


CISM COURSES AND LECTURES 

Series Editors: 

The Rectors of CISM 
Sandor Kaliszky - Budapest 

Mahir Sayir - Zurich 
Wilhelm Schneider - Wien 

The Secretary General of CISM 
GiovanniBianchi-Milan 

Executive Editor 
Carlo Tasso- Udine 

The series presents lecture notes, monographs, edited works and 
proceedings in the field of Mechanics, Engineering, Computer Science 

and Applied Mathematics. 
Purpose of the series is to make known in the international scientific 
and technical comtriunity results obtained in some of th~ activities 

organized by CISM, the International Centre for Mechanical Sciences. 



INTERNATIONAL CENTRE FOR MECHANICAL SCIENCES 

COURSES AND LECTURES- No. 391 

FREE SURFACE FLOWS 

EDITED BY 

HENDRIK C. KUHLMANN AND HANS-JOSEF RATH 
UNIVERSITY OF BREMEN 

~ Springer-Verlag Wien GmbH 



Le spese di stampa di questo volume sono in parte coperte da 

contributi del Consiglio Nazionale delle Ricerche. 

This volume contains 122 illustrations 

This work is subject to copyright. 

All rights are reserved, 

whether the whole or part of the material is concerned 

specifically those of translation, reprinting. re-use of illustrations, 

broadcasting, reproduction by photocopying machine 

or similar means, and storage in data banks. 

© 1998 by Springer-Verlag Wien 

Originally published by Springer-Verlag Wien New York in 1998 

SPIN 10694437 

In order to make this volume available as economically and as 

rapidly as possible the authors' typescripts have been 

reproduced in their original forms. This method unfortunately 

has its typographical limitations but it is hoped that they in no 

way distract the reader. 

ISBN 978-3-211-83140-3 ISBN 978-3-7091-2598-4 (eBook) 

DOI 10.1007/978-3-7091-2598-4 



PREFACE 

Free surface flows are ubiquitous in nature and technology. They are 

important in many branches of science ranging from physics and oceanography 

to engineering and materials science. 

A course entitled Free Surface Flows was held at CISM in Udine during 

September 1-5, 1997. It was aimed at giving an up-to-date introduction to 

selected topics in this area and attracted many young scientists working on 

hydrodynamics or free boundary value problems. The audience's education 

ranged from graduate to post-doctoral level in the fields of engineering, physics, 

and applied mathematics. The present lecture notes have been written primarily 

for advanced students in applied natural sciences. But we hope that they will also 

be useful to others working, e.g. in industrial research, as an introduction and a 

reference source on a number of current free surface flow problems. 

The lectures published in this volume range from introductory texts to 

reviews on recent advances in selected problems. The fluid physics is 

emphazised in the majority of the lectures for a thorough understanding of the 

mechanisms behind the various observable phenomena. Since today most 

theoretical progress relies heavily on the use of numerical methods, one lecture 

exclusively devoted to this topic has been included. 

The fluid dynamics of systems with liquid-liquid interfaces is usually 

determined by capillary forces, surface stresses, and body forces. These effects 

can give rise to a variety of phenomena most of which are strongly 

gravity-dependent. Some attention has been paid, therefore, to those effects, that 

are relevant under micro gravity conditions. 

The topics covered range from classical capillary phenomena and Marangoni 

effects to modern numerical techniques. Isothermal phenomena, such as linear 

and nonlinear gravity and capillary waves are treated and supplemented with a 

presentation of recent developments in the Faraday problem. Other subjects 

include the equilibrium shape, stability, and dynamics of capillary surfaces, in 



particular, the dynamics of liquid bridges and jets. The thermocapillary 

migration of drops and bubbles is discussed as well as dynamic contact angles in 

problems of spreading and wetting. Hydrodynamic instabilities and nonlinear 

flows in liquid layers heated perpendicular to the interface 

(Rayleigh-Benard-Marangoni problem) are considered with emphasis on the 

influence of lateral walls on the pattern formation. Other types of instabilities 

with applications in crystal growth occur in thermocapillary flows generated by 

strong temperature gradients tangential to the inteiface. Recent advances in the 

analysis of convection in thermocapillary liquid bridges are discussed. Flows in 

thin liquid films are strongly governed by solutal Marangoni effects. The 

particular hydrodynamics of quasi-two-dimensional flows and waves in thin 

liquid films are explained and theoretical predictions are compared wfth 

experimental results. These more physics-oriented contributions are 

supplemented by a review on the state-of-the-art of Eulerian based computational 

methods for free suiface flows. The topics among others include volume 

tracking methods, particle based methods, and inteiface dynamics. It is hoped 

that this volume will serve as a useful starting point for studies in these fields of 

science which are rapidly developing. 

The editors are indebted to Wilhelm Schneider for his encouragement to 

organize this course and for his continued interest and support. All participants 

have been impressed by the stimulating atmosphere of the center. We are very 

grateful to Sandor Kaliszky and Giovanni Bianchi for their kind hospitality and 

thank the CISM staff for their friendly and efficient help in all administrative 

matters. 

Hendrik C. Kuhlmann 

Hans-Josef Rath 
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WAVES ON INTERFACES 

S. Fauve 
Ecole Normale Superieure, Paris, France 

Abstract 

I review basic results about waves at the interface between a horizontal fluid layer 
and air at atmospheric pressure or at the interface between two non-miscible fluids. 
The restoring mechanisms are mostly gravity and surface tension but coupling with 
relative fluid motion or with an electric or a magnetic field will also be considered. 
The effect of dissipation on the dispersion relation is discussed. At the nonlinear level, 
perturbative methods are described in the case of long wavelength approximations or 
slowly varying wave packets. Finally, parametric amplification of surface waves on a 
vertically vibrated fluid interface, the Faraday instability, is considered. These lecture 
notes should not be considered as a review article on the subject. In particular, I have 
not tried to give a complete bibliography and have only quoted the material used to 
prepare the notes. Many aspects of the three first parts can be found in well-known 
books: Non dissipative linear surface waves are presented in details in "Theoretical 
mechanics of particles and continua" by Fetter and Walecka [1]. A simple discussion 
of various dissipative effects, both in the bulk and boundary layers can be found in 
Landau and Lifshitz, "Fluid Mechanics" [2]. Nonlinear aspects are discussed in details 
by Whitham, "Linear and Nonlinear Waves" [3] and Newell, "Solitons" [4]. 
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1 Surface waves 
We consider the interface between a horizontal layer of fluid and air at atmospheric 
pressure (figure l.a) or between two non-miscible fluids (figure l.b) and we study the 
propagation of an interface deformation. The fluid is assumed incompressible of density 
p, respectively Pi (i = 1, 2). h0 , respectively, hi, are the heights of the unperturbed fluid 
layers, and g is the acceleration of gravity. T is the surface tension of the liquid-air, 
respectively the liquid-liquid interface. 

In this first section we will study the following linear aspects: dispersion relations 
of gravity-capillary waves, effect of a relative motion of the fluids in the two-layer case 
and the Kelvin-Helmholtz instability, effect of electric or magnetic fields and field
coupled surface waves, and viscous damping of surface waves. Dispersion relations of 
gravity-capillary waves on the surface of inviscid fluids are well known and have been 
derived in many books (see for instance [1]). We emphasize in this section, the use of 
dimensional analysis, in particular when both gravity and capillarity are acting, and 
discuss the effect of dissipation, which, to the best of our knowledge, is not considered 
in details in textbooks. 

(a) 

(b) 

g~ 

Figure 1. The interface between a fluid layer and air at atmospheric pressure (a), or 
between two non miscible fluid layers. 
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1.1 Dimensional analysis 

First consider the simplest situation: a deep layer of fluid, h0 -t oo, i.e; h0 ~ >., 
and assume that the fluid is incompressible and non viscous. Guess the dispersion 
relations for linear sinusoidal waves of pulsation w and wavenumber k, in the gravity 
and capillary regimes. 

- Gravity waves : there are four parameters, w, k, g, p, and three units, length, 
time and mass. There is thus only one non dimensional parameter, w2 / g k and the 
dispersion relation is of the form 

w2 = Cgk, 

where Cis a constant (C = 1, see 1.2). 
-Capillary waves : similarly, we have 

where C' is a constant (C' = 1, see 1.2). 

(1) 

(2) 

When the height of the layer is not large compared to the wavelength, h0 should 
be taken into account and this gives a second non dimensional parameter, kh0 • then 
we have, 

- Gravity waves : 

- Capillary waves : 

w2 = gk f(kho), 

'T 
w2 = -k3 g(kho), 

p 

where f and g are arbitrary functions of kh0 . 

(3) 

(4) 

Question 1: could you prove without calculations that the dispersion relation is of the 
form 

(5) 

when both gravity and capillary effects have to be taken into account? Two important 
features should be noted: first, the expressions for w2 are additive; why ? Second, 
although the two restoring mechanisms operate respectively in the bulk (gravity) and at 
the interface (capillarity), the functional dependence on kh0 is the same; why ? (See 
1.3 for help). 

Thus, gravity waves are dominant at large wavelength and capillary waves at short 
wavelength. The characteristic transition wavelength is the only length scale which 
can be found with g, p, T, the capillary length 
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(6) 

Both gravity and capillary waves are dispersive. Gravity waves propagate faster for 
large wavelength whereas their velocity vanishes in the limit of zero wavelength. The 
opposite is true for capillary waves. 

Question 2: compute the phase velocity V and the group velocity U of gravity-capillary 
waves. Show that in all realistic situations, capillary-gravity waves propagate much 
slower than sound waves. By evaluating density perturbations, show that compressibility 
can be neglected when studying surface waves. 

We now consider the "shallow water" limit, i.e. kh0 -+ 0. What is the limit of 
f(kh0)? We could expect that the wave velocity does not depend any more on k when 
k -+ 0 for h0 fixed. then, V ex: ..j"gho and we have 

(7) 

Thus, dispersion vanishes in the shallow water limit. Note however that the above 
argument is not rigorous (see "shallow water approximations"). 

Question 3: ..j T j ph0 is homogeneous to a velocity. Is it the velocity of a corresponding 
wave ? (See Chomaz' lectures). 

1.2 Dispersion relation for gravity-capillary waves 
We consider the two-layer case (figure l.b) and assume that the fluids are incom
pressible and inviscid. In each layer (i = 1, 2), the fluid motion is governed by the 
incompressibility and the Euler equations 

(8) 

[ aa~i + (v; .. \7)v;] =-;, \7p; +g. (9) 

The normal velocity should vanish at the solid boundaries 

v 1(z = -h1) • z = v2(z = -h2) · z = 0. (10) 

The kinematic boundary condition at the interface, z = ((x, y, t), is 

a(+ V· · \71' = V· · Z. at , " , (11) 

In the absence of viscous stresses, the balance of forces along the normal of the free 
surface with principal radii of curvature R1 and R2 is given by Laplace formula, and 
the dynamic boundary condition at the interface, z = ((x, y, t), is 
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( 1 1 ) V'( 
Pl - P2 = T Rl + R2 = -TV' 0 [1 + (V'()2]1/2 0 

(12) 

When the interface is flat, the basic state corresponds to the hydrostatic solution, 

(13) 

When the interface is deformed, the velocity field in each layer generates a dynamic 
pressure component, Pi =Pi+ pigz. If the velocity field has initially zero vorticity, the 
flow remains potential, thus vi = V' ¢i, and from the incompressibility equation, we get 

(14) 

From the Euler equation for a potential flow, we get the Bernoulli formula and the 
expression for Pi is 

a¢i 1 2 
Pi = -pigz- Pi fit- 2,p;vi. 

The boundary conditions at the free surface z = ((x, y, t) thus become 

a( y:',-1. 0 V'' = a¢; 
at+ '1-'t ., az, 

Equations (10) give 

8¢1 8¢2 
-(z =-hi)= -(z = -h2 ) = 0. 
az az 

(15) 

(16) 

(18) 

When the amplitude of the disturbances of the interface is small compared to their 
wavelength, we can linearize equations (11, 12) and get 

a( ~ a¢; (z = 0) 
at az , (19) 

a¢2 a¢1 
(P2- Pl)g( + P2 at (z = 0)- P1 at (z = 0) ~ -TLl(. (20) 

We next consider a sinusoidal wave of the form 

¢; = J;(z) expi(kx- wt) + cc, (21) 

( = C exp i(kx- wt) + cc. (22) 
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Equation (14) together with the boundary conditions (18) gives 

ch k(z + hl) 
</h = A ch kht exp i(kx- wt) + cc (23) 

ch k(z- h2) 
</J2 B ch kh2 exp i(kx- wt) + cc (24) 

Note that for deep layers, i.e. khi -t oo, the amplitude of the velocity field decays 
exponentially away from the interface. We emphasize that the characterisitic "pen
etration length" of the wave is equal to the wavelength >.. Equations (19, 20) then 
give 

-iwC 
-iwC 

(P2- Pt)gC- iwp2B + iwp1A 

Eliminating A and B leads to the dispersion relation 

Akth kht 
-Bk th kh2 

Tk2C. 

(25) 

(26) 
(27) 

(28) 

The dispersion relation for waves on the surface of a liquid layer of height h0 (figure 
l.a) can be obtained with the substitution Pt = p, P2 = 0, ht = h0 , 

(29) 

It is interesting to discuss equation (28) in the case of a liquid layer in contact with 
its vapor phase in the vicinity of the liquid-vapor critical point (Pc, Tc), for which we 
have 

Pt - P2 ex (Tc - TY>: 
T ex (Tc- T) 13 , 

(30) 

(31) 

with a~ 0.3 and (3 ~ 1.2. For a given excitation frequency w, the wavenumber should 
become infinite when T -t Tc if viscosity is neglected. Note also that although >. -t 0, 
gravity waves are dominant in the vicinity of the critical point! This is because the 
values of a and (3 strongly deviate from their mean field values 0.5 and 1.5. 

When p1 < p2 , i.e. the heavier fluid is above the lighter one, w2 < 0 for modes 
with wavenumbers smaller than J(p2 - p1 )g/T; thus w is pure imaginary and there is a 
mode with an exponentially growing amplitude. This is the Rayleigh-Taylor instability, 
discussed in details by Chandrasekhar [5]. 

Question 4: find the dispersion relation in the two-layer case when the upper fluid 
surface is free. Discuss the above comment about the "penetration length" of the wave. 
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1.3 Integral relations 

The propagation of a wave always involves periodic transfers between kinetic energy 
and potential energy. The dispersion relation could be understood as a mathematical 
expression of this phenomenon. We will show this for surface waves by considering 
several integral relations involving the fluid energy, E 

(32) 

The first term is the fluid kinetic energy; the second term is the gravitational potential 
energy which could be writen in the form 

Epg = pg dxdy - zdz = -pg ( 2(x, y, t) dxdy +constant; I l z-( 1 I 
-ho 2 

(33) 

the last term is the surface potential energy which could be writen in the form 

Eps = T I J1 + (V'()2 dxdy ~ ~T I (V'() 2 dxdy +constant. (34) 

We now multiply the equation !::..¢ = 0 by ¢ and integrate by part on the fluid 
volume V, 

I cpf::..cpdV =- I(V'¢) 2dV +I [¢~~L=( dxdy = 0. (35) 

We substitute relation (19) in the above equation and average it on one period of the 
wave. Integrating by part, we replace c/J(t by -c/Jt( and use relation (20). We get 

(36) 

We thus obtain that in the small amplitude limit we have equipartition between kinetic 
and potential energy. If we subsitute in this equation expressions (22-24) for ( and ¢, 
we find the dispersion relation, w2 coming from the kinetic energy and the gravity and 
surface terms coming from gravitational and surface potential energies. 

Question 5: show formula {35} by multiplying {20} by ( and integrating on the fluid 
surface. 

The above integral relation (36) is useful to find corrections to the dispersion relation 
due to edge constraints. In a closed container, the fluid meniscus strongly affects the 
profile of the interface in the vicinity of the lateral boundaries. This generates an 
additional coupling between the interface and the fluid flow, except with very unrealistic 
boundary conditions (if one assumes that the fluid interface remains perpendicular to 
the lateral boundaries). It is possible to eliminate the effect of the meniscus by using 
a "brimful" configuration [6], i. e. by pinning the fluid interface at the edge of the 
lateral boundaries. However, this type of edge constraint also generates an additional 



8 S. Fauve 

coupling between the motion of the interface and the flow generated beneath. The 
corrections to the dispersion relation have been calculated in the case of an inviscid 
fluid [6, 7]. 

1.4 Coupling with a mean-flow: the Kelvin-Helmholtz insta
bility 

We consider now the two-layer situation when the fluids are in relative motion at 
velocities UI and U2 along the x-axis. The basic state is thus 

voi = U;fc, Poi = -pigz. (37) 

The linearized Euler equation for the disturbances i\, Pi, gives 

avi u avi 1 " _ - + i- = -- v Pi· 
at ax Pi 

(38) 

Equations (14, 18) are unchanged, thus the expressions for the velocity potentials¢; are 
similar to the ones derived above for ¢;. The boundary conditions at the free surface 
are modified as follows to leading order 

a( + U a( ~ a¢i (z = 0) 
at tax az ' 

(39) 

( aJ1 aJ1 ) ( a¢z a¢z) ( ) ( ) 
PI9(+PI at +Uiax (z=0)-p2g(-P2 at +U2ax z=O ~r6.(,. 40 

Thus, in the deep layer limit (kh;---+ oo), 

i( -w + kUI)C = Ak, (41) 

i(-w + kU2)C = -Bk, (42) 

(PI- P2)gC + ipi( -w + kUI)A- ip2( -w + kU2)B = -rk2C, (43) 

and the dispersion relation is 

PI (w- kUI)2 + P2(w - kU2) 2 = (PI - P2)gk + rk3 . ( 44) 

Solving for w gives 

( 45) 
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An instability occurs when the expression under the square-root vanishes and becomes 
negative. This is the Kelvin-Helmholtz instability. This occurs for a critical value of 
the velocity difference flU= jU1 - U2 1 such that 

( ) g P1P2 2 
Pl- P2 -k + Tk = ( )2flUc (k). 

P1 + P2 
(46) 

The minimum flUe of flU'; ( k) is reached for k = kc such that 

(47) 

and 

(48) 

We refer to Chandrasekhar [5] for a more detailed presentation of the Kelvin
Helmoltz instability. The nonlinear regime has been discussed by Weissman [8]. 

1.5 Field-coupled surface waves 

We consider two layers of electrically conducting or dielectric (respectively magnetic) 
liquids, submitted to an externally applied electric (respectively magnetic) field. Waves 
at the interface are obviously affected by this external field because the stress tensor is 
modified. For instance, we have for an inviscid dielectric liquid of permitivity t:, 

a,k = -p8ik + t:EiEk- ~2 [t:- p ( ~;) J 8ik, (49) 

and the dynamic boundary condition at the interface becomes 

( a(2) - a(l)) n = -r\1. 'V( 
•k •k k [1 + ('V ()2]1/2. 

(50) 

In turn, the electric or magnetic field is affected by the motion of the interface and 
does not remain uniform. The field lines are indeed distorted in order to satisfy the 
boundary conditions at the free surface. Thus, the dispersion relation is modified by 
the addition of a new term, the form of which can be guessed by dimensional analysis. 
For deep layers, we have 

(51) 

respectively 

(52) 
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where C (respectively C') is a dimensionless constant that vanishes if the two fluids 
have the same electric permitivity (respectively the same magnetic permeability J.L). 

We have similar couplings when free charges or free currents exist within the fluid 
"Vtyers. Consider for instance a liquid metal with a surface density O'o of electric charges. 
When the interface is flat, the electric field is Eo = O"o/ EoZ, so the electric potential is 
'ljJ = -0"0z/E0. When the interface is deformed, we have 

with 

O'o -
'ljJ = --z + 'lj;(x, y, z, t), 

Eo 

1:11} = 0, 1} -+ 0 for z -+ oo. 

Thus for a sinusoidal surface wave along the x direction 

1} = D exp( -kz) exp i(kx- wt). 

(53) 

(54) 

(55) 

The electric potential at the surface of the liquid metal should be a constant, which we 
take to be zero. Thus, at leading order 

- O'o 
'ljJ ~ -( exp( -kz). 

Eo 
(56) 

The electrostatic pressure is to leading order 

0'2 0'2 
Pe =~ - 0 (1 + 2k() =constant+ _!}_k(, 

2~ ~ 
(57) 

and is directed outward from the liquid metal, thus destabilizing. The dynamic bound
ary condition at the interface for an uncharged surface (20) becomes at leading order 

(58) 

whereas the kinematic boundary condition and the bulk equation for the velocity po
tential are unchanged. Thus, the dispersion relation becomes 

(59) 

which is of the form guessed by dimensional analysis. 
If the charge surface density is large enough, w vanishes and an instability occurs 

for a mode of wavenumber 

when 

k -~g c- ' 
T 

(60) 

(61) 
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Note also that for large enough a0 but less than a0c, there exists a range of wavenum
bers for which the group and phase velocities are opposite, UV < 0. 

Question 6: consider two dielectric (respectively magnetic) liquids without free charges 
or currents submitted to an electric (respectively magnetic) field. Sketch the field lines 
perturbed by a wavy interface in the case of an applied field perpendicular and then par
allel to the unperturbed interface. Could you show that the perpendicular field configura
tion leads to an instability for large enough fields whereas the parallel field configuration 
is stable? 

The dispersion relations for various types of field coupled surface waves are derived 
in details in [9]. 

1.6 Viscous damping of surface waves 

The flow generated by surface waves cannot be potential everywhere when the fluid vis
cosity is taken into account. Even if v is small, vorticity is generated in thin boundary 
layers. For small wave and thus velocity amplitude, the typical size of the boundary 
layer is obtained by balancing 8vj8t and v!:lv in the Navier-Stokes equation; we thus 
get the "viscous penetration length", 8, 

8=/E· (62) 

Consequently, in the limit of small viscosity, the flow can be approxiated by a potential 
flow in the bulk, but vorticity should be taken into account in boundary layers of size 
8 in the vicinity of solid boundaries and of the free surface. 

The power dissipated by viscosity is given by 

P - 1 J ( av. 8vk) 2 dV d- -pv -+- . 
2 v axk 8xi 

(63) 

This leads to the decay of the fluid total energy E according to 

(64) 

We define the dissipation 'Y by 

(65) 

where the overbar denotes averaging on one period of the wave. 
If 8 « h0 , the bulk dissipation can be evaluated by assuming that the flow is 

potential [2]. We get 

1 l ( 82¢> ) 2 l Pd = -pv 4 8 8 dV = 8pvk4 ¢>2dV. 
2 V Xi Xk V 

(66) 
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Because of equipartition of energy, we have 

E = 2Ec = p fv v2dV = 2pk2 fv 1jJ2dV. (67) 

Consequently, the bulk dissipation, 'YB, is 

'YB = 2vk2 . (68) 

We could have easily guessed this form from the v!:lv term of the Navier-Stokes equation 
or from dimensional arguments assuming that the dissipation is proportional to the 
viscosity. However, this is not true in general as we will see now by evaluating the 
dissipation due to the bottom boundary layer. At a solid boundary, the velocity should 
vanish and the velocity gradient thus scales like v0 / o where v0 is a typical velocity 
amplitude. The dissipated power is the power of the friction force; its value per unit 
surface scales like 

Pd Vo 2 r.-::-. S ex: pvTvo = pv0 v vw, (69) 

which gives a dissipation 
VvW 

'YBL CX: -[-, (70) 

where l is an appropriate lengthscale. We are in the small viscosity case, i.e. o « ,\ 
and c5 « h0 . If ,\ « h0 , the flow which penetrates under the free surface on a typical 
length A, does not "feel" the bottom. Thus, the bottom boundary layer dissipation is 
negligible. On the contrary, if h0 « A, we expect h0 to be the relevant length and 

VvW 
'YBL CX: To· (71) 

Dissipation at the lateral boundaries could be taken into account similarly [2]. 
It can be shown that the dissipation due to the surface boundary layer is of higher 

order for small 11 (see below) 

(72) 

In addition, there exist dissipative mechanisms due to the meniscus and to the 
contamination of the fluid free surface [10]. Since we can suppress the meniscus by 
pinning the fluid surface at the edge of a solid boundary (brimful conditions) and work 
with clean fluids, we will discard these physico-chemical aspects. 

In conclusion, we have the following limit regimes: weak dissipation means that 
c5 « ,\ and o « h0 whatever the relation between ,\ and h0. 

- c5 « ,\ « h0 : 1' ~ 2vk2 , 

- 8 « ho «A: 1' ~ ,fi/W/ho. 
Strong dissipation corresponds to a situation for which the viscous penetration length 
o is larger than the size of the layer in which the flow is important, i.e. 6 » A for 
,\ « ho or 0 » ho for ho « .-\. 
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We now consider the effect of dissipation on the dispersion relation in the small vis
cosity limit. To wit, we first use the equipartition of energy, Ec = Ep. If we assume that 
this relation is roughly correct in the small viscosity limit, we can find the frequency 
shift due to damping. Indeed, for a wave of given amplitude and wavenumber, the 
average potential energy is unchanged. Thus the average kinetic energy is unchanged. 
Since the velocity is reduced in the boundary layers, this means that the velocity am
plitude should be increased in the bulk. The wave amplitude and wavenumber being 
kept constant, this implies that the pulsation w is increased. 

Question 7: on the contrary, the frequency of a simple pendulum is decreased by Stokes 
damping. Do you understand this using the same simple argument ? 

In order to go beyond the rough arguments and estimations given above, we should 
consider the Navier-Stokes equation and the corresponding boundary conditions for a 
viscous fluid, 

Y'·v=O 

[~: +(v·V')v] =-~V'p+vilv+g. 

v(z = -ho) = 0. 

The kinematic boundary condition at the free surface is unchanged 

The dynamic boundary condition at the free surface, z = ((x, y, t), becomes 

-aiknk (z = () = Patm + T (~1 + ~J ni (z = (), 

where 

aik = -p8ik + pv ( avi + avk). 
8xk axi 

The solution corresponding to the flat interface is , 

Vo = 0, Po = Patm - pgz. 

(73) 

(74) 

(75) 

(76) 

(77) 

(78) 

(79) 

We look for small perturbations, v, p = p- p0 , for which the Navier-Stokes equation 
(74) becomes 

av 1"_ "- = --vp+ VuV. at P 
(80) 

Taking the divergence of (80) and using the incompressibilty condition (73), we get 

Llp = 0, (81) 
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that we can solve. We. then look for a solution of (80) in the form Vpart + u where u is 
the general solution 6f the diffusion equation 

au at = v.6.u. (82) 

and Vpart is a particular solution of (80). We note that V¢ is a particular solution 
provided that 

.6.¢ = 0, 

a¢ p 
at P 

Thus we have solved (80) in the form 

v = V¢+u, 

(83) 

(84) 

(85) 

where V ¢ represents the potential flow obtained in the inviscid case and u is a "viscous 
correction", provided that the boundary conditions are satisfied. Using the incompress
ibility condition (73), we can write all the boundary conditions in a form involving only 
(, p, ¢ and w = u · z, the vertical component of u: 

w(z = -ho) + ~~ (z = -ho) = 0, (86) 

aw a2¢ 
az (z = -ho) + az2 (z = -ho) = 0, (87) 

(p_- 2v ow - 2v a2¢) (z = -ho) ~ g(- _:::.6.(, 
p az az2 p 

(88) 

( .6.~ - a~2 ) ( w + ~~) (z = 0) = 0, (89) 

~; ~ ( w + ~~) ( z = 0), (90) 

where .6.~ is the horizontal Laplacian. Using (82,83) and (90), the boundary condition 
(89) gives after integration in time 

w(z = 0) ~ 2v.6.~(. (91) 

We next look for a solution of the Fourier component ¢(z, t) at wavenumber k of¢, in 
the form 

¢(z, t) = A(t) chk(z + h0 ) + B(t) shk(z + ho). (92) 

Using the botmdary conditions (86, 90, 91) we obtain 

( 8 2) A 

A at+ 2vk ( w(z = -ho) 
¢(z, t) = k shkho ch k(z + ho) + k shkho sh k(z + h0 ). (93) 
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Finally, using (84) the boundary condition (88) gives 

a A A m+ 1/ w aw ( ) 
2 ( a 2 k2) A A 

at+2vk2 (+w~(k)(+ chkho (z=-ho)+2vkthkhoaz(z=0)=0, (94) 

where w = w0(k) is the dispersion relation for the zero viscosity case. In the first 
term, 2vk2 corresponds to the bulk dissipation. The term involving w(z = -h0 ) 

vanishes in the deep layer limit, kh0 --+ oo; it thus traces back to the bottom boundary 
layer contribution, whereas the last term corresponds to the surface boundary layer 
contribution. 

We next need to solve the equation for the "viscous field" u. We have for the Fourier 
component w(z, t) 

[! -v ( a~2 - k2)] w(z, t) = 0, 

w(z = 0) = -2vk2(, 

( aw ) (a )A shkho az + kchkho (z = 0) = -k at+ 2vk2 (. 

(95) 

(96) 

(97) 

At this stage we can write the exact dispersion relation. It is however not very illu
minating even if we then solve it with a computer. It is more interesting to solve the 
"Stokes problem", i.e. to find the flow w generated by the moving boundary i.e. the 
free surface, in the small viscosity case (8 « >.). We get 

w(z, t) = { -2vk2 exp [(1 + i)J] 
(1+i)k8wo(k) [ .z+ho] . + 2shkho exp -(1 + z)-8- }(0 expzw0t. (98) 

This shows that in the limit 8 « >., the viscous correction is noticeable in surface and 
bottom boundary layers of characteristic size 8, the later one being negligible in the 
deep layer limit, kh0 --+ oo. The bulk flow is thus potential. 

The dispersion relation becomes much simpler in the deep layer limit because we 
have not to describe the bottom boundary layer. We get from (95, 96) 

w(z, t) = -2vk2(o exp qz exp -iwt, (99) 

with 

q = Jk2- /; (100) 

In the limit kh0 --+ oo, (94) then gives the dispersion relation 

(101) 
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In the small viscosity case, vk2/w = (6/>..) 2 « 1, we expand win powers of 6/>... We 
get 

w(k) = wo(k)- i2vk2 + v'2(1- i)(vk2 )~w~~ + 0 (v::4
). 

We thus find, in agreement with the estimations given above: 
- bulk dissipation: 'YB = 2vk2 , 

I 

- surface dissipation: 'YsL = J2(vk 2) ~ w~ 2 , 
-frequency shift: IJ.w = J2(vk2)~ w~~. 

2 Long wavelength approximations 

(102) 

The aim of this chapter is to find simple evolution equations governing surface waves 
in the limit of "shallow water" i.e. when ).. » h0 • For simplicity, we will only consider 
gravity waves and inviscid fluid. The presence of different scales, here variations in x 
very slow compared to variations in z, usually greatly simplifies a problem. We already 
noticed that if kh0 --+ 0, the dispersion relation for gravity waves is to leading order 

2 h k2 1 h3 k4 w ~ g 0 - 39 0 + ... ' (103) 

so that dispersion is small and could be taken into account perturbatively. We will 
do that in section 2.2. But first, we will show that the structure of the problem 
and in particular the nonlinear terms, are strongly simplified in the long wavelength 
approximation even for order one wave amplitude. 

2.1 Shallow water equations 

We define v = (u, 0, w) and write the incompressibility and the Euler equations 

ou ow 
0, (104) -+- = ox oz 

ou ou ou lop 
(105) -+u-+w- -pox' ot ox oz 

ow ow ow lop 
(106) -+u-+w- ----g 

ot ox oz poz · 

If).. » h0 , the incompressibility equation implies w :::: h0u/).. « u. Thus, the left hand 
side of (106) is small compared to the right hand side. Therefore, we have hydrostatic 
balance at leading order, and 

P ~ Patm + pg [((x, t) - z]. (107) 
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Then, by substituting (107) in (105), we obtain 

Du au au au a( 
Dt = at + u ax+ w az ~ -g ax (x, t). (108) 

The left hand side of (108) is a function of x and t, thus if u(x, z, t = 0) = u(x, t = 0), 
u remains independent of z at leading order, and 

au au a( 
-+u-~-g-. 
at ax ax 

(109) 

We should now find an evolution equation for(. To wit, we first derive an exact relation 
which traces back to mass conservation. We have 

!
z=((x,t) (au aw) -

a + a dz- 0, 
-ho X Z 

(110) 

and thus 

!
z=((x,t) a( 

u(x, z, t) dz- -a u(x, z = (, t) + w(x, z = (, t) = 0. 
-ho X 

(111) 

Using the kinematic boundary condition (11), we get the required conservation equation 

a( a [!z=((x,t) ] 
at + ax -ho u(x, z, t) dz = 0. (112) 

At leading order, u does not depend on z, and 

a( a 
at +ax [(ho + ((x, t)) u] >::::: 0. (113) 

Equations (109, 113) for u(x, t) and ((x, t) are the "shallow water" equations. These 
equations neglect dispersive terms that are smaller by a factor (ho/ >.) 2 , but involve 
finite nonlinear terms. At the linear level, we get the usual wave equation 

(114) 

Note also that the ratio of the nonlinear terms to the linear ones is of order (0 / h0 , 

where (0 is the typical wave amplitude. 

