as useful for the tropics as quasi-geostrophy
has been for the mid-latitudes, in part because it is harder to make relevant equations that are
simple, or simple equations that are relevant. In any case, let us begin with the stratified primitive
equations, without explicitly invoking a constrained vertical structure.

18.8.1 Balanced, Adiabatic Flow
We will present a scaling for tropical flow side-by-side with the corresponding scaling for mid-
latitude flow.14 We begin with the hydrostatic primitive equations for adiabatic, frictionless flow,
which, reprising (5.15b), may be written as,

D𝒖
D𝑡
+ 𝒇 × 𝒖 = −∇𝑧𝜙,

𝜕𝜙
𝜕𝑧
= 𝑏, (18.110a,b)

D𝑏
D𝑡
+ 𝑁2𝑤 = 0, ∇ ⋅ (𝜌𝒗) = 0. (18.110c,d)

These are nominally the anelastic equations in height coordinates in our standard notation, but
an entirely equivalent derivation could use pressure coordinates as these have similar form. The
reader will recall that 𝑏 = 𝑔 𝛿𝜃/𝜃0 is the buoyancy and 𝑁2 = d�̃�/d𝑧 where �̃�(𝑧) is a reference
stratification. We will suppose that the basic variables scale according to

(𝑥, 𝑦) ∼ 𝐿, 𝑧 ∼ 𝐻, (𝑢, 𝑣) ∼ 𝑈, 𝑤 ∼ 𝑊, 𝑡 ∼ 𝐿
𝑈
, 𝜙 ∼ 𝛷, 𝑏 ∼ 𝐵, 𝑓 ∼ 𝑓0. (18.111)

The quantity 𝐵 is representative of horizontal variations in buoyancy. Vertical variations scale
differently, hence their separate representation in (18.110c). By choosing the time 𝑡 to scale advec-
tively we are implicitly eliminating gravity waves. The nondimensional numbers that will arise are
the Rossby, Burger and Richardson numbers,

Ro = 𝑈
𝑓0𝐿
, Bu = (𝐿𝑑

𝐿
)
2
= (𝑁𝐻
𝑓0𝐿
)
2
, Ri = (𝑁𝐻

𝑈
)
2
, (18.112)

and evidently
Bu = Ri×Ro 2 . (18.113)
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The Rossby number Ro is generally small in mid-latitudes for large-scale flow, but in the tropics
it is 𝒪(1) or larger. The Richardson number (which is the inverse square of a Froude number) is
usually large in both mid-latitudes and tropics, except in regions of active convection where 𝑁 is
very small. If we take 𝑁 = 10−2 s−1, 𝐻 = 104m and 𝑈 = 10ms−1 then Ri = 100. In fact, for
large-scale flow the Richardson number is usually sufficiently large that 1/(Ro Ri) is small in both
mid-latitudes and tropics.

The difference between the tropics andmid-latitudes is apparent from the dominant balance in
the momentum equation. At small Rossby number we have the familiar geostrophic balance and
with hydrostatic balance we obtain the scaling:

𝒇 × 𝒖 ≈ −∇𝑧𝜙,
𝜕𝜙
𝜕𝑧
= 𝑏, ⟹ 𝛷 = 𝑓0𝑈𝐿, 𝐵 =

𝑓0𝑈𝐿
𝐻
. (18.114)

In the tropics the advective term, or the advectively-scaled time derivative, balances the pressure
gradient meaning that D𝒖/D𝑡 ∼ ∇𝑧𝜙 and, since we still have 𝜕𝜙/𝜕𝑧 = 𝑏 we find

𝛷 = 𝑈2, 𝐵 = 𝑈
2

𝐻
. (18.115)

If 𝑈 is of similarmagnitude in the tropics andmid-latitudes (and in the absence of a dynamical
analysis this is an assumption), then variations of pressure and temperature are smaller in the tropics
than in mid-latitudes. This is an important and not-quite obvious result and it is the essence of the
weak temperature gradient approximation, discussed further in the next section. If we were to carry
through the derivation in pressure co-ordinates (see the shaded box on page 81) with geopotential
and temperature as the variables we would find

Mid-latitudes: 𝛷 = 𝑓0𝑈𝐿, 𝑇𝑠 =
𝑓0𝑈𝐿
𝑅
, (18.116a)

Tropics: 𝛷 = 𝑈2, 𝑇𝑠 =
𝑈2
𝑅
, (18.116b)

where𝛷 is now the scaling for geopotential, 𝑇𝑠 is the scaling for temperature and 𝑅 is the ideal gas
constant. For 𝑈 = 10ms−1, 𝐿 = 106m and, for mid-latitudes only, 𝑓0 = 10−4 s−1, we obtain

Mid-latitudes: 𝛷 ∼ 1000m2 s−2, 𝑇𝑠 ∼ 3K, (18.117a)
Tropics: 𝛷 ∼ 100m2 s−2, 𝑇𝑠 ∼ 0.3K. (18.117b)

The implications of these results are illustrated in Fig. 18.22, which shows a snapshot of observed
contours of geopotential height, temperature and zonal wind; the large-scale variability of geopo-
tential and temperature is evidently much smaller in the tropics than mid-latitudes.

Vertical velocity

The obvious scaling for the vertical velocity is that suggested by the mass continuity equation,
namely𝑊 = 𝑈𝐻/𝐿. However, as we know from Chapter 5, the vertical velocity may be much less
than this estimate in a stratified, rotating fluid, and here we start with the thermodynamic equation
for adiabatic flow,

𝒖 ⋅ ∇𝑏 + 𝑤𝑁2 = 0, ⟹ 𝑊 = 𝑈𝐵
𝐿𝑁2
. (18.118)
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Fig. 18.22 Geopotential height, temperature and
zonal wind at 500 hPa on 9 February 2015. The con-
tour interval is uniform in each plot, with same num-
ber of contours for each field, and negative values for 𝑢
are dashed. Noticeable is the lack of variability of the
geopotential and temperature fields in the tropics.

Using (18.114) and (18.115) gives

Mid-latitudes: 𝑊 = 𝑓0𝑈
2

𝐻𝑁2
= 𝑓0𝐿
𝑈
𝑈2
𝑁2𝐻2
𝑈𝐻
𝐿
= (Ro Ri)−1 (𝑈𝐻

𝐿
) , (18.119a)

Tropics: 𝑊 = 𝑈
3

𝐿𝐻𝑁2
= 𝑈

2

𝑁2𝐻2
𝑈𝐻
𝐿
= Ri−1 (𝑈𝐻

𝐿
) , (18.119b)

where Ri ≡ 𝑁2𝐻2/𝑈2 is the Richardson number, with typical values of 𝒪(10–𝒪(100 for large-
scale flow. Thus, again perhaps non-intuitively, the vertical velocity is, for adiabatic flow, smaller
in the tropics than in mid-latitudes, by order of a mid-latitude Rossby number. In mid-latitudes
the scaling for𝑊 is more commonly written as

𝑊 = 𝑓0𝑈
2

𝐻𝑁2
= Ro 𝐿

2

𝐿2𝑑
𝑈𝐻
𝐿
= Ro
Bu
𝑈𝐻
𝐿
, (18.120)

so that for scales comparable to the mid-latitude deformation radius (i.e., with Bu ∼ 1) the vertical
velocity is order Rossby-number smaller than mass-continuity scaling suggests.

Vorticity
Cross-differentiating the horizontal momentum equation gives, as in (4.66) but without a baro-
clinic term, the vertical component of the vorticity equation with associated scalings,

D
D𝑡
(𝜁 + 𝑓) = −(𝜁 + 𝑓)( �𝜕𝑢

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
)�+ ( �𝜕𝑢
𝜕𝑧
𝜕𝑤
𝜕𝑦
− 𝜕𝑣
𝜕𝑧
𝜕𝑤
𝜕𝑥
)�, (18.121a)

Tropics: (𝑈
𝐿
)
2
∼ (𝑈
𝐿
+ 1
Ro
𝑈
𝐿
)( 1

Ri
𝑈
𝐿
) (𝑈
𝐻
)( 1

Ri
𝑈𝐻
𝐿2
) , (18.121b)

Mid-latitudes: (𝑈
𝐿
)
2
∼ (𝑈
𝐿
+ 1
Ro
𝑈
𝐿
)(Ro

Bu
𝑈
𝐿
) (𝑈
𝐻
)(Ro

Bu
𝑈𝐻
𝐿2
) . (18.121c)
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In the tropical case with Ro = 𝒪(1) or larger all the terms on the right-hand side are much smaller
than the terms on the left-hand side, whereas in the mid-latitude case vortex stretching by the
Coriolis term, 𝑓(𝜕𝑢/𝜕𝑥 + 𝜕𝑣/𝜕𝑦), is the same order (because 𝑓 is big and the divergence is small).
Thus, in the tropical case the vorticity equation simplifies severely and at lowest order becomes the
two-dimensional vorticity equation,

D
D𝑡
(𝜁 + 𝑓) = 0. (18.122)

The large-scale velocity is, at this order, purely rotational and is given by a streamfunction 𝜓 such
that

∇2𝜓 = 𝜁, (𝑢, 𝑣) = (−𝜕𝜓
𝜕𝑢
, 𝜕𝜓
𝜕𝑥
) . (18.123)

This equation nominally holds independently at each vertical level, although the assumptions that
give rise to it assume that the depth scale is large. The pressure is not needed to step forward
(18.123) but it may be obtained diagnostically. To do so we go back to the horizontal velocity
equation written in the vector-invariant form,

𝜕𝒖
𝜕𝑡
− 𝒖 × (𝜁 + 𝒇) = −∇(𝜙 + 1

2
𝒖2) , (18.124)

neglecting the vertical and divergent velocities. Taking the divergence gives the so-called nonlinear
balance or gradient-wind equation,

∇2𝜙 = ∇ ⋅ [(𝑓 + 𝜁)∇𝜓 − 1
2
∇(∇𝜓)2] , (18.125)

which is similar to (2.238) and expresses a balance between the pressure gradient, Coriolis and
centrifugal forces.

18.8.2 A few Remarks
The above derivations and results require some comment:
• The relative weakness of large-scale horizontal gradients of pressure (or geopotential) and

temperature in the tropics, for a given velocity field, is a robust result of the scaling analysis
and borne out in observations.
• The smallness of the vertical velocity requires that the Richardson number, 𝑁2𝐻2/𝑈2 be

large; that is, stratification is strong. This is only true in regions that are not actively convect-
ing; in convective regions𝑁may be small.
• Relatedly, the scaling does not take into account diabatic sources, which may be expected to

be particularly important in tropical regions.
• Equally tellingly, (18.123) tells us nothing about the vertical structure and so, unlike quasi-

geostrophy in mid-latitudes, is not sufficiently complete to be a useful prognostic, or even
diagnostic, equation for tropical motion.

Let us now look at how diabatic effects might affect large-scale motion.

18.9††† SCALING AND BALANCE FOR LARGE-SCALE FLOW WITH DIABATIC SOURCES
In the tropics we might expect that heat sources, for example condensational heating, would be
important to the extent that they should be explicitly included in any development of reduced
equations. Let us see if and how this is possible, using the shallow water equations for illustration.
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Using the standard nonlinear shallow water equations for the tropical atmosphere is rather ad hoc
(and not justified by quasi-equilibrium except in the linear case) but our intention here is primarily
illustrative. The underlying physical assumption is that in an air column adiabatic cooling associ-
ated with vertical motion balances diabatic heating, which in the shallow water equations becomes
a balance between the heating and the divergence.

18.9.1 Diabatic Balanced Shallow Water Equations
On an 𝑓-plane and in conventional notation the equations may be written in vorticity-divergence
form as

𝜕ℎ
𝜕𝑡
+ ∇ ⋅ (𝒖ℎ) = 𝑄, (18.126a)

𝜕𝜁
𝜕𝑡
+ ∇ ⋅ [ �𝒖(𝜁 + 𝑓0)]� = −𝑟𝜁, (18.126b)

𝜕𝛿
𝜕𝑡
+ ∇2 (1
2
𝒖2 + 𝑔ℎ) − 𝐤 ⋅ ∇ × [ �𝒖(𝜁 + 𝑓0)]� = −𝑟𝛿, (18.126c)

where 𝛿 = 𝜕𝑢/𝜕𝑥 + 𝜕𝑣/𝜕𝑦 is the divergence,𝑄 is the mass or heating source, 𝑟 is a frictional coeffi-
cient and other notation is standard. The height field is a proxy for both pressure and temperature
and we will assume that horizontal gradients are weak, by which we mean that the dominant bal-
ance in (18.126a) is characterized by the scaling

𝐻𝛥 = 𝑄0, (18.127)

where𝐻 is themean thickness of the layer,𝛥 is a scaling for the divergence and𝑄0 is themagnitude
of the heating. We then choose the velocity scale, 𝑈, and the vorticity scale, 𝒵, to be

𝑈 = 𝑄0𝐿
𝐻
, 𝒵 = 𝛥 = 𝑄0

𝐻
. (18.128)

Finally, the magnitude of horizontal deviations in the height field, ℋ, are determined from the
divergence equation. Depending on whether rotation is or is not important we deduce

ℋ = 𝑓0𝑈𝐿
𝑔
= 𝑄0𝑓0𝐿

2

𝑔𝐻
, or ℋ = 𝑈

2

𝑔
= 𝑄
2
0𝐿2
𝑔𝐻2
. (18.129a,b)

The height field may then be separated into a mean and deviation, ℎ = 𝐻 + 𝜂, where 𝜂 = ℋ𝜂.
These scalings involve the heating in an essential way and so are fundamentally different from the
adiabatic scaling of the previous section.

Using the above scalings, with rotation, (18.126) may be written in nondimensional form as,

Bu−1 [ 1
𝑓0𝑇
𝜕𝜂
𝜕 ̂𝑡
+ Ro∇ ⋅ (𝒖𝜂)] + 𝛿 = 𝑄, (18.130a)

1
𝑓0𝑇
𝜕𝜁
𝜕 ̂𝑡
+ ∇ ⋅ [ �𝒖(𝜁 + 𝑓0)]� = −

𝑟
𝑓0
𝜁, (18.130b)

1
𝑓0𝑇
𝜕𝛿
𝜕 ̂𝑡
+ ∇2 (1
2
𝒖2 + 𝜂) − 𝐤 ⋅ ∇ × [ �𝒖(𝜁 + 𝑓0)]� = −

𝑟
𝑓0
𝛿, (18.130c)

where 𝑇 is the scaling for time, Bu = (𝐿𝑑/𝐿)2 with 𝐿𝑑 = √𝑔𝐻/𝑓0, and 𝑓0 = 1. The Rossby number
is given by Ro = 𝑄0/𝑓0𝐻 and is not necessarily small. In the non-rotating case a similar set of
equations can be derived but with different coefficients.
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Reduced equations
Let us suppose that the mass source determines the divergence in (18.130a). The condition for this
is that

max( 1
𝑓0𝑇
,Ro)Bu−1 ≪ 1, (18.131)

which means that the scale of motion cannot be too large and the time scale cannot be too short.
If (18.131) is satisfied then the dimensional height equation, (18.126a), becomes

∇ ⋅ 𝒖 = 𝑄
𝐻
. (18.132a)

This value of the divergence is used in (18.126b) and (18.126c) which, retaining all terms since
none are obviously small, become

𝜕𝜁
𝜕𝑡
+ 𝒖 ⋅ ∇(𝜁 + 𝑓0) + (𝜁 + 𝑓)

𝑄
𝐻
= −𝑟𝜁, (18.132b)

𝑔∇2ℎ = 𝐤 ⋅ ∇ × [ �𝒖(𝜁 + 𝑓0)]� −
1
𝐻
𝜕𝑄
𝜕𝑡
− 𝑟𝛿 − ∇2𝒖

2

2
. (18.132c)

The equation set (18.132) has but one prognostic equation, namely (18.132b), and so is truly bal-
anced andmay be thought of as a generalization of (18.122) and (18.125) to the case with non-zero
heating. The divergence equation is a nonlinear balance equation, similar to (18.125), except now
with a diabatic term on the right-hand side. The divergent flow itself is computed using the height
equation, by an assumed balance between adiabatic cooling and diabatic heating. The relation-
ship between velocity and geopotential (or pressure) is the same as in the adiabatic case, because
this arises through the momentum equation. Thus, even in the presence of a heating, gradients
of geopotential and temperature remain relatively weak, a result that ultimately arises from the
smallness of the Coriolis parameter. The arguments that lead to (18.132), along with the scaling
of Section 18.8, provide us with the weak temperature-gradient approximation.15 The importance
of the result lies in what it implies about the response of the atmosphere to a localized heating:
without making any linear approximation, the equations provide a scaling for the response of the
velocity, and suggest that the response may become spread out over a sufficient area to keep the
temperature gradients small.

Gravity wave adjustment and weak temperature gradients
Although convection certainly constrains the lapse rate where it is occuring, it does not directly
do so elsewhere. Nevertheless, the observed tropical atmosphere has an average lapse rate close
to the saturated adiabat. Why should this be so? The reason is that a process akin to geostrophic
adjustment (Section 3.9) brings the atmosphere close to a state with weak horizontal temperature
gradients. Suppose that a particular column undergoes moist convection and, perhaps in a mat-
ter of hours, adjusts to a moist neutral profile. Away from the cloud the buoyancy profile will in
general be different from that, and so there will be unbalanced horizontal pressure (and hence
temperature) gradients. Gravity waves, initiated by the motion surrounding the convection (‘com-
pensating subsidence’), will spread from the cloud and will adjust the environmental buoyancy to
the same profile as that of the convecting region. The timescale for the adjustment is determined
by the time that gravity waves take to propagate horizontally between convecting regions. Internal
gravity wave speeds are typically about 10m s−1or somewhat faster and so will spread a distance
50 km from a cloud in a couple of hours, and the adjustment time on this scale will be of this or-
der. This buoyancy adjustment time is much less than the time it would take a passive tracer to
homogenize between clouds by advective or mixing processes. The actual process of gravity wave
initiation and subsequent adjustment is complex and beyond our scope, and the reader is referred
to the literature.16
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18.9.2 ♦ Weak Temperature Gradient and Stratified Flow
The weak temparature gradient approximation is formally independent of any quasi-equilibrium
argument, so in this section we briefly discuss its application to the stratified, three-dimensional
equation of motion. The thermodynamic equation in pressure coordinates (see Equation (P.5) on
page 81) may be written,

𝜕𝑇
𝜕𝑡
+ 𝒖 ⋅ ∇𝑇 + 𝜔 𝜕𝑠

𝜕𝑝
= 𝑄, (18.133)

where 𝑠 = 𝑇 + 𝑔𝑧/𝑐𝑝 is the dry static energy divided by 𝑐𝑝 and 𝑄 represents heating terms. In the
weak temperature gradient approximation this equation becomes

𝜔 𝜕𝑠
𝜕𝑝
= 𝑄. (18.134)

If the stratification 𝑠 is known (e.g., moist neutral) the above equation becomes a diagnostic for
the vertical velocity, namely 𝜔(𝑝) = 𝑄/𝜕𝑝𝑠. Even with this approximation the remaining strat-
ified equations (e.g., momentum equation) are somewhat complex, with both nonlinearity and
continuous vertical structure.

If we are willing in addition to make the quasi-equilibrium assumption then further simplifica-
tions are possible because all the fields are assumed to have a simple vertical structure and the flow
may be described, as before, by a system similar to the shallow water equations. The vertical and
horizontal velocities are related by the mass continuity equation, (18.101). The barotropic flow has
zero horizontal divergence so that the vertical (pressure) velocity and the horizontal are related by

𝜔(𝑥, 𝑦, 𝑝, 𝑡) = −∫
𝑝

𝑝𝑠
∇ ⋅ 𝒖 d𝑝 = −𝑛(𝑝)∇ ⋅ 𝒖1, (18.135)

where 𝑛(𝑝) = ∫𝑚(𝑝) d𝑝 and we take 𝜔 = 0 at the bottom boundary. Thus, we may write 𝜔 =
𝑛(𝑝)𝜔1(𝑥, 𝑦, 𝑡) and 𝜔1 = −∇ ⋅ 𝒖1. If we divide (18.134) and vertically integrate we obtain

𝑠 ∇ ⋅ 𝒖1 = 𝑄, (18.136)

where 𝑄 is a vertically integrated heating term, weighted by 1/𝑛(𝑝). This equation is the direct
analogue of (18.132a) and it provides a predictive equation for the divergence of the baroclinic
flow if the heating and stratification are known. Moisture may be added to the mix, in which case
a moist static energy appears, and the effects of evaporation and condensation must be included
in 𝑄. The precise form of (18.136) and other particulars of implementation will depend on the
basis functions chosen for the vertical structure, but the form is generically ∇⋅𝒖1 = [𝑄]/[𝑠], where
[𝑄] is a measure of heating and [𝑠] a measure of stratification.17 Equation (18.136) may be used to
close the momentum equation (18.108b). If we take the curl of that equation we obtain a vorticity
equation analogous to (18.132b), and if we take its divergence we obtain a diagnostic equation for
∇2𝜙1 analogous to (18.132c). The combination of a weak temperature gradient approximation and
shallow-water-like equations arising from a constrained vertical stratification may be as close as
the tropical atmosphere allows us to get to tractable and understandable equations of motion.

18.10††† CONVECTIVELY COUPLED GRAVITY WAVES AND THE MJO
We now look at some of the manifestations of the theoretical development of this chapter and
Chapter 8, and three phenonema suggest themselves, namely the Walker circulation, monsoons
and the Madden–Julian Oscillations (mjo). We leave monsoons for another day, in part because
the subject is large and its theoretical development is a moving target. And we defer discussion
of the Walker circulation — an atmospheric overturning circulation largely in the zonal (i.e., 𝑦–𝑧)
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Symmetric Anti-symmetric

Fig. 18.23 A power spectrum of cloud brightness (colouring) from 15° S to 15° N, measured from
satellite and Fourier-transformed into frequency-wavenumber space. Left panel is the symmetric
spectrum (Northern plus Southern Hemispheres) and right panel the anti-symmetric spectrum.
The solid lines are the corresponding dispersion relations with multiple equivalent depths ranging
from 8 m to 90 m, with the best fit at about 25 m. Compare with Fig. 8.6 and Fig. 8.7.20

plane — to Chapter 22 because the phenomenon is closely tied to the equatorial ocean. So let us
briefly discuss the mjo, although we cannot give it a wholly crisp explanation because at the time
of writing none exists.18

What is the mjo? It is a pattern of precipitation and winds that takes shape across the western
tropical Indian Ocean and drifts eastward at about 4–8m s−1 into the western Pacific before dying
out over the cooler waters of the eastern tropical Pacific. It often recurs roughly every 30–60 days
or so, although it does not oscillate like a conventional wave. Rather, it is more like a somewhat
coherent, drifting pattern several thousand kilometres across, consisting of a wet, rainy region of
ascending air flanked by dryer regions on either side.

18.10.1 The Observations
Themjo has a characteristic spectral signature that can be obtained from satellite measurements of
cloud brightness. Figure 18.23 shows the symmetric (Northern Hemisphere plus Southern Hemi-
sphere) and antisymmetric power spectrum (that is, the intensity of the field, Fourier analysed
in zonal wavenumber and frequency) of tropical satellite brightness temperature, after filtering
away some background noisiness.19 Power spectra of other fields, including velocity fields from
re-analysis, show similar features. The main shaded regions in the figure fall nicely on the theoret-
ical dispersion relations for Rossby, Kelvin and mixed Rossby-gravity waves as derived in Section
8.2. This is perhaps somewhat startling to see, but evidently equatorial waves do exist!

The theoretical curves match the observations best if the unadorned gravity wave speed, 𝑐, is
in the region of 10 to 20ms−1. This speed is given by 𝑐 = √𝑔𝐻𝑒 where𝐻𝑒 is the equivalent depth
(Section 3.4.2), so theoretical values match the observations with 𝐻𝑒 ≈ 10–50m, perhaps with
the best match around 25m, somewhat smaller than the first equivalent depth computed for the
atmosphere in Section 3.4.21 Part of the difference may come from the fact that the tropopause is
not a rigid lid, and part from the fact that the presence of moisture may reduce the effective static
stability of the atmosphere below that implied by the value of 𝑁2 computed using dry potential
temperature (𝑔/𝜃𝜕𝜃/𝜕𝑧). In a saturated atmosphere the (smaller) value of 𝑔/𝜃𝑒𝜕𝜃𝑒/𝜕𝑧 may be
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Fig. 18.24 Composite of an ob-
served pattern during an mjo pe-
riod. Shading indicates anoma-
lously low outgoing IR radiation
(less than 16 and 32 W m–2 be-
low normal) and indicates the pres-
ence of high clouds and precipita-
tion. The solid lines are streamfunc-
tions and the arrows indicate veloc-
ities.22

more relevant for the generation and propagation of gravity waves. The Rossby wave speed is
given by 𝑐𝑅 ≈ −𝛽𝑘/[(2𝑚 + 1)𝛽/𝑐 + 𝑘2], so it too depends, albeit more weakly, on 𝑐.

In addition to the relatively well understood gravity and Rossby waves, there appears to be a
prominent spectral signature in Fig. 18.23 at a small positive zonal wavenumber (between 1 and
5 in the left-hand panel) and a timescale of about 40 days, and this is a signature of the mjo. If
we look in physical space, we get the sense that the mjo resembles a drifting Matsuno–Gill pattern
more than an oscillating wave — compare Fig. 18.24 with Fig. 8.11 on page 325. Consistently, the
observed vertical structure largely has a first baroclinic mode structure, as expected if the lapse
rate is constrained to be nearly constant by convection — note the oppositely directed velocity
fields in Fig. 18.24, just as in Fig. 8.12. The shaded region corresponds to a region of heating in
the Matsuno–Gill model and without too much imagination one may see a Kelvin wave response
to its east, along the equator, and off-equatorial Rossby lobes to the west over Australia and South
East Asia. A defining characteristic of the mjo is that this pattern drifts eastward at a speed of a
few metres per second, much lower than the Kelvin wave speed at that equivalent depth.

18.10.2††† The Mechanism
Precisely why this pattern should move eastward remains unclear, and there is little certainty as
to the underlying mechanism except in so far as it likely has to do with the interaction of moist
convection with the large-scale circulation — perhaps moist convection producing a large-scale
circulation that then modulates the convection. Thus, a locally warm region near the equator
(initiated by a sea-surface temperature anomaly, for example) will produce a pattern that evolves
towards that of the Matsuno–Gill solution (Fig. 8.11), with a low-level convergence of moisture
and condensation amplifying the initial pattern. Furthermore, the convergence will produce a
dryer region on either side of the heat source (as observed). However, the timescales of condensa-
tion are short and the process is unsteady, and it is unlikely that the condensation can produce a
self-sustained stationary pattern — in the initial value problem it takes several days for a heating
anomaly to settle into a steady Matsuno–Gill pattern in the tropical atmosphere.23
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Thus, instead of a truly steady pattern, the convection will initiate an eastward moving Kelvin
wave, alongwith slower westwardmoving Rossbywaves trapped nearer the source. Now, the initial
moisture convergence arises because the Kelvin wave draws air in from the west, and the Rossby
wave similarly draws air from the east. If the Kelvin waves moves east the region of low-level
moisture convergence, and thus the region of condensational heating, will alsomove eastward, and
the process begins again. However, the convergence region will move eastward much more slowly
than the Kelvin wave, since it is the advective convergence that provides the heat source that is the
source of both the Kelvin and Rossby waves. A Kelvin wave that breaks free of the convergence
will eventually decay since it will not produce the moisture convergence to feed itself. Rather, the
mjo is a self-sustained interaction betweenmoisture convergence and the forced-dissipative Kelvin
and Rossby waves it produces, with the requirement for moisture convergence greatly slowing the
Kelvin wave. Radiative effects tied to the variable cloud field also almost certainly play a role in the
way the pattern is damped.

Althoughwavelike, in this picture themjo is not a conventional linearwavewith a dispersion re-
lation; rather it is related to the translation of a forced quasi-steady pattern with a longer timescale
than either of those waves themselves, with the forcing maintained by the pattern it itself produces.
Evidently, this will be a delicate balance for the interaction of moist convection with Kelvin and
Rossby waves is a complex process, so it is not surprising that even the most sophisticated numeri-
cal models have trouble reproducing the phenomenon properly, even if the underlyingmechanism
can seemingly be described in relatively simple terms. Note also that it is not helpful to think of the
convection as being in quasi-equilibrium with a more slowly and independently evolving external
environment — the convection helps produce its own external environment and the two evolve in
synchrony.

APPENDIX A: MOIST THERMODYNAMICS FROM THE GIBBS FUNCTION
Many of the thermodynamic quantities of interest for moist air can be obtained from knowledge
of the Gibbs function, in a manner analogous to that followed for dry air in the appendix on page
47. The benefits are that the approach is systematic, explicit formulae for thermodynamic vari-
ables can be given, and approximations can be made consistently as needed. Here we outline the
methodology and provide some examples.24 We use superscripts 𝑑, 𝑣 and 𝑙 to denote dry air, water
vapour, and liquid water, respectively, and a subscript 0 always denotes a constant, for any quan-
tity. Quantities with multiple superscripts are mixtures of the quantities, but the superscripts are
occasionally omitted. A subscript 𝑠 denotes the saturated value.

Given (1.217), the specific Gibbs functions for dry air and water vapour are, respectively,

g𝑑(𝑝, 𝑇) = 𝑅𝑑𝑇 ln(𝑝𝑑/𝑝0) + 𝑐𝑑𝑝𝑇[�1 − ln(𝑇/𝑇0)]�, (18.137a)

g𝑣(𝑝, 𝑇) = 𝑅𝑣𝑇 ln(𝑝𝑣/𝑝0) + 𝑐𝑣𝑝𝑇[�1 − ln(𝑇/𝑇0)]� − 𝐿𝑣0
𝑇
𝑇0
+ 𝐿𝑣0, (18.137b)

where 𝑝𝑑 and 𝑝𝑣 are the partial pressures of dry air and water vapour. A constant, 𝐿𝑣0, appears in
the expression for the Gibbs function of water vapour because we will be concerned with water in
its liquid phase. We take the analogous constant to be zero for dry air.

The two fluids are at the same temperature, 𝑇, and the total pressure, 𝑝, is given by the sum
of the partial pressures. Let 𝑞 be the mass fraction of moist air in the mixture (i.e., the specific
humidity), and let 𝜖 be the ratio of the molecular weights of water vapour and dry air, 𝜇𝑣/𝜇𝑑. The
two partial pressures are given by

𝑝𝑣 = 𝑞𝑝
𝑞 + 𝜖(1 − 𝑞)

, 𝑝𝑑 = 𝜖(1 − 𝑞)𝑝
𝑞 + 𝜖(1 − 𝑞)

, (18.138)
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satisfying 𝑝 = 𝑝𝑑 + 𝑝𝑣, and 𝑝𝑣 is often denoted 𝑒 in the literature. The Gibbs function for the
mixture is

g𝑑𝑣(𝑝, 𝑇, 𝑞) = (1 − 𝑞)g𝑑 + 𝑞g𝑣, (18.139)
whence

g𝑑𝑣(𝑝, 𝑇, 𝑞) = (𝑞𝑐𝑣𝑝 + (1 − 𝑞)𝑐𝑑𝑝) 𝑇[ �1 − ln(𝑇/𝑇0)]�

+ 𝑇[𝑞𝑅𝑣 ln( 𝑞𝑝/𝑝0
𝑞 + 𝜖(1 − 𝑞)

) + (1 − 𝑞)𝑅𝑑 ln(𝜖(1 − 𝑞)𝑝/𝑝0
𝑞 + 𝜖(1 − 𝑞)

)]

+ 𝑞𝐿𝑣0 (1 −
𝑇
𝑇0
) .

(18.140)

This expression is symmetric in dry air and water vapour, and valid for any mass fraction of mois-
ture in the air (given that 𝑞 ln 𝑞 → 0 as 𝑞 → 0). We will also need the Gibbs function for liquid
water, which for our purposes may be written

g𝑙(𝑝, 𝑇) = 𝑐𝑙𝑇[�1 − ln(𝑇/𝑇0)]� − 𝜂𝑙0𝑇 + 𝛼𝑙𝑝 + 𝑔𝑙0. (18.141)

This expression is a simplified version of (1.146) with slightly different notation, with 𝑐𝑙 being the
heat capacity and 𝛼𝑙 the inverse density.

Density and the thermal equation of state
The inverse density of the gas mixture is given by

𝛼𝑑𝑣 = (𝜕g
𝜕𝑝
)
𝑞,𝑇
= 𝑇
𝑝
[𝑞𝑅𝑣 + (1 − 𝑞)𝑅𝑑] , (18.142)

or equivalently 𝑝 = 𝜌𝑅𝑇 where 𝑅 = 𝑞𝑅𝑣 + (1 − 𝑞)𝑅𝑑 is the specific gas ‘constant’ for the mixture
(which of course varies with 𝑞).

Entropy
The entropy is given by 𝜂 = −(𝜕g/𝜕𝑇)𝑝,𝑞, giving

𝜂𝑑𝑣 = (𝑞𝑐𝑣𝑝 + (1 − 𝑞)𝑐𝑑𝑝) ln(𝑇/𝑇0)

− [𝑞𝑅𝑣 ln( 𝑞𝑝/𝑝0
𝑞 + 𝜖(1 − 𝑞)

) + (1 − 𝑞)𝑅𝑑 ln(𝜖(1 − 𝑞)𝑝/𝑝0
𝑞 + 𝜖(1 − 𝑞)

)] + 𝑞𝐿
𝑣
0
𝑇0
.

(18.143)

The entropy of the mixture may also be written as

𝜂𝑑𝑣 = (1 − 𝑞)𝜂𝑑 + 𝑞𝜂𝑣, (18.144)

where the specific entropies of dry air and water vapour are

𝜂𝑑 = 𝑐𝑑𝑝 ln(𝑇/𝑇0) − 𝑅𝑑 ln(𝑝/𝑝0) − 𝑅𝑑 ln(1 − 𝑝𝑣/𝑝),
𝜂𝑣 = 𝑐𝑣𝑝 ln(𝑇/𝑇0) − 𝑅𝑣 ln(𝑝/𝑝0) − 𝑅𝑣 ln(1 − 𝑝𝑑/𝑝) + 𝐿𝑣0/𝑇0 .

(18.145)

The third terms on the right-hand sides are called the entropies of mixing.
The entropy of liquid water is given by

𝜂𝑙 = 𝜂𝑙0 + 𝑐𝑙 ln(𝑇/𝑇0). (18.146)

The entropy of a mixture of dry air, liquid water and water vapour is given by

𝜂𝑑𝑣𝑙 = (1 − 𝑞𝑣𝑙)𝜂𝑑 + 𝑞𝑣𝜂𝑣 + 𝑞𝑙𝜂𝑙, (18.147)

where 𝑞𝑣 and 𝑞𝑙 are the mass concentrations of vapour and liquid in the total mixture and 𝑞𝑣𝑙 =
𝑞𝑣 + 𝑞𝑙.
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Heat capacities
The heat capacity at constant pressure of moist air (i.e., dry air and water vapour, with no liquid
content) is given by

𝑐𝑑𝑣𝑝 ≡ 𝑇 (
𝜕𝜂
𝜕𝑇
)
𝑝,𝑞
= 𝑞𝑐𝑣𝑝 + (1 − 𝑞)𝑐𝑑𝑝 . (18.148)

That is, it is the mass weighted heat capacity of water vapour and dry air, as expected. The heat
capacity at constant volume is given by

𝑐𝑑𝑣𝑣 ≡ 𝑇 (
𝜕𝜂
𝜕𝑇
)
𝛼,𝑞
=
𝑇(g2𝑝𝑇 − g𝑝𝑝g𝑇𝑇)

g𝑝𝑝
= 𝑞𝑐𝑣𝑣 + (1 − 𝑞)𝑐𝑑𝑣 , (18.149)

where 𝑐𝑣𝑣 = 𝑐𝑣𝑝 −𝑅𝑣 and 𝑐𝑑𝑣 = 𝑐𝑑𝑝 −𝑅𝑑, and details are left to the reader. Alternatively, eliminate 𝑝 in
favour of 𝛼 in (18.143) using (18.142) and then directly evaluate 𝑇(𝜕𝜂/𝜕𝑇)𝛼,𝑞.

Potential temperature
Thepotential temperature is the temperature that a parcel has ifmoved adiabatically and at constant
composition to a reference pressure, and so satisfies

𝜂(𝑝𝑅, 𝜃, 𝑞) = 𝜂(𝑝, 𝑇, 𝑞). (18.150)

For moist air we use (18.143) for the entropy and (18.150) becomes

𝑐𝑝 ln 𝜃 − [𝑞𝑅𝑣 ln(
𝑞𝑝𝑅/𝑝0
𝑞 + 𝜖(1 − 𝑞)

) + (1 − 𝑞)𝑅𝑑 ln(𝜖(1 − 𝑞)𝑝𝑅/𝑝0
𝑞 + 𝜖(1 − 𝑞)

)]

= 𝑐𝑝 ln𝑇 − [𝑞𝑅𝑣 ln(
𝑞𝑝/𝑝0
𝑞 + 𝜖(1 − 𝑞)

) + (1 − 𝑞)𝑅𝑑 ln(𝜖(1 − 𝑞)𝑝/𝑝0
𝑞 + 𝜖(1 − 𝑞)

)] .
(18.151)

With a couple of lines of algebra this expression simplifies to

𝑐𝑝 ln 𝜃 − [ �𝑞𝑅𝑣 + (1 − 𝑞)𝑅𝑑]� ln(𝑝𝑅/𝑝) = 𝑐𝑝 ln𝑇 or 𝜃 = 𝑇(𝑝𝑅
𝑝
)
𝑅/𝑐𝑝
, (18.152)

where 𝑅 = 𝑞𝑅𝑣 + (1 − 𝑞)𝑅𝑑 and 𝑐𝑝 is given by (18.148).

Latent heat of evaporation and condensation
The latent heat of evaporation (or condensation) is the amount of energy that must be supplied to
evaporate a unit mass of liquid to a vapour, or equivalently the amount of energy released when
water vapour condenses. It is therefore equal to the difference between the specific enthalpy of wa-
ter vapour and liquid water at a given temperature and also known as the enthalpy of vaporization.
Using (18.141) the entropy and enthalpy of liquid water are given by

𝜂𝑙 = −(𝜕g
𝑙

𝜕𝑇
)
𝑝
= 𝜂𝑙0 + 𝑐𝑙 ln(𝑇/𝑇0), ℎ𝑙 = g𝑙 + 𝑇𝜂 = g𝑙0 + 𝛼𝑙𝑝 + 𝑐𝑙𝑇. (18.153)

Using (18.137b) the enthalpy of water vapour is given by

ℎ𝑣 = g − 𝑇(𝜕g
𝑣

𝜕𝑇
)
𝑝
= 𝑐𝑣𝑝𝑇 + 𝐿𝑣0. (18.154)

The enthalpy of vaporization, 𝐿, is therefore given by

𝐿 = ℎ𝑣 − ℎ𝑙 = 𝐿𝑣0 − (g𝑙0 + 𝛼𝑙𝑝) + (𝑐𝑣𝑝 − 𝑐𝑙)𝑇. (18.155)
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The pressure term is negligibly small: 𝛼𝑙𝑝 ∼ 100 J kg−1 whereas, by experiment, 𝐿 = 2.501 ×
106 J kg−1 at 0° C. Using this value for 𝐿𝑣0 (and setting g𝑙0 = 0), and with 𝑐𝑣𝑝 = 1859 J kg−1K−1,
𝑐𝑙 = 4218 J kg−1K−1, we obtain 𝐿 ≈ (2.501 × 106 − 2359𝑇) J kg−1, with 𝑇 in Celsius. The temper-
ature dependence of 𝐿 arises because we have to expend the same amount of energy evaporating
water at (say) 10° C and then raising the vapour temperature to 20° C as we do in raising the water
temperature from 10° to 20° and then evaporating it.

Using the latent heat provides a convenient expression for the entropy of a saturated mixture
of dry air, water vapour and liquid water. If the mixture is in equilibrium then 𝑞𝑣 = 𝑞𝑣𝑠 where 𝑞𝑣𝑠
is given by the Clausius–Clapeyron relation and is a function of 𝑝 and 𝑇. Furthermore, the differ-
ences in entropy between vapour and liquid water are then related to the latent heat of vaporization
by

𝑇(𝜂𝑣 − 𝜂𝑙) = ℎ𝑣 − ℎ𝑙 = 𝐿, (18.156)

and (18.147) becomes
𝜂𝑑𝑣𝑙𝑠 = (1 − 𝑞𝑣𝑙)𝜂𝑑 + 𝑞𝑣𝑙𝜂𝑙 +

𝐿𝑞𝑣𝑠
𝑇
. (18.157)

Equivalent potential temperature
There are various definitions of equivalent potential temperature, 𝜃eq, with different names and
small quantitative differences.7 For qualitative uses the differences don’t really matter as they are
small, and for an exact calculation one rarely needs to use equivalent potential temperature (en-
tropy is often better). Nevertheless, it is a commonly used thermodynamic variable. The definition
used in the main text was that equivalent potential temperature, 𝜃eq, is the potential temperature
a parcel reaches after it is lifted adiabatically and at constant composition to a level at which it be-
comes saturated, and then all the water vapour is condensed and all of the latent heat released is
used to heat the parcel. To obtain an analytic expression for 𝜃eq so defined we assume the conden-
sation occurs at constant temperature and so obtain (18.54), namely

𝜃𝑝eq = 𝜃 exp(
𝐿𝑞
𝑐𝑝𝑇
) = 𝑇(𝑝𝑅

𝑝
)
𝑅/𝑐𝑝

exp( 𝐿𝑞
𝑐𝑝𝑇
) . (18.158)

Here we give it a superscript 𝑝 and call it the pseudo-adiabatic equivalent potential temperature.
It is related to entropy, but it is not a true measure of it. One problem is that the above process is
not physically realizable. In order to condense all the water vapour the temperature must be taken
to absolute zero (or in practice we must lift the parcel to a great height where the temperature is
very low), but we cannot simply condense all the water at a constant temperature. Second, we have
neglected the contribution of liquid water. To see this, begin with an expression for the entropy
of a mixture of dry air, water vapour and liquid water in equilibrium, with an entropy given by
(18.157). An equivalent potential temperature, 𝜃eq, may then be defined by

(1 − 𝑞𝑣𝑙)𝑐𝑑𝑝 ln(𝜃eq/𝑇0) = (1 − 𝑞𝑣𝑙)𝜂𝑑 + 𝑞𝑣𝑙𝜂𝑙 +
𝐿𝑞𝑣𝑠
𝑇
. (18.159)

Using the expressions for 𝜂𝑑 and 𝜂𝑙 given in (18.145) the above expression becomes

(1 − 𝑞𝑣𝑙) 𝑐𝑑𝑝 ln(�
𝜃eq
𝑇0
)� = (1 − 𝑞𝑣𝑙)𝑐𝑑𝑝 [ln( �

𝜃𝑑
𝑇0
)� − 𝑅

𝑑

𝑐𝑑𝑝
ln(�1 − 𝑝

𝑣

𝑝
)�] + 𝑞𝑣𝑙𝑐𝑙 ln(� 𝑇

𝑇0
) � + 𝐿𝑞

𝑣
𝑠
𝑇
. (18.160)

Solving this for 𝜃eq gives

𝜃eq = 𝜃𝑑 exp(
𝐿𝑤𝑠
𝑐𝑑𝑝𝑇
)( 𝑇
𝑇0
)
𝑤𝑣𝑙𝑐𝑙/𝑐𝑑𝑝
(1 − 𝑝

𝑣

𝑝
)
−𝑅𝑑/𝑐𝑑𝑝
, (18.161)
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where𝑤 = 𝑞/(1−𝑞𝑣𝑙) and 𝜃𝑑 = 𝑇(𝑝𝑅/𝑝)𝑅
𝑑/𝑐𝑑𝑝 . Equation (18.161) is a truemeasure of the entropy of

amoist parcel, albeit a convoluted one. It differs slightly from (18.54) because 𝜃𝑝eq is not obtained by
an adiabatic process, since the entropy of the liquid water is lost during condensation. If the water
content is small (𝑞 ≪ 1, 𝑝𝑣/𝑝 ≪ 1) then (18.161) reduces to the more commonly used expression
(18.158), with 𝑞 = 𝑞𝑣𝑠 .

Various other temperature-like quantities may be defined, notably the dew-point temperature
and the wet-bulb temperature. The dew-point temperature is the temperature at which moist air,
when cooled at constant pressure, becomes saturated. Thewet-bulb temperature is the temperature
that a parcel of air would have if cooled to saturation by the evaporation of water into it, with the
energy required being supplied by the air parcel itself; wet-bulb temperature is directlymeasurable,
for it is the temperature that a thermometer shows when wrapped in a wet cloth in a breeze. These
quantities are both useful and have instinctive and human appeal. Potential temperature also has
an intuitive attraction, but there are rarely objective reasons to use it in a quantitative calculation—
entropy itself is usually a more straightforward alternative. This comment also applies to seawater.

APPENDIX B: EQUATIONS OF RADIATIVE TRANSFER
Consider a beam of radiation propagating through a thin slab of gas. Some of the incoming radia-
tion may be absorbed, some may be scattered, and the slab may emit radiation of its own. Scatter-
ing is the change in direction of the radiation, so that it may reduce or — if radiation from other
directions is scattered into the beam – amplify the beam’s intensity. The difference between the
incoming and outgoing radiation is

d𝐼𝜈 ≡ 𝐼in𝜈 − 𝐼out𝜈 = −d𝜏𝜈𝐼𝜈 + d𝐽𝜈. (18.162)

In this expression 𝐼𝜈 is the spectral radiance (power per unit area, per unit solid angle, per unit
frequency interval) of the radiation, the term d𝜏𝜈𝐼𝜈 is the extinction (the absorption plus the radi-
ation scattered away) and d𝐽𝜈 is the emission plus the scattering into the beam. The quantity d𝜏𝜈 is
the nondimensional optical depth; it may be written as d𝜏𝜈 = 𝑘𝜈𝜌d𝑠 where d𝑠 is the slab thickness,
𝜌 is its density and 𝑘𝜈 is the extinction coefficient, a property of the gas in question. Theminus sign
on d𝜏𝜈 is appropriate when 𝜏 increases in the direction of the beam, and all of the above quantities
depend on the frequency, 𝜈, of the radiation.

Suppose there is no scattering, which is a good approximation for infrared radiation. The emis-
sion of radiation is, in thermal equilibrium, then given by the Planck function, 𝐵𝜈, multiplied by
the optical depth. Equation (18.162) becomes

d𝐼𝜈 = −d𝜏𝜈(𝐼𝜈 − 𝐵𝜈) or d𝐼𝜈
d𝜏𝜈
= −(𝐼𝜈 − 𝐵𝜈). (18.163)

This equation is the foundation of much of radiative transfer. If radiation is propagating in all
directions we must integrate over solid angle to obtain the upward and downward spectral irradi-
ances (power per unit area per unit frequency interval). This is a complicated procedure in general
but, to a good approximation for infrared radiation in Earth’s atmosphere, the simple upshot is
the multiplication of the optical depth by a geometric, order-one (for example, 5/3) factor of 𝛾—
because most of the radiation is passing slantwise through the medium — and the multiplication
of 𝐵 by π because of the integration over a hemisphere, giving the two-stream approximation.25
Equation (18.163) becomes

d𝐹𝜈
d𝜏∗𝜈
= −𝐹𝜈 − π𝐵𝜈, (18.164)

where𝐹𝜈 is the spectral irradiance along a vertical path alongwhich 𝜏 increases and 𝜏∗𝜈 is the ‘scaled’
optical depth given by 𝜏∗ = 𝛾𝜏𝜈. We will drop the asterisk on 𝜏∗𝜈 and we will absorb the factor π
into the definition of 𝐵𝜈.
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In Earth’s atmosphere it is common to choose 𝜏 increasing downwards, from 0 at the top of
the atmosphere, although no physical result depends on this choice. The downwards (𝐷𝜈) and
upwards (𝑈𝜈) irradiances are then

d𝐷𝜈
d𝜏𝜈
= 𝐵𝜈 − 𝐷𝜈 ,

d𝑈𝜈
d𝜏𝜈
= 𝑈𝜈 − 𝐵𝜈 . (18.165a,b)

These are the two-stream equations,without scattering, commonly known as the Schwarzchild equa-
tions. The downward and upward fluxes are uncoupled, because of the absence of scattering.

If there is no dependence of the optical depth on frequency then the medium is said to be grey
and we may integrate (18.165) over frequency to give

d𝐷
d𝜏
= 𝐵 − 𝐷, d𝑈

d𝜏
= 𝑈 − 𝐵, (18.166a,b)

where 𝑈 and𝐷 are the upward and downward (total) irradiances, 𝐵 = 𝜎𝑇4 (all three with units of
Wm−2), and 𝜎 = 5.6704×10−8Wm−2K−4 is Stefan’s constant. The grey assumption is not accurate
for Earth’s atmosphere. Nevertheless, for conceptual or approximate calculations it is often useful
to suppose that the atmosphere is grey in the infrared, in which case (18.166) applies to infrared
radiation with separate equations (that might include scattering or reflection, but that might also
be grey) for solar radiation; this is the semi-grey approximation.

APPENDIX C: ANALYTIC APPROXIMATION OF TROPOPAUSE HEIGHT
Here we provide an approximate, analytic, expression for the height of the tropopause, given the
optical depth and lapse rate. The idea is to solve for a self-consistent radiative-convective state,
with a specified lapse rate extending upward to a tropopause and then transitioning to a radiative-
equilibrium state, with the tropopause height being determined by the requirement of overall ra-
diative balance.26

Instead of trying to use the formal solutions to the Schwarzchild equations, it is easier to ap-
proximately solve the radiative-transfer equations for the upward long wave irradiance, 𝑈𝐿, ab ini-
tio. We make one other approximation, that the value of 𝐵/𝑈𝐿 varies linearly from the tropopause
(where its value is 0.5) to its value at the surface (where 𝐵/𝑈𝐿 = 1). Thus,

𝐵
𝑈𝐿
= 1 − 𝑧
2𝐻𝑇
. (18.167)

Numerical calculations suggest this is a decent approximation. Proceeding, we write (18.65b) as

d log𝑈𝐿
d𝜏
= 1 − 𝐵
𝑈𝐿
= 𝑧
2𝐻𝑇
. (18.168)

Using 𝜏(𝑧) = 𝜏𝑠 exp(−𝑧/𝐻𝑎) we obtain

d log𝑈𝐿
d𝑧
= − 𝑧
2𝐻𝑇𝐻𝑎

𝜏𝑠 exp(−𝑧/𝐻𝑎). (18.169)

We can integrate this expression by parts to obtain a value of the upwelling radiation at the tropo-
pause 𝑈𝐿(𝐻𝑇), namely

log(𝑈𝐿(𝐻𝑇)
𝑈𝐿(0)
) = − 𝜏𝑠
2𝐻𝑇
∫
𝐻𝑇

0
exp(−𝑧/𝐻𝑎)d𝑧 ≈ −

𝜏𝑠𝐻𝑎
2𝐻𝑇
, (18.170)

for 𝐻𝑇 ≫ 𝐻𝑎. This is an expression for the upwellling longwave radiation, 𝑈𝐿(𝐻𝑇), and the un-
knowns in the equation are𝑈𝐿(0), the upwelling radiation at the surface, and the tropopause height,
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𝐻𝑇. The value of 𝑈𝐿(0) is given by the surface temperature, which is a function of the tropopause
temperature, 𝑇𝑇, the specified lapse rate, 𝛤, and the tropopause temperature, 𝑇𝑇. Inverting the
argument, if we are given 𝑈𝐿(𝐻𝑇) and 𝑇𝑇 then we can calculate𝐻𝑇.

Let us assume that the stratosphere is optically thin, in which case 𝑈𝐿(𝐻𝑇) is the outgoing
longwave radiation, equal to 2𝜎𝑇4𝑇, and this is knownbecause it equals the incoming solar radiation.
Thus, we can in principle now solve (18.170) for𝐻𝑇. To do this note that the upwelling radiation
at the surface is given by𝑈𝐿(0) = 𝜎𝑇4𝑔 = 𝜎𝑇4𝑠 , where 𝑇𝑠 = 𝑇𝑇 +𝛤𝐻𝑇. The left-hand side of (18.170)
then becomes

log(2𝜎𝑇
4
𝑇
𝜎𝑇4𝑠
) = log 2 + 4 log 𝑇𝑇

𝑇𝑠
= log 2 + 4 log( 𝑇𝑇

𝑇𝑇 + 𝛤𝐻𝑇
) ≈ log 2 − 4𝛤𝐻𝑇

𝑇𝑇
. (18.171)

The rightmost terms in (18.171) and (18.170) are approximately equal so that

log 2 − 4𝛤𝐻𝑇
𝑇𝑇
= −𝜏𝑠𝐻𝑎
2𝐻𝑇

or 8𝛤𝐻2𝑇 − C𝐻𝑇𝑇𝑇 − 𝜏𝑠𝐻𝑎𝑇𝑇 = 0, (18.172)

where C = 2 log 2 ≈ 1.39. The solution of this equation is

𝐻𝑇 =
1
16𝛤
(C𝑇𝑇 + √C2𝑇2𝑇 + 32𝛤𝜏𝑠𝐻𝑎𝑇𝑇) . (18.173)

The tropopause height given by this equation is fairly close to the actual solution of the radiative-
convective equations, obtained by numerically integrating the Schwarzchild equations and iterat-
ing to obtain the correct tropopause height following the algorithm of Section 18.6.2, as seen in
Fig. 18.21. The analytic approximation may be further improved with a bit of effort, but even in
the form above it captures the essential aspects of the true solution.

Notes
1 Many thanks to Adam Sobel for a number of conversations and notes that informed the sections

on convection and quasi-equilibrium, and to Will Beeson and his colleagues in Chicago for many
useful comments. I am also grateful to Brian Mapes for a detailed critique of this chapter; I was
unable to address all of his concerns but his point of view was salutary.

2 I use a formula given by Bolton (1980), which is a variant on the original Magnus formula, aka the
August–Roche–Magnus formula or the Tetens formula — see Lawrence (2005) for discussion.

3 Measurements come from the hybrid advanced microwave sounding unit, Atmospheric Infrared
Sounder (AIRS), as in Sherwood et al. (2010).

4 To read more about models of this form see Pierrehumbert et al. (2007), with extensions and appli-
cations by O’Gorman et al. (2011), Sukhatme & Young (2011), Tsang & Vanneste (2016) and others.

5 The simulations here used a model developed by Dr. Yue-Kin Tsang, and I am grateful to him for
discussions and help.

6 The interested reader might start with Sherwood et al. (2010) or Schneider et al. (2010) and go
forward and back from there.

7 This definition of 𝜃eq is sometimes called the ‘pseudo-equivalent potential temperature’, because
the condensation product, liquid water, is assumed to fall out of the air parcel and the process is
‘pseudo-adiabatic’, not adiabatic. Other names with slightly different definitions exist (Betts 1973,
Emanuel 1994, Ambaum 2010).

8 The notion of conditional instability has been with us for many years — it appears in Haurwitz
(1941) for example — and an influential form was introduced Ooyama (1963) (see Ooyama 1982)
and Charney & Eliassen (1964). They proposed models of a cooperative mechanism between the
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convection and larger scale flow, with the convectionproducing a convergence at low levels, leading
to ascent, more latent heat release and convection and so on. Thismechanism and variations about
it became known as ‘Conditional Instability of the Second Kind’, or cisk, to distinguish it from more
conventional conditional instability (‘of the first kind’) which does not involve such a feedback with
the large scale. The cisk mechanism tends to produce vortical updraughts and may be important
for hurricane growth, but this remains a topic of some debate (e.g., Raymond 1995, Emanuel 1994,
Smith 1997). Other theories of hurricanes tend to de-emphasize the cisk mechanism in favour
of model involving a feedback between wind speed and evaporation, called wind-induced surface
heat exchange or wishe, with stronger winds giving more evaporation, leading to saturation and
thence convection. The convection then mainly serves to establish a moist adiabatic lapse rate
(as in the quasi-equilibrium ideas of Section 18.4.3) which ties the boundary layer to a warm core
extending upward (e.g., Craig & Gray 1996).

9 Convective adjustment is a great simplification over what actually occurs, but nevertheless it is
a useful concept and the basis of many early parameterization schemes for numerical models of
the atmosphere. Convective adjustment was introduced into modelling by Manabe & Strickler
(1964) and a theoretical and observational discussion of the general problem was given by Ludlam
(1966). A popular variation (a relaxation rather than an adjustment) was proposed by Betts (1986)
and Betts & Miller (1986). These days (c. 2017) gcms rarely use simple convective adjustment or
relaxation schemes, although the underlying ideas endure.

10 The nature of a ‘quasi-equilibrium’ between convection and large-scale forcing was made explicit
by Betts (1973) and Arakawa & Schubert (1974), with precedents to be found in Scorer & Ludlam
(1951) and Ludlam (1966). Many papers have since followed, with, for example, an extended discus-
sion in Emanuel et al. (1994), a counterpoint, examples and further discussion inMapes (1997, 1998,
2000), and application to the boundary layer in Raymond (1997). More references can be found in
the reviews by Arakawa (2004) and Emanuel (2007), and debates continue about applicability and
efficacy.

11 This behaviour is seen inmany comprehensiveGeneral CirculationModels of the atmosphere, going
back to Manabe & Wetherald (1980) and beyond. The explanation given here follows Vallis et al.
(2015) but has much earlier roots.

12 Numerical calculations of the radiative constraint with more realistic treatments of radiation were
carried out by Thuburn & Craig (2000).

13 We roughly follow Emanuel (1987). Neelin & Zeng (2000) and Zeng et al. (2000) give details of how
a functional reduced model, including diabatic and frictional terms, may be constructed. Lindzen
& Nigam (1987) have another, albeit related, take on the problem.

14 The tropical scaling was presented by Charney (1963).

15 The derivation of the weak temperature-gradient approximation given here is more-or-less that
of Sobel et al. (2001), and may be regarded as an extension of Charney’s (1963) ideas to include
diabatic effects. A number of authors previously used the approximation, implicitly or explicitly,
in one form or another (e.g., Neelin 1988, Browning et al. 2000), and various extensions and rigour
have been added by Majda & Klein (2003) and others.

16 See Bretherton & Smolarkiewicz (1989) and Mapes (1997) and go from there.

17 Details are described in Bretherton & Sobel (2002) and Neelin & Zeng (2000).

18 A review of convectively coupled equatorial waves is provided by Kiladis et al. (2009). The mjo
was first described by Madden & Julian (1971, 1972), and a review may be found in Zhang (2005).
Schubert & Masarik (2006) discuss aspects of a moving Matsuno–Gill pattern and its relation to
the mjo, and Raymond & Fuchs (2009), Majda & Stechmann (2009) and Sobel & Maloney (2013),
among others, offer theoretical models of the mjo.

19 Diagrams such as these are known as Wheeler–Kiladis diagrams, after Wheeler & Kiladis (1999).
Filtering the noise is required to obtain clean plots and requires some attention.

20 Adapted from Kiladis et al. (2009).
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21 Dias & Kiladis (2014) discuss reasons why the value is smaller than might be expected.

22 Adapted from Kiladis et al. (2005).

23 Heckley & Gill (1984).

24 Feistel et al. (2010) and Thuburn (2017) give more details. I am grateful to John Thuburn for a
number of very useful conversations on this matter.

25 There are various versions of the two-stream approximation; see Goody & Yung (1995) or Pierre-
humbert (2010).

26 The contents of this appendix are the results of joint work with Pablo Zurita-Gotor. A seemingly
casual question to me by Rich Kerswell led to the theoretical development.



Part IV

LARGE-SCALE OCEANIC
CIRCULATION





As I ebb’d with the ocean of life,
As I wended the shores I know,
As I walk’d where the ripples continually wash you Paumanok …
As the ocean so mysterious rolls toward me closer and closer …
I perceive I have not really understood any thing,

not a single object, and that no man ever can,
Nature here in sight of the sea taking advantage of me

to dart upon me and sting me,
Because I have dared to open my mouth to sing at all.
Walt Whitman, As I Ebb’d with the Ocean of Life, from Leaves of Grass, 1881.

CHAPTER 19

Wind-Driven Gyres

Understanding the circulation of the ocean involves a combination of observations,
comprehensive numerical modelling, and more conceptual modelling or theory.1 All are
essential, but in this chapter and the ones following our emphasis is on the last of the triad.

Its (continuing) role is not to explain every feature of the observed ocean circulation, nor to nec-
essarily describe details best left to numerical simulations. Rather, it is to provide a conceptual
and theoretical framework for understanding the circulation of the ocean, for interpreting obser-
vations and suggesting how new observations may best be made, and to aid the development and
interpretation of numerical models.

The aspect of the ocean that most affects the climate is the sea-surface temperature (sst),
as illustrated in Fig. 19.1, and aside from the expected latitudinal variation there is significant
zonal variation too — the western tropical Pacific is particularly warm, and the western Atlantic is
warmer than the corresponding latitude in the east. These variations owe their existence to ocean
currents, and the main ones are sketched — in a highly schematic and non-quantitative fashion —
in Fig. 19.2. Overmost of the ocean, the vertically averaged currents have a similar sense to the sur-
face currents, one exception being at the equator where the surface currents are mainly westward
but the vertical integral is dominated by the eastward undercurrent. Two dichotomous aspects of
this picture stand out: (i) the complexity of the currents as they interact with topography and the
geography of the continents; (ii) the simplicity and commonality of the large-scale structures in the
major ocean basins, and in particular the ubiquity of subtropical and subpolar gyres. Indeed these
gyres, sweeping across the great oceans carrying vast quantities of water and heat, are perhaps the
single most conspicuous feature of the circulation. The subtropical gyres are anticyclonic, extend-
ing polewards to about 45°, and the subpolar gyres are cyclonic and polewards of this, primarily in
the Northern Hemisphere. The existence of the great gyres, and that they are strongest in the west,
has been known for centuries; this western intensification leads to such well-known currents as the
Gulf Stream in the Atlantic (charted by Benjamin Franklin), the Kuroshio in the Pacific, and the
Brazil Current in the South Atlantic.

For much of this chapter we consider a model, and variations about it, that explains the large-
scale features of ocean gyres and that lies at the core of ocean circulation theory — the steady,
forced-dissipative, homogeneous model of the ocean circulation first formulated by Stommel.2 In
all of the geosciences there is perhaps no other model that combines elegance and as relevance as
much as this one.
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Fig. 19.1 The sea-surface temperature (sst, ° C) of the world’s ocean, as determined from a great
many observations, combined in the World Ocean Circulation Experiment (woce).
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Fig. 19.2 Idealization of the main currents of the global ocean. Key: STG – Subtropical Gyre;
SPG – Subpolar Gyre; WBC – Western Boundary Current; ECS – Equatorial Current System; NA
– North Atlantic; SA – South Atlantic; NP – North Pacific; SP – South Pacific; SI – South Indian;
ACC – Antarctic Circumpolar Current; ATL – Atlantic; PAC – Pacific. The figure is only a qualitative
representation of the actual flow. Most of the currents are manifested at the surface, but near the
equator the figure shows the undercurrent which flows in the opposite way to the surface current.



19.1 The Depth Integrated Wind-Driven Circulation 733

40 

30 

20 

10 

0 

-10 

-20 

-30 

-40

                      80 W               60 W                40 W                20 W                  0
Sv

                      80 W               60 W                40 W                20 W                  0

  60 N 

50 N 

40 N 

30 N 

20 N

Fig. 19.3 Left: the time averaged velocity field at a depth of 75 m in the North Atlantic, obtained by
constraining a numerical model to observations (so giving a ‘state estimate’). Right: the streamfunction
of the vertically integrated flow, in Sverdrups (1 Sv = 109 kg s−1). Note the presence of an anticyclonic
subtropical gyre (clockwise circulation, shaded red), a cyclonic subpolar gyre (anticlockwise, blue), and
intense western boundary currents.4

19.1 THE DEPTH INTEGRATED WIND-DRIVEN CIRCULATION

Although even today we barely have sufficient observations to produce a detailed synoptic map
of the ocean currents, except at the surface, the large-scale mean currents are fairly well mapped
and Fig. 19.3 illustrates the average current pattern of the North Atlantic using a combination of
observations and a numerical model, and the Gulf Stream is clearly visible. Similar features are
seen in all the major ocean basins (Fig. 19.4) where we see subtropical and subpolar gyres, all of
them intensified in the west.3 Our goal in this chapter is to explain the main features seen in these
figures in as simple and straightforward a manner as is possible.

The equations that govern the large-scale flow in the oceans are the planetary-geostrophic equa-
tions. Greatly simplified as these are compared to the Navier–Stokes equations, or even the hydro-
static Boussinesq equations, they are still quite daunting: a prognostic equation for buoyancy is
coupled to the advecting velocity via hydrostatic and geostrophic balance, and the resulting prob-
lem is formidably nonlinear. However, it turns out that thermodynamic effects can effectively be
eliminated by the simple device of vertical integration; the resulting equations are linear, and the
only external forcing is that due to the wind stress. The resulting model then, at the price of some
comprehensiveness, gives a useful picture of the wind-driven circulation of the ocean. We will
consider the vertical structure of this flow in the next chapter.

19.1.1 The Stommel Model

The planetary-geostrophic equations for a Boussinesq fluid are:

D𝑏
D𝑡
= �̇�, ∇3 ⋅ 𝒗 = 0, (19.1a,b)

𝒇 × 𝒖 = −∇𝜙 + 1
𝜌0
𝜕𝝉
𝜕𝑧
, 𝜕𝜙
𝜕𝑧
= 𝑏. (19.2a,b)

These equations are, respectively, the thermodynamic equation (19.1a), the mass continuity equa-
tion (19.1b), the horizontal momentum equation (19.2a), (i.e., geostrophic balance, plus a stress
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term), and the vertical momentum equation (19.2b) — that is, hydrostatic balance. These equa-
tions are derived more fully in Chapter 5, but they are essentially the Boussinesq primitive equa-
tions with the advection terms omitted from the horizontal momentum equation, on the basis of
small Rossby number. In this chapter we will henceforth absorb the factor of 𝜌0 into the 𝝉, so that
𝝉 denotes the kinematic stress, and the gradient operator will be two dimensional, in the 𝑥-𝑦 plane,
unless noted.

Take the curl of (19.2a) (that is, cross differentiate its 𝑥 and 𝑦 components) and integrate over
the depth of the ocean to give

∫𝒇∇ ⋅ 𝒖 d𝑧 + 𝜕𝑓
𝜕𝑦
∫ 𝑣 d𝑧 = curl𝑧(𝝉𝑇 − 𝝉𝐵), (19.3)

where the operator curl𝑧 is defined by curl𝑧𝑨 ≡ 𝜕𝐴𝑦/𝜕𝑥 − 𝜕𝐴𝑥/𝜕𝑦 = 𝐤 ⋅ ∇ × 𝑨, and the subscripts
𝑇 and 𝐵 are for top and bottom. The divergence term vanishes if the vertical velocity is zero at
the top and bottom of the ocean. Strictly, at the top of the ocean the vertical velocity is given by
the material derivative of height of the ocean’s surface, Dℎ/D𝑡, but on the large-scales this has a
negligible effect and we may make the rigid-lid approximation and set it to zero. At the bottom of
the ocean the vertical velocity is only zero if the ocean is flat-bottomed; otherwise it is𝒖⋅∇𝜂𝐵, where
𝜂𝐵 is the orographic height at the ocean floor. The neglect of this topographic term is probably the
most restrictive single approximation in the model. Given this neglect, (19.3) becomes

𝛽𝑣 = curl𝑧(𝝉𝑇 − 𝝉𝐵), (19.4)

where henceforth, in this section, quantities with an overbar are understood to be the vertical
integral over the depth of the ocean. If the stresses depend only on the velocity fields then thermo-
dynamic fields do not affect the vertically integrated flow.

At the top of the ocean, the stress is given by the wind. At the bottom, in the absence of topogra-
phy we assume that the stress may be parameterized by a linear drag, or Rayleigh friction, as might
be generated by an Ekman layer; it is this assumption that particularly characterizes this model as
being due to Stommel. (Note that we parameterize the friction by a drag acting on the vertically
integrated velocity. Using the velocity at the bottom of the ocean would be more realistic, but this
wrinkle is beyond the scope of vertically integrated models.) Equation (19.4) then becomes

𝛽𝑣 = −𝑟𝜁 + 𝐹𝜏(𝑥, 𝑦), (19.5)

where 𝐹𝜏 = curl𝑧𝝉𝑇 is the wind-stress curl at the top of the ocean and is a known function. Because
the velocity is divergence-free, we can define a streamfunction 𝜓 such that 𝑢 = −𝜕𝜓/𝜕𝑦 and 𝑣 =
𝜕𝜓/𝜕𝑥. Equation (19.5) then becomes

𝑟∇2𝜓 + 𝛽𝜕𝜓
𝜕𝑥
= 𝐹𝜏(𝑥, 𝑦). (19.6)

This equation is often referred to as the Stommel problem or the Stommel model, and may be posed
in a variety of two dimensional domains.

19.1.2 Alternative Formulations

A number of alternative formulations leading to (19.6) are possible. None are perhaps as well
justified as the derivation via the planetary-geostrophic equations but the differences in the specific
assumptions made give some indication of the robustness of the derivation, and show how the
model might be extended to include topographic or nonlinear effects.
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Fig. 19.4 A state estimate of the streamfunction of the vertically integrated flow for the near global ocean.
Red shading indicates clockwise flow, and blue shading anticlockwise, but in both hemispheres the subtrop-
ical (subpolar) gyres are anticyclonic (cyclonic).5

I. A homogeneous model

Rather than vertically integrating, we may suppose that the ocean is a homogeneous fluid obeying
the shallow water equations (Chapter 3). The potential vorticity equation (cf. (3.96) on page 121)
is:

D
D𝑡
(𝜁 + 𝑓
ℎ
) = 𝐹
ℎ
, (19.7)

where 𝐹 represents friction and forcing. In an ocean with a rigid-lid and flat bottom (19.7) gives
the barotropic vorticity equation,

D𝜁
D𝑡
+ 𝛽𝑣 = 𝐹, (19.8)

where the term 𝐹 again represents the wind-stress curl and a linear drag. Further, since the hori-
zontal velocity is divergence-free (because of the flat-bottom and rigid-lid) we may represent it as
a streamfunction, whence we obtain the closed equation

D
D𝑡
∇2𝜓 + 𝛽𝜕𝜓

𝜕𝑥
= 𝐹𝜏(𝑥, 𝑦) − 𝑟∇2𝜓, (19.9)

where 𝐹𝜏 again represents the wind forcing. This equation is the ‘time-dependent nonlinear Stom-
mel problem’. The steady nonlinear problem is sometimes of interest, too, and this is just

𝐽(𝜓, ∇2𝜓) + 𝛽𝜕𝜓
𝜕𝑥
= 𝐹𝜏(𝑥, 𝑦) − 𝑟∇2𝜓. (19.10)

To obtain the original Stommel model we just ignore the advective derivative, which will be valid
if |𝜁| ∼ 𝑍 ≪ 𝛽𝐿 where 𝑍 = 𝑈/𝐿 is a representative value of vorticity. This condition is equivalent
to

𝑅𝛽 ≡
𝑈
𝛽𝐿2
≪ 1. (19.11)

𝑅𝛽 is called the beta-Rossby number. On sufficiently large scales, 𝛽 ∼ 𝑓/𝐿 and (19.11) is similar to
a small Rossby number assumption.
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II. Quasi-geostrophic formulation
In the planetary-geostrophic formulation, the horizontal velocity is divergence-free only because
we have vertically integrated. If the scales of motion are not too large the horizontal flow at every
level is divergence-free for another reason: because it is in geostrophic balance. In reality, over a
single oceanic gyre (say from 15° to 40° latitude), variations in Coriolis parameter are not large,
and this prompts us to formulate the model in terms of the quasi-geostrophic equations. Formally,
such a model would then be restricted to length scales, 𝐿, of no more than 𝒪(Ro−1) larger than the
deformation radius, and for gyre scales this criterion is marginally satisfied if 𝐿𝑑 = 100km. An
advantage of the quasi-geostrophic equations is that they readily allow for the inclusion of both
nonlinearity and stratification. (For an informal summary of quasi-geostrophy, see the box on
page 193.) The quasi-geostrophic vorticity equation for a Boussinesq system is:

D𝜁
D𝑡
+ 𝛽𝑣 = 𝑓0

𝜕𝑤
𝜕𝑧
+ curl𝑧
𝜕𝝉
𝜕𝑧
. (19.12)

If we neglect the advective derivative, and vertically integrate, we obtain

𝛽∫
𝑇

𝐵
𝑣d𝑧 = 𝑓0[𝑤]𝑇𝐵 + curl𝑧[𝝉]𝑇𝐵 . (19.13)

where 𝑇 denotes the ocean top and 𝐵 the bottom. We now make one of two virtually equivalent
choices:

(i) We suppose that the integration is over the entire depth of the ocean, in which case the term
[𝑤]𝑇𝐵 vanishes given a rigid lid and a flat bottom. If the stress at the top of the ocean is given
by the wind stress, and at the bottom of the ocean it is parameterized by a linear drag, then
we obtain

𝛽𝑣 = 𝐹𝜏(𝑥, 𝑦) − 𝑟𝜁 (19.14)
just as in (19.5), and where an overbar denotes a vertical integral. Writing 𝑣 = 𝜕𝜓/𝜕𝑥 and
𝜁 = ∇2𝜓 then gives (19.6).