2.2 Dispersive terms in the long wavelength limit 
We next have to find the leading order dispersive terms in the shallow water limit. We 
first consider waves of small amplitude ((0 « h0 ) and forget nonlinear terms. Using).. 
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as scale for x, x = .\X, and ho as scale for z, z = h0 Z, the Laplace equation for the 
velocity potential ¢ becomes 

(115) 

Using the boundary condition (18), we get 

( h0 )
2 

¢(X, Z, t) = F(X, t) + 0 --:\"" (116) 

Thus, at leading order, the velocity potential does not depend on z. We define F(K,w) 

1 I -F(X,t) = (21r)2 F(K,w)expi(KX -wt)dKdw, (117) 

and multiply the dispersion relation (103) by F. Taking the inverse Fourier transform 
immediately gives 

(118) 

Equation (118) is a linear evolution equation involving the leading order dispersive 
term 84 Fj8X4 . 

It may be interesting to see that they are contributions to this dispersive term from 
both the boundary conditions (11, 12). The general solution of the Laplace equation 
(14) with boundary conditions (18) is 

1 100 ' ¢(x, z, t) = - chk(z + h0 )A(k, t) exp ikx dk. 
27f 00 

(119) 

For kh0 --+ 0, we expand the hyperbolic function in ¢(x, z = 0, t) and 8¢j8z((x, z = 
0, t), and then take the inverse Fourier transform to write these quantities with respect 
to 

1 roo ' 
A(x, t) = (21r) loo A(k, t) exp ikx dk. (120) 

We obtain 

( h6 82 ) ¢(x, z = 0, t) ~ 1- 2 ax2 + · · · A(x, t), (121) 

-(x z = 0 t) ~ -h0 - + _Q_ + · · · A(x t) a¢ (. 82 h3 a4 ) 

a z ' ' 8x2 6 8x4 ' . 
(122) 

Then, from boundary conditions (11, 12) at z = 0 

(123) 
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aA h~ a3A 
g( = -- + --- + .... 

at 2 8t8x2 
(124) 

Eliminating ( gives 

a2 A a2 A gh~ a4 A h5 84 A 
at2 = gho 8x2 - 6 8x4 + 2 8t28x2 + ... (125) 

At this order we can substitute 

a2A a2A 
8t2 ~ gho 8x2' (126) 

in the second dispersive term; we get an equation similar to (118). 

2.3 Boussinesq and Korteweg-de Vries equations 

The final step is to find an evolution equation for the leading order velocity potential 
F(X, T), containing both dispersive and nonlinear effects. As we already noticed, the 
dimensionless parameter measuring the strength of the nonlinearities is (0/h0 . Thus, 
in order to describe dispersion and nonlinearities perturbatively, we should have two 
small parameters, 

E = ( ~) 2 « 1 (small dispersion), 

J.L = ~: « 1 (small nonlinearities), 

(127) 

(128) 

We want to find the expression of the leading order nonlinear term in (114) as a function 
of u alone, or correspondingly, to find the leading order quadratic nonlinearity in (118) 
as a function of F(X, T) and its derivatives with respect to time and space. One 
simple way to proceed is to consider all possible quadratic nonlinearities and to keep 
the lowest order ones allowed by symmetry arguments (i.e. the less differentiated 
ones). The quadratic nonlinearities are, F 2 , FFx, FFt, FFxx, FxFx, FFtt, FtFt, 
FxFt, FFxt. FFxxx, FxFxx, · · · 

We first note that F being a velocity potential, the addition of a constant to F 
should not change the problem, i.e. should not change the evolution equation for F. 
Thus, the equation should be invariant under the transformation 

F --+ F + constant. (129) 

Therefore, all terms with an explicit dependence on F should be discarded. 
Then, the full set of equations (8-12) is invariant under time reversal symmetry, t --+ 

-t, ¢ --+ -¢, reflection symmetry, x --+ -x, ¢ --+ ¢, and both applied simultaneaously, 
t --+ -t, x --+ -x, ¢--+ -¢. Therefore, the evolution equation for F should be invariant 
under the following transformations: 

t--+ -t, F--+ -F, (130) 
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x -+ -x, F -+ F, 

t -+ -t, x -+ -x, F -+ -F. 

S. Fauve 

(131) 

(132) 

Considering the transformation of the linear part (118) under the above operations, we 
conclude that the quadratic nonlinearities should involve 

- an odd number of t-derivatives, 
- an even number of X-derivatives, 
- an odd number of total derivatives. 

The leading order terms obeying the above requirements are 

a2 F aF a2 F aF a2 F aF 
ax2 &i' ax at ax' at2 &:· (133) 

This rather simplifies the problem. Moreover, if is clear from (114) that it is unlikely 
to find a quadratic nonlinearity involving only time-derivatives. We thus have, 

It is tempting to use at this stage 

(135) 

in order to simplify the nonlinear terms of (134) keeping the same order of approx
imation. However, we note that this breaks space-reflection invariance; it is then 
meaningless to keep the second order wave equation to leading order. But, if we do so, 
we get 

a2F a2F a4 F a2 F aF 
at2 = aX2 + aX4 + aX2 ax' (136) 

which is the Boussinesq equation, where the coefficients have been simplified by appro
priate scalings of amplitude, time and space, and where the sign of the nonlinear term 
does not matter (write the equation for -F). 

Question 8 : equations {8-12} are galilean invariant, i.e. invariant under the trans
formations x -+ x- ct, t -+ t, u(x, t) -+ u(x- ct, t) + c, w(x, t) -+ w(x- ct, t), 
p(x, t)-+ p(x- ct, t). Equation {134} as well as the leading order linear wave equation 
obtained in the long wavelenth limit, are not galilean invariant. Why ? Could you find 
additional constraints on the coefficients a and f3 by requiring galilean invariance ? 

We now want to find equation (134) with a perturbative expansion of equations 
(8-12) when both parameters f and J.L are small. We first recall these equations with a 
slight change of notation (the origin of the z-axis): 

/:1¢ = 0, 

a¢ -(z = 0) = 0 az 

(137) 

(138) 
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a( a( a¢ a¢ 
at +ax ax (z = ho + () = az (z = ho + (), (139) 

a¢ 1 [(a¢) 2 (a¢) 2
] g( + at (z = ho + () + 2 ax + az (z = ho + () = 0. (140) 

We next take ..\, h0 , ..\j /9ho, (0 and (0..\~, as scales for x, z, t, ( and ¢. We 
obtain for the dimensionless fields and variables 

(141) 

(142) 

(143) 

(144) 

We start by solving (141) iteratively with the boundary condition (142). We get 

€ a2F E2 a4F 
<I>(X, Z, T) = F(X, T)- 2z2 ax2 + 24 Z4 BX4 + · · · (145) 

Note that when computing terms of order E2, there is an integration constant F2(X, T), 
but we can absorb it in F(X, T) = F0 +E2 F2 +···Substituting (145) in (144), we easily 

· obtain 
~ aF E a3 F J.l (aF) 2 

2 
.::.(X, T) = - 8T + 2 aX2aT -- 2 ax + O(J.LE, f ) (146) 

We compute at the same order 

1 a<I> a2F aF a2F E a4F 
;_ az (X, z = O, T) ~ - ax2 + J.l 8T aX2 + 6 aX4 ' (147) 

as a<I> aF a2 F 
ax ax(x,z = o,T) ~-ax axar· (148) 

Substituting in (143) gives the evolution equation for F 

(149) 

which is similar to equation (134) with a= 1 and f3 = 2. We emphasize that we should 
take the scaling J.l ~ E in order to bring nonlinear and dispersive terms at the same 
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order. Other scalings lead to different equations. We take 11 = E and combine the two 
dispersive terms using the leading order wave equation to get 

(150) 

and look for the progressive wave solution in the x-direction 

F(X, T) = f(X- T, 7) + Efi + E2 fz + ... , (151) 

where 7 is a "slow time", 7 = ET, that describes the slow deformation of the shape 
of the linear non dispersive solution f(X - T) under the combined action of small 
dispersive and small nonlinear terms. Defining ~ = X - T, T} = X+ T, we have at 
leading order 

(152) 

where we have chosed the solution f = f(~, 7). At the next order 

(153) 

gives 

(154) 

Thus, the correction h diverges with T} unless we apply the "solvability condition" 

(155) 

We define 8 
equation 

8f /8~, and differentiating (155), we obtain the Korteweg-de Vries 

(156) 

which describe the deformation of the shape of a progressive wave, due to the combined 
action of nonlinearity and dispersion, in the co-moving reference frame. 

3 Amplitude equations 

We want to understand the behavior of a surface wave-packet in the case of finite 
dispersion (-X not too large compared to h0 ) and small nonlinearities. 

The relevant length scales are, the wavelength, -X, which is no longer assumed large 
compared to the height of the layer h0 , and the typical length, l, of the wave-packet, 
which is assumed large compared to A in order to have a slow modulation of the carrier 
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wave, and thus a meaningful envelope concept. Although we may be in the deep layer 
limit (.>.. « h0 , it is expected that the whole wave train will "feel" the bottom plate if 
l is not small compared to h0 . As in the previous section, for simplicity, we consider 
only the case of gravity waves and neglect viscous dissipation. 

Before looking at the specific case of surface waves, we will consider generic predic
tions for the behavior of a wave-packet in a nonlinear and dispersive medium. 

3.1 The nonlinear Schrodinger equation 

Consider a wave-packet 

((x, t) = /_: F(k) expi [kx- w(k)t] dk + c.c. (157) 

If l ».>..,then F(k) is peaked around k = k0 with a typical width 6k:::: k0 .A./l, and we 
have 

w(k) ~ w(ko) + (k- k0 ) (dw) + ~(k- k0) 2 (d2~) + ... 
dk 0 2 dk 0 

(158) 

Defining O(K) = w- w0 , K = k- k0 , we get 

O(k) ~ KU + aK2 + ... , (159) 

where U is the group velocity and a = ( d2w / dk 2 ) 0 # 0 if the medium is dispersive. 
Moreover, the largest contribution to the integral in (157) comes from k in the 

neighbourhood of k0 

((x, t) ~ /_: F(ko + K) exp i [K x- O(K)t] dK exp i [k0x- w(k0)t] + c.c. 

~ /_: A(K,t)expiKxdK expi[k0x-w(k0)t]+c.c. 

~ A(x, t) exp i [k0x- w(k0 )t] + c.c., (160) 

where the Fourier component A of the slowly modulated wave envelope A(x, t) is 

A(K, t) = F(k0 + K) exp -iOt. (161) 

Thus, using (159) we have 

aA. o A • A o 2 A 

- = -~OA = -~KUA- zaK A+ ... 
at ' 

(162) 

and taking the inverse Fourier transform, we obtain the linear evolution equation for 
the wave envelope 

aA aA a2 A 
- = -U- +ia-+ ... 
at ax ax2 

(163) 
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If l ~.A, the scale separation is described by a small parameter E = .Ajl. The two spatial 
scales are thus related by X = EX. Note that there exist three temporal scales: the 
period of the carrier wave, 2n fw(k0) is the fast one. The first slow time scale traces back 
to the propagation of the wave packet at the group velocity. The corresponding time 
coordinate is T = Et. Looking at solutions of (163) in the form A(~= X- UT, r), i.e; 
in the reference frame moving at the group velocity, we obtain an equation analogous 
to the Schr6dinger equation for a free particle, 

oA . o2A 
or = +za o~2 ' (164) 

which describes the dispersion of the wave packet on a slower time scale r. 

Question 9: we are considering waves without dissipation, i.e. systems with the t-+ -t 
symmetry. Does {164) respect this time reversal symmetry? The answer should be yes; 
then, why do we have always dispersion and never contraction of the wave packet ? 

We now have to find the leading order nonlinear terms in (163) or (164). The 
simplest way to proceed is again to use symmetry arguments. 

Equations (8-12) governing the surface waves are invariant by translations in both 
time and space, 

t-+ t + t0, X-+ X+ Xo, 

and from (160) we see that this corresponds to 

A-+ Aexpix, 

where x can vary through all reals. Considering all possible nonlinear terms, we find 
that the lowest order term with the right transformation property is IAI 2 A. So we can 
write 

(165) 

There are two further symmetries: time reversal and space reflection. In the general 
case these can be applied separately, but we have taken the particular form of ( given 
by (160) that consists only of waves propagating to the right, and this constrains us 
to applying both transformations together. Applying the symmetries together implies 
the invariance of the amplitude equation under the transformation 

r -+ -r, ~ -+ -~ A -+ A, 

and applying this to (165) gives 
- 2 -oA . 0 A I 2-

-or = za 0~2 + f31AI A 

However the complex conjugate of (165) is 

oA - . o2A (3-'IAI2A---za--+ 
or oe 
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Hence P' = -/3' , and /3' is pure imaginary, so /3' = -i/3. 

aA . a2A . 1 12 aT = za a~2 - z/3 A A (166) 

This is the nonlinear Schrodinger equation. It shows that the dynamics of the wave
packet consists of a balance between dispersion, iaAee' and nonlinearity, -i/3IAI2 A, 
that traces back in this problem to the amplitude dependence of the wave frequency. 

3.2 The Benjamin-Feir instability 
We now use the nonlinear Schrodinger equation to study the stability of a quasi
monochromatic wave. The original motivation was to understand the instability of 
Stokes waves. When a wave train of surface gravity waves is generated with a paddle 
oscillating at constant frequency, one observes that if the fluid layer is deep enough 
compa~d to the wavelength, the quasi-monochromatic wave is unstable and breaks 
into a s'eries of pulses[ll, 12]. 

Return to the nonlinear Schrodinger equation (166), and consider the particular 
solution 

Ao = QexpiOT 

n = -!3Q2, 
(167) 

(168) 

that represents a quasi-monochromatic wave of amplitude Q, wavenumber k0 and fre
quency Wo + n. If we perturb Ao slightly, so that 

A= [Q + r(x, t)] exp i[OT + x(~, T)], (169) 

we obtain after separating real and imaginary parts, 

ar 
= aT 

a2x arax 
-a(Q + r) ae - 2a a~ a~ (170) 

Qax = aT 
( 2 2) a2r ( ) (ax) 2 ax - f3r 2Q + 3Qr + r + a a~2 - a Q + r a~ - raT · (171) 

Linearising and taking ( ~) ex exp(7Jt- iKO, one finds the disper~ion relation 

(172) 

172 is always negative for a/3 > 0, but has a positive region in K for a/3 < 0. Thus if 
a/3 > 0 then 1J is pure imaginary and the quasi-monochromatic wave (167) is a stable 
solution. On the other hand if a/3 < 0 then in the long wavelength region, 1J has 
both a negative and a positive root. When 1J is positive, there is an instability, the 
Benjamin-Feir or side-band instability [11]. It has the name "side-band" because if one 
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takes a band of frequencies centred on w0 , the interaction of one side-mode with the 
second harmonic is resonant with the other side-mode, causing it to be amplified, i.e. 
2Wo - (wo - f2) = Wo + f2 [13]. 

Another way to understand this instability is to linearize (169, 170) in the form 

(173) 

So if a(3 < 0, the phase of the wave obeys an unstable propagation equation (the 
propagation velocity is imaginary). 
· In the stable case it might be interesting to find the higher order terms of this 
propagation equation. This is simple only if one considers slowly varying propagative 
solutions of (170, 171) in the form 

r = r(X, T) 
X = x(X,T), 

with X = €(~- cr), c = Q.J2(4J, T = € 37". Expanding r and x 

we obtain 

r = €2ro + €4rl + ... 
X = €Xo + € 3X1 + · · · , 

(174) 
(175) 

(176) 
(177) 

(178) 

which is the Korteweg-de Vries equation. It has well-known solitary wave· solutions 
consisting of region with a non zero r, or correspondingly a region with a non-zero 
phase-gradient, thus a localized region with a different local wavenumber for the wave 
train. 

Question 10 : if we were now to consider a slowly modulated wave solution of (178}, 
we would find that its slowly varying amplitude A1 satisfies the nonlinear Schrodinger 
equation with coefficients depending on the ones of the nonlinear Schrodinger equation 
we start from at the beginning of this section. Derive the mapping between the old 
and new coefficients. Is there a fixed point? If yes, what would this mean? Find 
other similar examples using symmetry arguments to guess the form of the successive 
equations. 

3.3 The Davey-Stewartson equation 
As we mentioned above, the nonlinear Schrodinger equation is a generic evolution equa
tion for the complex amplitude of a nonlinear wave-packet in a dispersive medium, pro
vided that the small amplitude wave envelope varies slowly enough such that dispersion 
and nonlinearity come in perturbatively at the same order. For the particular case of 
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surface waves, the nonlinear Schrodinger equation has been found from the primitive 
equations (8-12) with the method of multiple scales [14, 15]. 

However, in the general case of three-dimensional wave-packets of surface waves, 
it has been found by Davey and Stewartson [16] that the wave envelope A(x, y, t) 
cannot be decoupled in general, from a large scale mean flow which is generated by 
the gradients of A. More precisely, we have for the envelope of a carrier gravity wave 
along the x-axis 

(179) 

(180) 

wher B is the real amplitude of a large scale velocity field along the x-axis and the 
slow scales are defined as follows 

~ = t(x- Ut), TJ = ty, r = ~:2 t. 

The term ivAB in (179) describes the advection of the wave by the mean flow which 
in turn, is generated by the variations of the wave amplitude (180). These equations 
reduce to the nonlinear Schrodinger equation for two-dimensional waves; note however, 
that the coefficient of the cubic nonlinearity is affected by the mean flow. 

This type of coupling between the complex amplitude of a wave and a mean flow, 
is not restricted to the problem of surface waves. It also occurs for Tolmien-Schlichting 
waves in the plane Poiseuille flow [17] and for Rayleigh-Benard convection [18]. In all 
cases, the mean flow is another neutral mode that is coupled with the wave envelope. 
This additional neutral mode can be understood as a Goldstone mode due to broken 
Galilean invariance [19]. In a different context, B looks like the scalar electrostatic 
potential that appears when the Schrodinger equation for the complex wave function 
A is made gauge invariant. Note that a term analogous to the one associated with the 
vector potential is missing in the Davey-Stewartson equations as well as in the other 
fluid mechanical examples quoted above. 

Question 11: could you find a fluid dynamical example for which such a term in in
volved? 

4 Parametric amplification of surface waves 

4.1 Parametric resonance 

Parametric resonance was first observed by Faraday in 1831 [20]. He experimentally 
studied the crispations upon the surface of a fluid layer which oscillates vertically, 
and observed that the period of the surface waves was twice the one of the container. 
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Melde made a similar observation with a string maintained in transverse vibrations 
by connecting one of its extremities to a vibrating fork, the direction of motion of the 
point of attachment being parallel to the length of the string [21]. These experiments 
were analyzed by Rayleigh who concluded that the energy of an oscillating system may 
be increased by supplying energy at a frequency which differs from the fundamental 
frequency of the oscillator. The simplest illustration of this principle is provided by 
a pendulum, the length of which is varying in time; a child on a swing for example, 
knows that he can amplify the oscillatory motion of the swing by lowering his center 
of gravity on the down swing and raising it on the up swing. He thus pumps at twice 
the frequency of the swing. In this example, the work made by the child during each 
cycle is converted into mechanical energy of the pendulum. This mechanism is phase 
sensitive; if the child shifts the phase of his pumping motion with respect to the swing, 
thus raises his center of gravity on the down swing and lowers it on the up swing, he 
strongly damps the oscillatory motion of the swing by taking its mechanical energy 
(the work made by the child during each cycle being negative). Conversely, for a given 
pumping motion, there exist two oscillatory responses of the swing which are amplified 
whereas the two others in quadrature are damped. 

The motion of the child on the swing can be modeled by a simple pendulum, the 
length of which is varying in time. The corresponding equation for the angle () of the 
pendulum with the vertical, is 

(j + 2>..0 + w5(1 + f sin Ot) sin() = 0, (181) 

where A. is the damping, w0 is the pendulum eigenfrequency, f is the amplitude of the 
forcing and 0 is its frequency. The ratio 2 : 1 is not the only possibility for parametric 
resonance. Any oscillator with an eigenfrequency w0 can be parametrically pumped by 
frequency modulation at 0 with 

nO= 2wo, (182) 

where n is an integer. This corresponds to the resonance condition of one of the side
bands nO- w0 with Wo. 

Parametric amplification in continuous media occurs widely in physical situations. 
Examples include Langmuir waves in plasmas, spin waves in ferromagnets, surface 
waves on a ferrofluid in a time-dependent magnetic field, or on a liquid dielectric in 
an alterning electric field, and as mentioned above, parametric amplification of surface 
waves on a vertically vibrated horizontal layer of fluid. Since the forcing is homogeneous 
in space, the parametric resonance conditions read 

nO = w1 + w2 

kl + k2 = 0, 
(183) 

(184) 

where 0 is the pulsation of the external forcing. Note that two propagative waves with 
wavevectors k1,2 should be considered in order to satisfy conservation of momentum. 
The pulsation and wavenumber of each wave should also satisfy the dispersion relation 
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w1,2 = w(k1,2), thus we recover the resonance condition (182) where w0 is replaced by 

wo(k) with k = Jk1J = lk2l· A review of parametric instabilites is given in reference 
[22]. 

4.2 Linear stability analysis in the inviscid limit 

The parametric excitation of surface waves on a horizontal layer of fluid subjected to 
vertical oscillations, provides the simplest experimental model of parametric amplifica
tion in spatially extended systems. It is also one of the most flexible systems to study 
pattern forming instabilities, primarily because it involves two experimental control 
parameters, the oscillation ampplitude, i. e. the magnitude of the external constraint 
which drives the instability, and the the vibration frequency that controls the instabil
ity wavenumber through the dispersion relation of the surface waves. After the early 
observations of Faraday, the parametric nature of the instability was understood by 
Rayleigh and its linear stability analysis was performed by Benjamin and Ursell in the 
case of an inviscid fluid [23]. The analysis was first extended to the weakly nonlinear 
regime by Miles using the averaged Lagrangian formalism [24]. 

We consider a horizontal fluid layer of depth h0 , open to the air at atmospheric 
pressure. Neglecting dissipation, we recall the dispersion relation of capillary-gravity 
surface waves 

( Tk3) w5(k) = gk + p th kho. (185) 

If the container is vertically vibrated, the fluid is subjected to a time-dependent effective 
gravity, i.e. the frequencies (185) are time-dependent, and surface waves of the form 
exp i(w1t-k1x) or exp i(w2t+k2x) in any direction x, can be parametrically amplified. 
We neglect here the effect of lateral boundaries. As mentioned above, momentum and 
energy conservation imply 

(186) 

where 0 is the pulsation of the external forcing, f(t), and n is an integer. Thus 
a standing wave, or a superposition of standing waves with different directions, are 
generated at the instability onset. Their wavenumber k is fixed by the excitation 
frequency 0. In this inviscid limit, one writes the surface deformation in the form 

(187) 

where Sk(f') is any linear mode of the fluid surface; one gets from the linearized Euler 
equations [23] 

aj; + w5(k) (1 + rk sinOt) a£= 0, (188) 

with r 
rk = 1 + Tk2/pg' (189) 
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where r = fIg is the amplitude of the modulation of the acceleration relative to g. 
This shows that the amplitude of each linear surface mode obeys a Mathieu equation. 

It should be noted that a rather unrealistic boundary condition is needed in order to 
get (188). As mentioned in paragraph 1.3, it should be assumed that the fluid interface 
remain perpendicular to the lateral boundaries. Any more realistic boundary condition 
leads to a much more heavy analysis and modifies both the dispersion relation (185) 
and the form of the normal modes S;c(f'). However, a more involved analysis is not 
necessary at this stage because the inviscid limit is not the appropriate one anyway for 
the study of pattern formation (see below). 

4.3 Effect of viscosity 

It is possible at this stage to take into account a small dissipation in a phenomenological 
way by adding a damping term to (188) 

af + 2A;cd;c + w5(k) (1 + rk sin nt) a;c = 0. (190) 

In the deep layer limit, kh0 ~ 1, this damping term is mainly due to viscous dissipation 
in the bulk, and we have 

(191) 

where v is the fluid kinematic viscosity. The effect of non-zero damping in (190) is 
to shift all the resonances given by equation {186) to finite thresholds fc,iC· Thus, in 
extended containers, and for not too high dissipation, the n = 1 resonance is selected 
because it has the lowest threshold 

fo ~ 4vkowo. {192) 

Consequently, linear analysis predicts the parametric amplification of a standing-wave 
with wavenumber k0 such that 

n 
w(ko) ~ 2' (193) 

where n is the external forcing pulsation, when the modulation of the acceleration 
is increased above f 0 . This parametric-resonance condition is satisfied only approxi
mately in a finite size container because of the wavenumber quantization due to lateral 
boundary conditions. 

The reduction to (190) is generally not possible for a fluid with a finite viscos
ity. The exact linear equation for a;c(t) has been found by Nam Hong U [25] and 
rediscovered recently by many authors. It involves an integral term, due to the pres
ence of the oscillating interface, and (190) should be replaced by an integrodifferential 
equation. The integral term traces back to viscous boundary layers, wich generate 
an additional dampin~ of free surface waves. In the case of the deep layer limit, it 
scales like (vk2) 312w01 2• For a shallow layer of depth h0 , the leading order additional 
damping is proportional to .jWv I h0• As a technical curiousity, note that these integral 
terms take the form of fractional derivatives of a;c(t). 
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Equation (192) for the critical acceleration fo at instability onset can be understood 
with dimensional arguments. In the case of low viscosity (i. e. 8 ~ >., 8 ~ h0), viscous 
damping depends on v, k, w and h0 , and should be overcomed at instability onset / 0 . 

We thus have three dimensionless parameters and 

w~ (vk~ ) /o = ko F wo , koho . (194) 

In the deep layer limit, k0h0 --7 oo, we expect / 0 to become independant of h0 . It is 
then tempting to recover (192) by assuming that F is linear in its remaining argument. 
However, this limit should be checked carefully because the bottom friction term scales 
like y'v and becomes important for small viscosity. We also know from section 1.6 that 
the next order correction for F in the deep-layer limit involves v312 • Thus the next 
order correction to the critical acceleration is proportional to v312 k~w~/2 . This term 
has been found analytically; note that its coefficient is negative [25]. 

New qualitative phenomena occur when bottom friction becomes important. Per
forming the exact Floquet analysis for arbitrary viscosity and height, Kumar found that 
the subharmonic response (n = 1) may be preempted by the harmonic one (n = 2) 
[26]. The mechanism is as follows: long wavelengths are strongly inhibited by bottom 
friction when they become comparable to the height of the layer. The threshold of 
the first harmonic resonance, which corresponds to a smaller wavelength than the first 
subharmonic one, then becomes lower. As the frequency is decreased further, the low
est threshold corresponds successively to higher and higher resonances. The harmonic 
response has been observed experimentally by Muller et al.[27]. 

The low viscosity scaling for the instability onset (192) is also modified in the high 
viscosity case or for shallow water with finite viscosity [28]. In the case of shallow water, 
the damping does not depend on k any more and h0 becomes the relevant lengthscale. 
It is thus appropriate to write for the instability threshold 

/o = w~ho G (w:h~,koho), (195) 

and to expect that G becomes independent of k0h0 in the shallow water regime. It is 
clear that a lubrication approximation can be used in this limit when 8 becomes larger 
than ho. A more complex analysis is required when 8 » >. but with 8 ~ h0 [29]. 

In the high viscosity case, the instability threshold fo can easily reach values much 
larger than the acceleration of gravity [30]. Thus, it seems that g can be neglected, 
i. e. the fluid container can be turned up side down without modifying the paramet
ric stability threshold of the flat interface! This is true but one has to consider the 
Rayleigh-Taylor instability, i. e. the instability of the interface between a heavy fluid 
on a lighter one; the later can be stabilized by parametric forcing in containers of finite 
lateral extent [31], just as the vertical position of a simple pendulum submitted to 
vertical vibrations. 
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Another very important effect of damping is that it controls the width !J.w of the 
parametric resonance above the instability onset. Using Equation (190), we get 

(196) 

Using (185) in the deep layer (kh0 » 1) and capillary wave (rk2 j pg » 1) limits, one 
obtains the width of the band !J.k of unstable wavenumbers above instability onset 

!J.k ~ 8v'2 TJW J f - fo 
3 T fo ' 

(197) 

where TJ = pv is the fluid dynamic viscosity. IJ.k is to be compared with the quantization 
imposed by the box, i. e. with rr J L where L is the horizontal size of the fluid container. 
When dissipation is small enough, the band is too small to contain many modes and the 
system is monomode above the instability onset. Consequently, one of the linear mode 
of the container is selected so that the effect of the lateral boundaries is dominant. Many 
experimental studies in large aspect ratio containers have been performed with fluids 
of a few cP viscosity and 20 to 30 dyne/em surface tension, driven at 100 to 500Hz [32-
34], thus giving !J.k smaller than rr /10 cm-1 for a 2% supercriticality, whereas rr J L ~ 
rr /10 cm-1. Although generated in large aspect ratio containers, the patterns were thus 
strongly constrained by the lateral boundaries. In reference [35] !J.k is even smaller 
because of the large surface tension of mercury. On the contrary, when the dissipation 
is large, the parametric resonance width is large and several unstable modes can fit 
in the container even in the vicinity of the instability threshold. Moreover, secondary 
time-dependent instabilities are delayed and we can get a stationary pattern with 
several linearly unstable modes; the boundary effects are then considerably reduced. 
This situation is achieved in the experiments of reference [30] by using a glycerol
water mixture with about 100 times the dynamic viscosity of water. Although the 
above simple evaluation of !J.k in the capillary limit no longer applies, !J.k is also large 
compared torr J L for the experiments of reference [36]. 

4.4 Amplitude equations in different limits 
The evolution equations for the complex amplitude of weakly nonlinear surface waves 
generated by the Faraday instability, have been mostly derived in the limit of small 
viscosity. The nature of the problem, even at the linear level, is qualitatively modified 
when viscosity is neglected at leading order. The normal modes are propagative sinu
soidal waves for zero viscosity whereas they are standing anharmonic waves for finite 
viscosity. They involve a larger and larger number of frequency harmonics when the 
viscosity in increased [37]. This makes the nonlinear regime very difficult to handle 
analytically for finite viscosity. 
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We begin with the case of zero viscosity and consider one space dimension for 
simplicity. We write the surface deformation 

((x, t) = A(X, T) exp i(kx - ~t) + n(X, T) exp i(kx + ~t) + cc + · · · (198) 

The evolution equations for the complex amplitudes A( X, T) and n(X, T) of the two 
counter-propagating waves are to leading nonlinear order 

a A a A . a2 A .( 1 12 ,1 l2) ar + u ax - ul!i ax2 + z f3i A + f3i n A = -ivA+ f.Ln (199) 

an Uan . a2 n .(f3'1AI2 ·plnl2)n = aT - ax + zai aX2 + z i + z i ivn + f.LA. (200) 

The left hand sides are just coupled nonlinear Schrodinger equations for the two coun
terpropagating free waves and the right hand sides represent the effect of parametric 
forcing: 11 is the detuning of the free wave frequency w0(k) from subharmonic paramet
ric resonance. As said above, the wave selects its wavenumber in order to be as close 
as possible to parametric resonance, but because of quantization due to the boundary 
conditions, detuning should be taken into account for waves amplified at very small 
values of the forcing. Moreover, if one changes the forcing frequency from a regime 
where finite amplitude waves are developed, one will be able to study situations with 
large detunings. The terms proportional to the forcing trace back to the parametric 
resonance conditions (183, 184). Note that progressive waves (A = 0 or n = 0) can
not be parametrically amplified. The reason is that the phase of a propagative wave 
continuously drifts with respect to the phase of the forcing and one cannot transfer 
energy from the forcing to the waves if they are not phase-locked. This phase locking 
betweeen the waves and the forcing is possible with a standing wave. 

If dissipation is taken into account perturbatively at this stage, both the coefficients 
of the linear and nonlinear terms are modified. We get 

aA aA a2A 2 , 2 
aT + U ax -a ax2 + (f31AI + f31nl )A = (-A- iv)A + f.Ln (201) 

an an _a2 B , 2 2 
aT - U ax -a ax2 + (f31AI + f31BI )B (-A+ iv)n + f.LA, (202) 

where a = ar + iai, {3 = f3r + i{3i, {3' = {3~ + if3:. In the deep layer limit, A is to 
leading order bulk dissipation, i. e. is proportional to viscosity. The status of the 
coefficients of nonlinear damping is more subtle. They involve contributions from both 
the potential flow (bulk dissipation) and from the vortical surface layer. The second 
one is ignored in most small viscosity approximations. It is claimed that it is of the 
same order as the first, i. e. proportional to the viscosity, and that this is the reason 
for which amplitude equations derived in this limit do not predict the patterns that are 
experimentally observed [38]. The situation may be even worse: the vertical component 
of the surface vortical flow being proportional to viscosity (98), the continuity relation 
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implies that the horizontal component is proportional to fo. The nonlinear interaction 
of this component with the potential flow may generate nonlinear damping coefficients 
of order fo, i. e. larger than the linear one in the small viscosity limit. 