(ii) We suppose that the integration is between two thin Ekman layers at the top and bottom of
the ocean. The stress is zero at the interior edge of these layers, but the vertical velocity is
not. At the base of the upper Ekman layer, at 𝑧 = −𝛿𝑇, the vertical velocity is given by:

𝑤(𝑥, 𝑦, −𝛿𝑇) = curl𝑧(𝝉𝑇/𝑓0), (19.15)

where the top of the ocean is at 𝑧 = 0 and 𝛿𝑇 is the thickness of the upper Ekman layer.
Similarly, at the top of the lower Ekman layer, the vertical velocity is:

𝑤(𝑥, 𝑦, −𝐻 + 𝛿𝐵) = 𝛿𝐵𝜁, (19.16)

where 𝑧 = −𝐻 at the ocean bottom and 𝛿𝐵 is the thickness of the bottom Ekman layer.
Neglecting the advective derivative, and integrating over the ocean between the two Ekman
layers, (19.12) becomes

𝛽𝑣 = curl𝑧𝝉𝑇 − 𝑓0𝛿𝐵𝜁 = curl𝑧𝝉𝑇 − 𝑓0𝛿𝐵𝜁/𝐻, (19.17)

where, to obtain the second equality, we assume that the bottom drag may be parameterized
using the vertically integrated vorticity, 𝜁. Defining the drag coefficient 𝑟 by 𝑟 = 𝑓0𝛿𝐵/𝐻,
and introducing a streamfunction gives

𝑟∇2𝜓 + 𝛽𝜕𝜓
𝜕𝑥
= curl𝑧𝝉𝑇, (19.18)

as before.
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19.1.3 Approximate Solution of Stommel Model
Sverdrup balance
Equation (19.6) is linear and it is possible to obtain an exact, analytic solution. However, it is more
insightful to approach the problem perturbatively, by supposing that the frictional term is small,
meaning there is an approximate balance between wind stress and the 𝛽-effect.6 Friction is small
if |𝑟𝜁| ≪ |𝛽𝑣| or

𝑟
𝐿
= 𝑓𝛿𝐵
𝐻𝐿
≪ 𝛽 (19.19)

using 𝑟 = 𝑓𝛿𝐵/𝐻, and where 𝐿 is the horizontal scale of the motion, and generally speaking this
inequality is well satisfied for large-scale flow. The vorticity equation becomes

𝛽𝑣 ≈ curl𝑧𝝉𝑇, (19.20)

which is known as Sverdrup balance.7 (Sometimes Sverdrup balance is taken to mean the linear
geostrophic vorticity balance 𝛽𝑣 = 𝑓𝜕𝑤/𝜕𝑧, but we will restrict its use to mean a balance between
the beta effect and wind stress curl.) The observational support for Sverdrup balance is rather
mixed, discrepancies arising not so much from the failure of (19.19), but from the presence of
small-scale eddying motion with concomitantly large nonlinear terms, and the presence of non-
negligible vertical velocities induced by the interaction with bottom topography.8 Nevertheless,
Sverdrup balance provides a useful, if not impregnable, foundation on which to build.

Boundary-layer solution
For simplicity, consider a square domain of side 𝑎 and rescale the variables by setting

𝑥 = 𝑎𝑥, 𝑦 = 𝑎𝑦, 𝜏 = 𝜏0𝜏, 𝜓 = �̂�
𝜏0
𝛽
, (19.21)

where 𝜏0 is the amplitude of the wind stress. The hatted variables are nondimensional and, assum-
ing our scaling to be sensible, these are 𝒪(1) quantities in the interior. Equation (19.18) becomes

𝜕�̂�
𝜕𝑥
+ 𝜖𝑆∇2�̂� = curl𝑧𝝉𝑇, (19.22)

where 𝜖𝑆 = (𝑟/𝑎𝛽) ≪ 1, in accordwith (19.19). For the rest of this sectionwewill drop the hats over
nondimensional quantities. Over the interior of the domain, away from boundaries, the frictional
term in (19.22) is small. We can take advantage of this by writing

𝜓(𝑥, 𝑦) = 𝜓𝐼(𝑥, 𝑦) + 𝜙(𝑥, 𝑦), (19.23)

where 𝜓𝐼 is the interior streamfunction and 𝜙 is a boundary layer correction. Away from bound-
aries 𝜓𝐼 is presumed to dominate the flow, and this satisfies

𝜕𝜓𝐼
𝜕𝑥
= curl𝑧𝝉𝑇. (19.24)

The solution of this equation (called the ‘Sverdrup interior’) is

𝜓𝐼(𝑥, 𝑦) = ∫
𝑥

0
curl𝑧𝝉(𝑥′, 𝑦)d𝑥′ + 𝑔(𝑦), (19.25)

where 𝑔(𝑦) is an arbitrary function of integration that gives rise to an arbitrary zonal flow. The
corresponding velocities are

𝑣𝐼 = curl𝑧𝝉, 𝑢𝐼 = −
𝜕
𝜕𝑦
∫
𝑥

0
curl𝑧𝝉(𝑥′, 𝑦)d𝑥′ −

d𝑔(𝑦)
d𝑦
. (19.26)
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Western boundary layer Wind stress Eastern boundary layer

Fig. 19.5 Two possible Sverdrup flows, 𝜓𝐼, for the wind stress shown in the centre. Each solution
satisfies the no-flow condition at either the eastern or western boundary, and a boundary layer is
therefore required at the other boundary. Both flows have the same, equatorward, meridional flow
in the interior. Only the flow with the western boundary current is physically realizable, however,
because only then can friction produce a curl that opposes that of the wind stress, so allowing the
flow to equilibrate.

The dynamics is most clearly illustrated if we now restrict our attention to a wind-stress curl
that is zonally uniform, and that vanishes at two latitudes, 𝑦 = 0 and 𝑦 = 1. An example is

𝜏𝑦𝑇 = 0, 𝜏𝑥𝑇 = − cos(π𝑦), (19.27)

for which curl𝑧𝝉𝑇 = −π sin(π𝑦). The Sverdrup (interior) flow may then be written as

𝜓𝐼(𝑥, 𝑦) = [𝑥 − 𝐶(𝑦)]curl𝑧𝝉𝑇 = π[𝐶(𝑦) − 𝑥] sin π𝑦, (19.28)

where 𝐶(𝑦) is the arbitrary function of integration [𝐶(𝑦) = −𝑔(𝑦)/curl𝑧𝝉]. If we choose 𝐶 to be a
constant, the zonal flow associated with it is 𝐶 curl𝑧𝝉𝑇. We can then satisfy 𝜓 = 0 at either 𝑥 = 0
(if 𝐶 = 0) or 𝑥 = 1 (if 𝐶 = 1). These solutions are illustrated in Fig. 19.5 for the particular stress
(19.27).

Regardless of our choice of 𝐶 we cannot satisfy 𝜓 = 0 at both zonal boundaries. We must
choose one, and then construct a boundary layer solution (i.e., we determine 𝜙) to satisfy the other
condition. Which choice do we make? On intuitive grounds it seems that we should choose the
solution that satisfies 𝜓 = 0 at 𝑥 = 1 (the solution on the left in Fig. 19.5), for the interior flow
then goes round in the same direction as the wind: the wind is supplying a clockwise torque, and
to achieve an angular momentum balance anticlockwise angular momentum must be supplied
by friction. We can imagine that this would be provided by the frictional forces at the western
boundary layer if the interior flow is clockwise, but not by friction at an eastern boundary layer
when the interior flow is anticlockwise. Note that this argument is not dependent on the sign of
the wind-stress curl: if the wind blew the other way a similar argument still implies that a western
boundary layer is needed. We will now see if and how the mathematics reflects this intuitive but
non-rigorous argument.

Asymptotic matching
Near the walls of the domain the boundary layer correction 𝜙(𝑥, 𝑦) must become important in
order that the boundary conditions may be satisfied, and the flow, and in particular 𝜙(𝑥, 𝑦), will
vary rapidly with 𝑥. To reflect this, let us stretch the 𝑥-coordinate near this point of failure (i.e., at
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either 𝑥 = 0 or 𝑥 = 1, but we do not know at which yet) and let

𝑥 = 𝜖𝛼 or 𝑥 − 1 = 𝜖𝛼. (19.29a,b)

Here, 𝛼 is the stretched coordinate, which has values 𝒪(1) in the boundary layer, and 𝜖 is a small
parameter, as yet undetermined. We then suppose that 𝜙 = 𝜙(𝛼, 𝑦), and using (19.23) in (19.22),
we obtain

𝜖𝑆(∇2𝜓𝐼 + ∇2𝜙) +
𝜕𝜓𝐼
𝜕𝑥
+ 1
𝜖
𝜕𝜙
𝜕𝛼
= curl𝑧𝝉𝑇, (19.30)

where 𝜙 = 𝜙(𝛼, 𝑦) and ∇2𝜙 = 𝜖−2𝜕2𝜙/𝜕𝛼2 + 𝜕2𝜙/𝜕𝑦2. Now, by choice, 𝜓𝐼 exactly satisfies Sverdrup
balance, and so (19.30) becomes

𝜖𝑆 (∇2𝜓𝐼 +
1
𝜖2
𝜕2𝜙
𝜕𝛼2
+ 𝜕
2𝜙
𝜕𝑦2
) + 1
𝜖
𝜕𝜙
𝜕𝛼
= 0. (19.31)

We now choose 𝜖 to obtain a physically meaningful solution. An obvious choice is 𝜖 = 𝜖𝑆, for
then the leading-order balance in (19.31) is

𝜕2𝜙
𝜕𝛼2
+ 𝜕𝜙
𝜕𝛼
= 0, (19.32)

the solution of which is
𝜙 = 𝐴(𝑦) + 𝐵(𝑦)e−𝛼. (19.33)

Evidently, 𝜙 grows exponentially in the negative 𝛼 direction. If this were allowed, it would violate
our assumption that solutions are small in the interior, and we must eliminate this possibility by
allowing 𝛼 to take only positive values in the interior of the domain, and by setting 𝐴(𝑦) = 0. We
therefore choose 𝑥 = 𝜖𝛼 so that 𝛼 > 0 for 𝑥 > 0; the boundary layer is then at 𝑥 = 0, that is, it is a
western boundary, and it decays eastwards in the direction of increasing 𝛼— that is, into the ocean
interior. We now choose𝐶 = 1 in (19.28) to make𝜓𝐼 = 0 at 𝑥 = 1 in (19.28) and then, for the wind
stress (19.27), the interior solution is given by

𝜓𝐼 = π(1 − 𝑥) sin π𝑦. (19.34)

This alone satisfies the boundary condition at the eastern boundary. The function 𝐵(𝑦) is chosen
to satisfy the additional condition that

𝜓 = 𝜓𝐼 + 𝜙 = 0 at 𝑥 = 0, (19.35)

and using (19.34) this gives
π sin π𝑦 + 𝐵(𝑦) = 0. (19.36)

Using this in (19.33), with 𝐴(𝑦) = 0, then gives the boundary layer solution

𝜙 = −π sin π𝑦e−𝑥/𝜖𝑆 . (19.37)

The composite (boundary layer plus interior) solution is the sum of (19.34) and (19.37), namely

𝜓 = (1 − 𝑥 − e−𝑥/𝜖𝑆)π sin π𝑦. (19.38)

With dimensional variables this is

𝜓 = 𝜏0π
𝛽
(1 − 𝑥
𝑎
− e−𝑥/(𝑎𝜖𝑆)) sin π𝑦

𝑎
. (19.39)
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Fig. 19.6 Two solutions of the
Stommel model. Upper panel
shows the streamfunction of a
single-gyre solution, with a wind
stress proportional to − cos(π𝑦/𝑎)
(in a domain of side 𝑎), and the
lower panel shows a two-gyre solu-
tion, with wind stress proportional
to cos(2π𝑦/𝑎). In both cases 𝜖𝑆 =
0.04.

Streamfunction Wind stress

This is a ‘single gyre’ solution. Two or more gyres can be obtained with a different wind forcing,
such as 𝜏𝑥 = −𝜏0 cos(2π𝑦), as in Fig. 19.6.

It is a relatively straightforward matter to generalize to other wind stresses, provided these also
vanish at the two latitudes between which the solution is desired. It is left as a problem to show
that in general

𝜓𝐼 = ∫
𝑥

𝑥𝐸
curl𝑧𝝉(𝑥′, 𝑦)d𝑥′, (19.40)

and that the composite solution is

𝜓 = 𝜓𝐼 − 𝜓𝐼(0, 𝑦)e−𝑥/(𝑥𝐸𝜖𝑆). (19.41)

19.2 USING VISCOSITY INSTEAD OF DRAG

A natural variation on the Stommel problem is to use a harmonic viscosity, 𝜈∇2𝜁, in place of the
drag term −𝑟𝜁 in the vorticity equation, the argument being that the wind-driven circulation does
not reach all theway to the ocean bottom so that an Ekmandrag is not appropriate. This variation is
called the ‘Munk problem’ or ‘Munkmodel’,9 and if both drag and viscosity are present we have the
‘Stommel–Munk’ model. The particular form of the lateral friction used in the Munk problem is
still somewhat hard to justify because it relies on an ill-founded eddy diffusion of relative vorticity
(Chapter 13). Our treatment is brief, focusing on aspects that differ from the Stommel problem.
The problem is to find and understand the solution to the (dimensional) equation

𝛽𝜕𝜓
𝜕𝑥
= curl𝑧𝝉𝑇 + 𝜈∇2𝜁 = curl𝑧𝝉𝑇 + 𝜈∇4𝜓 (19.42)
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The Stommel and Munk models of the Wind-Driven Circulation

Formulation

• Vertically integrated planetary-geostrophic equations, or a homogeneous fluid with
nonlinearity neglected.
• Friction parameterized by a linear drag (Stommel model) or a harmonic Newtonian

viscosity (Munk model) or both (Stommel–Munk model).
• Flat bottomed ocean.

Variations on the theme include allowing nonlinearity in the vorticity equation, posing
the problem in domains of various shapes, and allowing bottom topography (in particu-
lar sloping sidewalls). The solutions are most usefully calculated in the boundary-layer
approximation, but some exact solutions exist.

Properties

• The transport in the Sverdrup interior is equatorwards for an anti-cyclonic wind-
stress curl. This transport is exactly balanced by the poleward transport in the west-
ern boundary layer.
• There must be a boundary layer to satisfy mass conservation, and this must be a
western boundary layer if the friction acts to provide a force of opposite sign to the
motion itself. As there is a balance between friction and the 𝛽-effect, it is a ‘frictional
boundary layer’. The western location does not depend on the sign of the wind stress,
nor on the sign of the Coriolis parameter, but it does depend on the sign of 𝛽, and so
on the direction of rotation of the Earth.
• In the Stommelmodel the boundary layer width arises by noting that the terms 𝑟∇2𝜓

and 𝛽𝜕𝜓/𝜕𝑥 are in approximate balance in the western boundary layer, implying
boundary-layer scale of 𝐿𝑆 = (𝑟/𝛽). If 𝑟, the inverse frictional time, is chosen to be
1/20 days−1 then 𝐿𝑆 ≈ 60km, similar to the width of the Gulf Stream. Unless the
wind has a special form the Sverdrup flow is non-zero on the zonal walls and there
must also be boundary layers there, but they are weaker and less visible.
• In the Munk model the balance in western boundary layer is between 𝜈∇4𝜓 and
𝛽𝜕𝜓/𝜕𝑥, implying a scale of 𝐿𝑀 = (𝜈/𝛽)1/3. There are also weak boundary layers on
the eastern and zonal walls, to satisfy the no-slip (or free slip) condition.

in a given domain, for example a square of side 𝑎. We need two boundary conditions at each
wall to solve the problem uniquely, and as before for one of them we choose 𝜓 = 0 to satisfy the
no-normal-flow condition. For the other condition, two possibilities present themselves:
(i) Zero vorticity, or 𝜁 = 0. Since 𝜓 = 0 along the boundary, this possibility is equivalent to
𝜕2𝜓/𝜕𝑛2 = 0 where 𝜕/𝜕𝑛 denotes a derivative normal to the boundary. This is known as the
‘free-slip’ condition. At 𝑥 = 0, for example, the condition becomes 𝜕𝑣/𝜕𝑥 = 0; that is, there
is no horizontal shear at the boundary.

(ii) No flow along the boundary (the no-slip condition). That is 𝜓𝑛 = 0 where the subscript
denotes the normal derivative of the streamfunction. At 𝑥 = 0 we have 𝑣 = 0.

There is little a-priori justification for choosing either of these. The second choice would be de-
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manded if 𝜈 were a molecular viscosity, but then we would have to resolve a molecular boundary
layer which perhaps would be a fewmillimetres thick. Instead, 𝜈must be interpreted as some form
of eddy viscosity, as we discuss in Chapter 13. In that case, one might argue that the free-slip con-
dition should be preferred, but in the absence of a proper theoretical basis for such eddy viscosities
there is no truly rational way to make the choice. We will solve the no-slip problem.

Let the wind stress be the canonical 𝜏𝑥 = − cos(π𝑦/𝑎). Then the interior (Sverdrup) flow is
given by (19.34), as for the Stommel problem. This satisfies the no-slip boundary conditions at
𝑦 = 0, 1, namely 𝜕𝑦𝜓 = 0, automatically. However, we need boundary layers at both the western
and eastern boundaries, because the interior solution cannot satisfy all four boundary conditions
required by (19.42). The eastern boundary layer will be relatively weak, and needed only to satisfy
the no-slip condition but, as in the Stommel problem, there will be a strong western boundary
layer, needed to satisfy the no-normal flow condition. How thick will this be? Inspection of (19.42)
suggests that the frictional term and the 𝛽 term will balance in a boundary layer of thickness of
order 𝐿𝑀 where

𝐿𝑀 = (
𝜈
𝛽
)
1/3
. (19.43)

nondimensionalizing (19.42) in a similar way to the Stommel problem yields

− 𝜖𝑀∇4�̂� +
𝜕�̂�
𝜕𝑥
= curl𝑧𝝉𝑇, (19.44)

where 𝜖𝑀 = (𝜈/𝛽𝑎3). Considering only the western boundary layer correction, we let the solution
be the sum of an interior (Sverdrup) streamfunction plus a boundary layer correction:

�̂� = 𝜓𝐼 + 𝜙𝑊(𝛼, 𝑦), (19.45)

where 𝛼 is a stretched coordinate such that 𝑥 = 𝜖𝛼 where 𝜖 is some small parameter. Substituting
(19.45) into (19.44) and subtracting the Sverdrup balance gives

− 𝜖𝑀 (∇4𝜓𝐼 +
1
𝜖4
𝜕4𝜙𝑊
𝜕𝛼4
) + 1
𝜖
𝜕𝜙𝑊
𝜕𝛼
= 0. (19.46)

A non-trivial balance is obtained when 𝜖 = 𝜖1/3𝑀 , implying a dimensional western boundary thick-
ness of 𝜖𝑎 = (𝜈/𝛽)1/3, consistent with (19.43). Equation (19.46) then becomes, at leading order,

− 𝜕
4𝜙𝑊
𝜕𝛼4
+ 𝜕𝜙𝑊
𝜕𝛼
= 0. (19.47)

The boundary conditions on (19.47) are that:
(i) 𝜙𝑊 → 0 as 𝛼 → ∞: this states that the perturbation decays as it extends into the interior;
(ii) 𝜙𝑊 = −𝜓𝐼 at 𝑥 = 𝛼 = 0: this is the no-normal-flow condition on the meridional boundary.
(iii) 𝜕𝜙𝑊/𝜕𝑥 = −𝜕𝜓𝐼/𝜕𝑥 at 𝑥 = 𝛼 = 0: this is the no-slip condition.

In addition, zonal boundary layers must exist at 𝑦 = 0, 1 and another meridional boundary
layer must exist at 𝑥 = 1, in order to satisfy the no slip condition. Solving the full problem is a
straightforward albeit non-trivial algebraic exercise and, omitting the weak zonal boundary layers
at 𝑦 = 0, 1 but including the eastern boundary layer correction, we eventually find the solution

�̂� = 𝜓𝐼 − e−𝑥/(2𝜖) {𝜓𝐼(0, 𝑦) [cos(
√3𝑥
2𝜖
) + 1√3

sin(
√3𝑥
2𝜖
)] + 2𝜖√3

sin(
√3𝑥
2𝜖
) �𝜕𝜓𝐼
𝜕𝑥
|
𝑥=0
}

− 𝜖e(𝑥−1)/𝜖 �𝜕𝜓𝐼
𝜕𝑥
|
𝑥=1
, (19.48)

where 𝜖 = (𝜈/𝛽𝑎3)1/3. With the canonical wind stress, (19.27), the interior solution is given by
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Stommel Munk

Fig. 19.7 The Stommel and Munk solutions, (19.49) with 𝜖𝑆 = 𝜖1/3𝑀 = 0.04, with the wind stress
𝜏 = − cos π𝑦, for 𝑥, 𝑦 ∈ (0, 1). Upper panels are contours of streamfunction in the 𝑥-𝑦 plane, and
the flow is clockwise. The lower panels are plots of meridional velocity, 𝑣, as a function of 𝑥, in the
centre of the domain (𝑦 = 0.5). The Munk solution can satisfy both no-normal flow and one other
boundary condition at each wall, here chosen to be no-slip.

𝜓𝐼 = π(1 − 𝑥) sin π𝑦 and the above solution becomes

�̂� = π sin(π𝑦) {1 − 𝑥 − e−𝑥/(2𝜖) [cos(
√3𝑥
2𝜖
) + 1 − 2𝜖√3

sin(
√3𝑥
2𝜖
)] + 𝜖e(𝑥−1)/𝜖} . (19.49)

The solutions of this are plotted in Fig. 19.7. Note how the Munk layers bring the tangential as well
as the normal velocity to zero. The eastern boundary layer has a similar thickness to the western
boundary layer, but is not as dynamically important since its raison d’etre is to enable the no-slip
condition to be satisfied, a relatively weak frictional constraint that manifests itself by a boundary
layer in which the flow parallel to the boundary is slowed down. On the other hand the western
boundary layer exists in order that the no-normal flow condition can be satisfied, which causes
a qualitative change in the flow pattern. It should be emphasized that neither the Stommel nor
the Munk models are accurate descriptors of the real ocean, but taken together the similarities of
their solutions are a powerful argument for the relative insensitivity of the qualitative form of the
solution to the detailed form of the friction. The models do in fact produce reasonably realistic
patterns of large-scale flow in the major basins of the world, as illustrated in Fig. 19.8.
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Fig. 19.8 The solution (streamfunc-
tion, in Sverdrups) to the Stommel–
Munk problem numerically calculated
for the North Atlantic, using the ob-
served wind field. The model has real-
istic geometry, but is flat-bottomed.
The calculation reproduces the ob-
served large-scale patterns, but the
Gulf Stream and its extension are too
diffuse, and its separation from the
coast is a little too far north. Compare
with Figs. 19.3 and 19.4.
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19.3 ZONAL BOUNDARY LAYERS
The canonical wind stress [𝜏𝑥 = −𝜏0 cos(π𝑦/𝑎)] is special because its curl vanishes at 𝑦 = 0 and 𝑎,
and so the interior solution satisfies 𝜓𝐼 = 0 at 𝑦 = 0 and 𝑎. We cannot expect the real wind to be
so accommodating. Consider, then, the Stommel problem forced by the linear wind profile,

𝜏𝑥 = 𝜏0
𝑎
(𝑦 − 𝑎
2
) . (19.50)

Scaling the variables in the usual way leads to the nondimensional problem

𝜖𝑆∇2�̂� +
𝜕�̂�
𝜕𝑥
= −1. (19.51)

The interior flow obeys 𝜕�̂�/𝜕𝑥 = −1 everywhere, and evidently does not satisfy �̂� = 0 at either
𝑦 = 0 or 𝑦 = 1; thus, boundary layers are needed at the meridional and zonal boundaries and we
let the solution be the sum of five parts,

�̂� = 𝜓𝐼 + 𝜙𝑊 + 𝜙𝐸 + 𝜙𝑁 + 𝜙𝑆, (19.52)

with self-explanatory notation. The interior solution, 𝜓𝐼, is the solution of 𝜕𝜓𝐼/𝜕𝑥 = −1, so that a
solution satisfying 𝜓𝐼 = 0 at 𝑥 = 1 is 𝜓𝐼 = (1 − 𝑥) and there is no need for an eastern boundary
layer. By the same methods we used in Section 19.1.3 the western boundary layer correction is
easily found to be

𝜙𝑊 = −e−𝑥/𝜖𝑆 . (19.53)
It remains to find 𝜙𝑁 and 𝜙𝑆, the boundary layer corrections at the northern and southern bound-
aries.

Consider the boundary layer correction at 𝑦 = 1, and introduce the stretched coordinate 𝛼
where 𝜖′𝛼 = 𝑦 − 1 and where 𝜖′ is a small parameter. Thus, we let 𝜙𝑁 = 𝜙𝑁(𝑥, 𝛼), and on substi-
tuting (19.52) into (19.51) we find

𝜖𝑆 (∇2𝜓𝐼 +
𝜕2𝜙𝑁
𝜕𝑥2
+ 1
𝜖′2
𝜕2𝜙𝑁
𝜕𝛼2
) + 𝜕𝜓𝐼
𝜕𝑥
+ 𝜕𝜙𝑁
𝜕𝑥
= −1, (19.54)

having neglected the small contributions from the other boundary layer streamfunctions (such as
𝜙𝑆). To obtain a non-trivial balance we choose 𝜖′2 = 𝜖𝑆 and obtain the dominant balance

𝜕2𝜙𝑁
𝜕𝛼2
+ 𝜕𝜙𝑁
𝜕𝑥
= 0. (19.55)
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Fig. 19.9 Solutions to the Stommel problem with a
wind stress that increases linearly from 𝑦 = 0 to 𝑦 = 1,
as in (19.50). The interior solution is 𝜓𝐼 = (1 − 𝑥), or
𝑣𝐼 = −1, necessitating zonal boundary layers at 𝑦 = 0
and 𝑦 = 1, as well as a western boundary layer at 𝑥 = 0.

The boundary conditions necessary to complete the solution are:
(i) The total streamfunction (interior plus boundary correction) must vanish at the northern

boundary; that is, 𝜙𝑁(𝑥, 𝛼 = 0) = −𝜓𝐼(𝑥, 𝑦 = 1) = −(1 − 𝑥).
(ii) The boundary solution should match to the interior streamfunction far from the boundary;

that is 𝜙𝑁(𝑥, 𝛼 → −∞) = 0.
(iii) At the eastern boundary 𝜙𝑁 should also vanish, for otherwise it would provide a velocity

into the eastern wall; that is 𝜙𝑁(1, 𝛼) = 0.
The solution at the southern boundary is obtained in an analogous way, and the complete solution
is illustrated in Fig. 19.9 (obtaining the solution analytically is quite algebraically tedious and is
easier done numerically). The nondimensional thickness of the zonal (northern and southern)
boundary layers is 𝜖1/2𝑆 , which, because it scales like the half power of a small number, is much
thicker than the western boundary current. The thickness arises from the dimensional equations
that dominate at the boundary, namely

𝑟𝜕
2𝜓
𝜕𝑦2
+ 𝛽𝜕𝜓
𝜕𝑥
= 0. (19.56)

This follows from (19.18) by noting that the Laplacian operator must be dominated by the deriva-
tives in the 𝑦-direction, and the 𝛽 term has an (interior) component that annihilates the wind-
stress curl, plus a boundary layer correction to balance the Laplacian. Inspection of (19.56) yields
a dimensional thickness 𝐿𝑍 ∼ √𝑟𝑎/𝛽 = 𝜖1/2𝑆 𝑎, where 𝑎 is the length scale in the 𝑥-direction.

19.4 ♦ THE NONLINEAR PROBLEM
In the nonlinear problem we seek solutions to

𝜕𝜁
𝜕𝑡
+ 𝐽(𝜓, 𝜁) + 𝛽𝜕𝜓

𝜕𝑥
= −𝑟∇2𝜓 + curl𝑧𝝉𝑇 + 𝜈∇2𝜁, (19.57)

which we have written in dimensional form. In the Stommel problem we set 𝜈 = 0 and in the
Munk problem we set 𝑟 = 0. In general, solutions will be time-dependent and turbulent and this
will create motion on small scales, so that 𝜈 cannot be neglected. The ‘steady nonlinear Stommel–
Munk problem’ is

𝐽(𝜓, 𝜁) + 𝛽𝜕𝜓
𝜕𝑥
= −𝑟∇2𝜓 + curl𝑧𝝉𝑇 + 𝜈∇2𝜁. (19.58)
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We can scale this by first supposing that the leading order balance is Sverdrupian (i.e., 𝛽𝜕𝜓/𝜕𝑥 ∼
curl𝑧𝝉𝑇), from which we obtain the scales𝛹 = |𝜏|/𝛽 and𝑈 = |𝜏|/(𝛽𝐿). Equation (19.58) may then
be nondimensionalized to yield

𝑅𝛽𝐽(�̂�, 𝜁) +
𝜕�̂�
𝜕𝑥
= −𝜖𝑆∇2�̂� + curl𝑧𝝉𝑇 + 𝜖𝑀∇2𝜁, (19.59)

where 𝑅𝛽 = 𝑈/𝛽𝐿2 = |𝜏|/(𝛽2𝐿3), the 𝛽-Rossby number for this problem, is a measure of the
nonlinearity. Evidently, the nonlinear term increases in importance with increasing wind stress
and for a smaller domain.

19.4.1 A Perturbative Approach
A direct attack on the full nonlinear problem (19.58) is possible only through numerical methods,
so first we shall explore the problem perturbatively, assuming the nonlinear term to be small; the
analysis is straightforward, albeit messy. We begin with the Stommel problem, (19.59) with 𝜖𝑀 = 0,
and expand the streamfunction in terms of 𝑅𝛽,

�̂� = 𝜓0 + 𝑅𝛽𝜓1 +… . (19.60)

Now substitute this into (19.59) and equate powers of 𝑅𝛽. The lowest-order problem is simply

𝜖𝑆∇2𝜓0 +
𝜕𝜓0
𝜕𝑥
= curl𝑧, 𝝉 (19.61)

which is the Stommel problem we have already solved. At the next order,

𝜖𝑆∇2𝜓1 +
𝜕𝜓1
𝜕𝑥
= 𝐽(𝜓0, 𝜁0). (19.62)

This equation has precisely the same form as the Stommel problem, with the known nonlinear
term on the right-hand side playing the part of the wind stress. The algebra to obtain the solution
is rather tedious, because the right-hand side varies with both 𝑥 and 𝑦, but this is much amelio-
rated by the use of computer algebraic manipulation languages. For the canonical wind stress
𝜏𝑥 = −𝜏0 cos(π𝑦) the corrected solution, in the boundary layer approximation and ignoring any
corrections at the zonal boundaries, is found to be10

�̂� ≈ sin(π𝑦)(1 − 𝑥 − e−𝑥/𝜖𝑆) −
𝑅𝛽π3

2𝜖3𝑆
sin(2π𝑦)𝑥e−𝑥/𝜖𝑆 . (19.63)

The solution is illustrated in Fig. 19.10. The perturbation is antisymmetric about 𝑦 = 1/2, being
positive for 𝑦 > 1/2 and negative for 𝑦 < 1/2. This tends to move the centre of the gyre polewards,
narrowing and intensifying the flow in the poleward half of the western boundary current, whereas
the western boundary current equatorwards of 𝑦 = 1/2 is broadened and weakened. The net effect
is that the centre of the gyre is pushed poleward — essentially because the western boundary cur-
rent is advecting the vorticity of the gyre poleward. In the perturbation solution the advection is
both by and of the linear Stommel solution; thus, negative vorticity is advected polewards, inten-
sifying the gyre in its poleward half, weakening it in its equatorward half. The solution illustrated
in Fig. 19.10 has 𝜖 = 0.04 and 𝑅𝛽 = 10−4; for larger values of 𝑅𝛽 the perturbation itself starts to
dominate.

The problem with this perturbative approach is that a boundary layer solution to the Stommel
problem does not calculate derivatives accurately, so that the nonlinear term 𝐽(𝜓, ∇2𝜓) is poorly
approximated in the western boundary layer; however, in the interior where the errors are small
the perturbative correction is negligible. A more accurate perturbative approach begins with the
exact solution to the Stommel problem, and then proceeds in the same way. However, the analytic
effort is considerable, and the intuitive sense of the way nonlinearities affect the solution is not
apparent.
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Fig. 19.10 The nonlinear perturbation solution of the Stommel problem, calculated according
to (19.63). On the left is the perturbation, −𝑅𝛽π3/(2𝜖2𝑆) sin(2π𝑦)𝑥𝑒−𝑥/𝜖𝑆 , and on the right is the
reconstituted solution, using 𝑅𝛽 = 10−4 and 𝜖 = 0.04. Dashed contours are negative.

19.4.2 A Numerical Approach
Fully nonlinear solutions show qualitatively similar effects to those seen in the perturbative solu-
tions, as we see in Fig. 19.11, where the solutions to (19.59) for the Stommel and Munk problems
are obtained numerically by Newton’s method.11

Just as with the perturbative procedure, for both the Stommel andMunk problems small values
of nonlinearity lead to the poleward advection of the gyre’s anticyclonic vorticity in the western
boundary current, strengthening and intensifying the boundary current in the northwest corner. A
higher level of nonlinearity results in a strong recirculating regime in the upper westward quadrant,
and ultimately much of the gyre’s transport is confined to this regime. The western boundary
current itself becomes less noticeable as nonlinearity increases, themore nonlinear solutions have a
much greater degree of east-west symmetry than the linear ones, just as the fully nonlinear Fofonoff
solutions (Section 19.5.3).

The qualitative effects above do not depend on the precise formulation of the model, but the
boundary conditions do play an important role in the detailed solution. For example, for a given
value of 𝑅𝛽, nonlinearity has a stronger effect in the Munk problem with slip boundary conditions
than with no-slip, because in the latter the velocity is reduced to zero at the boundary with a cor-
responding reduction in the advection term. However, these solutions themselves are unlikely
to be relevant for larger values of nonlinearity, because then the flow becomes hydrodynamically
unstable

19.5 ♦ INERTIAL SOLUTIONS
In this section we further explore inertial effects and ask: might purely inertial effects be suffi-
cient to satisfy boundary conditions at the western boundary? Can we envision a purely inertial
gyre circulation? Our question is motivated by the steady wind-driven, Rayleigh-damped quasi-
geostrophic equation, namely

𝐽(𝜓, ∇2𝜓) + 𝛽𝜕𝜓
𝜕𝑥
= 𝐹𝜏 − 𝑟∇2𝜓, (19.64)

where 𝐹𝜏 is the wind forcing. Since the inertial (advective) terms are of a higher order than the
linear terms, indeed they are of a higher order than the Rayleigh drag, it is natural to wonder if they
themselves might serve to satisfy the no-normal flow condition on the western boundary, without
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Fig. 19.11 Streamfunctions in solutions of the nonlinear Stommel and Munk problems, obtained
numerically with a Newton’s method, for various values of the nonlinearity parameter 𝑆 = 𝑅1/2𝛽 . As
in the perturbation solution, for small values of nonlinearity the centre of the gyremoves polewards,
strengthening the boundary current in the north-western quadrant (for a northern-hemisphere
solution). As nonlinearity increases, the recirculation of the gyre dominates, and the solutions
become increasingly inertial.12

recourse to rather ill-defined frictional terms. The answer is no, as we see below, but nevertheless
nonlinear effects may be important in the western boundary layer even if they are small in the
interior.

19.5.1 The Need for Friction
Consider the steady barotropic flow satisfying

𝒖 ⋅ ∇𝑞 = curl𝑧𝝉𝑇 + Fr, (19.65)

where 𝑞 = ∇2𝜓 + 𝛽𝑦 and Fr represents frictional effects. Noting that 𝒖 is divergence-free and
integrating the left-hand side of (19.65) over the area, 𝐴, between two closed streamlines (𝜓1 and
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𝜓2, say) and using the divergence theorem we find

∫
𝐴
∇ ⋅ (𝒖𝑞) d𝐴 = ∮

𝜓1
𝒖𝑞 ⋅ 𝒏d𝑙 − ∮

𝜓2
𝒖𝑞 ⋅ 𝒏d𝑙 = 0. (19.66)

Here, 𝒏 is the unit vector normal to the streamline so that 𝒖 ⋅ 𝒏 = 0. The integral of the wind-stress
curl over the same area will not, in general, be zero. Now, we can take these two streamlines as
close together as we wish; thus, a balance in (19.65) can only be achieved if every closed contour
passes through a region where frictional effects are non-zero. This does not mean that nonlinear
terms may not locally dominate the friction, just that friction must be somewhere important. In
the Stommel and Munk problems, it means that every streamline must pass through the frictional
western boundary layer.

Frictional and inertial scales
The ratio of the size of the nonlinear terms to the linear terms is given by the 𝛽-Rossby number,
𝑅𝛽 = 𝑈/(𝛽𝐿2). In the western boundary layer the length scales can be expected to be much smaller
than the basin scale, and if the balance in the western boundary layer were between the nonlinear
and beta term, as in

𝑢 𝜕
𝜕𝑥
∇2𝜓 ∼ 𝛽𝜕𝜓

𝜕𝑥
, (19.67)

then the inertial boundary layer thickness, 𝛿𝐼, is given by

𝛿𝐼 = (
𝑈
𝛽
)
1/2
. (19.68)

This, of course, gives𝑅𝛽 = 1 if 𝐿 = 𝛿𝐼. Themore energetic the flow, the wider the region where non-
linearity is important, and the corresponding scale is sometimes called the Charney thickness.13

The linearized Stommel equation has a boundary layer of dimensional thickness of order 𝛿𝑆 =
(𝑟/𝛽), obtained by equating 𝛽 𝜕𝜓/𝜕𝑥 and 𝑟∇2𝜓. This thickness is equal to the inertial boundary
layer thicknesswhen𝑈 = (𝑟2/𝛽). If 𝛿𝐼 > 𝛿𝑆, i.e., if𝑈 > (𝑟2/𝛽), then nonlinearitymust be important
in thewestern boundary layer, because the nonlinear terms are at least as important as the beta term
in (19.64). On the other hand, if the Stommel boundary layer is wider than the inertial boundary
layer, there is no obvious need for nonlinearity to be important, since the Stommel boundary layer
generates no length scales smaller than 𝛿𝐼 and 𝑅𝛽 remains small.

19.5.2 Attempting an Inertial Western Boundary Solution
Although friction must be important, it is nevertheless instructive to try to find a purely inertial
solution for the western boundary layer, and to see if and how the attempt fails. Let us suppose
that the interior solution has purely zonal flow, with flow either towards or away from the western
boundary current, and consider the dimensional equation of motion

𝐽(𝜓, ∇2𝜓 + 𝛽𝑦) = 0. (19.69)

This has the general solution
∇2𝜓 + 𝛽𝑦 = 𝐺(𝜓), (19.70)

where 𝐺 is an arbitrary function of its argument. Consider first the case with flow entering the
boundary layer with a local velocity −𝑈 (i.e., westward); that is, 𝜓 = 𝑈𝑦. The potential vorticity
in this region (just outside our putative boundary layer) is 𝑄𝐼 = 𝛽𝑦. Thus, the relation between
potential vorticity and streamfunction is 𝑄𝐼 = 𝛽𝜓𝐼/𝑈 and so

𝐺(𝜓) = 𝛽𝜓
𝑈
. (19.71)
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Becausewe are assuming the flow is inviscid, the fluidwill preserve this relationship between poten-
tial vorticity and streamfunction even as it moves through the western boundary layer. Thus, using
(19.70) and (19.71), the flow in the interior and in the boundary layer is given by the solution of

∇2𝜓 − 𝛽𝜓
𝑈
= −𝛽𝑦, (19.72)

with𝜓 = 0 on the boundary. To obtain a solution, we let𝜓 = 𝜓𝐼+𝜙, where𝜓𝐼 = 𝑈𝑦 is the particular
solution to (19.72) (and, of course, the interior flow). The boundary layer correction then obeys

∇2𝜙 − 𝛽𝜙
𝑈
= 0, (19.73)

with 𝜙 = −𝜓𝐼 at 𝑥 = 0. Now, in the boundary layer, length scales in the 𝑥-direction are much
smaller than length scales in the 𝑦-direction, and so (19.73) becomes approximately

𝜕2𝜙
𝜕𝑥2
− 𝛽𝜙
𝑈
= 0. (19.74)

(We could formalize this procedure bynondimensionalizing and introducing a stretched coordinate,
as we did for the Stommel problem.) Solutions of (19.74) are 𝜙 = −𝜓𝐼e−𝑥/𝛿𝐼 , where 𝛿𝐼 = (𝑈/𝛽)1/2,
and so the full solution is

𝜓 = 𝜓𝐼(1 − e−𝑥/𝛿𝐼). (19.75)
Clearly, this solution smoothly transitions into the interior solution for large 𝑥.

What about solutions exiting the boundary layer? We might attempt a similar procedure, but
now the interior boundary condition thatwemustmatch is that of eastward flow, namely𝜓𝐼 = −𝑈𝑦.
Thus, analogously to (19.72), we seek solutions to the problem,

∇2𝜓 + 𝛽𝜓
𝑈
= −𝛽𝑦, (19.76)

for which the homogeneous (boundary layer) equation is

𝜕2𝜙
𝜕𝑥2
+ 𝛽𝜙
𝑈
= 0. (19.77)

Solutions of (19.77) are
𝜓 = 𝜓𝐼(1 − e−𝑥/𝛿

∗
𝐼 ), (19.78)

where 𝛿∗𝐼 = i 𝛿𝐼 = i (𝑈/𝛽)1/2, and may be compared with (19.75). The solution is therefore wave-
like, and does not transition smoothly to the interior flow. This suggests that friction must be
important in allowing the boundary layer to smoothly connect to the interior for reasons connected
to the conservation of potential vorticity, as explained heuristically in the next subsection.14

In addition to this transition problem, we note that (19.75) and (19.78) together do not con-
stitute a globally acceptable inviscid solution, for the simple reason that the flow in the westward
flowing interior region has a different potential vorticity–streamfunction (𝑞–𝜓) relationship than
does the eastwards flowing interior. If these two regions are connected by a boundary layer, the
flow in that boundary layer must be viscous or unsteady since the value of potential vorticity on
the streamlines has changed, whereas inviscid flow conserves potential vorticity.

The connection between the boundary layer and the interior
We have seen that solutions with a boundary layer character that blend smoothly to a flow interior
exist only for westward interior flow (𝑢𝐼 = −𝑈 < 0): an inertial western boundary layer on a beta-
plane evidently cannot easily release fluid into the interior. The underlying reason for this stems
from the conservation of potential vorticity, as we now explain (and see Fig. 19.12).
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Fig. 19.12 Putative inertial boundary layers connected to a westward flowing interior flow (left panel) or
eastwards flowing interior flow (right panel), in theNorthernHemisphere. Westward flow into thewestern
boundary layer, or flow emerging from an eastern boundary layer, is able to conserve its potential vorticity
through a balance between changes in relative vorticity and Coriolis parameter. But flow cannot emerge
smoothly from a western boundary layer into an eastwards flowing interior and still conserve its potential
vorticity. The right panel thus has inconsistent dynamics.

Conservation of potential vorticity demands that, in barotropic flow, 𝑣𝑥 − 𝑢𝑦 + 𝛽𝑦 is a con-
stant on streamlines. In the interior, relative vorticity, 𝜁, is zero, and in the meridional boundary
layers it is effectively 𝑣𝑥. Consider first the case with westward flow in the interior (left panel of
Fig. 19.12). Fluid from the irrotational interior approaches the western boundary where it is de-
flected either polewards or equatorwards. In the former case its relative vorticity falls, so allowing
potential vorticity to be conserved because the reduction of 𝜁 can be balanced by an increase in
the planetary vorticity, 𝑓. Similarly, flow deflected southwards produces positive relative vorticity,
which is compensated for by the reduced value of 𝑓. In the eastern boundary layer, southwards
(northwards) moving flow has negative (positive) relative vorticity. As it emerges into the interior
its relative vorticity increases (decreases), this being balanced by a fall (rise) in the value of𝑓. Thus,
we see that the solution with a westward flowing interior can indeed conserve potential vorticity,
at both eastern and western boundaries.

On the other hand suppose the interior flow were eastwards (right panel of Fig. 19.12). Flow
moving polewards in the western boundary layer has negative relative vorticity. It cannot be freely
released into an irrotational interior because 𝑓 and 𝜁 would then both need to increase, violating
potential vorticity conservation. Flow moving southwards with positive relative vorticity similarly
is trapped within the western boundary current, unless it meets a zonal boundary which allows an
eastward moving boundary current with positive relative vorticity. Similar arguments show that
an eastern boundary current cannot entrain fluid from an eastward flowing irrotational interior.

Onemight ask, why cannot we simply reverse the trajectory of all the fluid parcels in an inviscid
flow and thereby obtain a solution with an eastward-flowing interior? The answer is that such a
flow will only be a solution if we also reverse the direction of the Earth’s rotation, and so reverse
the sign of 𝛽, and hence the location of the frictional boundary current.

19.5.3 A Fully Inertial Approach: the Fofonoff Model
Rather than attempt to match an inertial boundary layer with an interior Sverdrup flow, we may
look for a purely inertial solution that holds basinwide, and such a construction is known as the
Fofonoff model.15 That is, we seek global solutions to the inviscid, unforced problem,

𝐽(𝜓, ∇2𝜓 + 𝛽𝑦) = 0. (19.79)
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We should not regard this problem as representing even a very idealized wind-driven ocean; rather,
we may hope to learn about the properties of purely inertial solutions and this might, in turn, tell
us something about the ocean circulation.

The general solution to (19.79) is

∇2𝜓 + 𝛽𝑦 = 𝑄(𝜓), (19.80)

where 𝑄(𝜓) is an arbitrary function of its argument. For simplicity we choose the linear form,

𝑄(𝜓) = 𝐴𝜓 + 𝐵, (19.81)

where 𝐴 = 𝛽/𝑈 and 𝐵 = 𝛽𝑦0, where 𝑈 and 𝑦0 are arbitrary constants. Thus, (19.80) becomes

(∇2 − 𝛽
𝑈
)𝜓 = 𝛽(𝑦0 − 𝑦). (19.82)

We will further choose 𝛽/𝑈 > 0, which we anticipate will provide a westward-flowing interior flow,
and which (from our experience in the previous section) is more likely to provide a meaningful
solution than an eastward interior, and we will use boundary-layer methods to find a solution. A
natural scaling for 𝜓 is𝑈𝐿, where 𝐿 is the domain size, and with this the nondimensional problem
is

(𝜖𝐹∇2 − 1)�̂� = 𝑦0 − 𝑦, (19.83)
where 𝜖𝐹 = 𝑈/(𝛽𝐿2) and𝑦 = 𝑦/𝐿. If we take 𝜖𝐹 to be small (note that 𝜖𝐹 = 𝑅𝛽) we can find a solution
by boundary-layermethods similar to those used in Section 19.1.3 for the Stommel problem. Thus,
we write �̂� = �̂�𝐼 + 𝜙 where �̂�𝐼 = 𝑦 − 𝑦0 (dimensionally, 𝜓𝐼 = 𝑈(𝑦 − 𝑦0)) and 𝜙 is the boundary
layer correction, to be calculated separately for each boundary using

𝜖𝐹∇2𝜙 − 𝜙 = 0 (19.84)

and the boundary condition that 𝜙 + �̂�𝐼 = 0. For example, at the northern boundary, 𝑦 = 𝑦𝑁, the
𝑦-derivatives will dominate and (19.84) may be approximated by

𝜖𝐹
𝜕2𝜙
𝜕𝑦2
− 𝜙 = 0, (19.85)

with solution
𝜙 = 𝐵 exp[−(𝑦𝑁 − 𝑦)/𝜖1/2𝐹 ], (19.86)

where 𝐵 = 𝑦0 − 𝑦𝑁, hence satisfying the boundary condition that 𝜙(𝑥, 𝑦𝑁) = −�̂�𝐼(𝑥, 𝑦𝑁). We
follow a similar procedure at the other boundaries to obtain the full solution, and in dimensional
form this is

𝜓 = 𝑈(𝑦 − 𝑦0) [1 − e−𝑥/𝛿𝐼 − e−(𝑥𝐸−𝑥)/𝛿𝐼] + 𝑈(𝑦0 − 𝑦𝑁)e−(𝑦𝑁−𝑦)/𝛿𝐼 + 𝑈𝑦0e−𝑦/𝛿𝐼 , (19.87)

where 𝛿𝐼 = (𝑈/𝛽)1/2 is the boundary layer thickness. Evidently, only positive values of 𝑈 corre-
sponding to a westward interior flow give boundary-layer solutions that decay into the interior.

A typical solution is illustrated in Fig. 19.13. On approaching the western boundary layer, the
interior flow bifurcates at 𝑦 = 𝑦0. The western boundary layer, of width 𝛿𝐼, accelerates away from
this point, being constantly fed by the interior flow. The westward return flow occurs in zonal
boundary layers at the northern and southern edges, also of width 𝛿𝐼. Flow along the eastern
boundary layers is constantly being decelerated, because it is feeding the interior. If one of the
zonal boundaries corresponds to 𝑦0 (e.g., if 𝑦𝑁 = 𝑦0) there would be no boundary layer along it,
since 𝜓 is already zero at 𝑦 = 𝑦0. Rather, there would be westward flow along it, just as in the
interior. Indeed, a slippery wall placed at 𝑦 = 0.5 would have no effect on the solution illustrated
in Fig. 19.13.
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�

�
Fig. 19.13 The Fofonoff solution. Plotted are con-
tours (streamlines) of (19.87) in the plane 0 < 𝑥 < 𝑥𝐸,
0 < 𝑦 < 𝑦𝑁 with 𝑈 = 1, 𝑦𝑁 = 1, 𝑥𝐸 = 𝑦𝑁 = 1,
𝑦0 = 0.5 and 𝛿𝐼 = 0.05. The interior flow is westward
everywhere, and𝜓 = 0 at 𝑦 = 𝑦0. In addition, boundary
layers of thickness 𝛿𝐼 = √𝑈/𝛽 bring the solution to zero
at 𝑥 = (0, 𝑥𝐸) and 𝑦 = (0, 𝑦𝑁), excepting small regions
at the corners.

19.6 ♦ TOPOGRAPHIC EFFECTS ON WESTERN BOUNDARY CURRENTS
The above sections have emphasized the role of friction in satisfying the boundary conditions in
the west. However, we should certainly not think of friction as being the cause of the western
boundary layer and in this section we shall show that if there are sloping sidewalls the role of
friction is significantly different, and the western boundary current may even be largely inviscid!16
The key point is that the flow may be inviscid if it is able to follow potential vorticity contours. In a
flat-bottomed western boundary layer the flow is moving to larger values of 𝑓 (and not as a direct
response to the wind) and so the flowmust be frictional. However, if the sidewalls are sloping, then
the flow may preserve its potential vorticity (approximately, its value of 𝑓/ℎ) if it moves offshore
as it moves polewards. In the treatment below, we focus on homogeneous fluids, noting that the
interaction of topography and stratification is a subtle and rather complex problem.

19.6.1 Homogeneous Model
The potential vorticity evolution equation for a homogeneous model with topography and a rigid
lid may be written as:

D𝑞
D𝑡
= 𝐹
ℎ
, (19.88)

where 𝑞 = (𝜁+𝑓)/ℎwhere ℎ = ℎ(𝑥, 𝑦) is the time-independent depth of the fluid, and 𝐹 represents
vorticity forcing and frictional terms. The advecting velocity is determined by noting that the
mass conservation equation is just ∇ ⋅ [𝒖ℎ(𝑥, 𝑦)] = 0, which allows us to define the mass-transport
streamfunction 𝜓 such that

𝑢 = −1
ℎ
𝜕𝜓
𝜕𝑦
, 𝑣 = 1

ℎ
𝜕𝜓
𝜕𝑥
. (19.89)

The streamfunction itself is obtained from the vorticity by solving the elliptic equation,

∇ ⋅ (1
ℎ
∇𝜓) = 𝜁 = 𝑞ℎ − 𝑓. (19.90)

Equations (19.88), (19.90) and (19.89) form a closed system. Unlike the quasi-geostrophic case,
neither the Rossby number nor the topography need be small for the model to be valid. Including
finite size topography but not stratification is not especially realistic vis-à-vis the real ocean, but
nevertheless this model is physically realizable and a useful tool.

The ‘topographic Stommel problem’ is obtained by neglecting relative vorticity in the potential
vorticity in (19.88) (i.e., let 𝑞 = 𝑓/ℎ) and using a linear drag acting on the vertically integrated fields
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Fig. 19.14 The 𝛽-plume, namely the Green function
for the Stommel problem. Specifically we plot the so-
lution of (19.93) with 𝜓 = 0 at the walls, and a delta-
function source at 𝑥 = 0.75, 𝑦 = 0.5.
The streamfunction trails westward from the source, as
if it were a tracer being diffused while being advected
westward along lines of constant 𝑓.
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for friction, and a wind-stress curl forcing. Multiplying (19.88) by ℎ, expanding the advective term
and omitting time dependence gives

𝐽 (𝜓, 𝑓
ℎ
) = −𝑟∇2𝜓 + curl𝑧(𝝉𝑇/ℎ), (19.91)

where the boundary conditions are 𝜓 = 0 at the domain edges and 𝝉𝑇 represents the wind stress
at the top.

19.6.2 Advective Dynamics

An illuminating way to begin to study the problem is to write (19.91) in the form17

𝐽(𝛹, 𝜓) = +𝑟∇2𝜓 − curl𝑧(𝝉𝑇/ℎ), (19.92)

where 𝛹 ≡ 𝑓/ℎ. Thus, noting that 𝐽(𝛹, 𝜓) = 𝑼 ⋅ ∇𝜓 where 𝑼 = 𝐤 × ∇(𝑓/ℎ), we regard 𝜓
as being advected by the pseudovelocity 𝑼. This advection is along 𝑓/ℎ contours and is quasi-
westward, meaning that high values of potential vorticity lie to the right. Equation (19.92) is then
an advection-diffusion equation for the tracer 𝜓, with the ‘source’ of 𝜓 being the wind stress curl
with 𝜓 being diffused by the first term on the right-hand side of (19.92), and advected by 𝑼. This
same interpretation applies to the original Stommel problem, of course, where the pseudovelocity,
−𝛽𝐢, is purely westward, and it is useful to first revisit this problem.

Consider, then, a flat-bottomed ocean, where the wind-stress curl is just a point source at 𝒙0.
With 𝛹 = 𝑓, (19.92) becomes

𝑟∇2𝜓 + 𝛽𝜕𝜓
𝜕𝑥
= 𝛿(𝒙 − 𝒙0). (19.93)

This can be transformed to a Helmholtz equation by writing 𝜙 = 𝜓 exp(𝛽𝑥/2𝑟), giving ∇2𝜙 −
[𝛽/(2𝑟)]2𝜙 = 𝛿(𝒙 − 𝒙0). This may then be solved exactly, and the solution (for 𝜓) is illustrated
in Fig. 19.14 — this is the Green function for the Stommel problem. The tracer 𝜓 is ‘advected’
westward along 𝑓/ℎ contours — lines of latitude in this case — spreading diffusively as it goes; the
resulting structure is called a 𝛽-plume. The western boundary layer results as a consequence of
the 𝑓/ℎ contours colliding with the western boundary, along with the need to satisfy the boundary
condition𝜓 = 0. If there were no diffusion at all,𝜓would just propagate westward from the source,
and if in addition the source were spatially distributed, for example as sin π𝑦, the solution stream-
function would represent Sverdrup interior flow. This case is illustrated in Fig. 19.15(a), which
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(a) (b)

Fig. 19.15 The two-gyre Sverdrup
flow (solid contours) for (a) a flat-
bottomed domain, and (b) a domain
with sloping sidewalls. The 𝑓/ℎ
contours are dotted.18

shows the solution to (19.93) with 𝑟 = 0 and with the right-hand side replaced by a conventional
‘two-gyre’ wind stress.

Now consider the case with a sloping sidewall on the western boundary. The 𝑓/ℎ contours
(the dotted lines in Fig. 19.15b) tend to converge at the southwest corner of the domain, and only
where 𝑓/ℎ contours intersect the boundary is a diffusive boundary layer required. In terms of
the interpretation above, wind stress provides a source for the streamfunction 𝜓 and the latter
is advected pseudowestward — i.e., along potential vorticity contours, with higher values to the
right. The source in this case is distributed over the entire domain, but the contours all converge
in the southwest corner. The (numerically obtained) solution to the associated Stommel problem
is illustrated in Fig. 19.16, and the western boundary current in this case is no longer a frictional
boundary layer. Friction is necessarily important where the flow crosses 𝑓/ℎ contours; linear the-
ory suggests that this will occur at the southwest corner. It also occurs on the western boundary
where the 𝑓/ℎ contours are densely packed and the vorticity in the topographic Sverdrup flow is
large, and the friction enables the flow to move across the 𝑓/ℎ contours. (In the flat bottomed case
the 𝑓/ℎ contours are zonal and friction allows the flow to move meridionally.)

19.6.3 Bottom Pressure Stress and Form Drag
In the homogeneous problem 𝑓 and ℎ appear only in the combination 𝑓/ℎ, and we may solve the
problem entirely without considering pressure effects. It is nevertheless informative to think about
how the pressure interacts with the topography to produce meridional flow, and as a way toward
addressing the effects of stratification. The geostrophic momentum equation is

𝒇 × 𝒖 = −∇𝜙 + 𝑭, (19.94)

where 𝑭 represents both wind forcing and frictional terms. Integrating this over the depth of the
ocean (with 𝑧 = 0 at the top), and using the Leibnitz rule (∇∫0𝜂𝐵 𝜙d𝑧 = ∫

0
𝜂𝐵
∇𝜙d𝑧 − 𝜙𝐵∇𝜂𝐵) to

evaluate the pressure term, gives

𝒇 × 𝒖 = −∇𝜙 − 𝜙𝐵∇𝜂𝐵 + 𝑭. (19.95)

Here, the overbar denotes a vertical integral (e.g., 𝒖 = ∫0𝜂𝐵 𝒖d𝑧), 𝜙𝐵 is the pressure at 𝑧 = 𝜂𝐵 and
𝜂𝐵 is the 𝑧-coordinate of the bottom topography. We take the top of the ocean at 𝑧 = 0, and note
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    Streamfunction (lat bottom)                    Streamfunction (sloping sidewall)                   Bottom             
 pressure-stress curl

           (shaded)

Fig. 19.16 The numerically obtained steady-state solution to the homogeneous problem with
a two-gyre forcing and friction, for a flat-bottomed domain and a domain with sloping western
sidewall. The shaded regions in the right panel show the regions where bottom pressure-stress curl
is important in the meridional flow of the western boundary currents.19

that ∇𝜂𝐵 = −∇ℎ where ℎ is the fluid thickness. The second term on the right-hand side of (19.95)
is the stress on the fluid due to a correlation between the pressure gradient and the topography at
the ocean bottom — it is the bottom form drag, first encountered in Section 3.6.

Taking the curl of (19.95) gives

𝛽𝑣 = −curl𝑧(𝜙𝐵∇𝜂𝐵) + curl𝑧𝑭 = −𝐽(𝜙𝐵, 𝜂𝐵) + curl𝑧𝑭. (19.96)

This equation holds for both a stratified and a homogeneous fluid. The first term on the right-
hand side is the bottom pressure-stress curl, or the form-drag curl. (It is also sometimes informally
referred to as the bottom pressure torque.)

Equation (19.96) is similar to (19.91), in that both arise from (19.95). To derive an equation
with the same form as (19.91) but valid for a stratified fluid, we write the vertical integral of the
pressure as

∫
0

−ℎ
𝜙d𝑧 = ∫

0

−ℎ
[d(𝜙𝑧) − 𝑧(𝜕𝜙/𝜕𝑧) d𝑧] = ∫

0

−ℎ
[d(𝜙𝑧) − 𝑧𝑏 d𝑧] = ℎ𝜙𝐵 + 𝛤, (19.97)

using hydrostatic balance, and where 𝛤 ≡ −∫0−ℎ 𝑧𝑏d𝑧. Using (19.97) in (19.95) we obtain:

𝒇 × 𝒖 = −ℎ∇𝜙𝐵 + ∇𝛤 + 𝑭. (19.98)

The curl of this equation just gives back (19.96), but if we divide by ℎ before taking the curl we
obtain

𝐽(𝜓, 𝑓/ℎ) + 𝐽(ℎ−1, 𝛤) = curl𝑧(𝑭/ℎ). (19.99)

The second term in (19.99) is known as the jebar term — joint effect of baroclinicity and relief —
and it couples the depth integrated flow with the baroclinic flow.20 Thus, if the bottom is not flat,
the Stommel–Munk models are not solutions for the vertically integrated flow. If the stratification
vanishes (i.e., 𝑏 is constant) then 𝛤 is a function of ℎ alone and 𝐽(ℎ−1, 𝛤) = 0, and (19.99) reprises
(19.91), given an appropriate choice of 𝑭.



Notes 757

Bottom pressure stress in a homogeneous gyre
For the remainder of this section we restrict attention to a homogeneous (i.e., unstratified) gyre. If
there is no forcing or friction, then from (19.96) and (19.98) we see that the flow simultaneously
satisfies

𝛽𝑣 = −∇𝜙𝐵 × ∇𝜂𝐵 ≡ −𝐽(𝜙𝑏, 𝜂𝐵), and 𝐽(𝜓, 𝑓/ℎ) = 0. (19.100a,b)
The right-hand side of (19.100a), the form-drag curl, is non-zero whenever the pressure gradient
has a component parallel to the topographic contour (i.e., when the isobars are not aligned with
the topographic contours). From (19.100b) we may conclude that if there ismeridional flow in an
unforced, inviscid fluid it must be along 𝑓/ℎ contours, and this meridional flow may be thought
of as being driven by the curl of the form drag. If the domain is flat-bottomed then the form drag
is zero, and in that case all meridional flow is forced or viscous.

Real flows are both forced and viscous. Bottom pressure stresses may — and likely do —
locally dominate viscous stresses. However, the bottom pressure-stress curl cannot balance the
wind-stress curl when integrated over the whole domain, or indeed when integrated over an area
bounded by a line of constant 𝜙𝐵 or constant 𝜂𝐵, because its integral over such an area vanishes
and (19.91) cannot be balanced if 𝑟 = 0. In the numerical simulations shown in Fig. 19.16, it is the
bottom pressure-stress curl term that largely balances the poleward flow term (𝛽𝑣) in the vorticity
equation in parts of the western boundary current, with friction acting in the opposite sense. That
is, over some regions where the flow is crossing 𝑓/ℎ contours we have the balance

[𝛽𝑣] ≈ [bottom pressure-stress curl] − [friction], (19.101)

where the terms in square brackets are positive, and friction is small. In contrast, in the flat-
bottomed case in the western boundary layer we have the classical balance [𝛽𝑣] ≈ +[friction],
with both terms positive.

Now consider the balance of momentum, integrated zonally across the domain. We write the
vorticity equation (19.96) in the form

∇ ⋅ (𝑓𝒖) = −curl𝑧(𝜙𝐵∇𝜂𝐵) + curl𝑧𝝉𝑇 − curl𝑧𝝉𝐵, (19.102)

where 𝒖 = (𝑢, 𝑣), 𝝉𝑇 is the wind stress at the top and 𝝉𝐵 the frictional stress at the bottom. Integrate
(19.102) over the area of a zonal strip bounded by two nearby lines of latitude, 𝑦1 and 𝑦2, and the
coastlines at either end. The term on the left-hand side vanishes by mass conservation and using
Stokes’ theorem we obtain:

∫
𝑦1
𝜙𝐵
𝜕𝜂𝐵
𝜕𝑥

d𝑥 − ∫
𝑦2
𝜙𝐵
𝜕𝜂𝐵
𝜕𝑥

d𝑥 = ∫
𝑦1
(𝜏𝑥𝑇 − 𝜏𝑥𝐹)d𝑥 − ∫

𝑦2
(𝜏𝑥𝑇 − 𝜏𝑥𝐹)d𝑥. (19.103)

If the topography is non-zero, there is nothing in this equation to prevent the wind stress being
balanced by the form stress terms, with the friction being a negligible contribution. If, for example,
friction were to be confined to the southwest corner, then bottom pressure stress is the proximate
driver of fluid polewards in the western boundary current. This may hold only if the scale of the
sloping sidewall is greater than the thickness of the Stommel layer; if the converse holds then the
sidewalls appear to be essentially vertical to the flow. If the sidewalls are truly vertical, then the
form stress is confined to delta-functions at the walls. Friction must then be important even in
the zonal balance, because if we restrict the integral in (19.103) to a strip that does not quite reach
the sidewalls, the left-hand side vanishes identically and the wind stress can only be balanced by
friction.

To conclude this discussion, we note that the effects of topography are likely greater in homoge-
neous fluids than in stratified fluids, because the stratification will partially shield the wind-driven
upper ocean from feeling the topography, but we leave the exploration of that topic for another
day.
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Notes
1 Paumanok is the Native American name for Long Island in New York state. Studying the natural

world is a humbling experience, and Whitman’s beautiful writing reflects my feelings. But to try to
understand and convey that understanding is what we are drawn to do, is perhaps what we have
to do.

2 Henry Stommel (1920–1992) was one of the most creative and influential physical oceanographers
of the twentieth century. Spending most of his career at Woods Hole Institute of Oceanography,
his enduring contributions include the first essentially correct theory of western intensification
(and so of the Gulf Stream), some of the first models of abyssal flow and the thermohaline circu-
lation (Chapter 21), and his foundational work on the thermocline. His forté was in constructing
elegantly simple models of complex phenomena — often models that were physically realizable in
the laboratory — while at the same time testing and encouraging others to test the models against
observations. This chapter might have been entitled ‘Variations on a theme of Stommel’.

3 Both Fig. 19.3 and Fig. 19.4 are ‘state estimates’ — outputs of a model constrained by or combined
with observations in such a way as to produce an approximation of the ocean state, hopefully more
accurate than either models or data can separately produce. An atmospheric ‘reanalysis’ is also a
state estimate, but for historical reasons meteorologists use a non-standard terminology. Because
of the dearth of data in the ocean compared to the atmosphere, oceanic state estimates are less
accurate and more model dependant than their atmospheric counterparts.

4 Courtesy of R. Zhang. See also Zhang & Vallis (2007).

5 I’m grateful to P. Heimbach for this figure, obtained using the ECCO state estimation system.

6 The asymptotic solution to this boundary value problem was obtained by Wasow (1944), a few
years prior to Stommel’s work, and further investigated by Levinson (1950). However, it seems
unlikely these two investigators were motivated by the oceanographic problem.

7 Harald Sverdrup (1888–1957) was a Norwegian meteorologist/oceanographer who is most famous
for the balance that now bears his name, but he also played a leadership role in scientific policy and
was the director of Scripps Institution of Oceanography from 1936–1948. The Sverdrup unit is also
named for him. Originally defined as a measure of volume transport, with 1 Sv ≡ 106m3 s−1, it is
more generally thought of as a mass transport with 1 Sv ≡ 109 kg s−1, in which case it can also be
used as a measure of transport in the atmosphere. The Hadley Cell, for example, has an average
transport of about 100 Sv (Figs. 14.3 and 15.22).

8 Leetmaa et al. (1977) and Wunsch & Roemmich (1985) offer complementary views on the matter.

9 After Munk (1950). Many thanks to Manuel Lopez Mariscal of cicese for a number of useful com-
ments and corrections.

10 Hendershott (1987), Veronis (1966a).

11 Veronis (1966a,b) was one of the first to investigate nonlinear effects in wind-driven gyres. See also
Fox-Kemper & Pedlosky (2004) and references therein.

12 Solutions kindly provided by B. Fox-Kemper.

13 After Charney (1955).

14 See also Greenspan (1962). Il’in & Kamenkovich (1964) and Ierley & Ruehr (1986) show numerically
that the friction must be sufficiently strong for steady boundary-layer solutions to exist.

15 After Fofonoff (1954).

16 Hughes & de Cuevas (2001).

17 Welander (1968).

18 Figure kindly provided by Laura Jackson.

19 Adapted from Jackson et al. (2006).

20 Sarkisyan & Ivanov (1971).
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Further Reading
Mainly theory and modelling

Abarbanel H. D. I. & Young, W. R., Eds., 1987. General Circulation of the Ocean.
Contains several useful review articles on the oceanic general circulation as it was then understood.

In increasing order of size, the following books cover a variety of topics in ocean circulation, all at about
the graduate student level:

Samelson, R. M., 2011. The Theory of Large-Scale Ocean Circulation.
Dijkstra, H. A. 2008. Dynamical Oceanography.
Pedlosky, J., 1996. Ocean Circulation Theory.
Huang, R. X., 2010. Oceean Circulation.
Olbers, D., Willebrand, J. & Eden, C., 2012. Ocean Dynamics.

These last two books are both hefty treatises on the topic.

Treatments of El Niño are to be found in

Clarke, A. J., 2008. An Introduction to the Dynamics of El Niño and the Southern Oscillation.
Sarachik, E. and Cane, M., 2010. The El Niño–Southern Oscillation Phenomenon.

Description and observation
Talley, L. D., Pickard, G.L., W. J. Emery, W. J. & Swift, J. H. 2011. Descriptive Physical Oceanography: An

Introduction.
This text gives a sense of the big picture, as well as being full of useful maps of ocean properties.

Wunsch, C. 2015. Modern Observational Physical Oceanography.
Shows how modern observing systems (floats, satellites, etc.) can be used alongside numerical mod-
els to provide a more complete view of the ocean.





There is a tide in the affairs of men,
which, taken at the flood, leads on to fortune.
Omitted, all the voyage of their life is bound in shallows and in miseries.
On such a full sea are we now afloat,
and we must take the current when it serves, or lose our ventures.
William Shakespeare, Julius Caesar, c. 1599.

CHAPTER 20

Structure of the Upper Ocean

In the previous chapterwe developed an understanding of the vertically integrated flow of the
worlds oceans. If we are to proceed further we must develop an understanding of the vertical
structure of the oceans, and that is the subject of this chapter. Our main focus will be on the

upper ocean and we will proceed as follows:

1. We first explore the vertical structure of the wind-driven circulation, largely as a continua-
tion of the investigation of the previous chapter. We use the quasi-geostrophic equations to
understand why the subsurface ocean moves at all, and we introduce the notion of potential
vorticity homogenization.

2. A limitation of the quasi-geostrophic approach is that these equations take the stratification,
𝑁(𝑧), as a given and therefore cannot provide a answer to the question as to what produces
the density structure itself. Thus, beginning in Section 20.4, we relax the quasi-geostrophic
restriction and, using the planetary-geostrophic equations, we try to understand the dynamics
that give rise to the vertical structure of density itself. We focus on themain thermocline, the
region of the upper ocean in which temperature and density varymost rapidly, in all seasons,
andwe discuss the structure of both the internal thermocline and the ventilated thermocline,
the meaning of which will become apparent later.

As with many fluid problems, the dynamics becomes intertwined with the thermodynamics,
and the mean flow becomes intertwined with the smaller, turbulent, baroclinic eddies, in rather
subtle ways that, to this day, are not fully understood and that large numerical models are only
beginning to properly simulate. We begin by looking at the vertical structure of the wind-driven
gyres, and if and how the influence of the wind can be communicated to the subsurface ocean.