As said above, the expansion (198) is valid only in the limit of vanishing dissipation. 
In the case of finite dissipation, propagative waves are not neutral modes, and one has 
from Floquet theory, 

((x, t) = € [W(X, T) exp ikx + c.c.] [1r(t)expiat + c.c.] + · · ·, (203) 

where 1r(t) is a time-periodic function with period 21r /0, and where ia is the Floquet 
exponent (a = rl/2 for the subharmonic response). The temporal part of the above 
neutral mode has a fixed phase with respect to the one of the forcing, and could involve 
a large number of higher harmonics when the viscosity is high. At instability onset, 
the spatial part is a sum of modes of the form exp ±ikx with wavenumbers centered 
around the one selected by parametric resonance, i.e. contrary to the temporal part, 
the space-dependence is nearly sinusoidal. Symmetry requirements on W(X, T) follow 
from 

- continuous translational invariance in space, which implies the invariance under 
the transformation 

W--+ W exp( -ic/J), 

- space-reflection symmetry, x --+ -x, which implies 

X--+ -X, W--+ W. 

The first constraint implies that the evolution equation for W should have the form 

aw aw a2W 2 aT = (J.L- f..Lc)W +a ax+ a ax2 - 'YIWI w. (204) 

Taking the complex conjugate of (204) and using the space-reflection symmetry, we 
get that a and 'Y should be real and a should be pure imaginary. However, the term 
proportional to aw 1 ax in (204) can be easily eliminated with the change of variable 

W = W exp(iqX) 

that gives 
- 2 -aw _ - a w - 2-

aT = (J.L- J.Lc)W +a ax2 - 'YIWI W, 

with iic = f..Lc + :: if one takes q = - 2~u in order to eliminate the term proportional 
to aw;ax. This means that this term is present as soon as the field ((x, t) is not 
expanded at the critical wavenumber k which corresponds to the smallest value of f..L 
for instability onset. If the expansion (203) is performed at criticality, the evolution 
equation for W thus reads (we drop the tildes) 

(205) 
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where a and 'Y are real numbers. This is a Ginzburg-Landau equation, analogous to 
the one obtained for the amplitude of the flow velocity at the onset of Rayleigh-Benard 
convection. 

The two-wave amplitude equations (201, 202) can be reduced to a Ginzburg-Landau 
equation (205) very close to the marginal stability curve 

(206) 

which describes the onset of parametric instability as a stationary bifurcation of the 
system (201, 202). Note that the most unstable wavenumber Qc for which J.Lc(q) is 
minimum, say J.Lc, is in general different from zero, except if v = 0. We write W(€, r) 
the complex amplitude of the marginal mode of (201, 202), i.e. we look for an expansion 
in the form 

(~) =€ (:J W(€,r)expiqX+···, 

where Vc = ...!...(,\ + iv + iqcU + 75.qc2). We scale space and time as € = €X, r = € 2T. 
/.Lc 

The solvability condition then shows that W(€, r) obeys a Ginzburg-Landau equation 
[39]. As soon as a finite dissipation is present, counter-propagating waves are not 
neutral modes of the parametric instability when they are taken separately, and only 
the standing wave part is a neutral mode; adiabatic elimination of the other part, 
which is damped in the vicinity of the instability onset, leads to the above reduction. 
In the case of zero dissipation, ,\ = 0, 'Y can have both signs leading to a super or 
subcritical onset of parametric waves, depending on the sign of the detuning, and 
vanishes if v = 0. For zero detuning, parametric instability is thus saturated by a 
quintic nonlinearity. If a small viscosity is taken into account, the coefficient of the 
cubic nonlinearity remains non zero even for zero detuning, and as we mentioned, may 
~e large compared to the one of the linear damping term. Because of this mixing of 
orders when both the distance to the threshold and viscosity are small, one understands 
why the small viscosity approximation is unable to give correct predictions just above 
the instability onset. The only advantage of the analysis in the zero dissipation limit 
is that (201, 202) can provide a qualitative description of secondary instabilites of 
parametrically generated waves as the forcing is increased [40, 41]. For a review of 
secondary instabilities of hydrodynamic patterns, see reference [42]. 

4.5 Patterns selection 

The problem of pattern selection above instability onset was adressed first by Faraday 
himself [20]: he remarked that, "the hexagon, the square, and the equilateral triangle 
are the only regular figures that can fill an area perfectly. The square and triangle are 
the only figures that can allow of one half alternating symmetrically with the other, ... ; 
and of these two the boundary lines between squares are of shorter extent than those 
between equilateral triangles of equal area. It is evident therefore that one of these two 
will be finally assumed, and that that will be the square arrangement; because then 
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Figure 2. One-dimensional standing-wave, 0/2n = 60 Hz. All the container of 
diameter D = 12 em is displayed. The fluid is a mixture of glycerol and water, which 

has a kinematic viscosity v = 1 cm2 / s, and a surface tension r = 65dynj em . 

Figure 3. Hexagonal pattern, 0/2n = 30 Hz, m = 2, n = 3. Same fluid properties as 
in figure 2. 
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the fluid will offer the least resistance in its undulations to the motion of the plate, or 
will pass most readily to those positions into which the forces it receives from the plate 
conspire to impel it". Until recently most experiments performed in large aspect ratio 
containers displayed square patterns [32, 33, 35, 43], and it came to be believed that, 
in the absense of strong boundary effects, nonlinear interactions between the growing 
waves in the bulk of the container select squares. This was even showed analytically 
for capillary waves in the limit of a nearly inviscid fluid [44]. However, as said above, 
viscosity was not taken into account properly in the nonlinear interactions. 

It has been shown experimentally that when the dissipation is increased, one ob
serves a transition from squares to a one-dimensional standing wave at instability onset 
[36, 45] (see figure 2). When viscosity is small enough such that squares are observed 
at high frequency, it has been shown that hexagons are observed when the frequency 
is decreased [46]. Note that hexagons were also observed earlier but not at instability 
onset [34, 43]. More complex patterns such as targets or spirals, have been also ob
served at instability onset [30] and also quasiperiodic patterns [34, 47], but these later 
are much easier to control with a two-frequency forcing [30, 45, 48]. (see section 4.6). 
The Faraday instability thus provides one of the richest pattern-forming systems. 

Above the instability onset, we write the surface deformation, ((f', t), in the form 

N 

((f', t) = L [wv exp (ikv ·f)+ c.c.] [11'(t) exp iat + c.c.]· · ·, (207) 
p=l 

where 11'(t) is a time-periodic function with period 211' /0, and where ia is the Floquet 
exponent. 

We first consider the case of a sinusoidal external forcing of pulsation 0, and a 
!?Ubharmonic response i. e. an oscillation with pulsation 0/2. In other words, the 
Floquet multiplier, exp (211'ia/O), is -1. This is the usual case in the deep layer limit. 
As said above, when the viscosity is large enough, the Faraday instability generates 
a plane wave (N = 1). At smaller viscosity, squares (N = 2, k1.k2 = 0) at high 
frequency, and hexagons or triangles (N = 3, k1 + k2 + k3 = 0) at low frequency, are 
observed. 

The subharmonic response implies that the invariance t --+ t + 211' /0 is broken 
at instability onset. If ((f, t) is a non-zero solution, this invariance implies that 
((f', t + 211' /0) = -((r, t) is also a solution. Therefore, (207) implies that the evo
lution equations for the amplitudes Wp should be invariant under the transformation 
Wv --+ - WP' Consequently they cannot involve quadratic nonlinearities. This means 
that, even when hexagons or triangles are observed, they are not generated by resonant 
triad interactions. Amplitude equations up to cubic order have thus the form (ignoring 
spatial derivatives) 

(208) 



38 S. Fauve 

where Opq is the angle between kp and kq. This system of equations has a Lyapunov 
funtional and stable symmetric 2N-fold patterns of any N are possible, depending on 
the cubic coupling function 'Y(O) [49, 50]. 'Y(O) has been calculated in the limit of small 
viscosity by several authors [44, 51, 52]. As said above, they do not give the correct 
predictions. A recent calculation, made for finite viscosity, seems to be in agreement 
with the experimental results quoted above [38]. 

A very important aspect of the pattern-forming problem in the Faraday instability 
is that 'Y(O) is strongly influenced by nonlinear interactions that involve wavenumbers 
other than kc. Second harmonics of wavevector km + kn and frequency 2w are neutral 
in the small viscosity limit if 

(209) 

A simple energy argument shows that when the dispersion relation is such that this 
condition can be fulfilled for an angle Omn, the system tries to avoid pairs of wave 
vectors separated by Omn [30]. For capillary waves in the inviscid limit, Omn = 74.9° 
[44] whereas for a viscous type dispersion relation, w0 (k) ex k2 , Omn = 90°; this may 
explain qualitatively why squares are no longer observed when the fluid viscosity is 
increased. 

4.6 "Quasipatterns" generated by a two-frequency periodic 
forcing 

The idea is to modify the forcing f(t) in order to break the invariance of the amplitude 
equations under the transformation Wp -t - Wp. To wit, we consider a two-frequency 
forcing, 

j(t) = f [cosO cosmrlt + sinO cos(nnt + ¢)], (210) 

where f cos 0 (respectively f sin 0) is the amplitude at pulsation mrl (respectively 
nrl). m and n are relatively prime, i. e. the vibration is periodic with period 2w jrl. 
The phase ¢> can be taken within [0, 2w /m], since using Bezout's theorem, there exists 
an integer p, such that the transformation, ¢> -t ¢> + 2w /m, t -t t + 2pw /mrl, keeps 
(210) invariant. If m and n are of different parity, the invariance t -t t + 2w /0 is not 
broken at the instability onset. Therefore the invariance Wp -t - WP is no longer true, 
and the amplitude equations may involve quadratic nonlinearities corresponding to 
triad interactions. Their effect is to generate hexagonal patterns [30]. We do observe 
hexagons with a two-frequency forcing when m and n are of different parity, as for 
instance in the case of figure 3 where m = 2, n = 3 and rl/2w = 30 Hz. 

The experimental results are plotted on the two-parameter diagram of figure 4 for 
m = 4 and n = 5 with rl/2w = 14.60 Hz and ¢> = 75°. The axes () = 0 and () = 7r /2 
correspond to sinusoidal forcings with respective pulsations 40 and 50. Two neutral 
curves depart from these instability thresholds. Along the upper branch, a pattern of 
lines of wavenumber 8.8±0.3 cm-1 bifurcates supercritically (11). Stroboscopic obser
vation shows that its response pulsation is rl/2. The corresponding Floquet multiplier 
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Figure 4. Phase diagram obtained with the external forcing (210), where 

39 

rl/27r = 14.60 Hz, m = 4, n = 5, </> = 75°. The full lines are the stability limit of the 
fiat surface when the excitation amplitude a is increased. The different bifurcated 

states are, (L1) , (L2): one-dimensional standing waves, (H): hexagons, (Q): 
quasicrystalline pattern. The dashed line shows the subcriticality of hexagons. 

Figure 5. Quasicrystalline pattern. Same fluid properties as in figure 2. 
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in (207) is -1. The invariance t --+ t + 21r /0 is thus broken at the instability onset. 
Along the lower branch, the instability wavenumber is 7.5 ± 0.3 cm- 1. ForB less than 
about 20°, a plane stationary wave sets in at the instability onset (L2). For larger 
values of e, the pattern changes to hexagons, although not sharply, and hexagons, lines 
and disordered patterns coexist over a small range of B. ForB above 30°, a transition 
to a perfect hexagonal pattern is observed and becomes increasingly subcritical as e 
is increased further. Stroboscopic observation shows that the patterns that bifurcate 
along the lower branch oscillate with a pulsation 0. The Floquet multiplier is thus + 1, 
and the invariance t --+ t + 21r /0 is not broken. Consequently, quadratic nonlinearities 
are possible in the amplitude equations and do generate hexagonal patterns [30]. The 
instability lines (L1) and (L2) of the diagram of figure 4 has been found by performing 
a linear stability analysis of the full hydrodynamic equations [53]. 

The two branches meet at a bicritical point at B = 65.5° in the vicinity of which a 
twelvefold quasi pattern is observed ( Q). Figure 5 displays a photograph of this "quasi
pattern" in a cylindrical container. It is similar to a computer-generated image of the 
sum of twelve plane waves with vave-vectors kp symmetrically arranged on a circle of 
radius k0 [45]. The transition from (L1) to this quasipattern is subcritical whereas it 
is supercritical from the hexagonal pattern. 

Our observation& show that the quasicrystalline pattern can be understood as the 
superposition of two hexagonal modes, the orientations of which differ from 30°. The 
quadratic nonlinearities do not couple the two hexagonal modes. The selection between 
the hexagonal patterns and the quasicrystalline one, thus depends on cubic nonlinear
ities. We speculate that a sufficient change in those, due to the proximity of the 
bicritical point, would suffice to select twelvefold quasipatterns in favor of hexagons. 

Although we have not performed a systematic study, we have also observed twelve
fold quasipatterns with other two-frequency forcings, (4, 7), (6, 7) and (8, 9), in the 
vicinity of the bicritical point. Moreover, we have observed them in containers with 
different shapes (square, hexagonal, octogonal and irregular) [30], thus showing that 
they cannot be ascribed to sidewall boundary effects. 
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Abstract 

Thin films 1 possess two radically distinct typical scales associated with their trans

verse and their longitudinal dimensions. Two distinct dynamics are thus associated to 

these length scales: transverse or longitudinal dispersive waves linked to the film thick

ness, and longitudinal quasi-two-dimensional (2D) motion scaling on the film length. 

The physics of both waves and 2D motion are studied here. The response of a film 
to a localized impulse is computed, and the behaviour is interpreted in the light of 

group-velocity notions. When air is blown on the film, the waves turn into instability 

modes, as demonstrated by a simple pressure argument in the limit of small density 
ratios. The different behavior observed in the case of a water jet and in the case of 

air blowing on a film is explained by introducing the equivalent of group velocity for 

instability waves, which naturally leads to discriminate between the absolute and the 

convective type of instability. In the long-wave limit, waves become similar to the elas

tic waves propagating on a stretched membrane. In recent experiments, Couder [7] and 

Gharib [13] use soap films as a two-dimensional fluid. In the present paper, we show 

that the necessary condition for the film to comply to Navier-Stokes equations is that 

the typical flow velocity be small compared to the Marangoni elastic wave velocity. 

1even if traditionally the term film refers to soap film and, for pure water, the term sheet is more 

generally used, we are going to use indifferently both, since soap films are now produced by a nozzle 

through an expansion as water sheets and since both are subject to similar instabilities and wavy 
motions. 
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1 Introduction 

Water films are a matter of study since the prior papers of Squire [27] and Taylor [28] 
due to their natural beauty, their theoretical interest and their variety of applications 
ranging from atomization and sprays in combustion to curtain coating processes. Water 
films sustain waves originating from the interaction of the capillary waves developing 
on each of its interfaces. A large part of thin film dynamics can be understood from this 
dispersive-wave point of view and from the over-simplified stretched solid membrane 
model. Inertial effects in the surrounding fluid (taken into account by the Bernoulli 
equation) turn to be destabilizing when the fluid moves faster than the wave. This 
subtle destabilizing effect of the surrounding fluid (which may also be demonstrated 
on the solid membrane model) eventually leads to the breaking of the film. The above 
traditional applications of films refer to transverse motions in the film. When soap is 
added to water, the dependence of surface tension with the superficial soap concentra
tion makes the film elastic and therefore reduce its tendency to break. In this case, 
large scale motions in the film plane have been observed by Y. Couder [7] (1981 and 
following papers with co-workers), who introduced the use of soap films as a thin fluid 
layer in which two-dimensional hydrodynamics can be studied. The technique has been 
adapted and improved by Gharib (1989) [13] (and, later on, by Goldburg's group [18]), 
who has developed an actual 2D soap tunnel. 

2 The elastic membrane 
The case relative to the motion of an infinitely thin elastic membrane under tension 
is analyzed since, in the asymptotic limit for large wavelength, it represents the anti
symmetric wave dynamics on a thin film, for which internal motion may be neglected. 
With the aim to illustrate basic reasoning concerning wave propagation phenomena, a 
simple mathematical description is derived which allows straightforward individuation 
of wave properties. The effect of wind blowing on the membrane is then considered. 
We show that, depending on the phase of the pressure variation induced in the air by 
the potential flow imposed by the elasic wave propagation, the air will just increase the 
film inertia (when the wind is slower than the wave), or it may destabilize the wave 
when the wind speed is greater than the phase velocity of the wave. 

2.1 Wave propagation on elastic membrane 

We consider a membrane whose initial mass per unit length is Pm, and on the ends 
of which constant tension forces are applied. The membrane is elastic with a tension 
linearly proportional to the elongation. It is assumed to be flat in the xz-plane. For 
simplicity, only two-dimensional waves will be considered on the membrane, with their 
crests parallel to the z-axis. End effects will also be neglected, as the membrane is 
assumed to be infinite in the x-direction. 
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P1 

Figure 1: Forces acting on a displaced and stretched membrane element. 

A perturbation to the initial configuration, namely a local displacement of a small 
amount, leads to wave motion. The tension in the membrane gives rise to forces which 
tends to restore the initial configuration (evident on figure 1). Tension opposes mem
brane bending, whereas elasticity opposes membrane stretching. On the other hand, 
an immediate return is delayed by the inertia of the displaced portion. The momentum 
acquired by this portion causes it to overshoot the initial position. Moreover the local 
perturbation will spread along the whole membrane as time increases. 

In order to formally describe the phenomenon, let us concentrate on a Lagrangian 
point of the membrane A which, in the unperturbed state, is localized at (x, 0), and 
is perturbatively displaced to some location specified by the vector 

r = i~ + jry, (1) 

where i and j repectively designate the unit vectors in the x- and y-directions. A 
neighboring point B situated at (x + dx, 0) is moved to a location specified by the 
displacement vector 

r + dr = i(~ +dO+ j(ry +dry). (2) 

We apply Newton's second law of dynamics considering that, in the perturbed config
uration, the net vector force acting on a unitary length of the element AB is the sum 
of the tension force -T acting at A and of the force T + (8r/8x) dx acting at B (x 
is the Lagrangian coordinate), and that the mass of the membrane element AB is the 
same as at rest, namely Pmdx: 

(3) 

The direction ofT is given by the unit vector tangent to the membrane ds = ds/ds, 
where the vector ds given by 

ds = i(dx + d~) + jdry (4) 
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has magnitude 

(5) 

which represents the length of the element AB. The magnitude of T is related to 
the tension acting on the undisplaced membrane a 0 : at any position, a0 is indeed 
incremented by the fractional amount (ds- dx)jdx owing to elasticity. The relation: 

,ds- dx 
T = a0 +a dx (6) 

is assumed to hold. It follows that 

(7) 

If small values of fJ~jfJx and fJryj fJx are considered, the expression forT can be linearized 
as: 

• ( I f)~ ) • f}ry 
T = 1 ao + a fJx + Jao fJx. (8) 

Consequently, equation (3) separates into the following scalar equations: 

az~ Pm 82~ (9) 
fJx2 a' 8t2 

fJ2ry Pm 82TJ (10) 
fJx2 = ~ fJt2. 

Two decoupled families of waves prevail in the linearized regime. Equation (9) governs 
the propagation of small-amplitude longitudinal waves (elastic waves) due to membrane 
elasticity; equation (10) describes small amplitude transverse waves, which correspond 
to membrane flapping due to transverse restoring tension forces. The elastic mode of 
vibration leads to waves of the form: 

(~, ry) = (Aei(wt-kx), O), (11) 

where A is a constant arbitrary amplitude. Substitution of equation (11) into equation 
(9) leads to the phase velocity: 

Ce = ~ = ff· (12) 

For the flapping mode, the waves have the form: 

(~, ry) = (O, Aei(wt-kx)) (13) 
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and the phase velocity: 

CJ = ~ = ~· (14) 

Relations (14) and (12) for phase velocity of both longitudinal and transverse waves 
may be directly derived using a dimensional analysis similar to the one presented in 
Fauve's contribution to this volume. The particularity of both equations is that the 
phase velocity is independent of the wavelength, i.e. that these waves are not dispersive, 
like usual sound waves, and propagate information at a constant speed. This remark 
is crucial when transverse instability of jet or compressible effects in soap films are 
considered. 

2.2 Instability of an elastic membrane in the wind 

The presence of air (on the upper side only, for simplicity) is taken into account, 
assuming that the air is inviscid and the flow is potential. The air motion is then 
forced by the deformation of the interface and the uniform mean air velocity Ua. It 
may be described in the two-dimensional framework by a potential function cPa such 
that: 

(15) 

and complying with the linearized boundary condition: 

ar] + U ar] - a¢a - 0 at y = 0 . 
at aax 8y - ' (16) 

Symmetrically, the effect of air blowing is to add a pressure force acting normal to 
· the membrane, the magnitude of which is given by applying the linearized unstation

ary Bernoulli equation. The Newton's law for the membrane reads: 

(17) 

where the cPa terms are evaluated at y = 0 and where Pa is the density of air. The 
pressure term ( flJt + Ua ~) changes sign depending if the phase velocity of the wave 
considered is larger or smaller than the air velocity Ua· When the wave goes faster 
than the air the pressure term adds to the restoring force (added mass) whereas when 
it goes slower (as in the standard Kelvin Helmoltz instability) the pressure term is 
destabilizing. 

We look for instability-wave solutions where k and w may be complex: 

(18) 

Equation (15) together with the boundary condition according which rPa(Y) vanishes 
at +oo gives: 

rPa(Y) = Be-ksign('R(k))y . (19) 
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The presence of the "absolute value" ksign(~(k)) corresponds to the fact that the 
potential flow is induced by the membrane, and not by any other source at infinity 
which would displace the membrane. This absolute value is crucial (see ref. [15]) for 
the analysis of flow instability and the resulting singularity may be avoided by imposing 
~(k) to be positive. 

The two conditions at y = 0, given by equations (16) and (17), lead to the modified 
dispersion relation for the flapping mode in the presence of air stream: 

w2 = ao k2 - ...&:_(w- Uak) 2 = c/k2 - ...&:_(w- Uak) 2 • 
Pm Pmk Pmk 

(20) 

This equation may be written as : 

w2 (1 + ...&:._)- 2w!!!:...Ua- c/k2 + PaU~ k . 
Pmk Pm Pm 

(21) 

It admits complex solutions when the discriminant is negative, i.e. when 0 < kpm/ Pa < 
-1 + (Ua/ct) 2 . This is possible only if the Weber number We= Ua/ct is greater than 
unity. This means that the air just increases the film inertia (see factor (1 + ..J!s_k) 

Pm 
in the first term of equation (21)) when the wind velocity in smaller than the wave 
velocity. When the Weber number We is greater than 1, equation (21) admits complex 
solutions, indicating that the wave may be destabilized when the wind speed is faster 
than the phase velocity of the wave (14). When the linear mass ratio Pal Pmk is small 
(say of order t:), the wave is destabilized only at order E whereas, at leading order, it 
keeps propagating at the constant phase and group velocities given by equation (14). 

3 General theories 

This section presents the general results and physical ideas pertaining to wave and 
instability with a particular emphasis on the idea of the propagation of information. 
In dealing with waves a change in space of the sign of the group velocity measured 
in the laboratory frame is well known to induce a stationary shock wave (equivalent 
for thin film which are dominated by surface tension to the hydraulic jump for gravity 
waves on shallow water). For instability the equivalence of the group velocity may be 
found in the absolute and convective instability concept and the shock wave is replaced 
by the global instability of non parallel unstable flow. 

The present section is somehow formal and may be skipped in the first reading and 
refereed to when reading the next section where the theory is actually applied to the 
thin film problem. 

3.1 Dispersive wave propagation 
Waves occurring at an interface between a liquid and a gas are probably the most 
familiar example of wave propagation phenomena. In fluids, contrary to the elastic 
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membrane case, the waves are dispersive since different wavelengths move at different 
speed (see next section for details). Waves generated by a localized impulse are found 
at a different location in space when time evolves. 

Usually the study of this kind of problem is performed by referring to elementary 
solutions of the governing equations in the form of sinusoidal wave: 

c/>(r, t) = !R{ Aei(k·r-wt) }, (22) 

with vavenumber vector k = (k1, k2), frequency w and amplitude A, deriving the link 
existing between wavenumber and frequency, namely the dispersion relation 

D(k, w) = 0. (23) 

Within the study of ordinary waves, equation (23) is solved by searching for real roots 

w = D(k). (24) 

Complex solutions allow for growth in time of the perturbations introduced into the 
basic state and are thus taken under consideration in the study of the system stability. 
When several roots of equation (23) are found, each of them is called a mode. 

General solution of the linearized problem does not have to follow the wave form 
(22) but if it does locally then the wave train may be represented using the local 
amplitude A and the local phase (} : 

c/>(r, t) = !R{A(r, t)eill(r,t)}. (25) 

·The gradient of the phase function (} represents the local wavevector k1 which is a 
function of time and space, whose magnitude k1 represents the average number of 
crests over a distance of 21r. The derivative in time of 0, taken with the opposite 
sign, represents the local frequency w1 which is a function of time and space, hence 
the average number of wave crests per 21r units of time. The local wavelength and the 
period are .>. = 21r I k1 and T = 21r I w1 respectively. Any phase surface () = const moves 
in the direction of k1 with a velocity equal to wlk1• Therefore the phase velocity is 
defined as 

(26) 

where kt is the unit vector in the direction of k1• 

We want to emphasize that the locally defined quantities (k1, wt) do not have to 
follow the dispersion relation for plane wave (equation (23)) except if the amplitude is 
small and the variation of k1 and w1 are slow enough in time and space for the WKBJ 
theory to apply. Furthermore formulation 25 is not limited to small amplitude and 
may be used to describe a non linear stage [29]. 

Planar waves have a major interest for the linear theory since the way of under
standing how a fluid interface may react to a small perturbation is by Fourier analysis. 
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The system response to the perturbation is regarded as the superposition (linear com
bination) of different sinusoidal disturbances. The superposition principle holds if the 
equations governing the wave motion are linear and the boundary conditions are re
quired to be satisfied on the unperturbed boundaries instead on the perturbed one (no 
non linearities introduced through the boundary conditions). 

Without being entangled in the complexity of the multidimensional Fourier analysis, 
we examine one dimensional plane waves of arbitrary shape, for which w = O(k), whose 
description comes directly from the Fourier transform pair definition in terms of the 
coordinate x and the wavenumber k : 

rjJ(x) = ]__ l+oo F(k)eikxdk 
27f -oo 
l +oo 

F(k) = -oo rjJ(x)e-ikxdx. 

(27) 

(28) 

The complex spectral density function F(k), multiplied by eikx and integrated over the 
whole wavenumbers range, gives a particular function of space rjJ(x). 

In a nondispersive medium where the wave velocity is a positive constant c = wjk, 
the representation of a wave traveling in the positive x direction is obtained by replacing 
x by x- ct in equation (27): 

rjJ(x, t) = ]__ l+oo F(k)eik(x-ct)dk = ]__ l+oo F(k)ei(kx-fl(k)t)dk. (29) 
27r -oo 27f -oo 

rjJ(x, t) is thus a continuum of sinusoidal wave components of the kind defined by 

equation (22), where a complex amplitude has been taken. Since 

r/J(x, 0) = ]__ l+oo F(k)eikxdk, 
2'(1' -oo (30) 

the function F ( k) can be determined as inverse Fourier transform of the wave shape 
at t = 0. 

When a dispersive medium is considered and the property : 

(31) 

is assumed, subscripts denoting derivative with respect to k, the superposition of dif
ferent Fourier components leads to the important concept of group velocity. 

For simplicity, we first consider the combination of only two waves with the same 
amplitude and whose wavenumbers ka and kb differ slightly. The corresponding fre
quencies are Wa = O(ka) and wb = O(kb)· The sum of these two components 

rjJ(x, t) = ~{Aei(kax-wat) + Aei(kbx-wbt)} = Acos(kaX- Wat) + Acos(kbx- wbt) = 

2Acos { ~ [(kb- ka)x- (wb- Wa)t]} cos { ~ [(kb + ka)X- (wb + Wa)t]} (32) 
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is an oscillating wave of frequency (wb + wa)/2 with wavenumber (kb + ka)/2, whose 
amplitude is a slowly modulated in space and time. A point where the local amplitude 
(i.e. the envelop smoothing the fast oscillation) reaches, say, the value 2A, moves at 
velocity 

(33) 

This last, in the limit kb -+ ka, represents the derivative of w with respect to k, defined 
as the group velocity 

dw 
Cg(k) = dk. (34) 

In the previous nondispersive case since w is a linear function of k, the group velocity 
is independent of k and equales the phase velocity. 

We consider now the more general situation where ¢(x, t) is the combination of 
continuum of waves: 

¢(x, t) = ]__ j+oo F(k)ei[kx-!!(k)t]dk. 
211' -oo 

(35) 

The factor 1/(211') has been introduced in the sum in analogy with equation (29) so as 
to obtain also in this case F(k) as inverse Fourier transform of the wave shape at t = 0. 
Obviously in general the existence of several modes should be kept into account and the 
theory that follows would be applicable to each of the mode w = D(k) separatly (see 
[29]). Assuming ¢(x, t) to have the shape of a single wave packet of almost constant 
wavenumber k0 and slowing slowly varying amplitude, so that IF(k)l is very small 
except where k is very close to k0 , it is possible to replace D(k) by its Taylor's series 

·expansion 
Sl(k) ~ S1(k0 ) + c9(k- ko) (36) 

in equation (35), although this is strictly valid only near to k0 . Thus ¢(x, t) rewrites 
as a pure harmonic wave of wavenumber k0 multiplied by a function of x and t only 
through the particular combination x - c9 t: 

cjJ(x, t) = -e'[kox-!!(ko)t] F(k)e•(k-k0 )(x-c9 t)dk. 1 j+oo 
211' -oo 

(37) 

The integral in the above formula represents an amplitade modulation for the harmonic 
wave of wavenumber k0 in the form of a packet which moves as a whole at a velocity 
equal to c9 . Since wave motion makes for energy to be propagated, and the packet 
is where all energy is, group velocity is, on an intuitive ground, also the velocity of 
propagation of energy. 

Once a wave packet is constructed to represent how a given system reacts to a 
perturbation introduced at t = 0, it is generally of major interest to determine the 
behavior of the system response as the time and space tend to infinity, namely what 
is usually called the far field analysis of waves. A convenient way to perform it, is by 
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evaluating the limit as t -too of equation (35) along a ray xjt fixed in the (x, t) plane. 
The variable 

X 
x(k) = D(k)- kt 

is introduced so as to rewrite equation (35) in the form: 

rj;(x, t) = 2_ r+oo F(k)e-ixtdk. 
27r 1-oo 

(38) 

(39) 

At this stage, the method of stationary phase [1] suggests that the main contribution 
at large t to this integral comes from waves whose wavenumber is in the vicinity of the 
stationary points k* for which: 

dx (k*) = dD (k*) _ :_ = o. 
dk dk t 

(40) 

The contribution from other waves are rapidly oscillating and hence of negligible net 
value. Near to k* one can write: 

F(k) ~ F(k*) ( 41) 

and 

x(k) ~ x(k*) + ~(k- k*) 2 ~:~ (k*). ( 42) 

It follows that 

(43) 

Rotation of±~, depending on the sign of ~ ( k*), of the integration contour transforms 
the integral into the following real one: 

j +oo 2 ( 7r) (1/2) 
e-a( d( = -

-oo a 
(44) 

and 

rj;(x t) ~ F(k*) ( 1 ) 1/2 e-ix(k•)t-!fsgn~' 
, 21rt 1 ~ ( k·) 1 

( 45) 

is the searched result. 
In situations where ~:~(k) = 0 for some point k* with ~(k*) = 0, but ~(k*) i= 0, 

the Taylor's series modifies into: 

x(k) ~ x(k*) + ;,(k- k*) 3 ~:~(k*) (46) 

and equation ( 43) becomes: 

¢(x, t) ~ 2_F(k*)e-ix(k•)t r+oo e-f.(k-k•)3~W)tdk. 
27r 1-oo 

(47) 
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This gives a different amplitude modulation of the wave: 

3-1/62-1/3 ( I d3 I) -1/3 
cf>(x, t) ~ 27r F(k*) t dk~(k*) e-ix(k•)t. (48) 

A direct interpretation of group velocity comes by observing that in each of the 
case considered cf>(x, t) has been represented as in equation (25), namely as an oscil
latory quantity of phase () whose amplitude is modulated in space and time. If purely 
sinusoidal waves are considered, the phase is a linear function of x and t, and 

are constant quantities. 

k = a8 
ax 

a8 
w=--

at 
(49) 

In more general situations (even in the nonlinear case see [29] where they both 
depend on x and t, k and w are related, since they are defined as partial derivatives, 
by the relation 

which can be rewritten as: 

ak aw- 0 
at+ ax- ' 

ak dw ak _ 0 
at+ dk ax- . 

(50) 

(51) 

This equation tells us that a particular wavenumber is propagated at the group veloc
ity! Equation (51) is a transport equation fork and c9 = : is the velocity an observer 
sould move at in order to see a wave of constant wavelength. This is obviously a con
sequence of the hyperbolic character of equation (51) whose solution k = f(x- c9t) 
remains constant if x - c9t does. An equally intuitive consideration concerning energy 

· propagation, as the one previously made, is that the path along which any wavenum
ber k is found is the one along which the energy of the wave of that wavenumber is 
propagated. Indeed, a formal proof would show that, in general, the rate of energy 
transport by a sinusoidal wave is given by the group velocity times the average total 
energy density. In the case the group velocity is greater than the phase velocity, energy 
propagates faster than crests. In the opposite situation wave crests may be observed 
to continually appear at the back of a packet and disappear at the front, their motion 
being not sustained by an energy moving fast enough. 

Extension to three dimensional wave and lee waves 

Extension to three dimensional wave propagation (k = ( k1, k2)) of the above con
siderations gives the following definition of a wave of arbitrary shape: 

¢(r, t) = (2~)2 j F(k)ei(k·r-!1(k}t]dk. 

whose asymptotic time behavior is 

(52) 

¢(r, t) ~ F(k*) (-1 ) (t. det ~~~) -1/2 ei[k•·r-!1(k•)t+iv] (53) 
27rt aktakj 
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with v related to the number of factors Jri/4 due to path rotation and being k* the 

wavenumber vector for which 

x1 = an (k*) 
t akl 

l = 1, 2. (54) 

Definition of phase (equation (25)) leads to the following kinematic description of waves: 

akl aw 
(55) -+-=0 

at axl 

akl - ak] = 0 
axj axl ' 

(56) 

Equation (55) can be written as 

ak1 an ak1 (57) -+--=0 
at akj axl . 

or, being 
an 

(58) Cj(k) = ak(k), 
J 

as 
akl (k) akl 
a +c) a · t Xj 

(59) 

When propagation in more than two dimensions is considered, attention is to be devoted 

to the possible existence of preferred directions of wave motion. Dispersion relations 

in which the dependence on the wavenumber vector concerns only its magnitude are 
relative to isotropic media. An example is given by waves originating from a point 

source in still water, as a stone thrown into a pond. The same argumentation leading 

to equation ( 45) applies with k as the modulus of the wave vector and x replaced by 
the distance from the source of waves. 

On the contrary, the introduction of a moving obstacle into still water produces 

non isotropic waves. These last may be regarded as originating from a fixed obstacle 

introduced into a current moving at the same speed but in the opposite direction. 

Further important property of the dispersion relation is that it constitutes the only tool 

needed to draw the shape the crest lines assume in clashing with the obstacle (wave 

patterns). In searching for these, it is necessary to establish the reference frame with 

respect to which their shape remains steady. Dispersion relation for waves propagating 

into still water can be transferred to a reference frame moving with a relative velocity 

- U, writing the frequency w' in the moving frame as: 

w' = U ·k+w(k), (60) 

where w is the frequency in the fixed frame, according to the Doppler effect. In anal

ogous way any dispersion relation derived for waves on a current can be written in a 

reference frame moving with the current itself. 
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From equation (60), stationary waves are found for wavenumber vector k = (k~, k2 ) 

satisfying: 
H(k1, k2) = U · k + w(k) = 0. (61) 

Equations (55) and (56) reduce to the single equation: 

8k2 - 8kt = 0. 
axl ax2 

(62) 

Since equation (61) holds, 
(63) 

and 

(64) 

k1 and k2 are constant on characteristics which are assumed to pass all through the 
point where the source is situated and are obtained in the x 1x2 plane by solving: 

dx2 = _ df (k2). 

dx1 dk2 
(65) 

Regarding H(k1, k2) as an implicit function, the following relation holds: 

(66) 

and equation (65) gives: 

(67) 

which, together with equation (63), yields k1 and k2 on each characteristic. The distri
bution of k gives the patterns; the lines of constant phases give the shape of the crest 
lines. 

The above consideration holds without any limitation about the character of the 
current. In the case the current is uniform a simple computation gives the physics 
behind the previous equations defining the stationary waves pattern. Figure 2 shows 
a current encountering an obstacle which is in the origin of a reference frame (x1, x2). 
At each point P the wavenumber vector k characterising the lee wave of the obstacle 
0 should be such that its frequency should be zero in reference frame of the obstacle 
and its wave group velocity in the reference frame of the obstacle should be parallel 
and in the same direction than the vector OP since information (or energy) should 
have travelled from the source 0 to the observation point P. From this geometric optic 
approximation we immediately deduce that characteristics are ray coming from 0. This 
condition, which is analogous to equation (64), together with the one corresponding to 
take waves of null frequency, is analogous to solve the more complicate problem above 
addressed. The angles ~ and 'Y emphasised that phase and group velocity have nothing 
in common. 
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Figure 2: Schematic representation of the geometric optic approximation for waves 

generated by an obstacle. 

Remark 

No dissipation has been until now considered in the wave propagation phenomena. 

Indeed, wave crests, once generated, are observed only over finite distances of space. 

The reason for this is attenuation, namely dissipation of energy. It can occur through 

three main ways: bottom friction, where propagation happens over a finite depth, in

ternal dissipation, due to the viscosity of the interested liquid, and surface dissipation. 

The first mechanism is related to the presence of the boundary layer over the rigid sur

face, but is indeed negligible if the wavelength is small enough to not produce motion in 

proximity of the boundary layer itself. Internal dissipation is always present and found 

to be inversely proportional to wavelength and frequency of waves. Surface dissipation 

comes from possible gradients of surface tension due to the presence of surfactants or 

temperature gradients. It can be thought to as an extra viscous dissipation due to 

enhanced shearing stresses within the surface boundary layer [ 20 ]. 

3.2 Propagation of instability waves 

Stability analysis of fluid systems is of fundamental importance both from a theoretical 

and a technological point of view. Engineering relevant phenomena related to loss of 
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stability and transition from laminar flows to turbulence are.drastic changes in global 
properties such as drag, aeroacoustic noise generation, heat transfer and mixing. The 
study of the stability of a given configuration, the so-called basic state, concerns the 
break up of this configuration when externally imposed constrains, such as shear, tem
perature or pressure gradients, reach critical values. These last are usually individuated 
in terms of dimensionless control parameters. On a mathematical basis, the question 
is that any solution to the equations governing a given flow must be stable to pertur
bations. A perturbation, in fact, introduced at time t = 0, may decay, remain into the 
flow with an almost constant amplitude, or grow so to make the initial configuration 
to cease to be observed. Within the linear approximation, considering disturbances 
of small amplitude superimposed to the basic flow, it is possible to analyze the initial 
stages of growth and to achieve a certain comprehension of the physical mechanisms 
responsible of break up. This comprehension involves instability mode which are the 
natural extension of dispersive wave except that w and k may be complex. Propaga
tion of information may be analyzed using wave packet as for dispersive wave and an 
extension of the stationary phase argument give a precise analogous of the classical 
group velocity (which has a meaning only when the complex derivative 8w/8k is real). 

As previously observed, small amplitude wave propagation and instability are exam
ined within the same theoretical context until the dispersion relation between wavenum
ber and frequency is obtained. The existence of at least one complex solution for the 
frequency with positive imaginary part implies the presence of a perturbation growing 
with time, hence an unstable behavior of the flow. Any disturbance excites all the 
modes, and only if each of them decays with time, the system can be said to be stable. 
This kind of approach, called temporal modes analysis, leads to the identification, in 
the control parameters space, of two domains corresponding to stability and instability 
separated by a neutral surface. As the external constraints on the flow are varied, con
trol parameters may cross the neutral surface reaching the critical values for which the 
initial configuration becomes unstable. Under these conditions perturbations behave 
as growing waves with different wavenumber and frequency, which are the theoretical 
counterparts of vortical or wave like structures observed experimentally. 

Since in experiments the forcing of a system at a given frequency is often easier 
than a forcing at given wavenumber, an alternative solution of the dispersion relation 
in terms of real w and complex k has been conceived. The so-called spatial modes are 
sinusoidal disturbances with spatially evolving amplitude along x, say, of growth rate 
equal to the opposite of the imaginary part of k, -ki. 

Both temporal and spatial modes have meaning since the response of the system 
to a perturbation can be expressed in terms of their superposition. It is clear that the 
response is an effect, and, hence, it can't anticipate the producing cause. This is to say 
that causality has to be satisfied in the problem modeling. Temporal modes serve to 
the task because only t > 0 are considered and no ambiguity arises in defining growing 
modes. On the contrary, spatial modes analysis is not able to determine by itself if a 
ki < 0 corresponds to an unstable wave propagating in the positive x direction, or to a 
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decaying wave propagating in the negative x direction. Particular care is thus required 
in the use of this technique. 

A correct formulation of a stability model requires, in fact, the solution of an initial 
value problem where the evolution of a perturbation is studied starting from the instant 
of time at which it is supposed to be introduced into the flow. The spatia-temporal dy
namics of the response of the flow to the perturbation deserves great attention, since the 
way in which linear instabilities take perturbations into the nonlinear regime strongly 
depends on this aspect. Perturbations may propagate in both the directions at once 
while growing in time, or be advected by the flow. In the first situation the instability is 
said to be absolute, in the second convective. After an absolute instability has reached 
a certain x position, growth in time persists, whereas a convective instability outstrips 
any spatial location and substantially leaves the medium in its unperturbed state. An 
unstable system for which convective instabilities are found, behaves as an amplifier 
of perturbations, whereas a system which is absolutely unstable behaves more as an 
oscillator. It has a sort of internal feedback mechanism so that any perturbation tends 
to contaminate the whole field without the need of boundary reflections. 

The system description is obtained by associating to the dispersion relation in the 
spectral space (k, w) the differential operator D[-i8j8.r, i8j8t] in the physical space 
(x, t): 

D[-i8j8x, i8j8t]w(x, t) = 0. (68) 

If a prescribed forcing function s(x, t) is turned on at t = 0, the system response 
w(x, t) is not freely evolving as in equation (68), but satisfies the forced differential 
equation 

D[-i8j8x, i8j8t]w(x, t) = s(x, t). (69) 

The causality principle states that for all t < 0 

w(x, t) = o if s(x, t) = 0. (70) 

If s(x, t) is assumed to be the pulse o(x)o(t), o being the Dirac distribution, the 
system response w(x, t) is the system Green's function G(x, t) [2, 4], and equation 
(69) becomes: 

D[-i8j8x, i8j8t]G(x, t) = o(x)o(t). (71) 

Once G(x, t) is known, any function w(x, t) representing the response to a different 
source s can be obtained as convolution product between G and s. Statement of 
stability properties does not require the determination of G in detail, but only the 
evaluation of its asymptotic behavior. According to refs. [2, 4, 15] the system is linearly 
stable if 

lim G(x, t) = 0 
t-+oo 

(72) 

on each ray xjt =canst. It is linearly unstable if 

lim G(x, t) = oo 
t-+oo 

(73) 
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at least on one ray x/t = canst. Further distinction between absolute and convective 
instability comes from the behavior of G along the ray x/t = 0. A linearly convectively 
unstable flow is an unstable one for which 

lim G(x, t) = 0 
t--+ao 

(74) 

along the ray x/t = 0. It is linearly absolutely unstable if: 

lim G(x, t) = oo 
t--+ao 

(75) 

along the ray xjt = 0. 
In order to evaluate the relevant limits note that equation (71) in the spectral space 

takes the simple form: 

hence 

D(k, w)G(k, w) = 1, 

1 
G(k, w) = D(k, w) 

and inverse Fourier and Laplace transforms give: 

1 r r eikx-iwt 

G(x, t) = (21r)2 JF JL D(k, w) dwdk. 

(76) 

(77) 

(78) 

F and L denote the integration contours in the complex k and w plane, respectively. 
These contours can not be chosen arbitrarily, since convergence of equation (78) and 
causality have to be satisfied. Since G(x, t) has to be well behaved for x -t ±oo, the 
region of absolute convergence, where to chose the F contour in the complex k plane, 
is a strip including the real axis. F can be initially taken to coincide with this last. 
Each solution of the dispersion relation fork belonging to F, is thus a temporal mode. 
The assumption is made that each of the temporal modes has a bounded growth rate 
(if not causality cannot be respected see citeChom), so to assure L to lie above the 
highest imaginary part of all the different w1(kr) (l = 1, 2, ... ). This quantity from now 
on is denoted by wi max· L is in the region of absolute convergence of the w plane. 

Once the convergence requirements are fulfilled, Cauchy residue theorem can be 
applied for the evaluation of G. In the case D(k, w) is analytic with respect to k 
and w, the only singularities of the integrand are poles of G ( k, w), hence zeros of the 
dispersion relation. We refer for the moment to the simple case where only order one 
poles are found. Closure of L at infinity, by an upper semi-circle for t < 0 and by a 
lower semi-circle fort> 0, and residue evaluation give a G(x, t) = 0 fort< 0 (no poles 
exist in the upper domain), and which, for t > 0 is: 

e-iwt(k)t 

G(k, t) = -i ~ %f;(k, Wt(k)). (79) 
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Equation (78) becomes: 

i r ei[kx-wz(k)t] 
G(x, t) = - 21r lt iF ~[k, w1(k)] dk, (80) 

where the wave packet form of G (superposition of waves of different wavenumbers) 
appears explicitly. Note that the sign of wi max determines the temporal evolution of 
G. If Wi max > 0 the system is unstable, if Wi max < 0 it is stable, neutral stability 
corresponding to the case Wi max = 0. 

F can be assumed to be different or to be deformed in the complex k plane, and 
generalized temporal modes corresponding to the solution of D(k, w) = 0 fork lying on 
a new contour can be found preserving the constraint of causality. In a similar way, once 
L is chosen, generalized spatial modes can be traced. Remember L is assumed to lie 
above wi max· Two separate sets of generalized spatial branches will exist in the positive 
and negative k half-plane. Since F has to separate these two sets, its deformation is 
possible unless they collapse into each other, namely. if a so-called pinch point, between 
spatial branches coming from opposite sides, forms. Assuming for simplicity that only 
one temporal branch exists, the pinch occurs at k0 , w0 for which 

D(ko, wo) = 0 
{)D 
ak(ko, wo) = 0. (81) 

These two conditions are equivalent to search for the k0 giving 

wo = w(ko) 
dw 
dk (ko) = 0, (82) 

the second equality stating k0 to be a stationary point for the complex function w(k). 
Rewrite equation (80) as 

where 

0 + 
G(x, t) = _..!:.._ j oo f(k)e-iw(k)tdk, 

27r -oo 

eikx 
f(k) = ~[k,w(k)]" 

(83) 

(84) 

Since k0 is a stationary point for the complex function w(k), method of steepest de
scendent, which is the complex counterpart of the method of stationary phase, states 
that the main contribution to G(x, t) comes from points around k0, where 

1 d2w 
w(k) = wo + 2 dk2 (k- ko) 2 . (85) 

Substitution into equation (83) and choice of the steepest descendent path of the surface 
wi(kr, ki) passing through the point k0 gives, after manipulation: 

1 ei(kox-wat)+lf 
G(x, t) ~ tn= . 

v27r ~~(ko, woh/~:~(ko, wo)t 
(86) 



Thin Film Dynamics 63 

The wavenumber k0 denotes the response G to a pulse evaluated at a fixed x value, 
hence along the ray xjt = 0. Remembering definitions (74) and (75), the sign of Woi 
determines the convective or absolute character of instabilities. Once Wi max has been 
found to be greater than zero, hence instability of a system governed by some dispersion 
relation has been assessed, determination of k0 , w0 allows identification of its nature. 
Note that the response on any ray xjt =vis obtained by substituting x' = x- vt and 
t' = t into equation (78): 

1 r r eikx'-i(w-kv)t' 

G(x', t') = (21r)2 }p JL D(k, w) dwdk. (87) 

Upon introducing w' = w- kv and k' = k, the above integral becomes: 

1 ik' x' -iw' t' 

G(x', t') = (21r)2 kh ~'(k', w')dw'dk', (88) 

where 
D'(k', w') = D(k', w' + k'v). (89) 

The asymptotic response at a fixed station in the moving frame may then be deduced. 
Pinching now takes place at (kh, wh) such that 

dw'(k') = 0. 
dk' 0 

In terms of unprimed variables pinch occurs at k = kh and w = wh + khv where 

w = w(k) 
dw -
dk (k) = v. 

Similarly the asymptotic impulse response along the ray xft = v is: 

1 ei(kx-wt)+'f 
G(x, t) ~ fi'C. . 

V 21r BD (k w) J d2w (k w)t 
8w ' dk2 ' 

Instability is present if 

(90) 

(91) 

(92) 

- X 
ai = wi -kit > 0, (93) 

ai representing the temporal growth rate along the ray xjt. Note that equations (86) 
and (92) are derived within the hypothesis the dispersion relation has only first order 
zeros, hence behaving around (k, w) as: 

- 2 w-wrv(k-k). (94) 

In more complex situations residue evaluation must be carried out in opportune way, 
thus leading to different formulas. As a simple rule, if the dispersion relation has the 
form: 

(95) 
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the asymptotic behavior of G(x, t) is given by: 

lim G(x, t) "'t(p-;,l)n_lei[kx-w(k)tJ. 
t--too 

(96) 

Depending on the value of p and n, the algebraic modulation of amplitude may domi
nate at small time and in the case w ( k) is real. 

4 The liquid film 
In searching for a dispersion relation between wavenumber and frequency of waves on 
liquid films one can resort, as a first step, to dimensional analysis. A liquid of density 
Pt forming a thin sheet of uniform thickness 2b in a gas of density p2 is considered. The 
ideal situation of the liquid at rest is taken under exam, as it corresponds to what is 
seen by an observer moving at the same velocity of the liquid. As previously pointed 
out, dispersion relations are simply modified in passing from a reference system to an 
other by the Doppler effect. The interface is assumed for the moment to be in a uniform 
tension state a so to consider the liquid as between two stretched inelastic membranes 
(elastic effect will be considered in chapter 5). Taking the frequency was the dependent 
variable in the mathematical function expressing the relationship between the physical 
variables of the phenomenon, independent variables are recognized in the wavenumber, 
the surface tension, the initial thickness and the liquid and gas density (gravity effects 
are not considered): 

w = f(k, a, b, P1, P2). (97) 

The object of dimensional analysis is to group several variables together to form a 
new variable which is nondimensional, hence independent of the measuring units, and 
to express it as a function of only nondimensional variables. In this way the number 
of independent variables reduces according to the Buckingamm's theorem (i.e. by 
rescaling of the length L, the mass M and the timeT unite). The dimensional matrix 
related to the problem, formed by listing exponents of the primary dimensions of each 
variable is: 

w k a Pt P2 b 
T -1 0 -2 0 0 0 
L 0 -1 0 -3 -3 1 
M 0 01110 

which has to be used in order to check for linear independence of the dimensions of 
the variable in terms of the chosen primary dimensions. This is done by finding the 
rank of the matrix, which is easily seen to be equal to 3. Subtracting it to the num
ber of initial dimensional independent variables needed to represent the phenomenon, 
gives the number of nondimensional independent variables. Once a nondimensional 
frequency is defined it will be a function of two only nondimensional quantities, which 
are naturally chosen to be the wavenumber multiplied by the half thickness and the 
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X 

Figure 3: Representation of the liquid sheet and velocity profiles. 

gas to liquid density ratio c; = p2/ p1. Other choises for the independent variable are 
possible especially if the zero b limite should be considered. The searched dispersion 
relation will assume the form: 

w/ /ira= f(kb, c;). (98) 

Study of wave propagation totally neglects the presence of the external gas, thus re
ducing further the number of independent variables. We let the reader play with this 
wonderful toy (see Fauve's contribution to this volume) and proceed performing the 
proper derivation of the dispersion relation in various asymptotic limits as discussed 
in the following for varicose and sinuous waves. 

4.1 Dispersion relation 

Let (x, y, z) be a Cartesian coordinate system with the positive x axis in the flow 
direction, and the z axis as spanwise coordinate. A fluid of density p1 (the water) 
comes out through a slit of ideal infinite length into a fluid of density P2 (the air). 
Refer to figure 3 to have an immediate idea of the system under exam. The velocity 
profile for fluid 1 is uniform, the fluid 2 being at rest. Considering both the motions 
to not be affected by viscosity (a vortex sheet is assumed at the interface), be </J1 and 
</J2 the velocity potential of the internal and external fluid (defined as \l</J1 = -V1, for 
i = 1, 2, being Vt = (ut. v1, w1) the velocity vector). Closure to the potential equations 
is given by enforcement of the kinematics condition of no flow through the interface and 
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the dynamic condition expressing the pressure jump as a function of surface tension 
according to the Laplace's law. The perturbation of the upper and lower interfaces are 
'17+ and '17- respectively. Introducing the following dimensionless variables 

* X 
X = b' y*- ¥_ 

- b' 
• z 

z = b' 

.+.* ¢ .+.* ¢2 n* = '!J.b' 
'f'l = -=--b' 'f'2 = -=--b' ., 

Ut Ut 

• tilt 
t =b' 

R*= R 
b' 

where Ut is the velocity of the internal fluid and 1/ R the curvature of the interface, 
the governing equations, dropping the asterisks for the sake of simplicity, are: 

'\12¢1 = 0 l = 1, 2 

8TJ 8¢l 
8t - '\1¢l. "VTJ + 8y = 0 y = ±TJ l = 1, 2 

~("V¢1)2- ~("V¢2)2- 8¢1 + ~ 8¢2 - ~ = _1_ 
2 2 8t 8t 2 W eR 

~ is the density ratio 

I W Ptiltb 
~ = P2 Pt and e = --a 

y = '17±· 

is the Weber number (a the surface tension). The curvature is defined as: 

1 ( "VTJ ) 
R = '\1. [1 + ("VTJ)2j1/2 . 

For details the reader is referred to the paper of de Luca and Costa [11]. 

(99) 

(100) 

(101) 

(102) 

(103) 

As a first step, let us consider the case the external fluid is at rest. The perturbed 
flow variables are taken to have the form: 

l = 1, 2 

- I 
TJ± = TJ± + TJ±, 

(104) 

(105) 

namely they are classically divided into steady mean flow quantities and unsteady 
disturbances of small amplitude. Symmetry properties of the mean flow allow the 
following definitions: ¢; = ¢;1(y)ei(ax+{3z-wt) l = 1, 2 

'Yll - iJ ei(az+{Jz-wt) 
'I±-·,± ' 

(106) 

(107) 

with w as dimensionless frequency and k = (o:, (3) as wavenumber vector in the xz 
plane. The reference length for o: and (3 is the sheet half thickness b and the reference 
time is bju1• Substituting equations (104-105) into equations (99-101), neglecting per
turbations quadratic terms and expanding both the mean and fluctuation quantities in 
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a Taylor series about the unperturbed interface position so as to apply boundary con
ditions at y = ±fj = ±1, one derives the disturbances equations. Further substitutions 
of equations (106-107) gives: 

l = 1, 2 (108) 

(109) 

(110) 

. ~ . ~ o¢1 . ~ k2 ~ 
zw¢1 + ux¢1 ox - zr:;w¢2 + We TJ = 0 y = ±1. (111) 

The general integral for c$1 (y) is 

c$1(y) = Acosh(ky) + Bsinh(ky), (112) 

while the solution for c$2 (y), which has to vanish at large y distances from the interface, 
assumes the form: 

c$2(y) = C[cosh(ky)- sinh(ky)]. (113) 

Linearity of the differential system allows the even and odd solutions for c$1 to be 
considered separately. The odd solution corresponds to antisymmetric disturbances 
which displace each of the free surfaces in the same direction, giving rise to sinuous 
waves, the even solution corresponds to symmetric disturbances displacing the surfaces 
in opposite directions to form varicose waves. Accordingly the velocity potential for 
the sinuous modes is: 

J>1s = Bsinh(ky), (114) 

and that for varicose modes is: 

J1v = Acosh(ky). (115) 

Substitution of (114) and (115) into equations (109-111) leads to an algebraic equations 
system for which the existence of nontrivial solutions requires that: 

(w- a)2 = - f(k) (r:;- __!!__) ' 
w2 w2We 

(116) 

where 

(117) 

being s = 1 for sinuous waves and s = -1 for varicose waves. The dimensionless 
velocity component along x of the internal fluid equal to unity has been introduced. 
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Figure 4: Evolution of the velocity profile with external flow parameter a. (a) a 2:: 0: 

jet with co-flow. (b) -0.5 ::; a::; 0: jet with counter-flow. (c) -1 ::; a::; -0.5: wake 

with counter-flow .. (d) a::; -1: wake with co-flow, courtesy of [21]. 

Equation (116) is the searched dispersion relation. Generalization to keep into 

account possible motion of the external fluid is directly achieved by introducing the 

Doppler shift: 
w--+ w- o:a, (118) 

which gives the link between the wave frequency in the reference frame singled out by 

the slit exit and the wave frequency in a reference frame moving with the external fluid. 

Of course this transformation is not useful when only temporal instability is concerned 

but it is essential when spatial instability problem (i.e. spatially growing or decaying 
waves) is addressed. Equation (116) becomes: 

[w- (1+a)o:]2 = -f k [c;- k3 ] 
w-o:a () (w-o:a)2We · 

(119) 

The external and internal streams are co-flowing when a > 0 or a < -1, and counter

flowing when -1 < a < 0. Jets correspond to a > -0.5 and wakes to a < -0.5. The 

particular values a = 0 and a = -1 are obviously associated with zero external flow 

jet and zero centerline velocity wake, respectively, as represented in figure 4. 

The presence of an even uniform current on a wave emitted at any given frequency 

by a wave maker which single out the frame moving with it changes the wave vector 

(eventually complex). Possible current variations in a certain space direction enter into 

the phenomenon and the problem becomes one of wave propagation on non uniform 

media. If the variations happen over a length scale much greater than typical wave

lengths, one may assume that at any given point in the streamwise direction waves 

have the same properties as a plane wave train on a local uniform current, within the 

WKBJ approximation. The nonparallel basic flow is thus treated as a locally parallel 

one. To the lowest order approximation in a small parameter characterizing the slow 

spatial evolution of the current, dispersion relation has the same form as on a uniform 

current, but variables have a local value. 



Thin Film Dynamics 69 

4.2 Dispersive wave propagation on a thin film 

We refer to situations where the density of the external fluid is negligible with respect 
to the density of the internal one, as for a liquid sheet moving in a surrounding gas. For 
<; = 0 only real values of w are found for real k, thus meaning that no wave growth can 
be expected, but only ordinary waves, according to the paper of Taylor [28]. Taking 
values of a different from zero has the meaning of studying wave propagation into a 
moving reference frame. The case relative to a sheet ideally at rest, already considered 
in the dimensional analysis, is recovered with a = -1. Two different modes with evident 
dispersive character are found as solution of equation (119) in both the varicose and 
sinuous case. In the limit as k -+ oo, identical solutions are found, thus meaning that 
short sinuous and varicose waves move at the same speed. 

4.2.1 Varicose waves 

We refer initially to two-dimensional propagation ((J = 0). The dispersion relation, 
written in terms of dimensionless frequency and wavenumber: 

2 ci tanh a 
w = vVe (120) 

is the same one obtains in studying capillary waves on a water depth equal to the sheet 
half thickness (Fauve's contribution to the present volume). Owing to the symmetry 
of varicose waves, the a:xis can be thought to as having the same role as a wall. In the 
short wave limit the classical dispersion relation for capillary waves on deep water, e.g. 
see Ligthill [20], is found: 

(121) 

In ref. [20] it is obtained starting from the more general case of gravity waves on deep 
water in the presence of surface tension. It is shown to well describe surface waves when 
the wavelength A= 21rja is less than V4, where~= 21rJajp1g, being g the gravity 

acceleration. For water a = 0.074 Nrn- 1 and p1 = 1000 kgrn-3 , thus ~ = 0.017 rn. 
Effect of gravity is indeed found to be negligible on waves shorter than about 4 rnrn, 
which is a characteristic capillary length. 

The phase velocity of varicose waves is plotted in figure 5, together with the curves 
corresponding to the limits above considered. Group velocity is always greater than 
phase velocity, its ratio being plotted in figure 6. The curve relative to sinuous waves, 
discussed in the next subsection, is also represented. In the limit as a -+ oo the two 
curves tend to the same value. Varicose waves have an evident dispersive character 
even when a goes to zero since, even if they share the symmetry of the elastic mode 
of a membrane they differ by the nature of the restoring force which compensates the 
inertia. For the elastic membrane the restoring force is directly the change in surface 
tension associated with the stretching (thus linear in a) whereas for the varicose mode 
of an anelastic thinfilm the restoring force is the pressure variation due to the curvature 
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Figure 5: Phase velocity of varicose waves (a) and short (b) and long (c) wave limits. 

which goes like a 2 since the surface tension is constant. The kine~ic energy continuously 
transforms into surface energy and vice versa through pressure effect due to curvature 
which is not efficient at large scale and explain the decrease to zero of the phase speed 
when the wavelength goes to infinity. Of course as soon as surfactants are added to 
the film (as in the next chapter) the elasticity will dominate the long wave dynamics 
of the varicose mode since pressure gradient (miltiplied by the film thickness) will be 
negligible compared to surface tension gradient. 

It is of interest to evaluate the asymptotic time behavior of a wave packet of varicose 
waves in a reference frame moving with the external fluid. This is dominated by the 
wave a* for which the group velocity: 

dw 3a tanh a+ a 2(1- tanh a 2) 
- = 1 + a ± ---:-r=:=:=:=='===:===----'-
da 2VaWetanha 

is equal to zero; since this is a growing function of a and 

. dw 1 
hm dk = 1 + a ± fliT:, 
k-+O v We 

(122) 

(123) 

solutions exist for the mode corresponding to the plus sign only if a< -1- (We)- 112 , 

and for the mode corresponding to the minus sign if a > -1 - (Wet 1/ 2 . The relevant 
wavepacket amplitude, as obtained from equation ( 45) at t = 1, is plotted in figure 7, 
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Figure 6: Group to phase velocity ratio of varicose (a) and sinuous (b) waves. 

where it is evident that there exist a range of velocity of the external fluid for which 
no solution is found. The singular limits where the amplitude gets infinite, are due to 
the fact that, as a approaches the values -1- (Wet 112 and -1 + (We)-112 , the wave 
group velocity tends to a constant value, as in non dispersive systems. A perturbation 
in the form of a pulse should, in this singular case, preserve its shape. Higher order 
analyses would remove the singularity leading to different asymptotic behaviors. 

When three dimensional propagation is considered, in the reference frame moving 
with the gas (in which the liquid has unitary positive velocity), the dispersion relation 
(equation (116)) rewrites as 

(124) 

This can be solved for any given value of the frequency by considering the intersection 
of the plane m = w- k · V with the surface of revolution m = ±w(k)( [24]), and 
taking a diametrical section as shown in figure 8 for the case of stationary waves. If k 
is perpendicular to V 1 the liquid motion does not affect the solution; for k in any other 
direction specified by the unit vector e, solutions are represented by intersection points 
as A and B. Choice of e gives waves corresponding to two points characterized by 
equal and opposite values of frequency and wavenumber. The relative phase velocity 
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Figure 7: Wavepacket amplitude as a function of a. We= 4. 

is the same and has a negative value. Indeed, the stationary character comes from the 

fact that the phase speed in the direction of motion is equal and opposite to the liquid 
speed. The symmetry of solution is lost for any other value of w. Two further waves 
would eventually originate and solutions would exist also fork orthogonal to V 1 . 

Wave patterns of varicose waves on a current were derived by Taylor [28] in the 
limit as tanh k c::: k. Equations (61) and (67) write: 

k2 
H(a, (3) =a± !TiT: = 0 

vWe 

z 
X 

±2(3 
JWe =tan~, 

±2a 

(125) 

(126) 

where ~ denotes the angle formed by the vector position OP with the x axis in a 

xz plane. Refer to figure 2 making x and z to coincide with x1 and x2 respectively. 

Assuming "' to be the angle between the wavenumber vector k in P and the x axis 
(positive if measured clockwise), the following equality holds: 

k = (-kCOS"'f, ksiwy). (127) 

From equation (125) 

(128) 
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Figure 8: Three dimensional varicose waves for We= 4 as intersection of m = ±w(k) 
(a) and m = w- k · V 1 (b). Please not that the tangent in zero of the curve a is 
horizontal insuring the existence of an intersection point when the slope of b goes to 
zero. 

hence 
k = .JWe cos 'Y· (129) 

Note that with the assumed positive value of 'Y the only solution with physical meaning 
is the one corresponding to the plus sign in equation (125). Substitution of equation 
(129) into equation (126) gives 

c 2 sin 'Y cos 'Y 2 tan., = = - tan 'Y 
1- 2 COS"(2 

(130) 

and 

(131) 

The phase can be evaluated as follows: 

(} = k · r = r( -k COS"( COS~+ k sin "(Sin~) = -r.JW'e COS"( COS ('Y + ~) = -r.JW'e COS r 
(132) 

Lines of constant (} are parabolas in the x1x2 plane. Diminution of the sheet thickness 
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Figure 9: Experimental and computed varicose wave patterns. Slit-to-obstacle dis
tance: 25 mm (a), 50 mm (b) [10]. 

due to gravity acting in the streamwise direction has been examined in ref. [10]. Sta
tionary varicose waves generated by a fixed obstacle in a falling sheet were found to 
suffer a decrease of wavelength and amplitude in getting farther from the obstacle. A 
numerical determination of the wave patterns, starting from the dispersion relation in 
local form, was carried out. Results are shown in figure9 for two different locations of 
the obstacle with respect to the slit exit, together with the visualization taken from 
experiments on a water sheet. 