20.1 VERTICAL STRUCTURE OF THE WIND-DRIVEN CIRCULATION
20.1.1 A Two-layer Quasi-Geostrophic Model
We pose the problem using the quasi-geostrophic equations, taking the background stratification
of the ocean as a given.1 The simplest system that has vertical structure is a two-layer model and
that is where we start. We don’t yet wish to consider the effects of mesoscale eddies, so we’ll
limit ourselves to motion larger than the deformation scale, although not so large that the quasi-
geostrophic system itself does not hold.
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Scales of motion
On scales that are sufficiently larger than the deformation radius we can ignore the relative vorticity
compared to planetary vortex stretching and the 𝛽-effect. Since quasi- geostrophic scaling itself
applies only to scales that are not significantly larger than the deformation scale, our analysis will
be formally valid under the following set of inequalities:

𝛽𝐿 ≪ 𝑓0 (small variations in Coriolis parameter),
𝛽𝐿 > 𝑈/𝐿 (to ignore relative vorticity compared to planetary vorticity),
𝐿2 > 𝐿2𝑑 (to ignore relative vorticity compared to vortex stretching),

Ro 𝐿2 ≪ 𝐿2𝑑 (to keep the variations in stratification small),

where 𝐿𝑑 is the deformation radius and 𝐿 the scale of the motion. The first and last of the above
inequalities are standard quasi-geostrophic requirements, with the ‘≫’ symbol denoting the asymp-
totic ordering. The middle two inequalities are taken within the quasi-geostrophic dynamics, and
are needed in order to ignore relative vorticity and give a balance between the 𝛽-effect and vortex
stretching. The simultaneous satisfaction of all these conditions may seem restrictive, but the plan-
gent dynamics contained within the quasi-geostrophic equations and the generality of the method
employed below will suggest that the principal results obtained may transcend the limitations of
the equations used. In themid-latitude ocean 𝐿𝑑 ≈ 105mand the above inequalities are reasonably
well satisfied for 𝐿 ≈ 106m and 𝑈 ≈ 0.1ms−1 with 𝛽 = 10−11m−1 s−1 and 𝑓0 = 10−4 s−1.

Constructing the model
We now make the following simplifications for our model ocean:

(i) We use the two-layer quasi-geostrophic equations, with layers of equal thickness.
(ii) We seek only statistically-steady solutions.
(iii) We include a frictional term coming from a downgradient flux of potential vorticity. Given

the neglect of relative vorticity, this is equivalent to an interfacial drag.
(iv) We neglect the western boundary layer.

Because of the equal-layer-thickness assumption, which makes the algebra simpler, it is best con-
sidered as a model for the upper ocean above a level where the vertical velocity is approximately
zero. The equations of motion are then

𝐽(𝜓1, 𝑞1) =
1
𝐻0

curl𝑧𝝉𝑇 − ∇ ⋅ 𝑻1, 𝐽(𝜓2, 𝑞2) = −∇ ⋅ 𝑻2 (20.1a,b)

where
𝑞1 = 𝛽𝑦 + 𝐹(𝜓2 − 𝜓1), 𝑞2 = 𝛽𝑦 + 𝐹(𝜓1 − 𝜓2). (20.2a,b)

Here, 𝐹 = 𝑓20 /(𝑔′𝐻0) = 1/𝐿2𝑑 is a measure of the stratification, where𝐻0 is the thickness of either
layer, and the ∇⋅𝑻 terms represent interfacial eddy stresses, which, if needed, we will parameterize
by a downgradient flux of potential vorticity,

𝑻1 = −𝜅∇𝑞1 = −𝜅(𝐹∇(𝜓2 − 𝜓1) + 𝛽𝐣), 𝑻2 = −𝜅∇𝑞2 = −𝜅(𝐹∇(𝜓1 − 𝜓2) + 𝛽𝐣), (20.3)

where 𝜅 is a constant. We will mostly be interested in the limit of small 𝜅, or more specifically
𝑈𝐿/𝜅 ≫ 1, which is a large Péclet number condition. (The Péclet number is similar to a Reynolds
number, but with the diffusivity replacing the kinematic viscosity.) So first consider the case when
𝜅 is identically zero. An exact solution to (20.1) has 𝜓2 = 0, so that (20.1a) becomes 𝛽𝜕𝜓1/𝜕𝑥 =
𝐻−10 curl𝑧𝝉𝑇, with solution

𝜓1 = −
1
𝐻0𝛽
∫
𝑥𝐸

𝑥
curl𝑧𝝉𝑇 d𝑥. (20.4)
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Fig. 20.1 Contours of 𝑞 = 𝛽𝑦 + 𝐴 sin π𝑦(1 − 𝑥), with 𝛽 = 1, for three values of 𝐴. The red dashed
line is 𝑞 = 1, which separates the blocked region to the east (𝑞 < 1) from the closed region to the
west (𝑞 > 1). See Fig. 20.2 for plots of the other fields.

That is, there is no flow in the lower layer, and the upper layer solution is given by Sverdrup balance.
The solution satisfies 𝜓1 = 0 at 𝑥 = 𝑥𝐸 and, because 𝜓2 = 0, the nonlinear term on the left-hand
side of (20.1a) vanishes identically. This is both counter-intuitive and counter-observations, for we
know the subsurface ocean is not quiescent. Is there another solution?

A general solution

We now construct the solution without assuming 𝜓2 = 0. Although the equations are nonlinear,
we can obtain a linear equation for a streamfunction by adding (20.1a) and (20.1b), giving

𝐽(𝜓1, 𝛽𝑦 + 𝐹(𝜓2 − 𝜓1)) + 𝐽(𝜓2, 𝛽𝑦 + 𝐹(𝜓1 − 𝜓2)) =
1
𝐻0

curl𝑧𝝉𝑇. (20.5)

The nonlinear terms cancel leaving

𝐽(𝜓, 𝛽𝑦) = 1
𝐻0

curl𝑧𝝉𝑇, where 𝜓 = 𝜓1 + 𝜓2, (20.6a,b)

with solution, as in (20.4),

𝜓 = − 1
𝐻0𝛽
∫
𝑥𝐸

𝑥
curl𝑧𝝉𝑇 d𝑥′. (20.7)

This simply says that the vertically integrated flow obeys Sverdrup balance. For the canonical wind
stress

𝝉𝑇 = −𝜏0 cos π𝑦 𝐢, (20.8)

and we obtain 𝜓 = (π𝜏0/𝛽𝐻0)(𝑥𝐸 − 𝑥) sin π𝑦. It is useful to define

𝑞 ≡ (𝛽𝑦 + 𝐹𝜓), (20.9)

and then 𝑞 = 𝛽[𝑦 + 𝐴(1 − 𝑥) sin π𝑦], where 𝐴 = π𝜏0/(𝛽𝐻0) parameterizes the wind strength, and
this is plotted in Fig. 20.1. For 𝑞 < 1 (below and to the right of the dashed line) all the geostrophic
contours intersect the eastern boundary and the flow is ‘blocked’. For 𝑞 > 1 the flow is ‘closed’.
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Fig. 20.2 Upper- and lower-level potential vorticity and streamfunction for the canonical wind
stress (20.8). The field of 𝑞 is that of Fig. 20.1 with𝐴 = 1. The dashed line divides the blocked region
from the closed region. The lower layer streamfunction𝜓2 is non-zero only in the closed region, and
here 𝑞2 = 𝛽𝐿 and 𝑞1 = 2𝛽𝑦 − 𝛽𝐿. In the blocked region the upper layer carries all of the Sverdrup
transport. Both the streamfunction and potential vorticity are continuous at the divide: 𝜓2 = 0
and 𝑞2 = 𝑞 = 𝛽𝐿.

Lower layer
Although the full equations are nonlinear, using (20.9) we can obtain a linear equation for the lower
layer. Because the Jacobian of a field with itself vanishes, (20.1b) and (20.2b) imply that

𝐽(𝜓2, 𝑞) = −∇ ⋅ 𝑻2, (20.10)

and this is useful because 𝑞 is a function of the wind, using (20.9). If ∇ ⋅ 𝑻2 = 0 then

𝐽(𝜓2, 𝑞) = 0. (20.11)

As well as the possibility that 𝜓2 = 0 we now have the more general solution

𝜓2 = 𝐺(𝑞), (20.12)

where 𝐺 is an arbitrary function of its argument. Isolines of 𝜓2 and 𝑞 are then coincident. (Con-
tours that are isolines of both streamfunction and potential vorticity are known as geostrophic
contours.)

Consider a blocked isoline of 𝑞; that is, one that intersects the eastern boundary (see Fig. 20.1).
The 𝜓2 contour coincident with this has a value of zero at the eastern boundary (by the no-normal
flow condition). Thus 𝜓2 = 0 everywhere in the blocked region, and 𝑞2 = 𝑞. In this region the
Sverdrup transport is carried everywhere by the upper layer, and the lower layer is at rest. This
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Summary of Wind-Driven, Two-layer Solution

The vertically integrated flow in a wind-driven two-layer quasi-geostrophic model is de-
termined by Sverdrup balance. The effects of eddies may be crudely parameterized by a
downgradient diffusion of potential vorticity. If this is identically zero, then the lower-layer
flow is identically zero and the upper-layer flow carries all the transport. If the diffusion is
small but non-zero, the lower-layer streamfunction approximately satisfies 𝐽(𝜓2, 𝑞), where
𝑞 is given by (20.9), and therefore 𝜓2 is a function of 𝑞— that is, 𝜓2 ≈ 𝐺(𝑞). For a typical
subtropical wind, contours of 𝑞, and therefore contours of 𝜓2, are naturally divided into
two regions (Fig. 20.1):
(i) A blocked region (the shadow zone), in which contours of 𝑞 intersect the eastern

boundary, the lower layer flow is zero and the upper layer carries all the Sverdrup
transport.

(ii) A closed region in which (if we envision a nearly inviscid western boundary current)
the flow recirculates. In this regionwe posit that the lower layer potential vorticity be-
comes homogeneous, with a value determined by the value at the region’s boundary,
and this in turn is determined by tracing 𝑞 back to the domain boundary.

To satisfy a circulation constraint the function𝐺(𝑞)must be a linear function, and given
this, the entire solution may be determined. If, for example, the wind is zonal and a func-
tion of 𝑦 only, and curl𝑧𝝉𝑇 = 𝑔(𝑦) then, in both regions:

𝜓 ≡ 𝜓1 + 𝜓2 = −
1
𝛽𝐻0
𝑔(𝑦)(𝑥𝐸 − 𝑥), 𝑞 ≡ 𝛽𝑦 + 𝐹𝜓. (OC.1a,b)

In the blocked region:

𝜓2 = 0, 𝜓1 = −
1
𝛽𝐻0
(𝑥𝐸 − 𝑥)𝑔(𝑦), (OC.2a)

𝑞1 = 𝛽𝑦 + 𝐹(𝜓1 − 𝜓2), 𝑞2 = 𝛽𝑦 + 𝐹(𝜓2 − 𝜓1). (OC.2b)

In the closed region:

𝑞2 = 𝛽𝐿 (by homogenization), (OC.3a)

𝜓2 =
1
2𝐹
(𝑞 − 𝛽𝐿), 𝜓1 = 𝜓 − 𝜓2, (OC.3b)

𝑞1 = 𝛽𝑦 + 𝐹(𝜓2 − 𝜓1) = 2𝛽𝑦 − 𝛽𝐿. (OC.3c)

For 𝑔(𝑦) = − sin π𝑦 these solutions are illustrated in Figs. 20.1 and 20.2.
This approach provides a solution to the conundrum of what drives the subsurface

(quasi-geostrophic) ocean, for if there are no eddy effects at all (i.e., in (20.3) 𝑻1 = 𝑻2 = 0),
then the lower layer flow is stationary. This solution is not wholly realistic, for the upper
layer flow could be made quite shallow. Another solution to this issue is provided in Sec-
tion 20.7, wherein it is assumed that the lower layers may outcrop and so feel the wind
directly.
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region is called a ‘shadow zone’, for the fluid is in the shadow of the eastern boundary, and it will
re-appear in a model of the ventilated thermocline later on in this chapter. In the region of closed
contours, 𝜓2 cannot be given by this argument. But if 𝜅 is sufficiently small, we can expect (20.11)
to approximately hold, and that the presence of a small amount of dissipation will determine the
functional relationship between 𝜓2 and 𝑞. Thus, in summary, there are two regions of flow:
(i) the blocked region in which 𝜓1 ≈ 𝜓 ≫ 𝜓2 and 𝜓1 is approximately given by (20.4);
(ii) a closed region in which 𝜓2 = 𝐺(𝑞) + 𝒪(𝜅).

20.1.2 Relation Between Streamfunction and Potential Vorticity
A general argument
In Chapter 13 we showed that, within a region of closed contours, the values of a tracer that is
materially conserved except for the effects of a small diffusion would become homogeneous. In
the case at hand, potential vorticity is that tracer, so that within potential vorticity contours or
closed streamlines potential vorticity will become homogenized. If we can determine the value of
𝑞2 within the region of closed contours, then from (20.2) 𝜓2 is given by

𝜓2 = (1/2𝐹)(𝑞 − 𝑞2), (20.13)

and the solutionwould be complete. Now, outside the closed region𝜓2 ≪ 𝜓1, so that the outermost
contour of the closed regionmust be characterized by 𝑞2 ≈ 𝑞, for thismakes𝜓2 continuous between
closed and blocked regions. Thus, the value of 𝑞2 within the closed homogeneous region is that of
𝑞 (i.e., 𝛽𝑦 + 𝐹𝜓) on its boundary. Since this contour intersects the poleward edge of the domain,
where 𝜓 is zero, the value of this contour is just 𝛽𝑦 at 𝑦 = 𝐿; that is, 𝛽𝐿. Thus, within the closed
region,

𝑞2 = 𝛽𝐿. (20.14)

A specific calculation
Now consider the steady, lower-layer potential vorticity equation (20.1b); noting that 𝐽(𝜓2, 𝐹(𝜓1 −
𝜓2)) = 𝐽(𝜓2, 𝐹(𝜓1 + 𝜓2)), (20.1b) may be written as

𝐽(𝜓2, 𝑞) = −∇ ⋅ 𝑻2. (20.15)

Integrating around a closed contour of 𝑞 the left-hand side vanishes and

𝑅∫(∇𝜓1 − ∇𝜓2) ⋅ 𝒏d𝑙 = 0 or ∮𝒖1 ⋅ d𝒍 = ∮𝒖2 ⋅ d𝒍. (20.16a,b)

Thus, the deep circulation around a mean geostrophic contour (i.e., isoline of 𝑞) is equal to the
upper-level circulation.

Previously we argued that

𝜓2 = 𝐺(𝑞) = 𝐺(𝛽𝑦 + 𝐹(𝜓1 + 𝜓2)), (20.17)

where 𝐺 is an arbitrary function of its argument. In order to satisfy (20.16) (a linear relation be-
tween 𝒖1 and 𝒖2) 𝐺must be a linear function, and so we write

𝜓2 = 𝐶[
𝛽𝑦
𝐹
+ (𝜓1 + 𝜓2)] + 𝐵, (20.18)

where 𝐶 and 𝐵 are constants. This may be rearranged to give

𝜓1 = −𝐶
𝛽𝑦
𝐹
+ (𝜓1 + 𝜓2)(1 − 𝐶) − 𝐵. (20.19)
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The above two equations are consistent with (20.16) if 𝐶 = 1/2. With this, (20.18) gives

𝑞 = 2𝐹(𝜓2 − 𝐵), (20.20)

and the potential vorticity in the closed contour region of the lower layer is

𝑞2 = 𝛽𝑦 + 𝐹𝜓 − 2𝐹𝜓2 = −2𝐹𝐵. (20.21)

That is, it is constant. Outside the closed contours 𝜓2 ≪ 𝜓1 so that 𝑞2 ≈ 𝑞 = 𝛽𝑦 + 𝐹𝜓1. If we trace
this contour to the edge of the domain where 𝜓1 = 0 and 𝑦 = 𝐿 then we see that the value of 𝑞
on the contour, and hence 𝑞2 in the closed region, is 𝛽𝐿, as in (20.14), and 𝐵 = −𝛽𝐿/(2𝐹). Using
(20.20) then gives

𝜓2 = (2𝐹)−1(𝑞 − 𝛽𝐿). (20.22)
Given 𝜓2 and 𝑞2, from (20.14), we obtain 𝑞1 and 𝜓1 using (20.2) and (20.6b), giving

𝑞1 = 2𝛽𝑦 − 𝛽𝐿, 𝜓1 = 𝜓 − 𝜓2. (20.23)

All these fields are illustrated in Fig. 20.2, and see the shaded box on page 765 for a summary.

20.2 ♦ A MODEL WITH CONTINUOUS STRATIFICATION
We now look at the dynamics of the continuously stratified circulation, largely by way of an exten-
sion of our two-layer procedure. Let us first consider how deep the wind’s influence is.

20.2.1 Depth of the Wind’s Influence
The thermal wind relationship in the form 𝑓𝜕𝑢/𝜕𝑧 = 𝜕𝑏/𝜕𝑦 implies a vertical scale𝐻 given by

𝐻 = 𝑓𝑈𝐿
𝛥𝑏
, (20.24)

where 𝛥𝑏 is a typical magnitude of the horizontal variation of the buoyancy. We can relate this to
the Ekman pumping velocity𝑊𝐸 using the linear geostrophic vorticity equation, 𝛽𝑣 = 𝑓𝜕𝑤/𝜕𝑧,
which, (assuming that the horizontal components of velocity are roughly similar, i.e., 𝑉 = 𝑈),
implies that

𝑈 = 𝑓𝑊𝐸
𝛽𝐻
. (20.25)

Equations (20.24) and (20.25)may be combined to give an estimate of the depth of the wind-driven
circulation, namely

𝐻 = (𝑓
2𝑊𝐸𝐿
𝛽𝛥𝑏
)
1/2
, (20.26)

where 𝐿 may be interpreted as the gyre scale. We now use quasi-geostrophic scaling to relate the
horizontal temperature gradient to the stratification using the thermodynamic equation,

D𝑏
D𝑡
+ 𝑤𝑁2 = 0, (20.27)

with implied scaling

𝛥𝑏 = 𝑊𝐸𝑁
2𝐿
𝑈
= 𝑁
2𝛽𝐻𝐿
𝑓0
, (20.28)

where the second equality uses (20.25). Using (20.26) and (20.28) gives

𝐻 = (𝑊𝐸𝑓
3

𝛽2𝑁2
)
1/3
. (20.29)
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Potential vorticity interpretation
The estimate (20.29) can be obtained and interpreted more directly: the wind-driven circulation
penetrates as far as it can alter the potential vorticity 𝑞 from its planetary value 𝛽𝑦. Recall that,
ignoring relative vorticity,

𝑞 = 𝛽𝑦 + 𝜕
𝜕𝑧
( 𝑓
2
0
𝑁2
𝜕𝜓
𝜕𝑧
) . (20.30)

The two terms are comparable if

𝑓20
𝑁2𝐻2
𝑈𝐿 ≈ 𝛽𝐿 or 𝐻2 ≈ 𝑓

2
0𝑈
𝑁2𝛽
. (20.31)

Using (20.25) to eliminate 𝑈 in favour of𝑊𝐸 recovers (20.29). Thus, for a given stratification, we
have an estimate of the depth of the wind-driven circulation, or at least a scaling for depth of the
vertical influence of the wind.

20.2.2 The Complete Solution
Armed with an estimate for the depth of the wind’s influence, we can obtain a solution for the
continuously stratified case analogous to that found in the two-layer case in Section 20.1. Our
assumptions are as follows:
(i) In the limit of small dissipation, streamfunction and potential vorticity have a functional

relationship with each other.
(ii) Potential vorticity is homogenized within closed isolines of 𝑞 or 𝜓. The value of 𝑞 within

the homogenized pool is that of the outermost contour, which here is the value of 𝑞 at the
poleward edge of the barotropic gyre.

(iii) Outside of the pool region, (i.e., below the depth of the wind’s influence) the streamfunction
is zero, and the potential vorticity is given by the planetary value, i.e., 𝛽𝑦.

Given these, finding a solution is not difficult. If 𝑁2 is constant and neglecting relative vorticity,
the expression for potential vorticity is

𝑞 = 𝜕
2

𝜕𝑧2
( 𝑓
2
0
𝑁2
𝜓) + 𝛽𝑦. (20.32)

We nondimensionalize by writing

𝑧 = (𝑓
2
0𝑈
𝑁2𝛽
)
1/2
𝑧, 𝑞 = 𝛽𝐿𝑞, 𝜓 = �̂�𝑈𝐿, 𝑦 = 𝐿𝑦, 𝑤 = 𝑈

2𝑓0
𝑁2𝐻
𝑤, (20.33)

where the hatted variables are nondimensional, and the scaling for 𝑤 arises from the thermody-
namic equation𝑁2𝑤 ∼ 𝐽(𝜓, 𝑓0𝜓𝑧). With this, (20.32) becomes

𝑞 = 𝜕
2�̂�
𝜕𝑧2
+ 𝑦. (20.34)

The flow is then given by solving the following equations:

𝜓𝑧𝑧 + 𝑦 = 𝑦0, −𝐷(𝑥, 𝑦) < 𝑧 < 0, (20.35a)
𝜓 = 0, 𝑧 ≤ −𝐷(𝑥, 𝑦), (20.35b)

where 𝐷 is the (to be determined) depth of the bowl, 𝑦0 is a constant, and we have dropped the
hats over the nondimensional variables. The solution in𝐷(𝑥, 𝑦) < 𝑧 < 0 corresponds to the closed
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Fig. 20.3 Solutions of (20.9) for two different barotropic streamfunctions. On the left 𝜓𝐵 = (1 − 𝑥) sin π𝑦
and on the right 𝜓𝐵 = 1 − (𝑥2 + 𝑦2) for 𝑥2 + 𝑦2 < 1, zero elsewhere. The upper panels show contours of the
depth of the wind-influenced region [solutions of (20.40)]. The depth increases to the northwest in the
left panel, and to the north in the right panel, so that in both cases the area of the bowl shrinks with depth.
The lower panels are contours of 𝑧 + (𝛽𝐿/𝑓0)𝜓𝑧/2, with 𝛽𝐿/𝑓0 = 1/2, obtained from (20.36) or (20.41), at
𝑥 = 0.25 and 𝑥 = 0.5 in the two cases. These are isopycnal surfaces, with a rather large value of 𝛽𝐿/𝑓0
to exaggerate the displacement in the bowl region. The dashed lines indicate the boundary of the bowl
region, outside of which the isopycnals are flat.

region of the two-layer model, and the solution 𝑧 ≤ −𝐷(𝑥, 𝑦) corresponds to the blocked region
of zero lower-layer flow. The constant 𝑦0 is the nondimensional value of potential vorticity within
the pool region, and following our reasoning in the two-layer case this is the value of the potential
vorticity at the northern boundary. Dimensionally this is 𝛽𝐿, so that in nondimensional units
𝑦0 = 1.

The lower boundary condition on (20.35a) is that 𝜓 = 𝜓𝑧 = 0 at 𝑧 = −𝐷, because in the abyss
𝜓 = 𝜕𝜓/𝜕𝑧 = 0 and we require that both 𝜓 and 𝜕𝜓/𝜕𝑧 be continuous (note that the buoyancy
perturbation is proportional to 𝜕𝜓/𝜕𝑧). The solution that satisfies this is

𝜓 = 1
2
(𝑧 + 𝐷)2(𝑦0 − 𝑦), (20.36)

and 𝜓 = 0 for 𝑧 < −𝐷.
To obtain an expression for 𝐷 we first note that the nondimensional vertical velocity at 𝑧 = 0
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is given by
𝑤 = −𝐽(𝜓, 𝜓𝑧), (20.37)

which, using (20.36), gives

𝑤 = 1
2
(𝑧 + 𝐷)2(𝑦0 − 𝑦)

𝜕𝐷
𝜕𝑥
. (20.38)

At 𝑧 = 0 the vertical velocity is the Ekman pumping velocity and (20.38) becomes

𝐷2 𝜕𝐷
𝜕𝑥
= 2𝑤𝐸
(𝑦0 − 𝑦)

. (20.39)

But the Ekman pumping velocity is related to the barotropic streamfunction, 𝜓𝐵, by the Sverdrup
relationship, so that integrating (20.39) gives

𝐷3 = 6𝜓𝐵
(𝑦0 − 𝑦)

= −6(𝑥𝐸 − 𝑥)𝑤𝐸
(𝑦0 − 𝑦)

, (20.40)

where the second equality holds if𝑤𝐸 is not a function of 𝑥. This is a solution for the depth of mov-
ing region, the bowl in which potential vorticity is homogenized. An expression for the stream-
function is then obtained by using (20.40) in (20.36), and is found to be

𝜓 = {
1
2 [𝑧(𝑦0 − 𝑦)1/2 + (6𝜓𝐵)1/3(𝑦0 − 𝑦)1/6]

2 −𝐷 < 𝑧 < 0,
0 𝑧 < −𝐷.

� (20.41)

The potential vorticity corresponding to this solution is

𝑞 = {𝑦0 −𝐷 < 𝑧 < 0,
𝑦 𝑧 < −𝐷.

� (20.42)

Solutions are illustrated in Figs. 20.3 for cases with two different barotropic streamfunctions.
It is possible to heuristically extend models such as the one described above by appending

a western boundary layer, and indeed the homogenization of potential vorticity depends upon
the presence of such a region to allowing the flow to recirculate. However, as we saw in Section
19.5.3, it is difficult for flow to leave a western boundary layer without the help of friction, and a
neutrally stable, damped, stationary Rossby wave typically forms. The critical issue then is whether
the presence of dissipation in the western boundary layer affects the homogenization of potential
vorticity in the gyre itself. This problem is the province of observation and numerical simulation,
and solutions with both quasi-geostrophic and primitive equation models do in fact show that
potential vorticity is able to homogenize under many circumstances.3 Let us now take a brief look
at some observations.

20.3 OBSERVATIONS OF POTENTIAL VORTICITY
Homogenization of potential vorticity in the real ocean has been observed in both Pacific and
Atlantic Oceans, in both hemispheres, and to a lesser degree in the Indian Ocean, and various
maps are shown in Fig. 20.4 through Fig. 20.7.5 In all of the plots we see that the near-equatorial
variation of potential vorticity is dominated by the beta effect, more so at depth where the potential
vorticity isolines are more-or-less along latitude lines until almost 20°, but in the subtropical gyres
there are large regions of homogeneous potential vorticity.

Looking first at the Pacific, the upper two plots in Fig. 20.4 show the potential vorticity (here
defined as 𝑓𝜕𝜌/𝜕𝑧) on potential density surfaces in the main thermocline. These surfaces slope
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PV on σ = 26.0

PV on σ = 37.0

PV on σ = 26.8

PV on σ = 26.8

D ⇡ 200 m D ⇡ 400 m

D ⇡ 2700 m D ⇡ 350 m

Fig. 20.4 Potential vorticity (i.e., 𝑓(𝜕𝜌/𝜕𝑧)) in the Pacific and Indian Oceans on the potential density sur-
faces labelled, which each have approximate average depths D. Some potential vorticity homogenization
can be seen in the subtropical gyre in the Pacific (the upper two plots) but less so at depth in the Pacific
(lower left) and less so at all depths in the Indian Ocean (just the upper ocean is shown, lower right), which
has a less pronounced gyre structure.2

up toward the pole, and the 𝜎 = 26 surface (i.e., a surface with a potential density of approximately
1026 kgm−3) outcrops at about 40°, a little equatorward of the boundary between the subpolar and
subtropical gyre. On these surfaces there are large swathes of near-uniform potential vorticity in
the subtropical gyre, perhaps a little more obviously so in the Northern Hemisphere, with strong
gradients quite noticeable at the gyre edge at about 50°N. Tongues of high potential vorticity are
advected by the gyre itself, sweeping equatorward and westward along the 𝜎 = 26 surface in the
Northern Hemisphere.

Moving into the deep Pacific there is less homogenization, with isolines of potential vorticity
generally crossing the entire Pacific at all latitudes, with a just the odd pool of closed contours.
The Indian Ocean has less potential vorticity homogenization at all depths, most likely because
the subtropical gyre itself is less pronounced in the Indian Ocean, and the subpolar gyre is largely
replaced by the eastward flow of the Antarctic Circumpolar Current system.

TheAtlantic also shows large regions of homogenization in the upper ocean as seen in Fig. 20.5
and Fig. 20.6. These maps were constructed from a different set of observations, and using a differ-
ent method, than those of Fig. 20.4, but show similar features— homogenization in the upper gyre
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𝜎 = 26.0 𝜎 = 26.5

𝜎 = 27.2 𝜎 = 27.8

Fig. 20.5 Potential vorticity in theAtlanticOceanon thepotential density surfaces labelled, averagedover
several Januaries using the mimoc climatology. Potential vorticity is a normalized version of 𝑓/ℎ. Specif-
ically it is |𝑓|𝛿𝜎/(𝜌ℎ) where ℎ(𝑥, 𝑦) is the isopycnal layer thickness and 𝛿𝜎 is a fixed difference between
layer interface potential densities, so here PV has units of m–1s–1. The PV is homogenized over much of the
subtropical gyre around 𝜎 = 26.5. At deeper levels the potential vorticity is more dominated by the beta
effect and an influx of Mediterranean water.4

but planetary values (and now aMediterranean influence) dominating at depth. Consider Fig. 20.5
layer-by-layer, from the top down, where a close inspection of Fig. 20.8 will reveal the depths of
each layer. The shallow, 𝜎 = 26.0 layer (typically tens of metres deep) outcrops in the middle of
the subtropical gyre, receiving most of its fluid directly by Ekman-pumping from the mixed layer,
and has a relatively small pool of homogenized potential vorticity. The deeper, 𝜎 = 26.5 level (with
typical depths of a few hundred metres over much of the gyre) outcrops much further poleward
and consequently has an extensive recirculating regime that homogenizes the potential vorticity.
We also see a region between about 10°N and 25°N where potential vorticity increases moving
southward — that is, 𝜕𝑄/𝜕𝑦 < 0— so enabling baroclinic instability. Going deeper, at 𝜎 = 27.24
(with typical depth of several hundred to a thousand or so metres) the planetary influence be-
gins to dominate, with the subtropical gyre shrinking and a smaller region of potential vorticity
homogenization further north. Finally, at 𝜎 = 27.76, or about 1500m depth, the circulation is
dominated by low potential vorticity Labrador Sea Water to the north and high potential vorticity
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Fig. 20.6 Potential vorticity
in the Atlantic and Pacific at
the 𝜎0 = 26.5 level, using
the same data as in Fig. 20.5.4

The Coriolis parameter is lat-
itudinally varying but taken
as positive in both hemi-
spheres for graphical conve-
nience. See text for more dis-
cussion.

from Mediterranean Salt Tongue to the south — again with a potentially baroclinically unstable
flow where potential vorticity increases equatorward. The homogenization in both Pacific and At-
lantic is very strikingly displayed in Fig. 20.6 and Fig. 20.7, with broad plateaus of near-constant
potential vorticity reaching to the poleward edge of the gyres, where there is a sudden leap that
acts as a mixing barrier.

The story of potential vorticity is a rich one. The mesoscale eddies provide the stirring that
leads to the homogenization, but competing processes complicate the picture. The eddies weaken
with depth and planetary effects begin to dominate, and in the upper ocean the varied influences
of the western boundary current, topographic effects and the stripping of potential vorticity sheets
from solid boundaries turn the ocean into a complex tapestry.
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Fig. 20.7 As for Fig. 20.6, but now showing the
potential vorticity at various sigma levels in the
Pacific, on the date line at longitude 180. The
v-shaped grey lines show the reference variation
due to 𝛽𝑦 for the 𝜎 = 26.4 level. For the other lev-
els, the reference variation is similar to the actual
variation between about 0° and 10° latitude.
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Fig. 20.8 Sections of density in the
North Atlantic.
Upper panel: meridional section of po-
tential density at 53° W, from 5° N to
45° N, with a uniform contour interval.
In the upper northwestern region of the
subtropical thermocline there is a region
of low stratification known as mode wa-
ter: isopycnals above this outcrop in
the subtropical gyre and are ‘ventilated’;
isopycnals below the mode water out-
crop in the subpolar gyre, northof about
45°, and/or in acc.
Lower panel: zonal section of neutral
density at 36° N, from about 75° W to
10° W. Contour interval changes where
the colour changes. Note the front as-
sociated with the western boundary cur-
rent at about 70° W.6
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20.4 THE MAIN THERMOCLINE

We now approach the dynamics of the upper ocean from another angle and address the mech-
anisms that give rise to the actual density structure of the upper ocean, and in particular to the
main thermocline, which is the region of the upper ocean, about 1 km deep, in which the density
and temperature change most rapidly, as illustrated in Fig. 20.8 and Fig. 20.9.

We will consider the circulation in a closed, single hemispheric basin, and suppose that there is
a net surface heating at low latitudes and a net cooling at high latitudes that maintains ameridional
temperature gradient at the surface. Let us presume, ab initio, that there is a single overturning cell,
with water rising at low latitudes before returning to polar regions, as illustrated schematically in
Fig. 20.10. We will investigate the dynamics of this meridional overturning circulation (moc) in
much more detail in the next chapter, but here our interest is mainly in why and how affects the
density structure in the upper ocean and this is less affected by interhemispheric effects. (Readers
for whom the moc is of primary interest may wish to read Chapter 21 before proceeding.) We will
also, by and large, omit considerations of saline effects and assume a linear equation of state, so
that the thermocline is synonymous with the pycnocline, the region where density changes rapidly.

The physical picture we have is the following. Cold, dense water at high latitudes sinks, so that
dense water extends all the way to the ocean floor. By hydrostasy the pressure in the deep ocean
is then higher at high latitudes than at low, where the water is warmer. Thus the water moves
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Fig. 20.9 Profiles of mean tem-
perature in the North Pacific and
Atlantic, from woce, at the lon-
gitudes and latitudes indicated.
The profiles are considerably
smoother than instantaneous
ones.
Note the shallowness of the equa-
torial thermoclines (especially in
the Atlantic), and weakness of
the subpolar thermoclines.

equatorward filling the abyss. This water is also slowlywarmed by heat diffusion down from above,
and it is this diffusion that enables the circulation to persist: if diffusion were zero, the entire ocean
would eventually fill with the densest available water and the circulation would cease. The water
that fills the interior from the cold pole is colder and denser than the surfacewaters at lower latitude
so there must be a vertical temperature gradient, except at the highest latitudes where the water
is sinking, and we indeed see in Fig. 20.9 how the vertical temperature profile varies with latitude.
However, without considering the dynamics it is hard to see what form the temperature profile
will take; for example, it is conceivable that the polar waters might fill up the abyss nearly all the
way to the surface, leaving a thermocline only a few metres thick. Or there might be a uniform
temperature gradient from the surface to the ocean floor.

Complicating matters, the thermocline is also the region where the gyre circulation is most
prominent, so that the potential vorticity dynamics of the previous few sections must play a role.
Putting that complication aside for now, let us first look at a simple kinematic model.

20.4.1 A Simple Kinematic Model
The fact that cold water with polar origins upwells into a region of warmer water suggests that we
consider the simple one-dimensional advective–diffusive balance,

𝑤𝜕𝑇
𝜕𝑧
= 𝜅𝜕
2𝑇
𝜕𝑧2
, (20.43)

where 𝑤 is the vertical velocity, 𝜅 is a diffusivity and 𝑇 is temperature. In mid-latitudes, where
this might hold, 𝑤 is positive and the equation represents a balance between the upwelling of cold
water and the downward diffusion of heat. If 𝑤 and 𝜅 are given constants, and if 𝑇 is specified at
the top (𝑇 = 𝑇𝑇 at 𝑧 = 0) and if 𝜕𝑇/𝜕𝑧 = 0 at great depth (𝑧 = −∞) then the temperature falls
exponentially away from the surface according to

𝑇 = (𝑇𝑇 − 𝑇𝐵)e𝑤𝑧/𝜅 + 𝑇𝐵, (20.44)

where 𝑇𝐵 is the temperature at depth. Temperature decays exponentially away from its surface
value with the scale

𝛿 = 𝜅
𝑤
, (20.45)

and this is an estimate of the thermocline thickness. It is not particularly useful, because the mag-
nitude of 𝑤 depends on 𝜅, as we will see. However, it is reasonable to see if the observed ocean is



776 Chapter 20. Structure of the Upper Ocean

Fig. 20.10 Cartoon of a single-celled
meridional overturning circulation, with a
wall at the equator.
Sinking is concentrated at high latitudes
and upwelling spread out over lower
latitudes. The thermocline is the boundary
between the cold abyssal waters, with
polar origins, and the warmer near-surface
subtropical water. Wind forcing in the
subtropics pushes the warm surface water
into the fluid interior, deepening the
thermocline as well as circulating as a gyre.
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broadly consistent with this expression. The diffusivity 𝜅 can be measured; it is an eddy diffusiv-
ity, maintained by small-scale turbulence, and measurements produce values that range between
10−5m2 s−1 in themain thermocline and 10−4m2 s−1 in abyssal regions over rough topography and
in and near continental margins, with still higher values locally.7 The vertical velocity is too small
to be measured directly, but various estimates based on deep water production suggest a value of
about 10−7ms−1. Using this and the smaller value of 𝜅 in (20.44) gives an e-folding vertical scale,
𝜅/𝑤, of just 100m, beneath which the stratification is predicted to be very small (i.e., nearly uni-
form potential density). Using the larger value of 𝜅 increases the vertical scale to 1000m, which is
probably closer to the observed value for the total thickness of the thermocline (Fig. 20.9), but us-
ing such a large value of 𝜅 in the main thermocline is not supported by the observations. Similarly,
the deep stratification of the ocean is rather larger than that given by (20.43), except with values of
diffusivity on the large side of those observed, a topic we return to in Chapter 21.8

Aside from diffusion, mechanical forcing, and in particular the wind, will deepen the thermo-
cline, as Fig. 20.10 suggests. Thewind-stress curl forces water to converge in the subtropical Ekman
layer, thereby forcing relatively warm water to downwell and meet the upwelling colder abyssal wa-
ter at some finite depth, thus deepening the thermocline from its purely diffusive value. Indeed, in
so far as we can separate the two effects of wind and diffusion, we can say that the strength of the
wind influences the depth at which the thermocline occurs, whereas the strength of the diffusivity
influences the thickness of the thermocline.

20.5 SCALING AND SIMPLE DYNAMICS OF THE MAIN THERMOCLINE
Wenowbegin to consider the dynamics that produce an overturning circulation and a thermocline.
The Rossby number of the large-scale circulation is small and the scale of the motion large, and
the flow obeys the planetary-geostrophic equations,

𝒇 × 𝒖 = −∇𝜙, 𝜕𝜙
𝜕𝑧
= 𝑏, ∇ ⋅ 𝒗 = 0, D𝑏

D𝑡
= 𝜅𝜕
2𝑏
𝜕𝑧2
, (20.46a,b,c,d)

in our standard notation, in which 𝒖 and 𝒗 refer to the two- and three-dimensional velocities. We
suppose that these equations hold below an Ekman layer, so that the effects of a wind stress may be
included by specifying a vertical velocity,𝑤𝐸, at the top of the domain. The diapycnal diffusivity, 𝜅,
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is some kind of eddy diffusivity, but since its precise form andmagnitude are uncertain we proceed
with due caution, and a useful practical philosophy is to try to ignore dissipation and viscosity
where possible, and to invoke them only if there is no other way out. Let us therefore scale the
equations in two ways, with and without diffusion; these scalings will be central to our theory.

20.5.1 A Diffusive Scale
Suppose that the circulation is steady and resembles that of Fig. 20.10, but with no wind forcing.
Can we estimate how deep the diffusive layer will be in the subtropical gyre? We will suppose
that, as in the kinematic model, the thermodynamic equation reduces to the advective-diffusive
balance of (20.43), but we will use the other equations in (20.46) to give an estimate of the vertical
velocity. If we take the curl of (i.e., cross differentiate) the momentum equation (20.46a) and use
mass continuity we obtain the linear vorticity equation, 𝛽𝑣 = 𝑓𝜕𝑤/𝜕𝑧, and if we take the vertical
derivative of themomentum equation and use hydrostasy we obtain thermal wind, 𝜕𝒖/𝜕𝑧 = 𝐤×∇𝑏.
Collecting these equations together we have

𝑤𝜕𝑏
𝜕𝑧
= 𝜅𝜕
2𝑏
𝜕𝑧2
, 𝛽𝑣 = 𝑓𝜕𝑤

𝜕𝑧
, 𝑓𝜕𝒖

𝜕𝑧
= 𝐤 × ∇𝑏, (20.47a,b,c)

with corresponding scales

𝑊
𝛿
= 𝜅
𝛿2
, 𝛽𝑉 = 𝑓𝑊

𝛿
, 𝑈

𝛿
= 𝛥𝑏
𝑓𝐿
, (20.48a,b,c)

where 𝛿 is the vertical scale and other scaling values are denoted with capital letters. We suppose
that 𝑉 ∼ 𝑈, where 𝑈 is the zonal velocity scale, and henceforth we will denote both by 𝑈, and 𝐿
is the horizontal scale of the motion, which we take as the gyre or basin scale. Typical values for
the subtropical gyre are 𝛥𝑏 = 𝑔𝛥𝜌/𝜌0 = 𝑔𝛽𝑇𝛥𝑇 ∼ 10−2ms−2, 𝐿 = 5000 km, 𝑓 = 10−4 s−1 and
𝜅 = 10−5m2 s−2.

Equation (20.48a) is the same as (20.45), as expected, but we can now use (20.48b,c) to obtain
an estimate for the vertical velocity, namely

𝑊 = 𝛽𝛿
2𝛥𝑏
𝑓2𝐿
. (20.49)

Using this and (20.48a) gives the diffusive vertical scale, and the estimates

𝛿 = (𝜅𝑓
2𝐿
𝛽𝛥𝑏
)
1/3
, 𝑊 = (𝜅

2𝛽𝛥𝑏
𝑓2𝐿
)
1/3
. (20.50)

With values of the parameters as above, (20.50) gives 𝛿 ≈ 150m and𝑊 ≈ 10−7ms−1.

20.5.2 An Advective Scale
Thevalue of the vertical velocity obtained above is very small, much smaller than the Ekman pump-
ing velocity at the top of the ocean, which is of order 10−6–10−5ms−1. This difference suggests that
we might ignore the diffusive term in (20.47a) — indeed, ignore the thermodynamic term com-
pletely— and construct an adiabatic scaling estimate for the depth of the wind’s influence. Further,
in subtropical gyres the Ekman pumping is downward, whereas the diffusive velocity is upward,
meaning that at some level,𝐷𝑎, we expect the vertical velocity to be zero.

The equations of motion are just the thermal wind balance and the linear geostrophic vorticity
equation, namely

𝛽𝑣 = 𝑓𝜕𝑤
𝜕𝑧
, 𝒇 × 𝜕𝒖

𝜕𝑧
= −∇𝑏, (20.51)
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Fig. 20.11 Scaling the thermocline. The diagonal
lines mark the diffusive thermocline of thickness 𝛿 and
depth 𝐷(𝑦). The advective scaling for 𝐷(𝑦), i.e., 𝐷𝑎, is
given by (20.53), and the diffusive scaling for 𝛿 is given
by (20.55).

with corresponding scales

𝛽𝑈 = 𝑓𝑊
𝐷𝑎
, 𝑈
𝐷𝑎
= 1
𝑓
𝛥𝑏
𝐿
, (20.52)

recalling that 𝑉 ∼ 𝑈.
The thermodynamic equation does not enter, but we take the vertical velocity to be that due to

Ekman pumping,𝑊𝐸. From (20.52) we immediately obtain

𝐷𝑎 = 𝑊1/2𝐸 (
𝑓2𝐿
𝛽𝛥𝑏
)
1/2
, (20.53)

which may be compared with the estimate of (20.26). If we relate 𝑈 and𝑊𝐸 using mass conserva-
tion,𝑈/𝐿 = 𝑊𝐸/𝐷𝑎, instead of using (20.51a), then we write 𝐿 in place of𝑓/𝛽 and (20.53) becomes
𝐷𝑎 = (𝑊𝐸𝑓𝐿2/𝛥𝑏)

1/2, which is not qualitatively different from (20.53) for large scales.
The important aspect of the above estimate is that the depth of the wind-influenced region

increases with the magnitude of the wind stress (because 𝑊𝐸 ∝ curl𝑧𝜏) and decreases with the
meridional temperature gradient. The former dependence is reasonably intuitive, and the latter
arises because as the temperature gradient increases the associated thermal wind-shear𝑈/𝐷𝑎 cor-
respondingly increases. But the horizontal transport (the product 𝑈𝐷𝑎) is fixed by mass conser-
vation; the only way that these two can remain consistent is for the vertical scale to decrease. Tak-
ing𝑊𝐸 = 10−6ms−1, and other values as before, gives 𝐷𝑎 = 500m, and𝑊𝐸 = 10−5ms−1 gives
𝐷𝑎 = 500m. Such a scaling argument cannot be expected to give more than an estimate of the
depth of the wind-influenced region; nevertheless, because 𝐷𝑎 is much less than the ocean depth,
the estimate does suggest that the wind-driven circulation is predominantly an upper-ocean phe-
nomenon.

♦ A wind-influenced diffusive scaling
The scalings above assume that the length scale over which thermal wind balance holds is the gyre
scale itself. In fact, there is another length scale that is more appropriate, and this leads to a slightly
different diffusive scaling for the thickness of the thermocline. To obtain this scaling, we first note
that the depth of the subtropical thermocline is not constant: it shoals up to the east because of
Sverdrup balance, and it may shoal up polewards as the curl of the wind stress falls (and is zero
at the poleward edge of the gyre). Thus, referring to Fig. 20.11, the appropriate horizontal length
scale �̃� is given by
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�̃� = 𝛿 𝐿
𝐷𝑎
. (20.54)

This is no longer an externally imposed parameter, but must be determined as part of the solution.
Using �̃� instead of 𝐿 as the length scale in the thermal wind equation (20.48c) gives, using (20.53),
the modified diffusive scale

𝛿 = 𝜅1/2 ( 𝑓
2𝐿
𝛥𝑏𝛽𝐷𝑎
)
1/2
= 𝜅1/2 ( 𝑓

2𝐿
𝛥𝑏𝛽𝑊𝐸

)
1/4
. (20.55)

Substituting values of the various parameters results in a thickness of about 100–200 m. The ther-
mocline thickness now scales as 𝜅1/2. The interpretation of this scale and that of (20.50) is that the
thickness of the thermocline scales as 𝜅1/3 in the absence of a wind stress, but scales as 𝜅1/2 if a wind
stress is present that can provide a finite slope to the base of the thermocline that is independent of
𝜅, and this is confirmed by numerical simulations.9 From (20.47a) the vertical velocity, and hence
the meridional overturning circulation, no longer scale as 𝜅2/3 but as

𝑊 = 𝜅
𝛿
∝ 𝜅1/2. (20.56)

20.5.3 Summary of the Physical Picture
What do the vertical scales derived above represent? The wind-influenced scaling,𝐷𝑎, is the depth
to which the directly wind-driven circulation can be expected to penetrate. Thus, over this depth
we can expect to see wind-driven gyres and associated phenomena. At greater depths lies the
abyssal circulation, and this is not wind-driven in the same sense. Now, in general, the water at the
base of the wind-driven layer will not have the same thermodynamic properties as the upwelling
abyssal water— this being cold and dense, whereas the water in the wind-driven layer is warm and
subtropical (look again at Fig. 20.10). The thickness 𝛿 characterizes the diffusive transition region
between these two water masses and in the limit of very small diffusivity this becomes a front. One
might say that 𝐷𝑎 is the depth of the thermocline, while 𝛿 is the thickness of the thermocline. In
the diffusive region, no matter how small the diffusivity 𝜅 is in the thermodynamic equation, the
diffusive term is important. Of course if the diffusion is sufficiently large, the thickness will be as
large or larger than the depth, and the two regions will blur into each other, and this may indeed be
the case in the real ocean. Nevertheless, these scales are a useful foundation on which to build.10

20.6 THE INTERNAL THERMOCLINE
We now try to go beyond simple scaling arguments and investigate in more detail the dynam-
ics of the thermocline. In this section we consider the diffusive, or internal, thermocline and in
Section 20.7 we consider the advective, or ventilated, thermocline. The advective term in the ther-
modynamic equation makes such an investigation difficult, and prevents us from constructing
exact analytic models, but not from constructing informative models. We begin by expressing the
planetary-geostrophic equations as an equation in a single unknown.

20.6.1 TheM Equation
The planetary-geostrophic equations can be written as a single partial differential equation in a
single variable, although the resulting equation is of quite high order and is nonlinear. We write
the equations of motion as

−𝑓𝑣 = −𝜕𝜙
𝜕𝑥
, 𝑓𝑢 = −𝜕𝜙

𝜕𝑦
, 𝑏 = 𝜕𝜙

𝜕𝑧
, (20.57a,b,c)
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∇ ⋅ 𝒗 = 0, 𝜕𝑏
𝜕𝑡
+ 𝒗 ⋅ ∇𝑏 = 𝜅∇2𝑏, (20.58a,b)

where we take 𝑓 = 𝛽𝑦. Cross-differentiating the horizontal momentum equations and using
(20.58a) gives the linear geostrophic vorticity relation 𝛽𝑣 = 𝑓𝜕𝑤/𝜕𝑧 which, using (20.57a) again,
may be written as

𝜕𝜙
𝜕𝑥
+ 𝜕
𝜕𝑧
(−𝑓
2

𝛽
𝑤) = 0. (20.59)

This equation is the divergence in (𝑥, 𝑧) of (𝜙, −𝑓2𝑤/𝛽) and is automatically satisfied if

𝜙 = 𝑀𝑧 and 𝑓2𝑤
𝛽
= 𝑀𝑥, (20.60a,b)

where the subscripts on𝑀 denote derivatives. Then straightforwardly

𝑢 = −
𝜕𝑦𝜙
𝑓
= −
𝑀𝑧𝑦
𝑓
, 𝑣 = 𝜕𝑥𝜙

𝑓
= 𝑀𝑧𝑥
𝑓
, 𝑏 = 𝜕𝑧𝜙 = 𝑀𝑧𝑧. (20.61a,b,c)

The thermodynamic equation, (20.58b) becomes

𝜕𝑀𝑧𝑧
𝜕𝑡
+ (
−𝑀𝑧𝑦
𝑓
𝑀𝑧𝑧𝑥 +

𝑀𝑧𝑥
𝑓
𝑀𝑧𝑧𝑦) +

𝛽
𝑓2
𝑀𝑥𝑀𝑧𝑧𝑧 = 𝜅𝑀𝑧𝑧𝑧𝑧 (20.62)

or
𝜕𝑀𝑧𝑧
𝜕𝑡
+ 1
𝑓
𝐽(𝑀𝑧,𝑀𝑧𝑧) +

𝛽
𝑓2
𝑀𝑥𝑀𝑧𝑧𝑧 = 𝜅𝑀𝑧𝑧𝑧𝑧, (20.63)

where 𝐽 is the usual horizontal Jacobian. This is the 𝑀 equation,11 somewhat analogous to the
potential vorticity equation in quasi-geostrophic theory in that it expresses the entire dynamics of
the system in a single, nonlinear, advective–diffusive partial differential equation, although𝑀𝑧𝑧
is materially conserved (in the absence of diabatic effects) by the three-dimensional flow. Because
of the high differential order and nonlinearity of the system, analytic solutions of (20.63) are hard
to find, and from a numerical perspective it is easier to integrate the equations in the form (20.57)
and (20.58) than in the form (20.63). Nevertheless, it is possible tomove forward by approximating
(20.63) to one or two dimensions, or by a priori assuming a boundary-layer structure.

A one-dimensional model

Let us consider an illustrative one-dimensional model (in 𝑧) of the thermocline.12 Merely setting
all horizontal derivatives in (20.63) to zero is not very useful, for then all the advective terms on
the left-hand side vanish. Rather, we look for steady solutions of the form𝑀 = 𝑀(𝑥, 𝑧), and the
𝑀 equation then becomes

𝛽
𝑓2
𝑀𝑥𝑀𝑧𝑧𝑧 = 𝜅𝑀𝑧𝑧𝑧𝑧, (20.64)

which represents the advective–diffusive balance

𝑤𝜕𝑏
𝜕𝑧
= 𝜅𝜕
2𝑏
𝜕𝑧2
. (20.65)

In proceeding in this way we have assumed that the value of 𝜅 varies meridionally in the same
manner as does 𝛽/𝑓2; without this technicality𝑀 would be a function of 𝑦, violating our premise.

If the ocean surface is warm and the abyss is cold, then (20.64) represents a balance between
the upward advection of cold water and the downward diffusion of warm water. The horizontal
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advection terms vanish because the zonal velocity, 𝑢, and the meridional buoyancy gradient, 𝑏𝑦,
are each zero. Let us further consider the special case

𝑀 = (𝑥 − 𝑥𝑒)𝑊(𝑧), (20.66)

where the domain extends from 0 ≤ 𝑥 ≤ 𝑥𝑒, so satisfying𝑀 = 0 on the eastern boundary. Equation
(20.64) becomes the ordinary differential equation

𝛽
𝑓2
𝑊𝑊𝑧𝑧𝑧 = 𝜅𝑊𝑧𝑧𝑧𝑧, (20.67)

where𝑊 has the dimensions of velocity squared. We nondimensionalize this by setting

𝑧 = 𝐻𝑧, 𝜅 = �̂�(𝐻𝑊𝑆), 𝑊 = (
𝑓2𝑊𝑆
𝛽
) �̂�, (20.68a,b,c)

where the hatted variables are nondimensional and𝑊𝑆 is a scaling value of the dimensional vertical
velocity, 𝑤 (e.g., the magnitude of the Ekman pumping velocity𝑊𝐸). Equation (20.67) becomes

�̂��̂�𝑧𝑧𝑧 = �̂��̂�𝑧𝑧𝑧𝑧 . (20.69)

The parameter �̂� is a nondimensional measure of the strength of diffusion in the interior, and the
interesting case occurs when �̂� ≪ 1; in the ocean, typical values are𝐻 = 1 km, 𝜅 = 10−5ms−2 and
𝑊𝑆 = 𝑊𝐸 = 10−6ms−1 so that �̂� ≈ 10−2, which is indeed small. (It might appear that we could
completely scale away the value of 𝜅 in (20.67) by scaling𝑊 appropriately, and if so there would
be no meaningful way that one could say that 𝜅 was small. However, this is a chimera, because the
value of 𝜅 would still appear in the boundary conditions.

The time-dependent form of (20.69), namely �̂�𝑧𝑧𝑡 + �̂��̂�𝑧𝑧𝑧 = �̂��̂�𝑧𝑧𝑧𝑧, is similar to Burger’s
equation, 𝑉𝑡 + 𝑉𝑉𝑧 = 𝜈𝑉𝑧𝑧, which is known to develop fronts. (In the inviscid Burger’s equation,
D𝑉/D𝑡 = 0, where the advective derivative is one-dimensional, and therefore the velocity of a
given fluid parcel is preserved on the line. Suppose that the velocity of the fluid is positive but
diminishes in the positive 𝑧-direction, so that a fluid parcel will catch-up with the fluid parcel in
front of it. But since the velocity of a fluid parcel is fixed, there are two values of velocity at the same
point, so a singularity must form. In the presence of viscosity, the singularity is tamed to a front.)
Thus, we might similarly expect (20.69) to produce a front, but because of the extra derivatives the
argument is not as straightforward and it is simplest to obtain solutions numerically.

Equation (20.69) is fourth order, so four boundary conditions are needed, two at each boundary.
Appropriate ones are a prescribed buoyancy and a prescribed vertical velocity at each boundary,
for example

�̂� = �̂�𝐸, −�̂�𝑧𝑧 = 𝐵0, at top,
�̂� = 0, −�̂�𝑧𝑧 = 0, at bottom,

(20.70)

where �̂�𝐸 is the (nondimensional) vertical velocity at the base of the top Ekman layer, which is
negative for Ekman pumping in the subtropical gyre, and 𝐵0 is a constant, proportional to the
buoyancy difference across the domain. We obtain solutions numerically by Newton’s method,13
and these are shown in Figs. 20.12 and 20.13. The solutions do indeed display fronts, or boundary
layers, for small diffusivity. If the wind forcing is zero (Fig. 20.13), the boundary layer is at the top
of the fluid. If the wind forcing is non-zero, an internal boundary layer — a front — forms in the
fluid interior with an adiabatic layer above and below. In the real ocean, where wind forcing is of
course non-zero, the frontal region is known as the internal thermocline.
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Fig. 20.12 Solution of the one-dimensional thermocline equation, (20.69), with boundary condi-
tions (20.70), for two different values of the diffusivity: �̂� = 3.2 × 10−3 (solid line) and �̂� = 0.4 × 10−3
(dashed line), in the domain 0 ≤ 𝑧 ≤ −1. ‘Vertical velocity’ is 𝑊, ‘temperature’ is −𝑊𝑧𝑧, and all
units are the nondimensional ones of the equation itself. A negative vertical velocity, �̂�𝐸 = −1, is
imposed at the surface (representing Ekman pumping) and 𝐵0 = 10.
The internal boundary layer thickness increases as �̂�1/3, so doubling in thickness for an eightfold
increase in �̂�. The upwelling velocity also increases with �̂� (as �̂�2/3), but this is barely noticeable
on the graph because the downwelling velocity, above the internal boundary layer, is much larger
and almost independent of �̂�. The depth of the boundary layer increases as �̂�1/2𝐸 , so if �̂�𝐸 = 0 the
boundary layer is at the surface, as in Fig. 20.13.
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Fig. 20.13 As for Fig. 20.12, but with no imposed Ekman pumping velocity at the upper boundary
(�̂�𝐸 = 0), again for two different values of the diffusivity: �̂� = 3.2×10−3 (solid line) and �̂� = 0.4×10−3
(dashed line). The boundary layer now forms at the upper surface. The boundary thickness again
increases with diffusivity and, even more noticeably, so does the upwelling velocity — this scales as
�̂�2/3, and so increases fourfold for an eightfold increase in �̂�.

20.6.2 ♦ Boundary-layer Analysis
The reasoning and the numerical solutions of the above sections suggest that the internal thermo-
cline has a boundary-layer structure whose thickness decreases with 𝜅. If the Ekman pumping at
the top of the ocean is non-zero, the boundary layer is internal to the fluid. To learn more, let
us perform a boundary layer analysis, much as we did when investigating western boundary cur-
rents in Section 19.1.3. The nonlinearity precludes a complete solution of the equation, but we can
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nevertheless obtain some useful information.

One-dimensional model
Let us now assume a steady two-layer structure of the form illustrated in Fig. 20.14, and that the
dynamics are governed by (20.69) in a domain that extends from 0 to −1. The buoyancy thus
varies rapidly only in an internal boundary layer of nondimensional thickness 𝛿 located at 𝑧 = −ℎ;
above and below this the buoyancy is assumed to be only very slowly varying. Following standard
boundary layer procedure we introduce a stretched boundary layer coordinate 𝜁 where

𝛿𝜁 = 𝑧 + ℎ. (20.71)

That is, 𝜁 is the distance from 𝑧 = −ℎ, scaled by the boundary layer thickness 𝛿, and within the
boundary layer 𝜁 is an order-one quantity. We also let

�̂�(𝑧) = �̂�𝐼(𝑧) + �̃�(𝜁), (20.72)

where �̂�𝐼 is the solution away from the boundary layer and �̃� is the boundary layer correction.
Because the boundary layer is presumptively thin, �̂�𝐼 is effectively constant through it and, fur-
thermore, for 𝑧 < −ℎ, �̂� vanishes in the limit as 𝜅 = 0. We thus take �̂�𝐼 = 0 throughout the
boundary layer. (The small diffusively-driven upwelling below the boundary layer is part of the
boundary layer solution, not the interior solution.) Now, buoyancy varies rapidly in the boundary
layer but it remains an order-one quantity throughout. To satisfy this we explicitly scale �̃� in the
boundary layer by writing

�̃�(𝜁) = 𝛿2𝐵0𝐴(𝜁), (20.73)

where 𝐵0 is defined by (20.70) and 𝐴 is an order-one field. The derivatives of𝑊 are

𝜕�̂�
𝜕𝑧
= 1
𝛿
𝜕�̃�
𝜕𝜁
= 𝛿𝐵0
𝜕𝐴
𝜕𝜁
, 𝜕2�̂�
𝜕𝑧2
= 𝐵0
𝜕2𝐴
𝜕𝜁2
, (20.74)

so that �̂�𝑧𝑧 is an order-one quantity. Far from the boundary layer the solution must be able to
match the external conditions on temperature and velocity, (20.70); the buoyancy condition on
𝑊𝑧𝑧 is satisfied if

𝐴𝜁𝜁 → {
1 as 𝜁 → +∞
0 as 𝜁 → −∞.

� (20.75)

On vertical velocity we require that𝑊→ (𝑧/ℎ+1)𝑊𝐸 as 𝜁 → +∞, and𝑊→ constant as 𝜁 → −∞.
The firstmatches the Ekman pumping velocity above the boundary layer, and the second condition
produces the abyssal upwelling velocity, which as noted vanishes for 𝜅 → 0.

Substituting (20.72) and (20.73) into (20.69) we obtain

𝐵0𝐴𝐴𝜁𝜁𝜁 =
�̂�
𝛿3
𝐴𝜁𝜁𝜁𝜁. (20.76)

Because all quantities are presumptively 𝒪(1), (20.76) implies that 𝛿 ∼ (�̂�/𝐵0)1/3. We restore the
dimensions of 𝛿 by using 𝜅 = �̂�(𝐻𝑊𝑆) and 𝛥𝑏 = 𝐵0𝐿𝑓2𝑊𝑆/(𝛽𝐻2), where 𝛥𝑏 is the dimensional
buoyancy difference across the boundary layer — note that 𝑏 = 𝑀𝑧𝑧 = (𝑥 − 1)𝑊𝑧𝑧 ∼ 𝐿𝑊𝑧𝑧 ∼
𝐿𝐵0𝑓2𝑊𝑆/(𝛽𝐻2) using (20.68). The dimensional boundary layer thickness, 𝛿, is then given by

𝛿 ∼ (𝜅𝑓
2𝐿
𝛥𝑏 𝛽
)
1/3
, (20.77)
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Fig. 20.14 The simplified boundary-layer struc-
ture of the internal thermocline. In the limit of
small diffusivity the internal thermocline forms
a boundary layer, of thickness 𝛿 in the figure,
in which the temperature and buoyancy change
rapidly.

which is the same as the heuristic estimate (20.50). The dimensional vertical velocity scales as

𝑊 ∼ 𝜅
𝛿
∼ 𝜅2/3 (𝛥𝑏𝛽

𝑓2𝐿
)
1/3
, (20.78)

this being an estimate of strength of the upwelling velocity at the base of the thermocline and, more
generally, the strength of the diffusively-driven component of meridional overturning circulation
of the ocean.

Although the detailed properties of such one-dimensional thermocline models depend on the
details of model construction, two significant features are robust:
(i) The thickness of the internal thermocline increases with increasing diffusivity, and decreases

with increasing buoyancy difference across it, and as the diffusivity tends to zero the thick-
ness of the internal thermocline tends to zero.

(ii) The strength of the upwelling velocity, and hence the strength of the meridional overturning
circulation, increase with increasing diffusivity and increasing buoyancy difference.

♦ The three-dimensional equations

We now apply boundary layer techniques to the three-dimensional𝑀 equation.14 The main dif-
ference is that the depth of the boundary layer is now a function of 𝑥 and 𝑦, so that the stretched
coordinate 𝜁 is given by

𝛿𝜁 = 𝑧 + ℎ(𝑥, 𝑦). (20.79)

(The coordinates (𝑥, 𝑦, 𝑧) in this subsection are nondimensional, but we omit their hats to avoid
too cluttered a notation.) Just as in the one-dimensional case we rescale𝑀 in the boundary layer
and write

𝑀 = 𝐵0𝛿2𝐴(𝑥, 𝑦, 𝜁), (20.80)

where the scaling factor 𝛿2 again ensures that the temperature remains an order-one quantity. In
the boundary layer the derivatives of𝑀 become

𝜕𝑀
𝜕𝑧
= 1
𝛿
𝜕𝐴
𝜕𝜁
, (20.81)

and
𝜕𝑀
𝜕𝑥
= 𝛿2𝐵0 (

𝜕𝐴
𝜕𝜁
𝜕𝜁
𝜕𝑥
+ 𝜕𝐴
𝜕𝑥
) = 𝛿2𝐵0 (

𝜕𝐴
𝜕𝜁
1
𝛿
𝜕ℎ
𝜕𝑥
+ 𝜕𝐴
𝜕𝑥
) . (20.82)
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Substituting these into (20.62) we obtain, omitting the time-derivative,

𝛿 [ 1
𝑓
(𝐴𝜁𝑥𝐴𝜁𝜁𝑦 − 𝐴𝜁𝑦𝐴𝜁𝜁𝑥) +

𝛽
𝑓2
𝐴𝑥𝐴𝜁𝜁𝜁] +

𝛽
𝑓2
ℎ𝑥𝐴𝜁𝐴𝜁𝜁𝜁

+ 1
𝑓
[ℎ𝑥 (𝐴𝜁𝜁𝐴𝜁𝜁𝑦 − 𝐴𝜁𝑦𝐴𝜁𝜁𝜁) + ℎ𝑦 (𝐴𝜁𝑥𝐴𝜁𝜁𝜁 − 𝐴𝜁𝜁𝐴𝜁𝜁𝑥)] =

𝜅
𝐵0𝛿2
𝐴𝜁𝜁𝜁𝜁,

(20.83)

where the subscripts on 𝐴 and ℎ denote derivatives. If ℎ𝑥 = ℎ𝑦 = 0, that is if the base of the
thermocline is flat, then (20.83) becomes

1
𝑓
[𝐴𝜁𝑥𝐴𝜁𝜁𝑦 − 𝐴𝜁𝑦𝐴𝜁𝜁𝑥] +

𝛽
𝑓2
𝐴𝑥𝐴𝜁𝜁𝜁 =

𝜅
𝐵0𝛿3
𝐴𝜁𝜁𝜁𝜁. (20.84)

Since all the terms in this equation are, by construction, order one, we immediately see that the
nondimensional boundary layer thickness 𝛿 scales as

𝛿 ∼ ( 𝜅
𝐵0
)
1/3
, (20.85)

just as in the one-dimensional model. On the other hand, if ℎ𝑥 and ℎ𝑦 are order-one quantities
then the dominant balance in (20.83) is

1
𝑓
[ℎ𝑥(𝐴𝜁𝜁𝐴𝜁𝜁𝑦 − 𝐴𝜁𝑦𝐴𝜁𝜁𝜁) + ℎ𝑦(𝐴𝜁𝑥𝐴𝜁𝜁𝜁 − 𝐴𝜁𝜁𝐴𝜁𝜁𝑥)] =

𝜅
𝐵0𝛿2
𝐴𝜁𝜁𝜁𝜁 (20.86)

and

𝛿 ∼ ( 𝜅
𝐵0
)
1/2
, (20.87)

confirming the heuristic scaling arguments. Thus, if the isotherm slopes are fixed independently
of 𝜅 (for example, by the wind stress), then as 𝜅 → 0 an internal boundary layer will form whose
thickness is proportional to 𝜅1/2. We expect this to occur at the base of the main thermocline, with
purely advective dynamics being dominant in the upper part of the thermocline, and determining
the slope of the isotherms (i.e., the form of ℎ𝑥 and ℎ𝑦), as in Fig. 20.11. Interestingly, the balance in
the three-dimensional boundary layer equation does not in general correspond locally to 𝑤𝑇𝑧 ≈
𝜅𝑇𝑧𝑧. Both at 𝒪(1) and 𝒪(𝛿) the horizontal advective terms in (20.83) are of the same asymptotic
size as the vertical advection terms. In the boundary layer the thermodynamic balance is thus
𝒖 ⋅ ∇𝑧𝑇 + 𝑤𝑇𝑧 ≈ 𝜅𝑇𝑧𝑧, whether the isotherms are sloping or flat. We might have anticipated this,
because the vertical velocity passes through zero within the boundary layer.

What are the dynamics above the diffusive layer, presuming that it does not extend all the way
to the surface? Answering this leads us into our next topic, the ‘ventilated thermocline’.

20.7 THE VENTILATED THERMOCLINE
We now consider the nature of the dynamics above the diffusive layer, presuming that the diffu-
sivity is sufficiently small that there is a meaningful separation of the internal boundary layer and
the advective dynamics above. In the advective region there is no general reason that the tem-
perature profile should be uniform, and we envision an essentially adiabatic region that is both
wind-driven and stratified. This region of the thermocline has become known, for reasons that
will become apparent, as the ventilated thermocline. The main thermocline is composed of the in-
ternal thermocline plus a ventilated region, and to set our bearings it may be useful to refer now
to the overall picture sketched in Fig. 20.15 and the shaded box on page 790.

To elucidate the structure of the ventilated thermocline we will assume the following:15
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Fig. 20.15 Idealization of the large-
scale circulation and structure of
the main thermocline, in a single-
hemisphere ocean driven by wind
stress (⊙ and ⊗) and a surface temper-
ature that decreases monotonically
from equator to pole.
The thin arrows indicate the merid-
ional overturning circulation and the
flow in the Ekman layer near the
ocean surface. The thick dashed line
is a temperature profile, 𝑇(𝑦1, 𝑧) at
the subtropical latitude 𝑦1, where the
horizontal axis is temperature. The
solid blue lines are isotherms and the
homogenized western pool region is
shaded grey.

IT

VT

Equator Pole

Key: VT – ventilated thermocline. IT – internal thermocline. P – pool 

region in west. ����thickness of the internal thermocline. �� – depth of the 

ventilated thermocline. ���� �– temperature drop across subtropical gyre 

and across ventilated thermocline. ���� � �– temperature drop across the 

subpolar gyre and internal thermocline. �� � – subtropical-subpolar gyre 

boundary.  �� – a latitude in the subtropical gyre. 

VT
P

VT

• The motion satisfies the ideal, steady, planetary-geostrophic equations.
• The surface temperature, and the vertical velocity due to Ekman pumping, are given. (These

surface conditions are, in reality, influenced by the ocean’s dynamics, but we assume that
we can calculate a solution with specified surface conditions.) At the base of the wind-
influenced region we will impose 𝑤 = 0.
• Rather than use the continuously stratified equations, we will assume that the solution can

be adequately represented by a small number of layers, each of constant density. The abyss
is represented by a single stationary layer.
• We will not take into account the possible effects of a western boundary current. In that

sense the model is an extension of the Sverdrup interior of homogeneous models.
The model is thus not a complete one, yet we may hope that it is revealing about the structure of
the real ocean.

20.7.1 A Reduced Gravity, Single-layer Model

Thesimplest possiblemodel along these lines is to suppose the ocean is composed of just two layers,
and only onemoving layer, as illustrated in Fig. 20.16. The upper layer of density 𝜌1 is wind-driven,
whereas the lower layer of density 𝜌2 is assumed to be stationary; this is called a ‘one-and-a-half-
layer’ model or a ‘reduced gravity single-layer’ model. Pertinent questions are, how deep is the
upper layer? What is the velocity field in it?

In the planetary-geostrophic approximation, themomentum andmass conservation equations
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Fig. 20.16 A reduced gravity, single-layer model. A
single moving layer lies above a deep, stationary layer
of higher density. The upper surface is rigid. A thin Ek-
man layermaybe envisioned to lie on topof themoving
layer, providing a vertical velocity boundary condition.

of the reduced gravity shallow water model may be written as:

𝒇 × 𝒖 = −𝑔′∇ℎ, ∇ ⋅ 𝒖 = −𝜕𝑤
𝜕𝑧
, (20.88a,b)

where ∇ is a two-dimensional operator (as it will be for the rest of this section) and 𝑔′ = 𝑔(𝜌2 −
𝜌1)/𝜌0 is the reduced gravity. Taking the curl of (20.88a) gives the geostrophic vorticity equation,
𝛽𝑣 +𝑓∇ ⋅ 𝒖 = 0, and integrating this over the depth of the layer and using mass conservation gives

ℎ𝛽𝑣 = 𝑓(𝑤𝐸 − 𝑤𝑏), (20.89)

where𝑤𝐸 is the velocity at the top of the layer, duemainly to Ekman pumping, and𝑤𝑏 is the vertical
velocity at the layer base. If the flow is steady, 𝑤𝑏 is zero for then

𝑤𝑏 = 𝒖 ⋅ ∇ℎ = −
𝑔′
𝑓
𝜕ℎ
𝜕𝑦
𝜕ℎ
𝜕𝑥
+ 𝑔
′

𝑓
𝜕ℎ
𝜕𝑥
𝜕ℎ
𝜕𝑦
= 0. (20.90)

Using this result and geostrophic balance, (20.89) becomes

𝑔′
𝑓
𝛽ℎ𝜕ℎ
𝜕𝑥
= 𝑓𝑤𝐸, (20.91)

which integrates to

ℎ2 = −2 𝑓
2

𝑔′𝛽
∫
𝑥𝑒

𝑥
𝑤𝐸 d𝑥′ + 𝐻2𝑒 , (20.92)

where 𝐻𝑒 is the (unknown) value of ℎ at the eastern boundary 𝑥𝑒, and it is a constant to satisfy
the no-normal flow condition. This apart, the equation contains complete information about the
solution. We note that:
• the depth of themoving layer scales as themagnitude of the wind stress (or Ekman pumping

velocity) to the one-half power;
• the horizontal solution is similar to the simpler Sverdrup interior solution previously ob-

tained in Section 19.1.3;
• there is no solution if 𝑤𝐸 is positive; that is, if there is Ekman upwelling;
• the solution depends on the unknown parameter𝐻𝑒, the layer depth at the eastern boundary.