4.2.2 Sinuous waves 

Two-dimensional sinuous waves an a sheet ideally at rest obey the dispersion relation 

(i coth a 2_ 
w - --,l=v-=-e- (133) 

from which is evident the non dispersive character of long waves. The analogy of 
sinuous long waves with the flapping mode found on a membrane is straightforward. 
The limiting value W e- 112 is the dimensionless counterpart of the formula written in 
equation (14). Figure 10 shows the phase velocity and the short and long waves limits. 
The determination of stationary sinuous waves is achieved by examining figure 11. It 
is evident that intersection between the straight line and the curves is possible only if 
the tangent to the curve at k · e = 0 is less inclined than the line itself. This condition 
in the limit as k ---t 0 writes: 

We2:1. 

The equation for H(a, (3) in the long wave limit is: 

k 
H(a, (3) =a± mr: = 0. 

vWe 

(134) 

(135) 
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Since 

it is 

±!3 
tan~ = -kJWe-=w=e=--±-a 

It follows that 

1 
COS/=± ~' 

vWe 

±sin I )1 - ire ± -1 
---==--'----- = ± = tan f. JWe =F COS/ JWe ( 1 - ire) 

(136) 

(137) 

(138) 

The wavenumber vector is at each point orthogonal to the vector position. Stationary 
waves have straight fronts, inclined with respect to the x 1 axis of an angle 

(: . -1 1 
..,=sm ~· 

vWe 
(139) 

In analogy with shock waves, which can only exist in supersonic flow, stationary sinuous 
waves survive only in the region where We > 1. Remembering We- 112 to be the phase 
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Figure 11: Three dimensional sinuous waves as intersection of m = ±tv ( k) (a) and 
m = w - k · V 1 (b). Please not that the slope in zero of the curve a is finite therefore 
the intersection with the curve b does not always exist 

speed of long sinuous waves and the velocity of the liquid to be equal to the unity, the 
angle, as the Mach angle, is related to a ratio between the velocity of the flow and the 
velocity of propagation of waves. This considerations can be used as a tool to determine 
the maximum radius of a disk shaped sheet originating from two opposite impinging 
circular jets (figure 12 shows a large scale artiste view of the experiment realized at 
small scale by G.I. Taylor [28]). Since the liquid flow rate and radial momentum have 
to remain constant and equal respectively to 2p(7ra6uo and 2p!'7ra6u6 (a0 is the radius 
and u0 the velocity of the two circular jets), the velocity in the disk remains constant 
and the thickness decreases away from the center. The Weber number decreases from 
the center of the disk, until it reaches the unity. Here the flow undergoes a transition 
from 'supersonic' to 'subsonic', which can be thought to be responsible of the sheet to 
break. The value of the radius rmax for which this occurs is obtained by equating the 
Weber number to the unity and expressing the thickness of the disk in terms of the 
known flow rate of the circular jets: 

(140) 

An additional mechanism has to be taken into account in the study of the sheet break 
up. This concerns the unstable nature of the response of the system to perturbations 
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Figure 12: Monumental fountain realized by the artist Manolis Maridakis with the help 
of one of the present author (JMC) demonstrating a giant circular disk o~ water 

due to the presence of the air, as explained in the next section. It involves either 
exponential amplification of initial perturbation in the consecutively unstable disk (this 
imposes the two impinging jet to be very laminar for giant disk to exist) or the break 
up of the jet due to the transition, at a particular distance from the center, from 
convective to absolute instability (this later idea being the natural extension of the 
transition from 'supersonic' to 'subsonic' mentioned above). 

4.3 Instability of thin films 

When the effect of the air is not neglected the neutral waves described above may be 
destabilized. The instability is, as in the case of the elastic membrane, due to the phase 
shift in the pressure term of the instationary potential flow induced in the air by the 
motion of the interface. 

The neutral stability curve, i.e. the locus of wi = 0 in the kW e plane, is drawn in 
figures 13 and 14 for varicose and sinuous modes, respectively. Complex frequencies 
with positive imaginary parts, indicating the existence of temporai instabilities, are 
found as solution of the dispersion relation fork and We belonging to the region internal 
to the curve. The cut-off wavenumber for which instability is present gets smaller as 
c; decreases, becoming equal to zero for c; = 0, in agreement with the previously made 
observation that neglecting of the external fluid density implies only ordinary waves to 
be found. For both varicose and sinuous modes the vertical axis in the diagram does 
not belong to the instability region, for k = 0 being w = 0 a double root, at each value 
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Figure 13: Neutral stability curve of varicose waves.~= 10 (a),~= 1 (b),~= 0.1 (c) 

of the Weber number. 
When sinuous modes are considered, there exists a limit value of the Weber below 

which no complex root of w exists. This critical value is by no means affected by the 
gas-to-liquid density ratio. Moreover, the temporal stability analysis is not influenced 
by the velocity of the external fluid, since the imaginary part of w is independent of a. 
This last enters as a further parameter in the definition of the instability nature. 

The existence of exponentially growing sinuous waves only in the range of Weber 
greater than one can be related to the magnitude of the velocity sinuous waves exhibit 
with respect to the current. Contrary to varicose waves, sinuous waves have a minimum 
speed depending on the Weber. Since the current has been taken with a velocity equal 
to the unity, each sinuous wave tends to be stabilized when moving faster than the 
current. Regarding the sheet as an inelastic (the term due to f71 is not considered) 
membrane of constant thickness in a reference frame on one of which side a current 
with negative unitary velocity flows, stability or instability can be related to the effect 
of the pressure gradient in the direction normal to the membrane. Within this reasoning 
the internal flow is in some sense frozen. We consider a small value of~. so to perform 
a perturbation analysis with respect to the case of ~ = 0 where only ordinary waves 
are found with a phase velocity equal to W e-112 in the limit as a tends to zero. In the 
same limit, which is consistent with observation of figure 14, the dispersion relation 
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takes the form: 

(141) 

where the perturbation character of the term containing ~ is evident. Going back to 
the differential counterpart of equation (141), so to have: 

a2r; = _1_ a2r; + ic:; ar; (-1 __ 1) , 
at2 we ax2 ax we (142) 

shows the presence of a term 

tlp = ic:; ar; (-1- - 1) ax We 
(143) 

proportional to (1/We- 1) which adds to the equation of flapping waves. The sign of 
tlp depends on the relative magnitude of the current speed and the phase speed sinuous 
waves should have for c:; = 0, which can be indeed taken to not change due to the small 
value of c:;. Thus tlp may act either in the same direction as surface tension preserving 
the unperturbed configuration, either in opposite direction so to make waves to grow 
progressively. It follows that in evaluating the sign of the pressure gradient due to the 
presence of the current, it is not sufficient to only refer to the gradient in the velocity 
of the fluid passing over the deformed membrane, as a stationary Bernoulli theorem 
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Figure 14: Neutral stability curve of sinuous waves. ~ = 10 (a),~= 1 (b), c:; = 0.1 (c) 
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Figure 15: Regions of absolute and convective instability for sinuous waves. 

would state, but it is necessary to also consider the role of the non-stationary term 
due to the membrane deformation itself. In analogous way, the absence of a minimum 
value of the phase speed of varicose waves, which always remain dispersive, can explain 
the existence of temporally growing waves whatever is the value of the Weber number, 
always existing a wave moving slower than the current being destabilized. 

Further interesting results comes from an approach to the problem of stability 
based on the determination of the system response to a localized perturbation, as 
recently addressed by de Luca and Costa [11]. In searching for the highest pinch point 
singularity in the complex w plane dominating the long time behavior of the system 
Green's function, a region of absolute instability is found, whose extension depends on 
c;. As an example figure 15 represents the regions of absolute and convective instabilities 
in the parameter plane (a, We) for c; = 1 and sinuous modes. Regions were only neutral 
waves are found are also indicated. The range of Weber number less than the unity 
deserves particular care. We refer to the jet case a = 0. Even if no complex w exists as 
solution for real k, the region of absolute convergence for the Green's function can not 
be extended below the real axis of the complex w plane. A pinch point occurs just in 
correspondence of the origin, where, on the other hand, dispersion relation behaves as: 

(144) 

being w0 = k0 = (0, 0). It follows from equation (96) that an amplitude variation with 
time with a power equal to one third is indeed an algebraic growth for G(x, t). The 
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order of the singularity dominating the Green's function thus makes for the existence 
of an absolute instability region in the range of Weber number less than the unity. 

When sheet of variable thickness are considered there may exist a point along the 
streamwise direction where the local Weber number cross the unity. The previously 
considered case of the circular sheet is one in which the Weber number decreases from 
greater to smaller than one as getting farther from the origin of the sheet. A transition 
from convective to absolute instability happens at a certain distance, which will give 
the limit size of the circular sheet. Rupture of the flow is indeed related to absolute 
instability. 

If the falling sheet is considered, on the contrary, acceleration of the fluid in the 
vertical direction, and decrease of the thickness, make the Weber number eventually 
to grow from values smaller than the unity to values greater. A region of absolute 
instability may be present close to the slit exit section, thus explaining the rupture of 
the sheet observed in reducing the flow rate. Indeed the existence of a region of absolute 
instability is a necessary but not sufficient condition for the flow to break up. Being the 
greater the extension of this region the smaller the flow rate, rupture of the sheet may be 
believed to be due to the presence of a region of absolute instability of sufficiently great 
extent. Adding viscosity to the developed model for propagation of small amplitude 
disturbances would reduce the order of the singularity dominating the system response, 
thus removing the algebraic growth of perturbations. However, the time after which 
this effect occurs could be not sufficient to avoid nonlinear growth leading to the actual 
sheet break up, and short-time mechanisms of inviscid type dominate. 

5 Soap film 

Recent experiments first by Couder, then by Gharib and latter on by Goldburg's group 
among others use soap films as a two-dimensional (2D) fluid. The present chapter 
represents an attempt to define working conditions under which soap film flows obey 
classical 2D hydrodynamics. In particular we give an estimate of the smallest scale 
below which experimental data cannot be trusted because differential motions inside 
the film are no longer negligible. For larger scales, the necessary condition for obtaining 
generic behavior is that the typical velocity of the flow needs to be small compared to 
the Marangoni elastic wave velocity (elastic wave similar to the one described in the 
second chapter on the membrane). When this condition is fulfill the flow is governed 
by the 2D Navier-Stokes equations. 

In Conder's experiment, a soap film is pulled out of a vessel and stretched onto 
a rectangular horizontal frame a few decimeters large. Using this membrane as a 2D 
towing tank, Couder studied the wake of a cylinder and 2D grid turbulence. Experi
mentally he observed that the thickness variations provided an excellent visualization 
of the film motion. When the film is lit by a white spot, rainbow iridescence appears 
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(c) 

Figure 16: Time series of photographs of a turbulent wake in soap film from Couder & 

Basdevant 1986. The visualization is obtained by the equal thickness fringe technique. 

on the surface, the colors varying with the local thickness of the membrane. When a 

monochromatic lamp (a yellow low pressure sodium lamp usually used for streets an 

parking lots lighting) is used, bright fringes mark the film wherever its thickness is an 

odd multiple of the quarter wavelength. Figure 16 presents photographs from Couder 

and Basdevant (1986) on the cylinder wake instability with a pairing of same sign 

vortices. Many details are revealed by visualization such as filaments between vortices 

and fine scale structures inside vortex cores. 
In Gharib's experiment the membrane is continually pulled out of a vessel onto a 

frame by the positive surface tension gradient between the soap water vessel and a 

plane water jet acting on the other end of the film. The experiment must use a jet 
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instead of a clear water vessel because the surface of the water must constantly be 
regenerated to maintain the surface tension difference. This apparatus has proven very 
flexible and many classical wind tunnel experiments involving 2D instability have been 
performed, such as shear flows, wakes and jets (see Gharib & Derango (1989)). 

In the Goldburg's version of the soap tunnel, soap solution is injected onto two 
wires that form a 2D expansion zone. The film which moves down under the action 
of gravity is stretched and it accelerates till the air friction balances the gravity. This 
latest technique allows to realize soap tunnel 4 flours tall and 1 meter wide! 

These Experiments on soap film hydrodynamics raise the important question of 
how far their interpretation in term of classical two-dimensional hydrodynamics may 
be trusted. First we establish the minimal model capturing the physics Soap film 
then using an asymptotic expansion technique, we show that classical two-dimensional 
hydrodynamics is recovered only in the small Mach number limit defined by M 2 « 1 
where M = U jvL with vL the velocity of elastic Marangoni waves. 

5.1 The model 

The conditions under which soap films are used in Couder's experiment differ drastically 
from the conditions assumed in classical film theory. The surfaces of the membrane 
is very large (hundreds em2 and even several m2 in Goldburg's set up). The film is 
stretched and objects dragged through it at speeds faster than 10 em/ s. Either the 
length (size 1 em) or the time scale (1 s to 0.1 s) is much larger than that described 
by recent studies of soap film (for example Joosten 1985 or Ivanov 1988). Therefore a 
new model must be developed following classical works, such as Plateau (1873), Boys 
(1890), Mysels et al (1959), Rusanov & Krotov (1979), Ivanov (1988). A description 
of the soap film properties used in the present article is contained in Couder, Chomaz 
and Rabaud (1989) and in Chomaz & Cathalau (1990). 

5.1.1 Statement of the problem 

A soap film may be viewed as a three phase flow (figure 17) composed of a three 
dimensional bulk phase of thickness h and of two surface phases. Soap molecules, 
composed of a hydrophilic polar head associated with an hydrophobic carbon tail, 
tend to settle at the surface. Their surface concentration r 1 determines the surface 
tension a in the same way that the density of a gas determines its pressure (at a fixed 
temperature). The surface phases and the bulk phase are in equilibrium. The two 
surface phases are assumed to be in a fluid state. 

For simplicity the soap film will be assumed flat and horizontal. For clarity the terms 
across and crosswise will refer to motion normal to the surface of the film and the 
term planewise will refer to motion in the plane of the film. Symmetric perturbations 
of the film will only be considered. We will assume that the soap film is sufficiently 
thick everywhere to neglect interaction between its two surfaces (thickness of order of 
1 to 10 p,m). Interactions with boundaries involving a meniscus and a contact angle, 
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Figure 17: Evolution of a membrane under a stretch: (a) initial state, (b) instantaneous 
response (Marangoni elasticity), (c) long time response (Gibbs elasticity). 

are not treated. Th~refore the problem of vorticity generation in boundary layers with 
large variations of thickness is avoided. We emphasize that the internal pressure defect 
due to the meniscus at the contact with the boundary causes an abrupt variation of 
thickness and even a "black film" (a film of a few hundred Angstrom dominated by 
the interaction of the two surfaces). If this happens interactions between the two 
surfaces become essential and the film dynamics are outside the framework of this 
article. Therefore boundaries may be responsible for very peculiar behavior especially 
if black films are shedded from the boundary. In that case, the film will be formed of 
a mixture of thick (> lJ.Lm) and very thin (O.OlJ.Lm) film, which does not follow Navier 
Stokes equations. In my opinion this boundary effect constitutes the most dangerous 
potential source of experimental artifacts. 

We describe the evolution of an initial velocity field in the plan of the film with a 
vorticity normal to the film. This reasonably corresponds to experiments where velocity 
shears are generated by a jet or by towing a thin disk. The motion in the plane of 
the film is assumed to take place in the spatial dynamical range [L, lK], with L the 
largest scale of the flow and lK the smallest scale of the flow in the plane of the film. 
The characteristic scale lK is assumed large enough and the duration of the experiment 
small enough to validate a model where the variations of any quantities normal to the 
film are negligible. 
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5.1.2 Model for a uniform soap film at rest 

Chemical equilibrium 

We consider the case of a soap solution containing a single type of soap molecule and 
briefly recall the essential results, to make clear the following derivation. Quantitative 
data corresponding to solutions of sodium dodecyl sulfate (SDS) are presented and 
used to analyze the experimental results. 

The properties of a soap solution are usually studied when a single surface phase is in 
contact with a nearly infinite bulk phase. In figure 18 is plotted the typical variation of 
the surface concentration at equilibrium, r 1 , against the volume concentration of soap 
c1 in the bulk phase. The surface tension is also presented versus c1 . The asymptote 
corresponds to the saturation of the surface in soap molecules and to the formation of 
micelles in the bulk. 

For small concentrations, r 1 and a are proportional to c1. Experiments give : 

(145) 

k represents an equivalent thickness of the surface phase and equals 4~-tm for SDS The 
equation for a reads : 

a= a0 - RTr1 , (146) 

with T the temperature, a0 the water surface tension and R the gas constant. In soap 
films, the bulk is no longer a reservoir and c1 varies. The conserved quantity is the 
total amount of soap expressed as a total concentration c0 : 

(147) 

Chemical kinetics 

The stability of soap films is defined by their responses to perturbations. When a 
membrane is stretched, it opposes the stretching by increasing its surface tension. The 
stability is controlled by the elasticity modulus E, 

E = 2da/dlnA = -2hda/dh , (148) 

where A is the surface area of the film. Two types of elasticity are considered : 
i) the Marangoni elasticity EM specifies the response to disturbances acting on a 

time scale smaller than the chemical equilibrium time r* between the surfaces and the 
bulk. The surfaces behave like isolated phases and Ar 1 is conserved. The Marangoni 
elasticity equals: 

(149) 

ii) the Gibbs elasticity EM is associated with disturbances slower than the chemical 
relaxation. The two surface phases respond in equilibrium with the bulk phase. Taking 
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Figure 18: (a) The surface concentration r 1 as a function of the volume concentration 
c1 (From Rusanov & Krotov). the segments ab, be and ac represent respectively the 
Marangoni stretching, the return to equilibrium and the final Gibbs stretching they 
correspond to figure 17 (a), (b) and (c) states. (b) The isothermal surface tension a 
versus c1. 

into account (145 -148) we get : 

(150) 

If the film is initially in equilibrium, Ea and EM are linked by 

2k 2}( 
Ea=EMh+2k=EM1+2K, (151) 

where}(= kjh. The parameter}( measures the quantity of soap molecules adsorbed 
on the surface compared to the quantity of soap molecules in solution in the bulk. For 
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small K, the majority of soap molecules stays in the bulk, c1 is nearly constant and 
Ec is almost zero. Large K corresponds to Ec equal to EM and all the soap molecules 

adsorbed on the surfaces. The kinetic equation for r 1 is assumed linear in r 1 and c1 : 

which gives, applying (147): 

dr1 = -(ri- kci)/T* 
dt 

dfl = -(ri(h + 2k)- kco)/T* 
dt h 

5.1.3 Dynamics of extended non uniform soap film 

Limitation of the 2D approximation 

(152) 

(153) 

As stated, we consider motions in the plane of the soap film occurring in the scale 

range [L, lK], with lK » H, H being the mean thickness of the film. The dynamic 
at the smallest planewise scale lK is assumed to be dominated by viscosity. Therefore 

the characteristic advection time scale, tK, associated with the scale lK is such that 

tK rv lK 2 jv. The hypothesis lK » H implies that tK » H 2 jv =Tv, the diffusion time 
of the velocity across the depth of the film. Because tK is much larger than Tv, the 
velocity may be assumed uniform at leading order across the membrane. 

To derive the governing equations for the membrane we will take a Lagrangian point 

of view and consider a film element of planewise size smaller than l K, the smallest 

'scale of the flow in the plane of the film. This film element is made of two symmetric 

pieces of surface in the plane of the film and one curved surface normal to the film 

with an elementary volume of fluid in between. In general this materiel volume of fluid 
is deformed in a very complicated manner during its advection by the flow. Since the 
planewise size of the film element is smaller than lK, the deformation of its two surfaces 
after a finite time t will be negligible. But the deformation of the elementary volume 
depends on the velocity gradient normal to the film. Even if this velocity variations 

are small, their integrated effect over a finite time t may deform noticeably the normal 
surface limiting the film element. An estimate of this normal deformation, Lm, after a 
certain time t is computed below. When lK » Lm, a film element of intermediate size 

between lK and Lm stay undeformed all along its motion and the velocity is uniform 

inside this elementary volume. Straight forward masses and momentum balances may 

then be applied to this film element. In many real cases Lm is smaller than 10H since 
the duration of an experiment (or the time for a film element to be advected away from 

the test section) does not exceed 100 turnover time L/U. Therefore the apparently 

drastic condition for the validity of the 2D approximation that lK » Lm is usually 

fulfill. More sophisticated models which would save the 2D approximation but take 

into account the differential transport by, for example, a modification of the dissipation 
operator, are not required and will be not treated here. 
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Let the film be horizontal and the gravity be neglected for simplicity. The coordi
nates are z normal to the film and (x, y) in the plane of the film. In order to estimate 
Lm, the horizontal deformation after a time t of an initially vertical materiel line, we 
need to evaluate the vertical variation of the horizontal velocity inside the film. 

In a soap film, surface tension acts on the two surfaces whereas, in the bulk fluid 
the only forces that play a role are the inertia, the pressure gradient and the viscosity. 

First we show that the pressure gradient is negligible compared to the two other 
term. 

In the bulk fluid the pressure is determined by the continuity equation at the 
surfaces located at z = ±hl2 with h the local thickness of the film: 

p(hl2) - Pa = aC , (154) 

where C is the local curvature of surface and Pa, the atmospheric pressure. At lead
ing order in Ll H, L being the typical horizontal scale considered, the Navier Stokes 
equation on z gives : 

8pl8z = 0 , (155) 

which mean that p is uniform across the film and equal to Pa + aC. The pressure 
gradient acts in the plane of the film and equals 'V(aC), where 'V is the 2D horizontal 
gradient; Since c rv \72 h the pressure gradient is bounded from above by Ja HI L3 with 
6a the mean variation of a. 

Following the horizontal momentum balance on a film element, the variation of 
a counterbalance the advection term integrated vertically across the film : 'V a rv 

pH~~ rv pHU2 I L, where u is the horizontal velocity, :gt the horizontal Lagrangian 
derivative and p the density of the fluid. Therefore the pressure term is order (HI L )2 

smaller than the advection term and may be neglected in the Navier Stokes equation 
projected on the horizontal. 

'Du 82 u 
-=IJ-
'Dt 8z2 

Continuity of the horizontal constrain at the surfaces of the film gives: 

au 
v-(±hl2) = p'Va 

f)z 

(156) 

(157) 

The surface forces (the horizontal surface tension gradient) are transmitted to the 
bulk fluid by viscosity. Therefore when the film moves horizontally, there exists a 3D 
internal Poiseuille flow. This flow is driven by inertial forces of order U2 I L, due to 
the mean advection term (U the mean velocity). The vertical variation of horizontal 
velocity due to this effect is of order U2 H 2 lvL. After the timet from the beginning of 
the experiment the differential displacement induced by this vertical variation of the 
horizontal velocity is of order Lm such that Lml H = tU I L * U H lv. 

Whereas the viscous equilibrium is well established for the internal motion inside 
the soap film, it is not so for the soap concentration. The diffusivity D of soap molecules 
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is usually orders of magnitude smaller than the viscosity because the soap molecules 
possess long carbon chain and therefore are animated by a weaker Brownian motion 
than the molecules of water (for SDS Dlv = 4.10-4). The condition that the bulk 
soap concentration may be considered uniform across the film would impose tK » 
H 2 I D equivalent to (lK I H)2 D lv » 1 which would be too restrictive (typically lK » 
1 mm). As, at leading order, the velocity is horizontal and uniform on the vertical, the 
equation for the soap concentration, in the frame moving at the film element velocity, is 
dominated by the vertical diffusion. The vertical diffusion induces a relaxation similar 
to that introduced to model the equilibrium between the surfaces and the interstitial 
fluid. For simplicity the delay due to vertical diffusion will be included in the relaxation 
time r* and the horizontal diffusion neglected. 

Dynamical equations 

Let x be the 2D position on the soap surface. Following the discussion of the 
previous section, a soap film dynamics may be described by quantities with no crosswise 
dependency: c0(x), c1(x), f 1(x), a(x), h(x) and u(x), where u is the 2D velocity on 
the surface. Since we have assumed that the horizontal diffusion of molecules on the 
surface and in the bulk is negligible, equation (146) remains valid and (153) becomes: 

vr1 h+2k • 
Vt = -f1 V.u- (f1(-h-)- kc0 )lr , (158) 

where gt is the 2D Lagrangian derivative in the plane of the film. From incompress
ibility of the water we have: 

Vh 
Vt = -hV.u . (159) 

From conservation of soap inside an advected soap film element we deduce : 

Vco = 0 
Vt ' 

(160) 

In the experiment, the membrane is pulled out of a vessel too rapidly for lateral equi
librium to be established. Thus, the initial membrane is not uniform and the c0 de
pendency on x comes from the way the membrane has been formed. 

The equation for u derives from the momentum balance applied to a film element 
composed of the surfaces and of the bulk. The integrated pressure gradients due to 
curvature of the surfaces are, as already demonstrated, J;(aV2h)dz of order oaH2 I L3 

and therefore negligible compared to the gradient of a of order oa I L, where oa is the 
typical variation of a. Finally the equation for the motion of the film particle reads : 

Vu , 
phVt =2Va+gph+Fc , (161) 

where g' is the gravity vector projected in the plane of the film and Fr represents the 
damping force, resulting from the bulk fluid viscosity hpv~u, from the surface viscosity 
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pv8 6.u and from the air friction. The air friction has been discussed by Couder et al. 
(1989) and is certainly a major potential source of spurious soap film behavior. For 
example, Couder et al. have shown that the air friction damps the energy of the 
large scales and so may change the turbulence energy cascade phenomenology. This 
effect will not be considered here and for clarity, we will carry out the analysis with 
Fr = hpv6.u where v represents now an effective viscosity. 

5.2 Analysis of the dynamics 

We have thus obtained a complete system of equations for the soap film motion defined 
by equations (146), (158) to (161), in the 2D approximation. We recall that this 
approximation is only valid down to the scale Lm/ H = (UH/v) (tU / L) which increases 
with time because of the integrated effect of internal Poiseuille flow. Eliminating a gives 

Vu E(rl) 
= ---vT1 + g' + v6.u 

Vt phfl 
vr1 h + 2k • -- = -r1 V.u- (f1(-h-)- kco)/r 
Vt 
Vh 

-h\7.u = Vt 

(162) 

Vco 
0 = Vt 

where E(fl) is the Marangoni elasticity: 

(163) 

which reads in the perfect gas approximation (5) : 

(164) 

A preliminary version of this system appears first in Chomaz & Cathalau (1990). We 
will now consider various regimes produced by this soap film model. 

5.2.1 Classicallimits 

Elastic waves 

Elastic waves, investigated by Lucassen et al. (1970), are the soap film equivalent 
of sound waves in gas. We obtain from (162) the Marangoni elastic waves making 
(r•-l, v, g') = (0, 0, 0) and performing a linear approximation for a uniform membrane 
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( c0 constant) : 

{ 
~~ = 

ar1 = 
at 

- E(rl)\7r1 
pHf1 

-r1 v-u 

91 

(165) 

These waves propagate at a speed vL = (E(r 1) / pH) 112 which gives, in the perfect 
gas low approximation 

vL = (2RTc0k/ p(H + 2k)) 112 (166) 

For SDS the waves travel at 4m/ s in a lO{.lm thick film and at 13m/ s in a lf.lm 
thick film. 

Elastic waves will obey the previous equation only if their period is shorter than 
the chemical relaxation time. A wave of wave vector o:, induces variation on a time 
scale (o:vL)-1 which must be smaller than r* to respect the Marangoni approximation. 
Therefore (r*vJ-1 defines the lower limit for the modulus of the Marangoni elastic 
wave vector. This limits the wavelength of Marangoni elastic wave between 0 and 
25cm for H = 10/-lm and r* = w-2s, and between 0 and lOOm for H = lf.lm and 
r* = ls. Since the experiment deals with a typical size of lcm, the Gibbs elastic 
waves speed affecting longer wavelengths will not be important. This means that, to 
determine the possible effect of compressibility, the experimental velocity should be 
compared to the Marangoni elastic wave velocity and not to the Gibbs elastic wave 
velocity which is much smaller. 

Static equilibrium 

Setting (u, :gt) = (0, 0) we get : 

thus with E(f1)jf1 = 2RT 

{ 
E(rl) ~r , 

---v 1 +g 
phf1 
h+ 2k 

r1(-h-)- kco 

0 
(167) 

0 ' 

(168) 

For g' oriented in the negative y direction, h decreases with y to insure stability. Thus 
c0 must increase with y. The variation of h has two origins: 

- a compressibility effect equivalent to the isothermal atmospheric equilibrium 
- a soap concentration induced stratification for inhomogeneous soap film equivalent 

to a temperature induced stratification in the atmosphere. 
As we will see, the analogy between the field c0 and a temperature field in a Boussi

nesq fluid is exact in the linear approximation. Couder et al. (1989) have computed 
the thickness profiles for constant c0 using (168). 
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5.2.2 The incompressible approximation for uniform membrane 

We consider the dynamics of a uniform membrane neglecting any gravity effect. In the 
same way as for classical flows, the dominant balance principle applied to the system 
(162) with no gravity shows that the relative variations of r 1 and h are at maximum 
of order (UjvL) 2 . UjvL defines a Mach number M for the soap. Variations of f 1 and 
h are equivalent to compressibility effects and are small for small soap Mach number. 

Scaling (u,x,t,h,f1) by (U,L,LjU,H,C0kHj(H +2k)), where C0 is the value of 
c0 assumed constant for simplicity, we obtain : 

Du 
Dt 

vr1 
Dt 

Dh 
= -hV'.u 

Dt 

(169) 

with K = kjH, Re = ULjv, 1 = 1*UjL. The same symbol has been kept for the 
field and their scaled form to avoid proliferation of notation. 

We assume M 2 to be a small quantity and we use classical asymptotic expansion 
technique. The variables are expressed as series of M2 = t:, a= l:j t:iaj. 

The various order in the expansion give : 
order zero : 

rlO = ho = 1 ' 

and 

{ 
8uo -1 ot + Uo.V'Uo = -V'r11 + Re L'>uo 

V'.uo = 0 . 

(170) 

(171) 

The system (171) corresponds to the incompressible 2D Navier Stokes equation where 
r 11 is a first order term that plays the role of pressure and obeys a Poisson equation: 

(1'72) 

The boundary equations depend on the particular assumptions that has been made 
(effect of the meniscus, geometry, air or jet entrainment ... ). First order We seek equa
tions for h1 , r 11 . From (167) we get : 

r Dh _ h DI\ = (r h + 2K) jT . 
1 Dt Dt 1 h 

(173) 

At first order, we obtain : 

(:t + UoV')(h1- f11) = (-2htK + (1 + 2K)f11) j1. (174) 
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We can identify two contributions to the thickness variation by introducing the for
mal field e1 which measure the departure·from the instantaneous variation of thickness 
due to the variation of"pressure" (term ru, defined by (172)): 

(175) 

with 

(176) 

The introduced field e1 has no equivalent in gas. The chemical kinetic forces the 
thickness follows a "pressure" perturbation on a time scale r'. For small r', e1 equals 
the pressure and r n + ed2K represents the Gibbs response of h1 to a variation of r 11 : 

1+2K 
h1 = 2K ru . (177) 

For large r', the right hand side of (VIlla) is close to zero and so is e 1. Then h1 follows 
a Marangoni type variation 

(178) 

For r' of order 1, e1 is not obvious as illustrated in Chomaz & Cathalau and more 
numerical simulations are required to understand its behavior. Moreover the weight 
of e1 is 1/2K which means that the thicker the film is, the more important the e1 

contribution to h1 becomes. 

5.2.3 Simulation of the evolution of the membrane thickness on a proto-
type flow 

We have computed the thickness variation given by the above analysis on a prototype 
flow: the temporally evolving wake. The correspondence between the experiment on 
wakes ([8]) and numeric is only qualitative because the experiment deals with a spatially 
developing instability of the wake whereas the numeric treats the temporal evolution 
of an initially homogeneous wake profile. This subtlety is not supposed to modified the 
behavior of the various contributions to the thickness variation. Therefore we select 
one single prototype evolution of the Bickley wake and compute the evolution of each 
contribution to the thickness as a function of the single parameter r' the chemical 
relaxation time. 

Numerical integration on the 2D Navier Stokes equation is similar to the one pre
sented by Basdevant et al (1981) (see also Basdevant and Sadourny (1983) ; Couder 
and Basdevant (1986) ; Chomaz et al (1988)). It integrates in time the 2D Navier 
Stokes equations in their vorticity w formulation (wez = V' x u0). 

ow 8t + u 0.V' w = S(w) + F(w) , (179) 

where S and F respectively represent the eventual external forcing and the dissipation 
terms. Spatial derivatives are evaluated using a spectral decomposition. For simplicity, 
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a 

b 

Figure 19: a) vorticity and b) pressure at time t = 16 for the prototype experiment 

with L = 0.17. , the vorticity vary between -5.3 and 5.3 and the pressure between -0.29 

and 0.081. The close up on the right will serve to show details of the field e1 since it 
contains both a typical pairing and stirring events. 

the physical domain is chosen to be a periodic square 271'X271' discretized on a 128x128 (or 

more if required by precision) regular collocation grid. Non linear terms are evaluated at 

collocation points and their Fourier series are truncated at wave number Nm = 59.9 in 

a circular manner (higher for higher resolution). With respect to time discretization, 

the time scheme is second order centered (leap-frog) for nonlinear terms and exact 

integration for linear dissipative terms. An Euler integration replaces the leap-frog 

one every 80 time steps to insure stability. Equation (179) is in a dimensionless form 

therefore the typical value of u is set to 1 in the simulation. For the 1282 resolution the 

time step, 6.t, used is either 0.02 or 0.01. To serve as a reference, figure 149 presents 

the detailed isovorticity and isopressure contours at time t = 16 of the prototype 

experiment. 
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For the prototype experiment we have computed each contribution to the thickness 
f 11 and e1. The parameter K modifies the respective weight of the contribution but not 
the dynamics. It compares the amount of soap molecules adsorbed on the surface to 
the amount of molecules in the internal fluid. Small K corresponds to a film where the 
internal fluid acts as a large reservoir of soap molecules and therefore chemical kinetics 
and equilibrium dominate the variation of thickness through the field e1. Large K 
corresponds to a film dominated by the two surface phases where chemical kinetics is 
negligible. In that case the e1 contribution is negligible. On the contrary the chemical 
kinetics time scale r' affect both the dynamics and the amplitude of e1 as may be 
observed on equation (176). 

Dynamic pressure field : 1'1 

The field 1'1 is the most trivial contribution to the thickness variation of a soap film 
under 2D motions. Figure 149 b shows the pressure field associated to the vorticity 
field (figure 149 a. We recognize the two properties of the pressure : it retains the 
large scale variations of the vorticity and it gets a tendency to isotropy. Therefore, 
the field 1'1 visualizes large scale vortices more or less as circular depression with an 
intensity depending on the strength and the shape of the vortex. The amplitude of 
this contribution (order -0.3) serves as a reference to compare with e1. 

The relaxing field e1 

The field e1 directly corresponds to the relaxation toward the chemical equilibrium. 
It has been shortly discussed in Chomaz and Cathalau (1989). For r' « 1 the soap film 
is locally in equilibrium all the time and e1 = 1'1, the total contribution 1'1 + etf2K 
represents the variation of thickness due to Gibbs elasticity. For r' » 1 the soap 
film exhibits no relaxation as its surfaces are isolated from the bulk fluid, and the e1 

amplitude is nearly zero. 
Figure 150 represents the field e1 obtained on the prototype experiment for different 

values of r'. Each field is represented using 10 isolines between the minimum and the 
maximum of the field which are written on the figure. As predicted small r' corresponds 
to an e1 field nearly equal to the pressure field, 1'1 , in shape and amplitude whereas 
large r' gives e1 field nearly nil. 

The numerical simulation shows that for r' of order 1 the amplitude of the field 
is large and seems visually correlated to the vorticity w. To confirm this intuition we 
compute the correlation of e1 with various functions of w. We obtain the best results 
using w2 and even a better correlation if we only consider zone ·of vorticity square 
higher than 5 % of the vorticity square maximum. The folowing table summarizes the 
information collected on the prototype experiment. 
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Figure 20: Close-up of the e1 field obtained at t = 16 on the prototype experiment for 
a) r' = 0.2, b) r' = 2, c) r' = 10, d) r' = 20, e) r' = 100, f) r' = 1000 (see the table 
for the amplitude) 
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T' 0.2 2 10 20 100 1000 
Correlation with w~ 0.65 0.90 0.95 0.94 0.94 0.93 
Correlation with w2 0.70 0.93 0.98 0.98 0.98 0.98 
with a 5% threshold 

Maximum amplitude of e1 0.29 0.26 0.14 0.083 0.020 0.002 

The amplitude has to be compared to -0.29 the amplitude of the pressure contribution 
')'1 . We see that the correlation between e1 and w2 increases with T 1 and is already 
equal to 93 % at T 1 = 2. At the same time value the e1 amplitude equals -0.26 and 
starts to decrease with T 1• 

The value of T 1 is therefore fundamental to evaluate variation of thickness due to 
the chemical relaxation. This effect may explain the correlation observed between the 
soap film thickness (visualization) and the vorticity. It needs two characteristics to be 
dominant: T 1 of order 1 to have a non zero contribution correlated to w2 and K small, 
K small means a strong reservoir effect of the interstitial fluid (thick film) to get a 
large contribution. 

But other contributions may have competitive effects. Pictures of soap film (fig
ure 16) indicates that the thickness of the film was not uniform even before the start of 
the experiment. The fringes, visible far from the wake region, correspond to variations 
of thickness linked to the gravity inside the film as the film is bent to sustain its own 
weight. They have two origins : an isoconcentration variation of thickness (equivalent 
to the compressible variation of density of an isothermal atmosphere) and a variation 
of thickness due to variation in the total soap concentration (equivalent to the thermal 
stratification of the atmosphere). Those contributions deserve further studies. 
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PATTERN SELECTION IN SURFACE TENSION DRIVEN FLOWS 

H.A. Dijkstra 
Utrecht University, Utrecht, The Netherlands 

Abstract 

When a motionless liquid layer is heated from below, spontaneous convection appears 
when the vertical temperature gradient exceeds a critical value. Under slightly su
percritical conditions, the liquid organizes into steady regular polygonal patterns, for 
example rolls or hexagons. If the liquid has an upper free surface open to ambient air, 
both buoyancy gradients and surface tension gradients may be responsible for these 
flows. The latter effect is dominating in thin layers and in a micro-gravity environment 
and in that case usually hexagonal patterns are observed. In this chapter, an intro
duction is provided into the physics of these flows by giving an (incomplete) overview 
of theoretical, experimental and numerical results which have been obtained over the 
last decades. Focus is on the existence of the critical temperature gradient and the 
selection of steady patterns near critical conditions. 
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1 Cellular convection 

1.1 Setting of the problem 

The study of the physical problems in the area of cellular convection are motivated by 
results from a conceptually simple experiment (Fig. 1a). A container which may have 
rectangular or circular cylindrical shape is filled with a relatively viscous liquid, such 
as silicone oil. Above the upper surface of the liquid is an ambient gas, for example 
air and the temperature far the gas-liquid interface is nearly constant. When the 
initially motionless liquid is heated from below, the liquid remains motionless below 
a critical value of the vertical temperature gradient. The heat transfer through the 
layer is only by heat conduction. When the temperature gradient slightly exceeds the 
critical value, the liquid is set into motion and after a while the flow organizes itself 
into cellular patterns. The motion of the liquid can also be detected by measuring the 
horizontally averaged vertical heat flux. A measure for the increase of heat transport 
due to convection is the Nusselt number Nu which is unity in case of conduction only. 
In Fig. 1 b, N u is plotted as a function of a measure of the vertical temperature 
gradient. The onset of convection in the liquid is shown by the increase of Nu above 
unity. 

(a) 

Figure 1: a) Sketch of the experimental set-up (from {1]}; the liquid is situated on the {heated} 
silicon block and separated from the (cooled) sapphire block by a small air gap. b) Plot of the 
Nusselt number (see text) as a function of the vertical temperature gradient D.T (from [2]}; 
N u = 1 if the heat transport is by conduction only and N u increases if there is convection in 
the liquid; D.Tc is the critical temperature gradient. 

The classical example of patterns in cellular convection is the hexagonal pattern 
as observed at the beginning of this century by Benard [3]. As shown by the picture 
of Fig. 2 of a modern experiment [4] the hexagons are fairly regular. The liquid is 
rising at each center of a· hexagon and descends along each side. The regular pattern 
adjusts to the boundaries of the container through larger boundary cells which have a 
less uniform size. The hexagonal pattern is always found in relatively thin liquid layers 
which have the upper free surface in contact with an ambient gas. 

The experimental results induce several questions. First one wants to understand 
the physical origin of the critical vertical temperature gradient. Why is the liquid mo
tionless up to a certain gradient and then suddenly set in motion ? It will turn out that 
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the flow arises through an instability, i.e. small perturbations become amplified when 
critical conditions are exceeded. In section 1.2, the basic physics of the instabilities will 
be described. A second point of interest is why the liquid motion organizes into regular 
patterns and why the hexagonal pattern seems to be preferred. Through the following 
chapters, these problems will be formulated more precise and theory is presented which 
provides answers to different details of each problem. 

Figure 2: Top view of a hexagonal pattern obtained in a liquid layer (1.9 mm deep) heated 
from below (from (4]). The image is a schadowgraph picture and bright lines indicate cold 
liquid. 

1.2 Rayleigh-Benard-Marangoni convection 
The density of the silicone oils as used in the experiments above depends on the tem
perature. In most cases, a linear equation of state is adequate over the temperature 
range considered, i.e. 

P = Po(l- ar(T- To)) (1.1) 

where p0 and To are reference values and ar is the coefficient of thermal expansion. 
When gravity is present, temperature differences will cause density differences and 
consequently a buoyancy driven flow is generated. A well-known example is the flow 
near a plate which is put vertically into a liquid of homogeneous temperature To. When 
the plate is heated with respect to the liquid up to a temperature T1 > To, the liquid 
near the plate will be lighter than its environment and rises. 

To explain the existence of the critical temperature gradient in cellular convection 
often the following mechanism is proposed [5]. Consider a motionless liquid layer 
of depth d heated from below having a constant vertical temperature gradient {3 = 
b.T /d. A spherical liquid volume of radius R within this motionless solution is moved 
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upwards (for example from point 2 to a point 1 in Fig. 3) by some infinitesimally small 
perturbation. If the velocity of the volume is indicated by V, then the viscous drag 
Fd of the volume can (for small velocities) be approximated as Fd = CdRVJ.t, where 
J.t is the dynamic viscosity of the liquid and Cd is a proportionality constant. As the 
volume moves upwards, it becomes warmer than its environment. The time scale over 
which thermal anomalies adjust due to diffusion is rK. = R2 / K, where K is the thermal 
diffusivity of the liquid. Hence, the temperature within the volume at a time t is equal 
to that of its surroundings at time t - rK.. The temperature difference 8T at time t 
between the volume and its surroundings is 8T = rttVf3 and this gives a buoyancy force 
Fb = Cbpoa.r 8T R3 g, where Cb is a proportionality constant and g is the gravitational 
acceleration. 

gas 

Interface 

o·:o 
liquid 

]· 

Figure 3: Sketch to explain the buoyancy driven instability in a liquid layer of depth d heated 
from below. 

The ratio of Fb and Fd increases with the radius of the volume, such that largest 
values occur for a volume with a radius equal to the depth of the layer, i.e. R =d. In 
this case, the ratio is proportional to the Rayleigh number Ra defined by 

Ra = ga.rf3d4 
VK 

(1.2a) 

where v = J.t/ p0 is the kinematic viscosity of the liquid. The Rayleigh number can also 
be expressed as a ratio of time scales, i.e. 

R T"Ttt 
a=-2-

rb 
(1.2b) 

with r" = d2jv, rK. = d2jK being the diffusive time scales associated with transport of 
heat and momentum and Tb is the advective time scale d/Vb based on the buoyancy 
induced velocity scale Vb = dJga.r/3. Since the process with the smallest time scale 
is dominant, a large value of Ra indicates the domination of the buoyancy force over 
viscous drag giving rise to motion in the liquid. If motion occurs on a scale d in Fig. 3, 
this movement is amplified because by continuity, warmer liquid is drawn from below to 
point 2, making it warmer than it already was. The existence of a critical temperature 
gradient is equivalent to the existence of a critical value of Ra. 



Pattern Selection in Surface Tension Driven Flows 105 

Lord Rayleigh [6] approached this problem mathematically and indeed demon
strated that such a critical value exists. However, there were several discrepancies 
between the results predicted by the analysis of Lord Rayleigh and the experiments 
of Benard [3]. The values of the critical temperature gradient and the wavelength of 
the expected pattern did not match. Furthermore, the correlation between the deflec
tion of the free air-liquid surface and the vertical velocity just below the interface did 
not correspond. In the experiments there was upward flow below depressions of the 
interface whereas Lord Rayleigh's theory predicted downward flow below depressions 
[7]. 

It took several decades before Block [8] and Pearson [9] realized that another mech
anism can be responsible for the existence of a critical temperature gradient. In most 
experiments of Benard [3], a free surface was present separating the liquid from the 
ambient gas above. The surface tension of the silicone oils depends on the temperature 
at the gas-liquid interface and in most cases a linear relation is adequate, i.e. 

a= ao(1 - !r(T- To)) (1.3) 

Any surface tension gradient induces a shear stress on the interface directed from points 
of low to locations of high surface tension. Since the liquid is viscous, this shear stress 
induces bulk motion. The generation of interfacial stresses by surface tension gradients 
and the resulting bulk flow is called the Marangoni-effect after the Italian Marangoni 
[10]. 

Surface tension does not only depend on temperature, but also on the concentration 
of a component which may be dissolved in the liquid, for example acetone in water. A 
similar relation (1.3) holds for most components, with a coefficient /c instead of IT· A 
nice example of liquid motion induced by surface tension gradients are tears in a glass 
of strong wine [11]. Here, because the alcohol is more readily depleted near the glass 
boundary, its concentration is lower with respect to that at the center of the glass. 
Hence, a surface tension gradient is set-up with higher surface tension near the glass 
wall and liquid is pulled upward along the wall. Eventually, the film becomes unstable 
and tears develop which fall down along the wall. 

To explain how the Marangoni-effect can also lead to flow in a liquid heated from 
below, in Fig. 4 also a volume of liquid is considered which, due to an infinitesimal 
perturbation, moves upward towards the interface at a point 2. Since its temperature 
is higher, the surface tension at the interface is slightly decreased. Hence, a flow 
develops from points 2 towards a neighbouring point 1. By continuity, this flow has to 
be compensated by liquid from below and hence the original perturbation is amplified 
when the surface tension induced stress exceeds the drag force. This can again be 
formulated as a critical value of a dimensionless number, the Marangoni number Ma, 
which is written, similar to (1.2b ), as 

Ma = rvr~<. 
r2 

s 
(1.4a) 
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where the diffusive time scales are as above, but now T8 is the advective time scale d/Vs 
associated with the surface tension induced velocity Va = Juon/3. Hence, when the 

PO 
time scale of motion due to the surface tension gradients exceeds those of viscous and 
thermal dissipation, motion will result. When the time scales are explicitly substituted 
in (1.4a), the Marangoni number Ma becomes 

M a = O"o/rf3d2 
PoVK 

(1.4b) 

In most experiments, the value of the critical temperature gradient depends on 
both on the buoyancy and surface tension driving mechanisms [12]. This holds also 
for the resulting convection, which in general is termed Rayleigh-Benard-Marangoni 
convection. Since, for constant (3, Ra is proportional to d4 and Ma to d2 , the buoyancy 
(surface tension) mechanism will dominate in thick (thin) layers. There is one special 
situation where the surface tension mechanism alw.ays dominates. In micro-gravity 
conditions, density differences introduce hardly any flow since the acceleration due to 
gravity is reduced to less than 1% of its value on earth. Hence, nearly pure surface 
tension driven convection, termed Benard-Marangoni convection, is found. In liquid 
layers where the upper surface is a rigid lid, no surface tension gradients can develop 
and the resulting convection is pure buoyancy driven and termed Rayleigh-Benard 
convection. 

ltfim'ACE 

LIWID 

Figure 4: Sketch to explain the surface tension gmdient driven instability in a liquid layer 
of depth d heated from below. 

1.3 Phenomenology of the patterns 

Once the critical temperature gradient is exceeded, certain perturbations will grow 
and finally the whole liquid is set into motion. In a typical experiment, a step-wise 
change in heating is applied and one waits for a long time to look at the response. The 
characteristic time scale of adjustments of horizontal gradients in temperature is the 
horizontal thermal diffusion time scale £ 2/ K, where L is the horizontal length scale of 
the liquid layer. Typical experiments [1] are performed with highly viscous silicone oils 
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with v = w-4 [m2/s] and thermal diffusivity"' = 10-7 [m2/s]. The depths of the 
layers are typically a few millimeter and the horizontal extension of layer is about 50 
times the layer depth. This implies thermal diffusion time scales in the order of a few 
days. 

The flow in the liquid is visualized, for example by looking at the movement of 
tracer particles (such as aluminum flakes) or by looking at a shadowgraph pattern 
[13]. In most cases, the vertical heat flux over the layer is also measured by a series 
of thermistors. The onset of convection is not an unambigious spontaneous event and 
cannot be measured very accurately [14]. It can be seen as a slow but significant 
increase of the Nusselt number above its conduction value (Nu = 1). 

For slightly supercritical conditions steady flow patterns appear after a very long 
time. In rectangular boxes, patterns can be of several type, for example two
dimensional rolls and three-dimensional rolls. However, the most famous pattern found 
is the hexagonal pattern (Fig. 2) found originally by Benard [3]. There is an interesting 
problem concerning the wavelength dependence of this pattern with increasing value 
of M a. The number of cells is proportional to the dimensional wavenumber k of the 
patterns, which for hexagonal cells is given by k = 41fj3LH where LH is the side length 
of a hexagon. Hence, from counting the number of hexagons, the wavenumber of the 
pattern can be determined. 
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Figure 5: The number of hexagonal cells as a function of the vertical temperature differ
ence D.T over a liquid layer of depth 1.9 [mm] (from (1}). Different marking corresponds to 
different experiments where the bottom temperature is either increased or decreased. 

When the vertical temperature difference is increased, the number of hexagons in
creases (Fig. 5) implying that the wavelength of the surface tension driven hexagonal 
pattern decreases. This is one of the intriguing questions of pattern selection in con
vective flows. The increase of wavenumber found for Benard-Marangoni convection is 
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contrary to the decrease in wavenumber found for Rayleigh-Benard flows [4]. In the 
latter, the wavelength of the cells tends to increase with increasing vertical temperature 
gradient. To explain why the hexagonal pattern is preferred in shallow layers and why 
the wavelength of the pattern decreases with M a is one of the classical problems in 
cellular convection [4]. 

1.4 Relevance of surface tension driven convection 

Apart from the intriguing problem of organization of macroscopic flows, surface tension 
driven flows have relevance to many problems in science and engineering [15]. Since 
the surface tension depends on temperature and the composition of the liquids at the 
interface, practically everywhere where gas-liquid interfaces are in the picture, effects 
of surface tension gradients become visible. Strong wine creeps up the wall of a glass, 
fast movements occur near the wick of a burning candle and small surface-crawling 
insects can be seen moving rapidly to safety to waterplants on the back of a film drawn 
by surface forces once the water is suddenly polluted by surface active components. 

With respect to applications, surface tension driven flows are classified in macro
scale and micro-scale flows. This classification does not refer to the ultimate form of the 
convection but to its origin. Macro-scale convection is brought about by macroscopic 
scale asymmetry, e.g. by geometric asymmetry of the bulk phases about the interface 
(causing the 'wine-tears' [11]) or by an asymmetry in boundary conditions. An example 
of the latter is the thermocapillary convection in a differentially heated cavity. Micro
scale convection is triggered by a convective instability as we have considered above and 
can be responsible for a strong enhancement of the overall heat and/or mass transfer. 

Surface tension driven flows are therefore of importance in many sections of the 
process industry. In steel making, carbon is removed from iron by blowing oxygin into 
the molten iron in a Bessemer-vessel. Very high differences in surface tension can occur 
due to oxidation. In this case there is not only a high flow rate along the interface, 
but even spontaneous droplet formation that provides a large mass transferring area. 
In two-phase mass transfer processes, the magnitude of the interface between different 
phases and the consequent rate of mass transfer is a high valued design criterion. Sur
face tension gradients can improve or deteriorate the expected rate of mass transfer 
dramatically [16]. Important effects occur in plate columns where a liquid flows down
ward over rigid particles and exchanges a component with a gas which flows upward 
(for example, the water/acetone/air system). Within the stagnant phase between the 
particles, Benard-Marangoni convection occurs. In addition, small films of liquid are 
drawn up the packing material, a similar effect as in the wine glass, increasing the area 
of mass transfer enormously. Further areas of application are combustion, welding and 
the containerless processing of crystals. 
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2 The critical temperature gradient 
In this section, the onset of convection due to the Rayleigh-Benard-Marangoni insta
bility is studied for a liquid layer which is horizontally unbounded. In section 2.1 the 
mathematical description of the system is presented which has a simple motionless 
solution (section 2.2). The critical conditions for this motionless solution and the most 
unstable flow patterns are determined for a fiat gas-liquid interface in section 2.3. The 
influence of interface deformation is discussed in section 2.4. 

2.1 Formulation of the model 
Consider a horizontally unbounded liquid layer (Fig. 6) of an incompressible Newtonian 
liquid of mean depth d which is heated from below. Above the interface there is an 
ambient gas and heat is transferred from the liquid to the gas. 

PASSIVE GAS 
!!. 

LIQUID 

' '' ' 
Figure 6: Sketch of the liquid layer of mean depth d and with an interface S which is heated 
from below (from {17]}. In the picture, S is the equilibrium flat interface, t{l), t(2) and n are 
tangent vectors and normal to the interface and e3 is the unit vector in the vertical. 

The equations describing the evolution of this system are the continuity equation 

Y'·v=O 

the momentum balances, 

Po [ ~ + v.V'v] = - V'p + ~-tY' 2v- pge3 

and the thermal energy balance 

poCp [a;; + v. V'T] = >.r Y'2T 

(2.la) 

(2.lb) 

(2.1c) 

In these equations, (x, y, z) are the Cartesian coordinates of a point in the liquid layer, 
t denotes time, v = (u, v, w) is the velocity vector, p denotes pressure and Tis the 
temperature, respectively. Finally, p0 , g, Cp, 1-l and >.r are the reference density, the 
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acceleration due to gravity, the specific heat, the dynamic viscosity and the thermal 
conductivity, respectively. The thermal diffusivity K and kinematic viscosity v are 
given by v = E. and K = Acr • All these quantities will be assumed constant. In the 

Po Pop 
equations above, the Boussinesq approximation is applied which is adequate here since 
the density variations are small with respect to p0 • In this approximation, density 
variations are only considered in the body force term of (2.1 b) and apart from this, the 
liquid is considered incompressible. 

Let the gas-liquid interface S be parametrized by z = d + ry(x, y, t). The tangents 
to the interface t 1 and t 2 , and the unit normal n are given by 

(2.2) 

The equations describing the evolution of the interface and its interaction with the 
bulk are [18] the kinematic condition (the interface is a material surface) 

ary ary ary w=u-+v-+-
ax 8y at 

the normal stress balance 

n·T·n=2HO" 

the tangential stress balance (for i = 1,2) 

t; · T · n = t; · Y' O" 

(2.3a) 

(2.3b) 

(2.3c) 

where Tis the stress tensor for a Newtonian liquid which is given in components by 

1 av; avj 
T;1 = -p8;1 + 2J.i-D;1 ; D;1 = -2 (-a + -a ) 

Xj X; 
(2.3d) 

and 2H is the mean curvature of the interface 

!f..!J.(1 + (!!?1.)2 ) 2!!?1.!!?1...?.:!1.. + H(1 + (!!?1.) 2) 2H = 8x2 8y - 8x 8y 8x8y 8y 8x 

(1 + (~)2 + (~)2)~ 
(2.3e) 

The lower boundary is a very good conducting boundary and therefore the temper
ature is constant. Moreover, no-slip conditions apply and hence, 

z = 0 : T = TB ; v = 0 (2.4a) 

At the interface, heat is transferring from the liquid to the gas. This is usually modelled 
by the Newtonian cooling law 
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z = d + rJ : - .Xrn · \lT = h(T- TA) (2.4b) 

where h is an interfacial heat transfer coefficient and TA is the temperature of the gas 
far from the interface. The equations are closed by prescribing the equation of state 
and the temperature dependence of surface tension, i.e. 

p = Po(1- ar(T- To)) ; a= ao(1 -!r(T- To)) (2.5) 

Given initial conditions, the evolution of the system is determined by the equations 
(2.1) to (2.5). 

2.2 Motionless solution 

For v = 0 and fj = 0 (flat interface) there is a steady state given by 

T( ) = T - (3 . (3 = h(TB- TA) 
z B z' AT+ hd (2.6a) 

The quantity (3 is the vertical temperature gradient over the layer which was already 
used in the definition of the Rayleigh and Marangoni numbers. The pressure is readily 
determined from (2.1b) and one obtains 

z2 
p(z) =Po+ Po9([ar(TB- To)- 1]z + arf32) (2.6b) 

This motionless solution is characterized by only conductive heat transfer and is easily 
realized in laboratory experiments. 

2.3 Linear Stability Analysis 
In a linear stability analysis, sufficient conditions for stability of the basic state (2.6) 
are determined. Perturbation velocities v, temperature T and interface fJ are super
posed on the basic state and thereafter the equations are linearized in the perturbation 
quantities. The linearized equations (2.1) become (tildes are omitted for clarity) 

'V·v=O (2.7a) 

&v 2 
Po 8t = -\lp + J.L\7 v + etr9PoT (2.7b) 

&T &t - w(J = ,..\72T (2.7c) 

The pressure can be elimated from the equations (2. 7b) which gives (with (2. 7a)) 

8\72w 4 2 
Po~ = J.L\7 w + etr9Po \7 HT (2.7d) 
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with "'V'k = ::2 + ::2 being the horizontal Laplace operator. First, the easiest case of 
a non-deformable interface will be considered. 

2.3.1 Flat interface 

For the case 'fJ = 0, the linearized equations at the interface z = d become 

w=O 

au a~ av a~ 
J.L- = - . J.L- = -

Bz Bx ' Bz By 

8T 
->-.r-=hT az 

(2.8a) 

(2.8b) 

(2.8c) 

The equations (2. 7c,d) and (2.8) are non-dimensionalized using scales ~ for velocity, 

~ for time, {3d for temperature and d for length. This leads to the non-dimensional 
problem 

8T- w = \12T 
at 

8V'2w 
Pr-1--af = V'4w + Ra\1~T 

z=O:T=w=O 

82w 8T 
z = 1 : w = 0; Bz2 = Ma V'~T; Bz =-BiT 

(2.9a) 

(2.9b) 

(2.9c) 

(2.9d) 

where "'V'k is the horizontal Laplace operator. In the equations, the dimensionless 
numbers Pr (Prandtl), Ra (Rayleigh), Ma (Marangoni) and Bi (Biot) appear which 
are defined as 

Ra = argf3d4 
• Ma = !rf3~od2 • Pr = !:.. Bi = hd (2.10) 

1//'i, ' PoV"' ' "'' >-.r 

The meaning of the stability parameters Ra and M a was already explained in the 

previous section. 
The problem (2.9) is separable in time and space and solutions of the form 

w(x,y,z,t) = W(z)<j>(x,y)e.xt 

T(x, y, z, t) = 8(z)</>(x, y)e.xt (2.11) 

exist, where ).. = )..R + i)/ is the complex growth factor and the function </>satisfies the 

equation 

(2.12) 
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With ¢(x, y) = ei(k.,x+klly) and k = j(k~ + k~) being the wavenumber of a particular 
disturbance, the problem for w and e becomes 

Pr- 1 >..(D2 - k2)W = (D2 - k2) 2W + Ra k2 6 

>..e - w = (D2 - k2)e 

W(O) = 0 ; DW(O) = 0 ; 6(0) = 0 

W(1) = 0; D2W(1) + Ma k26(1) = 0; D6(1) + Bi 6(1) = 0 

where D = fz. 

(2.13a) 

(2.13b) 

(2.13c) 

(2.13d) 

The set of equations (2.13) defines an eigenvalue problem, >.. being the eigenvalue 
and (W, 6) being the eigensolution. It will be assumed that there exists an infinite 
denumerable sequence of eigenvalues An which may be ordered in such a way that 
>..~+1 > >..~, n = 0, 1, 2, .... For pure Rayleigh-Benard convection, the problem is self
adjoint and the assumption has been proven, the eigenvalues all being real. If for some 
choice of parameters, all eigenvalues>.. are in the left complex halfplane the motionless 
state is linearly stable and the perturbation amplitudes decay to zero. However, if at 
least one eigenvalue >.. has a positive real part, then the perturbation grows and the 
motionless state is unstable. Hence the transition from stable to unstable state occurs 
at values of the parameters such that >.. crosses the imaginary axis. The transition state 
>.. R = 0 is called the neutral state. 

The principle of exchange of stability is said to be valid if at neutral stability also 
>..1 = 0 [19]. The neutral state is then stationary rather than oscillatory. Assuming 
this principle to be valid, the parameter values defining the neutral state (called the 
critical values) can be calculated by putting >.. = 0 in the equations (2.13); the Pr 
number drops out of the equations. It has been proven (e.g. [20]) that the principle 
of exchange of stabilities is valid for the case of pure Rayleigh-Benard convection, free 
sidewalls and arbitrary conditions on the bottom wall. For pure Benard-Marangoni 
convection (Ra = 0), the principle has been proven by Vidal and Acrivos [21]. For a 
more general case, the principle has not been proven although their are some partial 
results [22]. Possible oscillatory neutral states are excluded here. 

The equations (2.13) at neutral stability were solved analytically for Ra = 0 by 
Pearson [9] and the general case was solved by Nield [23] using a Fourier series method. 
The result of Pearson [9] is 

Ma = 8k(k cosh k + Bi sinh k)(k- sinh k cosh k) 
(k3 cosh k- sinh3 k) 

(2.14) 

In Fig. 7, the neutral curves defined by (2.14) are plotted for different values of Bi. As 
can be seen, each curve has a minimum for M a as a function of k, called the critical 
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Figure 7: Neutml curves of Ma versus wavenumber k for severo[ values of Bi (from {9]) 
according to {2.14). 

value for that particular wavenumber. The smallest critical value, Mac = 79.61, is 
found for Bi = 0 with a critical wavenumber kc = 1.993. This indicates a dimensionless 
wavelength of the cell patterns of about 3d, such that the horizontal dimensions of the 
resulting cells are larger than the liquid depth. A zero value of Bi implies that no 
heat is lost by the perturbations, maintaining an optimal value of the surface tension 
gradients which cause the flow. For Bi---t oo, the interface becomes isothermal and no 
instability is possible; hence Mac ---t oo. 

When buoyancy is taken into account and Ra > 0, both driving mechanisms coop
erate in causing flow which is clear from the instability mechanisms described above. 
Consequently, Mac decreases when Ra increases and there exists a value of Ra for which 
Mac = 0. If Bi = 0, this value becomes Ra = 669, which is slightly larger than the 
famous critical value Rae= 27,t, calculated by Lord Rayleigh [6] for buoyancy driven 
convection between two perfectly conducting, stress free boundaries. Hence, for each 
value of Bi, there exists a curve in the (Ra, Ma)-plane of critical values (Rae, Mac). 
For Bi = 0 and Bi = oo these curves are shown in Fig. 8. Critical wavenumbers are 
in the range between 2 and 3, the latter giving a wavelength of about 2d. 

2.3.2 The effect of interface deformation, Ra = 0 

Up to here, we did not consider the interface to be deformable. There are several papers 
dealing with this surface deformation, e.g. Scriven and Sternling [24], Smith [25] and 
Takashima [26]. When the interface deformation is considered, its perturbation has 
the form 

TJ(x, y, t) = Z¢(x, y)e>.t (2.15a) 

In linearizing the equations (2.3) at the interface, one makes use of 

(T + T)(x, y, d+ij, t) ~ T(x, y, d, t) + T(x, y, d, t) +a:; (x, y, d, t) ij(x, y, t) + ... (2.15b) 
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Figure 8: Plot of normalized Rayleigh (/i:) and Marangoni !J:c numbers indicating the 
critical values Mac and Rae for two extreme values of Bi (from {23}). 

In the normal stress balance, the pressure now introduces a gravity contribution as 
a restoring force on the interface. This pressure can be eliminated and using the 
continuity equation, all horizontal velocity gradients are expressed into those of the 
vertical velocity. For Ra = 0, the equations (2.13c-d) now become [26] 

W(1)-.XZ=O 

Cr [Pr-1 .X- (D2 - 3k2)] DW(1) + (Bo + k2) k2 Z = 0 

D2W(1) + Ma k2 (8(1)- Z) = 0 

D8(1) + Bi 8(1)- BiZ= 0 (2.16) 

The value of the Crispation number Cr = ~ (also called Capillary number) gives 
an indication of the extent of interface deformation from the equilibrium interface. 
When the equilibrium interface is flat, the limit Cr -+ 0 is the large mean surface 
tension limit and therefore corresponds to zero deformation. In this limit, Z = 0 and 
the equations (2.16) reduce to the equations (2.13c-d). The other new parameter is the 
Bond number Bo = eo;0d2

, measuring the ratio of restoring forces due to gravity and 
surface tension on the interface. 

The linear stability problem with (2.16) was solved in Takashima [26] under the 
assumption of the principle of exchange of stability and the result is 

Ma = 8k(k cosh k + Bi sinh k)(sinh k cosh k- k)(Bo + k2) 

8Cr k5 cosh k + (Bo + k2 )(sinh3 k- k3cosh k) 
(2.17) 



116 H.A. Dijkstra 

Ma 

Figure 9: Neutral stability curves for various values of Cr when Bi = 0 and Bo = 0.1. The 
region below each curve represents a stable conduction state (from {26}). 