(That the eastern boundary depth is undetermined is perhaps the main incomplete aspect of
the theory as presented here.16)
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Fig. 20.17 Two-layer (left) and three-layer (right) schematics of the ventilated thermocline, each with a
stationary abyss. Models with still more moving layers may be constructed, at least in principle, by exten-
sion.

20.7.2 Two-layer and Three-layer Models
Imagine now there are two moving layers above a stationary abyss, as in Fig. 20.17. If there is a
meridional buoyancy gradient at the surface then isopycnals outcrop, or intersect the surface. Thus,
at some latitude (say𝑦 = 𝑦2, which for simplicity we assume not to be a function of longitude) layer
2 passes underneath layer 1, which is of lower density, as sketched in Fig. 20.17.

Thus, polewards of 𝑦2 the dynamics are just those of a single layer discussed above, whereas
equatorward of 𝑦2 layer 2 does not feel the wind directly, and its dynamics are governed by two
principles:
(i) Sverdrup balance. This still applies to the vertically integrated motion, and thus to the sum

of layer 1 and layer 2.
(ii) Conservation of potential vorticity. The motion in layer 2 is shielded from the wind forcing,

and the effects of dissipation are assumed to be negligible. Thus, the fluid parcels in the layer
will conserve their potential vorticity.

We first use potential vorticity conservation to obtain an expression for the depth of each layer in
terms of the total depth of the moving fluid, ℎ, and then use Sverdrup balance to obtain ℎ.

We can apply exactly the same procedure if there are three (or more) moving layers, as in the
right-hand panel of Fig. 20.17, and in principle go to the limit of continuous stratification. How-
ever, the algrebra becomes considerably more complicated and most of the essential dynamics are
contained in two layers, so that is our focus.

Potential vorticity conservation
Conservation of potential vorticity in the region equatorward of 𝑦2 is, for steady flow,

𝒖2 ⋅ ∇𝑞2 = 0 for 𝑦 < 𝑦2, (20.93)

where 𝑞2 = 𝑓/ℎ2. Now, the velocity field in layer 2 is given by 𝒖2 = (𝑔′2/𝑓)𝐤×∇ℎ, where ℎ = ℎ1+ℎ2
is the total depth of the moving fluid (see the appendix to this chapter). Thus, (20.93) becomes

− 𝑔
′
2
𝑓
𝜕ℎ
𝜕𝑦
𝜕
𝜕𝑥
( 𝑓
ℎ2
) + 𝑔

′
2
𝑓
𝜕ℎ
𝜕𝑥
𝜕
𝜕𝑦
( 𝑓
ℎ2
) = 𝑔

′
2
𝑓
𝐽( 𝑓
ℎ2
, ℎ) = 0. (20.94)
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This is an equation relating ℎ and ℎ2 and it has the general solution

𝑞2 ≡
𝑓
ℎ2
= 𝐺2(ℎ), (20.95)

where 𝐺2 is an arbitrary function of its argument. However, we know what the potential vorticity
of layer 2 is at the moment it is subducted; it is just

𝑞2(𝑦2) ≡
𝑓(𝑦2)
ℎ2
= 𝑓2
ℎ
, (20.96)

where 𝑓2 ≡ 𝑓(𝑦2), and ℎ2 = ℎ because ℎ1 = 0. This relationship must therefore hold everywhere
in layer 2, equatorwards of 𝑦2; that is,

𝐺2(ℎ) =
𝑓2
ℎ
. (20.97)

Thus, in the subducted region, and taking 𝑧0 = 0,

𝑓
ℎ2
= 𝑓2
ℎ

or 𝑓
𝑧1 − 𝑧2

= −𝑓2
𝑧2
. (20.98)

From this we easily obtain expressions for the depth of each layer as a function of the total depth,
ℎ, namely

ℎ2 = 𝑧1 − 𝑧2 =
𝑓
𝑓2
ℎ and ℎ1 = −𝑧1 = (1 −

𝑓
𝑓2
)ℎ. (20.99)

It remains only to find an expression for the total depth of themoving fluid, ℎ, and this we do using
Sverdrup balance. Note that because potential vorticity, 𝑓/ℎ2, is conserved, as the subducted fluid
column moves equatorward its thickness must decrease.

Using Sverdrup balance to find the total depth
Equations (20.99) contain the unknown total depth ℎ, and we now use Sverdrup balance to find
this and close the problem. The linear vorticity equation is 𝛽𝑣 = 𝑓𝜕𝑤/𝜕𝑧, where the velocity at
the top of layer one is that due to the Ekman layer and the velocity at the base of layer two is zero.
Given this, we may write the Sverdrup balance as

𝛽(ℎ1𝑣1 + ℎ2𝑣2) = 𝑓𝑤𝐸, (20.100)

where, using (20.128), the velocities in each layer are given by

𝑓𝑣1 =
𝜕
𝜕𝑥
(𝑔′2ℎ + 𝑔′1ℎ1) and 𝑓𝑣2 =

𝜕
𝜕𝑥
(𝑔′2ℎ). (20.101)

Using these, Sverdrup balance becomes

𝛽ℎ1
𝜕
𝜕𝑥
(𝑔′2ℎ + 𝑔′1ℎ1) + 𝛽(ℎ − ℎ1)𝑔′2

𝜕ℎ
𝜕𝑥
= 𝑓2𝑤𝐸, (20.102)

or
𝜕
𝜕𝑥
(𝑔′2ℎ2 + 𝑔′1ℎ21) =

2𝑓2
𝛽
𝑤𝐸. (20.103)

On integrating, the above equation becomes

(ℎ2 + 𝑔
′
1
𝑔′2
ℎ21) = 𝐷20 + 𝐶, where 𝐷20(𝑥, 𝑦) = −

2𝑓2
𝛽𝑔′2
∫
𝑥𝑒

𝑥
𝑤𝐸(𝑥′, 𝑦)d𝑥′, (20.104a,b)
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Thermocline Dynamics — an Overview

The model of the main thermocline that we have constructed in sections 20.4–20.7 is illus-
trated schematically in Fig. 20.15. Some of the features, and limitations, of this model are
listed below:
• The main subtropical thermocline consists of an advective upper region overlying a

diffusive base.
– The diffusive base forms the internal thermocline, and in the limit of small dif-

fusivity this is an internal boundary layer. The advective region forms the ven-
tilated thermocline. The separation of the two regions may, in reality, not be
sharp.

– The relative thickness of these layers is a function of various parameters, notably
the strength of the wind and the magnitude of the diffusivity.

• Above the ventilated thermocline there may be a mixed layer with a seasonally vary-
ing depth. In certain regions, for example at the poleward edge of the subtropical
gyre, convection may deepen the mixed layer as far as the base of the thermocline.

• In the thermocline theories we have presented there is no explicit western boundary
layer. Such a boundary layer is needed to close the circulation and the heat budget.

• The single-hemispheremodel assumes that the water that sinks at high latitude either
upwells through the main thermocline or returns to the subpolar gyre beneath the
main thermocline. In reality some of this water may cross into the other hemisphere
before upwelling — more so in the Atlantic than Pacific.

– In this case, the diffusion-dependent overturning circulation represents only
part of the overall meridional overturning circulation.

– Nevertheless, there would remain a diffusive internal thermocline (and a venti-
lated thermocline above it) because there is still a boundary between the warm
subtropical water and cold abyssal water.

• Within the ventilated thermocline there are two regions — the shadow zone and the
western pool—whose dynamics are not determinedwithout additional assumptions.
Plausible assumptions for the western pool are:

– All the water within it is ventilated, leading to a model of mode water.
– The potential vorticity within the pool is homogenized through the action of

mesoscale eddies.
Some combination of these might also apply. The size of the pool region increases
as the poleward boundary of the pool region approaches the latitude of the outcrop
(Fig. 20.21) and can extend almost across the entire gyre.

• Topics of research include questions of how potential vorticity homogenization is af-
fected by a western boundary current, if and how the non-passive nature of potential
vorticity affects the pool region, and if and how all these concepts apply in the real
ocean.
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Fig. 20.18 Contour plots of total thickness and upper layer thickness in a two-layer model of
the ventilated thermocline. The thickness generally increases westwards, and the flow is clockwise.
The shadow zone and the western pool are shaded, and no contours are drawn in the latter. The
outcrop latitude, 𝑦2 = 0.8, is marked with a dotted line. The parameters used are 𝑔′1 = 𝑔′2 = 1, 𝛽 = 1,
𝑓0 = 0.5,𝐻𝑒 = 0.5, and 𝑤𝐸 = − sin(π𝑦).

which by construction vanishes at the eastern wall (𝑥 = 𝑥𝑒). The constant of integration 𝐶 may
be interpreted as follows. Let us write 𝐶 = 𝐻2𝑒 + (𝑔′1/𝑔′2)𝐻21 where 𝐻𝑒 is the (unknown) total
depth of layers 1 and 2 at the eastern boundary, and𝐻1 is the depth of layer 1. These must both be
constants in order to satisfy the no-normal flow condition. However,𝐻1 must be zero, because at
the outcrop line ℎ1 = 0. Thus,𝐻1 is zero at 𝑦 = 𝑦2, and therefore zero everywhere, and 𝐶 = 𝐻2𝑒 .

Using (20.99) and (20.104) we obtain a closed expression for ℎ, namely

ℎ = −𝑧2 =
(𝐷20 + 𝐻2𝑒)1/2

[1 + (𝑔′1/𝑔′2)(1 − 𝑓/𝑓2)2]1/2
. (20.105)

Using (20.99) the depths in each layer, and the corresponding geostrophic velocities, can readily
be obtained.

A typical solution is shown in Fig. 20.18. Theupper layer exists only equatorward of the outcrop
latitude, 𝑦2 = 0.8, and isolines of total thickness correspond to streamlines of the lower layer. We
see, as expected, the overall shape of a subtropical gyre, with the circulation being closed by an
implicit western boundary current that is not part of the calculation. Two regions are shaded in
the figure, the ‘pool’ region in the west and the ‘shadow zone’ in the south-east. The solutions above
do not apply to these, and they require some special attention.

20.7.3 The Shadow Zone
In the fluid interior the potential vorticity of a parcel in layer 2 is determined by tracing its trajectory
back to its outcrop latitude where the potential vorticity is given. That trajectory is determined
by its velocity, and this in turn is determined by inverting the potential vorticity. Now, parcels
subducted at 𝑦2 sweep equatorward and westward, so that a parcel, labelled ‘𝒂’ say, subducted at
the eastern boundary will in general leave the eastern boundary tracing a southwestern trajectory.
Consider another parcel, ‘𝒃’ say, in the interior that lies eastward of the subducted position of 𝒂,
in the shaded region of Fig. 20.19. It is impossible to trace 𝒃 back to the outcrop line without
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Fig. 20.19 Theshadow zone in the ventilated thermo-
cline. Layer 2 outcrops at 𝑦 = 𝑦2. A column moving
equatorward along the eastern boundary in layer 2 is
subducted at 𝑦2.
The column cannot remain against the easternwall and
both preserve its potential vorticity, which implies the
column shrinks, at the same time that the no-normal
flow condition is satisfied, as by geostrophy this implies
the layer depth is constant. Thus, the column must
move westward, along the boundary of a ‘shadow zone’
within which there is no motion. The streamline it fol-
lows is the one of constant total thickness of the two
moving layers — see (20.128) or (20.130c).

trajectories crossing, and this is forbidden in steady flow. Rather, it seems as if the trajectory of 𝒃
would emanate from the eastern wall. What is the potential vorticity there?

At the eastern boundary the condition of no normal flow at the boundary demands that ℎ be
constant (so that 𝑢2 = 0), and ℎ1 be constant (so that 𝑢1 = 0). But if a parcel in layer 2 moves
along the boundary potential vorticity conservation demands that 𝑓/ℎ2 is constant, and therefore
ℎ2must change, contradicting the no-normal flow requirement. Thus, the velocity at the boundary
can have neither a normal component nor a tangential component, and so we cannot trace parcels
in the shaded region back to the wall. Rather, in the absence of closed trajectories (for example,
eddying motion), we may assume that the shaded region is stagnant, and ℎ is constant. Of course,
potential vorticity is everywhere given by 𝑓/ℎ2, which varies spatially, but since there is no motion
potential vorticity is still, rather trivially, conserved along trajectories. This region is aptly called
the shadow zone, since the region falls under the shadow of the eastern boundary; an analogous
region arose in the quasi-geostrophic discussion of Section 20.1.

To obtain an expression for the fields within the shadow zone, first note that because ℎ is con-
stant, its value is equal to that on the eastern wall; that is, ℎ = 𝐻𝑒. The wind forcing must then all
be taken up by the upper layer, and Sverdrup balance then implies

𝛽𝑣1ℎ1 = 𝑓𝑤𝐸, (20.106)

and using (20.101) we obtain an expression for ℎ1, to wit

ℎ21 = −
2𝑓2
𝛽𝑔′1
∫
𝑥𝑒

𝑥
𝑤𝐸(𝑥′, 𝑦)d𝑥′ =

𝑔′2
𝑔′1
𝐷20 , (20.107)

which is zero at the eastern wall. In the lower layer the thickness is just ℎ2 = 𝐻𝑒−ℎ1. The boundary
of the shadow zone is given by the trajectory of a fluid parcel in layer 2 that emanates from the
eastern boundary at the outcrop line where ℎ1 = 0 and ℎ = ℎ2 = 𝐻𝑒. Since the flow is steady, the
trajectory is an isoline of ℎ. Thus, from (20.105) we have

ℎ2 = (𝐷
2
0(𝑥𝑠, 𝑦𝑠) + 𝐻2𝑒)

[1 + 𝑔′1/𝑔′2 (1 − 𝑓/𝑓2)2]
= 𝐻2𝑒 , (20.108)

where (𝑥𝑠, 𝑦𝑠) denotes the boundary of the shadow zone. (Note that 𝑥𝑠 = 𝑥𝑒 at 𝑦 = 𝑦2.) The above
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equation yields

𝐷20(𝑥𝑠, 𝑦𝑠) = 𝐻2𝑒 [
𝑔′1
𝑔′2
(1 − 𝑓
𝑓2
)
2
] , (20.109)

which, given the wind stress, determines the shadow zone boundary 𝑥𝑠 as a function of 𝑦.

20.7.4††† The Western Pool
Polewards of the outcrop latitude the fluid of layer 2 feels the wind directly and the layer thickness
is determined by Sverdrup balance. Equatorward of the outcrop latitude the properties of this layer
are determined by potential vorticity conservation, with the potential vorticity being determined
by the layer thickness at the outcrop. However, just as there is a region in the east where trajecto-
ries cannot be traced back to the outcrop, there is a ‘pool’ region in the west that is bounded by the
trajectory that emerges from the western boundary at the outcrop latitude Within the pool, trajec-
tories cannot be traced back to the outcrop (Fig. 20.18), and one might suppose that they emerge
from the western boundary current. There are two plausible hypotheses for determining the layer
depths within this region:
(i) Within layer 2, potential vorticity is homogenized.
(ii) Because there is no source for layer-2 water, layer-2 water does not exist and the pool consists

solely of ventilated, layer-1 water.
Neither of the above can be derived from the governing equations of motion without making addi-
tional physical assumptions that are neither a priori true nor obvious. We discuss both hypotheses
briefly below, followed by a more general discussion of how the pool region fits together with the
earlier discussions about potential vorticity homogenization in the quasi- geostrophic equations.

(i) Potential vorticity homogenization
The pool region is a region of recirculation, receiving water from and depositing water into the
western boundary current. Thus, following the ideas described in Chapter 13 and employed in
Section 20.1, we hypothesize that the potential vorticity within this region becomes homogenized.
The value of potential vorticity within the pool is just the value of potential vorticity at its boundary,
and this is given by 𝑓2/ℎ2(𝑤), where ℎ2(𝑤) is the thickness of layer 2 at the western boundary at
the outcrop latitude. This is given using (20.92) with 𝑓 = 𝑓2 and 𝑔′ = 𝑔′2, and thus the potential
vorticity in the pool is given by

𝑞pool =
𝑓2
𝐷2𝑤 + 𝐻2𝑒

, (20.110)

where𝐷2𝑤 = −2(𝑓22 /𝑔′2𝛽) ∫
𝑥𝑒
𝑥𝑤
𝑤𝐸(𝑥′, 𝑦2)d𝑥′. The thickness of layer 2 in the poolmust be consistent

with this, and so is given by

ℎ2 =
𝑓
𝑞pool
. (20.111)

The thickness of layer 1 is determined by using Sverdrup balance, (20.100), which, given ℎ2 and
geostrophy, reduces to an equation for ℎ1, and solutions are shown in Fig. 20.20.

The extent of the pool region is dependent upon the outcrop latitude of the moving layer, since
the boundary of the pool is a thickness contour. As the outcrop latitude moves poleward toward
the gyre boundary then the pool region expands, as seen in Fig. 20.21. By the same token, if we
have more moving layers then, since the deeper layers outcrop further poleward (Fig. 20.17) those
deeper layers will have a more extensive pool region. That is, the pool expands with depth and the
layer that outcrops just equatorward of the gyre boundary may have a pool region reaching across
the gyre, as illustrated in Fig. 20.22, which shows the pool boundaries in a calculation (not shown
here) with a three-layer model.
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Section at x Section at x

Fig. 20.20 Two north-south sections of layer thickness, at different longitudes, from the same
solution as Fig. 20.18. The numbers refer to the fluid layer. The section on the left passes through
the western pool region. In the homogenized PV model of the pool, the dashed lines should be
solid and the line labelled 𝑣 should be removed. In the ventilated pool model, the dashed lines
should be removed. The region near 𝑦 = 0 in both plots where the total depth of the thermocline
is constant is the shadow zone.

(ii) The ventilated pool
‘I came for the waters.’ ‘What waters?’ ‘I was misinformed.’
From Casablanca (1942).

The homogenization hypothesis, although entirely plausible, depends on the assumption of down-
gradient diffusion of potential vorticity by eddies. Also, because there is no source of layer-2 water
in the pool, we must suppose that it is ventilated by eddy pathways that meander down from the
surface. An alternative hypothesis, and one that does not rely on the properties ofmesoscale eddies,
is to suppose that the western pool is filled with water that is directly ventilated from the surface.
That is, if there is no surface source for a water mass, we simply suppose that that water mass does
not exist. In the two-layer model, this means that the western pool is filled entirely with layer-1
fluid. If a non-ventilated (e.g., layer-2) fluid is present initially, then we hypothesize that it is slowly
expunged by the continuous downwards Ekman pumping of layer-1 water into the pool.17

Because the layer-2 fluid is absent, the layer-1 fluid extends all the way down to the stagnant
abyss; it takes up all the Sverdrup transport, and this determines the depth of the ventilated pool.
Thus, rounding up the usual equations, we set ℎ = ℎ1 in (20.104) to give

ℎ21 = 𝐷21 + 𝑔′2𝐻2𝑒 , (20.112)

where
𝐷21(𝑥, 𝑦) = −

2𝑓2
𝛽𝑔′1𝑎
∫
𝑥𝑒

𝑥
𝑤𝐸(𝑥′, 𝑦)d𝑥′, (20.113)

with 𝑔′1𝑎 = 𝑔′1 + 𝑔′2 being the reduced gravity between layer 1 and the abyss, and 𝐻𝑒, as before,
being the thickness of layer 2 at the eastern boundary. Because 𝑔′1𝑎 > 𝑔′2 this pool will generally be
shallower than the total depth of the moving fluid (ℎ1 + ℎ2) just outside, but the depth of layer-1
fluid alone will be much greater; that is, there will be discontinuities in layer depths at the pool
boundary. A section through the pool region is shown in Fig. 20.20. The figure also shows the
configuration of the pool if the homogenized potential vorticity hypothesis is used.

Although we may be shocked by the appearance of discontinuities in layer depths in a fluid
model, the model does provide a simple mechanism for the appearance of mode water. This is a
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Fig. 20.21 Contour plots of total thickness in a two-layer model of the ventilated thermocline, with pa-
rameters as in Fig. 20.18, except for the outcrop latitude, y2, that takes values as indicated. The pool and
the shadow zone are shaded and contours within are not shown. The pool expands considerably as the
outcrop latitude approaches the gyre boundary at y = 1.

distinct mass of weakly stratified, low potential vorticity water appearing in the north-west corner
of the North Atlantic subtropical gyre (where it is sometimes called ‘18 degree water’), with ana-
logues in the other gyres of the world’s oceans; it is so-called because it appears as a distinct mode
in a census of water properties. The proximate mechanism for mode water formation is convec-
tion in winter, but for such convection to occur the large-scale ocean circulation must maintain a
weakly stratified region, and it is the ventilated pool that enables this, and sets the formation in the
context of thermocline structure. In reality, the vertical isopycnals predicted by the simple model
will be highly baroclinically unstable, and the ensuing mesoscale eddies will erode the pool inter-
face and cause the isopycnals to slump, so that the discontinuities in layer depths will be manifest
only as rapid changes or fronts.

Observations show that mode water exists only over a small region in the northeastern corner
of the subtropical gyre, as the pool region in Fig. 20.18might suggest. Regions of potential vorticity
homogenization can extend much further, as in Fig. 20.4, with a similar degree of homogenization
in the Atlantic. It may be that the effects of the wind are only able to homogenize the water masses
in the upper regions of the pool. At greater depths the effects of baroclinic instability and the
consequent mesoscale eddies may dominate the wind effects and produce regions of homogenized
potential vorticity of greater horizontal extent.

20.7.5††† Remarks on Thermocline Structure
In the first two sections of this chapter we discussed a quasi-geostrophic, wind-driven view of the
upper thermocline and found potentially large regions in which the flow re-circulated and poten-
tial vorticity was homogenized. One might call this an elliptic view of the upper ocean circulation,
with the value of potential vorticity being determined by a diffusion problem, with potential vor-
ticity diffusion along isopycnals. We then discussed the thermocline in a rather different way: in
the ventilated thermocline the potential vorticity is subducted in from the surface, more along the
lines of a hyperbolic problem or a problem in characteristics. The ventilated region has an unavoid-
ably diffusive internal boundary layer at its base, with diffusion across isopycnals connecting the
thermocline to the abyss.

These are not necessarily competing theories; rather, the three regions (an elliptic region of
potential vorticity homogenization, the hyperbolic ventilated thermocline and a diffusive internal
thermocline) can co-exist in the upper ocean, as sketched in Fig. 20.15. Depending on the value of
the diapycnal diffusivity, the diffusive and internal thermoclines may be almost indistinguishable,
observationally if not dynamically, and, depending on the stratification and wind structure the



796 Chapter 20. Structure of the Upper Ocean

Fig. 20.22 The two pool regions in a calculation
of the ventilated thermocline with three moving
layers. The upper pool refers to the western pool
in layer 2, which is the upper subducted layer that
outcrops at y2, and the lower pool is that in layer
3, which outcrops at y3 (see right-hand panel of
Fig. 20.17). 0 1

2

3

0

1

Lower poolUpper pool

regions of potential vorticity homogenization may be larger or smaller.
Finally we remark that potential vorticity is not a passive scalar, which means that the bound-

ary of the pool region will be affected by the homogenization process. This process may entrain
additional water into the pool, which then grows and may prevent subducted water from entering
into it, and the edge of the homogenized region will then become a mixing barrier. However, the
picture of if and how the homogenization of potential vorticity precisely affects the structure of the
ventilated thermocline is a little murky, and transparency will require high resolution numerical
simulations and more complete observations to guide us to the truth, or an approximation of it.

APPENDIX A: MISCELLANEOUS RELATIONSHIPS IN A LAYERED MODEL
Here we collect various expressions relating pressure, density and velocity in a geostrophic and
Boussinesq layered model. The layers and the interfaces are numbered, increasing downwards, as
in Fig. 20.23, and the bottom layer is stationary.

A.1 Hydrostatic Balance
Hydrostatic balance is 𝜕𝑝/𝜕𝑧 = −𝜌𝑔. We can integrate this to give, in layers 𝑛 and 𝑛 − 1,

𝑝𝑛 = −𝜌𝑛𝑔𝑧 + 𝑝′𝑛(𝑥, 𝑦), 𝑝𝑛−1 = −𝜌𝑛−1𝑔𝑧 + 𝑝′𝑛−1(𝑥, 𝑦). (20.114)

Since pressure is continuous, at 𝑧 = 𝑧𝑛−1 these two expressions are equal so that

− 𝜌𝑛𝑔𝑧𝑛−1 + 𝑝′𝑛 = 𝑝𝑛−1 = −𝜌𝑛−1𝑔𝑧𝑛−1 + 𝑝′𝑛−1 (20.115)

whence
𝑔′𝑛−1𝑧𝑛−1 =

1
𝜌0
(𝑝′𝑛 − 𝑝′𝑛−1) (20.116)

where 𝑔′𝑛 = 𝑔(𝜌𝑛+1 − 𝜌𝑛)/𝜌0 is the reduced gravity, and 𝜌0 is the constant, reference, value of the
density used in the Boussinesq approximation, taken to be equal to 𝜌1.

A.2 Geostrophic and Thermal Wind Balance
In the Boussinesq approximation, geostrophic balance is:

𝜌0𝑓𝒖𝑛 = 𝐤 × ∇𝑝𝑛. (20.117)
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Fig. 20.23 Structure and no-
tational conventions used for a
multi-layered model.

Using (20.117) with (20.116) gives

𝒖𝑛+1 − 𝒖𝑛 =
𝑔′𝑛
𝑓
𝐤 × ∇𝑧𝑛, (20.118)

which is the appropriate form of thermal wind balance for this system. Let us suppose that at
sufficient depth there is no motion, and in particular that layer𝑁+1 is stationary and contains no
pressure gradients. That is, 𝑝′𝑁+1 = 0 and so, from (20.115) and (20.117)

𝑝′𝑁 = −(𝜌𝑁+1 − 𝜌𝑁)𝑔𝑧𝑁 = −𝑔′𝑁𝜌0𝑧𝑁. (20.119)

Integrating upwards we obtain the pressure in each layer,

𝑝′𝑛 = −𝜌0
𝑖=𝑁
∑
𝑖=𝑛
𝑔′𝑖 𝑧𝑖 (20.120)

where 𝑛 ≤ 𝑁. Thus, the geostrophic velocities in each layer are given by

𝑓𝒖𝑛 = −𝐤 × ∇(
𝑖=𝑁
∑
𝑖=𝑛
𝑔′𝑖 𝑧𝑖) . (20.121)

The quantity in brackets on the right-hand side is not a velocity streamfunction because it is 𝑓𝒖𝑛,
and not𝒖𝑛 that is given by its curl. Nevertheless, the velocity is normal to its gradient, and therefore
its isolines define streamlines.

The upper surface of the ocean is assumed to be fixed; this is the ‘rigid-lid’ approximation. Thus,
𝑧0 = 0 and ℎ1 = −𝑧1. More generally, the layer thicknesses and the interfaces between the layers
are related by

𝑧𝑛 = −
𝑖=𝑛
∑
𝑖=𝑀
ℎ𝑖 (20.122)

where𝑀 is the index of the uppermost layer, and 𝑛 ≥ 𝑀. If there is no outcropping, then𝑀 = 1.
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The geostrophic velocity in the lowest moving layer is given by

𝑓𝒖𝑁 = −𝑔′𝑁𝐤 × ∇𝑧𝑁 = 𝑔′𝑁𝐤 × ∇ℎ. (20.123)

This means that lines of constant depth of the lowest layer are also streamlines; the velocity moves
parallel to the depth contours. The vertical velocity at the base of the lowest layer is given by, for
steady flow,

𝑤(𝑧 = −ℎ) = 𝒖𝑁 ⋅ ∇ℎ =
1
𝑓
𝑔′𝑁(𝐤 × ∇ℎ) ⋅ ∇ℎ = 0. (20.124)

That is, there is no vertical motion at the base of the moving layers.

A.3 Explicit Cases
A one-layer reduced-gravity model
The perturbation pressure in the moving layer (layer 1) is

𝑝′1 = −𝜌0𝑔′1𝑧1 = 𝜌0𝑔′1ℎ1. (20.125)

The geostrophic velocity is given by

𝑓𝒖1 =
1
𝜌0
𝐤 × ∇𝑝′1 = 𝑔′1𝐤 × ∇ℎ1. (20.126)

(In a single-layer model, the subscripts are often omitted.)

A two-layer model
The perturbation pressures in the upper and lower moving layers are given by

𝑝′1 = −𝜌0(𝑔′2𝑧2 + 𝑔′1𝑧1) = 𝜌0(𝑔′2ℎ + 𝑔′1ℎ1), (20.127a)
𝑝′2 = −𝜌0𝑔′2𝑧2 = 𝜌0𝑔′2(ℎ1 + ℎ2) = 𝜌0𝑔′2ℎ, (20.127b)

where ℎ = ℎ1 + ℎ2 = −𝑧2.
The corresponding geostrophic velocities are

𝑓𝒖1 = 𝐤 × ∇(𝑔′2ℎ + 𝑔′1ℎ1), (20.128a)
𝑓𝒖2 = 𝐤 × ∇(𝑔′2ℎ). (20.128b)

A three-layer model
The perturbation pressures in the three moving layers are

𝑝1 = −𝜌0[𝑔′3𝑧3 + 𝑔′2𝑧2 + 𝑔′1𝑧1] = 𝜌0[𝑔′3ℎ + 𝑔′2(ℎ1 + ℎ2) + 𝑔′1ℎ1], (20.129a)
𝑝2 = −𝜌0[𝑔′2𝑧2 + 𝑔′3𝑧3] = 𝜌0[𝑔′2(ℎ1 + ℎ2) + 𝑔′3ℎ], (20.129b)
𝑝3 = −𝜌0𝑔′3𝑧3 = 𝜌0𝑔′3ℎ, (20.129c)

where ℎ = ℎ1 + ℎ2 + ℎ3 = −𝑧3. The corresponding geostrophic velocities are:

𝑓𝒖1 = 𝐤 × ∇[𝑔′3ℎ + 𝑔′2(ℎ1 + ℎ2) + 𝑔′1ℎ1] (20.130a)
𝑓𝒖2 = 𝐤 × ∇[𝑔′2(ℎ1 + ℎ2) + 𝑔′3ℎ] (20.130b)
𝑓𝒖3 = 𝐤 × ∇[𝑔′3ℎ]. (20.130c)
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Notes
1 Drawing from Rhines & Young (1982b). Young & Rhines (1982) also considered the problem of a

western boundary layer.

2 Indian Ocean results are from McCarthy & Talley (1999), and I am very grateful to Lynne Talley for
the Pacific plots. The data is mainly from CTD profiles and bottle casts. The potential density is 𝜎0
in the upper ocean plots, and 𝜎2 for the deep ocean.

3 SeeRhines&Young (1982a) andHolland et al. (1984) for numerical examples of PVhomogenization
and Xu et al. (2015) for some related high-resolution simulations of the Atlantic.

4 I am very grateful to Peter Rhines for constructing Figs. 20.5, 20.6 and 20.7 from MIMOC data, and
for his insightful interpretations. The MIMOC climatology is described at http://www.pmel.noaa.
gov/mimoc/ and by Schmidtko et al. (2013). The date comes mainly from Argo CTDs, supple-
mented by shipboard and ice-tethered profiler CTDs, and is put onto a 0.5° grid.

5 See Keffer (1985), Talley (1988), Lozier et al. (1996) and McCarthy & Talley (1999) for some earlier
observations of potential vorticity.

6 Sections courtesy of L. Talley and the WOCE hydrographic atlas. Globally continuous, unique,
neutral-density surfaces cannot be constructed exactly because of the presence of salinity and the
thermobaric term in the equation of state for seawater, and a parcel will not necessarily return to its
level of departure when displaced to the same (x, y) position. Neutral density is nonetheless useful,
and for the purposes of this figure it is the same as potential density.

7 See, among others, Toole et al. (1994), Polzin et al. (1997), Gregg (1998) and Ledwell et al. (1998).

8 For estimates of the strength of the overturning circulation in the ocean, and its relation to diapyc-
nal diffusivity and the observed stratification, seeMunk (1966), revisited byMunk&Wunsch (1998)
and Wunsch & Ferrari (2004). If the abyssal flow is along rather than across isopycnals, smaller val-
ues of diffusivity suffice to maintain deep stratification — see Section 21.6.

9 Vallis (2000).

10 The modern development of the theory of the main thermocline began with two back-to-back
papers in 1959 in the journal Tellus. Welander (1959) suggested an adiabatic model, based on the
ideal-fluid thermocline equations (i.e., the planetary-geostrophic equations, withnodiffusion terms
in the buoyancy equation), whereas Robinson & Stommel (1959) proposed a model that is intrin-
sically diffusive. In this model (developed further by Stommel & Webster (1963), Salmon (1990),
and others) the thermocline is an internal boundary layer or front that forms at the convergence
of two different homogeneous water types, warm surface fluid above and cold abyssal fluid below.
Meanwhile, the adiabatic model continued its own development (see Veronis 1969), culminating
in the ventilated thermocline model of Luyten et al. (1983) and its continuous extensions (e.g., Kill-
worth 1987). Signs that the two classes of theory might not be wholly incompatible came from
Welander (1971b) and Colin de Verdière (1989) who noted that the diffusion might become im-
portant below an adiabatic near-surface flow, and Samelson & Vallis (1997) eventually suggested a
model in which the upper thermocline is adiabatic, as in the ventilated thermocline model, but has
a diffusive base, constituting an internal boundary layer. Mesoscale eddies play a role in homoge-
nizing potential vorticity in the pool regions (e.g. Henning & Vallis 2004, Cessi & Fantini 2004, Maze
& Marshall 2011). Extensions of the ventilated-style of model to the subpolar gyre are provided by
Bell (2015b,a).

11 Welander (1971a).

12 Drawing from Salmon (1990).

13 Newton’s method is an iterative way to numerically solve certain types of differential equations.
The solutions here are obtained using about 1000 uniformly spaced grid points to span the do-
main, taking just a few seconds of computer time. Because of the boundary layer structure of the
solutions employing a non-uniform grid would be even more efficient for this problem, but there
is little point in designing a streamlined hat to reduce the effort of walking.

14 Following Samelson (1999b).

http://www.pmel.noaa.gov/mimoc/
http://www.pmel.noaa.gov/mimoc/
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15 Following Luyten et al. (1983).

16 It may be that the eastern boundary depth is determined by global thermodynamic and/or mass
constraints; see, for example, Boccaletti et al. (2004). There must also be a poleward transport
across the boundary of the subtropical–subpolar gyre to balance the equatorward transport in the
Ekman layer and that of the meridional overturning circulation, and this balance requirement may
influence the boundary depth.

17 Dewar et al. (2005). This paper also discusses the nature of discontinuities at the pool boundaries,
and their treatment via shock conditions.

In the shadow zone, layer-2 fluid also has no direct surface source, so one may wonder why this is
also not expunged. However, the shadow zone is not a recirculating regime and the Ekman induced
displacement will be much less efficient. More directly, the eastern boundary condition ℎ1(𝑥 =
𝑥𝑒) = 0 precludes the vanishing of layer-2 water there, and this boundary condition is propagated
westwards into the interior.



Our heads are round so our thoughts may change direction.
Francis Picabia (1879–1953).

Paradigms Lost.
Apologies to John Milton.

CHAPTER 21

The Meridional Overturning Circulation
and the Antarctic Circumpolar Current

The meridional overturning circulation, or the moc, of the ocean is the circulation associ-
ated with sinkingmostly at high latitudes and upwelling elsewhere, withmuch of themerid-
ional transport taking place below the main thermocline. Understanding this circulation is

one of the main goals of this chapter. The theory explaining the moc is not nearly as settled as that
of the quasi-horizontal wind-driven circulation discussed in Chapter 19, but considerable progress
has been made, in particular with a significant re-thinking of the fundamentals occurring in the
late 20th and early 21st century, as we will discover. Our other main goal is to glean an under-
standing of the Antarctic Circumpolar Current, or acc, the theory of which has also undergone a
transformation over that same period. The acc is important not only in its own right, but because
it mediates the mocs of the individual ocean basins, connecting them into a global circulation.

That there is a deep circulation has been known for a long time, largely from observations of
tracers such as temperature, salinity, and constituents such as dissolved oxygen and silica.1 We
can also take advantage of numerical models that are able to assimilate observations (from hydro-
graphic measurements, floats and satellites) and produce a state estimate of the overturning cir-
culation that is consistent with both the observations and the equations of motion, and one such
estimate is illustrated in Fig. 21.1. We see that the water does not all upwell in the subtropics as we
tacitly assumed in the previous chapter. In fact, much of the mid-depth circulation more-or-less
follows the isopycnals that span the two hemispheres (Fig. 21.2), sinking in the North Atlantic and
upwelling in the Southern Ocean, with the transport in between being, at least in part, adiabatic.

The moc used to be known as the ‘thermohaline’ circulation, reflecting the belief that it was
primarily driven2 by buoyancy forcing arising from gradients in temperature and salinity. Such a
circulation requires that the diapycnal mixing must be sufficiently large, but many measurements
have suggested this is not the case and that has led to a more recent view that the moc is at least
partially, and perhaps primarily, mechanically driven, mostly by winds, and so along isopycnals
instead of across them. However, the situation is not wholly settled, and it is almost certain that
both buoyancy and wind forcing, as well as diapycnal diffusion, all contribute. The possible role of
multiple basins (Atlantic, Pacific, etc.) on the moc is likewise not fully understood.

In the first half of the chapter we mainly discuss somewhat classical topics associated with
the buoyancy forcing. Then, beginning in Section 21.6, we discuss the role of wind forcing in
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Fig. 21.1 An estimate of the mean
meridional overturning circulation
of the Atlantic (i.e., the streamfunc-
tion of the zonally averaged merid-
ional flow) in Sverdrups.3

producing a moc. This forces us to take an extended diversion into the dynamics of the acc in
Section 21.7 and then, in the last two sections, we present a theory of the moc that incorporates
both wind and buoyancy effects. We start by considering a simple but revealing fluid model of
buoyancy forcing at the surface in a very idealised setting.

21.1 SIDEWAYS CONVECTION
Perhaps the simplest and most obvious fluid dynamical model of the overturning circulation is
that of sideways convection. The physical situation is sketched in Fig. 21.3. A fluid (two- or three-
dimensional) is held in a container that is insulated on all of its sides and its bottom, but its upper
surface is non-uniformly heated and cooled. In the purest fluid dynamical problem the heat enters
the fluid solely by conduction at the upper surface, and onemay suppose that here the temperature
is imposed. Thus, for a simple Boussinesq fluid the equations of motion are

D𝒗
D𝑡
+ 𝒇 × 𝒗 = −∇𝜙 + 𝑏𝐤 + 𝜈∇2𝒗, D𝑏

D𝑡
= 𝜅∇2𝑏, ∇ ⋅ 𝒗 = 0, (21.1a,b,c)

where 𝒇𝑓𝐤, and with boundary conditions

𝑏(𝑥, 𝑦, 0, 𝑡) = 𝑔(𝑥, 𝑦), (21.2)

where 𝑔(𝑥, 𝑦) is a specified field, and 𝜕𝑛𝑏 = 0 on the other boundaries, meaning that the derivative
normal to the boundary, and so the buoyancy flux, is zero. The oceanographic relevance of (21.1)
and (21.2) should be clear: the ocean is heated and cooled from above, and although the thermal
forcing in the real ocean may differ in detail (being in part a radiative flux, and in part a sensible
and latent heat transfer from the atmosphere), (21.2) is a useful idealization. An alternative upper
boundary condition would be to impose a flux condition whereby

flux = 𝜅 𝜕
𝜕𝑧
𝑏(𝑥, 𝑦, 0, 𝑡) = ℎ(𝑥, 𝑦), (21.3a)

where ℎ(𝑥, 𝑦) is given. In some numerical models of the ocean, the heat input at the top is param-
eterized by way of a relaxation to some specified temperature. This is a form of flux condition in
which

𝜅𝜕𝑏
𝜕𝑧
= 𝐶(𝑏∗(𝑥, 𝑦) − 𝑏), (21.3b)
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Fig. 21.2 The climatological
zonally-averaged potential density
(𝜎𝜃) in the Atlantic ocean. Note the
break in the vertical scale at 1000 m.
The region of rapid change of
density (and temperature) is con-
centrated in the upper kilometre, in
the main thermocline, below which
the density is more uniform. The
flow of the moc is largely, but not
exactly, parallel to the isopycnals. 4

and 𝐶 is an empirical constant and 𝑏∗(𝑥, 𝑦) is given.5 Although this may be a little more relevant
than (21.2) for the real ocean, which of the three boundary conditions is chosen will not affect the
arguments below, and we use (21.2).

21.1.1 Two-dimensional Convection
We may usefully restrict attention to the two-dimensional problem, in latitude and height. This
is a poor model of the actual overturning circulation of the ocean, but the results do not depend
on this idealization. The incompressibility of the flow then allows one to define a streamfunction
such that

𝑣 = −𝜕𝜓
𝜕𝑧
, 𝑤 = 𝜕𝜓

𝜕𝑦
, 𝜁 = ∇2𝑥𝜓 = (

𝜕2𝜓
𝜕𝑦2
+ 𝜕
2𝜓
𝜕𝑧2
) , (21.4)

where 𝜁 is the vorticity in the meridional plane. We will omit the subscript 𝑥 on the Laplacian
operator where there is no ambiguity.

Taking the curl of Boussinesq equations of motion (21.1) then gives

𝜕∇2𝜓
𝜕𝑡
+ 𝐽(𝜓, ∇2𝜓) = 𝜕𝑏

𝜕𝑦
+ 𝜈∇4𝜓, (21.5a)

𝜕𝑏
𝜕𝑡
+ 𝐽(𝜓, 𝑏) = 𝜅∇2𝑏, (21.5b)

where 𝐽(𝑎, 𝑏) ≡ (𝜕𝑦𝑎)(𝜕𝑧𝑏) − (𝜕𝑧𝑎)(𝜕𝑦𝑏).

Nondimensionalization and scaling
We nondimensionalize (21.5) by formally setting

𝑏 = 𝛥𝑏 �̂�, 𝜓 = 𝛹�̂�, 𝑦 = 𝐿𝑦, 𝑧 = 𝐻𝑧, 𝑡 = 𝐿𝐻
𝛹
̂𝑡, (21.6)

where the hatted variables are nondimensional, 𝛥𝑏 is the temperature difference across the sur-
face, 𝐿 is the horizontal size of the domain, and 𝛹, and ultimately the vertical scale 𝐻, are to be
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Fig. 21.3 Sketch of sideways con-
vection. The fluid is differentially
heated and cooled along its top
surface, whereas all the other walls
are insulating.
The result is, typically, a small re-
gion of convective instability and
sinking near the coldest bound-
ary, with generally upwards mo-
tion elsewhere.6
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determined. Substituting (21.6) into (21.5) gives

𝜕∇̂2�̂�
𝜕 ̂𝑡
+ ̂𝐽(�̂�, ∇2�̂�) = 𝐻

3𝛥𝑏
𝛹2
𝜕�̂�
𝜕𝑦
+ 𝜈𝐿
𝛹𝐻
∇̂4�̂�, (21.7a)

𝜕�̂�
𝜕 ̂𝑡
+ ̂𝐽(�̂�, �̂�) = 𝜅𝐿

𝛹𝐻
∇̂2�̂�, (21.7b)

where ∇̂2 = (𝐻/𝐿)2𝜕2/𝜕𝑦2 + 𝜕2/𝜕𝑧2 and the Jacobian operator is similarly nondimensional. If we
now use (21.7b) to choose 𝛹 as

𝛹 = 𝜅𝐿
𝐻
, (21.8)

so that 𝑡 = 𝐻2 ̂𝑡/𝜅, then (21.7) becomes

𝜕∇̂2�̂�
𝜕 ̂𝑡
+ ̂𝐽(�̂�, ∇̂2�̂�) = Ra𝜎𝛼5 𝜕�̂�

𝜕𝑦
+ 𝜎∇̂4�̂�, (21.9)

𝜕�̂�
𝜕 ̂𝑡
+ ̂𝐽(�̂�, �̂�) = ∇̂2�̂�. (21.10)

It is possible to make different scaling choices, but they all lead to the appearance of the same non
dimensional parameters, or combinations thereof, and the three that govern the behaviour of the
system are

Ra = (𝛥𝑏𝐿
3

𝜈𝜅
) , (the Rayleigh number), (21.11a)

𝜎 = 𝜈
𝜅
, (the Prandtl number), (21.11b)

𝛼 = 𝐻
𝐿
, (the aspect ratio). (21.11c)

Sometimes 𝐻 is used instead of 𝐿 in the Rayleigh number definition; we use 𝐿 here because it is
an external parameter. The Rayleigh number is a measure of the strength of the buoyancy forcing
relative to the viscous term, and in the ocean itwill be very large indeed, perhaps∼ 1024 ifmolecular
values are used.

For steady non-turbulent flows, and also perhaps for statistically steady flows, we can demand
that the buoyancy term in (21.9) is 𝒪(1). If it is smaller then the flow is not buoyancy driven, and
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Fig. 21.4 The density and streamfunction in two numerical simulations of two-dimensional sideways
convection, with Rayleigh numbers of 106 (top) and 109 (bottom). The imposed temperature at the top
linearly decreases from the centre outward, the side and bottom walls are insulating, and the Prandtl num-
ber is 10. The two density plots use the same colourmap, but the streamfunction plots do not. There is
a sinking plume at the centre, with a weaker circulation and a thinner thermocline at the higher Rayleigh
number.8

if it is larger there is nothing to balance it. Our demand can be satisfied only if the vertical scale of
the motion adjusts appropriately and, for 𝜎 = 𝒪(1), this suggests the scalings:7

𝐻 = 𝐿𝜎−1/5Ra−1/5 = (𝜅
2𝐿2
𝛥𝑏
)
1/5
, 𝛹 = Ra1/5𝜎−4/5𝜈 = (𝜅3𝐿3𝛥𝑏)1/5. (21.12a,b)

The vertical scale𝐻 arises as a consequence of the analysis, and the vertical size of the domain plays
no direct role. [For 𝜎 ≫ 1 we might expect the nonlinear terms to be small and if the buoyancy
term balances the viscous term in (21.9) the right-hand sides of (21.12) are multiplied by 𝜎1/5
and 𝜎−1/5. For seawater, 𝜎 ≈ 7 using the molecular values of 𝜅 and 𝜈. If small scale turbulence
exists, then the eddy viscosity will likely be similar to the eddy diffusivity and 𝜎 ≈ 1.] Numerical
experiments (an example is shown in Fig. 21.4) provide support for the scaling of (21.12), and a
few simple and robust points that have relevance to the real ocean emerge:

• Most of the box fills up with the densest available fluid, with a boundary layer in temperature
near the surface required in order to satisfy the top boundary condition. The boundary gets
thinner with decreasing diffusivity, consistent with (21.12). This is a diffusive prototype of
the oceanic thermocline.
• The horizontal scale of the overturning circulation is large, nearly the scale of the box.
• The downwelling regions (the regions of convection) are of smaller horizontal scale than the

upwelling regions, especially as the Rayleigh number increases.

Let us now try to explain some of the features in a simple and heuristic way, beginning with the
scale of the motion.
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Fig. 21.5 Two fluid parcels, of density 𝜌1 and 𝜌2 and initially at positions
𝑧1 and 𝑧2 respectively, are interchanged. If 𝜌2 > 𝜌1 then the final potential
energy is lower than the initial potential energy, with the difference being
converted into kinetic energy.

z2

z1ρ1

ρ2

Δz

21.1.2 The Relative Scale of Convective Plumes and Diffusive Upwelling
Why is the downwelling regionnarrower than the upwelling? The short answer is that highRayleigh
number convection is much more efficient than diffusive upwelling, so that the convective buoy-
ancy flux canmatch the diffusive flux only if the convective plumes cover a much smaller area than
diffusion.9 Suppose that the basin is initially filled with water of an intermediate temperature, and
that surface boundary conditions of a temperature decreasing linearly from low latitudes to high
latitudes are imposed. The deep water will be convectively unstable, and convection at high lat-
itudes (where the surface is coldest) will occur, quickly filling the abyss with dense water. After
this initial adjustment the deep, dense water at lower latitudes will be slowly warmed by diffusion,
but at the same time surface forcing will maintain a cold high latitude surface, thus leading to high
latitude convection. A steady state or statistically steady state is eventually reached with the deep
water having a slightly lower potential density than the surface water at the highest latitudes, and
so maintaining continual convection, but convection that takes place only at the highest latitudes.

To see this more quantitatively consider the respective efficiencies of the convective heat flux
and the diffusive heat flux. Consider an idealized re-arrangement of two parcels, initially with the
heavier one on top as illustrated in Fig. 21.5. The potential energy released by the re-arrangement,
𝛥𝑃 is given by

𝛥𝑃 = 𝑃final − 𝑃initial (21.13)
= 𝑔 [(𝜌1𝑧2 + 𝜌2𝑧1) − (𝜌1𝑧1 + 𝜌2𝑧2)] (21.14)
= 𝑔(𝑧2 − 𝑧1)(𝜌1 − 𝜌2) = 𝜌0𝛥𝑏𝛥𝑧, (21.15)

where 𝛥𝑧 = 𝑧2 − 𝑧1 and 𝛥𝑏 = 𝑔(𝜌1 − 𝜌2)/𝜌0.
The kinetic energy gained by this re-arrangement, 𝛥𝐾 is given by 𝛥𝐾 = 𝜌0𝑤2 and equating

this to (21.13) gives
𝑤2 = −𝛥𝑏𝛥𝑧. (21.16)

If the heavier fluid is initially on top then 𝜌2 > 𝜌1 and, as defined, 𝛥𝑏 < 0. The vertical convective
buoyancy flux per unit area, 𝐵𝑐, is given by 𝐵𝑐 = 𝑤𝛥𝑏 and using (21.16) we find

𝐵𝑐 = (−𝛥𝑏)3/2(𝛥𝑧)1/2. (21.17)

The upwards diffusive flux, 𝐵𝑑, per unit area is given by

𝐵𝑑 = 𝜅
𝛥𝑏
𝐻
, (21.18)

where𝐻 is the thickness of the layer over which the flux occurs. In a steady state the total diffusive
flux must equal the convective flux so that, from (21.17) and (21.18),

(−𝛥𝑏)3/2(𝛥𝑧)1/2𝛿 = 𝜅𝛥𝑏
𝐻
, (21.19)
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where 𝛿 is the fractional area over which convection occurs. If we set 𝛥𝑧 = 𝐻, and use (21.12a) we
find

(−𝛥𝑏)3/2 (𝜅
2𝐿2
𝛥𝑏
)
1/10
𝛿 = 𝜅 𝛥𝑏
(𝜅2𝐿2/𝛥𝑏)1/5

, (21.20)

giving

𝛿 = ( 𝜅
2

𝛥𝑏𝐿3
)
1/5
= (Ra𝜎)−1/5. (21.21)

For geophysically relevant situations this is a very small number, usually smaller than 10−5. Al-
though the details of the above calculation may be questioned (for example, the use of the same
buoyancy difference and vertical scale in the convection and the diffusion), the physical basis for
the result is transcendent: for realistic choices of the diffusivity the convection is much more effi-
cient than the diffusion and so will occur over a much smaller area.

21.1.3 Phenomenology of the Overturning Circulation

Nowater can be denser (or,more accurately, have a greater potential density) than the densestwater
at the surface. If the surface water is denser than the water at depth then it will be convectively
unstable and sink in a plume.10 The plume slowly entrains the warmer water that surrounds it,
and then spreads horizontally when it reaches the bottom or when its density becomes similar to
that of its surroundings. The presence of water denser than its surroundings creates a horizontal
pressure gradient, and the ensuing flow will displace any adjacent lighter fluid, and so the domain
fills with the densest available fluid. This process is a continuous one: the plumes take cold water
into the interior, where the water slowly warms by diffusion, and the source of cold water at the
surface is continuously replenished. If diffusion is small, the end result is that the potential density
of the fluid in the interior will be slightly less than that of the densest fluid formed at the surface.
(Because diffusion can act only to reduce extrema, no fluid in the interior can be colder than the
coldest fluid formed at the surface.)

However, the value at the surface is given by the boundary condition 𝑏(𝑥, 𝑦, 𝑧 = 0) = 𝑓(𝑥, 𝑦).
Thus, the interior cannot fill all the way to the surface with this cold water and there must be a
boundary layer connecting the cold, dense interior with the surface; its thickness 𝛿 is given by
the height scale of (21.12a); that is 𝛿 ∼ 𝐻 = (𝜅2𝐿2/𝛥𝑏)1/5. Such a strong boundary layer will
not necessarily be manifest in the velocity field, however, because the no-normal flow boundary
condition on the velocity field is satisfied by setting 𝜓 = 0 as a boundary condition to the elliptic
problem ∇2𝜓 = 𝜁, where 𝜁 is the prognostic variable in (21.5a), and this boundary condition has a
global effect on the velocity field.

Why is the horizontal scale of the circulation large? The circulation transfers heat meridion-
ally, and it is far more efficient to do this by a single overturning cell than by a multitude of small
cells; hence, although we cannot entirely eliminate the possibility that some instability will pro-
duce such small scales of motion, it seems likely the horizontal scale of the mean circulation will
be determined by the domain scale. (At low Rayleigh number we can in fact explicitly calculate an
approximate analytic solution for the flow, demonstrating this.) For higher Rayleigh number per-
turbation approaches fail and wemust resort to numerical solutions; these (e.g., Fig. 21.4), do show
the circulation dominated by a single overturning circulation rather than many small convective
cells over a large range of Rayleigh number.

Finally, it is important to realize that even for large diffusion and viscosity there is no stationary
solution: as soon as we impose a temperature gradient at the top the fluid begins to circulate, a
manifestation of the dictum that a baroclinic fluid is amoving fluid, encountered in Section 4.2. Put
simply, a temperature gradient leads a density gradient, which in turn leads to a pressure gradient.
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The pressure gradient leads to motion: viscosity cannot prevent that, for it can have an effect only
if the velocity is non-zero.

21.2 THE MAINTENANCE OF SIDEWAYS CONVECTION
In most conventional convection problems the fluid is heated from below, becomes buoyant and
rises, and is cooled at the top. In contrast, in sideways convection the heating and cooling occur at
the same level, and the conditions under which a circulation can be maintained are by no means
clear; our purpose here is to make them clearer. The energetic derivations of this section are but
an extension of Section 2.4.3, but now with starring roles for friction, diffusion and the boundary
conditions, and the reader may wish to review that section first. The derivations below are not
difficult, but they lead to powerful and perhaps counter-intuitive results that provide important
information about the overturning circulation of the real ocean. To begin, we rewrite the equations
of motion, (21.1), in a slightly different way, namely

𝜕𝒗
𝜕𝑡
+ (𝒇 + 2𝝎) × 𝒗 = −∇𝐵 + 𝑏𝐤 + 𝜈∇2𝒗, (21.22a)

𝜕𝑏
𝜕𝑡
+ ∇ ⋅ (𝑏𝒗) = �̇� = 𝐽 + 𝜅∇2𝑏, (21.22b)

∇ ⋅ 𝒗 = 0, (21.22c)

where 𝐵 = 𝒗2/2 + 𝜙 is the Bernoulli function for Boussinesq flow and �̇� (= �̇�) is the total rate of
heating (including diffusion, and absorbing constant factors such as heat capacity into its defini-
tion) with 𝐽 its non-diffusive component. The fluid occupies a finite volume, and in a steady state
⟨�̇�⟩ = 0, where the angle brackets denote a volume and time integration.

21.2.1 The Energy Budget
To obtain an energy budget we follow the procedure of Section 2.4.3. First take the dot product of
(21.22a) with 𝒗 to give

1
2
𝜕𝒗2
𝜕𝑡
= −∇ ⋅ (𝒗𝐵) + 𝑤𝑏 + 𝜈𝒗 ⋅ ∇2𝒗. (21.23)

Integrating over a domain bounded by stress-free rigid walls gives the kinetic energy equation
d
d𝑡
⟨1
2
𝒗2⟩ = ⟨𝑤𝑏⟩ − 𝜀, (21.24)

where angle brackets denote (for themoment) just a volume average and 𝜀 is the average dissipation
of kinetic energy (𝜀 = −𝜈 ⟨𝒗 ⋅ ∇2𝒗⟩ = 𝜈 ⟨𝝎2⟩), a positive definite quantity. Thus, in a statistically
steady state in which the left-hand side vanishes after time averaging, the dissipation of kinetic
energy is maintained by the buoyancy flux; that is, by a release of potential energy with light fluid
ascending and dense fluid descending.

We obtain a potential energy budget by using (21.22b) to write
D𝑏𝑧
D𝑡
= 𝑧D𝑏

D𝑡
+ 𝑏D𝑧

D𝑡
= 𝑧�̇� + 𝑏𝑤, (21.25)

and integrating this over the domain gives the potential energy equation
d
d𝑡
⟨𝑏𝑧⟩ = ⟨𝑧�̇�⟩ + ⟨𝑏𝑤⟩ . (21.26)

Subtracting (21.26) from (21.24) gives the energy equation
d
d𝑡
⟨1
2
𝒗2 − 𝑏𝑧⟩ = − ⟨𝑧�̇�⟩ − 𝜀. (21.27)
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21.2.2 Conditions for Maintaining a Thermally-driven Circulation
In a statistically steady state the left-hand side of (21.27) vanishes and the kinetic energy dissipation
is balanced by the buoyancy source terms; that is

⟨𝑧�̇�⟩ = −𝜀 < 0. (21.28)

The right-hand side (the term −𝜀) is negative definite, and to balance this the heating must be
negatively correlated with height. (Recall that ⟨�̇�⟩ = 0, and the origin of the 𝑧-coordinate is then
immaterial.) Thus, in order tomaintain a circulation inwhich kinetic energy is dissipated, the heating
(including diffusive heating) must occur, on average, at lower levels than the cooling. This result is
related to, but not quite the same as, a postulate due to Sandström, discussed below.

In the ocean the non-diffusive heating occurs predominantly at the surface, except for the neg-
ligible effects of hydrothermal vents. Thus, ⟨𝐽𝑧⟩ ≈ 0 and a kinetic-energy-dissipating circulation
can only be maintained, in the absence of mechanical forcing, if the diffusion is non-zero — in that
case heat may be diffused from the surface to depth, so effectively providing a deep heat source. In
the atmosphere, the heating is mostly at the surface and cooling is mostly in the mid-troposphere
so that ⟨𝑧�̇�⟩ < 0; thus, (21.28) is readily satisfied and the circulation is not restricted.

♦ Maintaining a steady baroclinic circulation
By a rather different method — and one closer to a suggestion of Sandström dating from 1908 —
we can obtain a result that is different from but related to (21.28).11 Using (4.37) and (21.22a), the
circulation in a Boussinesq system obeys

𝐶 = ∮𝒗 ⋅ d𝒓, D𝐶
D𝑡
= ∮𝑏𝐤 ⋅ d𝒓 + ∮𝑭 ⋅ d𝒓, (21.29a,b)

where𝐶 is the circulation, d𝒓 is a path element, and𝑭 represents the frictional terms. (TheCoriolis
parameter plays no role in this argument because the Coriolis force does no work, and 𝑓 may be
set to zero without loss of generality.) Now we may write the rate of change of circulation in the
form

D𝐶
D𝑡
= ∮(𝜕𝒗
𝜕𝑡
+ 𝒗 ⋅ ∇𝒗) ⋅ d𝒓 = ∮(𝜕𝒗

𝜕𝑡
+ 𝝎 × 𝒗) ⋅ d𝒓, (21.30)

because the integral of the potential term that arises when going to the last expression vanishes. Let
us assume the flow is steady, so that 𝜕𝒗/𝜕𝑡 vanishes. Let us further choose the path of integration
to be a streamline, which since the flow is steady is also a parcel trajectory. The second term on the
right-most expression of (21.30) then also vanishes and (21.29b) becomes

∮𝑏 d𝑧 = −∮𝑭 ⋅ d𝒓 = −∮ 𝑭
|𝒗|
⋅ 𝒗 d𝑟, (21.31)

where the last equality follows because the path is everywhere parallel to the velocity. Let us now
assume that the friction retards the flow, and that ∮𝑭 ⋅ 𝒗/|𝒗| d𝑟 < 0. (One form of friction that
has this property is linear drag, 𝑭 = −𝐶𝒗 where 𝐶 is a constant. The property is similar to, but not
the same as, the property that the friction dissipates kinetic energy over the circuit.) Making this
assumption, if we integrate the term on the left-hand side by parts we obtain

∮𝑧 d𝑏 < 0. (21.32)

Now, because the integration circuit in (21.32) is a fluid trajectory, the change in buoyancy d𝑏 is
proportional to the heating of a fluid element as it travels the circuit; in the notation of (21.22b),
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d𝑏 = �̇� d𝑡, where the heating, �̇�, includes diffusive effects. Thus, the inequality implies that the net
heating must be negatively correlated with height: that is, the heating must occur, on average, at a
lower level than the cooling in order that a steady circulationmay bemaintained against the retarding
effects of friction.

A similar result can be obtained for a compressible fluid. From Equations (4.43)–(4.45) on
page 151 we write the baroclinic circulation theorem as

D𝐶
D𝑡
= ∮𝑝 d𝛼 + ∮𝑭 ⋅ d𝒓 = ∮𝑇 d𝜂 + ∮𝑭 ⋅ d𝒓, (21.33)

where 𝜂 is the specific entropy. Then, by precisely the same arguments as led to (21.32), we are led
to the requirements that

∮𝑇 d𝜂 > 0 or equivalently ∮𝑝 d𝛼 > 0. (21.34a,b)

Equation (21.34a) means that parcels must gain entropy at high temperatures and lose entropy at
low temperatures; similarly, from (21.32b), a parcel must expand (d𝛼 > 0) at high pressures and
contract at low pressures.

For an ideal gas we can put these statements into a form analogous to (21.32) by noting that
d𝜂 = 𝑐𝑝(d𝜃/𝜃), where 𝜃 is potential temperature, and using the definition of potential temperature,
(1.105). With these we have

∮𝑇 d𝜂 = ∮ 𝑐𝑝
𝑇
𝜃

d𝜃 = ∮ 𝑐𝑝 (
𝑝
𝑝𝑅
)
𝜅
d𝜃, (21.35)

and (21.34a) becomes

∮𝑐𝑝 (
𝑝
𝑝𝑅
)
𝜅
d𝜃 > 0. (21.36)

Because the path of integration is a fluid trajectory, d𝜃 is proportional to the heating of a fluid
element. Thus, as with the Boussinesq result, (21.36) implies that the heating (the potential tem-
perature increase) must occur at a higher pressure than the cooling in order that a steady circulation
may be maintained against the retarding effects of friction.

These results may be understood by noting that the heating must occur at a higher pressure
than the cooling in order that work may be done, the work being necessary to convert potential
energy into kinetic energy to maintain a circulation against friction. Intuitively, if the heating is
below the cooling, then the heated fluid will expand and become buoyant and rise, and a steady
circulation between heat source and heat sink can readily be imagined. On the other hand, if the
heating is above the cooling there is no obvious pathway between source and sink.

Intuitive as these results may be, the conditions required to prove (21.32) and (21.36) are much
more restrictive than those needed to prove (21.28). To prove the former, we must assume that
the flow is absolutely steady, and that streamlines form a closed path, and that the friction has
retarding properties. The second of these conditions is not generally satisfied in three dimensions,
even when the flow is steady. Furthermore, one cannot prove that Newtonian viscosity (𝜈∇2𝒗) will
always act to retard the flow. On the other hand, (21.28) provides a condition for the maintenance
of a statistically steady circulation, assuming only that the friction acts to dissipate kinetic energy.
In any case, it is clear from all of the above results that the overturning circulation is greatly affected
by the relative pressures at the locations of the heating and cooling, and this is called Sandström’s
effect. In all of these cases, the heating must be taken to include diffusive effects; if the molecular
diffusivity is small and the heating is at the surface we can further constrain the flow, as we now
see.
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21.2.3 Surface Fluxes and Non-turbulent Flow at Small Diffusivities
Suppose that the only heating to the fluid is via diffusion through the upper surface; that is 𝐽 = 0 in
(21.22b). Is a circulation possible? If the diffusivity is finite then heat can diffuse into the fluid and
thereby potentially provide a difference in altitude between the heating and the cooling. However,
as 𝜅 → 0 this mechanism ceases to operate and we therefore expect that the left-hand sides of
(21.28) and (21.32) will go to zero, and the circulation will cease. In what follows we put this
argument on a more rigorous footing: we will show that as 𝜅 → 0 the kinetic energy dissipation
also goes to zero, and therefore the flow is ‘non-turbulent’, the meaning of which will be made
clearer below.

Assuming a statistically steady state, integrating (21.22b) horizontally gives

𝜕𝑏𝑤
𝜕𝑧
= 𝜅𝜕
2𝑏
𝜕𝑧2
, (21.37)

where an overbar indicates a horizontal average. Integrating this equation up from the bottom
(where there is no flux) to a level 𝑧 gives

𝑤𝑏 − 𝜅𝑏𝑧 = 0 (21.38)

at every level in the fluid. The two terms on the left-hand side together give rise to the total buoy-
ancy flux through the level 𝑧, and the flux must vanish because there is no buoyancy input except
at the surface. If we integrate this vertically we have

⟨𝑤𝑏⟩ = 𝐻−1𝜅 [𝑏(0) − 𝑏(−𝐻)] , (21.39)

where the angle brackets denote an average over the entire volume. In the limit 𝜅 → 0, the in-
tegrated advective buoyancy flux will vanish, because the term 𝑏(0) − 𝑏(−𝐻) remains finite. This
follows because 𝑏 is conserved on parcels, except for the effects of diffusion, which can only act to
reduce the value of extrema in the fluid. Thus, 𝑏(0)−𝑏(−𝐻) can only be as large as the temperature
difference at the surface, which is set by the boundary conditions.

Now consider the kinetic energy budget. Using (21.24) and (21.39) we have in a statistically
steady state

𝜀 = 𝐻−1𝜅 [𝑏(0) − 𝑏(−𝐻)] . (21.40)

Because, as noted above, the buoyancy difference on the right-hand side is bounded, the kinetic
energy dissipation must go to zero if the thermal diffusivity goes to zero; that is, 𝜀 → 0 as 𝜅 → 0
and in particular 𝜀 < 𝜅𝛥𝑏/𝐻 where 𝛥𝑏 is the maximum buoyancy difference at the surface. We
may also consider the limit (𝜅, 𝜈) → 0 with a fixed Prandtl number, 𝜎 ≡ 𝜈/𝜅, and in this limit the
energy dissipation also vanishes with 𝜅.

Finally, let us see how the surface buoyancy is related to the buoyancy flux, for any value of
𝜅. Multiplying (21.22b) (with 𝐽 = 0) by 𝑏 and integrating over the domain gives the buoyancy
variance equation

1
2
d⟨𝑏2⟩
d𝑡
= 𝜅 [ �𝑏𝜕𝑏
𝜕𝑧
|
𝑧=0
− ⟨|∇𝑏|2⟩] . (21.41)

We have assumed that the normal derivative of 𝑏 vanishes on all surfaces except the top one (𝑧 = 0)
and an overbar denotes a horizontal average. In a statistically steady state,

�𝑏𝜕𝑏
𝜕𝑧
|
𝑧=0
= ⟨|∇𝑏|2⟩ , (21.42)
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where the overbar and angle brackets now also imply a time average. The right-hand side is positive
definite, and thus there must be a positive correlation between 𝑏 and 𝜕𝑏/𝜕𝑧, meaning that there is
a heat flux into the fluid where it is hot, and a heat flux out of the fluid where it is cold. This result
holds no matter whether the upper boundary condition is a condition on 𝑏 or on 𝜕𝑏/𝜕𝑧.

Interpretation
The result encapsulated by (21.40) means that, for a fluid forced only at the surface by buoyancy
forcing, as the diffusivity goes to zero so does the energy dissipation. For a fluid of finite viscosity
the vorticity in the fluid must then go to zero, because 𝜀 = 𝜈 ⟨𝝎2⟩; this in turn means that the flow
cannot be baroclinic, because baroclinicity generates vorticity, even in the presence of viscosity
(Section 4.2). An even more interesting result follows for a fluid with small viscosity. In turbu-
lent flow, the energy dissipation at high Reynolds number is not a function of the viscosity; if the
viscosity is reduced, the cascade of energy to smaller scales merely continues to still smaller scale,
generating vorticity at these smaller scales, and the energy dissipation is unaltered, remaining fi-
nite even in the limit 𝜈 → 0. In contrast, for a fluid heated and cooled only at the upper surface,
the energy dissipation tends to zero as 𝜅 → 0, whether or not one is in the high-Reynolds number
limit. This means that vorticity cannot be generated at the viscous scales by the action of a turbu-
lent cascade, as that would lead to energy dissipation. Effectively, the result prohibits an ocean that
is forced only at the surface by a buoyancy flux from having an ‘eddy viscosity’ that would enable
the fluid to efficiently dissipate energy, and if there is no small scale motion producing an eddy
viscosity there can be no eddy diffusivity either. Thus, such an ocean is non-turbulent. This is a
rather different picture from that of the real ocean, where there is some dissipation of energy in
the interior because of breaking gravity waves, and dissipation at the boundary in Ekman layers,
and the eddy diffusivity is needed for there to be a non-negligible buoyancy-driven meridional
overturning circulation.

Of course, thermal forcing in the ocean is in part an imposed flux, coming from radiation
among other things, and this penetrates below the surface. However, this makes little physical
difference to the argument, provided that this forcing remains confined to the upper ocean. If so,
then for any level below this forcing we still have the result (21.38), and the final result (21.40)
holds, assuming that the range of temperatures produced by the forcing is still finite.

21.2.4 The Importance of Mechanical Forcing
The results of (21.28) and (21.40) do not, strictly speaking, prohibit there from being a thermal
circulation, with fluid sinking at high latitudes and rising at low, even for zero diffusivity. However,
in the absence of any mechanical forcing, this circulation must be laminar, even at high Rayleigh
number, meaning that flow is not allowed to break in such a way that energy can be dissipated —
a very severe constraint that most flows cannot satisfy. The scalings (21.12) further suggest that
the magnitude of the circulation in fact scales (albeit nonlinearly) with the size of the molecular
diffusivity, and if these scalings are correct the circulation will in fact diminish as 𝜅 → 0. For small
diffusivity, the solution most likely to be adopted by the fluid is for the flow to become confined
to a very thin layer at the surface, with no abyssal motion at all, which is completely unrealistic
vis-à-vis the observed ocean. Thus, the deep circulation of the ocean cannot be considered to be
wholly forced by buoyancy gradients at the surface.

Supposewe add amechanical forcing,𝑭, to the right-hand side of (21.22a); thismight represent
wind forcing at the surface, or tides. The kinetic energy budget becomes

𝜀 = ⟨𝑤𝑏⟩ + ⟨𝑭 ⋅ 𝒗⟩ = 𝐻−1𝜅[𝑏(0) − 𝑏(−𝐻)] + ⟨𝑭 ⋅ 𝒗⟩ . (21.43)

In this case, even for 𝜅 = 0, there is a source of energy and therefore turbulence (i.e., a dissipative
circulation) can be maintained. The turbulent motion at small scales then provides a mechanism
of mixing and so can effectively generate an ‘eddy diffusivity’ of buoyancy. Given such an eddy
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diffusivity, wind forcing is no longer necessary for there to be an overturning circulation. Therefore,
it is useful to think of mechanical forcing as having two distinct effects:
(i) The wind provides a stress on the surface that may directly drive the large-scale circulation,

including the overturning circulation. (An example of this is discussed in Section 21.6.)
(ii) Both tides and the wind provide a mechanical source of energy to the system that allows the

flow to become turbulent and so provides a source for an eddy diffusivity and eddy viscosity.
In either case, wemay conclude that the presence ofmechanical forcing is necessary for there to

be an overturning circulation in the world’s oceans of the kind observed. Let us first suppose that
the most important effect of the wind is that it enables there to be an eddy diffusivity that is much
larger than the molecular one; the eddy diffusivity enables large volumes of the ocean to become
mixed, so allowing a buoyancy-driven overturning circulation (a ‘thermohaline circulation’) to
exist.

21.2.5 The Mixing-driven Ocean
Before moving on to other matters, let’s make a connection to the scaling for the overturning circu-
lation discussed in Section 20.5.1. In that section we considered the planetary-geostrophic equa-
tions,

𝒗 ⋅ ∇𝑏 = 𝜅∇2𝑏, ∇ ⋅ 𝒖 + 𝜕𝑤
𝜕𝑧
= 0, 𝒇 × 𝒖 = −∇𝜙, 𝑏 = 𝜕𝜙

𝜕𝑧
, (21.44a,b,c,d)

and obtained, after a little algebra, the scalings for vertical velocity and thermocline thickness,

𝑊 = 𝜅2/3 (𝛽𝛥𝑏
𝑓2𝐿
)
1/3
, 𝛿 = 𝜅1/3 ( 𝑓

2𝐿
𝛽𝛥𝑏
)
1/3
. (21.45)

These are different in detail from the Rossby scalings, (21.12), but they also require a finite dif-
fusivity to produce a circulation and a thermocline. The Sandström effect applies, as it must, to
oceanically relevant equations.