For the values Eo = 0.1 and Ei = 0, neutral curves for different values of Cr are 
plotted in Fig. 9. When Cr < 8.3 10-4, the same qualitative results as in Fig. 7 are 
obtained, i.e. those for Cr = 0. However, for Cr > 8.3 10-4 , the critical wavenumber 
decreases abruptly from about 2.0 to 0.0 and Mac rapidly decreases as Cr increases. 
Hence, the free interface deformation becomes important for large enough Cr, the 
precise transition value depending on the value of Eo. 

2.4 Discussion 

In typical experiments on earth, the vertical temperature difference is increased in 
small steps. The linear stability analysis above provides sufficient conditions for in
stability of the motionless solution. In pure Rayleigh-Benard convection (Ma = 0) 
with a non-deformable interface, the critical vertical temperature gradient is deter
mined by the value of Rae. This stability boundary simultaneously provides sufficient 
conditions for stability, i.e. for Ra < Rae, the motionless is not only stable to very 
small perturbations but also to perturbations of arbitrary amplitude [20]. For pure 
B'enard-Marangoni convection (Ra = 0) with a non-deformable interface, the critical 
conditions are determined by the value of Mac· However, in this case this boundary 
does not provide sufficient conditions for stability. The latter conditions can be es
timated by determining nonlinear stability boundaries - which guarantee stability to 
arbitrary disturbances- i.e. the energy stability boundary (Mae) [27]. For a flat in
terface, it is found that Mae <Mac and hence an interval exists (Mae< Ma <Mac) 
where motion can be induced if perturbations have sufficiently large amplitude. The 
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effect of interface deformation on the energy stability boundaries has been investigated 
in Davis and Homsy [28] and Castillo and Velarde [29]. 

In combined Rayleigh-Benard-Marangoni convection, critical conditions depend on 
both parameters Ra and M a with critical curves such as in Fig. 8. Since both Ra and 
M a depend linearly on the temperature gradient, their ratio remains constant. In the 
(Ra, Ma) plane, a critical line can be drawn, which is characterized by an angle '1/J, with 
tan '1/J = ~and scales with d-2• For large layer thickness, i.e. small '1/J, the instability is 
buoyancy controlled and for small layer thicknesses (or under micro-gravity conditions), 
the surface tension mechanism will dominate. If the critical curve is crossed, motion 
will initially set in with convection patterns characterized by a wavenumber kc. All 
patterns which are solutions of the Helmholtz equation {2.12) are equally unstable. In 
this way, linear theory is degenerate and does not provide information about the shape 
of the pattern which is most likely to be observed. 

The influence of the free surface becomes important when Cr exceeds a critical 
value depending on the Bond number Bo. If this value is exceeded, long waves are 
destabilized (the critical wavenumber kc approaches zero (Fig. 9)). The critical value 
of Cr decreases with decreasing value of Bo, and hence the layer thickness can always 
be made small enough such that the long wave instability becomes relevant. In the 
limit Bo ---t 0, the motionless solution is always unstable to long waves if M a > 0 and 
Cr > 0, which was a result originally obtained by Sternling and Scriven [24]. 

The relation between free surface deflections and the vertical movement just below 
the interface can be used to distinguish between buoyancy driven and surface tension 
driven mechanisms. For a stationary instability (,\ = 0), the vertical velocity at the 
interface W(l) = 0. However, if DW(l) < 0 then the liquid immediately below the 
interface is moving upwards. Hence, if the ratio Z/DW(l) > 0, then there is upflow 
below interface depressions. For pure surface tension driven convection (with Ra = 0), 
this ratio is given by 

z 
--- = --:-::--:---:-::-
DW(l) sinh2 k- k2 

2Cr 
(2.18) 

which is always positive. Hence, there is upflow beneath depressions and downflow 
beneath elevations. This is just opposite to what is known from pure buoyancy driven 
convection [7] and very strongly reinforces that the hexagonal patterns observed by 
Benard [3] were mainly surface tension driven. 

3 Pattern selection in the infinite layer 

We have seen in the previous section, that motion in a liquid heated from below oc
curs when a critical vertical temperature gradient is exceeded. Although the critical 
temperature gradient could be determined exactly, the linear stability problem was 
degenerated with respect to the shape of the pattern of the flow arising from the insta
bility. Linear theory is not able to predict either the flow pattern nor its final amplitude. 
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Nonlinear theory is needed to explain how exponentially growing disturbances equili
brate to finite amplitude. In this chapter the particular roll and hexagon patterns are 
described in more detail (section 3.1). Then the nonlinear equilibration of these pat
terns is considered within weakly nonlinear theory using perturbation methods (section 
3.2) and numerical simulations (section 3.3). 

3.1 Roll and hexagon patterns 

All possible patterns of wavenumber k which were amplified at slightly supercritical 
conditions satisfied the Helmholtz equation (2.12), i.e. 

\1~¢+ k2¢ = 0 

The solutions of this equation are given by 

N 

¢(x,y)= L Cn¢n(x,y) 
n=-N,nf-0 

with 

(3.1) 

(3.2a) 

(3.2b) 

where for each n, the wavevector k = (kx, ky), k2 = I kn 12 and r = (x, y). Furthermore, 
to obtain real solutions ¢ there is an additional constraint on the coefficients en, i.e. 
(with* indicating complex conjugate) 

(3.2c) 
n=-N,nf-0 

For N = 1, we obtain two-dimensional cellular patterns, which are called parallel 
roll-cells or simply rolls. For cells whose axis is aligned with they-axis, k-1 = k(-1, 0) 
and k1 = k(l, 0) and c_1 = ~ and c1 = .i2 such that 

(3.3) 

Hence, the wavenumber of the patterns is k, the wavelength is given by 2; and a sketch 
of the roll pattern is given in Fig. lOa. Obviously a similar pattern exists with rolls 
whose axis is aligned with the x-axis 

For the case N = 3 the hexagonal pattern is obtained. Here, the wavevectors and 
the coefficients Ci are given by 

k k 
k1 =k(O,l); k2 = 2 (J3,-1); ka=2(-J3,-1) 

1 
c1 = c2 = ca =-

v'6 
(3.4a) 
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with k_i = -~ and C-i = ci . The wavevectors make an angle of 120° with eachother 
and the plahform function ¢H(x, y) becomes 

{2 v'3kx ky 
¢ = ¢H(x, y) = y 3 (2 cos - 2- cos 2 +cos ky) (3.4b) 

A sketch of this hexagonal pattern is provided in Fig. lOb. Liquid ascends in the center 
of the hexagon and descends along the hexagonal boundaries. 

(a) 

r 
I 

J .. ...__,-,::..._"'---""'1 --"- • 

tiY f---•----i 
(b) 

Figure 10: Sketches (from (4}) of a roll pattern (a) with the axis aligned with the y-as and 
the flow in a single hexagon (b). 

3.2 Weakly nonlinear analysis 

In experiments it is found that for slightly supercritical conditions, steady flow pattern 
appear. This motivates to search for steady finite amplitude solutions for parame
ter values close to the critical conditions by perturbation methods. We first show 
results with the classical Gorkov-Malkus-Veronis method as in Cloot and Lebon [30] 
and then continue with a more modern approach using amplitude equations [31]. Both 
approaches are applied to a model neglecting any interface deformation. 

3.2.1 Gorkov-Malkus-Veronis method 

When the governing equations for deviations with respect to the conduction solution 
as presented in chapter 2 are non-dimensionalized in the same way as in section 2.2 
and the pressure is eliminated, these become 

(3.5b) 
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There are two additional equations for u and v, which can be solved once w is known. 

The boundary conditions are 

aw 
z = 0 : w = az = T = 0 (3.5c) 

82w 8T 
z = 1 · w = 0 · -- Ma\12 T = 0 · -+BiT= 0 

. ' 8z2 H ' 8z (3.5d) 

In the analysis, the Rayleigh number is fixed and the Marangoni number is increased 

to the value of M a at neutral conditions, say M a (o) ( k). Near neutral conditions, steady 

finite amplitude solutions are sought of the form 

K K K 
v = LEiv(i); T = LEiT(i); Ma = Ma(o) + LEiMa(i) (3.6) 

i=1 i=1 i=1 

with a small parameter E measuring the distance from critical conditions. When the 

expansions are substituted into the governing equations, at 0( E) the linear stability 

problem is recovered which determines M a<o). The solutions at the neutral curve have 

the particular form 

(3.7) 

with¢ satisfying (3.1) and W(l) and e<1l satisfying the equations (2.13). The minimum 

of the neutral curve is again the critical value, i.e. Ma<0l(kc) =Mac. 
At O(t:2), the following set of equations is obtained 

\14w<2l + Ra\l~T(2) = 

Pr-1 [\12 (v(ll · 'Vw<1l)- ~(v<1l · \lu<1l)- ~(v<1l · \lv(ll)] 
H fufu ~fu 

(3.8a) 

w(2) + \12T(2) = v(ll . \1T(1) (3.8b) 

and the tangential stress balance becomes (at z = 1) 

(3.8c) 

The other boundary conditions in (3.5c,d) remain the same at each order of approxi

mation. 
The linear operator in the left hand side of (3.8) is singular, because from the linear 

stability problem we know that it has non-trivial solutions. For existence of a solution 

to (3.8), the right hand side has to be orthogonal to the eigensolutions of the adjoint 

linear operator. This part is quite technical, but it can be shown that this orthogonality 

condition (Fredholm alternative) leads to a condition on M a<1l, which is different for 

each pattern characterized by the number N in (3.2a). More specific, Ma(ll = 0 for 

2D-rolls (N = 1) (and also for 3D-rolls (N = 2)) but nonzero for hexagonal patterns 
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(N = 3). Under the condition of values of Ma(l) as obtained above, the second order 

solutions ( w<2>, r<2>) can be obtained for each N. Hence, in the weakly nonlinear 
domain, stationary solutions of both rolls and hexagons exist. 

The next step is to determine the stability of each of these steady solutions to arbi

trary perturbations. Let ( v, T) denote these perturbations, then their evolution equa

tions are obtained by linearizing the governing equations around the finite amplitude 

steady states (v, T) from (3.6). These linear equations admit solutions proportional 

to e>.t. Because the steady state is expanded in terms of e:, also the perturbations can 

be expanded in the same parameter, i.e. 

K K K 
v = LEiV(i) ; t = Ee:if(i) ; ~ = LEi~(i) (3.9) 

i=O i=O i=O 

The eigenvalues ~ (i) are determined by a similar analysis as that to determine 

M a<0> and are evaluated for three different cases by Cloot and Lebon [30]. First, 

disturbances with the same wavenumber as the neutral state are considered, but having 

different wave vectors. In this way, one determines the stability of hexagons to the same 

hexagonal pattern which may be slightly shifted over the domain. Second, the stability 
of hexagons to rolls was investigated, each pattern still having the same wavenumber. 

Finally, the stability of the hexagonal pattern to perturbation patterns (either rolls 

or/and hexagons) with different wavenumbers are considered. The intersection of each 
stability domain gives the final stability domain of a certain pattern. 

The results for Bi = 0 and Pr = 7 are summarized in Fig. 11 over the range of 

Ra considered. For Ra = 669 (Mac= 0), an area with wavenumbers larger than the 
critical one exists for which hexagons are stable. It is well-known that stable rolls also 

exist with wavenumbers larger than the critical one [32]. When Ra is decreased, the 
critical value Mac increases and at Ra = 500, the band of stable hexagons has moved 
towards smaller wavenumber than the critical one. Finally, in pure surface tension 
driven convection (Ra = 0), it is found that the band of stable wavenumbers is always 
larger than kc and that also under subcritical conditions, finite amplitude hexagonal 
patterns are stable. This is in agreement with results found in a simpler model by 

Scanlon and Segel [33]. 
It is observed that regions of stable hexagons having wavenumbers larger as well 

as smaller than the critical wavenumber appear, depending on the value of Ra. For 

typical experiments [1], the Rayleigh number is relatively small (about 100) and the 

wavenumbers found do not agree with the predicted wavenumbers using weakly non

linear theory - which are too large - but the theory correctly predicts smaller cells. 

The stability results on the hexagons do not qualitatively change when Bi or Pr are 

increased. Only the values of the M a numbers shift, but the location of the stable 

band of wavenumbers with respect to the critical wavenumber remains the same. 
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Figure 11: Composite plot of the wavenumber range of stable hexagons in the (Ma, Ra)-plane 
(from {30}}. 

3.2.2 The generalized Ginzburg-Landau equations 

A more general approach has been followed by Bestehorn [31]. For the case of Pr---> oo 
and Bi = 0, the weakly nonlinear structure of solutions is determined near a point on 
the critical line (Mac, Rae) as in Fig. 8. The quantities are expanded into series 
of eigenfunctions of the linear stability problem and Galerkin projection is used to 
obtain an infinite set of ordinary differential equations governing the amplitudes of the 
particular eigenfunction components. This set of equations is reduced by the principle 
of adiabatic elimination, i.e. putting all time derivatives to zero for all modes which are 
sufficiently strongly damped. The amplitudes of the latter 'slaved' modes are expressed 
into those of the dynamically active ones, resulting (near criticality) in simple amplitude 
equations for specifically chosen patterns. The stability of these patterns to a general 
class of disturbances is then considered. 

The main results of the analysis are shown in Fig. 12 showing plots of a measure of 
supercriticality (E) versus the wavenumber k. All drawn curves in the figures indicate 
stability boundaries for different type of instabilities and the dashed curve indicates 
the wavenumber which has a maximal growth rate according to linear theory. The 
lower drawn curve is the neutral stability boundary. In Fig. 12a, 7/J = 0 (defined 
by tan 7/J = MajRa) and there is only Rayleigh-Benard convection. There are no 
stable hexagons, but only rolls are stable within the wavenumber range defined by the 
downward hatched area. As the angle 7/J is increased and surface tension gradients 
contribute to the development of the flow, areas of stable hexagonal patterns appear 
(upward hatched areas in Fig. 12b and 12c). For even larger 7/J, the region of stable 
rolls disappears and only stable hexagons appear (Fig. 12d). The black dots in this 
figure represent the data from the experiments in Koschmieder and Switzer [1]. 
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1.75 2.00 2.25 ~ 2.75 k 1.75 2.00 2.25 2.50 2.75 k 
(c) 

1.75 2.00 2.25 ~ 2.75 k 1.75 2.00 2.25 ~ 2.75 k 

Figure 12: Domain of stable rolls (hatched towards southeast) and hexagons {hatched towards 
southwest) as determined from the analysis of Bestehom {31} for different angles (in degrees) 
of'lj; =arctan (Ma/Ra). a) 'ljJ = 0 ; b) 'ljJ = 10 ; c) 'ljJ = 20 ; d) 'ljJ = 70 In panel d), 
the dots are experimental results from [1}. 
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3.3 Numerical computations of supercritical flows 

Bestehorn [31] also reports on numerical simulations of the full three-dimensional equa
tions (Pr--+ oo and Bi = 0) in a horizontal geometry of very large aspect ratio. Peri
odic boundary conditions are applied at the lateral boundaries. Note that this induces 
already a constraint on the possible patterns since not every pattern will fit within 
the domain. The appearance of several amplitude and phase instabilities were demon
strated by computing the evolution of a pattern with a wavenumber outside the stable 
range of wavenumbers as determined in Fig. 12. For example, in Fig. 13 the evolution 
of a hexagonal pattern with a too small wavelength (with respect to the stable range 
in Fig. 12c) is computed. The hexagonal pattern undergoes a phase instability and 
finally a roll-pattern with a larger wavelength appears. 

T= 30 T= 50 

T= 60 T= 70 

Figure 13: Transition from a hexagonal pattern to a roll pattern due to a phase instability 
{from {31}} for '1/J = 20. Shown is the vertical velocity at a certain vertical level of the flow, 
the parameter T indicates dimensionless time. 

Numerical solutions have also been obtained in the case Pr --+ oo in large aspect 
ratio domains using periodic boundary conditions by Thess and Orszag [34]. Hexago
nal patterns are stable already below onset conditions, just as determined in Cloot and 
Lebon [30]. Moreover, although roll patterns are found, Thess and Orszag [34] claim 
that the hexagonal pattern is preferred because it is found for random initial condi
tions. Computations done in a lateral strip support an increase of wavenumber of the 
hexagonal pattern with increasing Ma, just as in experiments [1]. For even larger Ma, 
patterns appear with imperfections and finally become time-dependent. This strongly 
nonlinear regime has also been investigated by Thess and Orszag [34], but will not be 
further described here. 
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3.4 Discussion 

Weakly non-linear theory for a horizontally unbounded layer of liquid (e.g. [31]) gives 
results which are in good agreement with the experimental results (e.g. [1]). The 
theory shows (Fig. 12d) that for Benard-Marangoni convection (small Ra), hexagonal 
patterns are stable steady states over quite a range of M a. Hexagonal convection is 
already stable below critical conditions as determined by linear stability theory, showing 
that just below the critical temperature gradient, finite amplitude perturbations can 
induce motion in the liquid. This is in agreement with the difference in linear and 
energy stability bounds, as discussed in section 2.4. 

The theory clearly indicates a preference for hexagonal convection in pure Benard
Marangoni convection and preference for rolls in pure Rayleigh-Benard convection. 
In each case, a band of wavenumbers of the patterns seems to be allowed, which is 
bounded by (secondary) instabilities of the patterns. In Fig. 12d, it is clear that the 
center of this band shifts to larger wavenumber (i.e. to smaller wavelength), if e is 
increased. This is in agreement with experimental results [1] where smaller cells are 
found for increasing temperature gradient. 

Despite this success, there are two issues which remain a bit unsatisfactory. First 
issue is that there is no clear physical mechanistic view why the flow system displays 
this behavior. For example, why is the hexagonal pattern preferred in experiments 
and theory for pure Benard-Marangoni convection ? The answer from the theory that 
this pattern is more stable than other patterns asks for a clarification of the physical 
mechanisms of the secondary instabilities of the patterns. For example, one would like 
to have a physical mechanism of the transition seen in Fig. 13, where a hexagonal 
pattern evolves into a roll pattern due to a secondary instability. Although much work 
on these secondary instabilities has been done for simpler patterns (e.g. rolls) similar 
analyses for the hexagonal pattern seem to be lacking. 

A second issue is that the band of allowed wavenumbers in weakly nonlinear theory 
seems to be larger than that found by experiments (e.g. Fig. 12d). Since the wavelength 
is (within experimental error) independent of how the temperature gradient is increased 
(Fig. 5), it is viewed as unique [4] by experimentalists. One reason of the restriction of 
the band of allowed wavenumbers may be the presence of lateral walls in experiments. 
The lateral walls, although far away, may have a strong influence on localizing the band 
of stable wavenumbers. The effect of these lateral walls is therefore considered next. 

4 The inft uence of lateral walls 

From pictures such as Fig. 2, one observes that the cell pattern at the sidewalls is 
different from that in the interior of the pattern. Boundary cells are present in which 
the velocity approaches zero at the rigid wall. The question is therefore how these 
boundary cells influence the band of stable hexagons as known from the theory for the 
infinite layer. The influence of the presence of rigid sidewalls is considered in more 
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detail in this chapter. In section 4.1 experimental results are reported on Benard
Marangoni convection in relatively small containers for which it is certain that the 
lateral walls strongly determine the possible patterns. In section 4.2, linear and weakly 
nonlinear theory is presented for the case where the sidewall boundary conditions are 
idealized as being 'slippery'. In that case, each sidewall is a streamline of the flow but 
the tangential velocity is nonzero. The real 'rigid' sidewall case, where the tangential 
velocity also vanishes on the lateral walls is presented in section 4.3. 

4.1 Experimental results 

When lateral walls are considered, another parameter enters the problem, i.e. the 
aspect ratio A which is defined as the ratio of liquid depth and a typical horizontal 
length scale of the liquid layer. In three dimensions and rectangular boxes, actually two 
aspect ratios (Ax and Ay) appear. It has proven interesting to approach the subject 
of pattern formation from the small aspect ratio regime. Motivation for a number of 
studies have been the beautiful patterns obtained experimentally by Koschmieder and 
Prahl [35]. These were performed in square containers and cylindrical containers in 
the aspect ratio range covering A= 4- 10 (compare this to the value A~ 50 in the 
experiments of Koschmieder and Switzer [1]). The critical Ma-numbers found exper
imentally approach Mac = 79.8 for A ---+ oo. For small A the value of Mac increases 
rapidly because the box becomes too small to allow wavenumbers of perturbations for 
which an optimal amplification, according to both mechanisms in section 1, can occur. 

For the horizontally square boxes and small Bi a number of steady patterns found 
are shown in Fig. 14. In Fig. 14a (A = 1.82), a 1-cell solution is found with liquid 
coming up at the center and flowing down near the walls. This pattern is found over 
quite an aspect ratio range up to A = 4. At A = 5.68, a 2-cell pattern is obtained 
with liquid flowing downward along a diagonal of the box (Fig. 14b). The pattern at 
A= 6.48 is really remarkable since it consists (Fig. 14c) of one cell filling a quarter of 
the box together with two wedge-shaped symmetrically oriented cells filling up the rest 
of the box. At larger aspect ratio, a four cell pattern appears (Fig. 14d) for A= 6.48, 
a five cell for A= 8.4 (Fig. 14e), a strange six cell pattern at A= 8.1 (Fig. 14f) and 
finally an eight cell pattern at A= 8.75 (Fig. 14g). 

4.2 Slippery Sidewalls 

Several studies have tackled the problem of pattern selection in small aspect ratio 
containers. In Rosenblat et al. [36], the sidewalls are assumed to be stress free or 
'slippery', implying that apart from kinematic conditions, the tangential stress vanishes 
at each sidewall (instead of the tangential velocity). Furthermore, there is no heat flux 
through the sidewalls. Hence, if the walls are located at x = 0, Lx and y = 0, Ly 
and length is non-dimensionalized with the liquid depth d, these boundary conditons 
become (with Ax = J;t and Ay = !;! ) 
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(d) 

(f) 

Figure 14: Steady flow patterns as obtained by Koschmieder and Pmhl {35] in horizontally 
square containers. a) Ma = 380, Ra = 228, A= 1.82. b) Ma =54, Ra = 33, A= 5.68. c) 
Ma = 80, Ra = 42, A= 6.18. d) Ma = 78, Ra = 38, A= 6.36. e) Ma = 67, Ra = 19, 
A= 8.40. f) Ma = 72, Ra = 22, A= 8.08. g) Ma = 63, Ra = 16, A= 8.75. 
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X = 0, Ax : U = - = - = - = 0 ax ax ax 

aw au &T 
y-OA ·v-------0 
-, y· -8y-8y-ay-

4.2.1 Linear Stability 

H.A. Dijkstra 

( 4.1) 

When the linear stability problem of the conduction state is considered (only for a 
fiat interface), the same problem as that for the infinite layer appears, but now with 
boundary conditions ( 4.1 ), i.e. (non-oscillatory) neutral states are determined by 

V'4w + RaV'~T = 0 

Y' 2T+w = 0 

aw 
z = 0 : T = w = az = 0 

a2w &T z = 1: w = 0; az2 = MaV'~T; az =-BiT 

(4.2a) 

(4.2b) 

(4.2c) 

(4.2d) 

It is immediately realized that the linear equations admit separable solutions - which 
in addition satisfy the boundary conditions ( 4.1) - of the form 

[mi1T'X] [m21T'Y] w(x, y, z) =cos --:A:- cos ~ W(z) 

[mi1T'X] [m21rY] T(x, y, z) =cos --:A:- cos ~ G(z) (4.3) 

representing 2D- or 3D-roll solutions. When these solutions are substituted into the 
equations, a similar problem for (W, 8) as that solved by Nield [23] appears, but now 
with an effective wavenumber k given by 

( 4.4) 

Consequently, the results as in Nield [23] and Pearson [9] carry over but only for 
wavenumbers of patterns which fit into the box. The particular roll-patterns can be 

identified by the two integers (m1, m2). For the case Ra = Bi = 0, the neutral stability 
curves for the most unstable modes are shown in Fig. 15 as a function of Ax for a fixed 

value of Ay = 1.0. In this case, the rolls aligned with the y-axis are most unstable 

(only the modes (m1, 0), with increasing m1 for larger Ax)· Hence, for 1.0 <Ax < 2.2, 
the (1, 0) mode is most unstable followed by an interval (2.2 < Ax < 3.8) for which 
the (2, 0) mode is most unstable. For larger values of Ay, also 3D-roll patterns may 
become involved and a summary of these results is given in Fig. 16, which shows the 

areas of the particular critical modes in aspect ratio space (Ax, Ay)· As can be seen, 
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Figure 15: Neutrol stability curves for roll patterns (m1,m2) in rectangular containers of 
aspect rotio Ax, Ay = 1.0 for Bi = 0 (from {36}). 

there exist values of the aspect ratios for which two modes are simultaneously critical, 
for example the (1, 0) and (2, 0) modes at Ax = 2.2, Ay = 1.0 (Fig 15). 

S·O 

Ay 
4·0 

(1, 2) 

3·0 ,2) 

2·0 

l·O 

Figure 16: Composite plot showing the critical modes (m1, mz) at onset in the aspect mtio 
space (Ax,Ay) (from {36}}. 

4.2.2 Weakly nonlinear theory 

To determine finite amplitude convection patterns, Rosenblat et al. [36] follow an eigen
function expansion procedure, using the eigenfunctions of the linear stability problem. 
It is applied to the case Ay = 1.0 such that only x-rolls are relevant (Fig. 16) at on
set. As eigenfunctions, they use those corresponding to the critical values of Ra (with 
notation Ramj) for fixed M a, because these eigenfunctions constitute a complete set 
(Rosenblat et al. [37]). The eigenfunctions are indicated by 



130 H.A. Dijkstra 

where j indicates the vertical wavenumber and m = m1. 

All dependent variables are expanded into a horizontal mean (indicated by a bar) 
and a deviation from this mean (indicated by a prime), e.g. 

(4.6) 

The evolution equations for the averaged and primed quantities are then derived for 
the case Ra = Bi = 0. Since the mean velocity field introduced by convection is zero 
(v = 0) the equations for the mean field reduce to 

and those for the fluctuations to 

aT -- = w'T' az 

\i' 2v'- \lp' = Pr- 1(~1 + [(v' · "Vv')]') 

"V·v'=O 

\12T' + w' = aT' + w' ( w'T') + [ ( v' · "VT') ]' at 

(4.7) 

(4.8a) 

( 4.8b) 

( 4.8c) 

where to obtain (4.8) use has been made of (4.7). The scalar product <, > is taken 
of (4.8a) and (4.8c) with the adjoint eigenvectors (v;,i, r;;.i) at Ma =Mac and Ra = 

Rami and thereafter the sum is integrated over the volume. This gives for each m and 
j, 

(Ma- Mac) T* , Ma R * T' T* aT' P -l * 8v' 
Ma < mjw >-Mac amj < Wmj >=< mj 8t + r vmj. 7ft>+ 

< T~j [w' (w'T') + [(v' · "VT')l'] + Pr-1v:ni · [(v' · "Vv')]' > (4.9) 

To determine finite amplitude solutions near criticality for a simple eigenvalue Mac, 
where one mode goes unstable, quadratic interactions of this mode determine the class 

of modes for which the amplitude is considered through (4.9). For example, for Ax= 
1.0, the mode (1, 0) is critical at Mac = 79.8. At this point R11 = 0 by construction and 
the quadratic interaction of this eigenmode generates a response in its first harmonic 

represented by the eigenmode associated with R21 =f 0. The class of modes considered 

is therefore { 11, 21} and the dependent variables are expanded into 

(4.10a) 
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Equation ( 4.9) is used to obtain equations for the amplitudes A1 and A2. In a final 
step it is realized that the second mode decays rapidly, such that it is slaved to the 
first mode. Its time derivative is put equal to zero and an amplitude equation of the 
form 

. 3 
a1A1 = (Ma- Mac)Al- a2A1 (4.10b) 

results, with coefficients ai depending on the parameters of the problem [36]. 

4.2.3 Bifurcation theory 

The amplitude equation ( 4.10b) is a typical example of problems studied in bifurcation 
theory. Many introductory textbooks to bifurcation theory and its applications are 
available nowadays (Kuznetsov [38]; Nayfeh and Balachandran [39]). A bifurcation 
diagram is a graph in which the variation of the solutions of a particular problem are 
displayed in the state-control space. 

The simplest type of bifurcations are those which involve only one parameter in the 
system under study and are therefore called codimension-one bifurcations. An exam
ple of such a simple bifurcation occurs in the one-dimensional autonomous dynamical 
system 

x' = f ( x, J.L) = J.LX - x3 (4.11) 

where x is the state variable and J.L the control parameter and the prime indicates the 
time-derivative. For J.L < 0, there is only one stationary solution (or fixed point) x = 0, 

1 1 but for J.L > 0, three fixed points exist, i.e. x = 0, x = J.L'i and x = -J.L'i. Hence, the 
number of fixed points changes as J.L crosses zero. To determine the stability of the 
fixed points, the sign of the derivative ~ = J.L - 3x2 must be considered at each of the 
fixed points. For x = 0, it follows that ~ = J.L indicating that x = 0 is stable for J.L < 0 
but unstable for J.L > 0. At both additional fixed points existing for J.L > 0, it follows 
that ~ = -2J.L, showing that these are both stable. 
The bifurcation diagram of the equation ( 4.11) is shown in Fig. 17 a as a graph of x 
against J.L where stable fixed points are drawn, while unstable states are dashed. At 
J.L = 0, the system undergoes a qualitative change, since the number of fixed points 
changes from one to three. A bifurcation occurs which is called a pitchfork bifurcation. 
Two other bifurcation diagrams, those for the transcritical bifurcation and the saddle 
node bifurcation are shown in Fig. 17b and Fig. 17c. In the caption the simplest one 
dimensional systems (as in ( 4.11)) which exhibit such a bifurcation are shown. 

Whereas in the previous bifurcations, the number of fixed points changed as a 
parameter was varied, it is also possible that the character of the solution changes from 
stationary to oscillatory as a single parameter is changed. An example of a simple 
dynamical system undergoing such a transition is the two-dimensional autonomous 
system given by 
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Figure 17: Overview of the four possible codimension-one bifurcations. a) pitchfork bifur

cation, x' = f(x,J.L) = J.LX- x3 . b) limit point or saddle node, x' = f(x,J.L) = J.L- x 2 • c) 

tmnscritical bifurcation, x' = f(x, J.L) = J.LX- x 2 • d) Hopf bifurcation. 

x' = J.LX- wy- x(x2 + y2) 

y' = J.LY + wx- y(x2 + y2 ) 

By the transformation X= r cos e, y = r sin() it is transformed into 

r' = J.Lr- r 3 

()' = w 

(4.12a) 

(4.12b) 

(4.12c) 

(4.12d) 

Comparing the first equation in ( 4.12c) with ( 4.11), it is observed that a pitchfork bifur

cation occurs at J.L = 0 in the (r, J.L) plane. For J.L < 0, only one stable fixed point exists, 

which corresponds to a stationary solution of the original equations. However, for J.L > 0 

the stable nontrivial fixed points now correspond to a periodic solution of the original 

equations (4.12a,b) with a frequency w, according to (4.12d). The bifurcation diagram 

for this case is shown in Fig. 17d. At J.L = 0, the system undergoes a qualitative change 

and the bifurcation is called a Hopf bifurcation. More complicated bifurcations may 

arise as more than one parameter in the system is changed. For example, codimension

two bifurcations may arise through intersection of two codimension-one bifurcations as 

a second parameter is varied. 
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4.2.4 Competition of rolls 

For the amplitude equation (4.10b) there is only one solution (the conduction solution) 
forMa< Mac, which looses stability at Ma =Mac. ForMa> Mac, two symmetry 
related solutions exist, each having one convection cell (corresponding to the (1, 0) 
mode), but which rotate each in opposite direction: a pitchfork bifurcation occurs. 
In Rosenblat et al. [36], also two cases are analysed where linear stability theory 
is ambiguous, i.e. at a value of a certain aspect ratio, two modes become unstable 
at the same conditions. For example at A~ = 2.2, the modes (1, 0) and (2, 0) both 
become unstable at Mac = 90.2. Because the (n, 0) mode is again represented by 
the eigenfunction corresponding to Rn1, the nonlinear interactions of both modes give 
rise to contributions from eigenfunctions corresponding to R21 and R41 and moreover 
their mutual interaction gives rise to the one for R31 . Hence the class of modes is 
S = {11,21,31,41} and the solutions are sought through 

4 

(v', T') = L Bi(vil, lid (4.13a) 
i=l 

After adiabatic elimination of the modes 31 and 41, the resulting amplitude equations 
become 

(4.13b) 

where again coefficients bi> ci depend on parameters. Here, .6. = ~(Ma1 - Ma2), with 
Mai being the value of Ma for which the (i, 0) mode becomes unstable, r = Ma-Mac 
and (} = sign(Ax - A~). 