In order for the scales given in (21.45) to be representative of those observed in the real ocean,
we must use an eddy diffusivity for 𝜅. Using 𝑓 = 10−4 s−1, 𝛽 = 10−11m−1 s−1, 𝐿 = 5 × 106m, 𝑔 =
10ms−2, 𝜅 = 10−5m2 s−1, 𝛥𝑏 = −𝑔𝛥𝜌/𝜌0 = 𝑔𝛽𝑇𝛥𝑇 and 𝛥𝑇 = 10K we find the not unreasonable
values of 𝛿 ≈ 150m and 𝑊 = 10−7ms−1, albeit 𝛿 is rather smaller than the thickness of the
observed thermocline. However, if we take the molecular value of 𝜅 ≈ 10−7m2 the values of𝑊
and 𝛿 are unrealistically small (although still non-zero). Evidently, if the deep circulation of the
ocean is buoyancy (ormixing) driven, it must take advantage of turbulence that enhances the small
scale mixing and produces an eddy diffusivity.

21.3 ♦ SIMPLE BOX MODELS
This section is marked with a black diamond not because it is advanced; rather, it is a little pe-
ripheral to our main development. The purist may consider this section a diversion away from a
consideration of the fluid dynamical properties of the ocean, and the content implied by the title
of this book, but such box models have been quite fecund and an evident source of qualitative un-
derstanding, and thus find a place in our discussion, if not in our canon. Readers may skim this
section without fear of disapprobation.

Even though they are far simpler than the real ocean, the fluid dynamical models of the previ-
ous sections are still quite daunting. The analysis that can be performed is either very specific and
of little generality, for example the construction of solutions at low Rayleigh number, or it is a very
general form such as scaling or energetic arguments. Models based on the fluid dynamical equa-
tions do not easily allow for the construction of explicit solutions in the parameter regime — high
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Fig. 21.6 A two-box model of the
overturning circulation of the ocean.
The shaded walls are porous, and each
box is well mixed by its stirrer. Tem-
perature and salinity evolve by way of
fluid exchange between the boxes via
the capillary tube and the overflow,
and by way of relaxation with the two
infinite reservoirs at (+𝑇∗, +𝑆∗) and
(−𝑇∗, −𝑆∗).

Ψ

Ψ

Rayleigh and Reynolds numbers — of interest. It is therefore useful to consider an extreme simpli-
fication of the overturning circulation, namely box models. These are caricatures of the circulation,
constructed by dividing the ocean into a small number of boxes with simple rules determining the
transport of fluid properties between them.12

21.3.1 A Two-box Model
Consider two boxes as illustrated in Fig. 21.6. Each box is well-mixed and has a uniform temper-
ature and salinity, 𝑇1, 𝑇2 and 𝑆1, 𝑆2. The boxes are connected with a capillary tube at the bottom
along which the flow is viscous, obeying Stokes’ Law. That is, the flow along the tube is propor-
tional to the pressure gradient which, because the flow is hydrostatic, is proportional to the density
difference between the two boxes. An overflow at the top keeps the upper surfaces of the two boxes
at the same level. Thus, the circulation, 𝛹, is given by

𝛹 = 𝐴(𝜌1 − 𝜌2), (21.46)

where 𝜌1 and 𝜌2 are the densities of the fluids in the two boxes and 𝐴 is a constant. The boxes are
enclosed by porous walls beyond which are reservoirs of constant temperature and salinity, and we
are at liberty to choose the origin of the temperature scale such that the two reservoirs are at +𝑇∗
and −𝑇∗, and similarly for salinity. Thus, heat and salt are transferred into and out of the boxes as
represented by simple linear laws and we have

d𝑇1
d𝑡
= 𝑐(𝑇∗ − 𝑇1) − |𝛹|(𝑇1 − 𝑇2),

d𝑇2
d𝑡
= 𝑐(−𝑇∗ − 𝑇2) − |𝛹|(𝑇2 − 𝑇1),

d𝑆1
d𝑡
= 𝑑(𝑆∗ − 𝑆1) − |𝛹|(𝑆1 − 𝑆2),

d𝑆2
d𝑡
= 𝑑(−𝑆∗ − 𝑆2) − |𝛹|(𝑆2 − 𝑆1).

(21.47)

The advective transfer is independent of the sign of the circulation, because it occurs through both
the capillary tube and the overflow. From these equations it is easy to show that the sum of the
temperatures, 𝑇1+𝑇2 decays to zero and is uncoupled from the difference, and similarly for salinity.
Defining �̂� = (𝑇1 − 𝑇2)/(2𝑇∗) and 𝑆 = (𝑆1 − 𝑆2)/(2𝑆∗), we obtain

d�̂�
d𝑡
= 𝑐(1 − �̂�) − 2|𝛹|�̂�, d𝑆

d𝑡
= 𝑑(1 − 𝑆) − 2|𝛹|𝑆. (21.48a,b)

Using a linear equation of state of the form 𝜌 = 𝜌0(1 − 𝛽𝑇𝑇 + 𝛽𝑆𝑆) (where the variables are dimen-
sional) the circulation (21.46) becomes

𝛹 = 2𝜌0𝑇∗𝛽𝑇𝐴(−�̂� +
𝛽𝑆𝑆∗
𝛽𝑇𝑇∗
𝑆) . (21.49)
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Finally, nondimensionalizing time using 𝜏 = 𝑐𝑡, the equations of motion become

d�̂�
d𝜏
= (1 − �̂�) − |𝛷|�̂�, d𝑆

d𝜏
= 𝛿(1 − 𝑆) − |𝛷|𝑆, 𝛷 = −𝛾(�̂� − 𝜇𝑆), (21.50a,b,c)

where 𝛷 = 2𝛹/𝑐 and the three parameters that determine the behaviour of the system are

𝛾 = 4𝜌0𝑇
∗𝛽𝑇𝐴
𝑐
, 𝛿 = 𝑑

𝑐
, 𝜇 = 𝛽𝑆𝑆

∗

𝛽𝑇𝑇∗
. (21.51)

The parameter 𝛾 measures the overall strength of the forcing in determining the strength of the
circulation, and is the ratio of a relaxation time scale to an advective time scale. The parameter 𝛿 is
the ratio of the reciprocal time constants of temperature and salinity relaxation, and 𝜇 is a measure
of the ratio of the effect of the salinity and temperature forcings on the density. Salinity transfer
will normally be much slower than heat transfer so that 𝛿 ≪ 1, whereas if salinity and temperature
are both to play a role in the dynamics we need 𝜇 = 𝒪(1). We might also expect both advection
and relaxation to be important if 𝛾 = 𝒪(1), and this will depend on the properties of the capillary
tube.

Interpretation
Although the above model describes a potentially real system, one that might be constructed in
the laboratory, it is the analogy to aspects of the ocean circulation that interests us here. To make
the analogy, we suppose that one box represents the entire high-latitude ocean and the other the
entire low-latitude ocean, and the capillary tube and the overflow carry the overturning circulation
between them. The reservoirs at ±𝑇∗ and ±𝑆∗ represent the atmosphere. Typically, we would
choose the low latitudes to be both heated and salted (the latter because of the low rainfall and
high evaporation in the subtropics) and the high latitudes to be cooled and freshened by rainfall.
Thus, 𝑇∗ and 𝑆∗ have the same sign, and they force the circulation in opposite directions.

It is a common fluid-dynamical experience that the behaviour of a highly-truncated system has
little resemblance to that of the corresponding continuous system, and so we expect the model to
be only a cartoon of the ocean circulation. For example, we have restricted the circulation to be
of basin scale, and the parameterization of the intensity of the overturning circulation by (21.50c)
must be regarded with caution, because it represents a frictionally controlled flow rather than a
nearly inviscid geostrophic flow. Nevertheless, observations and numerical simulations do indicate
that the overturning circulation does have a relatively simple vertical and horizontal structure: the
circulation in the North Atlantic is similar to that of a single cell, for example, indicating that an
appropriate low-order model may be useful.

Onemight also question the oceanic appropriateness of the linear relaxation terms. For temper-
ature, the bulk aerodynamic formulae often used to parameterize air–sea fluxes do have a similar
form, but the freshening of seawater by rainfall is more akin to an imposed negative flux of salinity,
and evaporation is a function of temperature. An alternative might be to impose an effective salt
flux so that

d
d𝑡
(𝑆1 − 𝑆2) = 2𝐸 − 2|𝛹|(𝑆1 − 𝑆2), (21.52)

where 𝐸 is an imposed, constant, effective rate of salt exchange with the atmosphere. After nondi-
mensionalization, using 𝐸/𝑐 to nondimensionalize salt, (21.50b) is replaced by

d𝑆
d𝜏
= 1 − |𝛷|𝑆. (21.53)

Another aspect of the model that is oceanographically questionable is that the model assumes
that the water masses can be mixed below the surface. Thus, when water enters one box from the
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Fig. 21.7 Left panel: graphical solution of the two-box model. The straight line has unit slope
and passes through the origin, and is therefore 𝛷 itself. The curved lines plot the function 𝑓(𝛷) as
given by the right-hand side of (21.54). The intercepts of the two are solutions to the equation. The
parameters for the three curves are: a, 𝛾 = 5, 𝛿 = 1/6, 𝜇 = 1.5; b, 𝛾 = 1, 𝛿 = 1/6, 𝜇 = 1.5; c, 𝛾 = 5,
𝛿 = 1/6, 𝜇 = 0.75. Right panel: the same except with 𝛷2 in place of |𝛷| on the rhs of (21.54).

other it immediately mixes with its surroundings. Without the stirrer this would not occur and
the equations of the box model would not represent a real system. In the real ocean, most of the
mixing ofwatermasses happens near the surface (in themixed layer) and near lateral boundaries or
regions of steep topography. Elsewhere in the ocean, mixing is quite small, and probably far from
sufficient to mix a large volume of water in the advective or relaxation times of the box model.
Having noted all these objections, we will put them aside and continue with an analysis of the
model.

Solutions
Equilibria occur when the time-derivatives vanish, and the circulation then satisfies

𝛷 = 𝑔(𝛷) ≡ 𝛾( −1
1 + |𝛷|
+ 𝜇
1 + |𝛷|/𝛿

) . (21.54)

A graphical solution of this is obtained as the intercept of the right-hand sidewith the left-hand side,
the latter being a straight line through the origin at an angle of 45°, and this is plotted in Fig. 21.7.
Perhaps the most interesting aspect of the solutions is that they exhibit multiple equilibria; that is,
there are multiple steady solutions with the same parameters.

Evidently, for a range of parameters three solutions are possible, whereas for others only one
solution exists. Although a fairly complete analysis of the nature of the steady solutions is possible,
it is instructive to consider the special case with 𝛾 ≫ 1 and 𝛿 ≪ 1This corresponds to the situation
in which the advective time scale is shorter than the diffusive one and temperature relaxation is
much faster than salt relaxation. Using the graphical solution as a guide, two of the solutions are
then close to the origin, with 𝛷 ≪ 1, and satisfy

𝛷 ≈ 𝛾(−1 + 𝜇𝛿
𝛿 + |𝛷|
) , (21.55)

giving, for small |𝛷| and 𝜇 > 1,
𝛷 ≈ ±[𝛿(𝜇 − 1)]. (21.56)

The positive solution, with flow in the capillary tube from box 1 to box 2, is salinity driven —
driven by the density gradient of the same sign as that caused by the salinity, with the density
gradient due to temperature opposing the motion. That is, box 1 is denser than box 2 because it
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Fig. 21.8 A three-box model. Each box con-
tains fluid with uniform values of tempera-
ture and salinity, each exchanges fluidwith its
neighbour, and in each the temperature and
salinity are relaxed toward fixed values.

is more saline, even though it is also warmer. The negative solution is thermally driven, with the
flow in the capillary tube going from the denser (cold and fresh) box 2 to the lighter (warm and
salty) box 1. However, this solution is unstable, and any small perturbation will amplify and the
system will move away from this solution. Solving for temperature and salinity we find that 𝑇 ≈ 1
(i.e., it is close to its relaxation value and hardly altered by advection), and 𝑆 ≈ 1/𝜇.

The third solution has a circulation far from the origin, and the balance in (21.54) is between
the left-hand side and the first term on the right. In the limiting case we find

𝛷 ≈ −√𝛾. (21.57)

This solution has a density gradient dominated by the temperature effect: the temperature differ-
ence is 𝑇 ≈ 1/√𝛾whereas the salinity difference is 𝑆 ≈ 𝛿/√𝛾, and thus its effect on density is much
smaller.

21.3.2 ♦ More Boxes
More boxes can be added in a variety ofways and, now forgoing an easy relevance to a laboratory ap-
paratus, one such is illustrated in Fig. 21.8. The three boxes represent the mid- and high-latitude
Northern Hemisphere, the mid- and high-latitude Southern Hemisphere, and the equatorial re-
gions. Each of the three boxes can exchange fluid with its neighbour, and each is also in contact
with a reservoir and subject to a relaxation to a fixed value of temperature and salinity, (𝑇∗𝑠 , 𝑆∗𝑠 ),
(𝑇∗𝑒 , 𝑆∗𝑒 ) and (𝑇∗𝑛 , 𝑆∗𝑛 ). Then, with obvious notation, we infer the equations of motion for tempera-
ture

d𝑇𝑠
d𝑡
= 𝑐(𝑇∗𝑠 − 𝑇𝑠) − |𝛹𝑠|(𝑇𝑠 − 𝑇𝑒),

d𝑇𝑛
d𝑡
= 𝑐(𝑇∗𝑛 − 𝑇𝑛) − |𝛹𝑛|(𝑇𝑛 − 𝑇𝑒),

d𝑇𝑒
d𝑡
= 𝑐(𝑇∗𝑒 − 𝑇𝑒) − |𝛹𝑠|(𝑇𝑒 − 𝑇𝑠) − |𝛹𝑛|(𝑇𝑒 − 𝑇𝑛), (21.58)

and similarly for salt, with flow rates given by the density differences

𝛹𝑠 = 𝐴𝜌0[−𝛽𝑇(𝑇𝑠 − 𝑇𝑒) + 𝛽𝑆(𝑆𝑠 − 𝑆𝑒)], 𝛹𝑛 = 𝐴𝜌0[−𝛽𝑇(𝑇𝑛 − 𝑇𝑒) + 𝛽𝑆(𝑆𝑛 − 𝑆𝑒)]. (21.59)

These equations may be nondimensionalized and reduced to four prognostic equations for the
quantities 𝑇𝑒 − 𝑇𝑛, 𝑇𝑒 − 𝑇𝑠, 𝑆𝑒 − 𝑆𝑛, 𝑆𝑒 − 𝑆𝑠. Not surprisingly, multiple equilibria can again be
found. One interesting aspect is that stable asymmetric solutions arise with symmetric forcing
(𝑇∗𝑠 = 𝑇∗𝑛 , 𝑆∗𝑠 = 𝑆∗𝑛 ). These effectively have a pole-to-pole circulation, illustrated in the upper row
of Fig. 21.9. Such a circulation can be thought of as the superposition of a thermal circulation in
one hemisphere and a salinity-driven circulation in the other.
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Fig. 21.9 Four solutions to the three-box model with the symmetric forcing 𝑆∗𝑠 = 𝑆∗𝑛 and 𝑇∗𝑛 =
𝑇∗𝑠 . The two solutions on the top row have an asymmetric, ‘pole-to-pole’, circulation whereas the
solutions on the bottom row are symmetric.13

The box models are useful because they are suggestive of behaviour that might occur in real
fluid systems, and because they provide a means of interpreting behaviour that does occur in more
complete numericalmodels and perhaps in the real world. However, they are by nomeans good ap-
proximations of the real equations of motion and without other supporting evidence the solutions
found in box models should not be regarded as representing real solutions of the fluid equations
for the world’s oceans.14 Indeed, the mechanism for the observed pole-to-pole circulation in the
real ocean may be quite different from that of the box models — see the sections beginning with
sec:windmoc.

21.4 A LABORATORY MODEL OF THE ABYSSAL CIRCULATION
We now return to a more fluid dynamical description of the deep ocean circulation, and consider
two simple, closely related,models that are relevant to aspects of the deep circulation, still assuming
it to be buoyancy- or mixing-driven. The first, which we consider in this section, is a laboratory
model, originally envisioned as being a prototype for the deep circulation. The second model,
considered in the following sections, is explicitly a model of the deep circulation. Both models
are severe idealizations that describe only limited aspects of the circulation, but they are both very
helpful tools that enable us to understand more complete models and, in part, the real circulation
itself.

21.4.1 Set-up of the Laboratory Model
Let us consider flow in a rotating tank, as illustrated in Fig. 21.10. The fluid is confined by verti-
cal walls to occupy a sector, and the entire tank rotates anticlockwise when viewed from above,
like the Northern Hemisphere. When the fluid is stationary in the rotating frame, the fluid slopes
up toward the outer edge of the tank and the balance of forces in the rotating frame is between
a centrifugal force pointing outwards and the pressure gradient due to the sloping fluid pointing
inwards. In the inertial frame of the laboratory itself, the pressure gradient pointing inwards pro-
vides a centripetal force that causes the fluid to accelerate toward the centre of the tank, resulting
in a circular motion. (Recall that steady circular motion is always accompanied by an acceleration
toward the centre of the circle.)

This set-up, and the accompanying theory, have become known as the Stommel–Arons–Faller
model.15 The motivation of the construct is clear, in that the sector represents an ocean basin.
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Ω
Ω Fig. 21.10 Stommel–Arons–Faller

rotating tank experiment. Left: A plan
view, with the fluid in the sector at left.
Right: Side view. The free surface of
the fluid slopes up with increasing ra-
dius, giving a balance between the cen-
trifugal force pointing outwards and
the pressure force pointing inwards.
Small pipes (not shown) provide mass
sources and sinks.

However, rather than driving the fluid with wind or by differential heating, we drive it with local-
ized mass sources and sinks, for example from small pipes inserted into the tank. If an oceanic
analogy is desired, the mass source might be thought of as representing a sources of deep abyssal
water due to deep convection. The oceanic analogy is not perfect but it helps build intuition about
the real ocean.

21.4.2 Dynamics of Flow in the Tank
Let us assume that the motion of the fluid in the tank is sufficiently weak that its Rossby number
is small, and that it obeys the shallow water planetary-geostrophic equations, namely

𝒇0 × 𝒖 = −𝑔∇ℎ + 𝛺2𝑟 ̂𝒓 + 𝑭, (21.60a)
𝜕ℎ
𝜕𝑡
+ ∇ ⋅ (𝒖ℎ) = 𝑆, (21.60b)

where 𝒖 = (𝑣𝑟, 𝑣𝜃) is the horizontal velocity in cylindrical (𝑟, 𝜃) coordinates, ̂𝒓 is a unit vector in the
direction of increasing 𝑟, 𝑭 represents frictional terms (which we will suppose are small except in
boundary layers) and 𝑆 represents mass sources. These two equations yield the potential vorticity
equation,

D
D𝑡
(𝑓0
ℎ
) = curl𝑧𝑭
ℎ
− 𝑓0𝑆
ℎ2
. (21.61)

Let us write the height field as
ℎ = 𝐻(𝑟, 𝑡) + 𝜂(𝑟, 𝜃, 𝑡), (21.62)

where𝐻(𝑟, 𝑡) is the height field corresponding to the rest state of the fluid (in the rotating frame)
and 𝜂 the perturbation. Thus, from (21.60a)

0 = −𝑔∇𝐻 + 𝛺2𝑟 ̂𝒓, (21.63)

which gives

𝐻 = 𝛺
2𝑟2
2𝑔
+ �̂�(𝑡), (21.64)

where �̂� is a measure of the overall mass of the fluid. Its rate of change is determined by the mass
source

d�̂�
d𝑡
= ⟨𝑆⟩ , (21.65)

the angle brackets indicating a domain average. The equations of motion (21.60) become

𝒇0 × 𝒖 = −𝑔∇𝜂 + 𝑭, (21.66a)
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𝜕
𝜕𝑡
(𝜂 + 𝐻) + ∇ ⋅ [𝒖(𝜂 + 𝐻)] = 0. (21.66b)

Equation (21.66a) tells us that, away from frictional regions, the velocity is in geostrophic balance
with the pressure field due to the perturbation height 𝜂.

Let us now suppose |𝜂| ≪ 𝐻 and |𝜕𝜂/𝜕𝑡| ≪ |𝜕𝐻/𝜕𝑡| , which holds if the mass source is small
and gentle enough. Then (21.66b) may be written

𝜕𝐻
𝜕𝑡
+ ∇ ⋅ (𝒖𝐻) = 0. (21.67)

In this approximation, the potential vorticity equation (21.61) becomes, away from friction and
mass sources,

D
D𝑡
(𝑓0
𝐻
) = 0 or D𝐻

D𝑡
= 0, (21.68a,b)

where the second equation follows because 𝑓0 is a constant. (This equation also follows directly
from (21.67), because the velocity is geostrophic and divergence-free where friction is absent; how-
ever, it is better thought of as a potential vorticity equation, not a mass conservation equation.)
Equation (21.68b) means that fluid columns change position in order to keep the same value of𝐻.
Further, because𝐻 only varies with 𝑟, (21.68b) becomes

𝜕𝐻
𝜕𝑡
+ 𝑣𝑟 𝜕𝐻
𝜕𝑟
= 0, (21.69)

where the superscript 𝑟 indicates the radial component of velocity. Using (21.64) and (21.65) then
gives

𝑣𝑟 = − 𝑔
𝛺2𝑟
⟨𝑆⟩ . (21.70)

This is a remarkable result, for it implies that, if ⟨𝑆⟩ is positive, the flow is toward the apex of the
dish, except at the location of the mass sources and in frictional boundary layers, no matter where
the mass source is actually located. The explanation of this counter-intuitive result is simple enough.
If ⟨𝑆⟩ > 0 the overall height of the fluid increases with time; thus, in order that a given material
column of fluid keep its height fixed, it must move toward the apex of the dish. The full velocity
may be obtained, away from the frictional regions, using the divergence-free nature of the velocity:

∇ ⋅ 𝒖 = 1
𝑟
[𝜕(𝑟𝑣

𝑟)
𝜕𝑟
+ 𝜕𝑣
𝜃

𝜕𝜃
] = 0. (21.71)

Then, using (21.70), 𝜕𝑣𝜃/𝜕𝜃 = 0 except at a source or sink, or in a frictional boundary layer. As-
suming there is only one frictional boundary layer, 𝑣𝜃 = 0 except at those latitudes (i.e., values of
𝑟) that contain a mass source or sink.

To balance the flow toward the apex theremust, then, be a boundary layer in which the flow has
the opposite sense, and therefore in which frictional effects are important. To determine where the
boundary layer is — on the east or west side of the domain — we need some vorticity dynamics.
Away from the mass source, but including friction, the potential vorticity equation is

D
D𝑡
(𝑓0
𝐻
) = curl𝑧𝑭
𝐻

or − 𝑓0
𝐻2

D𝐻
D𝑡
= curl𝑧𝑭, (21.72a,b)

and the free surface of the water slopes downwards toward the apex, as illustrated in Fig. 21.10.
Now, suppose that there are a mass source and a sink of equal magnitudes, with the source further
from the apex than the sink, as in the panel at the bottom right of Fig. 21.11. The flow from source
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Fig. 21.11 Idealized examples of the flow in the rotating sector experiments, with various loca-
tions of a source (𝑆) or sink (−𝑆) of mass.

to sink must be along either the left or right boundary of the container. To see which, note that
the flow is toward smaller values of𝐻, and therefore the left-hand side of (21.72a) is positive. To
balance this, the friction in the boundary current must impart a positive vorticity to the flow (i.e.,
curl𝑧𝑭 > 0), which means in general that the flow itself must have negative vorticity, and the flow
is clockwise. (For example, if 𝑭 = −𝜆𝒖 the right-hand side of (21.72) is −(𝜆/𝐻)curl𝑧𝒖 and this is
positive if the flow is clockwise.) Clockwise flow implies a western boundary layer, on the left of
the container. A western boundary layer is a general feature, not dependent on the placement of
mass sources or sinks. For suppose there is a single source of mass, as for example in the upper
left example of Fig. 21.11; the interior mass flow will then be toward the apex and the flow in
the boundary layer away from the apex. The left-hand side of (21.72a) is then negative, and so
curl𝑧𝑭must be negative. Theflowmust then have an anticlockwise sense, again requiring awestern
boundary layer to achieve a balance in the potential vorticity equation.

The flow is in some ways analogous to flow on the 𝛽-plane, and in particular:
(i) the 𝑟-dependence of the height field provides a background potential vorticity gradient, anal-

ogous to the 𝛽-effect;
(ii) the time-dependence of𝐻 is analogous to a wind curl, since it is this that ultimately drives

the fluid motion.
The analogies are drawn out explicitly in the shaded box on page 823; the box also includes a
column for abyssal flow in the ocean, discussed in the next two sections.

21.5 A MODEL FOR OCEANIC ABYSSAL FLOW
We will now extend the reasoning applied to the rotating tank to the rotating sphere, and so

construct a model — the Stommel–Arons model — of the abyssal flow in the ocean.16 The basic
idea is simple: we model the deep ocean as a single layer of homogeneous fluid in which there is a
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Fig. 21.12 The structure of a
Stommel–Arons ocean model of
the abyssal circulation. Convec-
tion at high latitudes provides
a localized mass-source to the
lower layer, and upwelling through
the thermocline provides a more
uniform mass sink.

w = 0

Thermocline
Uniform upwelling

Cold abyss

Warm upper ocean Cold polar waters

Equator Pole

Ocean surface

Convection.

Mass source

for lower layer.

localized injection of mass at high latitudes, representing convection (Fig. 21.12). However, unlike
the rotating dish, mass is extracted from this layer by upwelling into the warmer waters above
it, keeping the average thickness of the abyssal layer constant. We assume that this upwelling is
nearly uniform, that the ocean is flat-bottomed, and that a passive western boundary current may
be invoked to satisfy mass conservation, and which does not affect the interior flow. Obviously,
these assumptions are very severe and the model can at best be a conceptual model of the real
ocean. Given that, we will work in Cartesian coordinates on the 𝛽-plane, and use the planetary-
geostrophic approximation.

The momentum and mass continuity equations are

𝒇 × 𝒖 = −∇𝑧𝜙 and ∇𝑧 ⋅ 𝒖 = −
𝜕𝑤
𝜕𝑧
, (21.73a,b)

where 𝒇 = (𝑓0 + 𝛽𝑦)𝐤. On elimination of 𝜙, (21.73) yields the now-familiar balance,

𝛽𝑣 = 𝑓𝜕𝑤
𝜕𝑧
. (21.74)

Except in the localized regions of convection, the vertical velocity is, by assumption, positive and
uniform at the top of the lower layer, and zero at the bottom. Thus (21.74) becomes

𝑣 = 𝑓
𝛽
𝑤0
𝐻
, (21.75)

where 𝑤0 is the uniform upwelling velocity and𝐻 the layer thickness. Thus, the flow is polewards
everywhere (including the Southern Hemisphere), vanishing at the equator.

21.5.1 Completing the Solution

Since 𝑣 = 𝑓−1(𝜕𝜙/𝜕𝑥), the pressure is given by

𝜙 = ∫
𝑥

𝑥0
(𝑓
2𝑤0
𝛽𝐻
) d𝑥′, (21.76)

where 𝑥0 is a constant of integration, to be determined by the boundary conditions. Because there
is no flow into the eastern boundary, 𝑥𝐸, we set 𝜙 = constant at 𝑥 = 𝑥𝐸, and because this is a
one-layer model we are at liberty to set that constant equal to zero. Thus,

𝜙(𝑥) = −∫
𝑥𝐸

𝑥
(𝑓
2𝑤0
𝛽𝐻
) d𝑥′ = − 𝑓

2

𝛽𝐻
𝑤0(𝑥𝐸 − 𝑥). (21.77)
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Analogies Between a Rotating Dish, Wind-Driven and Abyssal Flows

Consider homogeneousmodels of: (i) a rotating dish; (ii) wind-driven flow on the 𝛽-plane;
and (iii) abyssal flow on the 𝛽-plane. We model them all with a single layer of homoge-
neous fluid satisfying the planetary geostrophic equations. In (i) the mass source, ⟨𝑆⟩, is
localized and the total depth of the fluid layer changes with time; fluid columns move to
keep their depth constant. In (ii) there is no mass source and the depth of the fluid layer
is constant; the fluid motion is determined by the wind-stress curl, curl𝑧𝝉, and by 𝛽. In
(iii) the fluid source (convection) is localized at high latitudes and exactly balanced by a
mass loss, 𝑆𝑢, due to upwelling everywhere else, so that layer depth is constant and 𝑆𝑢 is
uniform and negative nearly everywhere. The equations below then apply away from fric-
tional boundary layers and localized mass sources.

(i) Rotating dish (ii) Wind-driven flow (iii) Abyssal flow

PV conservation
D
D𝑡
(𝑓0
𝐻
) = 0 D

D𝑡
( 𝑓
𝐻0
) = 1
𝐻0

curl𝑧𝝉
D
D𝑡
(𝑓
ℎ
) = −𝑓𝑆𝑢
ℎ2

This leads to

𝑣𝑟 𝜕𝐻
𝜕𝑟
= −𝜕𝐻
𝜕𝑡

𝑣
𝐻0
𝜕𝑓
𝜕𝑦
= 1
𝐻0

curl𝑧𝝉
𝑣
ℎ
𝜕𝑓
𝜕𝑦
= −𝑓𝑆𝑢
ℎ2

and

𝑣𝑟 = − 𝑔
𝛺2𝑟
⟨𝑆⟩ 𝑣 = 1

𝛽
curl𝑧𝝉 𝑣 = −𝑓𝑆𝑢ℎ

𝛽

⟨𝑆⟩ is localized curl𝑧𝝉 is wind stress 𝑆𝑢 is upwelling
mass source curl mass loss

Meridional mass flow away from boundaries is thus determined by:

sign (and not location) of sign of wind-stress curl, upwelling and sign of
localized mass source, ⟨𝑆⟩, curl𝑧𝝉, 𝑓, so polewards if

𝑆𝑢 < 0 (upwelling).

The zonal velocity follows using geostrophic balance,

𝑢 = 1
𝑓
𝜕𝜙
𝜕𝑦
= 2
𝐻
𝑤0(𝑥𝐸 − 𝑥), (21.78)

where we have also used 𝜕𝑓/𝜕𝑦 = 𝛽 and 𝜕𝛽/𝜕𝑦 = 0. Thus the velocity is eastwards in the interior,
and independent of 𝑓 and latitude, provided 𝑥𝐸 is not a function of 𝑦.
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Fig. 21.13 Abyssal circulation in a spherical sector (left) and in a corresponding Cartesian rectan-
gle (right).

Using (21.75) and (21.78) we can confirm mass conservation is indeed satisfied:

𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 𝜕𝑤
𝜕𝑧
= −2𝑤0
𝐻
+ 𝑤0
𝐻
+ 𝑤0
𝐻
= 0. (21.79)

21.5.2 Application to the Ocean
Let us consider a rectangular ocean with a mass source at the northern boundary, balanced by
uniform upwelling (see Figs. 21.13 and 21.14). Since the interior flow will be northwards, we an-
ticipate a southwards flowing western boundary current to balance mass. Conservation of mass in
the area polewards of the latitude 𝑦 demands that

𝑆0 + 𝑇𝐼(𝑦) = 𝑇𝑊(𝑦) + 𝑈(𝑦), (21.80)

where 𝑆0 is the strength of the source, 𝑇𝑊 the equatorwards transport in the western boundary
current, 𝑇𝐼 the poleward transport in the interior, and 𝑈 is the integrated loss due to upwelling
polewards of 𝑦. Then, using (21.75),

𝑇𝐼 = ∫
𝑥𝐸

𝑥𝑊
𝑣𝐻d𝑥 = ∫

𝑥𝐸

𝑥𝑊

𝑓𝑤0
𝛽

d𝑥 = 𝑓
𝛽
𝑤(𝑥𝐸 − 𝑥𝑊). (21.81)

The upwelling loss is given by

𝑈 = ∫
𝑥𝐸

𝑥𝑊
∫
𝑦𝑁

𝑦
𝑤d𝑥 = 𝑤0(𝑥𝐸 − 𝑥𝑊)(𝑦𝑁 − 𝑦), (21.82)

where 𝑦𝑁 denotes the northern (polar) boundary. Assuming the source term is known, then using
(21.80) we obtain the strength of the western boundary current,

𝑇𝑊(𝑦) = 𝑆0 + 𝑇𝐼 − 𝑈 = 𝑆0 +
𝑓
𝛽
𝑤(𝑥𝐸 − 𝑥𝑊) − 𝑤0(𝑥𝐸 − 𝑥𝑊)(𝑦𝑁 − 𝑦). (21.83)

To close the problem we use the fact that over the entire basin mass must be balanced, which
gives a relationship between 𝑤0 and 𝑆0,

𝑆0 = 𝑤0𝛥𝑥𝛥𝑦, (21.84)
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Fig. 21.14 Mass budget in an idealized abyssal ocean.
Polewards of some latitude 𝑦, the mass source (𝑆0)
plus the poleward mass flux across 𝑦 (𝑇𝐼) are equal to
the sum of the equatorward mass flux in the western
boundary current (𝑇𝑊) and the integrated loss due to
upwelling (𝑈) polewards of 𝑦. See (21.80).

where 𝛥𝑥 = 𝑥𝐸 − 𝑥𝑊 and 𝛥𝑦 = 𝑦𝑁 − 𝑦𝑆, with 𝑦𝑆 being the southern boundary of the domain. The
strength of the circulation (i.e., themagnitude of 𝑆0 or𝑤0) is in reality determined by the diffusivity,
𝜅, as previously discussed, and here we take it as a given.

Using (21.84), (21.83) becomes

𝑇𝑊(𝑦) = −𝑤0 (𝛥𝑥(𝑦𝑁 − 𝑦) −
𝑓
𝛽
𝛥𝑥 − 𝛥𝑥𝛥𝑦) = 𝑤0𝛥𝑥(𝑦 − 𝑦𝑆 +

𝑓
𝛽
) . (21.85)

With no loss of generality we will take 𝑦𝑆 = 0 and 𝑓 = 𝑓0 + 𝛽𝑦. Then (21.85) becomes

𝑇𝑊(𝑦) = 𝑤0𝛥𝑥 (2𝑦 + 𝑓0/𝛽) , (21.86)

or, using 𝑆0 = 𝑤0𝛥𝑥𝑦𝑁,

𝑇𝑊(𝑦) =
𝑆0
𝑦𝑁
(2𝑦 − 𝑓0
𝛽
) . (21.87)

With a slight loss of generality (but consistent with the spirit of the planetary-geostrophic approx-
imation) we take 𝑓0 = 0, which is equivalent to supposing that the equatorial boundary of the
domain is at the equator, and finally obtain

𝑇𝑊(𝑦) = 2𝑆0
𝑦
𝑦𝑁
. (21.88)

At the northern boundary this becomes

𝑇𝑊(𝑦) = 2𝑆0, (21.89)

which means that the flow southwards from the source is twice the strength of the source itself!
We also see that:

(i) the western boundary current is equatorward everywhere;
(ii) at the northern boundary the equatorward transport in the western boundary current is

equal to twice the strength of the source;
(iii) the northwardmass flux at the northern boundary is equal to the strength of the source itself.

We may check this last point directly: from (21.81)

𝑇𝐼(𝑦𝑁) =
𝛽𝑦𝑁
𝛽
𝑤0𝛥𝑥 = 𝑆. (21.90)
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Fig. 21.15 Schematic of a Stommel–Arons circulation in a
single sector. The transport of the western boundary current
is greater than that provided by the source at the apex, il-
lustrating the property of recirculation. The transport in the
western boundary current𝑇𝑊 decreases in intensity equator-
ward, as it loses mass to the polewards interior flow, and
thence to upwelling. The integrated sink, due to upwelling,
𝑈, exactly matches the strength of the source, 𝑆0.

S0

U

TW

The fact that convergence at the pole balances 𝑇𝑊 and 𝑆0 does not of course depend on the partic-
ular choice we made for 𝑓 and 𝑦𝑆.

The flow pattern evidently has the property of recirculation (see Fig. 21.15): this is one of the
most important properties of the solution, and one that is likely to transcend all the limitations
inherent in the model. This single-hemisphere model may be thought of as a crude model for
aspects of the abyssal circulation in the North Atlantic, in which convection at high latitudes near
Greenland is at least partially associated with the abyssal circulation. In the North Pacific there
is, in contrast, little if any deep convection to act as a mass source. Rather, the deep circulation is
driven by mass sources in the opposite hemisphere, and we now consider a simple model of this.

21.5.3 A Two-hemisphere Model
Our treatment now is even more obviously heuristic, since our domain crosses the equator yet we
continue to use the planetary-geostrophic equations, invalid at the equator. We also persist with
Cartesian geometry, even for these global-scale flows. In our defence, we remark that the value of
the solutions lies in their qualitative structure, not in their quantitative predictions. Let us consider
a situation with a source in the Southern Hemisphere but none in the Northern Hemisphere. For
later convenience we take the Southern Hemisphere source to be of strength 2𝑆0, and we suppose
the two hemispheres have equal area. As before, the upwelling is uniform, so that to satisfy global
mass balance 𝑆0 and 𝑤0 are related by

𝑆0 = 𝑤0𝛥𝑥𝛥𝑦, (21.91)

where 𝛥𝑥𝛥𝑦 is the area of each hemisphere. Then, for a given 𝑤0, the zonally integrated poleward
interior flow in each hemisphere, away from the equator, follows from Sverdrup balance,

𝑇𝐼(𝑦) =
𝑓
𝛽
𝑤0(𝑥𝐸 − 𝑥𝑊) = 𝑆0

𝑦
𝑦𝑝
, (21.92)

where 𝑦𝑝 is either 𝑦𝑁 (the northern boundary) or 𝑦𝑆. The western boundary current is assumed to
‘take up the slack’, that is to be able to adjust its strength to satisfy mass conservation. Thus, since
𝑇𝐼(𝑦𝑁) = 𝑆0, where 𝑆0 is half the strength of the source in the Southern Hemisphere, it is plain
that there must be a southwards flowing western boundary current near the northern end of the
Northern Hemisphere, even in the absence of any deep water formation there!

In the northern hemisphere, the total loss due to upwelling polewards of a latitude 𝑦 is given
by

𝑈(𝑦) = 𝑤0𝛥𝑥|𝑦𝑁 − 𝑦|. (21.93)
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Fig. 21.16 Schematic of a Stommel–Arons circula-
tion in a two-hemisphere basin. There is only one mass
source, and this is in the Southern Hemisphere and for
convenience it has a strength of 2. Although there is
no source in the Northern Hemisphere, there is still
a western boundary current and a recirculation. The
integrated sinks due to upwelling exactly match the
strength of the source.

The strength of the western boundary current is then given by, with southward flow positive,

𝑇𝑊(𝑦) = 𝑇𝐼 − 𝑈 =
𝑓
𝛽
𝑤0𝛥𝑥 − 𝑤0𝛥𝑥(𝑦𝑁 − 𝑦) = −𝑤0𝛥𝑥(𝑦𝑁 − 2𝑦), (21.94)

using 𝑓 = 𝛽𝑦. The boundary current thus changes sign halfway between equator and North Pole,
at 𝑦 = 𝑦𝑁/2. [In spherical coordinates, the analogous latitude turns out to be at 𝜃 = sin−1(1/2).]
At the North Pole 𝑦 = 𝑦𝑁 and we have

𝑇𝑊(𝑦𝑁) = 𝑤0𝛥𝑥𝑦 = 𝑆. (21.95)

The solution is illustrated schematically in Fig. 21.16. We can (rather fancifully) imagine this to
represent the abyssal circulation in the PacificOcean, with no source of deepwater at high northern
latitudes.17

21.5.4 Summary Remarks on the Stommel–Arons Model
If we were given the location and strength of the sources of deep water in the real ocean, the
Stommel–Arons model could give us a global solution for the abyssal circulation. The solution
for the Atlantic, for example, resembles a superposition of Fig. 21.15 and Fig. 21.16 (with deep wa-
ter sources in the Weddell Sea and near Greenland), and that for the Pacific resembles Fig. 21.16
(with a deep water source emanating from the Antarctic Circumpolar Current). Perhaps the great-
est success of the model is that it introduces the notions of deep western boundary currents and
recirculation — enduring concepts of the deep circulation that remain with us today. For example,
the North Atlantic ocean does have a well-defined deep western boundary current running south
along the eastern seaboard of Canada and the United States, as seen in Fig. 21.17. However, in
other important aspects the model is found to be in error, in particular it is found that there is little
upwelling through the main thermocline — much of the water formed by deep convection in the
North Atlantic in reality upwells in the Southern Hemisphere.18 Are there fundamental problems
with themodel, or just discrepancies in details that might be corrected with a slight reformulation?
To help answer that we summarize the assumptions and corresponding predictions of the model,
and distinguish the essential aspects from what is merely convenient:
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Fig. 21.17 The ocean currents at a depth of
2500m in the North Atlantic, obtained us-
ing a combination of observations andmodel
(as in Fig. 19.3). Note the southwards flowing
deep western boundary current.

60 N

50 N

40 N

30 N

20 N
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(i) A foundational assumption is that of linear geostrophic vorticity balance in the ocean abyss,
represented by 𝛽𝑣 ≈ 𝑓𝜕𝑤/𝜕𝑧, or its shallow water analogue.
— The effects of mesoscale eddies are thereby neglected. As discussed in Chapter 12, in

their mature phase mesoscale eddies seek to barotropize the flow, and so create deep
eddying motion that might dominate the deep flow.

(ii) A second important assumption is that of uniform upwelling, across isopycnals, into the
upper ocean, and that 𝑤 = 0 at the ocean bottom. When combined with (i) this gives rise to
a poleward interior flow, and by mass conservation a deep western boundary current. The
upwelling is a consequence of a finite diffusion, which in turn leads to deep convection as in
the model of sideways convection of Section 21.1.
— The uniform-upwelling assumption might be partially relaxed, while remaining in the

Stommel–Arons framework, by supposing (for example) that the upwelling occurs near
boundaries, or intermittently, with corresponding detailed changes to the interior flow.

— If bottom topography is important, then 𝑤 ≠ 0 at the ocean bottom. This effect may
be most important if mesoscale eddies are present, for then in an attempt to maintain
its value of potential vorticity the abyssal flow will have a tendency to meander nearly
inviscidly along contours of constant topography. In the presence of amid-ocean ridge,
some of the deepwestern boundary currentmight travelmeridionally along the eastern
edge of the ridge instead of along the coast.

— The deep water might not upwell across isopycnals, but might move along isopycnals
that intersect the surface (or are connected to the surface by convection). If so, then in
the presence of mechanical forcing a deep circulation could be maintained even in the
absence of a diapycnal diffusivity. The circulation might then be qualitatively different
from the Stommel–Arons model, although a linear vorticity balance might still hold,
with deep western boundary currents. This is discussed in Section 21.6.

Even if the Stommel–Arons picture were to be essentially correct, we should not consider the deep
flow as being driven by deep convection at the source regions. It is a convenience to specify the
strength of the source term in these regions for the calculations but, just as in the models of side-
ways convection considered in Section 21.1, the overall strength of the circulation (insofar as it is
buoyancy driven) is a function of the size of the diffusivity and the meridional buoyancy gradient
at the surface.
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Fig. 21.18 Two independent estimates of the zonally-averaged overturning circulation of the world’s
ocean. The left panel is from an inverse model that mainly uses hydrographic observations, and shows
the residual circulation. The right panel is a state estimation that makes explicit use of a numerical model,
and shows the Eulerian circulation. 20

21.6††† A MODEL OF DEEP WIND-DRIVEN OVERTURNING
There is no need to ask the question ‘Is the model true?’. If ‘truth’ is to be the ‘whole truth’ the
answer must be ‘No’. The only question of interest is ‘Is the model illuminating and useful?’
George E. Box, Robustness in the strategy of scientific model building, 1979.

We previously noted that, with values of the diapycnal diffusivity that are measured in the main
thermocline, the theoretical predictions of the moc are rather weaker than observations suggest.
There are two possible resolutions to this problem. One is that the measured diapycnal diffusivity
is in fact large in some parts of the ocean (e.g., in the abyss over steep topography), and if this
were sufficient to produce the measured overturning and stratification the issue would be resolved.
However, such a calculation would likely be fraught with uncertainty. A second and more straight-
forward resolution would arise if a deep circulation, and deep stratification, could be maintained
by a mechanism that was independent of the diapycnal diffusivity. This second approach is the one
we shall take in for much of the rest of this chapter. Specifically, our goal is to construct and ex-
plore models of the overturning circulation of the ocean, and the concomitant deep stratification,
that have a ‘wind-driven’ component that persists even as the diffusivity goes to zero.19

21.6.1 Observations and Physical Principles
We are motivated by the observation that the moc is in large part interhemispheric, with water
sinking at high northern latitudes and upwelling in the Antarctic Circumpolar Current (acc), as
seen for the global circulation in Fig. 21.18 (where the left panel better shows the trajectory of water
parcels) and in the Atlantic in Fig. 21.29. The Atlantic moc (which is the dominant contributor to
the global moc) is dominated by two cells, an upper cell of North Atlantic Deep Water (nadw)
with water sinking at about 60°N, moving southwards largely along isopycnals and upwelling in
the south. Beneath this cell lies Antarctic Bottom Water (aabw), with sinking at high southern
latitudes followed by a deep cross hemispheric circulation and upwelling again in the acc. We
would like to construct a purely wind-driven model that shows these features as simply as possible.

In the absence of a diapycnal diffusivity no upwelling can occur through the stratification, be-
cause that is a diabatic process. Rather, if there is deep stratification, the deepwatermust be directly
connected to the surface along isopycnals or via a convective pathway, for convection, although
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Fig. 21.19 Idealized geometry of the South-
ern Ocean: a re-entrant channel, partially
blocked by a sill, is embedded within a closed
rectangular basin; thus, the channel has peri-
odic boundary conditions. The channel is a
crude model of the Antarctic Circumpolar Cur-
rent, with the area over the sill analogous to the
Drake Passage.

z
y
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diabatic, does not rely on a finite eddy diapycnal diffusivity. Let us recall two de facto principles
about deep circulation:
(i) A basin will, in the absence of mechanical forcing, tend to fill with the densest available fluid.
(ii) Light fluid forced down by wind may displace the cold fluid, so producing stratification.

A completely closed ocean thus fills completely with dense polar water, except in the upper several
hundred metres where the main thermocline forms. However, suppose that the polewards part
of the basin is not fully enclosed but is periodic, as illustrated in Fig. 21.19, with a sill across it at
mid-depth, and suppose too that the surface temperature decreases monotonically polewards. A
fully enclosed basin exists only beneath the level of the sill, and we may expect the densest water
in the basin, formed at the polewards edge of the domain, to fill the basin only below the level of
the sill, and that above this may lie warmer water with origins at lower latitudes. Furthermore,
suppose that an eastward wind blows over the channel that produces an equatorial flow in the
Ekman layer. Then mass conservation demands that there must exist a subsurface return flow, and
thus a meridional overturning circulation is set up. Note the essential role of the channel in this:
if the gap were closed, then the return flow could take place at the surface via a western boundary
current, as in a conventional subpolar gyre, and no overturning circulation need be set up. But in
a zonally-periodic channel, an eastward wind produces a northward Ekman flow that can only be
balanced by a return flow at depth — that is, a meridional overturning circulation.

21.6.2 A Single-hemisphere Model
Let us first a single-hemisphere basin with a periodic channel near its poleward edge. We suppose
the basin to be in the southern hemisphere, so the channel represents the Antarctic Circumpolar
Current (acc), and that the dynamics are Boussinesq and planetary-geostrophic. We will choose
extremely simple forms of wind and buoyancy forcing to allow us to obtain an analytic solution,
and then later discuss how the qualitative forms of these solutions might more apply generally.

Wind and buoyancy forcing
Thermodynamic forcing is imposed by fixing the surface buoyancy, 𝑏𝑠. (In the discussion follow-
ing salinity is absent, and buoyancy is virtually equivalent to temperature.) South of the gap we
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Fig. 21.20 The surface buoyancy 𝑏𝑠, meridional Ekman velocity 𝑣𝐸, vertical Ekman velocity 𝑤𝐸
and the solution streamlines for the geostrophic horizontal flow, omitting the western boundary
currents. The ordinate in all plots is latitude, with the pole at the bottom, and the four fields are
given by, respectively, (21.96), (21.97a), (21.97b) and (21.98), with purely zonal flowgiven by (21.101)
in the channel.

suppose the buoyancy to be constant, then that it increases linearly across the gap, and is constant
again polewards of the gap. Thus, there is no temperature gradient across the subtropical gyre,
focusing attention on the influence of the channel. Thus, referring to Fig. 21.20 or Fig. 21.21 for
the definitions of the geometric factors,

𝑏𝑠 =
{{{{
{{{{
{

𝑏1, 𝑦0 ≤ 𝑦 ≤ 𝑦1,
𝑏1 +
(𝑏2 − 𝑏1)(𝑦 − 𝑦1)
𝑦2 − 𝑦1

, 𝑦1 ≤ 𝑦 ≤ 𝑦2,

𝑏2, 𝑦 ≥ 𝑦2,

� (21.96)

where 𝑏2 > 𝑏1, and both are constants, and we may take 𝑏1 = 0 and 𝑦0 = 0.
The wind forcing is purely zonal, and it is convenient to express this in terms of the Ekman

transport and associated pumping (refer to section 5.7). In the channel the Ekman transport is
chosen to be (realistically) equatorward and (less realistically) constant, a simplification that avoids
complications of wind-driven upwelling in the channel. South (polewards) of the channel there
is a conventional subpolar gyre, with an Ekman upwelling and an equatorward Ekman transport
that joins smoothly to that of the channel. Equatorwards of the channel there is a conventional
subtropical gyre, with Ekman downwelling. All this may be achieved by specifying:

𝑣𝐸 =

{{{{{
{{{{{
{

𝑉
2
[1 − cos( π𝑦

𝛥𝑦1
)]

𝑉
𝑉
2
[1 + cos(π(𝑦 − 𝑦2)

𝛥𝑦2
)]

�𝑤𝐸 =

{{{{{
{{{{{
{

𝑊1 sin(
π𝑦
𝛥𝑦1
) 0 ≤ 𝑦 < 𝑦1

0 𝑦1 ≤ 𝑦 < 𝑦2
−𝑊2 sin(

π(𝑦 − 𝑦2)
𝛥𝑦2
) 𝑦2 ≤ 𝑦 <y3,

� (21.97a,b)

where𝛥𝑦1 = 𝑦1,𝛥𝑦2 = 𝑦3−𝑦2, and𝑉 is a constant that determines themagnitude of themeridional
Ekman flow. The meridional Ekman transport, 𝑣𝐸, is related to the Ekman pumping by 𝑤𝐸/𝛿𝐸 =
𝜕𝑣𝐸/𝜕𝑦, so that𝑊𝑖 = 𝛿𝐸π𝑉/(2𝛥𝑦𝑖), where 𝛿𝐸 is the Ekman layer thickness. If 𝑓 were constant,
the wind-stress curl would be proportional to the𝑤𝐸 field above. The precise details of the forcing
do not affect the qualitative form of the solution — they merely allow an analytic solution to be
obtained — but there are two essential aspects to it:
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Fig. 21.21 Cross-section of the structure of the
single-hemisphere ocean model described in Sec-
tion 21.6.2. The domain is zonally closed equator-
wards of 𝑦2 and polewards of 𝑦1, with a zonally
periodic channel between latitudes 𝑦1 and 𝑦2 and
above the sill, which has height 𝜂sill. The arrows
indicate the fluid flow driven by the equatorward
Ekman transport in the channel, and the solid lines
are isopycnals.
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(i) The surface is cold south of the channel, warm north of the channel, and there is a tempera-
ture gradient across the channel.

(ii) The Ekman flow is equatorwards within the channel, with conventional gyres to either side.
Themeridional extent of the region south of the channel and thewind forcingwithin it are relatively
unimportant, and the region could be shrunk to nearly zero.

Solution in the gyres
Below the depth of the sill the basin is fully enclosed, and therefore up to that level the basin will
fill with the densest available water (much as described in Section 21.1), except where it may be
displaced bywarmer fluid equatorward of the gap that is pumped down below the level of the sill by
the wind (Fig. 21.21). Thus, all of the domain south of the channel, and nearly everywhere below
the sill, the water has buoyancy 𝑏1. Polewards of the channel, then, the fluid is barotropic and its
vertically integrated horizontal circulation is given by Sverdrup balance, 𝛽𝑉 = 𝑓𝑤𝐸/𝐻, where 𝑉
is the vertically integrated flow. With the wind stress of (21.97) we get a conventional barotropic
subpolar gyre (and associated western boundary current) by the same methods that we employed
in Chapter 19.

Above the sill, net meridional geostrophic transfer is forbidden in the channel region, because
by geostrophic balance 𝑓𝑣𝑔 = 𝜕𝜙/𝜕𝑥 = 0, where 𝜙 is the pressure and the overbar denotes a zonal
average. Equatorward of the channel the region above the sill will therefore tend to fill with the
densest water available to it, and this is water with buoyancy equal to 𝑏2 (which is the buoyancy of
the water as it emerges from the channel). However, because of the presence of wind forcing, the
base of this layer is not flat; rather, this fluid obeys the dynamics of the reduced-gravity single-layer
ventilated thermocline model discussed in Section 20.7.1. In such a model the depth of the fluid
on the eastern boundary is constant, and this must be specified. Here, this is given by the height of
the sill, and therefore ℎ(𝑥 = 𝑥𝑒, 𝑦) = ℎ𝑒 = 𝐻 − 𝜂sill, where𝐻 is the total depth of the basin and 𝜂sill
is the sill height. Then, using (20.92) and (21.97), the thickness of the moving layer equatorward
of the sill is given by, for 𝑦2 < 𝑦 < 𝑦3,

ℎ2 = 𝐷2(𝑥, 𝑦) + ℎ2𝑒 , (21.98)

where
𝐷2 = −2𝑓

2

𝑔′𝛽
∫
𝑥𝑒

𝑥
𝑤𝐸 d𝑥′ =

2𝑓2
𝑔′𝛽
𝑊2(𝑥𝑒 − 𝑥) sin(

π(𝑦 − 𝑦2)
𝛥𝑦2
) , (21.99)

with 𝑔′ = 𝑏2 − 𝑏1. The solution is closed by the addition of a western boundary current. Note that
because ℎ > ℎ𝑒, the light fluid is pushed below the level of the sill in the subtropical gyre.
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Solution in the channel
In the channel, the fluid in the Ekman layer flows equatorward, and therefore there must be a com-
pensating poleward flow at depth. This will occur just below the level of the sill: it cannot be deeper,
because here the basin is full of denser, 𝑏1 fluid, and in the absence of eddying or ageostrophic flow
it cannot be shallower because of the geostrophic constraint. Now, because of the temperature
gradient across the channel the polewards flowing fluid is warmer than the fluid at the surface, and
therefore convectively unstable. Convection ensues, the result of which is the entire column of
fluid between the top of the sill and the surface mixes and takes on the temperature of the surface.
Thermal wind demands that there be a zonal flow associated with this meridional temperature
gradient, so this temperature distribution is advected eastwards into the interior of the channel.
Because the interior is presumed to be adiabatic, this temperature field extends zonally through-
out the channel. Thus, in steady state, the temperature everywhere in the channel above the level
of the sill is given by

𝑏(𝑥, 𝑦, 𝑧) = 𝑏𝑠(𝑦) = 𝑏1 +
(𝑏2 − 𝑏1)(𝑦 − 𝑦1)
𝑦2 − 𝑦1

, 𝑦1 ≤ 𝑦 ≤ 𝑦2, 𝑧 > 𝜂sill. (21.100)

Convective mixing does not rely on a diapycnal diffusivity other than a molecular one: convective
plumes are generally turbulent, generating small scales in the fluid interior where mixing and en-
trainment may occur; failing that, the lighter fluid is displaced to the surface where it cools by way
of interaction with the atmosphere. The zonal velocity within the channel is then given by thermal
wind balance, so that

𝑢(𝑥, 𝑦, 𝑧) = − 1
𝑓
( 𝑏2 − 𝑏1
𝑦2 − 𝑦1
) (𝑧 − 𝜂sill), (21.101)

and since 𝑓 < 0 the shear, 𝜕𝑢/𝜕𝑧, is positive.
Regarding the depth-integrated zonal momentum budget, the wind stress at the surface is bal-

anced by a pressure force against the sill walls. This pressure gradient arises through themeridional
circulation, as the southward return flow just below the level of the sill is associated with a zonal
pressure gradient that is exactly equal, but opposite, to the stress exerted by the wind. That is to
say, in the Ekman layer the wind stress is balanced by the Coriolis force on the equatorward flow
in the Ekman layer, which by mass conservation is equal and opposite to the Coriolis force on the
deep poleward flow, which by geostrophy is equal to the net pressure force on the sill walls. The
wind stress plays no role in determining the zonal transport of the channel: if the wind increases,
the meridional overturning and the pressure force increase but with no change to the transport.
This is a somewhat unrealistic feature of the model, for in reality the form stress induced by the
flow over bottom topography (and that balances the wind stress) is likely to be a function of the
zonal transport as well as the meridional transport.

A qualitative summary
The circulation of the model may be described as follows. The entire basin polewards of the chan-
nel fills with dense, 𝑏1, water. Below the sill this fluid extends equatorward, filling the lower part
of the channel and subtropical basin, up to the level of the sill. Now, Ekman pumping in the chan-
nel forces near-surface fluid equatorward, which warms as it goes, entering the subtropical basin
with buoyancy 𝑏2. This fluid fills the basin down to the level of the sill, where it encounters the
dense, 𝑏1, fluid. The subtropical basin is wind-driven, and it forms a subtropical gyre with a single
moving layer. Its dynamics are completely determined by specifying the wind, the reduced gravity
(𝑔′ = 𝑏2 − 𝑏1), and the depth of the fluid at the eastern boundary (the sill depth). Because of the
requirements of mass conservation, there must be a poleward return flow at depth, and so at the
level of the sill warm water flows polewards. This flow is convectively unstable (because the water
is lighter than that at the surface), and so the entire column of fluid mixes and its density takes
on the value at the surface. The meridional temperature gradient gives rise to an eastward flow,
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and this temperature field is advected zonally, and in steady state the temperature distribution is
zonally symmetric and given by (21.100). The overturning circulation within the acc is known as
the Deacon Cell, and this is a crude model of it. It is considered further in Section 21.7.

If the diapycnal diffusivity were non-zero, the sharp boundary between the two fluid masses at
the sill height would be diffused to a front of finite thickness, with some upwelling and water mass
transformation occurring across the front. This diffusive loss of dense fluid would be compensated
by water-mass formation at the surface, polewards of the channel, leading to a deep, diffusively-
driven circulation. That is, the deep water mass of 𝑏1 fluid would circulate: this is a crude model
of the ‘Antarctic Bottom Water’ cell.

Suppose now that the wind were everywhere zero, and the diffusivity small but non-zero. The
cold, 𝑏1 fluid would quickly completely fill the basin polewards of the channel, and would also fill
the basin equatorward of the channel up to the level of the sill. However, with no wind to drive
an overturning circulation dense 𝑏1 water would slowly drift ageostrophically across the channel,
displacing any warmer water until the entire basin were filled with the dense, 𝑏1, fluid, except for
a thin boundary layer at the top needed to satisfy the upper boundary condition. The final state
would be one of no motion, and no stratification, below this boundary layer.

The important overall conclusion to be drawn is the following: a deep meridional circulation
and a deep stratification can be maintained, even as the diapycnal diffusivity goes to zero, in the
presence of a wind forcing and a circumpolar channel. Of course there are a number of idealized or
unrealistic aspects to this model, perhaps the most egregious being:

• The vertical isopycnals in the channel will be highly baroclinically unstable. This will cause
the isopycnals to slump andwill potentially set up an eddy-induced circulation. We consider
this at length later on.
• This model has no surface temperature gradient across the subtropical gyre. If one were

present, it would lead to the formation of a ‘main’ subtropical thermocline, a full treatment
of which would require determining its eastern boundary conditions. This would not quali-
tatively affect the presence of a deep, wind-driven overturning circulation.
• The wind stress in the model channel is chosen so that the meridional Ekman transport is

constant. (This means the wind stress is chosen to vary in the same fashion as the Coriolis
parameter, and if𝑓were constant, thewind-stress curl would vanish.) Thus, there is nowind-
driven downwelling or upwelling in the channel, and this simplifies the solution. Numerical
simulations suggest that this choice does not affect the qualitative nature of the overturning
circulation or temperature distribution.

21.6.3 A Cross-equatorial Wind-driven Deep Circulation
Wequalitatively and heuristically extend the abovemodel to consider flow across the equator. Thus,
we suppose that the ocean basin extends to high northern latitudes, where there is, potentially,
another source of cold deep water. To keep the model simple and tractable we will assume a very
simple buoyancy structure:

𝑏𝑠 =

{{{{{{
{{{{{{
{

𝑏1, 0 ≤ 𝑦 ≤ 𝑦1,
𝑏1 +
(𝑏2 − 𝑏1)(𝑦 − 𝑦1)
𝑦2 − 𝑦1

, 𝑦1 ≤ 𝑦 ≤ 𝑦2,

𝑏2, 𝑦2 ≤ 𝑦 ≤ 𝑦4,
𝑏3 𝑦 > 𝑦4,

� (21.102)

where the geometry is illustrated in Fig. 21.22. Given that 𝑏2 > 𝑏1, there are three cases to consider:
(i) 𝑏3 > 𝑏2. This is not oceanographically relevant to today’s climate, nor does it provide another

potential deep water source.
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South Pole North PoleLatitude

Fig. 21.22 As for Fig. 21.21, but now for a two-
hemisphere ocean with a source of dense water,
𝑏3, at high northern latitudes. The solid lines are
isopycnals, and here the wind is zero in the North-
ern Hemisphere.

(ii) 𝑏3 < 𝑏1. The northern water is now the densest in the ocean, and would fill up the entire
basin north of the channel (except near the surface in regions where some 𝑏2 water is pushed
down by the wind), and so provide no mid-depth stratification.

(iii) 𝑏1 < 𝑏3 < 𝑏2. This is the most interesting and relevant case, and the only one we explore
further.

As regards the wind, we will assume that south of the equator this is given by (21.97). North of the
equator the wind forcing does not affect the qualitative nature of the overturning circulation, and
may be taken to be zero.

Descriptive solution

In case (iii), the entire basin below the sill fills with 𝑏1 water, except where wind forcing forces
warmer fluid below the sill level, as before. However, unlike the earlier case, the fluid above the
sill is predominantly 𝑏3 water from high northern latitudes. This forms in high polar latitudes
and fills most of the basin above the sill, from the basin boundary in the north to the channel in
the south (as discussed more below). However, except at latitudes where the 𝑏3 is formed, it does
not reach the surface because of the presence of 𝑏2 water. That water is pushed down by the wind
in the southern hemisphere to some as yet undetermined depth (discussed below), the boundary
between 𝑏2 and 𝑏3 water then forming the upper ocean thermocline.

These water masses circulate because of the wind forcing in the channel. As in the single-
hemisphere case, northwards flowing water emerges from the channel with buoyancy 𝑏2. This
emerges into a region of Ekman downwelling, with a northward transport carried by a western
boundary current. This transport crosses the equator finally reaching the latitudeswhere 𝑏3water is
formed where it sinks and returns equatorward, again in a western boundary current. (Away from
thewestern boundary layer there is nomeridional flow in the absence of diffusion, because the flow
satisfies 𝛽𝑣 = 𝑓𝜕𝑤/𝜕𝑧 and there is no upwelling.) This water then crosses the sill. However, unlike
the single-hemisphere case, in the northern part of the sill this water is denser than the surface
water; no convection occurs and so the 𝑏3 water extends upwards to the surface, where it warms by
contact with the atmosphere and is advected equatorward to become 𝑏2 water. Further south the
surface buoyancy in the channel is less than 𝑏3, and the column now mixes convectively, much as
in the single-hemisphere case. The solution is completed by specifying the thickness of the layer of
𝑏2 water at the surface. Now, if the circulation is in steady state, the meridional transport between
the gyres must equal that of the northward Ekman flow at the northern edge of the circumpolar
channel, and given the wind forcing, this is determined by the depth of the layer at the eastern
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boundary, a constant. Thus, in this model, global constraints determine the depth of the eastern
boundary of the thermocline.

Suppose that the wind were everywhere zero. Then, as in the single-hemisphere case, the cir-
culation would eventually die. Again, though, slow ageostrophic motion across the channel would
first allow the entire basin, within and on both sides of the channel, to fill with the densest available
water, and in the final steady state there would be no stratification (and no motion) below a thin
surface layer.

Suppose, on the other hand, that a small amount of diffusion were added to the wind-forced
model above. Then there would be mass exchange between the layers and, in particular, the deep
cell of 𝑏1 water would begin to circulate diffusively. In addition, the mid-depth cell would begin to
upwell through the 𝑏2–𝑏3 interface, and develop a diffusively driven circulation, in much the same
way as is illustrated in Fig. 20.15.

Summary remarks

The key result of this model is that, even as the diffusivity falls and the interior of the ocean be-
comes more and more adiabatic, a meridional cross-hemispheric circulation can be maintained,
provided that the wind across the circumpolar channel remains finite. The diabatic water mass
transformations all occur at the surface or in convection: these processes require a non-zero diffu-
sivity, but this can be the molecular diffusivity because the associated mixing involves turbulence,
which can generate arbitrarily small scales. (Note also that the convection that occurs in the cir-
cumpolar channel reduces the potential energy of the column, and requires no mechanical input
of energy.) Aside from the region of the acc, the meridional transport will occur (in this model)
in western boundary layers. Indeed, we may still expect to see a southwards flowing deep western
boundary current south of 𝑦4 and below the 𝑏2 water in Fig. 21.22, just as in the implicitly diffusive
Stommel–Arons model. In the acc itself, the meridional transport occurs in a subsurface current,
nestled against the sill. Although the overturning circulation in this model is ‘wind-driven’, the
possibility that it may be cross-equatorial depends upon the thermodynamic forcing; in particu-
lar, if there is no source of dense water in the northern hemisphere, then the basin above the sill
simply fills with 𝑏2 water, as in the model of Section 21.6.2, and there need be little or no inter-
hemispheric flow. We emphasize, too, that our model of interhemispheric flow is quite heuristic:
we have essentially posited that 𝑏2 water may continuously flow across the equator, possibly in a
western boundary current but without examining the equatorial dynamics at all.

The acc plays a key role in the above description but we have grossly oversimplified it. In
particular, the nearly vertical isopycnals of the model will be highly baroclinically unstable, and
this provides a convenient segue into our next topic.

21.7 THE ANTARCTIC CIRCUMPOLAR CURRENT

We now take a closer look at the Antarctic Circumpolar Current (acc) itself, with a focus on its
own internal dynamics; we come back to the connection with the rest of the world’s oceans in
Section 21.8. The acc system, sketched in Fig. 21.23, differs from other oceanic regimes primarily
in that the flow is, like that of the atmosphere, predominantly zonal and re-entrant. The two
obvious influences on the circulation are the strong, eastward winds (the ‘roaring forties’ and the
‘furious fifties’) and the buoyancy forcing associated with the meridional gradient of atmospheric
temperature and radiative effects that cause ocean cooling at high latitudes and warming at low
ones. Providing a detailed description of the resulting flow is properly the province of numerical
models, and here our goals are much more modest, namely to describe and understand some of
the fundamental dynamical mechanisms that determine the structure and transport of the system,
with a view to then connecting the acc to the rest of the world’s oceans.22
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Fig. 21.23 The major currents in the Southern
Ocean. Notable are the SouthAtlantic subtropic
gyre and the two main cores of the acc, associ-
ated with the Polar front and the sub-Antarctic
front.21

21.7.1 Steady and Eddying Flow
Consider again the simplified geometry of the SouthernOcean as sketched in Fig. 21.19. The ocean
floor is flat, except for a ridge (or ‘sill’) at the same longitude as the gyre walls; this is a crude repre-
sentation of the topography across theDrake Passage, that part of theACCbetween the tip of South
America and the Antarctic Peninsula. In the planetary-geostrophic approximation, the steady re-
sponse is that of nearly vertical isopycnals in the area above the sill, as illustrated in Fig. 21.21. Be-
low the sill a meridional flow can be supported and the isotherms spread polewards, as illustrated
in the left panel of numerical solutions using the primitive equations (Fig. 21.24).23

The stratification of the non-eddying simulation is similar to that predicted by the idealized
model illustrated in Fig. 21.21. However, the steep isotherms within the channel contain a huge
amount of available potential energy (ape), and the flow is highly baroclinically unstable. If baro-
clinic eddies are allowed to form, the solution is dramatically different: the isotherms slump, re-
leasing that ape and generatingmesoscale eddies that exercise control overmuch of the circulation.
An important conclusion is that baroclinic eddies are of leading-order importance in the dynamics
of the acc. A dynamical description of the acc without eddies would be qualitatively in error, in
much the same way as would a similar description of the mid-latitude troposphere (i.e., the Ferrel
Cell). These eddies transfer both heat and momentum, and much of the rest of our description
will focus on their effects.

21.7.2 Vertically Integrated Momentum Balance
The momentum supplied by the strong eastward winds must somehow be removed. Presuming
that lateral transfers of momentum are small the momentum must be removed by fluid contact
with the solid Earth at the bottom of the channel. Thus, let us first consider the vertically inte-
gratedmomentum balance in a channel, without regard to how themomentummight be vertically
transferred. We begin with the frictional–geostrophic balance, namely

𝒇 × 𝒖 = −∇𝜙 + 𝜕𝝉
𝜕𝑧
, (21.103)
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(a) (b)

Fig. 21.24 The zonally averaged temperature field in numerical solutions of the primitive equa-
tions in a domain similar to that of Fig. 21.19 (except that here the channel and sill are nestled
against the poleward boundary). Panel (a) shows the steady solution of a diffusive model with no
baroclinic eddies, and (b) shows the time averaged solution in a higher-resolution model that al-
lows baroclinic eddies to develop. Two contour values in each panel are labelled. The dotted lines
show the channel boundaries and the sill.24

where 𝝉 is the kinematic stress, 𝝉/𝜌0, and 𝜙 = 𝑝/𝜌0. Integrating over the depth of the ocean and
using Leibniz’s rule (that is, ∇∫0𝜂𝐵 𝜙d𝑧 = ∫

0
𝜂𝐵
∇𝜙d𝑧 − 𝜙𝐵∇𝜂𝐵), gives

𝒇 × 𝒖 = −∇𝜙 − 𝜙𝑏∇𝜂𝑏 + 𝝉𝑤 − 𝝉𝑓, (21.104)

where 𝝉𝑤 is the stress at the surface (due mainly to the wind) and 𝝉𝑓 is the frictional stress at
the bottom, a hat denotes a vertical integral and 𝜙𝑏 is the pressure at 𝑧 = 𝜂𝑏, where 𝜂𝑏 is the 𝑧-
coordinate of the bottom topography. The 𝑥-component of (21.104) is

−𝑓𝑣 = −𝜕𝜙
𝜕𝑥
− 𝜙𝑏
𝜕𝜂𝑏
𝜕𝑥
+ 𝜏𝑥𝑤 − 𝜏𝑥𝑓 , (21.105)

and on integrating around a line of latitude the term on the left-hand side vanishes by mass con-
servation and we are left with

− 𝜙𝑏
𝜕𝜂𝑏
𝜕𝑥
+ 𝜏𝑥𝑤 − 𝜏𝑥𝑓 = 0, (21.106)

where overbars denote zonal averages. The first term is the bottom, or topographic, form drag,
encountered in Sections 3.6 and 19.6, and observations and numerical simulations indicate that
it is this, rather than the frictional term 𝜏𝑥𝑓 , that predominantly balances the wind stress.25 We
address the question of why this should be so in section 21.7.5.

The vorticity balance is similarly dominated by a balance between bottom form-stress curl and
wind-stress curl. Taking the curl of (21.104), noting that ∇ ⋅ 𝒖 = 0, gives

𝛽𝑣 = −𝐤 ⋅ ∇𝜙𝑏 × ∇𝜂𝑏 + curl𝑧𝝉𝑤 − curl𝑧𝝉𝑓. (21.107)

Now, on integrating over an area bounded by two latitude circles and applying Stokes’ theorem the
𝛽-term vanishes by mass conservation and we regain (21.106). This means that Sverdrup balance,
in the usual sense of 𝛽𝑣 ≈ curl𝑧𝝉𝑤, cannot hold in the zonal average: the left-hand side vanishes but
the right-hand side does not. The same could be said for the zonal integral of (21.107) across a
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gyre, but the two cases do differ: In a gyre Sverdrup balance can (in principle) hold overmost of the
interior, with mass balance being satisfied by the presence of an intense western boundary current.
In contrast, in a channel where the dynamics are zonally homogeneous then 𝑣must be, on average,
zero at all longitudes and form drag and/or frictional terms must balance the wind-stress curl in
a given water column. Sverdrup balance is thus a less useful foundation for channel dynamics —
at least zonally homogeneous ones — than it is for gyres. Of course, the real acc is not zonally
homogeneous, and may contain regions of poleward Sverdrup flow balanced by equatorward flow
in boundary currents along the eastern edges of sills and continents, and the extent to which Sver-
drup flow is a leading-order descriptor of its dynamics is a matter of geography (and debate!). See
also Section 21.7.6.

Even though topographic drag may be dominant in removing momentum, non-conservative
frictional terms cannot be neglected, for two reasons. First, they are the means whereby kinetic
energy is dissipated. Second, if there is a contour of constant orographic height encircling the do-
main (i.e., encircling Antarctica) then the form drag will vanish when integrated along it. However,
the same integral of the wind stress will not vanish, and therefore must be balanced by something
else. To see this explicitly, write the vertically integrated vorticity equation, (21.107), in the form

𝛽𝑣 + 𝐽(𝜙𝑏, 𝜂𝑏) = curl𝑧𝝉𝑤 − curl𝑧𝝉𝑓. (21.108)

If we integrate over an area bounded by a contour of constant orographic height (i.e., constant 𝜂𝑏)
then both terms on the left-hand side vanish, and the wind stress along that line must be balanced
by friction. In the real ocean there may be no such contour that is confined to the acc— rather,
any such contour would meander through the rest of the ocean; indeed, no such confined contour
exists in the idealized geometry of Fig. 21.19.

21.7.3 Form Drag and Baroclinic Eddies

How does the momentum put in at the surface by the wind stress make its way to the bottom of
the ocean where it may be removed by form drag? We saw in Section 21.6.2 that one mechanism is
by way of a mean meridional overturning circulation, with an upper branch in the Ferrel Cell and
a lower branch at the level of the sill, with no meridional flow between. However, the presence of
baroclinic eddies allows an eddy form drag to pass momentum vertically within the fluid. Let’s see
how that works.

We model the channel as a finite number of fluid layers, each of constant density and lying one
on top of the other — a ‘stacked shallow water’ model, and one equivalent to a model expressed in
isopycnal coordinates. Thewind provides a stress on the upper layer, which sets it intomotion, and
this in turn, via themechanismof formdrag, provides a stress to the layer below, and so on until the
bottom is reached. The lowest layer then equilibrates via form drag with the bottom topography
or via Ekman friction, and the general mechanism is illustrated in Fig. 21.25.

Recalling the results of Section 3.6, the zonal form drag at a layer interface is given by

𝜏𝑖 = −𝜂𝑖
𝜕𝑝𝑖
𝜕𝑥
= −𝜌0𝑓𝜂𝑖𝑣𝑖 , (21.109)

where 𝑝𝑖 is the pressure and 𝜂𝑖 is the displacement at the 𝑖-th interface (i.e., between the 𝑖-th and
(𝑖 + 1)-th layer as in Fig. 21.26), and the overbar denotes a zonal average. If we define the averaged
meridional transport in each layer by

𝑉𝑖 = ∫
𝜂𝑖−1

𝜂𝑖
𝜌0𝑣d𝑧, (21.110)
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Fig. 21.25 Eddy fluxes and form drag in a Southern Hemisphere channel, viewed from the south. Cold
(less buoyant) water flows equatorwards and warm water poleward, so that 𝑣′𝑏′ < 0. The pressure field
(dashed lines) provides a form drag on the successive layers, 𝑭𝑝, shown. At the ocean bottom the westward
form drag on the fluid arising through its interaction with the orography is equal and opposite to that of
the eastward wind stress at the top. The mass fluxes in each layer are given by 𝑣′ℎ′ ≈ −𝜕𝑧(𝑣′𝑏′/𝑁2). If the
magnitude of buoyancy displacement increases with depth then 𝑣′ℎ′ < 0.

then, neglecting the meridional momentum flux divergence (for reasons given in the next subsec-
tion), the time and zonally averaged zonal momentum balance for each layer of fluid are:

−𝑓𝑉1 = 𝜏𝑤 − 𝜏1 = 𝜂1
𝜕𝑝1
𝜕𝑥
+ 𝜏𝑤, (21.111a)

−𝑓𝑉𝑖 = 𝜏𝑖−1 − 𝜏𝑖 = −𝜂𝑖−1
𝜕𝑝𝑖−1
𝜕𝑥
+ 𝜂𝑖
𝜕𝑝𝑖
𝜕𝑥
, (21.111b)

−𝑓𝑉𝑁 = 𝜏𝑁−1 − 𝜏𝑁 = −𝜂𝑁−1
𝜕𝑝𝑁−1
𝜕𝑥
+ 𝜂𝑏
𝜕𝑝𝑏
𝜕𝑥
− 𝜏𝑓, (21.111c)

where the subscripts 1, 𝑖 and 𝑁 refer to the top layer, an interior layer, and the bottom layer, re-
spectively. Also, 𝜂𝑏 is the height of the bottom topography and 𝜏𝑤 is the zonal stress imparted by
the wind which, we assume, is confined to the uppermost layer. The term 𝜏f represents drag at the
bottom due to Ekman friction, but we have neglected any other viscous terms or friction between
the layers.

The vertically integrated meridional mass transport must vanish, and thus summing over all
the layers (21.111) becomes

0 = 𝜏𝑤 − 𝜏𝑓 − 𝜏𝑁, (21.112)

or, noting that 𝜏𝑁 = −𝜂𝑏𝜕𝑝𝑏/𝜕𝑥,

𝜏𝑤 = 𝜏𝑓 − 𝜂𝑏
𝜕𝑝𝑏
𝜕𝑥
. (21.113)
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Thus, the stress imparted by the wind (𝜏𝑤) may be communicated vertically through the fluid by
form drag, and ultimately balanced by the sum of the bottom form stress (𝜏𝑁) and the bottom
friction (𝜏𝑓).

Momentum dynamics in height coordinates
We now look at these same dynamics in height coordinates, using the quasi-geostrophic tem for-
malism, and it may be helpful to review Section 10.3 before proceeding. As in (10.61), we write
the zonally averaged momentum equation in the form

− 𝑓0𝑣∗ = ∇𝑚 ⋅ 𝓕 +
𝜕𝜏
𝜕𝑧
, (21.114)

where 𝑣∗ = 𝑣 − 𝜕𝑧(𝑣′𝑏′/𝑏𝑧) is the residual meridional velocity, 𝜏 is the zonal component of the
kinematic stress (wind-induced and frictional, and typically important only in an Ekman layer at
the surface and in a frictional layer at the bottom) and𝓕 is the Eliassen–Palm flux, which satisfies

∇𝑚 ⋅ 𝓕 = −
𝜕
𝜕𝑦
𝑢′𝑣′ + 𝜕
𝜕𝑧
( 𝑓0
𝑁2
𝑣′𝑏′) = 𝑣′𝑞′. (21.115)

Now, if the horizontal velocity and buoyancy perturbations are related by 𝑣′ ∼ 𝑏′/𝑁 (meaning
available potential energy and kinetic energy are roughly similar, see also Section 12.4), then the
two terms comprising the potential vorticity flux scale as

𝜕
𝜕𝑦
𝑢′𝑣′ ∼ 𝑣

′2

𝐿𝑒
, 𝜕
𝜕𝑧
(𝑓0
𝑣′𝑏′

𝑏𝑧
) ∼ 𝑣

′2

𝐿𝑑
, (21.116)

where 𝐿𝑒 is the scale of the eddies and 𝐿𝑑 is the deformation radius. If the former is much larger
than the latter, as we might expect in a field of developed geostrophic turbulence (and as is ob-
served in the acc), then the potential vorticity flux is dominated by the buoyancy flux and (21.114)
becomes

−𝑓0𝑣∗ ≈
𝜕𝜏
𝜕𝑧
+ 𝜕
𝜕𝑧
(𝑓0
𝑣′𝑏′

𝑏𝑧
). (21.117)

In the ocean interior the frictional terms, 𝜕𝜏/𝜕𝑧, are small, and (21.117) represents a balance be-
tween the Coriolis force on the residual flow and the form stress associated with the vertical com-
ponent of the EP flux (an association further explained in Section 10.4.3).

If we integrate (21.117) over the depth of the channel the term on the left-hand side vanishes
and we have

𝜏𝑤 = 𝜏𝑓 − [𝑓0
𝑣′𝑏′

𝑏𝑧
]
0

−𝐻
, (21.118)

where 𝜏𝑤 is the wind stress and 𝜏𝑓 is the frictional stress at the bottom (both divided by 𝜌0). Equa-
tion (21.118) expresses essentially the same momentum balance as (21.113). Thus, the EP flux
expresses the passage of momentum vertically through the water column, the momentum being
removed at the bottom through frictional stresses and/or form drag with the orography.

Mass fluxes and thermodynamics
Associated with the form drag is a meridional mass flux in each layer, which in the layered model
appears as𝑉𝑖 (a thickness flux) in each layer. The satisfaction of the momentum balance at a partic-
ular latitude goes hand-in-hand with the satisfaction of the mass balance. Above any topography
the Eulerian mean momentum equation is, with quasi-geostrophic scaling and neglecting eddy
momentum fluxes,

𝑓0𝑣 =
𝜕𝜏
𝜕𝑧
, (21.119)
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Snapshot of eddying low
Residual, or 

thickness-weighted  

averaged low

Fig. 21.26 An example of the meridional flow in an eddying channel. The eddying flow may be
organized such that, even though at any given level the Eulerian meridional flow may be small,
there is a net flow in a given isopycnal layer. The residual (𝑣∗) and Eulerian (𝑣) flows are related by
𝑣∗ = 𝑣 + 𝑣′ℎ′/ℎ; thus, the thickness-weighted average of the eddying flow on the left gives rise to
the residual flow on the right, where 𝜂𝑖 denotes the mean elevation of the isopycnal interface 𝜂𝑖.

where 𝑣 is the zonally averaged meridional velocity and 𝜏 is the zonal component of the kinematic
stress. The zonally averaged meridional flow is thus purely ageostrophic and since the stress, 𝜏,
is fairly constant in the interior, the mean meridional flow is non-zero only near the surface (i.e.,
equatorward Ekman flow) and near the ocean bottom, where the flow can be supported by friction
and/or form drag. Even in an eddying flow, the Eulerian circulation is primarily confined to the
upper Ekman layer and a frictional or topographically interrupted layer at the bottom, as sketched
in Fig. 21.27. This is a perfectly acceptable description of the flow, and is not an artifact in any way.

However, and analogously to the atmospheric Ferrel Cell (Sections 14.7 and 15.2.2), if the flow
is unsteady this circulation does not necessarily represent the flow of water parcels, nor does it
imply that water parcels cross isopycnals, asmight be suggested by the dark blue circulation (𝜓Euler)
in Fig. 21.27. The flow of parcels is better represented by the residual, or thickness-weighted, flow,
and as sketched in Fig. 21.26 and Fig. 21.27 there can be a net meridional residual flow in a given
layer (i.e., of a given water mass type) even when the net meridional Eulerian flow at the level of
mean height of the layer is zero.

The vertically integrated residual mass flux must vanish, and even though one component of
this— the equatorward Ekmanflow— is determinedmechanically, the overall sense of the residual
circulation is not determined by the momentum balance alone: thermodynamic effects play a role.
The zonally averaged thermodynamic equation may be written in tem form as

𝜕𝑏
𝜕𝑡
+ 𝐽(𝜓∗, 𝑏) = 𝑄[𝑏], (21.120)

where 𝐽(𝜓∗, 𝑏) = (𝜕𝑦𝜓∗)(𝜕𝑧𝑏) − (𝜕𝑧𝜓∗)(𝜕𝑦𝑏) = 𝑣∗𝜕𝑦𝑏 + 𝑤∗𝜕𝑧𝑏, 𝜓∗ is the streamfunction of the
residual flow and 𝑄[𝑏] represents heating and cooling, which occur mainly at the surface. In the
ocean interior and in a statistically steady state we therefore have

𝐽(𝜓∗, 𝑏) = 0, (21.121)
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 Euler Fig. 21.27 Idealization of the Eulerian, eddy-induced
(‘bolus’), and residual streamfunctions in a circumpo-
lar channel. The clockwise Eulerian circulation is forced
by the eastward winds, the bolus circulation opposes it,
and the net, or residual, circulation is nearly along isopy-
cnals.26

the general solution of which is 𝜓∗ = 𝐺(𝑏), where 𝐺 is an arbitrary function. That is, the interior
residual flow is along isopycnals (Fig. 21.27). At the surface, however, the flow is generally not
adiabatic, because of heat exchange with the atmosphere, and so the residual flow can be across
isopycnals. The sense of the subsurface circulation determines how the form drag varies with
depth; if the residual flow were zero, for example, then, either from (21.111) or from (21.117), we
see that the form drag must be constant with depth.

21.7.4††† An Idealized Adiabatic Model

We finally consider a simple but rather illuminating model of the acc.27 The simplifying assump-
tion we make is that the flow is adiabatic everywhere; it then follows that the net overturning, as
given by the residual circulation, is zero. We can see this by first noting that in a statistically steady
state the flow satisfies (21.121), implying that the residual flow is along isopycnals. However, if
there is a meridional buoyancy gradient at the surface (where isopycnals outcrop) there can be no
surface residual flow (because this would be cross-isopycnal); it then follows that there can be no
net flow along isopycnals in the interior, because if these outcrop there would be a net fluid source,
and hence diapycnal flow, at the surface. This idealized limit has thus led to the ‘vanishing of the
Deacon Cell’. In reality the flow is not adiabatic near the surface and the residual flow will not
vanish, but it is likely to be weaker than either the Eulerian or the eddy-induced flow (as sketched
in Fig. 21.27).

The zonal momentum equation in this limit follows from (21.117), which with 𝑣∗ = 0 gives

𝜕𝜏
𝜕𝑧
≈ − 𝜕
𝜕𝑧
(𝑓0
𝑣′𝑏′

𝑏𝑧
) . (21.122)

The equivalent balance for the Eulerian flow is, using the definition of 𝑣∗,

− 𝑓0𝑣 =
𝜕𝜏
𝜕𝑧

→ 𝑓0𝑣 = 𝑓0
𝜕
𝜕𝑧
(𝑣
′𝑏′

𝑏𝑧
) . (21.123a,b)

These equations represent dynamical balances; they do not follow from the momentum equation
withoutmaking additional assumptions, in this case that 𝑣∗ = 0. In the residual equation, (21.122),
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the wind stress is balanced by the divergence of the Eliassen–Palm flux, which is dominated by
the contribution from the buoyancy flux, and in the ocean interior where the stress is small the
meridional buoyancy flux will be constant with height. Equation (21.123b) represents a balance
between the Coriolis force on the equatorward flow and form drag. If the frictional stress is small
in the interior then the form drag does not vary in the vertical and the right-hand side of (21.123)
is small. The zonally averaged meridional flow in the interior is then also small, and the equatorial
flow in the top Ekman layer is balanced by a return flow at the bottom of the ocean involving
topographic form stress or a bottom Ekman layer.

Integrating (21.122) from the surface (where 𝜏 = 𝜏𝑤) to a stress-free level in the interior (where
𝜏 = 0) gives

𝜏𝑤 = 𝑓0
𝑣′𝑏′

𝑏𝑧
, (21.124)

if the buoyancy flux at the surface is small. If we are now willing to parameterize the eddy fluxes
in terms of the mean flow, then we can predict the stratification. Thus, let 𝑣′𝑏′ = −𝜅 𝜕𝑏/𝜕𝑦, where
𝜅 is an eddy diffusivity, and noting that 𝑠 = −𝑏𝑦/𝑏𝑧 is the slope of the isopycnals, we find

𝜏𝑤 = 𝜅𝑓0𝑠 = 𝜅
𝑓20
𝑏𝑧
𝜕𝑢
𝜕𝑧
, (21.125)

where the second equality uses thermal wind balance. Thus, given 𝜅, we can predict the isopycnal
slope [𝑠 = 𝜏𝑤/(𝜅𝑓0)] and, potentially, the total baroclinic transport of the acc as a function of the
wind stress. The sense of the residual circulation can be inferred if the diabatic fluxes at the surface
are known, but at the same time these fluxes depend in a complicated way on both the lateral eddy
fluxes and the general circulation itself. We come back to this in Sections 21.8 and 21.9.

21.7.5 Form Stress and Ekman Stress at the Ocean Bottom
Earlier, we noted that the stress at the ocean bottom is observed to be dominated by form stress,
rather than Ekman friction, in the acc. A simple scaling argument helps understand why this
should be. The form stress scales like

𝜏form ∼ 𝜂𝑏
𝜕𝑝𝑏
𝜕𝑥
∼ 𝜂𝑏𝜌0𝑈𝑓, (21.126)

wherewe have used geostrophic balance and𝑈 is a scaling for the horizontal velocity. The frictional
stress due to an Ekman layer (Section 5.7) scales like

𝜏Ekman ∼ 𝜌0𝐴
𝜕𝑢
𝜕𝑧
∼ 𝜌0𝐴𝑈
𝑑
∼ 𝜌0𝑑𝑈𝑓, (21.127)

where 𝐴 is the eddy kinematic viscosity and 𝑑 = √𝐴/𝑓 is the Ekman layer thickness. The ratio of
these two stresses thus scales as 𝜏form

𝜏Ekman
∼ 𝜂𝑏
𝑑
. (21.128)

We therefore expect the form stress to dominate the Ekman stress if the variations in topography
are greater than the Ekman layer thickness, and if the flow goes over the topography rather than
around it. In the acc the topography is hundreds or even thousands of metres high whereas the
bottom Ekman layer may be of order tens of metres, and furthermore the predominantly eastward
flow must (unlike the situation in gyre circulations) go over the topography. Thus, form stress
dominates the frictional, Ekman layer, stress at the bottom of the acc.
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Fig. 21.28 Neutral density in the Atlantic at 25° W from woce. A weakly stratified water mass at
mid-depth, roughly between the 28 and 28.1 isopycnals, is associated with the inflow of nadw in
the Atlantic Ocean. The contour intervals are 0.1 and 0.05 kg m-3 for isopycnals greater and lower
than 27.5 kg m-3, coloured green and red, respectively.

21.7.6 Differences Between Gyres and Channels
In the dynamics of the acc, the wind stress itself seems to play an important role, whereas in
our discussion of gyres in chapter 19 the wind stress curl was dominant. What is the root of this
difference?28 Suppose that we change the wind stress, but not its curl, in a closed basin. The
vertically integrated gyral flow, as given for example by the Stommel solution (19.39) or its two-
gyre counterpart, does not change at all. However, the vertical structure of this flow will in general
change; for example, if the wind is made uniformly more eastward, there will be a corresponding
increase in the equatorward flux in the Ekman layer thatmust return polewards at depth (assuming
that the western boundary current balances only the Sverdrup flow). At the same time, the added
force from the windmust be balanced by an increased pressure difference between the western and
eastern boundaries. This may be achieved if the sea-surface tilts upwards to the east, so producing
a net (vertically integrated) poleward geostrophic flow. The subsurface isopycnal slopes may then
adjust in order to reduce this flow to near zero in the abyss. The added force provided by the basin
walls on the fluid in the basin is a kind of form drag (rather like the force provided by the sill in
Section 21.6), and integrated around the basin this force must be equal and opposite to the force
supplied by the wind. In contrast, in a channel adding a constant wind produces a direct change in
its zonal transport. This is because the wind stress is balanced by form drag and bottom friction,
and both of these depend on the zonal flow at the channel bottom.

21.8††† A DYNAMICAL MODEL OF THE RESIDUAL OVERTURNING CIRCULATION
In the last section it became clear that the acc is a region of strongly eddying activity, and one effect
of these eddies is to reduce the slope of the isopycnals, so reducing the available potential energy
of the flow. Thus, the sketches of Fig. 21.21 and Fig. 21.22 do not properly represent the state of
the channel region: not only do the isopycnals slope, but the southward flowing water parcels can
enter the channel region above any sill. That is, the zonally averaged residual meridional flow can
be non-zero, and the deep stratification can be non-zero, even without topography. In this section
we seek to build a model that combines our view of the acc, as described in Section 21.7, with
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Fig. 21.29 Overturning circulations in theAtlantic and PacificOceans as determinedby an inverse
calculation. South of about 35° the circulation is not a true streamfunction, because of the open
boundaries, and this may lead to errors, especially in the Pacific. (See Fig. 21.1 for another Atlantic
estimate.)

the view of the partially wind-driven overturning circulation described in Section 21.6. In spite of
these additions the model is still incomplete, for it treats only one basin, and it has ad hoc aspects
in its treatment of eddy effects.

Our model is partially motivated by the plot of the stratification shown in Fig. 21.28 and the
overturning circulations of Fig. 21.29, as abstracted in Fig. 21.30. Although nominally a sketch of
the global moc, of the individual basins it most resembles the circulation of the Atlantic where
there are two main circulating masses of water, North Atlantic Deep Water (nadw) and Antarc-
tic Bottom Water (aabw), as seen in Fig. 21.29. The nadw outcrops in high northern latitudes
and high southern latitudes, and aabw just at high Southern latitudes. The Pacific overturning
circulation (Fig. 21.29) is rather different, for here there is really no mid-depth cell corresponding
to nadw; there is essentially only a bottom cell of Antarctic bottom water spreading northward.
Finally, we note that isopycnals are flat over most of the ocean, but have a fairly uniform slope in
the Southern Ocean. (Figure 21.28 shows the Atlantic; the situation is similar for the Pacific.) We
will now construct a dynamical model that attempts to describe these features.30

Let us first imagine there is a wall at the equator, and make a model of the circulation in the
Southern Hemisphere, that is, essentially of aabw. There’s an obvious connection to the Indian
Ocean and, if a little less obvious at the moment, to the Pacific.

21.8.1 Model Phenomenology
We divide the basin into two regions, a Southern Channel and a basin, as in Fig. 21.31 (see also the
shaded box on page 850). In the channel the isopycnals slope, and we anticipate a balance between
wind effects and baroclinic instability: in the absence of eddies the isopycnals are vertical, as in
Fig. 21.21, and baroclinic activity causes the isopycnals to slump. In the basin region we invoke an
ansatz that the isopycnals are flat — the model applies below the thermocline where wind effects
cause stratification. Wind over the channel induces a northwards Ekman flux, and the return flow
occurs at the bottom of the channel, as in the thick arrows in Fig. 21.31, because in the interior the
flow is nearly geostrophic and the zonally-averaged geostrophic meridional flow is zero. However,
it is the residual circulation that carries water properties and that will connect to the basin flow,
and thermodynamic considerations suggest that the flow will circulate along the dashed lines in
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Fig. 21.30 The overturning circulation of the ocean and the main processes that produce it —
winds, mixing, baroclinic eddies and surface buoyancy fluxes.29 The sketch is most representative
of the Atlantic, which is the major contributor to the global average. Observational views are given
in Fig. 21.18 and Fig. 21.29.

Fig. 21.31. In the basin there will be an advective-diffusive balance in the vertical, and the flow will
be non-zero only if the diffusivity is non- zero. This flow should connect smoothly to the more
adiabatic flow in the channel. Let us see how the equations allow this to be accomplished, and if
we can obtain estimates for the strength and structure of the flow.

21.8.2 Equations of Motion
We will use zonally-averaged equations of motion and write them in residual, or tem, form be-
cause the treatment of mesoscale eddies is more convenient and the equations directly predict the
velocities that advect the tracers. Thus, following the methodology of Section 10.3, we define a
residual flow such that

𝑣∗ = 𝑣 − 𝜕
𝜕𝑧
( 1
𝑁2
𝑣′𝑏′) , 𝑤∗ = 𝑤 + 𝜕

𝜕𝑦
( 1
𝑁2
𝑣′𝑏′) , (21.129)

where 𝑁2 = 𝜕𝑏/𝜕𝑧, which is assumed to vary only very slowly. The residual velocities 𝑣∗ and
𝑤∗ more nearly represent the trajectories of fluid parcels than the Eulerian velocities, 𝑣 and 𝑤.
There are no fluxes in the buoyancy equation and only the potential vorticity flux, 𝑣′𝑞′, need be
parameterized.

We will further suppose that the large scale flow satisfies planetary-geostrophic scaling, and so
we drop the time derivative in themomentum equation and assume the zonal flow is in geostrophic
wind balance. Including forcing and dissipation terms, our equations of motion become

− 𝑓𝑣∗ = 𝑣′𝑞′ + 𝜕𝜏
𝜕𝑧
, 𝜕𝑏
𝜕𝑡
+ 𝑣∗ 𝜕𝑏
𝜕𝑦
+ 𝑤∗ 𝜕𝑏
𝜕𝑧
= 𝜅𝑣
𝜕2𝑏
𝜕𝑧2
. (21.130a,b)

The velocities are non-divergent and may be represented by a streamfunction so that (𝑣∗, 𝑤∗) =
(−𝜕𝜓/𝜕𝑧, 𝜕𝜓/𝜕𝑦), and we will assume that the residual velocities themselves satisfy the boundary
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Fig. 21.31 A model of the single hemisphere meridional overturning circulation, crudely repre-
senting an idealized Antarctic Bottom Water (aabw) cell. In the Atlantic this cell sits below the
interhemispheric North Atlantic Deep Water Cell, but it sits alone in the Pacific and India Oceans.
Thin solid lines are the isopycnals, the dashed black line is a residual overturning streamfunction.
The thick dark blue arrows are the Eulerian circulation, namely the top and bottom Ekman trans-
port and the wind-driven upwelling.

conditions of no normal flow. The zonal wind, 𝑢, may be obtained from thermal wind balance,
𝑓𝜕𝑢/𝜕𝑧 = −𝜕𝑏/𝜕𝑦, and the stress, 𝜏, is only non-zero near the top (wind-stress) and bottom
(Ekman drag). We will henceforth drop the ∗ notation, and all variables are understood to be
residuals and zonal averages. These equations apply in both the channel and basin regions, but
with different dominant balances.

Equations in the channel
Theright-hand side of (21.130a) contains the eddy flux of potential vorticitywhichweparameterize
using an eddy diffusivity,

𝑣′𝑞′ = −𝐾𝑒
𝜕𝑞
𝜕𝑦
, (21.131)

where 𝐾𝑒 is the eddy diffusivity. (It is more-or-less a ‘Gent–McWilliams’ coefficient, as in Section
13.6.) The Coriolis parameter is almost constant in the channel, and we denote it 𝑓𝑆. For the
large-scale ocean the potential vorticity is given by

𝑞 ≈ 𝑓𝑆
𝜕
𝜕𝑧
( 𝑏
𝑏𝑧
) , so that 𝜕𝑞

𝜕𝑦
≈ 𝑓𝑆
𝜕
𝜕𝑧
(
𝑏𝑦
𝑏𝑧
) = −𝑓𝑆

𝜕𝑆
𝜕𝑧
, (21.132)

where 𝑆 = −𝑏𝑦/𝑏𝑧 is the slope of the isopycnals (and the similarity with the Gent–McWilliams
scheme is now clear). The potential vorticity flux is then given by

𝑣′𝑞′ ≈ 𝑓𝑆𝐾𝑒
𝜕𝑆
𝜕𝑧
, (21.133)
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and the momentum equation becomes

− 𝑓𝑆𝑣 = 𝑓𝑆𝐾𝑒
𝜕𝑆𝑏
𝜕𝑧
+ 𝜕𝜏
𝜕𝑧
. (21.134)

Since 𝑣∗ = −𝜕𝜓/𝜕𝑧 we integrate this from the top to a level 𝑧 and obtain

𝜓 = −𝜏𝑤
𝑓𝑆
+ 𝐾𝑒𝑆, (21.135)

where both 𝑓𝑆 and 𝑆 are negative and 𝜏𝑆 is the surface kinematic stress in the channel. We have
assumed 𝜓 = 0, 𝑆 = 0 at the surface (the base of the mixed layer) and 𝜏 = 0 in the interior.

The buoyancy equation in terms of streamfunction is

𝒗 ⋅ ∇𝑏 = 𝜅𝑣
𝜕2𝑏
𝜕𝑧2

or 𝜕𝜓
𝜕𝑦
𝜕𝑏
𝜕𝑧
− 𝜕𝜓
𝜕𝑧
𝜕𝑏
𝜕𝑦
= 𝜅𝑣
𝜕2𝑏
𝜕𝑧2
, (21.136)

which can be written as

𝜕𝜓
𝜕𝑦
+ 𝑆𝜕𝜓
𝜕𝑧
= 𝜅𝑣
𝜕2𝑧𝑏
𝜕𝑧𝑏
. (21.137)

The boundary condition on 𝜓 for this equation will be supplied by the basin! The other boundary
condition we will need is the buoyancy distribution at the top, and so we specify

𝑏(𝑦, 𝑧 = 0) = 𝑏0(𝑦). (21.138)

Equations in the basin
In the basin the slope of the isopycnals is assumed zero and (21.137) becomes the conventional
upwelling diffusive balance,

𝑤𝜕𝑏
𝜕𝑧
= 𝜅𝜕
2𝑏
𝜕𝑧2

or 𝜕𝜓
𝜕𝑦
𝜕𝑏
𝜕𝑧
= 𝜅𝑣
𝜕2𝑏
𝜕𝑧2
. (21.139)

If we integrate this from the edge of the channel, 𝑦 = 0, to the northern edge, 𝑦 = 𝐿, we obtain

𝜓|𝑦=0 = −𝜅𝑣𝐿
𝑏𝑧𝑧
𝑏𝑧
. (21.140)

This equation then becomes the needed boundary condition for the equations in the channel.

21.8.3 Scaling
The above equations do not give up analytic solutions, but we can use them to obtain estimates of
the flow strength and structure. Let us scale the equations by letting

𝑧 = ℎ𝑧, 𝑦 = 𝑙𝑦, 𝜏𝑆 = 𝜏0𝜏𝑆, 𝑓𝑆 = 𝑓𝑆𝑓, 𝜓 =
𝜏0
𝑓𝑆
�̂�, 𝑆 = ℎ

𝑙
𝑆, (21.141)

where 𝑓𝑆 = |𝑓𝑆|, a hat denotes a nondimensional value and ℎ is a characteristic vertical scale such
that 𝑆 ∼ ℎ/𝑙, and this will emerge as part of the solution.
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A Model of the Meridional Overturning Circulation

The essential features of the model of the moc of Sections 21.8 and 21.9 are:
Formulation
• The model is zonally averaged, in a single basin, with simple geometry: a zonally re-

entrant channel at high latitudes, with an enclosed basin between it and the northern
boundary. The effects of wind-driven gyres are neglected; the dynamics in the enclosed
basin can be regarded as being below the main thermocline.
• The equations solved are the planetary geostrophic equations, in a transformed Eule-

rianmean form, with the effects ofmesoscale eddies being parameterizedwith a simple
down-gradient buoyancy flux scheme in the momentum equation.
• The ocean is divided into three regions: a northern convective region, a cross-

equatorial basin region, and a southern channel.
• The dynamics are treated separately in these three regions, and the solutions matched

at the boundaries:
(i) In the southern channel there is a balance between wind stress (causing isopyc-

nals to steepen) and the mesoscale eddies, which have a flattening effect. Buoy-
ancy satisfies the full nonlinear advective-diffusive equation.

(ii) In the basin region the isopycnals are assumed flat, and by integrating merid-
ionally over the basin this region essentially becomes a boundary condition for
the southern channel. The buoyancy equation reduces to a vertical advective-
diffusive balance (𝑤𝜕𝑏/𝜕𝑧 = 𝜅 𝜕2𝑏/𝜕𝑧2).

(iii) In the northern convective region the isopycnals are vertical, descending suffi-
ciently far down to connect to the corresponding horizontal isopycnals of the
basin. If the northern region is too warm to allow this, the basin isopycnals will
extend all the way to the northern boundary.

Properties and Predictions

• If the surface boundary conditions on buoyancy permit, there is an isopycnal pathway
from the northern convective region to the southern channel. For small values of dif-
fusivity flow can then circulate, largely adiabatically, from high northern latitudes to
high southern latitudes, mechanically pumped by the wind over the southern channel.
This may roughly correspond to flow in the Atlantic.
• If the boundary conditions are such that the surface of the northern region is too

buoyant, then there is no interhemispheric wind-driven mid-depth circulation and no
northern convection, roughly corresponding to flow in the Pacific and Indian Ocean.
• For large values of diffusivity, the flow sinks at high latitudes and upwells in low lati-

tudes, as in a conventional buoyancy/mixing-driven circulation.
• Beneath the wind-driven mid-depth cell, a diffusive cell corresponding to Antarctic

BottomWater forms. Its strength is determined by the diapycnal diffusivity and surface
meridional buoyancy gradients.
• The southern channel there is convection at the southern end and elsewhere the isopy-

cnal slope is determined by a balance between wind forcing and eddy effects.
• The effects ofmesoscale eddies are parameterized by an eddy diffusivity, but the overall

model framework is not fundamentally dependent on that.
• The model cannot account for inter-basin pathways of water, for example between the

Atlantic and Pacific Oceans.
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If we have scaled properly then variables with hats on are of order one. The nondimensional
equations of motion are then

Buoyancy evolution: 𝜕𝑦�̂� + 𝑆 𝜕𝑧�̂� = 𝜖 (
𝑙
𝐿
) 𝜕𝑧𝑧�̂�
𝜕𝑧�̂�
, (21.142a)

Momentum balance: �̂� = −𝜏𝑆
𝑓
+ 𝛬𝑆, (21.142b)

Boundary condition: �̂�|𝑦=0 = −𝜖
𝜕𝑧𝑧�̂�
𝜕𝑧�̂�
, (21.142c)

where

𝛬 = Eddies
Wind
= 𝐾𝑒
𝜏0/𝑓𝑆

ℎ
𝑙
, 𝜖 = Mixing

Wind
= 𝜅𝑣
𝜏0/𝑓𝑆

𝐿
ℎ
. (21.143a,b)

These are two important nondimensional numbers, and we can obtain estimates of their values by
using some observed values for the other parameters. Let us take

ℎ = 1 km, 𝜅𝑣 = 10−5m2 s−1, 𝐾𝑒 = 103m2 s−1, 𝜌0 = 103 kgm−3,
𝜏0 = 0.1Nm−2/𝜌0 = 10−4Nmkg−1, 𝑓𝑆 = 10

−4 s−1, 𝐿 = 10 000 km, 𝑙𝑠 = 1000km,
(21.144)

and we find

𝛬 ≈ 1, 𝜖 ≈ 0.1. (21.145)

These values come with large error bars: the diffusivity, 𝜅𝑣, may be much larger in the abyss, and
the eddy coefficient 𝐾𝑒 is very poorly constrained (indeed, it is a property of the flow itself, not
the fluid). Finally, note that 𝛬 and 𝜖 are not independent of each other for they both depend on
the vertical scale of stratification, ℎ, which is a part of the solution. To obtain some theoretical
estimates of ℎ we look at some limiting cases.

The small diffusion limit
Suppose that mixing is small and that 𝜖 ≪ 1. We can then require that 𝛬 = 1 in order that the
eddy-induced circulation nearly balance the wind-driven circulation (because the diffusive term
is small), whence the vertical scale ℎ is given by

ℎ
𝑙
= 𝜏0/𝑓𝑆
𝐾𝑒
. (21.146)

As 𝐾𝑒 diminishes ℎ becomes larger, meaning that the isopycnals are near vertical. Using (21.146)
in (21.143b) gives

𝜖 = 𝜅𝑣𝐾𝑒
(𝜏0/𝑓𝑆)2

𝐿
𝑙
. (21.147)

This is an appropriate nondimensional measure of the strength of the diapycnal diffusion in the
ocean. Using (21.142c) we see that �̂� ∼ 𝜖 so that the dimensional strength of the circulation goes
as

𝛹 = 𝜖𝜏0
𝑓0
= 𝜅𝑣
𝐾𝑒
𝜏0/𝑓𝑆
𝐿
𝑙
. (21.148)
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Another way to obtain this is to use the fact that for weak diffusion the balance in the dimensional
momentum equation is between wind forcing and eddy effects (because they must nearly cancel)
so that

𝜏𝑤
𝑓
∼ 𝐾𝑒𝑆, or equivalently ℎ

𝑙
∼ 𝜏𝑤
𝐾𝑒𝑓𝑆
. (21.149a,b)

Advective-diffusive balance in the basin gives

𝜕𝜓
𝜕𝑦
𝜕𝑏
𝜕𝑧
= 𝜅𝑣
𝜕2𝑏
𝜕𝑧2

whence 𝛹 = 𝜅𝑣𝐿
ℎ

(21.150a,b)

and (21.149b) and (21.150b) together give (21.148).

The high diffusion limit
To explore the high diffusion limit we take 𝜖 ≫ 1. The nondimensional strength of the circulation
is given by

�̂� = 𝒪(𝜖) ≫ 1. (21.151)

The circulation is now ‘strong’, since �̂� ≠ 𝒪(1). Dimensionally we still have that

𝛹 = 𝜖𝜏0
𝑓𝑆

or 𝛹 = 𝜅𝑣𝐿
ℎ

(21.152a,b)

but ℎ and 𝜖 will be different than in the low diffusion limit. Now, if �̂� ∼ 𝜖 ≫ 1 the diffusion driven
circulation in the basin cannot be matched by a purely wind-driven circulation in the channel,
since the latter is 𝒪(1). Put more physically, as we increase diffusivity the circulation increases
in strength, but this cannot connect smoothly to the flow in the channel unless the eddy-driven
circulation changes, because the wind-driven circulation is externally fixed. We thus match the
basin circulation to an eddy-driven channel circulation and require 𝛬 = 𝒪(𝜖). In particular, if we
set 𝛬 = 𝜖 then

𝜖 = 𝛬 = √ 𝐾𝑒𝜅𝑣𝐿(𝜏0/𝑓𝑆)2𝑙
. (21.153)

This is the square root of the expression for 𝜖 in the weak diffusion limit. Using (21.153) and
(21.152a) we find

ℎ
𝑙
= √𝜅𝑣𝐿𝐾𝑒𝑙

, 𝛹 = √𝐾𝑒𝜅𝑣𝐿
𝑙
. (21.154a,b)

These are expressions for the characteristic depth and strength of the circulation in a strongmixing
regime.

Meaning of the limits
If diffusion is weak the stratification is set by a trade-off between the eddies and wind and this
determines ℎ, as in (21.146), and this does not involve diapycnal diffusion at all. However, the
strength of the circulation is determined by an upwelling-diffusion balance which gives the esti-
mate 𝜓 ∼ 𝜅𝑣𝐿/ℎ. Since ℎ is independent of diffusivity we obtain a circulation strength that is
linearly proportional to diffusivity, as in (21.148). Since diffusion is, in this limit, small then the
circulation is weak, even in the southern channel. The weakness arises because there is a cancella-
tion between the wind stress and eddy terms in (21.135), and a total cancellation would lead to the
so-called ‘vanishing of the Deacon Cell — the Deacon Cell here being the residual overturning in
the southern channel. It is interesting that the circulation gets weaker as the wind gets stronger;
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this counter-intuitive effect arises because thewind steepens the isopycnals and deepens the stratifi-
cation, so that the diffusive term (𝜅𝑣𝑏𝑧𝑧) in the basin gets smaller. From an asymptotic perspective,
in the small 𝜖 limit the residual circulation is zero to lowest order, and at the next order the flow is
parallel to the isopycnals in the channel (except in the mixed layer). We will see in the next section
that the Deacon cell need not vanish, even in the limit of weak diffusion, if there is a northern
source of water.

In the strong diffusion case the diffusivity itself directly affects the stratification, and conse-
quently we get a weaker dependence of the circulation strength on 𝜅𝑣. In this limit diapycnal mix-
ing deepens the isopycnals in the basin away from the channel, and this deepening in turn means
that the diffusion has a weaker effect. Thus, although the circulation is stronger than in the weak
diffusion case it has a weaker dependence on diffusivity, to the one half power in fact (21.154b).
The second consequence of the deepening is that the isopycnals are steeper in the channel, with
the steepening being balanced by the enhanced slumping effects of baroclinic instability, with the
wind then only having a secondary effect.

Finally, instead of varying diffusivity we can think of the wind changing. In the weak wind
limit the circulation is diffusively driven and independent of the wind strength, as in (21.154b). In
the strong wind limit the circulation, as noted above, actually decreases as the wind increases, but
still remains proportional to the diapycnal diffusivity 𝜅𝑣.

21.9††† A MODEL OF THE INTERHEMISPHERIC CIRCULATION
We now introduce another ‘water mass’ into the mix — North Atlantic Deep Water, or nadw. We
thus divide the ocean into three regions as sketched in Fig. 21.32, namely:
(i) a southern channel (south of about 50° S) where, as before, we expect a balance between

eddy effects and wind effects;
(ii) a basin region (from about 50° S to, say, 60°N), where the isopycnals are fairly flat;
(iii) a northern convective region (north of 60°N) in which convection produces vertical isopy-

cnals that connect with those in the basin.
Although the dynamics of all three regions are locally different, theymust act in concert to produce
a dynamically consistent circulation. The main difference, and it is an important one, between
this model and the previous one is the presence of an interhemispheric cell that, we will find, is
primarily wind driven, and that (for realistic parameter values) sits on top of the lower cell. In the
presentation that followswe focus our description on the northern convective region and the upper
cell, for the dynamics of the lower cell are very similar to those of the previous section. Further, we
seek only scaling relations rather than full analytic or semi-analytic solutions.31 We use lower case
letters (e.g., ℎ, 𝜓) to denote field variables and upper case symbols (e.g., 𝐻, 𝛹) for representative
values.

21.9.1 Model Phenomenology
Theupper cell has similar characteristics to the wind-driven cell sketched in Fig. 21.22, but we now
require the flow in the basin to connect smoothly to an eddy-rich southern channel region, in a
similar manner to that described in the previous section. We also suppose that in the northern
region the interior flow connects to the surface by way of convection. To see how this occurs,
consider a given isopycnal, 𝑏0 say, that outcrops at the surface in the southern channel, slopes
down in the channel and becomes horizontal in the basin. If the surface values of 𝑏 in the northern
convective region are all larger (warmer) than 𝑏0 then the isopycnal never outcrops in the north;
rather, it continues northward until it intersects the northern wall. If, on the other hand, at some
latitude there is a latitude, 𝑦𝑛 say, at which the surface values become lower than 𝑏0 convection will
occur and the 𝑏0 isopycnal becomes vertical. There is then an isopycnal pathway from the surface
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Fig. 21.32 An idealized interhemispheric moc in a single basin, crudely representing a zonally-
averaged Atlantic circulation. The solid blue lines are the isopycnals, the dashed lines with arrows
are the streamlines, the dashed vertical lines are the boundaries between adjacent regions, shaded
grey areas are the convective regions at high latitudes and the surface mixed layer, and the red curly
arrows represent mixing giving a downward diffusive heat flux.

at 𝑦𝑛 through the interior to the southern channel. A parcel of water may move along this pathway
even in the absence of diffusion; that is, there can be an interhemispheric mid-depth adiabatic
circulation.32 Below this cell (which we associate with nadw) there can be a bottom cell of aabw
that is diffusively driven, as in the previous section.

21.9.2 Dynamics in the Northern Convective Region
In the northern region (denoted with a subscript 𝑁) the values of buoyancy at the surface (i.e.,
𝑏𝑁(𝑦, 𝑧 = 0)) are mapped on to the flat isopycnals, 𝑏𝐵(𝑧) in the interior basin region (denoted with
a subscript 𝐵), and the simplest assumption to make is that the matching occurs by convection.
That is, the surface waters convect downward to the level of neutral buoyancy, producing vertical
isopycnals (𝜕𝑏𝑁/𝜕𝑧 = 0), and then flowmeridionally. By thermal wind the vertical isopycnals give
rise to a zonal flow, with the total zonal transport being determined by themeridional temperature
gradient and the depth, ℎ, to which flow convects. The zonal flow is thus

𝑢𝑁(𝑦, 𝑧) = −
1
𝑓
∫
𝑧

−ℎ

𝜕𝑏𝑁
𝜕𝑦

d𝑧′ + constant, (21.155)

where the constant is determined by the requirement that ∫0−ℎ 𝑢𝑁 d𝑧 = 0, and there are boundary
layers in both east and west to bring the flow to zero. When the relatively shallow eastwardmoving
zonal flow collides with the easternwall it subducts and returns, as sketched in Fig. 21.33, andwhen
the flow reaches the western wall it thenmoves equatorward in the deep western boundary current.
Similarly, it is the upper, northward moving branch of the western boundary current that feeds the
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Fig. 21.33 The envisioned mean flow in
the northern region of the model of
Fig. 21.32. The north–south temperature
gradient induces a zonal ‘thermal wind’,
which is supplied by and feeds the deep
western boundary current, as shown.

eastward moving flow. The total volume transport (m3 s-1) in these thermally-induced zonal flows
thus translates to a meridional streamfunction given by

∫
𝑥𝐸

𝑥𝑊
𝜓𝑁 d𝑥 = ∫

𝑧

−ℎ
d𝑧′ ∫
𝐿𝑛

𝐿
𝑢𝑁 d𝑦, (21.156)

where 𝐿𝑥 is the zonal extent of the region, 𝐿 is the latitude of the southern edge of the convecting
region and 𝐿𝑛 = 𝐿+ 𝑙𝑛 is the northern edge of the domain (see Fig. 21.32). Using (21.155) gives an
estimate for the value of this streamfunction as

𝛹𝑁 =
𝛥𝑏𝐻2
𝐿𝑥𝑓𝑁
, (21.157)

where 𝛥𝑏 is the surface buoyancy difference across the northern convective region, which in the
theory we are describing is an external parameter, and𝑓𝑁 is the Coriolis parameter in the northern
region. The streamfunction 𝜓𝑁 is function of space and𝛹𝑁 is a representative value of it, and𝐻 is
a representative value of ℎ, the depth to which the convection reaches and so of the stratification.

21.9.3 Connection to Other Regions
In the basin region we posit flat isopycnals and an upwelling diffusive balance, whence

𝑤𝐵
𝜕𝑏
𝜕𝑧
= 𝜅𝑣
𝜕2𝑏
𝜕𝑧2

giving 𝛹𝐵
𝐿𝑦
= 𝛹𝑁 − 𝛹𝑆
𝐿𝑦
= 𝜅𝑣
𝐻
. (21.158)

In the channel region the residual circulation arises from a balance between the wind and eddy
effects and is given by (21.135), which we can write as

𝛹𝑆 = (
𝜏0
𝑓𝑆
− 𝐾𝑒
𝐻
𝑙𝑠
) , (21.159)

with 𝑓𝑆 = |𝑓𝑆| as before. Collecting the various expressions above for streamfunction we have

𝛹𝑆 = (
𝜏0
𝑓𝑆
− 𝐾𝑒
𝐻
𝑙𝑠
) , 𝛹𝑁 − 𝛹𝑆 =

𝜅𝑣
𝐻
𝐿𝑦, 𝛹𝑁 =

𝛥𝑏𝐻2
𝑓𝑁𝐿𝑥
, (21.160a,b,c)
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with unknowns𝛹𝑆, 𝛹𝑁 and𝐻. Thevarious parameters have approximate values as given in (21.144)
as well as

𝐿𝑥 = 5000km, 𝐿𝑦 = 10000km, 𝛥𝑏 = 10−2ms−2, 𝑓𝑁 = 10−4 s−1. (21.161)

Equation (21.160) may be reduced to

𝛥𝑏𝐻2
𝑓𝑁
− (𝜏0
𝑓𝑆
− 𝐾𝑒
𝐻
𝑙𝑠
)𝐿𝑥 =
𝜅𝑣
𝐻
𝐿𝑥𝐿𝑦 , (21.162)

which is a cubic equation for the characteristic depth, 𝐻, of the upper, nadw, cell in Fig. 21.32.
Although there are analytic solutions to cubic equations it is more instructive to consider limiting
cases, first with either the northern region or the southern channel absent and then with low or
high diffusivity.

No northern source
Suppose that 𝛥𝑏 = 0 and that there is no deep water formation in the north. If 𝜅𝑣 is small then we
obtain𝐻/𝑙𝑠 = (𝜏0/𝑓𝑆)/𝐾𝑒 a, equivalent to (21.146), and 𝛹𝑆 = 𝛹𝐵 = 0. If 𝜅𝑣 is large then we find

𝐻2 = 𝜅𝑣𝐿𝑙𝑠
𝐾𝑒
, (21.163)

so recovering (21.154a). Thus, the dynamics are essentially those of Section 21.8, and there is
a single deep, and rather weak, diffusively-driven, cell. The same situation arises if the northern
region is too buoyant (e.g., toowarm) for then there is no isopycnal pathway betweenhighnorthern
hemispheres and the southern channel, and deep convection does not occur. This case may have
relevance to the Pacific Ocean, where the surface at high northern latitudes is insufficiently dense
and there is no Pacific equivalent of nadw.

No southern channel
If there is no southern channel then 𝛹𝑆 = 0 and we have

𝛥𝑏𝐻2
𝑓𝑁
= 𝜅𝑣
𝐻
𝐿𝑥𝐿𝑦, (21.164)

giving

𝐻3 = 𝜅𝑣 (
𝑓𝑁𝐿𝑥𝐿𝑦
𝛥𝑏
) and 𝛹𝑁 = 𝛹𝐵 = (𝜅𝑣𝐿𝑦)2/3 (

𝛥𝑏
𝐿𝑥𝑓𝑁
)
1/3
. (21.165)

These are the classical expressions for the thickness of a diffusive thermocline and the strength of
a diffusively-driven overturning circulation, essentially as obtained in Sections 21.2.5 and 20.5.1.

Let us now look at the case with all three regions, in the limits of weak and strong diffusivity.

Low diffusivity limit
In this case the upwelling is weak and |𝛹𝑁| ≈ |𝛹𝑆| and

𝛥𝑏𝐻2
𝑓𝑁
− (𝜏0
𝑓𝑆
− 𝐾𝑒
𝐻
𝑙𝑠
)𝐿𝑥 = 0. (21.166)

In this case the basin is just a ‘pass-through’ region: water formed in the North Atlantic just passes
through the basin without change, and upwells in the Southern Ocean. For the above expression
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to be physical, 𝜏0 must be non-zero; this requirement is a manifestation of Sandström’s effect, that
in the absence of diffusivity a mechanical forcing is needed, and if 𝜏0 = 0 in the above then the
only physical solution is𝐻 = 0.

If we assume that𝐾𝑒 is small then we obtain

𝐻 = (𝜏0𝑓𝑁𝐿𝑥
𝑓𝑆𝛥𝑏
)
1/2

, 𝛹𝑆 = 𝛹𝑁 =
𝜏0𝐿𝑥
𝑓𝑆
, (21.167)

which with the parameters chosen earlier gives𝐻 ∼ 320m and𝛹 ∼ 10 Sv. The residual circulation
does not vanish in the limit of small diffusivity; rather, it is wind driven, adiabatic, interhemispheric
and independent of diffusivity. This is to be contrasted with the case in which deep waters are
not produced in the north, as observed in the Pacific Ocean, where in the low diffusivity limit the
eddy-induced circulation nearly cancels the wind-driven circulation resulting in small residual
circulation, dependent on that diffusivity.

In the more general case we solve (21.166) to give

𝐻 = (𝜏0𝑓𝑁𝐿𝑥
𝑓𝑆𝛥𝑏
)
1/2

(−𝛼 + √1 + 𝛼2) , (21.168)

where 𝛼 is a nondimensional number giving the ratio of eddy to wind effects,

𝛼 = 1
2
𝐾𝑒
𝑙𝑠
(
𝐿𝑥𝑓𝑆𝑓𝑁
𝜏0𝛥𝑏
)
1/2

= 1
2
𝛹eddy
𝛹wind
, (21.169)

where

𝛹wind =
𝜏0
𝑓𝑆

and 𝛹eddy =
𝐾𝑒
𝑙𝑠
(𝜏0𝑓𝑁𝐿𝑥
𝑓𝑆𝛥𝑏
)
1/2
. (21.170)

Putting in values from (21.144) and (21.161) gives 𝛼 ∼ 0.1, 𝛹eddy ∼ 1.6 Sv and 𝛹wind ∼ 10 Sv,
suggesting that wind effects are dominant, but there is considerable uncertainty because 𝐾𝑒 is ill-
defined and does not have a definitive value.

High diffusivity limit
In the high diffusivity limit the wind-driven upwelling in the Southern Hemisphere is small com-
pared to the mixing-driven upwelling in the ocean basin, and although it seems to be not relevant
for today’s circulation it may have been important in glacial climates. Equation (21.162) simply
becomes (21.164), which as already noted gives us the classical scaling for a diffusively-driven cir-
culation. The upper cell thus fades out before reaching the southern channel but there remains a
lower, aabw, cell that connects to the flow in the southern channel as described in Section 21.8.

21.9.4 Final Remarks and Relevance to the Ocean
Over the last several pages we’ve described a conceptual, but quantitative, theoretical model of the
overturning circulation in the ocean. Aside from its idealizations (e.g, simplified geometry), the
model has two main shortcomings: it uses an eddy-diffusivity parameterization for the effects of
mesoscale eddies, and it treats the ocean one basin at a time. Putting these aside, what does the
model tell us?

In the limit of weak diapycnal mixing, which seems relevant to the present mid-depth ocean,
and with a northern source of deep water, then the model produces a circulation relevant to the
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Atlantic — Fig. 21.32 is an idealization of the Atlantic panel in Fig. 21.29. The strength of the mid-
depth overturning circulation is then largely determined by the Ekman transport in the South-
ern Ocean and, secondarily, eddy effects. The rest of the ocean is essentially forced to adjust and
produce the amount of deep water demanded by the Ekman transport and the associated wind-
driven upwelling in the Southern Ocean. Beneath this mechanically-forced mid-depth cell lies a
diffusively-driven deep cell, and this is the model representation of aabw.

The Pacific Ocean is insufficiently dense at high northern latitudes to produce deep water —
compared to the Atlantic it is relatively fresh. That is, there is no isopycnal pathway from the
surface waters at high latitudes to the southern channel; and consequently there is no wind-driven
mid-depth cell comparable to that of the Atlantic. The model then produces a circulation similar
to that of Fig. 21.31, where the northern wall is at a high latitudes in the NorthernHemisphere, and
this is an idealization of the Pacific panel in Fig. 21.29. Since the diffusivity is weak the circulation
is weak, particularly in the Northern Hemisphere. The flow in the world’s ocean is much more
interconnected than these simple ideas suggest, and in reality the flow travels from basin-to-basin
on what has been metaphorically called a conveyor belt.33 But our own story ends here, for now.
How the models above might be extended to produce a global flow is a chapter for another day.

Notes
1 Warren (1981) provides a review and historical background and Schmitz (1995) surveys the ob-

servations and provides an interpretation of the deep global circulation. Marshall & Speer (2012)
review the role of the Southern Ocean.

2 The word ‘driven’ is fraught with ambiguity, even when the subject matter is well understood. Does
it refer to the proximate mechanical forces producing the motion, or to the controlling device? The
former (which is quite common in physical science) suggests that an engine drives a car, for that is
what makes the wheels go round, whereas the latter suggests that, in fact, the driver drives the car.
For the less well-understood ocean there is scope for still more confusion, and the context in which
the word is used becomes important. What we in this chapter sometimes call buoyancy-driven
might be better called mixing-driven, since it is the mixing of fluid parcels that makes potential
energy available for the circulation. Caveat lector.

3 Adapted from Wunsch (2002). The figure shows a ‘state estimate’ — a combination of models and
observation, similar to an atmospheric reanalysis.

4 Figure kindly prepared by Neven Stjepan Fučkar, using the climatology of Conkright et al. (2001).

5 As in Haney (1971). The value of 𝐶, which is not necessarily related to that of 𝜅, is often taken to be
such that the heat flux is of order 30Wm−2K−1, but it is certainly not a universal constant.

6 Adapted from Paparella & Young (2002).

7 Rossby (1965).

8 Adapted from Ilicak & Vallis (2012).

9 I am grateful to Tom Haine for pointing out this argument. See also Haine & Marshall (1998) and
Hughes & Griffiths (2008).

10 Ocean convection is also reviewed by Marshall & Schott (1999).

11 Sandström (1908, 1916). Sandström’s discussion was rather qualitative and generally thermody-
namic in nature, with friction playing only an implicit role. Since then a number of related state-
ments with varying degrees of generality and preciseness have been given (e.g., Dutton 1986, Huang
1999, Paparella & Young 2002). Section 21.2.3 follows Paparella and Young.

12 Theoriginal boxmodel is due to Stommel (1961), andmany studieswith variations around this have
followed. Rooth (1982) developed the idea of a buoyancy-driven pole-to-pole overturning circu-
lation, and Welander (1986) discussed, among other things, the role of boundary conditions on
temperature and salinity at the ocean surface. Thual & McWilliams (1992) systematically explored
how boxmodels comparewith two-dimensional fluidmodels of sideways convection, Quon &Ghil



Notes 859

(1992) explored how multiple equilibria arise in related fluid models, and Dewar & Huang (1995)
discussed the problem of flow in loops. Cessi & Young (1992) tried to derive simple models sys-
tematically from the equations of motion, obtaining various nonlinear amplitude equations. Our
discussion is just a fraction of all this — see also Whitehead (1995) and Cessi (2001) for reviews.

13 Adapted from Welander (1986).

14 Having said this, Bryan (1986), Manabe & Stouffer (1988) and Marotzke (1989) did find evidence
of multiple equilibria in various three-dimensional numerical models, motivated in part by the
solutions of box models.

15 After Stommel et al. (1958).

16 Following Stommel & Arons (1960).

17 A global Stommel–Arons-like solution was presented by Stommel (1958). The discovery of deep
western boundary currents by Swallow & Worthington (1961) was motivated by the theoretical
model. Using neutrally-buoyant floats underneath the Gulf Stream they found an equatorward-
flowing undercurrent with typical speeds of 10–20 cm s−1. Some relevant observations of the deep
circulation are summarized by Hogg (2001).

18 For example, Toggweiler & Samuels (1995).

19 Drawing from the various numerical, conceptual and analytic models of Toggweiler & Samuels
(1995, 1998), Döös&Coward (1997), Gnanadesikan (1999), Vallis (2000),Webb&Suginohara (2001),
Nof (2003), Samelson (1999a, 2004), Wolfe &Cessi (2011), andNikurashin&Vallis (2011, 2012). The
notion of a deep interhemispheric circulation driven by winds in the acc was earlier proposed by
Eady (1957), albeit rather sketchily. None of our models of the moc (including the ones in later
sections) are complete, never mind true, but some may be useful.

20 Loic Jullion graciously provided the inverse calculations, which are similar to those described in
Lumpkin & Speer (2007). Patrick Heimback kindly provided the state estimates, which are from
the ecco suite of calculations.

21 From Rintoul et al. (2001).

22 See Rintoul et al. (2001) and Olbers et al. (2004) for acc reviews.

23 These simulations, described in Henning & Vallis (2005), solve the primitive equations in a domain
similar to Fig. 21.19. The wind forcing produces a poleward Ekman drift across the channel, as well
as a subtropical gyre, and there is a meridional temperature gradient across the whole domain, so
giving rise to a subtropical thermocline.

24 Adapted from Henning & Vallis (2005).

25 Munk & Palmén (1951), Gille (1997) and Stevens & Ivchenko (1997).

26 Adapted from a figure in Burke et al. (2015).

27 Models of this ilk stem from Johnson & Bryden (1989). Straub (1993), Hallberg & Gnanadesikan
(2001) Karsten et al. (2002), Marshall & Radko (2003), Henning & Vallis (2005), consider related
issues and extensions.

28 See also Munk & Palmén (1951), Warren et al. (1996), Olbers (1998) and Hughes (2002).

29 Similar to a figure in Watson et al. (2015).

30 Largely following Nikurashin & Vallis (2011, 2012). For related numerical simulations see Vallis
(2000) and Wolfe & Cessi (2010, 2011).

31 A full description may be found in Nikurashin & Vallis (2012). In the form described here the model
becomes similar to the one of Gnanadesikan (1999).

32 A continuous, unique, pole-to-pole isoneutral pathway is a chimera, because of the nonlinear de-
pendence of density on pressure, temperature and salinity in the seawater equation of state. But
at the level of our theory there is an approximate one. See also endnote 9 on page 53.

33 For variations involving multiple basins see Ferrari et al. (2014) and Thompson et al. (2016).





In the afternoon they came unto a land
In which it seemed always afternoon.
All round the coast the languid air did swoon,
Breathing like one that hath a weary dream.
Alfred Tennyson, The Lotus Eaters, 1832.

CHAPTER 22

Equatorial Circulation and El Niño

Equatorial oceanography deceives us,hiding fascinating, non-intuitive dynamics beneath
the languorous tropical air. The mid-latitudes give us the great gyres with their intense west-
ern boundary currents and mesoscale eddies, and by comparison the equatorial currents

may seem, on the surface, featureless and vapid. Yet the equatorial regions are home to the reso-
lute equatorial undercurrents that tunnel across the basins, opposite in bearing to the winds that
drive them. And the equatorial ocean and atmosphere — in a collaboration that is more tango
than waltz — give rise to the marvellous phenomenon that is El Niño, the most dramatic example
of climate variability on human timescales that this planet has to offer. Such phenomena are the
subjects of this chapter.

The defining feature of equatorial dynamics is that the Coriolis parameter becomes small, at
least by comparison with the mid-latitudes, and balanced and unbalanced dynamics become inter-
twined, as we encountered in Chapter 8. Yet if we move more than a few degrees away from the
equator the Rossby number again becomes quite small, suggesting that familiar ways of investigat-
ing the dynamics — Sverdrup balance for example — might yet play a role. Let’s first see what we
are trying to understand and if the observations can give us some intuition.

22.1 OBSERVATIONAL PRELIMINARIES

Inmid-latitudes the gyres are very robust features, existing in all the basins, andmay be understood
as the direct response to the curl of the wind stress. In the equatorial regions the currents also
display some robust and distinctive features, illustrated in Fig. 22.1 and the top panel of Fig. 22.2,
but their relation to the winds is less obvious. The main features are as follows:

1. A shallow westward1 flowing surface current, typically confined to the upper 50m or less,
strongest within a few degrees of the equator, although not always symmetric about the equa-
tor. Its speed is typically a few tens of centimetres per second.

2. A strong coherent eastwardundercurrent extending to about 200mdepth, confined towithin
a few degrees of the equator. Its speed is up to a metre per second or a little more, and it is
this current that dominates the vertically integrated transport at the equator. Beneath the
undercurrent the flow is relatively weak.

861
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Fig. 22.1 Sections of the observed mean zonal current (shading and associated contours) at two longi-
tudes in the Pacific (upper panels), in the Atlantic (lower left) and in the Indian Ocean (lower right). The
contours are every 20 cm s−1 in the upper two panels and every 10 cm s−1 in the lower panels. Note the
well-defined eastward undercurrent at the equator in all panels, and a weaker eastward countercurrent at
about 6° N and/or 6° S. The red, more horizontal, lines are isolines of potential density.2

3. Westward flow on either side of the undercurrent, with eastward countercurrents poleward
of this. In the Pacific the countercurrent is strongest in the Northern Hemisphere where it
reaches the surface.

22.2 DYNAMICAL PRELIMINARIES
Inmid-latitudes the large scale currents systemmay be understood using the planetary geostrophic
equations of motion. Applying these allows us to understand formation of the great wind-driven
gyres, with Sverdrup balance providing a solid foundation on which to build. As we approach
lower latitudes the Coriolis parameter, 𝑓, decreases and the Rossby number increases and one
might expect that dynamics based on geostrophic balance will ultimately fail. A little surprisingly,
it is only very close to the equator that the Rossby number exceeds unity: if we take a velocity of
0.5m s−1and a length scale of 500 km then the Rossby number at 5° latitude is 0.08, at 2°, 0.2 and at
1°, 0.4. These numbers suggest that until we are virtually at the equator (where the Rossby number
is infinite) we can use some of the familiar tools from themid-latitude dynamics. At the equator the
Coriolis parameter switches sign and this leads to some interesting features. The vertical structure
is also a little complex so let us first see the extent to which the familiar Sverdrup balance can
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Fig. 22.2 Vertically integrated
zonal transport in the Pacific.
Red colours indicate eastward
flow, blue colours westward.
The top panel shows the ob-
served flow, the middle panel
shows the flow calculated us-
ing Sverdrup balance with the
observed wind, and the bot-
tompanel shows the flow calcu-
lated with a ‘generalized’ Sver-
drup balance that includes the
nonlinear terms in a diagnostic
way.3

explain the vertically integrated flow.

22.2.1 The Vertically Integrated Flow and Sverdrup Balance
The horizontal momentum may be written

𝜕𝒖
𝜕𝑡
+ 𝒖 ⋅ ∇𝒖 + 𝒇 × 𝒖 = −∇𝜙 + 1

𝜌0
𝜕𝝉
𝜕𝑧
, (22.1)

where 𝝉 is the stress on the fluid. The mass conservation equation is

𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 𝜕𝑤
𝜕𝑧
= 0, (22.2)

which, on vertical integration over the depth of the ocean, gives

𝜕𝑈
𝜕𝑥
+ 𝜕𝑉
𝜕𝑦
= 0, (22.3)

where 𝑈 and 𝑉 are the vertically integrated zonal and meridional velocities (e.g., 𝑈 = ∫𝑢 d𝑧) and
we assume the ocean has a flat bottom and a rigid lid at the top. If we assume the flow is steady and
integrate (22.1) vertically, then take the curl and use (22.3), we obtain

𝛽𝑉 = curl𝑧(𝝉𝑇 − 𝝉𝐵) + curl𝑧𝑵, (22.4)

where 𝝉 is the kinematic stress (𝝉 = 𝝉/𝜌0 where 𝜌0 is the reference density of seawater) with the
subscripts 𝑇 and 𝐵 denoting top and bottom, 𝑵 represents all the nonlinear terms and curl𝑧 is
defined by curl𝑧𝑨 ≡ 𝜕𝐴𝑦/𝜕𝑥 − 𝜕𝐴𝑥/𝜕𝑦 = 𝐤 ⋅ ∇3 × 𝑨. Equations (22.4) and (22.3) are closed
equations for the vertically averaged flow. In oceanography we very often deal with the kinematic
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layer
Western boundary

Fig. 22.3 Schema of Sverdrup flow at the equator between twomeridional boundaries. Themean
winds are all westward, but with a minimum in magnitude at the equator. By Sverdrup balance,
(22.5), the wind stress produces the divergent meridional flow shown, which in turn induces an
eastward equatorial zonal flow, strongest in the western part of the basin.

stress rather than the stress itself, so henceforth we will drop the tilde over the 𝜏 symbol as well as
the adjective ‘kinematic’. In the cases that we need to refer to the actual stress we will denote this
by 𝜏∗; thus, 𝜏 = 𝜏∗/𝜌0.

If we neglect the nonlinear terms and the stress at the bottom (we’ll come back to these terms
later) then (22.4) becomes

𝛽𝑉 = curl𝑧𝝉𝑇. (22.5)

This is just Sverdrup balance, familiar from Chapter 19. The zonal transport is obtained by differ-
entiating (22.5) with respect to 𝑦, using (22.3) to replace 𝜕𝑦𝑉 with 𝜕𝑥𝑈, and then integrating from
the eastern boundary (𝑥𝐸). This procedure gives

𝑈 = − 1
𝛽
∫
𝑥

𝑥𝐸

𝜕
𝜕𝑦

curl𝑧𝝉𝑇 d𝑥′ + 𝑈(𝑥𝐸, 𝑦). (22.6)

We don’t integrate from the western boundary because a boundary layer can be expected there,
whereas the value of 𝑈 at the eastern boundary will be small.

If 𝑈(𝑥𝐸, 𝑦) = 0 and the stress is zonal and uniform, then (22.6) becomes

𝑈(𝑥, 𝑦) = 1
𝛽
(𝑥 − 𝑥𝐸)

𝜕2𝜏𝑥𝑇
𝜕𝑦2
. (22.7)

That is, the depth integrated flow is proportional to the second derivative of the zonal wind stress,
and because 𝑥 < 𝑥𝐸 we have 𝑈 ∝ −𝜕2𝜏𝑥𝑇/𝜕𝑦2. Evidently, the result will depend rather sensitively
on the wind pattern. Although the zonal wind is generally westward in the tropics there is a min-
imum in the magnitude of that wind near the equator (that is, a local maximum as schematized
in Fig. 22.3) so that 𝜕2𝜏𝑥𝑇/𝜕𝑦2 is negative. Thus, using (22.7), 𝑈 will generally be positive at the
equator. Using the observed wind field the Sverdrup flow — that is, the solution of (22.6) with
𝑈(𝑥𝐸, 𝑦) = 0 — can be calculated and this is plotted in the middle panel of Fig. 22.2. There is a
good but not perfect agreement with the observations: the observed flow has its maximum further
east. Further, in the western equatorial Pacific the observed eastward flow is quite broad whereas
the eastward Sverdrup flow is narrow, flanked on either side by westward flow. Some of the discrep-
ancy can be attributed to the role of the nonlinear and frictional terms, as illustrated in the bottom
panel of Fig. 22.2. To obtain the flow illustrated, the calculation proceeds from (22.4) in the same
way as before, but now includes the nonlinear terms and a representation of frictional effects in
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Fig. 22.4 The left panel shows three putative surface zonal (atmospheric) winds, 𝑢, all with west-
ward winds in the tropics and with the solid line being the most realistic. The right panel shows the
corresponding negative of the second derivative, −𝜕2𝑢/𝜕𝑦2, proportional to the (oceanic) Sverdrup
transport, in arbitrary units. The wind represented by solid (blue) line gives an eastward transport
at the equator, as is observed, with the others differing markedly.

a diagnostic fashion. Thus, for example, the nonlinear terms of the form curl𝑧(∫ 𝒖 ⋅ ∇𝒖 d𝑧) are
evaluated and used to calculate a generalized Sverdrup flow, where the velocities are taken from
a nonlinear model forced by the observed winds. Of the nonlinear terms, the largest ones involve
themeridional derivatives of the zonal flow, for example 𝜕𝑦(𝑢𝑢𝑥). The effect of the nonlinear terms
is to decelerate the eastward flow in the eastern Pacific, with friction tending to damp the flow es-
pecially in the central Pacific, and the resulting flow is evidently closer to the observations than is
linear Sverdrup balance. Of course the full solution (22.4) must give a vertically integrated flow
that closely resembles the observations, because there are only very weak approximations made in
deriving it. The success of the Sverdrup theory lies in the extent to which the vertically integrated
flow can be satisfied by the simple linear balance (22.5), and then improved by adding nonlinear
and dissipative terms in a diagnostic fashion.

22.2.2 Sensitivity of the Sverdrup Flow
Although the calculations of Sverdrup flow do show good agreement with observations, the calcu-
lation — and, most likely, the observed flow — is rather sensitive to the precise form of the winds,
as in Fig. 22.4. The figure shows three surface zonal wind distributions, with the ‘w’ shaped solid
line having a minimum in the westward flow (i.e., a minimum in the trade winds) at the equator
and so being the most realistic. The right-hand panel shows the negative of the second derivative
of the winds which is proportional to the zonal Sverdrup flow. Only in the one case does the wind
produce an eastward Sverdrup flow. In fact, in the case illustrated with the dashed lines, the small
changes in the meridional gradient of the wind between 15° and 20° produce large variations in
the Sverdrup transport. Given this delicacy, the small difference in the latitudinal variation of the
Sverdrup flow and the observed flow, illustrated in the top and middle panels of Fig. 22.2, is not
surprising and cannot be considered a major failure of the theory. However, the difference in the
longitudinal structure of the two fields is indicative of the importance of other terms in the vorticity
balance.

22.3 A LOCAL MODEL OF THE EQUATORIAL UNDERCURRENT
The most conspicuous feature of the ocean current system at low latitudes is the equatorial under-
current, and we now consider its dynamics.4 The physical picture that we first discuss is a ‘local’
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one, and is essentially the following.5 The mean winds are westward and provide a stress on the
upper ocean, pushing the near-surface waters westward. Given that there is a boundary in the west,
the water piles up there so creating a pressure-gradient force that pushes fluid eastward. To some
degree the pressure gradient and the wind stress compensate each other leading to a state of no
motion. However, the compensation is not perfect. Close to the surface the stress is dominant and
a westward surface current results. Below the surface the pressure gradient dominates, resulting
in an eastward flowing undercurrent, as in the observations in Fig. 22.1.

The above description makes no mention of the Coriolis parameter or Sverdrup balance or the
wind-stress curl. On the one hand this suggests that the dynamics are likely to be robust and will
not depend in a sensitive way on the wind pattern (as the Sverdrup flow does). On the other hand,
given the usefulness of the Sverdrupian concept, such a description is also likely to be incomplete.
To proceed further we’ll construct a small hierarchy of mathematical models of the equatorial cur-
rent system, beginning with the very simplest model of a homogeneous fluid subject to a uniform
westward stress at the surface. Following that we will discuss a more inertial and non-local physi-
cal picture, in which the undercurrent may be thought of as being pushed by a pressure head that
begins in extra-equatorial regions. In the extreme limiting case of this picture, the winds at the
equator have no effect on the undercurrent. The real equatorial undercurrent likely involves a
combination of local and inertial dynamics, and remains a topic of research.

22.3.1 Response of a Homogeneous Layer to a Uniform Zonal Wind
Let us first consider the simple case of the response of a layer of homogeneous fluid to a steady
zonal wind that is uniform in the 𝑦-direction. With our usual notation the equations of motion in
the presence of momentum and mass forcing are

D𝑢
D𝑡
− 𝑓𝑣 = −𝑔′ 𝜕𝜂

𝜕𝑥
+ 𝜏
𝑥

𝐻
, (22.8a)

D𝑣
D𝑡
+ 𝑓𝑢 = −𝑔′ 𝜕𝜂

𝜕𝑦
+ 𝜏
𝑦

𝐻
, (22.8b)

Dℎ
D𝑡
+ ℎ(𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = 𝑀, (22.8c)

where (𝜏𝑥, 𝜏𝑦) are the zonal and meridional kinematic stresses on the fluid, 𝐻 is the depth of the
fluid and𝑀 is a mass source, which for now we take to be zero. For steady flow and neglecting the
nonlinear terms the equations become

− 𝑓𝑣 = −𝑔′ 𝜕𝜂
𝜕𝑥
+ 𝜏
𝑥

𝐻
, +𝑓𝑢 = −𝑔′ 𝜕𝜂

𝜕𝑦
, 𝐻(𝜕𝑢

𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = 0. (22.9a,b,c)

If we take the 𝑦-derivative of (22.9a) and subtract it from the 𝑥-derivative of (22.9b), and noting
that 𝜕𝜏𝑥/𝜕𝑦 = 0, we obtain

𝛽𝑣 = 0. (22.10)

Thus, using the continuity equation (22.9c), we have 𝜕𝑢/𝜕𝑥 = 0. That is, the zonal velocity is
uniform. If there is a zonal boundary at which 𝑢 = 0 then the zonal flow is zero everywhere and
the complete solution is

𝑢 = 0, 𝑣 = 0, 𝑔 𝜕𝜂
𝜕𝑥
= 𝜏
𝑥

𝐻
, 𝜕𝜂
𝜕𝑦
= 0. (22.11)

That is to say, the ocean is motionless and the wind stress is balanced by a pressure gradient. If
the wind is westward, as it is on the equator, then 𝜕𝜂/𝜕𝑥 < 0 and the thermocline slopes down
and deepens toward the west. The fact that there is no flow might have been anticipated from
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Sverdrup balance in the absence of a wind-stress curl. Although the real ocean is not as simple as
our model of it, the analysis exposes a truth with some generality: the wind stress is largely opposed
by a pressure gradient rather than inducing a large westward acceleration that is halted by friction.

22.3.2 An Unstratified Local Model
Let us now consider a model with some vertical structure, thereby allowing the wind stress to be
taken up in the upper ocean. The wind will still push near-surface water westward and create
a zonal pressure gradient. The deeper water will feel the pressure-gradient force — because the
pressure is hydrostatic — but not the wind stress, and so flows eastward. A simple model that can
capture these effects begins with the three-dimensional momentum equations, namely

−𝑓𝑣 = −𝜕𝜙
𝜕𝑥
+ 𝜈𝑧
𝜕2𝑢
𝜕𝑧2
+ 𝜈ℎ∇2𝑢, (22.12a)

𝑓𝑢 = −𝜕𝜙
𝜕𝑦
+ 𝜈𝑧
𝜕2𝑣
𝜕𝑧2
+ 𝜈ℎ∇2𝑣. (22.12b)

The parameters 𝜈𝑧 and 𝜈ℎ are eddy viscosities acting on vertical and horizontal shear, respectively,
and the∇ operator is purely horizontal, so that∇2𝑢 = 𝜕2𝑢/𝜕𝑥2+𝜕2𝑢/𝜕𝑦2. Dealingwith a horizontal
viscosity requires a more mathematically cumbersome treatment that we defer to Section 22.3.3;
instead, we will first invoke a linear drag whence the momentum equations, along with the mass
continuity equation, become

− 𝑓𝑣 = −𝜕𝜙
𝜕𝑥
+ 𝜈𝑧
𝜕2𝑢
𝜕𝑧2
− 𝑟𝑢, 𝑓𝑢 = −𝜕𝜙

𝜕𝑦
+ 𝜈𝑧
𝜕2𝑣
𝜕𝑧2
− 𝑟𝑣, (22.13a,b)

𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 𝜕𝑤
𝜕𝑧
= 0. (22.13c)

The drag terms are presumed to act throughout the depth of the fluid and so are a little arbitrary,
but their presence enables us to construct a simple and very illuminating model. We should also
remember that almost any frictional terms in a model of the large-scale circulation are to some
degree ad hoc: the viscosities (𝜈𝑧, 𝜈ℎ) are certainly not molecular viscosities and there is no proper
justification for the use of eddy viscosities on momentum.

The vertical friction terms (𝜕2𝑢/𝜕𝑧2, 𝜕2𝑣/𝜕𝑧2) enable the wind’s influence to be felt in the upper
ocean via the boundary conditions, namely

𝜈𝑧
𝜕𝑢
𝜕𝑧
= 𝜏𝑥, 𝜈𝑧

𝜕𝑣
𝜕𝑧
= 𝜏𝑦, at 𝑧 = 0, (22.14a)

𝜈𝑧
𝜕𝑢
𝜕𝑧
= 0, 𝜈𝑧

𝜕𝑣
𝜕𝑧
= 0, at 𝑧 = −𝐻, (22.14b)

where (𝜏𝑥, 𝜏𝑦) is the kinematic wind stress. With boundary conditions of𝑤 = 0 at top and bottom
the vertical integral of (22.13c) is

𝜕𝑈
𝜕𝑥
+ 𝜕𝑉
𝜕𝑦
= 0, (22.14c)

where (𝑈, 𝑉) = ∫(𝑢, 𝑣) d𝑧 is the vertically integrated flow. Equation (22.14c) allows for the in-
troduction of a streamfunction 𝜓 such that 𝑈 = −𝜕𝜓/𝜕𝑦 and 𝑉 = 𝜕𝜓/𝜕𝑥. Cross-differentiating
(22.13a,b) and vertically integrating then gives

𝑟∇2𝜓 + 𝛽𝜕𝜓
𝜕𝑥
= curl𝑧𝜏. (22.15)



868 Chapter 22. Equatorial Circulation and El Niño

This is the equation of Stommel’s model, as in (19.6), and in the absence of the frictional term
the vertically integrated flow is given by Sverdrup balance. If the wind has no curl the vertically
integrated flow is zero, as before. However, the flow is not zero at each vertical level, as we now see.

Let us now assume the flow is unstratified and that the buoyancy 𝑏 is a constant, which we take
to be zero. The hydrostatic relation is 𝜕𝜙/𝜕𝑧 = 𝑏 = 0 so that 𝜙 is uniform with height. From
(22.13a,b) the vertically integrated momentum equations are then

𝐻𝜕𝜙
𝜕𝑥
= 𝜏𝑥 − 𝑟𝑈 + 𝑓𝑉, 𝐻𝜕𝜙

𝜕𝑦
= 𝜏𝑦 − 𝑟𝑉 − 𝑓𝑈. (22.16a,b)

Let us further suppose that the stress (i.e., 𝝉 = 𝜈𝜕𝒖/𝜕𝑧) is non-zero only in a shallow layer — an
Ekman layer — in the upper ocean. Below this layer we have, from (22.13a,b),

− 𝑓𝑣 = −𝜕𝜙
𝜕𝑥
− 𝑟𝑢, 𝑓𝑢 = −𝜕𝜙

𝜕𝑦
− 𝑟𝑣. (22.17a,b)

and using (22.16) we obtain

− 𝑓𝑣′ = −𝜏
𝑥

𝐻
− 𝑟𝑢′, 𝑓𝑢′ = −𝜏

𝑦

𝐻
− 𝑟𝑣′. (22.18a,b)

where 𝑢′ ≡ 𝑢 − 𝑈/𝐻 and 𝑣′ ≡ 𝑣 − 𝑉/𝐻 is the deviation of the flow from the vertical average (i.e.,
the deviation from Sverdrup balance). That is to say, we may solve the equations assuming the
Sverdrup flow is zero, and add it back in at the end of the day, noting also that the presence of a
Sverdrup flow makes no difference to the vertical velocity. Given this, we’ll drop the prime on 𝑢′
and 𝑣′ unless ambiguity would arise. Solving for 𝑢 and 𝑣 gives the expressions for the deep flow,
namely

𝑢 = −𝜏
𝑥𝑟 − 𝜏𝑦𝑓
𝐻(𝑟2 + 𝑓2)

, 𝑣 = 𝜏
𝑥𝑓 − 𝜏𝑦𝑟
𝐻(𝑟2 + 𝑓2)

. (22.19a,b)

The transport in the Ekman layer at the surface is in the opposite direction to the deep flow, in
order to satisfy the integral constraints that ∫ 𝑢 d𝑧 = ∫ 𝑣 d𝑧 = 0. To complete the solution we use
the mass continuity equation, (22.13c), to obtain 𝑤, giving

𝑤 = −(𝑧 + 𝐻)
𝐻
𝛽(𝑟2 − 𝛽2𝑦2)𝜏𝑥 + 2𝑟𝛽2𝑦𝜏𝑦
(𝑟2 + 𝛽2𝑦2)2

. (22.20)

To better understand these solutions it is useful to look at the nondimensional form, and we
obtain that by setting

(𝑢, 𝑣) = (𝑢, 𝑣) 𝜏
2𝛺𝐻
, 𝑦 = 𝑦𝑎, (𝜏𝑥, 𝜏𝑦) = (𝜏𝑥, 𝜏𝑦)𝜏, 𝛽 = 2𝛺

𝑎
, (22.21)

where a hat denotes a nondimensional quantity and 𝑎 is the radius of Earth. The nondimensional
versions of (22.18) are then

− 𝑦𝑣 = −𝐸𝑟𝑢 − 𝜏𝑥, 𝑦𝑢 = −𝐸𝑟𝑣 − 𝜏𝑦, (22.22)

where 𝐸𝑟 = 𝑟/(2𝛺) is a horizontal Ekman number and if, for example, the wind is zonal and
westward then 𝜏𝑥 = −1 and 𝜏𝑦 = 0. The nondimensional versions of (22.19) are

𝑢 = −𝐸𝑟𝜏
𝑥 − 𝜏𝑦𝑦
𝐸2𝑟 + 𝑦2

, 𝑣 = 𝜏
𝑥𝑦 − 𝜏𝑦𝐸𝑟
𝐸2𝑟 + 𝑦2

. (22.23a,b)

The overall strength of the undercurrent scales, unsurprisingly given the nature of the model,
with the wind stress, and the Ekman number determines the width and height of the profile. A
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Fig. 22.5 Horizontal profiles of the undercurrent with friction represented by a linear drag [left,
using (22.19)] and by a harmonic viscosity [right, using (22.43)], nominally in dimensional units
(metres/second and degrees).

typical solution is plotted in Fig. 22.5 (along with a solution using harmonic friction that we dis-
cuss later). The parameters are 𝜏𝑥 = −1, 𝜏𝑦 = 0 and 𝐸𝑟 = 8 × 10−3, which corresponds to a
purely westward wind and a frictional decay timescale of about 10 days. If we further suppose
that the dimensional value of the stress is about 4 × 10−2N/m2 and take𝐻 = 100m we obtain the
dimensional values shown in the plot. The zonal flow as given by (22.19a) is then eastward, for
the reason we have mentioned before, namely that, overall, the wind is balanced by an opposing
pressure gradient and the deep ocean feels the pressure gradient but not the wind stress; thus, the
deep zonal flow is in the opposite direction to the surface wind. The deep meridional flow is zero
at the equator, where 𝑓 = 0, but is toward the equator in both hemispheres and so induces equa-
torial upwelling. The shallow Ekman-layer flow is directed away from the equator, in order that
the vertically integrated flow is zero. A consequence of this is that the vertical velocity is positive
— that is, there is upwelling at the equator, as can be seen directly from (22.20) when 𝜏𝑦 = 0, 𝑦 = 0
and 𝜏𝑥 < 0.

The zonal undercurrent falls with latitude with a width proportional to 𝐸𝑟. The peak value
at the equator is proportional to 𝐸−1𝑟 , so that by reducing the drag we make the equatorial peak
sharper. However, and as that scaling suggests, the overall transport is independent of 𝐸𝑟 (at least
for a constant, zonal stress). To see this we integrate (22.23) with 𝜏𝑥 = −1 and 𝜏𝑦 = 0:

�̂�𝑇 = ∫
∞

−∞
𝑢 d𝑦 = ∫

∞

−∞

𝐸𝑟
𝐸2𝑟 + 𝑦2

d𝑦 = [ � tan−1 𝑦
𝐸𝑟
]�
∞

−∞
= π. (22.24)

Dimensionally, this translates to

𝑈𝑇 = 𝐻∫
∞

−∞
𝑢d𝑦 = −π𝑎𝜏

𝑥

2𝛺
. (22.25)

It is pleasing that the total transport of the undercurrent does not depend on the rather poorly-
constrained frictional coefficient, although the transport as given by (22.25) is somewhat smaller
than observed. This can be guessed from Fig. 22.5 where the parameters are such that the width of
the undercurrent is similar to that observed but its magnitude is too low (compare with Fig. 22.1).
If we take 𝜏𝑥 = 4×10−2N/m2 then using (22.25) we obtain a transport of about 5×106m3 s−1 or 5 Sv
whereas the observed transport, with the vertical average (i.e., the Sverdrup flow) removed is 10–
15 Sverdrups. Part of the discrepancymay come from the neglect of nonlinearity and stratification,
and part of it from there being an inertial component to the equatorial undercurrent that is not a
local response to the wind field, as we discuss in Section 22.4.
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Theexpressions are also useful when thewind is not purely zonal. In the somewhat less realistic
situation in which the wind is northward (𝜏𝑦 > 0, 𝜏𝑥 = 0), the deep flow is southward. If the wind
blows toward the northwest the undercurrent flows down the pressure gradient to the southeast.

Vertical structure at the equator
Because there is no lateral friction the solution at the equator is independent of the solution else-
where and an analytic form for the vertical profile may easily be obtained. The Coriolis parameter
is zero and so, from (22.13), the equations of motion become

0 = −𝜕𝜙
𝜕𝑥
+ 𝜈𝜕
2𝑢
𝜕𝑧2
− 𝑟𝑢, 0 = −𝜕𝜙

𝜕𝑦
+ 𝜈𝜕
2𝑣
𝜕𝑧2
− 𝑟𝑣. (22.26a,b)

If the meridional wind stress at the surface is zero (i.e., 𝜈𝑧𝜕𝑣/𝜕𝑧 = 0 at 𝑧 = 0) then 𝑣 = 0 every-
where. The zonal pressure gradient is given by (22.16a) and the zonal flow is then given by the
solution of

𝜈𝑧
𝜕2𝑢
𝜕𝑧2
− 𝑟𝑢 = 𝜏

𝑥

𝐻
, (22.27)

with boundary conditions

𝜈𝑧
𝜕𝑢
𝜕𝑧
= {𝜏
𝑥 at 𝑧 = 0,
0 at 𝑧 = −𝐻.

� (22.28)

The solution is easily found to be

𝑢 = 𝐴e𝛼𝑧 + 𝐵e−𝛼𝑧 − 𝜏
𝑥

𝐻𝑟
, (22.29)

where 𝛼 = √𝑟/𝜈𝑧 and 𝐴 and 𝐵 are obtained from the boundary conditions. We find

𝐴 = 𝜏
𝑥

√𝜈𝑧𝑟
( e𝛼𝐻

e𝛼𝐻 − e−𝛼𝐻) , 𝐵 =
𝜏𝑥

√𝜈𝑧𝑟
( e−𝛼𝐻

e𝛼𝐻 − e−𝛼𝐻) . (22.30a,b)

A key parameter is the depth scale 𝑑 = 𝛼−1 = √𝜈𝑧/𝑟 that determines the depth to which the surface
flow extends: if 𝜈𝑧/𝑟 is small, the flow in the direction of thewind is confined to a shallow layer near
the surface with the undercurrent beneath. A few example solutions are illustrated in Fig. 22.6.

These solutions indicate one failing of this simple model: the undercurrent is too deep and
in fact extends all the way to the bottom of the ocean; evidently the model fails to reproduce a
coherent, focused eastward flowing jet of finite vertical extent such as is seen in Fig. 22.1. The
main ingredient that can overcome this limitation is stratification, with nonlinearity an important
secondary effect, and we’ll consider how this constrains the vertical extent in Section 22.3.4.

A note on the undercurrent in the presence of a Sverdrup flow
The zonal winds in the tropics have a minimum in the westward flow, that is a local maximum in
𝑢, at the equator and produce an eastward vertically integrated (Sverdrup) flow, as sketched by the
solid line in Fig. 22.4. It seems natural to associate this flow with the eastward undercurrent but
this can be misleading. The Sverdrup flow is produced by the wind-stress curl whereas the under-
current is a consequence of the wind itself, and the two are not necessarily in the same direction.
If, for example, the meridional variation of the wind differed, and were more akin to the dashed
line in Fig. 22.4, then the Sverdrup flow would be westward. Whether the undercurrent would be
eastward or westward now depends on the relative strength of the Sverdrup flow as well as other
parameters, as the following very simple calculation shows.
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the equator, obtained using the analytic solutions
(22.29) and (22.30), with𝐻 = 1, 𝑟 = 1, 𝜏𝑥 = −1 and
the values of 𝜈𝑧 and 𝑈 indicated in the legend.

The deep flow is the superposition of the Sverdrup flow, 𝑈, and the vertically varying flow, so
that at the equator and with 𝜏𝑦 = 0 the deep flow is approximately given by

𝑢 = −𝜏
𝑥 + 𝑟𝑈
𝐻𝑟
, 𝑣 = 𝑉/𝐻. (22.31)

If the magnitude of 𝑈 is sufficiently large then the zonal undercurrent 𝑢 will take the sign of 𝑈,
rather than automatically opposing the direction of the wind stress. In this simple linear model,
the deep flow is just the sum of two components, one proportional to and opposing the surface
wind stress, and one in the direction of the Sverdrup flow. With the wind as it is today, the two
effects reinforce each other and for that reason the undercurrent is significantly stronger than the
surface flow, but this is not a general rule.

22.3.3 ♦ Effect of Horizontal Viscosity
We now explore the effects of using a horizontal viscosity in place of a linear drag. Neither hori-
zontal viscosity nor linear drag are wholly defensible representations of frictional effects, so that
one purpose of this exercise is to see what aspects of the solution are robust to the choice made.

Formulating the problem
As we see from Fig. 22.2, meridional variations tend to occur on a smaller scale than zonal varia-
tions, so we’ll neglect the zonal derivatives in the lateral friction. Our equations of motion then
become

−𝑓𝑣 = −𝜕𝜙
𝜕𝑥
+ 𝜈𝑧
𝜕2𝑢
𝜕𝑧2
+ 𝜈ℎ
𝜕2𝑢
𝜕𝑦2
, (22.32a)

𝑓𝑢 = −𝜕𝜙
𝜕𝑦
+ 𝜈𝑧
𝜕2𝑣
𝜕𝑧2
+ 𝜈ℎ
𝜕2𝑣
𝜕𝑦2
, (22.32b)

𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
+ 𝜕𝑤
𝜕𝑧
= 0, (22.32c)
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The Mean Equatorial Currents

The main observed features of tropical currents are:
• A vertically integrated flow that is in approximate Sverdrup balance, but with non-

negligible contributions from nonlinearity and friction. At the equator this flow is
eastward, flanked by narrow westward and eastward moving strips, transitioning to
broader westward flow polewards of about 10° latitude that is part of the main sub-
tropical gyres.

• A shallow westward flow at the equator, no more than a few tens of meters deep and
a few degrees of latitude wide, with speeds of a few tens of centimetres per second.

• A strong eastward flowing undercurrent, typically from about 50m to 200m depth
and a few degrees of latitude wide, with velocities up to a metre per second.

The leading order dynamics of this flow is roughly as follows:

• The zonal Sverdrup flow is proportional to the meridional derivative of the wind-
stress curl, and so roughly to −𝜕2𝑢𝑠/𝜕𝑦2 where 𝑢𝑠 is the surface zonal wind. The
vertically integrated eastward flow at the equator is thus a response to the minimum
in the westward trade winds at the equator.

• The shallow surface westward flow, and the strong eastward undercurrent, are pri-
marily a response to thewestwardwinds themselves, rather than the curl of thewinds,
and so are very robust features. (See the shaded box on page 877 for more about the
equatorial undercurrent.)

• If the surface zonal winds were uniformly westward in the tropics, or had a west-
ward maximum at the equator, the vertically integrated flow would be quite different
and might be westward because of the dependence of the zonal flow on the second
derivative of the wind stress in Sverdrup theory. However, theremight well still be an
eastward equatorial undercurrent, depending on the strength of the Sverdrup flow.

where 𝑓 = 𝛽𝑦 and with boundary conditions given by (22.14), as before. The vertically integrated
horizontal flow, (𝑈, 𝑉), satisfies

−𝑓𝑉 = −𝐻𝜕𝜙
𝜕𝑥
+ 𝜏𝑥 + 𝜈ℎ

𝜕2𝑈
𝜕𝑦2
, (22.33a)

𝑓𝑈 = −𝐻𝜕𝜙
𝜕𝑦
+ 𝜏𝑦 + 𝜈ℎ

𝜕2𝑉
𝜕𝑦2
, (22.33b)

𝜕𝑈
𝜕𝑥
+ 𝜕𝑉
𝜕𝑦
= 0, (22.33c)

and cross-differentiating leads to an equation similar to (22.15), namely

𝜈𝑧∇2
𝜕2𝜓
𝜕𝑦2
+ 𝛽𝜕𝜓
𝜕𝑥
= curl𝑧𝝉. (22.34)

Once again, in the absence of a wind-stress curl, the vertically integrated flow is zero and the wind
stress is balanced by a pressure gradient. The flow relative to the vertical average, (𝑢′, 𝑣′), is given
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by subtracting (22.33) (divided by𝐻) from (22.32) giving

−𝑓𝑣′ = 𝜈𝑧
𝜕2𝑢′
𝜕𝑧2
+ 𝜈ℎ
𝜕2𝑢′
𝜕𝑦2
− 𝜏
𝑥

𝐻
, (22.35a)

𝑓𝑢′ = 𝜈𝑧
𝜕2𝑣′
𝜕𝑧2
+ 𝜈ℎ
𝜕2𝑣′
𝜕𝑦2
− 𝜏
𝑦

𝐻
, (22.35b)

𝜕𝑢′
𝜕𝑥
+ 𝜕𝑣
′

𝜕𝑦
+ 𝜕𝑤
𝜕𝑧
= 0. (22.35c)

This is independent of the vertical average itself (as was the case with the linear drag) and hence-
forth, we’ll take the vertical averaged flow to be zero and drop the prime on the velocity, with the
understanding that it may be added back as needed. A full solution of (22.35) is both difficult to
obtain and uninformative, so we will concentrate on various special cases, as follows.

Solution away from the equator
Away from the equator we neglect the horizontal friction terms and (22.35) becomes

− 𝑓𝑣 = 𝜈𝑧
𝜕2𝑢
𝜕𝑧2
− 𝜏
𝑥

𝐻
, 𝑓𝑢 = 𝜈𝑧

𝜕2𝑣
𝜕𝑧2
− 𝜏
𝑦

𝐻
, (22.36a,b)

The particular solution to this is the depth independent flow,

𝑣𝑝 =
𝜏𝑥
𝑓𝐻
, 𝑢𝑝 =

−𝜏𝑦
𝑓𝐻
. (22.37a,b)

To this we must add the solution of the homogeneous equation

𝜈𝑧
𝜕2𝑢
𝜕𝑧2
+ 𝑓𝑣 = 0, 𝜈𝑧

𝜕2𝑣
𝜕𝑧2
− 𝑓𝑢 = 0. (22.38a,b)

These are the equations for an Ekman layer, as encountered in Section 5.7. As there, the solution
spirals down from the surface while decaying exponentially with an e-folding depth of √2𝜈𝑧/𝑓.
The transport in the Ekman layer, (𝜏𝑦/𝑓, −𝜏𝑥/𝑓), is equal and opposite to the transport of the
particular solution so that the total transport, relative to the vertical average, is indeed zero.

Solution below the Ekman layer
When 𝑓 is small the lateral friction terms cannot be ignored and we are left with the full problem
again. However, below the surface layer (which is the Ekman layer itself except very close to the
equator) the vertical friction may be neglected and we can obtain a solution analogous to (22.19).
The flow in this deep layer satisfies

− 𝑓𝑣 = 𝜈ℎ
𝜕2𝑢
𝜕𝑦2
− 𝜏
𝑥

𝐻
, 𝑓𝑢 = 𝜈ℎ

𝜕2𝑣
𝜕𝑦2
− 𝜏
𝑦

𝐻
, (22.39)

where 𝑓 = 𝛽𝑦, and these equations are very similar to (22.18). We nondimensionalize by setting

(𝑢, 𝑣) = (𝑢, 𝑣) 𝜏
2𝛺𝐻
, 𝑦 = 𝑦𝑎, (𝜏𝑥, 𝜏𝑦) = (𝜏𝑥, 𝜏𝑦)𝜏, 𝛽 = 2𝛺

𝑎
, (22.40)

where a hat denotes a nondimensional quantity and 𝑎 is the radius of Earth. The nondimensional
versions of (22.39) are then

− 𝑦𝑣 = 𝐸ℎ
𝜕2𝑢
𝜕𝑦2
− 𝜏𝑥, 𝑦𝑢 = 𝐸ℎ

𝜕2𝑣
𝜕𝑦2
− 𝜏𝑦, (22.41)
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where 𝐸ℎ = 𝜈ℎ/(2𝛺𝑎2) is a horizontal Ekman number.
The easiest way to obtain a solution is to multiply the second equation by i (i.e.,√−1) and add

to the first, to give

𝐸ℎ
𝜕2𝑍
𝜕𝑦2
− i𝑦𝑍 = 𝑇, (22.42)

where 𝑍 ≡ 𝑢 + i𝑣 and 𝑇 = 𝜏𝑥 + i𝜏𝑦, which we henceforth take to be equal to −1 (i.e., a purely
westward stress). Equation (22.42) is a particular form of Airy’s equation and its solution is given
by6

𝑍(𝑦) = ∫
∞

0
exp [ � − 𝐸ℎ𝛼3/3 − i𝑦𝛼]�d𝛼. (22.43)

This solution asymptotes to the geostrophic balance 𝑍 = 1/(i𝑦) (i.e., 𝑢 = 0, 𝑣 = 𝜕𝜙/𝜕𝑥 = 𝜏𝑥/𝑓𝐻)
for large |𝑦|. The solution, just like the one obtained using a linear drag, has total transport that is
independent of the frictional coefficient; that is

∫
∞

−∞
𝑢 d𝑦 = π or 𝐻∫

∞

−∞
𝑢d𝑦 = −𝜏𝑥 π𝑎

2𝛺
. (22.44)

The mathematical derivation of this is left as a (tricky) exercise for the reader or a literature search.
The integral is in fact exactly the same as that obtained using a linear drag, so that the quantitative
underestimate of the magnitude of the undercurrent remains. The lack of dependence of the total
transport on the viscosity arises because thewidth of the undercurrent increaseswith the (one third
power of the) horizontal viscosity but the peak value diminishes with the (one third power of the)
viscosity. The dependence on the one third power follows from a simple scaling of (22.42): at large
𝑦 the flow is geostrophic and lateral friction unimportant, whereas at small 𝑦 the lateral friction is
required to remove the equatorial singularity. Thus, the nondimensionalwidth of the undercurrent,
�̂� say, is determined by the requirement that the terms on the left-hand side of (22.44) are both
important and so that

𝐸ℎ
�̂�2
∼ �̂�. (22.45)

Dimensionally, this translates to

𝐿 ∼ 𝐸1/3ℎ 𝑎 = (
𝜈ℎ𝑎
2𝛺
)
1/3
∼ 100km, (22.46)

if 𝐸ℎ ≈ 10−6 (which implies 𝜈ℎ ≈ 104m2 s−1, but this value should not be seen as fundamental).
Horizontal profiles of 𝑢 and 𝑣 obtained from (22.43) are plotted in the right-hand panel of

Fig. 22.5, and may be compared with the corresponding solutions obtained with a linear drag in
the left-hand panel. The results shown are obtained with 𝐸ℎ = 2 × 10−6 but otherwise the same
values as were used with a linear drag. Evidently, the results with the two frictional schemes display
the same qualitative features, with a peak at the equator and a decay away, and ameridional velocity
directed toward the equator in both hemispheres, which gives rise to equatorial upwelling. Thus,
as with the Stommel (linear drag) and Munk (harmonic friction) solutions for an ocean-gyre, the
similarity of solutions with two different forms of solution gives confidence in the insensitivity of
the solution to the form of the frictional terms.

22.3.4 Effects of Stratification: A Layered Model of the Undercurrent
One unrealistic aspect of the models described above is that the undercurrent appears to extend
all the way to the bottom of the ocean, whereas in reality it is confined to the upper few hundred
meters of the ocean, with the deeper fluid being almost quiescent. A potential reason for this
discrepancy is that we have neglected stratification, which tends to limit vertical communication
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Fig. 22.7 Zonal sections of an-
nual mean density at the equator
in the Pacific (top) and Atlantic
and Indian oceans. The contours
are of potential density and the
shading is the vertical derivative
of potential density, with data
from the World Ocean Atlas.

within an ocean column. Let’s try to model this with a simple layered model, reverting to the use
of linear drag.

Let us suppose that the ocean consists of two homogeneous layers. The continuous, homoge-
neous model described above describes the solution in the upper layer while the lower layer, of
slightly greater density, represents the abyssal ocean and is assumed stationary. The pressure gra-
dient must therefore be zero in the lower level, and we will see that this requires that the interface
between the layersmust slope, and indeedwill usually slope upwards toward the east. The interface
is, of course, a crude representation of the equatorial thermocline.

The zonal pressure gradient at the equator at the base of the upper layer is given by (22.16a),
namely 𝜕𝜙/𝜕𝑥 = (𝜏𝑥 − 𝑟𝑈)/𝐻, and this is usually negative. If the upper layer has a density 𝜌1 and
the lower layer has a density 𝜌2 then, in order for there to be no pressure gradient in the lower layer
the interface must slope by an amount

𝑠 ≡ 𝜕𝑧
𝜕𝑥
= − 1
𝑔′
𝜕𝜙
𝜕𝑥
, (22.47)

where 𝑔′ ≡ 𝑔𝛥𝜌/𝜌1 ≡ 𝑔(𝜌2 − 𝜌1)/𝜌1 is the reduced gravity and, as we recall, 𝜙 ≡ 𝑝/𝜌1. Thus, an
estimate of the slope of the thermocline is

𝑠 ≈ 1
𝑔′𝐻
(𝜏𝑥 − 𝑟𝑈). (22.48)
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Fig. 22.8 A zonal section of the local model of the undercurrent, showing a near-surface flow in
the direction of the wind, a counter-flowing undercurrent beneath and a quiescent deep ocean
below the thermocline.

The quantitative effects of the Sverdrup flow are hard to gauge because of the rather ill-constrained
frictional coefficient 𝑟. Themean wind stress at the equator is westward and about 0.04Nm−2, and
with 𝛥𝜌 = 𝜌2 − 𝜌1 = 3kgm−3 and𝐻 = 200m we find

𝑠 ≈ 𝜏
∗𝑥

𝑔𝛥𝜌𝐻
≈ 0.04
10 × 3 × 200

= 6.7 × 10−6. (22.49)

This suggests that over the 15 000 km extent of the equatorial Pacific we might expect the thermo-
cline to shoal upwards toward the east by about 100m. This slope is comparable to that observed
(see Fig. 22.7), although considering the simplicity of the model the agreement is perhaps a little
fortuitous. The thermocline slopes up toward the east in both the Atlantic and Pacific, where the
prevailing winds are westward, but not in the Indian Ocean where the prevailing winds are season-
ally variable because of the monsoons. The undercurrent itself is also a seasonal phenomenon in
the Indian Ocean.

Except for the presence of the frictional coefficient, (22.48) is fairly insensitive to the details of
the model; a virtually identical expression results if we model the ocean as two immiscible layers
of fluid using the shallow water equations. The parameters determining the thermocline slope are
just the thickness, 𝐻, of the upper layer and the density difference, 𝛥𝜌, between the upper and
lower layers. A schematic of the flow is given in Fig. 22.8.

22.4 AN IDEAL FLUID MODEL OF THE EQUATORIAL UNDERCURRENT
Themodel of the equatorial undercurrent presented in the previous sections is physically appealing
and transparent, but it has two potential shortcomings:
(i) The detailed results depend on the frictional parameters chosen. This is unsatisfactory be-

cause we have no well-founded basis on which to choose those parameters.
(ii) The model makes no connection to the extra-tropical circulation of the ocean; that is, all the

dynamics are essentially local.
The second shortcoming is of no import in itself — the real ocean might be that way. However,
observations suggest that at least some of the water in the equatorial undercurrent has its origins
in the subtropical gyre: temperatures in the core of the undercurrent are mostly in the range of
16° C to 22° C, rather lower than the surface temperatures in the equatorial region except at the
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The Equatorial Undercurrent

What is it?

The equatorial undercurrent is the single most striking feature of the low latitude ocean cir-
culation. It is an eastward flowing subsurface current, mostly confined to depths between
about 50m and 250m and to latitudes within 2° of the equator, with speeds of up to 1ms−1
(Fig. 22.1). It is sometimes connected to an eastward flowing current a few degrees north
or south of the equator. The undercurrent is a permanent feature of the Atlantic and Pacific
Oceans, but varies with season in the Indian Ocean because of the monsoon winds.

What are its dynamics?

Most models of the equatorial undercurrent lie between two idealized end members that
we refer to as the local theory and the inertial theory.5

• The local theory regards the undercurrent as a direct response to the westward winds
at the equator. The winds push water westward and create a balancing eastward pres-
sure gradient force. Below a frictional surface layer the influence of the wind stress is
small and the pressure gradient leads to an eastward undercurrent.

– In the frictional surface layer the flow is away from the equator and there is up-
welling at the equator. The circulation is closed in the equatorial region. Contin-
uous stratification may be included in the theory, although if there is upwelling
through stratified water the diapycnal diffusivity must be non-zero.

– The dynamics of the simplest models of this ilk are linear, but their quantifi-
cation relies on the use of somewhat poorly constrained frictional and mixing
coefficients.

• In the inertial theory, the equatorial current system is connected to the extra-
equatorial region. A subsurface current moves inertially from higher latitudes, con-
serving its potential vorticity (which includes, crucially, a relative vorticity compo-
nent) and Bernoulli function into the equatorial region. A pressure head is created in
the western equatorial basin, which then pushes the undercurrent along.

– Even if there were no wind at the equator the theory, in its simplest form, would
still predict the presence of an undercurrent.

– The theory, which is unavoidably nonlinear, contains parameters that must be
specified somewhat arbitrarily but to which results are not especially sensitive.

• In reality, the undercurrent contains aspects of both theories, and more. Neither the-
ory can be entirely correct; the local theories do not properly take into account distant
effects and, in contrast to the inertial theory, numerical experiments show that the un-
dercurrent does depend on the wind at the equator.

– Part of the undercurrent is closedwithin the equatorial region, and part connects
to higher latitudes. A more complete model involves treating the equatorial un-
dercurrent as one branch of a more complex tropical current system.

– It would be hard, perhaps impossible, to construct a theory of the whole system
that is elegant, complete and correct. Understanding arises via careful treatments
of special cases along with numerical and conceptual models of the areas in be-
tween.
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eastern end of the ocean basins — that is, at the end of the undercurrent. Furthermore, as we see
from the upper two panels Fig. 22.1, the current gains strength as it moves eastward, implying that
it is drawing water from higher latitudes as it moves.

Modern observational analyses of the equatorial ocean indeed suggest that the equatorial cur-
rent system is a three-dimensional beast, connecting smoothly with the subtropical current sys-
tem described in earlier chapters.7 As subsurface water approaches the equator it largely rises
along isopycnal surfaces as it moves eastward, with the cross-isopycnal velocity being only a small
fraction of the total vertical velocity. This is in some contrast to the more local picture imagined
in Section 22.3 in which there is overturning in the vertical-meridional plane, and hence (to the
extent that the water is stratified) with cross-isopycnal upwelling at the equator.

The above discussion suggests that it would be useful to construct a model that both connects
to the subtropics and does not depend in any essential way on dissipative processes. That is, we
should try to construct an ideal fluid model of the equatorial ocean. We’ll do this in a way that
is analogous to our treatment of the ventilated thermocline in Chapter 20. That is, we’ll represent
the vertical structure of the ocean with a small number (one or two) of immiscible layers, and we’ll
assume that the subsurface layer conserves its potential vorticity.8

22.4.1 A Simple Barotropic Model
Suppose that a fluid parcel at some latitude moves toward the equator, preserving its potential
vorticity in a shallow-water system. If the fluid parcel originates from a latitude 𝑦0 where, we
suppose, its relative vorticity is negligible then, as it moves its vorticity, 𝜁, is determined by

𝑓 + 𝜁
ℎ
= 𝑓0
ℎ0

(22.50)

where, on the equatorial beta plane, 𝑓 = 𝛽𝑦, 𝑓0 = 𝑓(𝑦0) = 𝛽𝑦0 and ℎ0 is the depth of the fluid
column at 𝑦0. If, simplifying still further, the depth of the fluid column is assumed constant and
meridional derivatives aremuch larger than zonal derivatives so that 𝜁 = 𝜕𝑣/𝜕𝑥−𝜕𝑢/𝜕𝑦 ≈ −𝜕𝑢/𝜕𝑦,
we have

𝛽𝑦 − 𝜕𝑢
𝜕𝑦
= 𝛽𝑦0. (22.51)

Integrating this expression, with 𝑢 = 0 at 𝑦 = 𝑦0, gives

𝑢 = 𝛽
2
(𝑦 − 𝑦0)2. (22.52)

Interestingly, at 𝑦 = 0, 𝑢 = 𝛽𝑦20/2, which is positive. That is, conservation of absolute vorticity has,
virtually by itself, produced an eastward flowing current at the equator (Fig. 22.9). The solution
resembles the angular momentum conserving solution to the equinoctial Hadley Cell discussed in
Section 14.3, specifically Equation (14.38) but with a different constant of integration: essentially,
in the atmospheric case 𝑦0 = 0, because the meridionally moving air in the upper branch of the
Hadley Cell originates at the equator in the equinoctial case. However, in the oceanic case we do
not expect angularmomentum to be conserved because of the presence of a zonal pressure gradient,
absent in the zonally-averaged atmospheric case. Rather, it is absolute vorticity conservation, in
its simplest form, that leads to (22.52).

However, from a quantitative standpoint the solution is not very satisfactory. It depends heavily
on the value of 𝑦0, and for 𝑦0 greater than a few degrees the value of the zonal flow at the equator as
predicted by the model is far too large, as can be inferred from Fig. 22.9. Also, the model eastward
flow at the equator is not as jetlike as the undercurrent in the real ocean (Fig. 22.1). Nevertheless,
the qualitative success suggests that it might be useful to proceed with a more complete model,
in particular one in which the value of ℎ does vary with latitude, perhaps accounting for a good
fraction of the variation of the potential vorticity.
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Fig. 22.9 Zonal current as produced by the absolute vortic-
ity conserving model. Specifically, solutions are plotted of
(22.52) with 𝑦0 = 2° and 𝑦0 = 4° (×2π𝑎/360) and 𝛽 = 2𝛺/𝑎 =
2.27 × 10−11m−1 s−1.

22.4.2 A Two-layer Model of the Inertial Undercurrent
We now extend the barotropic model to two moving layers. We presume that the flow in the lower
level conserves potential vorticity, with a height field ℎ determined in a self-consistent fashion
rather than being fixed. Thus, the features of the model are as follows:

1. The use of the ideal form (i.e., inviscid, no dissipation) of the two-layer shallow water equa-
tions, with the lower level shielded from the wind’s influence and conserving potential vor-
ticity and giving rise to the equatorial undercurrent.

2. At low latitudes the equations are solved in a boundary-layer approximation, with varia-
tions in 𝑦 being of smaller scale than variations in 𝑥. Unlike our treatment of the ventilated
thermocline inmid-latitudes, no assumption ismade that the flow satisfies the planetary geo-
strophic equations. It is the inertial terms that prevent the solution from becoming singular
at the equator.

3. At higher latitudes the solutions are constructed to blend in with the solution of a mid-
latitude ventilated thermocline model, described in Section 20.7. Put another way, the ven-
tilated thermocline provides a high-latitude boundary condition for the model.

To get a sense of the overall flow the reader may look ahead to Fig. 22.10.

Equations of motion
Ourprimary concernwill be the lower layer (layer 2) forwhich themomentumandmass continuity
equations are, respectively,

D𝒖2
D𝑡
+ 𝒇 × 𝒖2 = −

1
𝜌0
∇𝑝2 = −𝑔′2∇ℎ (22.53a)

𝜕ℎ2
𝜕𝑡
+ ∇ ⋅ (ℎ2𝒖2) = 0, (22.53b)

where ℎ2 is the thickness of the layer and𝒖2 the horizontal velocitywithin it, and𝑔′2 = 𝑔(𝜌3−𝜌2)/𝜌0.
We remain on the equatorial beta plane so that 𝒇 = 𝑓𝐤 = 𝛽𝑦 𝐤, where 𝐤 is the unit vector in the
vertical direction, and we will consider only the steady versions of these equations. We may also
write the momentum equation in terms of the Bernoulli function,

𝜕𝑢2
𝜕𝑡
+ (𝑓 + 𝜁2)𝑣2 = −

𝜕𝐵2
𝜕𝑥
, 𝜕𝑣2
𝜕𝑡
+ (𝑓 + 𝜁2)𝑢2 = −

𝜕𝐵2
𝜕𝑦
, (22.54)
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where 𝐵2 = 𝑔′2ℎ + 𝒖22/2.
The above equations conserve potential vorticity, 𝑄2 = (𝑓 + 𝜁)/ℎ2 and, because the flow is

presumed steady, the Bernoulli function. That is,

𝒖2 ⋅ ∇𝑄2 = 0, 𝒖2 ⋅ ∇𝐵2 = 0. (22.55a,b)

Also, because of the form of the mass continuity equation in the steady state, namely ∇⋅ (ℎ2𝒖2) = 0,
we can define a streamfunction, 𝜓, such that

ℎ2𝒖2 = 𝐤 × ∇𝜓 or ℎ𝑢2 = −
𝜕𝜓
𝜕𝑦
, ℎ𝑣2 =

𝜕𝜓
𝜕𝑥
, (22.56)

Using the streamfunction, conservation of potential vorticity and Bernoulli function may be writ-
ten as

𝐽(𝜓, 𝑄2) = 0, 𝐽(𝜓, 𝐵2) = 0, (22.57a,b)

where 𝐽(𝑎, 𝑏) = 𝜕𝑥𝑎 𝜕𝑦𝑏−𝜕𝑦𝑎 𝜕𝑥𝑏. Equations (22.57a) and (22.57b) imply, respectively that isolines
of𝑄2 and 𝜓, as well as isolines of 𝐵2 and 𝜓, are everywhere parallel to each other. Thus, in general,
𝑄2 is a function of 𝐵; that is,

𝑄2 = 𝐹(𝐵2), (22.58)

where the function, 𝐹, is as yet unknown. It is also the case that𝑄2 is a function of 𝜓; that is,𝑄2 =
𝐺(𝜓) where 𝐺 is some other function. However, it is not the case that, in general, 𝑄2 is a function
of the height field ℎ, because ℎ is not proportional to the streamfunction for the flow. This is in
contrast to themid-latitude case inwhich geostrophic balancemay bewritten as𝒖2 = (𝑔′2/𝑓)𝐤×∇ℎ,
and so the relation 𝒖2 ⋅ ∇𝑄2 implies that𝑄2 is a function of ℎ itself. We do not assume geostrophic
balance in the equatorial region.

The equations and the properties of the equations so far discussed are quite general (save for the
restriction to the beta plane). Let us now consider the equatorial region, and then how it connects
to the subtropics.

Equatorial dynamics
Let us first derive some elementary scaling relations between the variables. Consider motion
within a narrow strip of distance no more than 𝐿𝑦 from the equator where 𝐿𝑦 is the character-
istic meridional scale of the undercurrent, as yet undetermined. If 𝐿𝑥 is the characteristic zonal
scale, typically the scale of the ocean basin itself, then 𝐿𝑦 ≪ 𝐿𝑥. We expect that 𝐿𝑦 will be the scale
over which the relative vorticity becomes comparable to the planetary vorticity, or equivalently
the scale such that the beta Rossby number is 𝒪(1). If the scale of the zonal velocity is 𝑈 then this
requirement is 𝑈/(𝛽𝐿2𝑦) = 1 or

𝐿𝑦 = (
𝑈
𝛽
)
1/2

or 𝑈 = 𝛽𝐿2𝑦. (22.59)

The disparity between zonal and meridional scales implies that there will also be a disparity be-
tween the zonal and meridional velocities, and in particular from the mass continuity equation we
expect that

𝑉 =
𝑈𝐿𝑦
𝐿𝑥
, (22.60)

and so 𝑉 ≪ 𝑈, where 𝑉 is the scale of the meridional velocity.
At a (non-zero) distance 𝐿𝑦 from the equator the relevant Rossby number in the meridional

momentum equation is given by 𝑈/(𝛽𝐿2𝑥), and this remains small. Thus, essentially because 𝑈 is
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so much larger than 𝑉, even very close to the equator the zonal flow will be in near geostrophic
balancewith themeridional pressure gradient. Themeridionalmomentumequation then becomes

𝛽𝑦𝑢2 = −𝑔′2
𝜕ℎ
𝜕𝑦
, (22.61)

implying the scaling

𝐻 =
𝛽𝐿2𝑦𝑈
𝑔′2
=
𝛽2𝐿4𝑦
𝑔′2
, (22.62)

using (22.59), where𝐻 is the scale of the variation of thickness in layer 2.
Now let’s consider the equations themselves. As we noted the flow conserves potential vorticity,
𝑄2. Close to the equator 𝑄2 ≈ (𝑓 − 𝜕𝑢2/𝜕𝑦)/ℎ2 so that, using (22.58),

𝛽𝑦 − 𝜕𝑢2/𝜕𝑦
ℎ2

= 𝐹(𝐵2), (22.63)

where 𝐵2 = 𝑔′2ℎ + 𝑢22/2, noting that |𝑢2| ≫ |𝑣2| in the equatorial region. There is an obvious
similarity between (22.63) and (22.51). Note also that (22.63) and (22.61) are ordinary differential
equations, although of course 𝑢2 and ℎ do vary in 𝑥. If we knew the function 𝐹(𝐵2), and we knew
the upper layer thickness ℎ1, then the equations would be closed and we could find a solution. For
this we turn to the dynamics in the subtropics.

Extra-equatorial dynamics
The role of the extra-equatorial region in out treatment is to provide a boundary condition for the
equatorial dynamics, and to determine the functional relationship between potential vorticity and
the Bernoulli function, 𝐹(𝐵2). We will suppose that the fluid obeys the dynamics of the two-layer
model of the ventilated thermocline discussed in Section 20.7, inwhich the fluid obey the planetary
geostrophic equations. The total depth of the moving fluid, ℎ, is given by

ℎ2 = −𝑧2 =
𝐷20

[1 + (𝑔′1/𝑔′2)(1 − 𝑓/𝑓2)2]
, (22.64)

where

𝐷20(𝑥, 𝑦) = −
2𝑓2
𝛽𝑔′2
∫
𝑥𝑒

𝑥
𝑤𝐸(𝑥′, 𝑦)d𝑥′, (22.65)

with 𝑤𝐸 = curl𝑧(𝝉/𝑓) being the vertical velocity at the base of the Ekman layer. Assuming the
stress is zonal then, at low latitudes, 𝑤𝐸 ≈ 𝛽𝜏𝑥/𝑓2 = 𝜏𝑥/(𝛽𝑦2). If the stress is also independent of
longitude then we find

𝐷20 =
−2(𝑥𝑒 − 𝑥)𝜏𝑥
𝑔′2

(22.66)

so that
ℎ2 = −2(𝑥𝑒 − 𝑥)𝜏𝑥
𝑔′2 [1 + (𝑔′1/𝑔′2)(1 − 𝑓/𝑓2)2]

. (22.67)

The extra-equatorial solution is completed by noting the expressions of the depths of each layer as
a function of the total depth, as in (20.99)

ℎ2 = 𝑧1 − 𝑧2 =
𝑓
𝑓2
ℎ and ℎ1 = −𝑧1 = (1 −

𝑓
𝑓2
)ℎ. (22.68a,b)
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Fig. 22.10 Schematic of the flow streamlines leading
to an equatorial undercurrent. Subsurface flow from
the subtropics heads westward and equatorward, be-
fore veering equatorward and back eastward to form
the equatorial undercurrent. The critical streamline 𝜓0
hits the stagnation point on the western boundary at
𝑦∗, and the value of the Bernoulli function at the equa-
tor is equal to the value on this streamline.
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Connections
We now start to connect the extra-equatorial solution to the tropical one. We first note that (22.67)
provides a scaling relation for ℎ; that is ℎ = 𝒪(𝐻) where

𝐻 = (𝐿𝑥𝜏
𝑔′2
)
1/2
. (22.69)

Now, we are assuming that the equatorial dynamics transition smoothly to the extra-equatorial
solution, so that (22.69) must be consistent with (22.62). Taken together they give us estimates
for the meridional scale, the zonal velocity and the depth of the moving fluid purely in terms of
external parameters, to wit:

𝐿𝑦 = (
𝐿𝑥𝜏𝑔′2
𝛽4
)
1/8
, 𝐻 = (𝐿𝑥𝜏

𝑔′2
)
1/2
, 𝑈 = (𝑔′2𝜏𝐿𝑥)1/4 . (22.70a,b,c)

These scalings are important results of the model, just as much as the precise form of the solution
discussed below. Note that the scaling for zonal velocity is qualitatively different from that derived
earlier using the frictional model — compare (22.70c) with (22.19a) or (22.25), for example. The
dependence of 𝑈 on the wind stress in (22.70c) is perhaps surprisingly weak, although both the
layer thickness and the horizontal scale also increase with the wind so that the total transport
increases almost linearly with wind stress. To the extent that the thickness of the upper layer stays
constant, the transport of the lower layer scales as

𝐻𝑈 = (𝐿
3
𝑥𝜏3
𝑔′2
)
1/4

and 𝐻𝑈𝐿 = (𝐿
7
𝑥𝜏7
𝑔′2𝛽4
)
1/8
. (22.71)

We now obtain the functional connection between𝑄2 and 𝐵2 necessary to close (22.63). In the
extra-equatorial region, the horizontal shear becomes small compared to the Coriolis term so that
(22.63) becomes

𝑄2 =
𝛽𝑦
ℎ2
= 𝐹(𝐵2), (22.72)

and the Bernoulli function itself, 𝐵2 = 𝑔′2ℎ + 𝒖2/2, may be approximated by 𝐵2 = 𝑔′2ℎ. Therefore,
at the edge of the equatorial region,

𝑄2 =
𝑓
ℎ2
= 𝑓2
ℎ
, (22.73)
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using (22.68a). This functional formholds throughout the equatorial region, and therefore𝑄2(ℎ) =
𝑓2/ℎ. More generally, 𝑄2(𝜙) = 𝑓2/𝜙 for any variable 𝜙 and in particular,

𝑄2(𝐵2) =
𝑓2
𝐵2
= 𝑓2
𝑔′2ℎ + 𝑢22/2

. (22.74)

Our quest for the solution is now all over bar the shouting, in the sense that we can write down
the equations of motion and the boundary conditions. Using geostrophic balance, (22.74), and
(22.63), we write down the equations determining the subsurface flow in the equatorial region,
namely

𝛽𝑦 − 𝜕𝑢2/𝜕𝑦
ℎ2

= 𝑓2
𝑔′2ℎ + 𝑢22/2

, (22.75)

𝛽𝑦𝑢2 = −𝑔′2
𝜕ℎ
𝜕𝑦
, (22.76)

ℎ2 = ℎ − ℎ1 . (22.77)
In addition to specifying the value of the upper layer field, ℎ1, we need to specify the boundary
conditions. At large values of 𝑦 (𝑦/𝐿𝑦 ≫ 1) the value of ℎ should be that given by (22.67). A
second boundary condition may be applied at the equator, and if we suppose that the flow is hemi-
spherically symmetric we have

𝑣2 = 0 at 𝑦 = 0. (22.78)
Taken with (22.54) this equation implies that, for steady flow, 𝜕𝐵2/𝜕𝑥 = 0 and so that

𝐵2 = 𝑔′2ℎ +
𝑢22
2
= 𝐵0 at 𝑦 = 0, (22.79)

where 𝐵0 is a constant. That is to say, the equator is a streamline of the flow. (If there is flow across
the equator the problem becomes more complicated, but we leave that for another day.) The value
of 𝐵0 is plausibly given by supposing it to be the value of 𝐵2 at the western edge of the basin just
outside the equatorial region but other choices might be made. Finally, we need to specify the
field ℎ1, and there are a number of reasonable ways to proceed, although no obviously correct one.
One choice would be to suppose that, just as in the extra-tropics, the total thickness of the moving
layers is given by Sverdrup balance. If we were to do this we would essentially be extending the
ventilated thermocline model all the way to the equator, with the addition of inertial terms. Al-
though Sverdrup balance is qualitatively reasonable in equatorial regions (Fig. 22.2), quantitatively
it is not particularly good and a simpler recipe is appropriate. One option is to choose ℎ1 to be a
function of 𝑥 only, such that the value of ℎ1 is equal to the value that it has at the high latitude edge
of the equatorial region, at 𝑦 = 𝑦𝑛 ≫ 𝐿𝑦. Using (22.68b) and (22.64) this gives

ℎ21 =
𝐷20(1 − 𝑦𝑛/𝑦2)2

[1 + (𝑔′1/𝑔′2)(1 − 𝑦𝑛/𝑦2)2]
= −2(𝑥𝑒 − 𝑥)𝜏

𝑥(1 − 𝑦𝑛/𝑦2)2
𝑔′2 [1 + (𝑔′1/𝑔′2)(1 − 𝑦𝑛/𝑦2)2]

, (22.80)

using (22.66). The choice is simple albeit a little special, but it turns out that the solution is not
especially sensitive to it. That it is a reasonable choice can be seen by noting that for 𝑦𝑛 ≪ 𝑦2,
ℎ → ℎ1 so that

ℎ → ℎ1 = [
−2(𝑥𝑒 − 𝑥)𝜏𝑥
𝑔′2 [1 + (𝑔′1/𝑔′2)]

]
1/2
. (22.81)

Re-arranging and differentiating this expression with respect to 𝑥 we obtain
𝜕
𝜕𝑥
(1 + 𝑔

′
1
𝑔′2
)ℎ1 =

𝜏𝑥
𝑔′2ℎ1
. (22.82)

That is, there is a balance between the applied wind stress and the pressure gradient force in the
upper layer.
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Equations of Motion for the Inertial Undercurrent

The dimensional forms of the equations of motion are

𝜕𝑢2
𝜕𝑦
− 𝛽𝑦 = 𝑓2ℎ2

ℎ + 𝑢22/2
, (ℎ2 = ℎ − ℎ1) (U.1a)

𝛽𝑦𝑢2 = −𝑔′2
𝜕ℎ
𝜕𝑦
, (U.1b)

where ℎ1 is a specified function of 𝑥. One plausible choice is given by choosing it to be the
value of ℎ1 just outside the equatorial region, as given by (22.80).

Two boundary conditions are needed. The first is that in the extra-equatorial region ℎ
approaches the value given by the ventilated thermocline model, for example

ℎ2 = −2(𝑥𝑒 − 𝑥)𝜏𝑥
𝑔′2 [1 + (𝑔′1/𝑔′2)(1 − 𝑓/𝑓2)2]

. (U.2)

At the equator the boundary condition on ℎ is obtained by setting 𝑣2 = 0 and specifying
the Bernoulli function, 𝐵2, there. That is, we specify

𝐵2 = 𝑔′2ℎ +
1
2
𝑢22 = 𝐵0 at 𝑦 = 0. (U.3)

Here, 𝐵0 is a constant, chosen to be equal to the value of the Bernoulli function on the
western edge of the basin just outside the equatorial region (that is, using (U.2) at 𝑥 = 0
and 𝑦 = 𝑦𝑛). There is then a pressure head at the western edge of the equatorial region, and
the flow accelerates zonally along the equator preserving its Bernoulli function.

The nondimensional form of (U.1) is

𝜕𝑢2
𝜕𝑦
− 𝑦 = −𝑦2ℎ̂2
ℎ̂ + 𝑢22/2

, 𝑦𝑢2 = −
𝜕ℎ̂
𝜕𝑦
, (U.4)

where 𝑦2 = 𝑓2/(𝛽𝐿𝑦).

The solution and its properties

Theequations ofmotion and the boundary conditions for thismodel are summarized in the shaded
box above. They are nonlinear and rather complex, and solutions must in general be obtained
numerically by an iterative method. However, some qualitative properties (as in Fig. 22.10) may
be deduced from the form of the equations, as describe below. We use Northern Hemisphere
terminology, but the ideas apply equally to the Southern Hemisphere.

The ventilated thermocline gives rise to fluid that, at low latitudes, flows southward and west-
ward. As it flows equatorward, potential vorticity conservation must lead to, in the absence of
changes in layer thickness, an increase in relative vorticity — an anticlockwise or cyclonic turning
— and the flow veers more southward and then eastward, so giving rise to the equatorial undercur-
rent. This property is present in the barotropic model of absolute vorticity conservation discussed
in Section 22.4.1. However, the two-layer model differs from the barotropic model in two impor-
tant regards. First, the layer thickness is allowed to change in a self-consistent fashion. Second, the
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Fig. 22.11 The streamlines in a solution of the equations
for an inertial equatorial undercurrent. The wind stress is
constant, 𝑔′1/𝑔′2 = 1, 𝑦2 = 5 and 𝐵0 = 1.26.

flow is not particularly sensitive to the matching latitude at which we connect the equatorial equa-
tions of motion to the extra-equatorial region. This is because the ventilated thermocline model
is itself based on conservation of potential vorticity, so that changing the matching latitude will
have little effect on the potential vorticity entering the equatorial region. The two layer model
does have some parameters that cannot be deduced a priori, in particular the thickness of the top
layer and the value of the Bernoulli parameter, but the solutions are not especially sensitive to it.
That is, and in common with some other models in geophysical fluid dynamics (for example, the
Stommel model of western intensification in a gyre), the behaviour of the solutions is quite robust
and transcends the detailed limitations of the model itself.

A numerically obtained solution is illustrated in Fig. 22.11. We see the streamlines sweeping
westward and equatorward before taking a sharp equatorward and then eastward turn, with the
flow being purely eastward at the equator. The solutions of 𝑢2 and ℎ are shown in Fig. 22.12, illus-
trating the formation of the undercurrent and its intensification as it moves eastward at the equator.
Note also the latitudinal variation of the layer depth, ℎ2 (ℎ2 = ℎ − ℎ1). In the extra-tropical ven-
tilated thermocline, the thickness of layer 2 diminishes as we move equatorward, and if the limit
of 𝑦 → 0 were taken the thickness of layer 2 would go to zero (a consequence of 𝑓 going to zero
and 𝑓/ℎ being preserved). However, in the equatorial boundary layer the layer thickness actually
increases as the equator is approached, and so the relative vorticity must increase to compensate,
because now (𝑓 + 𝜁)/ℎ is preserved. That is, the cyclonic intensification of the flow is somewhat
more pronounced than in the barotropic model. Note also that the layer depth diminishes east-
ward; that is, the thermocline slopes up toward the east.

22.4.3 Relation of Inertial and Frictional Undercurrents

In the above sections we have discussed two different conceptual models of the equatorial thermo-
cline. The first one is frictional and local, the second one is inertial and remote. In the local model,
the westward winds set up a compensating pressure gradient, and below the frictional layer near
the surface the pressure gradient dominates leading to an eastward flow. The only cross-latitudinal
effects come from a lateral friction, and if this is replaced with a linear drag the zonal flow at the
equator is wholly independent of the dynamics at other latitudes. In contrast, in the inertial model
the undercurrent arises as a consequence of potential vorticity conservation of the subsurface flow,
with the value of the potential vorticity set in the extra-equatorial region. The undercurrent is fed
by extra-equatorial waters at all longitudes and so builds up as it moves eastward (as is observed).
There is a pressure head at the western edge of the equatorial basin, so that the flow accelerates
eastward without the need for any winds at all at the equator. It is the link with the geostrophically
balanced motion in the extra-equatorial region that determines the structure of the equatorial un-
dercurrent, not the local winds.
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Fig. 22.12 Numerically obtained solutions for
𝑢2, 𝜕𝑢2/𝜕𝑦, ℎ1 and ℎ for the nondimensional
equatorial undercurrent equations, for 𝑥 = 0.25,
0.5 and 0.75, with the same parameters as in
Fig. 22.11.

Are these two views of the equatorial undercurrent in complete opposition, to the extent that
only one can be true? In fact, the real oceanmay have elements of both, and the twomodels are best
thought of as end-members, or limiting cases, of the a model of the true system, as summarized in
the shaded box on page 877 and discussed more in the literature.9

22.5 AN INTRODUCTION TO EL NIÑO AND THE SOUTHERN OSCILLATION
El Niño! One of the most famous phenomena in the climate sciences, and certainly one with
an enormous impact on humankind. It is an anomalous warming of the surface waters in the
eastern equatorial Pacific, and its appealing name (el niño, without capitalization, is Spanish for
male infant, el Niño refers to the Christ Child and El Niño to the oceanic phenomenon10) be-
lies its enormous power and global effects, bringing heavy rains to California and Northern Ar-
gentina and anomalously dry weather to South East Asia and Northern and Eastern Australia; it
also raises the global average surface temperature by about half a degree Celsius. Taken with the
associated changes in the atmosphere, in which case the whole phenomenon is known as the El
Niño–Southern Oscillation (enso), it is the largest and most important source of global climate
variability on interannual timescales, and it is one of only two unequivocal ‘oscillations’ in the
atmosphere–ocean system that is not directly forced by an external agent (the other one being the
Quasi-Biennial Oscillation; however, neither phenomena are modes of a linear system). Our focus
will be on the phenomenon itself, not its global effects.11

22.5.1 A Descriptive Overview
Every few years the temperature of the surface waters in the eastern tropical Pacific rises quite
significantly. The strongestwarming takes place between about 5° S to 5°N, and from thewest coast
of Peru (a longitude of about 80°W) almost to the dateline, at 180°W, as illustrated in Fig. 22.13.
The warming is large, with a difference in temperature up to 6° C from an El Niño year to a non-El
Niño year. The warmings occur rather irregularly, with typical intervals between warmings of 3 to
7 years, as seen in Fig. 22.14, and with particularly large events in 1887–88, 1982–83, 1997–98 and
2015–2016; the development of the last event is illustrated in Fig. 22.15.
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Fig. 22.13 The sea-surface temperature in
December of a non-El Niño year (December
1996, top panel), a strong El Niño year (De-
cember 1997, middle panel) and their differ-
ence (bottom panel). An El Niño year is typ-
ically characterized by an anomalously warm
tongue of water in the eastern tropical Pa-
cific.12

The warmings have become known as El Niño events or even (abusing the Spanish language)
El Niños. The warmings typically last for several months, occasionally up to two years, and appear
as an enhancement to the seasonal cycle with high temperatures appearing at a time when the
waters are already warming. If definiteness is desired, an event may be said to occur when there
is a warming of at least 0.5° C averaged over the eastern tropical Pacific lasting for six months or
more.14 Ocean temperatures tend to fluctuate between warm El Niño years and those years in
which the equatorial ocean temperatures are colder in the east and warmer in the west, and a La
Niña is said to occur when it is particularly warm in the west (la niña being Spanish for young
girl). We have direct observational evidence — temperature measurements from ships and buoys
— of El Niño events for over a century, but the events have almost certainly gone on for a much
longer period of time, probablymanymillennia, judging from proxy records of tree rings and coral
growth.15

The overlying atmospheric winds and the surface pressure in the equatorial Pacific tend to co-
vary with the sea-surface temperature (sst) and during El Niño events the equatorial Pacific trade
winds, become much weaker and may even reverse. A convenient measure of the atmospheric
signal is the pressure difference between Darwin (12° S, 130° E) and Tahiti (17° S, 150°W), and the
normalized record of this signal is known as the Southern Oscillation. (Other similar measures
of the subtropical high pressure zone of the South Pacific are sometimes used instead of the pres-
sure at Tahiti.18) The Southern Oscillation and the sst record of El Niño are highly correlated



888 Chapter 22. Equatorial Circulation and El Niño

29 

28 

27 

26 

25 

24

  4 

  2 

  0 

- 2 

- 4 

S
S

T
 (

  
C

)

o

–
 S

O
I 

Niño 3 SST.  Annual means and 20 year low pass !lter.

Negative of SOI Index.  Annual means and 20 year low pass !lter.

1880                    1900                   1920                    1940                   1960                    1980                    2000

1880                    1900                   1920                    1940                   1960                    1980                    2000

Fig. 22.14 Upper: Times series of the sea-surface temperature (sst) in the Eastern Equatorial Pa-
cific (Niño 3) region. Lower: Negative of the Southern Oscillation Index (SOI), the anomalous pres-
sure difference between Tahiti and Darwin. The pointy curves show the annual means, the dots are
values in December, the smoother curves show the variable after application of a 20 year low-pass
filter, and the top of the grey shading is the 1876–1975 mean.13

(Fig. 22.14), and the combined El Niño–Southern Oscillation phenomenon is denoted enso.

22.5.2 A Qualitative View of the Mechanism
enso is the only unambiguous example in the climate system of dynamical coupling between the
atmosphere and ocean on timescales of months to years, and the essential mechanism is sketched
in Fig. 22.16. First consider the mean state. The trade winds blow predominantly from higher lati-
tudes toward the equator, and from the east to the west. This leads to a current system as described
earlier in this chapter, with equatorial divergence of surface waters and upwelling — particularly
in the east because here it must also replenish the surface waters moving westward away from the
South American continent. The upwelling water here is cold, becausemuch of it comes from below
the thermocline, so that the sst of the eastern equatorial Pacific is relatively low, and the surface
waters warm as they move westward. Furthermore, the thermocline deepens further west and so
the upwelling does not bring as much cold abyssal water to the surface. The result of all this is that
the sst is high in the western Pacific, up to about 30° C, and low in the eastern Pacific, about 21° C
(see Fig. 22.13, top panel).

The strong zonal gradient of sst affects the atmosphere. The warm western Pacific region
becomes more convectively unstable with respect to convection, the eastern Pacific is correspond-
ingly cool and, as sketched in Fig. 22.16, an east-west overturning circulation is set up in the atmo-
sphere — the Walker circulation, which we discuss more in Section 22.6. Evidently, the oceanic
and the atmospheric states reinforce each other: the westward trade winds give rise to an east–west
sst gradient in the ocean which generates the Walker Cell, so the surface winds are stronger than
they would be if there were no ocean or if the ocean extended all the way round the globe.

By their nature positive feedbacks reinforce initial tendencies, whatever those tendencies may
be, and such a feedback is at the core of El Niño. If the trade winds weaken then so will the zonal
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Fig. 22.15 The development of the
2015–2016 enso event. The top pan-
els show the evolution of the depth-
averaged temperature over the upper
300 m from mid-2014 to mid-2016, and
the bottom panels show the surface
zonal wind, both over a strip from 2° S
to 2° N.
An eastward propagation in both fields
can be seen over the secondhalf of 2015,
ceasing in early 2016 just after the tem-
perature anomalies in the eastern trop-
ical Pacific reach their maximum in the
east.16

sst gradient, and the trades will weaken further and soon we have a full fledged El Niño event. The
feedback cannot amplify without bound and, in fact, there are are natural damping mechanisms
for El Niño, one of them being that the warm pool in the east is able to leak out of the tropics
along the coast of the Americas, both north and south, through the mechanism of coastal Kelvin
waves. No such leakage can occur in the western boundary, and this may be one reason that there
is an asymmetry between El Niño events and La Niña events (after subtracting out the basic state
asymmetry between east and west because of the direction of the trade winds). Another damping
mechanism is simply that a warm sea-surface will give up heat to the atmosphere. The El Niño
event then begins to decay and thewhole feedback then occurs in the opposite sense and eventually
the system reverts to its normal state. The mechanism that gives rise to the enso cycle is known
as the Bjerknes feedback,19 and the feedback is generally regarded as being stronger in the eastern
ocean because there the thermocline is shallower. Thermocline depth and sst are correlated, with
a shallow thermocline corresponding to low sst because cold water can then upwell through the
thermocline, with the correlation getting weaker as the thermocline thickens.
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Fig. 22.16 Sketch of the end
members of the enso cycle. The
top panel shows a cross-section
along the equator during non-
El Niño, years, and the bottom
panel at the peak of El Niño. Not
to scale, and slopes are exagger-
ated.17

Warm pool
moves east

South
America

New
Guinea

Thermocline dee
pens

Upwelling

Trade Winds
Warming

Cool lower water

Persistentwesterly wind

South
America

New
Guinea

Water heated by the sun

Therm
ocline

Upwelling

Return low

(Walker circulation)

TradeWinds

Warm pool

subducted

Cool lower water

Trad

22.5.3 Why the Tropics?
Why do these dynamics occur in the tropics, and not in mid-latitudes? The tropics are different
because there is a close and reasonably direct connection between sst and the winds, so enabling
a feedback to occur that reinforces initial tendencies, and that arises because of a combination of
the following factors:
(i) Equatorial sea surface temperatures are generally high, around 27° C (Fig. 22.13), and con-

vection is readily triggered if the temperature further increases (although there is nothing
magical about 27° C). Ascendingmotion occurs overwarm regionswith associated low-level
convergence, and the surface winds thus directly respond to a changing sst gradient, as in
the Matsuno–Gill problem.

(ii) The equatorial thermocline is quite shallow, varying from 200m in the west to 50m in the
east, and is thus sensitive to changing wind patterns. Furthermore, because the thermocline
is shallow upwelling can occur through it (Fig. 22.16), leading to a close connection between
thermocline depth and sst, especially in the east.

(iii) Equatorial Rossby and Kelvin waves are quite fast, certainly compared to advective motion,
so allowing cross-basin communication to occur on short, but not immediate, timescales.
The slight delay (of order months) may contribute to the ability of the system to oscillate.

Inmid-latitudes none of the above are as effective. Here the atmosphere is internally highly variable
and its response to an sst anomaly has small signal to noise ratio and the induced winds may
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have little immediate local correspondence with the anomaly. Adding to this, the mid-latitude
thermocline is deep and anomalous winds do not necessarily reinforce an existing anomaly. For
all of these reasons mid-latitude ocean–atmosphere coupling is weaker and slower than its tropical
counterpart.20 None of this discussion, of course, is to imply that mid-latitude sst anomalies do
not affect the atmosphere; indeed, such anomalies may be main cause of seasonal anomalies in the
weather.

When described in the terms above the El Niño phenomenon seems readily understandable,
but it glosses over a host of issues. If the above feedback is robust why doesn’t it occur in the tropical
Atlantic? Why doesn’t the system find a stable fixed point, or oscillate in a regular manner? What
determines the interval between events, and themagnitude of the events? We can’t answer all these
questions, but to begin let us consider the dynamics in a little more detail. We first consider the
atmosphere where the response is, essentially, to modify the Walker circulation.

22.6 THE WALKER CIRCULATION

The Walker circulation21 is an overturning cell in the tropical atmosphere predominantly in the
zonal, or 𝑥–𝑧 plane, as schematically illustrated in the top panel of Fig. 22.16, and as a solution
of the Matsuno–Gill problem in the top panel of Fig. 8.12. Convection is embedded within the
cell, especially at the warm western end, as in Fig. 18.14 on page 691, but the Walker Cell is not
‘driven’ by convection any more than the meridional overturning circulation in the ocean is driven
by convection in the North Atlantic. Rather, if there is a driver, it is the warm surface waters in
the western equatorial Pacific that arise because of the westward surface flow and that are heated
by the Sun as they move (see also the shaded box on page 872). These winds are part of the trade
wind system and at leading order are independent of the presence of the ocean — they arise by
the action of the Coriolis force on the equatorward surface branch of the Hadley Cell. There are
other zonal overturning cells in the tropics but the one in the Pacific — the Walker Cell — is the
strongest.

22.6.1 A Matsuno–Gill Model

Perhaps the simplest dynamical description of theWalker circulation is theMatsuno–Gill model.22
Themodel (described in Section 8.5) finds the steady solutions of the linear shallowwater equations
on an equatorial beta-plane forced with amass source. As discussed in Section 18.7, the solution of
these equations may be interpreted as being the first baroclinic mode of a continuously stratified
convecting atmosphere in which the static stability is maintained by convection, with the mass
source representing thermal forcing and coming in this instance from a warm ocean.

What does such a solution look like? Figure 22.17 shows the solution to the Matsuno–Gill
problem in which the thermal forcing linearly increases with longitude, crudely representing a sea-
surface temperature gradient increasing westward, falling of exponentially away from the equator
with an e-folding scale of an equatorial deformation radius. The solution shows a westward surface
velocity between the cooling in the east and heating in the west, with ascent over the heating and
descent over the cooling. Ascent is largest over the heating region, and so the trades weaken and
contract as the heating moves east, as in the schematic (Fig. 22.16).

We can make some rough estimates of the importance of the above effects. Suppose that an sst
anomaly of 𝛥𝑇 produces a heat flux of 𝑄 = 𝜆𝛥𝑇, where 𝜆 has units m2 s−1 K−1. The nondimen-
sional parameter, 𝛾∗ say, that determines the importance of the heating is, using the expression
involving 𝑄 in (8.115),

𝛾∗ =
𝜆𝛥𝑇𝐿eq
𝑐3𝑎
, (22.83)
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El Niño and the Southern Oscillation

• ElNiño is the name given to the aperiodicwarming of the ocean surface in the eastern
equatorial Pacific. The interval between warm events is typically from two to seven
years but is quite irregular (Fig. 22.14).

• El Niño events are associated with a weakening of the trade winds and an eastward
shift of the region of convection, conveniently measured by a pressure difference
between Tahiti and Darwin and known as the Southern Oscillation. The combined
phenomenon is known as the El Niño–Southern Oscillation, or enso.

• ElNiño, and its complement LaNiña (an anomalous, weaker, warming in thewestern
equatorial Pacific) are caused by themutual interaction between the atmosphere and
ocean in the equatorial Pacific. The key ingredients are:

(i) Aclose correlation between the thermocline thickness and surface temperature,
especially in the east, with a shallow thermocline associated with a cool surface.
A shallow thermocline allows water to upwell through it, bringing cold abyssal
water to the surface (Fig. 22.16).

(ii) A positive feedback between the winds and the sst. Surface warming in the
eastern Pacific leads to convergence of the winds (Fig. 22.17), a deepening of
the thermocline, and a further warming of the surface.

(iii) Theback-and-forth ‘sloshing’ of the thermocline depth anomalies, mediated by
Kelvin and Rossby waves propagating quickly eastward and more slowly west-
ward, respectively, with corresponding basin crossing times of about 70 and
200 days.

(iv) The interaction of these timescales with the annual cycle of the trade winds
and thermodynamic forcing, and with the natural (‘stochastic’) variability of
the atmosphere on shorter timescales.

(v) Damping by way of leakage in the west via coastal Kelvin waves and loss of heat
to the atmosphere and deep ocean, and a delayed negative feedback because of
the finite crossing time of the waves.

• The above factors combine to produce irregular oscillations, partially phase-locked
to the annual cycle.

• It seems that the crossing times in the Atlantic are too short for such phase-locking
and amplification, and there is no equivalent phenomenon there.

where 𝑐𝑎 is the gravity wave speed in the atmosphere. Using (8.136a) a rough estimate for the
magnitude of the wind response is then

𝑢 ∼ 𝑄
𝑐𝑎𝑟𝑎
= 𝜆𝛥𝑇
𝑐𝑎𝑟𝑎
, (22.84)

where 𝑟𝑎 is the linear drag on the wind (denoted 𝛼 in Section 8.5, and with units of s−1) in the
Matsuno–Gill problem. If 𝑟𝑎 ≈ 1/10days−1 and 𝑐𝑎 = 50ms−1 then 𝑢 increases by 3 × 104𝜆 per de-
gree Celsius. Observations show that 𝜆 ∼ 10−4m2 s−1 K−1, suggesting that sea-surface temperature
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Fig. 22.17 Two solutions to the
Matsuno–Gill model for the atmo-
sphere, each with different distri-
butions of heating, corresponding
to a normal year (panels (a) and
(b), top) and El Niño (panels (c)
and (d), bottom).
Panels (a) and (c) show the low-
level velocity (arrows) and velocity
divergence (shading) and (b) and
(d) show the heating, Q, and zonal
velocity, u, along 𝑦 = 0. (a) and (b)
have a maximum heating at 𝑥 =
−6 and a cooling at 𝑥 = 6, and (c)
and (d) have heating and cooling
at 𝑥 = −2 and 𝑥 = 6 with a much
reduced amplitude.
In both cases, there is descent
(blue shading) in the cooling re-
gion, westward flow toward the
heating where air ascends (red
shading), but the westward winds
are weaker and extend less in (c)
and (d).

anomalies can have a measurable impact on surface winds in the tropics.

22.7 THE OCEANIC RESPONSE

The oceanic response during an enso cycle is mediated by Kelvin and Rossby waves propagating
westward and eastward respectively, as discussed in Chapter 8. These waves do not intrinsically
preferentially cause upwelling or downwelling, nor do they cause a systematic change in the ther-
mocline thickness or sea-surface temperature. Rather, the waves are themeans by which the ocean
transitions from one state to another, just as gravity waves effect an adjustment to geostrophic bal-
ance.

The linearized equations of motion for the equatorial thermocline are

𝜕𝑢
𝜕𝑡
− 𝛽𝑦𝑣 = −𝑔′ 𝜕ℎ

𝜕𝑥
− 𝑟𝑢 + 𝜏𝑥, 𝜕𝑣

𝜕𝑡
+ 𝛽𝑦𝑢 = −𝑔′ 𝜕ℎ

𝜕𝑦
− 𝑟𝑢 + 𝜏𝑦, (22.85a,b)

𝜕ℎ
𝜕𝑡
+ 𝐻(𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = 0, (22.85c)

where 𝜏 = 𝜏/𝜌0𝐻 and𝐻 is the undisturbed mean thickness of the thermocline.
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Fig. 22.18 Numerical evolution of the height field on an equatorial beta plane shown at the times in-
dicated, starting from a Gaussian hump centred at the equator. The blue curve shows the height field
along the equator and the red and black curves at two and four deformation radii poleward. All quantities
are nondimensional, so the Kelvin wave (the hump propagating eastward) moves at a speed of one with
off-equatorial Rossby waves moving more slowly westward. At time 34 we see the equatorial Kelvin wave
partially reflected back as Rossby waves and partially propagating polewards as coastal Kelvin waves. At
times 63 and 80 we see the Rossby waves reflected back as an equatorial Kelvin wave.
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If the trade winds blow steadily westward, with no 𝑦-variation, then there is a stationary, steady
state situation with

𝑢 = 0, 𝑣 = 0, 𝑔𝜕ℎ
𝜕𝑥
= 𝜏
𝑥

𝐻
, 𝜕ℎ
𝜕𝑦
= 0, (22.86)

where ℎ is the perturbation thickness of the upper layer (a positive number) and 𝐻 is its mean
thickness. For negative 𝜏𝑥 (westward winds) the thermocline thickness deepens going west. If the
trade winds slacken (as during an El Niño) then the slope of the thermocline will, in its equilibrium
state, diminish (as in Fig. 22.16) but the new equilibrium is not achieved instantly; rather, it is
mediated by Kelvin and Rossby waves, just as the passage to geostrophic balance is mediated by
gravity waves. This means that any feedback that the ocean may have on the atmosphere will be
delayed by a time that is of the same order as, and perhaps somewhat more than, the time it takes
Rossby and Kelvin waves to traverse the Pacific.

To see these waves, we consider how the ocean responds to a perturbation on the equator in
the middle of the ocean, and specifically we set up the initial value problem with a perturbation
height field, and no velocity perturbation, as illustrated in Fig. 22.18. This perturbation will po-
tentially project onto multiple modes and at the equator we expect there to be a significant Kelvin
wave response, decaying away from the equator as exp(−𝑦2/𝐿2eq) as in Section 8.2.2. The Kelvin
wave moves east at a speed (𝑔′𝐻)1/2, eventually colliding with the eastern boundary. Here it gen-
erates Kelvin coastal waves that move along the coast away from the boundary and are eventually
dissipated, and a weak reflected Rossby wave.

Rossby waves will also be generated by the perturbation, the gravest of which has an 𝑚 = 1
structure in the 𝑣 field, where𝑚 is the index of the Hermite polynomial (Section 8.2). This mode
contains both 𝑚 = 0 and 𝑚 = 2 components in the height field (see (8.161) on page 332) repre-
sented in physical space as lobes slanted away from the equator, initially rather like the lobes in
the stationary problem illustrated in Fig. 8.11. These lobes propagate westward (second panel of
Fig. 22.18), but at about a third the speed of the Kelvin wave, before they eventually collide with
the western boundary. Now, in mid-latitudes, when Rossby waves hit a western wall they can only
reflect as short Rossby waves, in order to have an eastward directed group velocity (Section 6.6)
and in practice they often dissipate in the western boundary current. But here at the equator the
wave energy can (and does) return eastward as an equatorial Kelvin wave, because the frequencies
of Kelvin and Rossby waves can be the same — see Fig. 8.6 — as required for reflection. The whole
sequence is illustrated numerically in Fig. 22.18 and schematically in Fig. 22.19. The initial con-
ditions for the numerical simulation are a single positive depth anomaly (top left panel), whereas
the wording on the schema of assumes that the wind anomaly produces a deepening of the ther-
mocline on the equator and a shallowing off the equator (generated by the curl of the wind stress)
which are propagated away by Kelvin and Rossby waves respectively.

22.8 COUPLED MODELS AND UNSTABLE INTERACTIONS

22.8.1 Equations of Motion

The equatorial atmosphere and ocean are governed by very similar sets of shallow-water equations,
although the scales of the two systems, and how the variables are to be interpreted, differ. In the
ocean the equations represent the water above the equatorial thermocline and should be inter-
preted as reduced gravity equations, with the variable ℎ being the thermocline depth and 𝑔′ being
a direct measure of the density difference between the upper and deep ocean. In the atmosphere
the equations represent the first baroclinic mode of the atmosphere, and the deformation radius is
about 1000 km, several times that of the ocean.
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Ocean
In the longwave approximation (discussed in Section 8.2) the zonal scales are much greater than
meridional scales and (22.85) reduces to geostrophic balance and the above equations become

𝜕𝑢
𝜕𝑡
− 𝛽𝑦𝑣 = −𝜕𝜙

𝜕𝑥
− 𝑟𝑢 + 𝜏𝑥, 𝛽𝑦𝑢 = −𝜕𝜙

𝜕𝑦
, 𝜕𝜙
𝜕𝑡
+ 𝑐2𝑜 (
𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = 0, (22.87a,b,c)

where we have also written 𝜙 = 𝑔′ℎ and 𝑐2𝑜 = 𝑔′𝐻; in the equatorial ocean 𝑐𝑜 has a value of
1.5–2ms−1. The above equations are complete, but do not provide a prediction for the surface
temperature, which is the field that the atmosphere actually cares about. We may heuristically add
a mixed-layer temperature variable by supposing that the temperature is passive and advected by
the flow, and is heated or cooled from above. Then, linearizing around a mean temperature 𝑇, we
write

𝜕𝑇
𝜕𝑡
+ 𝑢𝜕𝑇
𝜕𝑥
+ 𝑣𝜕𝑇
𝜕𝑦
+ 𝛾1
𝑤
𝐻′
(𝑇 − 𝑇𝑑) = −𝜆1(𝑇 − 𝑇𝑎). (22.88)

The term 𝛾1𝑤(𝑇 − 𝑇𝑑)/𝐻′ represents upwelling from some depth𝐻′ where the temperature is 𝑇𝑑,
and the term on the right-hand side represents exchange with the atmosphere, and 𝛾1 and 𝜆1 are
constants. The derivations of equations like this are all somewhat empirical,23 so it is appropriate
to maximally simplify. The most important processes are exchange with the atmosphere and up-
welling, and the efficacy of the upwelling is largely dependent on the depth of the thermocline, ℎ,
since this determines the temperature of the upwelling water. Thus, simplifying further, we have

𝜕𝑇
𝜕𝑡
= +𝛾2ℎ − 𝜆𝑇 or, with still more approximation, 𝑇 = 𝐴ℎ, (22.89a,b)

where 𝛾2 is a constant and𝐴 = 𝛾2/𝜆 and ℎ = 𝜙′/𝑔′. Equation (22.89b) assumes that equatorial up-
welling is the dominant factor in determining surface temperature, and states that the anomalous
temperature is proportional to the anomalous thickness of the upper layer.
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Atmosphere
On the atmospheric side the equations are almost the same, and using capital letters for the vari-
ables and making the longwave approximation we have

𝜕𝑈
𝜕𝑡
− 𝛽𝑦𝑉 = −𝜕𝛷

𝜕𝑥
− 𝑟𝑎𝑈, 𝛽𝑦𝑈 = −

𝜕𝛷
𝜕𝑦
, 𝜕𝛷
𝜕𝑡
+ 𝑐2𝑎 (
𝜕𝑈
𝜕𝑥
+ 𝜕𝑉
𝜕𝑦
) = 𝑄𝑎,

(22.90a,b,c)
where the constant 𝑟𝑎 is a drag coefficient and 𝑐𝑎 is the gravity wave speed of the first baroclinic
mode, around 30ms−1. The term on the right-hand side of (22.90) represents a thermodynamic
forcing by sst anomalies, and the simplest parameterization of this is 𝑄𝑎 = 𝛼′𝑇 where 𝛼′ is a
constant. Then, using (22.89), we obtain 𝑄𝑎 = 𝛼ℎ, where 𝛼 = 𝐴𝛼′. Similarly, the stress on the
ocean, represented by 𝜏𝑥 in (22.87), arises from the linear drag term 𝑟𝑎𝑈 in (22.90), since stress is
continuous across the atmosphere-ocean interface. Thus, we write 𝜏𝑥 = −𝛾𝑈 where 𝛾 is a constant
— the negative sign arising because (22.90) describes the first baroclinicmode and the surface wind
is proportional to −𝑈. Coupling between the atmosphere and ocean in (22.90) and (22.87) is thus,
in the simplest case, effected by

𝜏𝑥 = −𝛾𝑈, 𝑄𝑎 = 𝛼𝜙. (22.91a,b)

Equations (22.85), (22.90) and (22.91), are a complete set of equations for a coupled, equatorial,
ocean–atmosphere system. Nearly all extant theories of enso are essentially theories of the be-
haviour of these or related sets of equations. The most ad hoc aspects of these equations are the
relationships in (22.91), and the coefficients 𝛾 and 𝛼 should be regarded as semi-empirical — a
problem that would remain even if we were to use (22.89a). The model could be further extended
by a more complete treatment of diabatic effects and the coupling terms — for example, one could
add an evolution equation for the sea-surface temperature with advection and boundary layer pro-
cesses, and decouple it from the thermocline depth. But even with a comprehensive numerical
model (e.g., a coupled gcm) a degree of empiricism is unavoidable.

22.8.2 Unstable Air–Sea Interactions
We can expose some of the essential dynamics of the coupled system if we severely approximate
(22.87), (22.90) and (22.91) by omitting 𝑦-derivatives, Coriolis terms and meridional velocities.
We also neglect time derivatives in the atmosphere, since it achieves a quasi-equilibrium with the
state of the ocean on a shorter timescale than that of the ocean. The coupled set then reduces to24

𝜕𝑢
𝜕𝑡
= −𝜕𝜙
𝜕𝑥
− 𝑟𝑜𝑢 − 𝛾𝑈,

𝜕𝜙
𝜕𝑡
+ 𝑐2𝑜
𝜕𝑢
𝜕𝑥
= 0, (22.92a,b)

0 = −𝜕𝛷
𝜕𝑥
− 𝑟𝑎𝑈, 𝑐2𝑎

𝜕𝑈
𝜕𝑥
= 𝛼𝜙. (22.92c,d)

These equations combine into a single equation for 𝜙 (a proxy for ocean surface temperature),
namely

𝜕2𝜙
𝜕𝑡2
− 𝑐2𝑜
𝜕2𝜙
𝜕𝑥2
+ 𝑟𝑜
𝜕𝜙
𝜕𝑡
− 𝑐
2
𝑜
𝑐2𝑎
𝛾𝛼𝜙 = 0. (22.93)

Seeking a harmonic solution of the form ei(𝑘𝑥−𝜔𝑡) yields the dispersion relation

𝜔2 = −i𝑟𝑜𝜔 + 𝑐20𝑘2 − 𝛾𝛼
𝑐2𝑜
𝑐2𝑎
. (22.94)
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The terms on the right-hand side give rise to damping (the term involving 𝑟𝑜, the drag on the
oceanic flow), waves (the term 𝑐2𝑜𝑘2), and, potentially, exponential growth (the term 𝛾𝛼, which is
the feedback between atmosphere and ocean). If this feedback is large enough the flow will be
unstable, and this is a simple mathematical representation of the feedback described verbally in
Section 22.5.2. The solution of (22.94) is

𝜔 = − i𝑟𝑜
2
± √𝑐2𝑜𝑘2 −

𝑟2𝑜
4
− 𝛾𝛼𝑐

2
𝑜
𝑐2𝑎

or 𝜎 = −𝑟𝑜
2
± √𝛾𝛼𝑐

2
𝑜
𝑐2𝑎
+ 𝑟
2
𝑜
4
− 𝑐2𝑜𝑘2 , (22.95a,b)

where 𝜎 ≡ −i𝜔 is the growth rate, and depending on the size of 𝛼𝛾 the solution may be decaying
or a growing, and if decaying it may be oscillatory. Note that the frequency of the oscillations is
reduced (from its pure oceanic value, 𝑐𝑜𝑘) by the interaction with the atmosphere.

The above analysis is very instructive in revealing the basic source of the instability, but it has
some unrealistic aspects. For example, (22.95) has both westward and eastward propagating grav-
ity waves; however, since these are at the equator they should really represent Kelvin waves that
propagate only eastward; that is, the westward propagating solution in (22.95) is artifactual. Also,
the analysis does not yield steady self-sustained oscillations and to obtain these we need to delve
further; we will do so by way of numerical integrations and toy models.

22.9 SIMPLE CONCEPTUAL AND NUMERICAL MODELS OF ENSO
We now discuss two conceptual, or toy, models of enso. Toy models are ad hoc models, meaning
that their governing equations cannot be derived in a rigorous or even a systematic fashion from the
fundamental physics or dynamics. Rather, the models often arise using verbal reasoning and/or
severe approximation, and their purpose is to illustrate mechanisms and suggest developments
rather than to be accurate predictive tools or proper reductions of the full equations. However, the
models may be very useful and the behaviour they describe may be quite robust.25

We first construct and analyse a delayed-oscillator model, which provides a basis for under-
standing how the finite propagation time of equatorial waves in conjunction with the Bjerknes
feedback can give rise to oscillatory behaviour. We then look at the perhapsmore realistic recharge-
discharge model and finally show some numerical simulations.

22.9.1 A Delayed-oscillator Model

The mechanisms involved in the delayed-oscillator model are illustrated in Fig. 22.19.26 To begin,
suppose there is an eastward wind anomaly at the equator, and that this develops a positive (i.e.,
deeper) thermocline anomaly in mid-basin at the equator. This anomaly propagates eastward as
a Kelvin wave, thickening the thermocline, warming the sea surface and generating anomalous
eastward winds, that further thicken the thermocline (the Bjerknes feedback). At the same time a
negative thermocline anomaly is generated off the equator, which is propagatedwestward asRossby
waves before being reflected back as a Kelvin wave. When this reaches the eastern Pacific it lowers
the sea-surface temperature, so providing a delayed negative feedback. Appendix A at the end of
the chapter attempts to derive a simple equation governing such a process from the equations of
motion and the result is

𝜕𝑇
𝜕𝑡
= 𝑎𝑇(𝑡) − 𝑏𝑇(𝑡 − 𝛿) − 𝑟𝑇3(𝑡), (22.96)

where 𝑎, 𝑏, 𝑐 and 𝛿 are constants and 𝑇 is the sst anomaly, nominally in the eastern equatorial
Pacific. The three terms on the right-hand side of this equation may be interpreted as follows:
(i) The term 𝑎𝑇(𝑡) represents a local wind–surface-temperature positive feedback. A positive

sst anomaly in the East Pacific produces an anomalous eastward wind stress and eastward
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propagating downwelling Kelvin wave, deepening the thermocline, further warming the sea
surface.

(ii) The term 𝑏𝑇(𝑡−𝛿) represents a delayed negative feedback. A wind-stress curl anomaly leads
to off-equatorial thermocline shallowing and westward propagating Rossby waves. These
reflect back as a Kelvin wave that, after a time 𝛿, cools the eastern equatorial ocean.

(iii) The cubic nonlinear damping term, 𝑟𝑇3, represents all other dissipative processes in the
system.

In some ways the verbal reasoning above is as convincing as the derivation in Appendix A.

Analysis of the oscillator

Equation (22.96) simplifies if we write ̂𝑡 = 𝑡𝑎 and �̂� = 𝑇√𝑟/𝑎, giving the nondimensional equation

d�̂�
d ̂𝑡
= �̂� − 𝛼�̂�( ̂𝑡 − 𝛿) − �̂�3, (22.97)

where 𝛿 = 𝛿𝑎 is the nondimensional delay and 𝛼 = 𝑏/𝑎. Equations such as (22.97) are not ‘sim-
ple’. Formally, the equation has an infinite number of degrees of freedom — note that we need
to specify initial conditions not just at a single time but at all times from 𝑡 = −𝛿 to 𝑡 = 0— and
corresponds to an infinite number of ordinary differential equations. Nevertheless, we can obtain
useful information about the solution by way of a linear analysis. Dropping the hats from (22.97),
equilibria occur at 𝑇 = 𝑇0 where

𝑇0 = 0 and 𝑇0 = ±√1 − 𝛼. (22.98)

We set 𝑇 = 𝑇0 + 𝑇′ and linearize, and then (22.97) becomes

d𝑇′
d𝑡
= 𝑇′(1 − 3𝑇20 ) − 𝛼𝑇′(𝑡 − 𝛿). (22.99)

In the usual manner we now let 𝑇′ = �̃�e𝜎𝑡, where 𝜎 = 𝜎𝑟 + i𝜎𝑖 and obtain

𝜎 = 1 − 3𝑇20 − 𝛼e−𝜎𝛿, 𝜎𝑟 = 1 − 3𝑇20 − 𝛼e−𝜎𝑟𝛿 cos𝜎𝑖𝛿, 𝜎𝑖 = 𝛼e−𝜎𝑟𝛿 sin𝜎𝑖𝛿. (22.100)

These are transcendental equations, since 𝜎 appears on the right-hand sides in the sine and cosine
terms. For 𝑇0 = 0 we get

𝜎𝑟 = 1 − 𝛼e−𝜎𝑟𝛿 cos𝜎𝑖𝛿, 𝜎𝑖 = 𝛼e−𝜎𝑟𝛿 sin𝜎𝑖𝛿. (22.101a,b)

A solution of this satisfies 𝜎𝑖 = 0 and 𝜎𝑟 = 1 − 𝛼e−𝜎𝑟𝛿. A value for 𝜎𝑟 can easily be obtained
graphically, but even without doing that we can see that 𝜎𝑟 will generally be positive, because the
term 𝛼e−𝜎𝑟𝛿 is positive and less than unity. The solution is therefore unstable.

For the case in which 𝑇0 = ±√1 − 𝛼 the stability equation is

𝜎𝑟 = 3𝛼 − 2 − 𝛼e−𝜎𝑟𝛿 cos𝜎𝑖𝛿, 𝜎𝑖 = 𝛼e−𝜎𝑟𝛿 sin𝜎𝑖𝛿. (22.102a,b)

The neutral curves, where 𝜎𝑟 = 0, are given by

𝛿 = 1
𝜎𝑖

cos−1[(3𝛼 − 2)/𝛼], 𝜎𝑖 = [𝛼2 − (3𝛼 − 2)2]1/2. (22.103a,b)

These are plotted in Fig. 22.20 and the lower curve corresponds to a boundary between stable and
unstable regions: for the shaded regions the solution to (22.97) converges to a fixed point, whereas
in the unshaded region the fixed points are unstable and the solutions are oscillatory. (Because the
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Fig. 22.20 Stability regime for a delayed-oscillator
model. Plotted are values of 𝛼 vs 𝛿 as given by (22.103).
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signal will diminish as the Rossby waves propagate westward and return as Kelvin waves, wemight
expect that the negative feedback in the delay term will be weaker than the positive feedback in the
linear term and therefore 𝛼 < 1.)

Unstable modes arise more readily for larger values of the negative feedback parameter 𝛼 and
for larger values of the delay time 𝛿. To help understand this consider the case with zero delay, for
which the equation of motion is just

d�̂�
d ̂𝑡
= (1 − 𝛼)�̂� − �̂�3. (22.104)

This equation has three stationary states: an unstable state at𝑇 = 0 and stable states at𝑇 = ±√1 − 𝛼,
as in the case with finite delay, but no oscillatory modes are present. As 𝛼 diminishes the effect of
the delay also diminishes, and for 𝛼 = 0 stable states occur at 𝑇 = ±1 and no oscillatory modes are
present. The period of the oscillations is not easily obtained except on the neutral curves, and for
that we turn to numerical solutions.

Numerical solutions
Numerical solutions of (22.97) may be obtained easily and some typical solutions are shown in
Fig. 22.21. The actual periods close the neutral line are in fact similar to those given by the linear
analysis, (22.103b). The period gets longer for a longer delay, although the ratio of the period to the
delay itself diminishes slightly as the delay increases. Typically, the period is two or three times the
delay, although for small values of 𝛿 the period can be five times the delay. What is that delay time,
dimensionally? Given the speed of Rossby waves and the size of the Pacific, a typical value is about
eight months, with a maximum possible value of about 12 months. This gives a period of about 24
months, which is rather less than the typical observed interval between El Niño events. However,
it is hard to be precise because we need to determine what nondimensional value of 𝛿 corresponds
to a dimensional value of 8 months: we have scaled time by the value of the amplifying parameter
𝑎 in (22.96), and this is uncertain to within a factor of a few. Unless the parameter regime of the
Pacific ocean is such that a dimensional delay of 8 months corresponds to a nondimensional delay
of about 2, which would give a period of four or five times 8 months, then the period delayed
oscillator model is somewhat shorter than that of the real El Niño.

Thedelayed-oscillatormodel illustrates twoproperties thatmay be important in the real system,
namely the positive feedback by thewind (the underlying Bjerknes hypothesis) and the importance
of a delayed damping, so enabling oscillations to occur. Still, it has notably ad hoc aspects, espe-
cially its treatment of the negative feedback from the Rossby waves and its introduction of a cubic
damping.
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α = 0.6, δ = 3 α = 0.6, δ = 8

α = 0.8, δ = 8α = 0.8, δ = 3 Fig. 22.21 Various time ser-
ies obtained by numerically in-
tegrating (22.97) for the pa-
rameters indicated. The initial
conditions are the value at the
fixed point, 𝑇 = √1 − 𝛼, plus a
small perturbation.

22.9.2 The Recharge-Discharge Oscillator

A basin-wide mechanism that has become known as the recharge-discharge hypothesis seems to
capturemany of the salient features of the enso phenomenon in an appealingly simpleway, roughly
as follows.27

The prevalent westward trade winds push warm water westward, depressing the thermocline
in the west and building up a significant amount of warm water. At some point a fluctuation in
the atmospheric circulation will occur that causes the trade winds to relax and give rise to an east-
ward Kelvin wave surge, warming the central and Eastern equatorial ocean, further weakening
the trades and allowing El Niño to develop fully. Then, along with the wave reflection that occurs
at the eastern boundary, some of that warm water drains away polewards along the coast in the
form of coastal Kelvin waves, meaning that some of the warm pool is irretrievably lost to the equa-
torial ocean, and this discharge is the demise of the event. The trade winds then resume, slowly
building up the warm pool in the west and priming the system for the onset of another El Niño.
The timescale of the oscillation — that is, the time between events — is then determined by the
time taken to build up the warm water, rather than being a multiple of the wave propagation time
across the basin. The two are related, since Kelvin and Rossby waves are still the mechanisms that
determine the timescale of propagation of the signal across the ocean basin, and so determine the
timescales of the El Niño genesis and recharge. In this model, the positive feedback is (still) the
Bjerknes mechanism, the growth rate (or, perhaps more relevantly, the onset time) is determined
by the passage of the equatorial ocean waves across the basin, the damping is the drainage of warm
water into coastal Kelvin waves as well as heat loss to the atmosphere and deeper ocean, and the
interval between events is determined by the time it takes to refill the basin with warmwater, along
with the interaction with the seasonal cycle.

In some ways the recharge-discharge mechanism is more physically grounded and straightfor-
ward and than that of the delayed-oscillator, although the two are notwholly in opposition—waves
propagate back and forth, leading to delayed negative feedbacks. Similarly to the delayed-oscillator
case, we can write down, or try to derive more systematically, simple ode models mimicking the
recharge-discharge behaviour, and readers are invited to construct their own.28 Such models can
be transparent and simple but the derivations have unavoidably ad hoc aspects. Rather than pro-
ceeding down that path let us illustrate the enso phenomenon with a simple but fluid-dynamical
numerical model, namely the shallow water equations of Section 22.8 for the ocean coupled to a
simplified atmosphere.
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Fig. 22.22 Anumerical solution of the
shallow water equations showing the
initial thermocline depth and the per-
turbation depth (i.e., final minus initial)
at 𝑡 = 46/√𝛽𝑐 ≈ 70 days, approxi-
mately the Kelvinwave crossing time for
the basin. Red shading indicates deeper,
warmer, water.
The initial field increases linearly to-
ward the west, and the later state has a
tongue of warm water in the east.
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22.10 NUMERICAL SOLUTIONS OF THE SHALLOW WATER EQUATIONS
We now show some numerical solutions of the time-dependent shallow water equations on an
equatorial beta-plane, (22.85). The model is in a regime in which the linear equations are a very
good approximation, and have a mean thermocline depth of 50m and 𝑔′ = 0.05ms−2 (so that
𝑐 = (𝑔′𝐻)1/2 ≈ 2.2ms−1) in a domain about 15 000 km across. The equatorial deformation radius,
𝐿eq = (𝑐/𝛽)1/2 is then about 300 km, the nondimensional time 𝑇eq = 1/(𝑐𝛽)1/2 is 1.6 days and the
basin width is about 50 𝐿eq. The model also has a linear damping in all fields with a timescale of
16 months.

The simplest illustration of El Niño arises from the initial value problem illustrated in Fig. 22.22.
The initial thermocline thickness is set to deepen linearly toward thewest and falls off exponentially
away from the equator over a few deformation radii, as if held by a westward wind. The flow is
released (i.e., the nominal wind is ‘turned off ’) and a Kelvin wave propagates eastward, colliding
with the eastern wall some time later, generating poleward propagating coastal Kelvin waves and,
most obviously, a warm tongue that appears to spread from the east— this is themodel analogue of
an El Niño event. The disturbance is partially damped by those coastal waves but also propagates
back across the basin as a Rossby wave, and then back again as a Kelvin wave, producing another
El Niño event, and so forth, with the oscillations eventually dying out.

Self-sustained oscillations can be generated by adding awind forcing that depends on the ocean
state. Although it is straightforward to couple the ocean to a corresponding shallow water atmo-
sphere, themechanism is seen transparently if we reduce (22.90) and (22.91) to the simple equation

𝜏𝑥 = 𝛾′(ℎ𝐸 − ℎ𝑊) − 𝜏𝑥0 , (22.105)

where the constant 𝜏𝑥0 represents the trade winds and ℎ𝐸 and ℎ𝑊 are the averaged thermocline
thicknesses in the eastern and western parts of the domain, so representing the Bjerknes feedback
in its most basic form. The results are quite sensitive to the value of the coupling coefficient 𝛾′ but
much less so to the way ℎ𝐸 and ℎ𝑊 are calculated.
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Fig. 22.23 Time series of thermocline thickness in the east and west, ℎ𝐸 and ℎ𝑊, and the wind given by
(22.105), which has no effect in the top two panels. Time is in units of √1/(𝑐𝛽) or 1.6 days. The panels
variously show the effects of a wind feedback and a seasonal cycle: (a) shows the unforced evolution, (b)
includes an annual cycle of winds but no feedback on those winds, (c) includes a wind feedback as in
(22.105), and (d) includes both a wind feedback and annual cycle. A year is 226 time units (226/√𝑐𝛽) and
its cycle is shown in the dashed lines at bottom. A Kelvin wave crossing time is 48 time units and a Rossby
wave crossing time is about three times that.

Various results are shown in Fig. 22.23, all with the initial condition of Fig. 22.22. The plots
all show time-series of the thermocline thickness at the eastern and western edges, ℎ𝐸 and ℎ𝑊,
and the wind stress, in rather arbitrary, order one, units. Panel (a) shows the continuation of
the integration of Fig. 22.22, showing a damped oscillator (the wind stress has no effect) with a
period of approximately the sum of Kelvin wave and Rossby wave crossing times, or about 190
time units, somewhat less than one year. The difference in the two crossing times is apparent in
the saw-tooth nature of the thickness time series. If we now force the model with seasonal cycle in
winds, but do not allow the thermocline thickness to feedback on the wind, then the oscillations
become phase-locked to the seasonal cycle and eventually become quite steady, as in panel (b).
If we allow a feedback using (22.105), but remove the seasonal cycle, the system develops self-
sustained, nearly periodic, oscillations with a period that is significantly longer than the unforced
period, as in panel (c). The combined effects of a seasonal cycle and a wind feedback producemore
irregular oscillations, partially locked to the seasonal cycle but sometimes skipping a year. Even
more irregular behaviour can be obtained if some stochasticity is added to the forcing. On the
other hand, if the feedback is too strong (i.e., 𝛾′ too large in (22.105)) the model goes to a fixed
point — the wind feedback is too strong to allow the model to escape from either a permanent El
Niño or La Niña.

Although still some distance from reality, the model illustrates the most important and robust
features of the enso cycle (see also the shaded box on page 892):
(i) The back-and-forth of Kelvin and Rossby waves, illustrated even in the unforced simulation
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of panel (a);
(ii) The sustaining effects of the feedback of the thermocline thickness on the wind, which tends

to lengthen the period of oscillation;
(iii) Thedamping that arises through leakage at thewestern boundary and the explicit damping in

the model reflecting loss to the atmosphere and the deeper ocean, and the delayed damping
because of the finite propagation speed of the waves;

(iv) The irregularity arising from interactions with another timescale, in this case the seasonal
cycle.

The quantitative importance of these various effects— for example the relative importance of west-
ern boundary leakage versus loss to the atmosphere — remains a matter of investigation, as is the
exact mechanism that produces the great irregularity in the observed El Niño events — the role of
the seasonal cycle, chaos, stochasticity, and so forth.29 In these ways El Niño phenomenon reflects
the puzzles, challenges and triumphs of geophysical fluid dynamics itself, and on that note we close
this book. Thank you for reading.

APPENDIX A: DERIVATION OF A DELAYED-OSCILLATOR MODEL

Our goal here is to give a sense of how equations for toy-likemodels might be derived, supplement-
ing verbal reasoning. Although the derivation is mathematical it not rigorous and it may overstate
the relevance of the final model. We begin with (22.87) and include a damping on the height field
to give

𝜕𝑢
𝜕𝑡
− 𝛽𝑦𝑣 = −𝜕𝜙

𝜕𝑥
− 𝑟𝑜𝑢 + 𝜏𝑥, 𝛽𝑦𝑢 = −

𝜕𝜙
𝜕𝑦
, 𝜕𝜙
𝜕𝑡
+ 𝑐2𝑜 (
𝜕𝑢
𝜕𝑥
+ 𝜕𝑣
𝜕𝑦
) = −𝑟𝑜𝜙. (22.106a,b,c)

The properties of this equation were explored in Section 8.4, but we proceed ab initio. We are
interested in thermocline depth variations so we combine the above into a single equation for 𝜙,

𝛽𝑦2 ( 𝜕
𝜕𝑡
+ 𝑟𝑜)𝜙 +

𝑐2𝑜
𝛽
[ 2
𝑦
− 𝜕
2

𝜕𝑦2
]( 𝜕
𝜕𝑡
+ 𝑟𝑜)𝜙 − 𝑐2𝑜

𝜕𝜙
𝜕𝑥
+ [𝜏𝑥 − 𝑦𝜕𝜏

𝑥

𝜕𝑦
] = 0. (22.107)

Solutions of these equationswill have themeridional formdiscussed in Sections 8.2 and 8.4, namely
Hermite functions multiplied by a Gaussian, and we focus on the gravest of these modes.

Equatorial response

If the wind perturbation 𝜏𝑥 is peaked at the equator then it will excite a Kelvin wave that decays as
exp(−𝑦2/𝐿2eq) away from the equator (as in (8.62) on page 311). Thusmotivated, we seek a solution
to (22.107) of the form

𝜙(𝑥, 𝑦, 𝑡) = 𝛷(𝑥, 𝑡) exp(−𝑦2/2𝐿2eq), (22.108)

where 𝐿2eq = 𝑐𝑜/𝛽. Substituting into (22.108) gives, after a few lines of algebra,

( 𝜕
𝜕𝑡
+ 𝑟𝑜)𝛷 + 𝑐𝑜

𝜕𝛷
𝜕𝑥
= 1
𝑐𝑜
[𝜏𝑥 − 𝑦𝜕𝜏

𝑥

𝜕𝑦
] . (22.109)

At the equator this is the equation for a forced-dampedKelvin wave, propagating eastward at speed
𝑐𝑜, forced by the wind (and not its curl). We will also excite Rossby waves at the equator, but as
seen in the previous section the Kelvin wave response will normally be dominant.
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Off equatorial response
Because of the fast meridional decay of the Kelvin wave, off the equator we expect the response to
wind perturbations to be largely in the form of Rossby waves. To see this explicitly, note that the
relative size of the first and second terms in (22.107) is 𝛽𝑦2 ∶ (𝑐2𝑜/𝛽𝑦2) = 𝑦4 ∶ 𝐿4eq. Thus, if 𝑦 ≫ 𝐿eq
then the second term will be small and if we neglect it we have

( 𝜕
𝜕𝑡
+ 𝑟𝑜 −
𝑐2𝑜
𝛽𝑦2
𝜕
𝜕𝑥
)𝜙 = 1
𝛽
𝜕
𝜕𝑦
(𝜏
𝑥

𝑦
) . (22.110)

This is an equation for forced-dissipative equatorial Rossby waves travelling westward at speed
𝑐2𝑜/𝛽𝑦2, and it is in fact nothing other than a forced-dissipative version of the planetary-geostrophic
wave equation (8.16). It may seem odd that the speed decreases as beta increases, but in the mid-
latitude case the speed is 𝑐2𝑜𝛽/𝑓20 , which is the same as 𝑐2𝑜/𝛽𝑦2 if we replace 𝑓0 by 𝛽𝑦. Note that the
wave is forced by the wind-stress curl (divided by 𝑓) rather than the wind itself, and typically the
two have the opposite sign as the reader may verify with a few examples.

Wave characteristics and solution
By following the Rossby and Kelvin waves as they propagate wemay see their remote effects on sea-
surface height as time progresses. Suppose that a Rossby wave takes a time 𝑡𝑅 to cross the basin,
and a Kelvin wave takes 𝑡𝐾, and that we are interested in the depth of the thermocline at time 𝑡
in the eastern equatorial Pacific (where the thermocline is shallowest and its variations have most
effect on the sst and thence the wind). The Kelvin wave influence at the east, 𝛷𝐸, is given by the
solution to (22.109), which may be obtained using the method of characteristics — we introduce
a new variable 𝑡′ = 𝑡 + 𝑐𝑜𝑥, whence (22.109) becomes an integrable ordinary differential equation
from which we obtain the solution

𝛷𝐸(𝑡) = 𝛷𝑊(𝑡 − 𝑡𝐾)e−𝑟𝑜𝑡𝐾 +
1
𝑐𝑜
𝜏𝑥(𝑡 − 𝑡𝐾/2)e−𝑟𝑜𝑡𝐾/2. (22.111)

Here, 𝛷𝑊 is the thermocline thickness in the west, to be evaluated at time 𝑡 − 𝑡𝐾, and the wind,
assumed to be confined to the centre of the domain, is evaluated at 𝑡− 𝑡𝐾/2. Variations in𝛷𝑊 arise
from Rossby waves propagating westward from the wind anomaly and being reflected back at the
equator as a Kelvin wave, and are thus given by the solution of (22.110), namely:

𝛷𝑊(𝑡 − 𝑡𝐾) = −
1
𝛽
𝜕
𝜕𝑦
(𝜏
𝑥(𝑡 − 𝑡𝐾 − 𝑡𝑅/2)
𝑦

) e−𝑟𝑜𝑡𝑅/2. (22.112)

Combining these last two expressions gives

𝛷𝐸(𝑡) =
1
𝑐𝑜
𝜏𝑥(𝑡 − 𝑡𝐾/2)e−𝑟𝑜𝑡𝐾/2 −

1
𝛽
𝜕
𝜕𝑦
(𝜏
𝑥(𝑡 − 𝑡𝐾 − 𝑡𝑅/2)
𝑦

) e−𝑟𝑜(𝑡𝐾+𝑡𝑅/2). (22.113)

Theremay be additional contributions from successive wave crossings but these will be weak, espe-
cially since reflection does not occur without loss. Although the derivation of (22.113) is far from
rigorous, the essential aspect is that it is the wind at some time in the past that affects the thermocline
thickness in the present. If we now use (22.89a) to relate the sst to the thermocline thickness we
have

𝜕𝑇𝑡
𝜕𝑡
= 𝐴𝜏𝑥(𝑡 − 𝑡𝐾/2) − 𝐵𝜏𝑥(𝑡 − 𝑡𝐾/2 − 𝑡𝑅/2) − 𝜆𝑇, (22.114)

where𝐴 and 𝐵 are dimensional coefficients that incorporate the constants in (22.113) and account
for the decay of the waves as they propagate. The delay in the first term on the right-hand side,
due to Kelvin waves, is much smaller than that in the second term due to Rossby waves and Kelvin
waves, and we will neglect it.



906 Chapter 22. Equatorial Circulation and El Niño

It remains to relate the wind stress to the sst. Using the Matsuno–Gill model of Section 8.5 the
atmosphere responds approximately to an sst anomaly with a structure of the form

𝜏𝑥 ∼ 𝜇𝐴(𝑇𝑒, 𝑥, 𝑦)e−𝑦
2/2𝐿2𝑎 , (22.115)

where 𝑇𝑒 is the sst in the east, 𝐿𝑎 is the atmospheric equatorial deformation radius and 𝐴 is a
function that depends linearly on the sst and only slowly on 𝑦. (More generally the response is
a Green function multiplied by 𝑇𝑒(𝑥, 𝑦) and integrated over the domain.) The wind-stress curl,
𝜕(𝜏𝑥/𝑦)/𝜕𝑦 is then proportional to the negative of 𝜏𝑥, which means that in (22.113) the Rossby
waveswill carry a height anomaly of opposite sign to that of theKelvinwaves. Also, the atmospheric
response is much faster than that of the ocean, and occurs over larger zonal scales and thus the
wind-stress in the ocean centre can be approximately related to the sst in the East by

𝜏𝑥(𝑡) = 𝐶𝑇𝑒(𝑡),
𝜕
𝜕𝑦
(𝜏
𝑥(𝑡)
𝑦
) = −𝐷𝑇𝑒(𝑡), (22.116)

where 𝐶 and𝐷 are positive constants. Using (22.116) in (22.114) finally gives

𝜕𝑇
𝜕𝑡
= 𝑎𝑇(𝑡) − 𝑏𝑇(𝑡 − 𝛿) − 𝑟𝑇3(𝑡), (22.117)

where we have neglected the delay in the Kelvin wave term, we introduced a cubic damping term
for stability, and 𝑎 = 𝐴𝐶 + 𝜆, 𝑏 = 𝐵𝐷 and 𝛿 = 𝑡𝐾 + 𝑡𝑅/2.

Notes
1 I’m getting youngerly every day — Paul Kushner, Gordon Conference, Santorini, 2007.

Meteorologists tend to talk about westerly winds — the winds that come from the west — because
it is where the winds come from that determines the weather. Oceanographers tend to talk about
eastward currents, because this is where the currents will take things (or perhaps oceanographers
are just a more forward looking crowd). We follow the lead of the oceanographers and talk about
eastward and westward flow, for both currents and winds.

2 Figure kindlymade byNeven Fučkar, using a state estimation fromNCEP/GODAS (http://www.esrl.
noaa.gov/psd/data/gridded/data.godas.html). Manyof the observations themselves aremadewith
acoustic Doppler current profilers (ADCP), which measure the currents by measuring the Doppler
shift from a sonar.

3 Adapted from Kessler et al. (2003).

4 The undercurrent itself seems to have been first discovered in the Atlantic by J. Y. Buchanan in
the 1880s. He measured a southeastward flowing current with speeds of more than 1 knot (about
0.5ms−1) at depths around 30 fathoms (55 metres) at the equator and 13° W from the steamship
Buccaneer, which was chartered to do a survey prior to the laying of a telegraph cable (Buchanan
1886). The discovery of the undercurrent in the Pacific is often credited to Townsend Cromwell
(1922–1958) in the early 1950s, and there the current is called the Cromwell Current. Cromwell
also provided the first credible theoretical model of the undercurrent, as noted below. He tragically
died in 1958 in a plane crash while en route to an oceanography expedition.

5 The local theories began with a description by Cromwell (1953) of the currents produced by a
westward wind at the equator and were extended and put into mathematical form by Stommel
(1960) with thermal effects added by Veronis (1960) and with a later variation by Robinson (1966).
This class of model, which at its core is essentially linear and unavoidably dissipative, was further
developed and clarified by Gill (1971), McKee (1973) and Gill (1975) and we mostly follow their
treatment. The effects of nonlinearities were looked at first by Charney (1960) and then by McKee
(1973) and Cane (1979a,b). The linear model was significantly extended by McCreary (1981) to
include the effects of continuous stratification.

http://www.esrl.noaa.gov/psd/data/gridded/data.godas.html
http://www.esrl.noaa.gov/psd/data/gridded/data.godas.html
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The inertial theories of the undercurrent, described in Section 22.4, have their seeds in Fofonoff &
Montgomery (1955) andwere developed by Pedlosky (1987b). This viewpointwas extended and, in
part, reconciled with the local viewpoint by McCreary & Lu (1994) who considered the equatorial
undercurrent as part of a larger and more complex subtropical current system, with both local and
inertial aspects. A complete description of the integrated dynamics is perforce largely numerical.

6 The canonical Airy equation is 𝜕2𝑦/𝜕𝑥2 − 𝑥𝑦 = 0. The solution, the Airy function, is discussed in
many books on ordinary differential equations and special functions (e.g., Jeffreys & Jeffreys 1946,
Abramowitz & Stegun 1965) and, perhaps of more relevance to the modern reader, may be calcu-
lated using mathematical software such as Maple and Python. The form of solution we use was
presented by McKee (1973).

7 One of the first observational analyses to unambiguously link the equatorial ocean to higher lati-
tudes was Bryden & Brady (1985).

8 Much of our discussion follows Pedlosky (1987b).

9 Read McCreary & Lu (1994) and work backward and forward.

10 The name El Niño was originally used by fishermen along the coasts of Ecuador and Peru to refer
to a warm ocean current that often appears in December (i.e., around Christmas) between Paita
and Pascamayo, and lasts for several months. An early, perhaps the first, written account of El Niño
is to be found in Carillo (1892), a report by a Navy captain on a warm ocean current know to the
fishermen as Corriente del Niño, or Current of the Christ Child. These days, the name is applied only
when the warming is particularly strong and to the warming over the whole eastern tropical Pacific.

11 My thanks to Eli Tziperman for a number of conversations on the topic, and for kindly providing
some unpublished lecture notes. Thanks also to Malte Jansen for some helpful remarks about,
among other things, unstable air-sea interactions.

12 Figure kindly constructed by A. Wittenberg by passing satellite observations through an optimal
interpolation analysis.

13 Data fromhttp://www.cgd.ucar.edu/cas/catalog/climind/soi.html. See alsoWittenberg (2009). The
Niño 3 region is the rectangular region outlined by dotted lines in Fig. 22.13.

14 Trenberth (1997) provides more detail.

15 See, for example, Tudhope et al. (2001) and Wittenberg (2009).

16 Data from the Tropical Atmosphere Ocean (tao) project, http://www.pmel.noaa.gov/tao/.

17 Adapted from drawings by Dr. Billy Kessler.

18 The pressure at Easter Island was used by Quinn (1974). For more methodology on calculating the
Southern Ocean index see https://www.ncdc.noaa.gov/teleconnections/enso/indicators/soi/.

19 Jacob Bjerknes (1897–1975), son of Vilhelm Bjerknes (see note 3 on page 169), was a leading player
in the Bergen school of meteorology. He was responsible for the now-famous frontal model of
cyclones (Bjerknes 1919), and was one of the first to seriously discuss the role of cyclones in the
general circulation of the atmosphere. With Halvor Solberg and Tor Bergeron the frontal model
led to a picture of the lifecycle of extratropical cyclones (see Chapter 12), in which a wave grows
initially on the polar front (akin to baroclinic instability with the meridional temperature gradient
compressed to a front, but baroclinic instability theory was not then developed), develops into
a mature cyclone, occludes and decays. In 1939 Bjerknes moved to the US and, largely because
of World War II, stayed, joining ucla and heading its Department of Meteorology after its forma-
tion in 1945. He developed an interest in air-sea interactions, and notably proposed the feedback
between sea-surface temperatures and the strength of the trade winds (Bjerknes 1969). See also
Friedman (1989), Cressman (1996), Shapiro & Grønas (1999), and the memoir by Arnt Eliassen at
http://www.nap.edu/readingroom/books/biomems/jbjerknes.html.

20 Thus, for example, Latif & Barnett (1996) used a coupled model to identify a plausible coupling
between atmosphere and ocean in the mid-latitudes that might give rise to decadal variability, but
the mechanism is not robustly seen in other models.
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21 Gilbert Walker (1868–1958) was a British meteorologist who described this eponymous circulation
in the 1920s. He has also been credited with discovery of the Southern Oscillation and the North
Atlantic Oscillation. Walker began his career as an applied mathematician but was afforded greater
renown by his analysis of meteorological observations.

22 Studies of the Walker circulation using models that make quasi-equilibium assumptions and/or use
variations of the Matsuno–Gill model include Bretherton & Sobel (2002), Stechmann & Ogrosky
(2014) and, in the first instance, Gill (1980). Stechman and Ogrosky argue that the Matsuno–Gill
model can in fact give quantitatively accurate results if the forcing and damping are properly cho-
sen. An exploration of the Matsuno–Gill problem in the weak-temperature-gradient (WTG) limit
is given by Bretherton & Sobel (2003).

23 See, for example, Hirst (1986) and Zebiak & Cane (1987).

24 A related system of equations was considered by Lau (1981).

25 Oxymoronically, so-called toymodels have a rather distinguished role in geophysical fluid dynamics
in general, and in ensodynamics in particular. Toymodels are neither a theory (such as the theory of
the western boundary current in Chapter 19) nor a realistic model (such as a gcm might aim to be),
and they thus occupy rather questionable territory. Still, the models can sometimes spawn great
insight and be very useful. The Stommel box model of the deep overturning circulation, energy
balance models of the global climate, and the Lorenz model of chaotic convection are important
toy models in related areas.

26 Such models began with Suarez & Schopf (1988) and Battisti (1988), and we also draw from Galanti
& Tziperman (2000).

27 The recharge, or recharge-discharge, or refill, hypothesis was suggested by Wyrtki (1985) and Cane
& Zebiak (1985). Wyrtki had for some time been of the view that El Niño was a basinwide phe-
nomenon resembling seiches in smaller enclosed seas in which winds cause water to pile up at one
end of the basin before sloshing back if and when the winds relax (Wyrtki 1952, 1975). A historical
perspective is provided by McPhaden et al. (2015).

28 Versions of the mechanism have been put in the form of toy models by Jin (1997a,b) and Clarke et
al. (2007).

29 Papers exploring stochastic, chaotic and seasonal effects include Vallis (1988a), Tziperman et al.
(1994), Chang et al. (1996) and Samelson & Tziperman (2001). See also the book by Clarke (2008).
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two-dimensional, beta-plane, 445

Gibbs function, 17, 18
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Green and Stone turbulent transport, 494
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effects of eddies on, 528, 532
effects of moisture on, 522
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radiative equilibrium solution, 523
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525
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Hadley, George, 537
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Hide’s theorem, 523, 537
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Homentropic fluid, 14, 20, 53
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scaling for, 83, 84

Hydrostatic approximation
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Hydrostatic balance, 12, 87
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effects of stratification, 85
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Hydrostatic equations
potential vorticity conservation, 164

Hydrostatic internal waves, 261

Ideal gas, 20
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enthalpy, 21
equation of state, 13
fundamental equation of state, 25, 47
heat capacity, 21
simple and general, 20
thermodynamics of, 23

Impermeability of potential vorticity, 165
Incompressible flow, 41, 41–42

conditions for, 41
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enstrophy, 429
two-dimensional turbulence, 427

Inertial western boundary currents, 747
Inertial-diffusive range, 441
Inflection point criterion, 346
Instability

baroclinic, 335, 347
barotropic, 335
Kelvin–Helmholtz, 335
necessary conditions in baroclinic flow, 351
necessary conditions in shear flow, 345
parallel shear flow, 337

Intermediate models, 186
Intermittency, 423
Internal energy, 20, 48
Internal thermocline, 779–785
Internal waves, 100, 259–261

energetics, 267
group velocity, 264, 268
polarization properties, 261
polarization relations, 261
rays, 273
reflection, 268
stratosphere, 634
topographic generation, 283

Inverse cascade, 424, 429
energy-enstrophy argument, 425
similarity theory, 426
vorticity elongation, 424

Inversion, 147
of vorticity, 147

Inviscid western boundary currents, 753–757
Isentropic coordinates, 134–137

and quasi-geostrophy, 196
Boussinesq fluid, 135
ideal gas, 136

Isopycnal coordinates, 135

JEBAR, joint effect of baroclinicity and relief, 756
Jets, 448–453, 540–549

and the pseudomomentum budget, 544
and the vorticity budget, 541
atmospheric, 540
eddy-driven, 540
in beta-plane turbulence, 448
numerical simulation of, 449

Joint effect of baroclinicity and relief, 756
Joint effect of beta and friction, 449
Jump conditions, 339
JWKB approximation, 247, 623

K41 theory, 416, 418
Kelvin cat’s eye, 597
Kelvin waves, 126, 636
Kelvin’s circulation theorem, 150, 156
Kelvin–Helmholtz instability, 335, 340

Kinematic stress, 202
Kinematic viscosity, 12
Kinematics

of waves, 215
Kolmogorov scale, 420
Kolmogorov theory, 416–422
Kolmogorov theory of turbulence, 418
Kolmogorov, A. N., 441

Lagrange, Joseph-Louis, 52
Lagrangian derivative, 4
Lagrangian viewpoint, 3, 4
Lamb waves, 295
Lapse rate, 99

adiabatic, of density, 27
adiabatic, of temperature, 29
dry adiabatic, 29, 99
dry ideal gas, 99
of seawater, 34
saturated, 692

Latent heat, 722
Latent heat of evaporation, 677
Level of free convection, 695
Lifecycle of baroclinic waves, 466

in atmosphere, 465
in ocean, 468, 470

Lifting condensation level, 695
Liouville–Green approximation, 247
Locality in turbulence, 423
Log-pressure coordinates, 82
Lorenz equations, 433
Lorenz, Edward, 141, 142
LPS model, 785
Luyten–Pedlosky–Stommel model, 785

M equation, 779
one-dimensional model, 780

Mach number, 42
Macro-turbulence, 445
Madden–Julian oscillation, 717
Main thermocline, 774
Margules relation, 119
Mass continuity, 7–10

Eulerian derivation, 7
in a rotating frame, 58
in Boussinesq equations, 72
Lagrangian derivation, 9

Mass continuity equation
shallow water, 107

Material derivative, 4–7
finite volume, 5
fluid property, 5

Material viewpoint, 4
Maxwell relations, 17, 19
Mercator coordinates, 621
Meridional overturning circulation, 801



Index 941
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of atmosphere, 514
of ocean, 801
wind-driven, ocean, 829

Mid-latitude atmospheric circulation, 549–571
Minimum shear for baroclinic instability, 361
Mixing length theory, 484–487
Mixing ratio, 675
Mixing ratio and concentration, 10
MJO, 717
MOC, 514, 801

stratosphere, 644
wind-driven, ocean, 829

Moist convection, 695–700
Moist thermodynamics, 720
Moisture

effect on potential vorticity, 160
effects on Hadley Cell, 522

Momentum equation, 11–13
in a rotating frame, 58
shallow water, 106
vector invariant form, 66

monsoons, 717
Montgomery potential, 136
Mountain waves, 283
Multi-layer QG equations, 185
Munk wind-driven model, 740

properties of, 741

Natural coodinates, 94
Navier, Claude, 53
Necessary conditions for baroclinic instability, 408,

410
Necessary conditions for instability, 403–411

baroclinic flow, 351
Charney–Stern–Pedlosky criterion, 351, 404
Fjørtoft’s criterion, 347, 408
Rayleigh–Kuo criterion, 346, 404
relation to eddy fluxes, 564
shear flow, 345
use of pseudoenergy, 406
use of pseudomomentum, 403

Neutral density, 32, 33, 53, 774, 799
No-slip condition, 741
Non-acceleration result, 379, 639
Non-acceleration theorem, 394–399
Non-homentropic term, 145
Nondimensionalization

in rotating flow, 171
nondimensionalization, 46–47

Oblate spheroid, 59, 60
Observations

mjo, 718
abyssal ocean, 829
Atlantic Ocean, 803

atmosphericmeridional overturning circula-
tion, 514, 572

atmospheric stratification, mean, 572
atmospheric wind and temperature, 513
deep ocean circulation, 801
deep western boundary current, 827
Ekman layers, 209
Eliassen–Palm flux, 568, 570
Eliassen–Palm flux divergence, 570
equatorial ocean currents, 861
Global Ocean, 735
global ocean currents, 732
main thermocline, 774
North Atlantic, 827
North Atlantic currents, 733
ocean stratification, 802
oceanic meridional overturning circulation,

801
of the atmosphere, 511
potential vorticity, ocean, 770
reanalysis, 537
relative humidity, 682
surface winds, 514
zonally-averaged atmosphere, 515
zonally-averaged zonal wind, 570

Ocean circulation
abyssal, 821
laboratory model of, 818
scaling for buoyancy-driven, 813
wind-driven, 733
wind-driven abyssal, 829

Ocean currents, 732
Ocean gyres, 731
Omega equation, 192
Outcropping, 788

Parabolic cylinder functions, 330
Parcel method, 97–99, 695
Passive tracer, 437–441

in three dimensions, 439
in two dimensions, 439
spectra of, 437

Perfect gas, 47
Phase speed, 217, 216–219
Phase velocity, 219
Phillips instability problem, 356
Piecewise linear flows, 338
Plane waves, 216
Planetary waves, 585
Planetary-geostrophic equations, 176–180

for shallow water flow, 176
for stratified flow, 178

Planetary-geostrophic potential vorticity
equation, 178, 179
shallow water, 178
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stratified, 179
Poincaré waves, 124, 125, 244
Poincaré, Henri, 141
Polar vortex, 629
Polarization properties of internal waves, 261
Polarization relations, 261
Polytropic fluid, 14
Potential density, 24, 25, 27, 30, 32

and static instability, 97
of seawater, 27, 32

Potential enthalpy, 36, 46, 49
Potential temperature, 24, 30, 49

equivalent, 694
ideal gas, 25
moist air, 722
of liquids, 28
seawater, 28, 34

Potential vorticity, 143, 156–168
and Bernoulli’s theorem, 167
and the frozen-in property, 158
Boussinesq equations, 163
concentration, 165
conservation of, 156
diffusion of, 505
for baroclinic fluids, 157
for barotropic fluids, 156
homogenization of, 793
hydrostatic equations, 164
impermeability of isentropes, 165
mixing, 575, 576
moisture effect, 160
ocean observations, 770
on isentropic surfaces, 164
planetary-geostrophic, 178
quasi-geostrophic, 190
relation to circulation, 156
salinity effect, 160
shallow water, 120, 162, 182
staircase, 451–453
substance, 165

Potential vorticity flux, 566
Potential vorticity fluxes, atmospheric, 566
Potential vorticity homogenization, 487
Potential vorticity transport

and tropospheric stratification, 574
Prandtl number, 439, 804
Predictability, 433–437

of Lorenz equations, 433
of turbulence, 435
of weather, 437

Pressure, 11, 17
Pressure coordinates, 79, 81

and quasi-geostrophy, 192
relation to Boussinesq equations, 82

Primitive equations, 64
potential vorticity conservation, 164

vector form, 65
Pseudoenergy, 406

and hydrodynamic instability, 406
and wave activity, 407

Pseudomomentum, 384
and hydrodynamic stability, 403
and zonal jets, 544

QBO, 652–662
essentials, 655

Quasi-biennial oscillation, 652–662
Quasi-equilibrium, 698, 699
Quasi-geostrophic

wave–mean-flow interaction, 380
Quasi-geostrophic potential vorticity

equation, 190
relation to Ertel PV, 195

Quasi-geostrophic turbulence, 454
Quasi-geostrophy, 180–195

asymptotic derivation, 188
buoyancy advection at surface, 191
continuously stratified, 187
energetics, 198
in isentropic coordinates, 196
informal derivation, 193
multi-layer, 185–186
pressure coordinates, 192
shallow water, 180
sheet at boundary, 191
single layer, 180
stratified equations, 187–194
two-layer, 184–185
two-level, 194

Radiation condition, 543
Radiative equilibrium temperature, 511
Radiative equililibrium, 700–703
Radiative transfer, 724
Radiative-convective equililibrium, 703–706
Radius of deformation, 124, 125
Random walk, 476
Ray theory, 224–226, 621
Ray tracing, 621
Rayleigh criterion for instability, 345
Rayleigh equation, 338
Rayleigh number, 804
Rayleigh’s equation, 338
Rayleigh–Kuo criterion, 346, 404
Rayleigh–Kuo equation, 338
Rays, 226, 273

equatorial, 314
in internal waves, 273

Reanalysis, 537, 537
Recharge-discharge oscillator, 901
Reduced gravity equations, 110–112
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Reference, circular, see Circular reference
Reflection

internal waves, 268
Rossby waves, 237

Refractive index, 587, 599
Relative humidity, 675, 676, 680–690

in mid-latitudes, 688
Relative vorticity, 152
Residual circulation, 388

and thickness-weighted circulation, 391
atmospheric, mid-latitude, 571
atmospheric, observations of, 572
stratospheric, 642

Resonance of stationary waves, 610
Reynolds number, 46
Reynolds stress, 415
Reynolds, Osborne, 53
Rhines length, 447
Rhines scale, 446
Rhines–Young model, 761
Richardson number, 494
Richardson’s four-thirds law, 482
Richardson, Lewis Fry, 442
Rigid body rotation, 144
Rigid lid, 108, 111
Rossby number, 87
Rossby wave trains, 611
Rossby waves, 226–240, 585

and barotropic jets, 542
and ray tracing, 621
and turbulence, 446
barotropic, 227
breaking, 599, 642
continuously stratified, 231, 599
critical layers, 594
dispersion relation, 228
energy flux, 234–236
finite deformation radius, 229
group velocity property, 384
horizontal propagation, 588
mechanism of, 229
meridional propagation, 621
momentum transport in, 542
planetary geostrophic, 302
propagation, 585
reflection, 237
topographic, 602
two layers, 230
vertical propagation, 599, 603, 605, 606

Rossby, Carl-Gustav, 212
Rotating frame, 55–59

Salinity, 13, 33
effect on potential vorticity, 160
in box models, 814

Salt, 13

Sandström’s effect, 809
Saturated adiabatic lapse rate, 692, 695
Saturation vapour pressure, 676
Scale height

atmosphere, 42
density, 27
temperature, 28

Scale height, atmosphere, 83
Scaling, 46–47

geostrophic, 171
in rotating shallow water equations, 171
in rotating stratified equations, 174

Schwarzchild equations, 724
Seawater, 13, 33

adiabatic lapse rate, 34
equation of state, 13, 33, 34
heat capacity, 34
potential temperature, 34
thermodynamic properties, 33

Shadow zone, 791
Shallow water

quasi-geostrophic equations, 180
Shallow water equations

multi-layer, 112
potential vorticity conservation, 162
reduced gravity, 110
rotation effects, 121

Shallow water model of Hadley Cell, 524
Shallow water systems, 105–123

conservation properties of, 120
potential vorticity in, 120

Shallow water waves, 123–127
Shallow-fluid approximation, 65
Sideways convection, 802–813

conditions for maintenance, 809
energy budget, 808
limit of small diffusivity, 811
maintenance of, 808
mechanical forcing of, 812
phenomenology, 807

Sigma coordinates, 82
Singing in the rain, 673
Single-particle diffusivity, 478
Skew diffusion, 491
Skew flux, 491
Skew fluxes, 490
Sloping convection, 347
Solenoidal term, 145
Solenoids, 146, 151
Sound waves, 40
Southern Ocean, 836
Southern Oscillation, 888
Specific heat capacities, 20
Specific humidity, 675
Spectra of passive tracers, 437
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Spherical coordinates, 59–68
centrifugal force in, 59

Squire’s theorem, 375
Stacked shallow water equations, 112
Staircases of potential vorticity, 451–453
Standard atmosphere, 572
State estimate, 537
Static instability, 97–99, 695
Stationary phase, 223
Stationary waves, 609–625

adequacy of linear theory, 614
and ray tracing, 621
Green function, 613
in a single-layer, 609
meridional propagation, 621
one-dimensional wave trains, 611
resonant response, 610
thermal forcing of, 615

Stokes, George, 53
Stommel box models, 813
Stommel wind-driven model, 733

boundary layer solution, 737
properties of, 741
quasi-geostrophic formulation, 736
the nonlinear problem, 745

Stommel, Henry, 758
Stommel–Arons model, 821

single-hemisphere, 821
two-hemisphere, 826

Stommel–Arons–Faller model, 818
Stratification

in mid-latitudes, 579
of the atmosphere, 572

Stratified geostrophic turbulence, 454
Stratosphere, 514, 572, 627

polar vortex, 629
sudden warming of, 631

Stratospheric dynamics, 627–669
Stratospheric sudden warmings, 663
Stress

Ekman layer, 201
kinematic, 202

Stretching, 149
Sudden warming, 631
Sudden warmings, 663
Super-rotation, 523
Surf zone, 629
Surface drifters, 483
Surface westerlies, 540
Surface winds, 567

observed, 514
Sverdrup balance, 737

near the equator, 863
Sverdrup interior flow, 738
Symmetric diffusivity tensor, 490

Tangent plane, 69
Taylor–Goldstein equation, 597
Taylor–Proudman effect, 90
TEM, 379, 387, 389, 392
TEM equations, 387

for primitive equations, 581
Temperature, 17, 724

dew point, 724
potential, 24, 724
wet-bulb, 724

Thermal equation of state, 13, 47
moist air, 721

Thermal wind, 87
in shallow water equations, 118, 119

Thermal wind balance, 87–93
pressure coordinates, 91

Thermobaric effect, 14, 33
on potential density, 36
on potential vorticity, 161

Thermocline, 761, 774–798
advective scaling, 777
boundary-layer analysis, 782
diffusive, 805
diffusive scaling, 777
internal, 779
kinematic model, 775
main, 774
one-dimensional model, 780
reduced-gravity, single-layer model, 786
scaling for, 776
summary and overview, 790
ventilated, 785
wind-influenced diffusive scaling, 778

Thermodynamic equation, 21–30
Boussinesq equations, 72
for liquids, 25, 30
summary table, 26

Thermodynamic equilibrium, 21
Thermodynamic potentials, 17–19
Thermodynamic relations, 14–21

fundamental, 16
Maxwell, 17

Thermodynamics
first law, 15
fundamental postulate, 14
moist, 720

Thermohaline circulation, 801
Thickness, 83
Thickness diffusion, 502, 504
Thomas, Dylan, 3
Tilting and tipping, 149
Topographic effects

atmospheric stationary waves, 609
JEBAR, 756
oceanic western boundary current, 753
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Toy models, 908
El Niño, 898

Tracer continuity equation, 10
Tracer homogenization, 487
Traditional approximation, 65
Transformed Eulerian Mean, 379, 392, 387–392

and eddy transport, 506
isentropic coordinates, 389
primitive equations, 581
quasi-geostrophic form, 387
spherical coordinates, 581

Triad interactions, 415
two-layer geostrophic turbulence, 457

Tropics, 673
Tropopause, 572–581, 706–708

definition, 572
Tropopause height

in mid-latitudes, 579
theory of, 706, 707, 725

Troposphere, 514, 572
and potential vorticity transport, 574
stratification, 572, 574, 578
ventilation and moist convection, 577

Truesdell, Clifford, 52
Turbulence, 413

beta-plane, 448
closure problem, 413
degrees of freedom, 422
fundamental problem, 413
predictability of, 433
three-dimensional, 416
two-dimensional, 423

Turbulent diffusion, 473, 475, 490
and the TEM, 506
in the atmosphere and ocean, 493
macroscopic perspective, 487
requirements for, 485
thickness, 502
two-dimensional, 483

Turbulent diffusivity, 478
Turning line, 589, 607
Two-box model, 814
Two-dimensional turbulence, 423–433

beta effect, 445
eddy diffusion in, 483
energy and enstrophy transfer, 424
numerical solutions, 432

Two-dimensional vorticity equation, 147
Two-layer instability problem, 356
Two-layer model

of atmospheric mid-latitudes, 554
Two-layer QG equations, 184
Two-level QG equations, 194
Two-particle diffusivity, 480, 482

Under Milk Wood, 3

Unit vectors
rate of change on sphere, 62

Vapour pressure
saturation, 676

Vector invariant momentum equation, 66
Ventilated pool, 794
Ventilated thermocline, 785–798

reduced-gravity, single-layer model, 786
two-layer model, 788

Vertical coordinates, 79–83
Vertical vorticity equation, 155
Virtual temperature, 674, 676
Viscosity, 12

effect on energy budget, 45
Viscous scale, 420
Viscous-advective range, 439
Vorticity, 96, 143–153

equation for a barotropic fluid, 146
equation on beta plane, 156
evolution equation, 145
evolution in a rotating frame, 153
frozen-in property, 147
in two dimensional fluids, 147
stretching, 151
stretching and tilting, 149
vertical component, 155

Vorticity equation, 96
Vorticity, relative, 152
vr vortex, 144

Walker Cell, 717
Walker circulation, 328, 888, 891
Water, 673
Water vapour, 673–676

measures of, 675
Wave activity, 384

and pseudomomentum, 384
group velocity property, 384
orthogonality of modes, 385

Wave breaking, 642
Wave packet, 221
Wave propagation, 585
Wave trains, 611
Wave–mean-flow interaction, 379, 382

quasi-geostrophic, 380
Wave–turbulence cross-over, 446
Waveguides

for equatorial waves, 314
for internal waves, 274

Wavelength, 217
Waves, 215

acoustic-gravity, 293
barotropic Rossby, 227
breaking, 642
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frequency, 216
group velocity property, 240
hydrostatic gravity, 261
inertial, 126
Kelvin, 126, 636
kinematics, 215
Lamb, 295
Poincaré, 124, 125, 244
Rossby, 226
Rossby dispersion relation, 228
Rossby wave mechanism, 229
Rossby, continuously stratified, 231
Rossby, single-layer, 227
Rossby, two-layer, 230
rotating shallow water, 124
shallow water, 123
sound, 40
wavevector, 216

Wavevector, 216
Weak temperature gradient approximation, 712,

714
adjustment to, 716
for stratified flow, 717
in shallow water equations, 716

Weather predictability, 437
West, Mae, 156
Western boundary currents

topographic and inviscid, 753
Western boundary layer, 739

frictional, 738
inertial, 747

Western intensification, 731
Western pool, 793
Wet-bulb temperature, 724
Wind-driven gyres, 731
Wind-driven ocean circulation, 733–770

continuously stratified, 767
homogeneous model, 733
two-layer model, 761
vertical structure, 761

WKB approximation, 247–249, 623
internal waves, 271
Rossby waves, 589, 590, 598

Zonal boundary layers in ocean gyres, 744
Zonal flow in turbulence, 446
Zonal flows in beta-plane turbulence, 448
Zonally-averaged atmospheric circulation, 539
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