For Ax slightly larger than 2.2, i.e. Ax = 2.4, Fig. 15 shows that the (2, 0) mode 
becomes unstable followed by the (1, 0) mode at slightly larger Ma. The bifurcation 
diagram is shown in Fig. 18 (for Pr = 10 and Bi = 0) with the amplitude B 1 in 
Fig. 18a and B2 in Fig. 18b. Both instabilities are related to the primary bifurcation 
points P01 and P 02 • At P01 the two-cell patterns destabilize the conduction solution 
and both patterns with upfiow and downfiow in the center (both signs of B2 in Fig. 
4.5b) are stable steady states. However, as the pattern with center upfiow remains 
stable, the one with downfiow is destabilized at a secondary pitchfork bifurcation S01 • 

Along the branch connecting S01 and P02 the pattern changes from a two-cell downfiow 
to a one cell pattern (the (1, 0) mode), which indeed bifurcates from P02 • Along this 
connecting branch, a Hopf bifurcation H0 occurs giving rise to oscillatory behavior. 
The bifurcation diagrams as sketched above were recomputed by Dijkstra [40], using 
the full nonlinear equations and it was found that the bifurcation diagram in Fig. 18 
has a large domain of validity. 

An extension of the results of Rosenblat et al. [36] has been given by Dauby et al. 
[41]. They realized that the aspect ratios can be chosen such that two roll solutions 
can become unstable simultaneously and their linear combination is able to represent a 
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Figure 18: Bifurcation diagram of the amplitude equations (4.13b}, (after {36} and [40]}. 

The parameter r measures the distance from onset. Drawn {dotted} branches indicate stable 

(unstable) steady states and bifurcation points are indicated by markers. In the lower panel, 

the two cell solutions are indicated by the arrows along the main branches. For example, 

along P01 - So2, the steady state consists of a two cell solution with downfiow in the center. 
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hexagonal pattern. This hexagonal pattern is a solution of the linear stability problem 
of the unbounded case and given by 

1 1 
w = (Y cos 2V3 kx cos '2 ky + Z cos ky) W(z) 

1 1 
T = (Y cos 2J3 kx cos2 ky + Z cos ky) 8(z) (4.14a) 

If the aspect ratios Ax and Ay are chosen according to 

(4.14b) 

then the modes (m1, m2) and (0, 2m2) have the same effective wavenumber (4.4), 

k = 2m11r = 2m21r 
J3Ax Ay 

(4.14c) 

and correspondingly the same value of Mac. Superposition of these modes exactly leads 
to the hexagonal flow pattern defined by ( 4.14a), while simultaneously this combination 
satisfies the conditions of 'slippery' boundaries. Dauby et al. [41] applied the same 
method as in Rosenblat et al. [36] to obtain amplitude equations for the amplitudes 
Y and Z in ( 4.14a). One of the cases considered is Ax = 3.49, Ay = 3.02 such that the 
(2, 1) and (0, 2) modes interact. For Pr -+ oo and Bi = 0, hexagonal convection is 
again stable below onset and for supercritical conditions both rolls and hexagons are 
stable. 

4.3 Rigid Sidewalls 
In reality, the tangential velocity is zero at the sidewalls which is also referred to as a 
rigid sidewall condition. The boundary conditions are in this case 

&T 
X = 0, Ax : U = V = W = - = 0 ox 

&T 
y = 0, Ay : u = v = w = - = 0 oy (4.15) 

Unfortunately, with these boundary conditions, the linear stability problem can no 
longer be solved analytically. The two-dimensional linear stability problem with rigid 
sidewalls was solved by Van de Vooren and Dijkstra [42] using finite element techniques. 
The bifurcation diagrams were computed for the two-dimensional case up to aspect 
ratio 4 using techniques from numerical bifurcation theory (Dijkstra, [40]). 

Using the same methods (but at quite a low resolution), the three-dimensional 
stability problem was tackled by Dijkstra [43-45] for 3D-square boxes just as those 
used by Koschmieder and Prahl [35]. The neutral curve was determined as the value of 
M a for which the first bifurcation occurred [43] and part of the bifurcation diagrams 



136 H.A. Dijkstra 

were calculated for several aspect ratios [44]. Although similar patterns were found as 

those in Koschmieder and Prahl [35], it proved to be very computationally intensive 

to determine all possible patterns and not a detailed structure of the relevant steady 

states could be obtained. 
This was recently done by Dauby and Lebon [46], by solving the weakly nonlinear 

problem with similar methods as in Dauby et al. [41], but now employing a pseudo

spectral method to represent the eigensolutions. From the amplitude equations, the 

bifurcation diagrams could be computed with considerable detail for aspect ratios up 

to 8. We consider only their results for (nearly perfect) horizontally square boxes (with 

A= Ax= Ay)· 

' A 6 

Figure 19: Critical Marangoni numbers of particular modes as a function of aspect ratio A 

for horizontally square boxes (from [46}). The neutral curve is obtained by following all lower 

parts of the different curves. 

First, all eigensolutions were divided into classes {EE, EO, OE, 00} according to 

their symmetry with respect to both symmetry axes of the problem (x = A/2, y = A/2). 

The curves at which these modes are neutrally stable are shown in Fig. 19, where each 

curve represent a mode from a particular class. The onset conditions for the modes 

of the EO and OE class are the same due to symmetry. The neutral curve consists 

of parts of the curves in Fig. 19, which have smallest M a. Patterns of these neutral 

modes are shown in Fig. 20 and are also similar to those found in Dijkstra [43]. 

The bifurcation diagrams (only represented here as a plot of the amplitude of the 

BE-component of the solution versus the distance from criticality t:) are shown in Fig. 

21 for several values of the aspect ratio A and Ra = Bi = 0, Pr = 104 . Patterns at 

labelled points ((a), (b), etc.) in Fig. 21 are shown as contour plots of the vertical 

velocity at midheight in Fig. 22. For example, at A= 2.4, a 1-cell pattern (Fig. 22a) is 

found. This pattern still remains stable at A = 4. 7 (Fig. 21 b) for small M a (Fig. 22b) 

but at larger M a, the diagonal pattern as in Fig. 22d is the only stable pattern. The 

bifurcation diagram for A= 5.94 (Fig. 21c) is already quite complicated, and several 

patterns (Fig. 4.9d-f) are stable over a certain range of M a. The pattern in Fig. 4.9e 
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Figure 20: Patterns of the flow at threshold for seveml values of the aspect mtio as shown 
on the axis of the plots (from {46]). A contour plot of the dimensionless vertical velocity at 
the midheight of the container is shown. 
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is the strange three cell pattern as found in the experiments of Koschmieder and Prahl 
[35] (Fig. 14c) and is indeed a stable steady state. 
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Figure 21: Bifurcation diagmms for nearly square containers as determined by Dauby and 
Lebon {46]. a) A = 2.4 ; b) A= 4.7 ; c) A = 5.97 

Several of these patterns were also obtained through direct numerical simulation of 
the flow in Dijkstra [45]. Also larger aspect ratios were considered (up to 12.4) and it 
was shown how hexagons start to form within these flows. The first two hexagons are 
fully developed at M a = 10.4 and more hexagons enter into the flow pattern at larger 
aspect ratio through growth from the sidewalls. It appears that pairs of sidewalls have 
different roles in the morphogenesis of the patterns as the aspect ratio is increased. 
Along one pair of sidewalls, boundary cells control the space for the hexagonal pattern, 
while along the other pair of lateral walls cells diffuse in. 

This results for Ma = 90 and A = 14, A = 16 and A = 19 in the steady states 
as presented in Fig. 23 [47]. In these plots, a gray-shade plot of the vertical velocity 
(dark areas indicate downward flow) is overlain with a vector plot of the horizontal 
velocity at a level just below the interface. For A = 14 (Fig. 23a) the hexagonal 
pattern is well-developed. There is a center hexagon which is hexagonally surrounded 
by six other hexagons. The latter are connected each to three boundary cells, which 
have no perfect hexagonal shape. Note that the ordering of the cells is different at the 
two pairs of lateral walls. At the east and west (controlling) wall, the boundary cells 
are aligned with the wall. At the north and south (diffusing) walls, the position of the 
middle cell is much more close to the wall than the other two. 
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Figure 22: Patterns at particular points on the branches of Fig. 21. Only the type of flow 
pattern is referred to, not the actual value of the aspect ratio. 
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Figure 23: Steady states as determined by time-integration of the full three-dimensional 
equations [47} for Ra = 0, Bi = 0, Ma = 90 and Pr = 1. (a) A = 14, (b), A = 16, (c) A = 
19. 

Two more boundary cells are present at A = 16 (Fig. 23b) and consequently, the 
pattern contains more hexagons. Similar to Fig. 23a, a center hexagon is surrounded 
by six other hexagons. Again the difference in orientation of the boundary cells near the 
opposite pair of walls is obvious. At the north and south walls, the slightly imperfect 
hexagons are less close to the walls than the other three. With some imagination, the 
center ring of six hexagons can be viewed as being hexagonally surrounded by boundary 
cells. 

Such a configuration indeed occurs at larger aspect ratio (A= 19, Fig. 23c), where 
the surrounding of the inner ring of six hexagons is nearly entirely by perfect hexagons. 
Note that in Fig. 23c, the symmetry of the pattern is different than the other two, 
since there is only point symmetry with respect to the center. In Fig. 23a and Fig. 
23b, there is symmetry with respect to both axes x = A/2 andy= A/2. It is perfectly 
possible that multiple hexagonal patterns exist having slightly different symmetries 
as above. However, these were not found indicating (but not proving) that up to an 
aspect ratio of about 20, the band of wavenumbers for the hexagonal pattern is severely 
restricted by the presence of the sidewalls. 

In [47], for A = 14 also patterns are computed for increasing value of Ma and 
it is found that the wavelength of the pattern (as computed through spatial Fourier 
analysis, initially decreases. This wavelength decrease can be linked to a shift of energy 
from one mode to another mode, the latter having a larger wavenumber. This shift is 
accompanied by an increase in energy production of the flow. Since in steady state, 
energy production is balanced by dissipation, one is tempted to simply attribute the 
smaller cell size to induce a larger dissipation needed to balance energy production. 
However, because in pure Rayleigh-Benard convection the wavelength dependence has 
just the opposite behavior, such a simple answer does not suffice. 
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4.4 Discussion 

About hundred years after Benard's work [3] dealing with convection in shallow fluid 
layers, it is about time that the intriguing problem .of the preference for hexagonal 
patterns in Benard-Marangoni flows is solved. This solution should not only show that 
hexagons appear from random initial conditions during a numerical simulation and 
are therefore in some sense preferred, but simultaneously it should make clear - in a 
physical transparant way - why other patterns are not reached, although kinematically 
possible. In addition, the explanation should also imply a description of the wavelength 
behavior of the patterns with M a or Ra and an explanation of the differences. 

There are many pieces of the puzzle already available. Weakly nonlinear theory 
for the infinite layer provides a good agreement with experiments. Lateral walls seem 
to restrict the band of wavenumbers of the pattern and show the importance of the 
presence of boundary cells. The wavelength dependence is possibly linked to integral 
quantities of the steady solutions for example energy production. The latter quantity 
is significantly different for pure surface tension driven flows, where energy is only 
produced at the surface, and pure buoyancy driven flows, where energy is produced 
over the bulk of the liquid. Although in some areas pieces of the puzzle have already 
been fitted together, it is still not clear what the image of the total puzzle will look like. 
Maybe essential pieces of the puzzle are still missing, for example, it is not clear what 
the role of interface deformation has on the pattern selection process. It is hoped that 
this text will stimulate students to continue work, either experimentally, theoretically 
or numerically on this fascinating issue in classical fluid mechanics. 
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THERMOCAPILLARY CONVECTION 

H.C. Kuhlmann 
University of Bremen, Bremen, Germany 

Abstract 

The fl.uid motion induced by surface tension gradients due to temperature variations 
along liquid/gas interfaces is reviewed. Attention is focussed on the thermocapillary 
driven flow inside the liquid rather than on free surface deformations. The general 
equations for an incompressible Newtonian liquid surrounded by a passive gas are in
troduced followed by some basic considerations of the thermocapillary flow near the 
contact point. The Stokes flow in differentially heated cylindrical liquid bridges is cal
culated revealing the fundamental flow structures when the thermocapillary surface 
stresses are low. As general characteristics of thermocapillary flows the boundary layer 
scalings for certain limits of the Marangoni and Prandtl numbers are derived. After a 
brief review of hydrothermal waves in plane layers two paradigms for thermocapillary 
driven convection, heated cylindrical liquid bridges and rectangular cavities, are con
sidered in more detail. Flow structures, instabilities, dynamics, and side wall effects 
are analyzed. 
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1 Introduction and basic equations 

1.1 Motivation 

The energetic conditions in a miscroscopically small layer between two immiscible fluids 
are different from those in the bulk. Within a continuum mechanical description of 
interfaces this layer can be considered infinitesimally thin and assigned a surface energy 

per area, which is called the interfacial or surface tension. 
The surface tension generally depends on the temperature and on other quantities 

such as, e. g. the concentration of a solvant. Variations of these fields along the in
terface cause gradients of the surface energy and thus lead to surface forces that may 
drive a significant fluid motion. The flow effects associated with this driving force are 

commonly termed Marangoni effects. A historical review has been given by Scriven 
and Sternling [1]. In case of temperature-induced surface tension gradients, the motion 
is called thermocapillary convection. 

Thermocapillary convection arises in many different processes such as the drying of 
films and the motion of small droplets and bubbles. It plays a role in the mechanics of 
foams and emulsions, in combustion of liquid fuels, in boiling, and in the damping of 
surface waves, to name only a few areas of application. 

Thermocapillary flows are also important in crystal growth from the melt [2]. Since 
the initiating work of Chang and Wilcox [3, 4] the interest in thermocapillary con
vection in crystal growth has increased considerably. It is now clear that one major 

reason for the appearance of undesired mirco-inhomogeneities in crystals grown from 
the melt is the oscillatory melt flow. The desire to understand and, finally, to suppress 
and control the flow motivated many studies, the number of which has increased con
tinuously throughout the last two decades. Today, a few simple models have emerged 
as paradigms for the study of thermocapillary driven flows. 

This chapter provides an introduction of and an overview on the fluid flow phenom
ena in two of the most important crystal growth models, namely the half-zone model 
and the open cavity. The former models basic aspects of the fluid dynamics in the real 
floating-zone technique while the latter represents the open boat technique [2]. Models 
for the Czochralski process will not be treated. We shall concentrate on the fluid flow 
and pattern formation due to hydrodynamic instabilities of the bulk flow. These are 
treated by analytical and numerical methods. Relevant experiments, when available, 
are referred to for comparison with theory. Effects associated with dynamic surface 

deformations will not be considered. 

1.2 Basic equations 

The typical flow velocities in buoyancy or surface tension driven flows close to the first 
pattern forming instabilities are usually small so that the fluid motion can be described 
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by the Boussinesq approximation of the Navier-Stokes equations [5] 

ati1 + u· vii = -~'\lp + v~i1 + g{3Tez, (1) 
p 

'\1 . i1 0, (2) 

8tT + i1 · '\!T = K~T. (3) 

The fluid is treated as incompressible with density p, kinematic viscosity v, thermal 
diffusivity "'• and thermal expansion coefficient {3 = -1/p(8pj8T)p· We assume a 
homogeneous gravity field g = -gez and the velocity, pressure, and temperature fields 
are denoted by i1, p, and T, respectively. 

We consider the case of a liquid bounded by rigid walls as well as by a free surface 
with surface tension. On rigid boundaries we employ the usual no-slip, no-penetration 
conditions and fixed temperatures 

i1 = 0, T = const. (4) 

The forces acting on both sides of the free surface between the two fluids (1) and (2) 
must be the same. If the interface is flat and the surface tension constant, mechanical 
equilibrium requires 

§(l) . ii = S(2l · ii, (5) 

where the pressure and viscous forces per unit surface are given by the stress tensor 

(6) 

with dynamic viscosity r7 = pv, I the identity matrix, and unit normal vector ii which 
is directed out of liquid (1) and into the ambient fluid (2). Generally the free surface 
is not plane and the surface tension varies along the surface. The boundary condition 
then reads 

S(l) · r""i + a('\1 · ii) ii - (I - r""ir""i) · '\1 a = S(2) • ii. (7) 

The term a ('\1 · ii) is the Laplace pressure. The curvature of the interface 

(8) 

can be expressed as the sum of the inverse main radii of curvature R1 and R2 . We 
take a radius of curvature positive, if the origin of the corresponding circle lies on the 
side of fiuid (1) (the body of fluid (1) is barrel-shaped), otherwise it is negative. The 
second additional term describes a surface force acting tangential to the interface. It is 
proportional to the negative (tangential) gradient of the surface tension a (a: Energy 
per area). The operator I- iiii in (7) represents the orthogonal projection of a vector 
onto the tangent plane defined by r""i. The velocity boundary conditions are completed 
by ii. i1 = 0. 
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variable r, z t u=(u,v,w) P T 
scale 16Tjpv 

Table 1: Scales used to non-dimensionalize the Oberbeck-Boussinesq equations. 

In addition to the temperature-dependence of the density also the temperature

dependence of the surface tension is taken into account. For small temperature varia
tions it suffices to expand the surface tension up to first order in T- T0 

r>(T) = r>o(To) -1(T- To)+ 0 ((T- To) 2). (9) 

Here r>o(To) is the surface tension at a reference temperature T0 , e. g. the mean temper

ature of the liquid, and 1 is the negative linear Taylor coefficient. For most liquid-gas 
interfaces 1 is positive. 

On the free surface the temperature must be continuous. Since the ambient tem

perature distribution in the direct vicinity of the free surface is often unknown, we use 

Newton's law of heat transfer 

n · (k\lT) = -h(T- Ta), (10) 

where Ta is the ambient temperature far away from the free surface, k denotes the 

heat conductivity of the liquid ( 1) and the phenomenological parameter h is the heat 

transfer coefficient. 1 

1.3 Equations for the half-zone model 

To be more specific, we consider a fluid volume V bounded axially by two rigid parallel 

disks of equal radii r = R at z = ±d/2 a distance d apart which are kept at constant 
temperatures T(±d/2) = To± b.T /2. The radial boundary, given by a free surface of 
mean surface tension r>o, is supporting the liquid. This configuration is called a liquid 
bridge. Its geometry is characterized by the aspect ratio r = d/ R. For the particular 

case V = 7r R2d and g = 0 sketched in fig. 1 the fluid volume takes an upright cylindrical 

shape. In case of gravity we assume g II ez. 
To non-dimensionalize the equations we use cylindrical coordinates (r, cp, z) and 

employ the scales for length, time, velocity, pressure, and temperature given in table 1 

to obtain the dimensionless equations 

Btu+ Reu. \lu 
\J. u 

-\lp + D.u + BdBez, 
0, 
1 

Pr 60' 

(11) 
(12) 

(13) 

1 Depending on the process (the melting point of silicon is Tm = 14l0°C) the formulation can be 
extended to account for radiative heat transfer; cf. [6]. 



Thermocapillary Convection 149 

z 

T 6 T 
o- 2 

Figure 1: Geometry and coordinate system of a heated upright cylindrical liquid bridge. 

where the normalized temperature()= (T-To)lb.T has been introduced. The dimen
sionless groups (characteristic numbers) read 

Re 

Gr 

1!1Td 
pv2 

g(3b.Td3 

(Reynolds), 

( Grashof), 

v 
Pr = 

Bd 

K 

Gr 
Re 

(Prandtl), 
(14) 

(dynamic Bond). 

The groups Re and Gr measure the strength of thermocapillary surface forces ( "/ !1T I d) 
and buoyancy forces (pg(Jb.Td), respectively, relative to the viscous forces per surface 
area (pv 2 I d2 ). Instead of Re and Gr, the Marangoni number M a = RePr and the 
Rayleigh number Ra = - GrPr are frequently employed. 

The boundary conditions on the rigid walls at z = ±112 are 

i1 = 0 and () = ±112. (15) 

With r = ~( cp, z) being the position of the free surface the dimensionless force balance 
on the free surface is obtained as 

-pr""i + [ \7i1 + (\7iif] · r""i + (~-B) (\7 · r""i) r""i +(I- r""ir""i) · \7() = EGo z n (16) 
Ca a 

where pis the pressure in the liquid bridge up to the constant ambient value Pa(z = 0). 
Viscous shear forces in the gas phase (2) have been disregarded owing to the small 
dynamic viscosity of gases. The term on the right hand side of (16) is caused by the 
hydrostatic pressure difference. The Bond number Bo and the capillary number Ca 
are defined as2 

Bo = (p- Pa)gd2 
o-o 

and Ca = 16T. 
<To 

(17) 

2Sornetimes Ca/ Re = (pv 2 )/(o-0 d) is denoted the capillary number. 
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These numbers measure the relative importance of hydrostatic and hydrodynamic pres
sure differences to the characteristic capillary pressure a0 j d. The dimensionless thermal 
boundary condition reads 

ii · '\J() = -Bi(O- Oa(z)), (18) 

where the Biot number Bi = hdjk has been introduced. It is a measure for the heat 
transport through the interface. 

A major simplification of the boundary condition (16) is obtained, if the hydrostatic 
pressure difference (P-Pa)gd as well as the characteristic flow-induced normal stresses 
'Y !:::.T / d are small compared to the capillary pressure a0 j d. This case formally corre
sponds to the limit ( Ca, Bo) --+ 0 with Boj Ca--+ 0.3 In this limit, the term ca-1'\l · ii 
in the normal component of (16) can only be balanced by the pressure pin the liquid 
bridge. Therefore, we must demand 

'\l . ii 
p = Ca · (19) 

Thus the pressure in the liquid bridge is given by the capillary pressure. For ('\l· ii -j:. 0) 
it is asymptotically large compared to the hydrodynamic and the hydrostatic pressure. 
Equation (19) is the Young-Laplace equation for the case of weightlessness. It is second 
order in z and cp. The ::;olutions e( cp, z) depend on the volume of the liquid bridge and 
on the boundary conditions at z = ±1/2 [7]. Here we assume that all contact points 
where liquid, gas, and solid meet are pinned and form a fixed contact line 

(20) 

In the limit considered, the remaining tangential stress balances simplify to 

f. [ vv: + (Vuf] . ii +f. vo = o, on r = e(cp, z), (21) 

where f stands for both linearly independent orthogonal tangent vectors. In the limit 
(Bo, Ca)--+ 0 with BojCa--+ 0 the surface takes a cylindrical shape, if the volume is 
V = 1rR2d. Then e(cp,z) = 1jr and the boundary conditions read 

OrW + {)z() = 0 

r Or (¥) + ~ {)~() 0 1 
(22) on r = 

u = 0 r' 
{)r() = -Bi(O- z) 

where a linear temperature profile Oa = z in the gas phase has been assumed. Equations 
(11)- (13), (15), and (22) are the basis for our analyses. 

3 For zero gravity, Bo = 0 For gravity conditions, only static surface deformations are compatible 
with the Boussinesq equations. 
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1.4 Energy analysis 

If the flow is evolving dynamically, the knowledge of the energy transport from the 
injection to the dissipation may provide useful insight into the fluid mechanics. This 
is particularly true for an understanding of hydrodynamic instabilities, where energy 
is fed from the base to the disturbance flow. For later use, we shall briefly derive the 
energy equations for a cylindrical liquid bridge. Generalizations are straightforward. 

1.4.1 Reynolds-Orr equation 

Consider the momentum equation (sum convention) 

(23) 

Scalar multiplication by u; and integration over the volume ( < ... >= fv ... dV) yields 

1 2 
atEkin = 2at < u; > = -Re < u;uiaiu; >- < u;a;p > + < u;aiaiu; > +Bd < wO >. 

(24) 
The pressure term < i1 · \7 p > in this equation for the kinetic energy Ekin vanishes 
upon partial integration. Now consider the nonlinear term 

(25) 

where < ... >s= fs ... dS) is the integral over the surface of the volume and ej the 
unit p.ormal vector. The equation has the form a = -a. Therefore, the nonlinear term 
< u;u1aju, >= 0 vanishes identically. Consider next the diffusive term 

a a Int. a (a )(a ) < U; j jUi > = < U;Cj jUi >s- < jUi 1u; >. (26) 

The second term on the r.h.s. is just the negative of the positive rate of dissipation in 
the volume < (V'i1) 2 >.3 This term always contributes to a reduction of the kinetic 
energy. The first term is zero for all rigid surfaces. But it is non-zero on the free surface 

(27) 

3The dissipation in the volume < (V'i1) 2 > differs from the dissipation D = < (8;uj) 2 > + 
< f!;ujOjUi > by a term that can be expressed as a surface integral. See also Raynal [8). When 
the boundaries are rigid and non-rotating, i1 = 0, this additional term vanishes. For the present case 
one can show 1 v2 

< (V'i1) 2 > = < (V' X i1) 2 > - -dS. 
s r 
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where M"' and Mz denote the work done per time by azimuthal and axial Marangoni 
forces, respectively. Thus we are left with the Reynolds-Orr equation 

(28) 

where we have used the abbreviation far =Ed< wB > for the work done per time by 
buoyancy forces and 

1 v2 1 v2 
D = < (\771? >- -ds = < (V' x 71) 2 > -2 -ds 

s r s r 
(29) 

is the total dissipation. It is reduced by the presence of a non-zero azimuthal velocity 
on the free surface. 

1.4.2 Energy equations for infinitesimal perturbations 

If the time-evolution of infinitesimal perturbation ( 71, p, e) superposed to some basic 
nonlinear flow ( 71(o), p(o), ()(O)) is investigated, we must consider the linearized momen
tum equation 

OtUi + Re ( u;0 )0jUi + uJ8Ju)0l) = -OiP + o]ui + Bd0Si3, (30) 

and the energy balance for the disturbances must thus be supplemented on the right 
hand side by 

(31) 

The first term vanishes due to the same arguments as for the nonlinear term (25) above. 
The second term describes the change of energy of the perturbation flow component 
ui by transport of basic state stress 8Ju)0l by convection uJ due to to the disturbance 
flow. If the base state is axisymmetric 71(o) = u0 er + w 0 ez five contributions remain 

- Re < UiUjOju) 0 l > 
5 

( !::. V!::. !::. (D) - Re < Ui Uur + -u"' + Wuz)ui > 
r 

(32) 

= Lfvi -Re v -+u -+uw-+wu--+w -- dV, ~ ( 
2 uo 2 8u0 Ouo Owo 2 8w0 ) 

v r or· a z or· a z i=l 

and we obtain the rate of change of kinetic energy of the disturbance flow 

5 

OtEkin = -D + M'P + Mz +far+ L fv.· 
•=1 

(33) 

The terms D, M"', Mz, and Tar have the same form as those for the basic state. A 
similar procedure leads to the balance for the thermal energy4 of the disturbance flow, 

defined as Er = ~ fv 8 2 dV, 

3 

-Dr - H + L lri, (34) 
i=l 

4 Er must not be confused with the thermal energy in thermodynamics. 
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where 

1 Bi 
Dr = - < (\78)2 >, H = - { 8 2 dS, 

Pr Prls 
(35) 

t lri = - Re { 8 (u a eo + w aeo + w) d V, 
i=l lv 8r az (36) 

and 8 0 = 00 - z is the deviation of the temperature from the conductive profile z 
(heating from above). 

2 Stokes flow 

2.1 On the flow in thermocapillary corners 

Consider, for the moment, the local flow in the vicinity of a cold corner with contact 
angle a. 5 We assume that the velocities are small, the interface is locally plane, and 
the temperature varies linearly with the distance from the contact line. Using polar 
coordinates (p, 0) in a plane r.p = const. the stationary the flow is governed by (curl of 
( 11)) 

4 [ 1 1 2] 2 
V' 1/J = p8pp8p + p2 au 1/;(p, 0) = 0, 

where the stream function 1/J has been introduced by 

1 
u = -8u¢, 

p 

(37) 

(38) 

and u, v are the radial and azimuthal velocities with respect to the coordinates p and 
B. The linear temperature variation along the free surface leads to a constant shear 
stress. It can be normalized to unity by an appropriate length and temperature scale. 
The boundary conditions for the stream function then read 

¢(0 = 0) = 8e¢(0 = 0) = ¢(0 =a) = ~8N(O =a)+ 1 = 0. (39) 
p 

It is tempting to look for separable similarity solutions of (37) that are compatible with 
the boundary condition (39). Such a solution must have the form 

with f(O) = J'(O) = f(a) = J"(a) + 1 = 0. (40) 

The resulting fourth order differential equation for f is easily solved to give 

f(O) = Acos20+Bsin20+C0+D, ( 41) 

5The behavior in a hot corner is analogous. 



154 H.C. Kuhlmann 

where the four integration constants 

A 
1 sin2a- 2a 

= -
' 4 sin 2a - 2a cos 2a 

B 
1 1- cos 2a 

= -
' 4 sin 2a - 2a cos 2a 

C -2B, 
(42) 

D = -A, 

are determined by the boundary conditions. This solution has also been given by 
Canright [9]. For the important case of a = 1r 12 the solution is 

p2 [ 2 ] 1/J(p, 0, a = 7r 12) = 4 1 -cos 20 + ; (sin 20- 20) . (43) 

Typical streamline patterns for a = 7r I 4, 1r 12, 3rr I 4, and 1r are shown in fig. 2. For 
the vorticity one obtains 

where eis the unit vector parallel to the contact line. The surface on which the vorticity 
vanishes (the angle 00 is shown as a dashed line in fig. 2) is given by 

ll( _ O) _ n _ _ D _ ~ 2a - sin 2a 
U W- - IIQ - - • 

C 2 1- cos2a 
(45) 

Since the vorticity depends on (} only, it takes different values when the origin is 
approached along different paths. Therefore, the vorticity is always singular at the 
origin p = 0. The same applies to other derivatives of the velocity ·field. As can be 
seen from ( 41 ,42) the solution becomes singular everywhere, if a is a root of 

tan 2a- 2a = 0. (46) 

The only non-trivial root in the interval [O,rr] is a 0 = 0.715rr = 2.2467 = 128.7°. At 
this contact angle the surface 0 = 00 on which the vorticity vanishes ( 45) coincides 
with the free surface. The boundary conditions, however, impose a constant non-zero 
vorticity w = 1 on the free surface. Therefore, the vorticity field must exhibit strong 
gradients all along the free surface when a ~ a 0 . As a result high velocity gradients 
arise and the streamlines become asymptotically dense for a --+ a 0 • For a < o·0 the 
flow on the free surface is directed towards the cold corner (u < 0), while it is directed 
away from it ( u > 0) for a > a0 • 

The validity of the Stokes flow solution ( 40) depends on Reynolds number (which 
depends on the temperature and length scales) in the known fashion [5]. If f = 0( 1), 
then 1/J = O(p2 ) and the velocities are O(p ). The condition under which inertia terms 
can be neglected is readily obtained as 

( 47) 
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Figure 2: Streamlines in the cold corner for o: = 7r/4 (a), 7r/2 (b), 37r/2 (c), and 
o: = 1r (d). On the dashed line w = 0. 
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from which follows 
(48) 

The radial range for which inertia is negligible grows as the Reynolds number tends 
to zero. On the other hand, the spatial range is limited by the conditions that the 
geometry is locally cartesian and that the surface temperature is a linear function 
of the distance from the contact point. Since the stream function diverges like '¢ = 
0( Ia: - a:ol-1) --+ oo, the radial distance within which ( 40) is valid shrinks to zero as 
a --+ a:o. 

It can be shown [10] in a manner analoguous to [11] that the similarity solution 
( 41) breaks down for a ~ a:c and that the leading order asymptotic solution of (37) for 
p --+ 0 is of non-similarity type which does not exhibit a flow reversal. 

The radial distance within which the Stokes flow solution is a valid approximation 
is also restricted for p --+ 0. Integrating the Stokes equation it is seen that the pressure 
is independent of 0 and diverges logarithmically as the corner is approached 

p(p,O) = ln(p) [4f'(O) + f"'(O)] + p(p = 1) = 4Cln(p) + p(p = 1). (49) 

This solution holds in the limit Ca --+ 0. For any real fluid, however, the capillary 
number is finite. The flow-induced large pressure close to the contact line must then 
be balanced by the Laplace pressure. This requires the curvature of the interface to 
become very large for p --+ 0. Thus the assumption of a statically determined meniscus 
close to the contact line loses its validity. For related problems, see [12, 13, 14]. 

The restrictions of the range of validity of the Stokes flow solution indicate the type 
of problems that may arise in a numerical treatment in the framework of the N a vier
Stokes equations. By using the Stokes flow analysis no conclusions can be drawn 
regarding the real (finite Capillary number) behavior in the cold corner. 

For a contact angle a = 1r /2 the singularity is restricted to a single point. Ignoring 
the problem of the diverging normal stress several numerical calculations have shown 
that the errors in the velocity fields associated with this kind of singularity are restricted 
to the very vicinity of the corners (see also [15]). Therefore, the flow in the bulk can 
be reliably calculated. As can be seen from (19) and (49) the range of large surface 
curvature is exponentially small for asymptotically small capillary numbers. This is 
an important empirical result on which most of the numerical calculations are based, 
particularly those for flows in liquid bridges and rectangular containers with a = 1r /2. 
The real structure of the thermocapillary flow close to the singular corners in the 
presence of a dynamically deformable surface has not yet been investigated. 

2.2 Creeping :flow in liquid bridges 
If the thermocapillary driving forces are small, the flow is weak and nonlinear effects 
can be neglected throughout the whole volume V. For stationary conditions the re
sulting creeping flow can be obtained as a solution of a biharmonic equation with 
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inhomogeneous boundary conditions. It can be given analytically in form of an infi
nite series. The method will be outlined here very briefly. It can be traced back to 
Smith [16] and has been generalized by Joseph [17] and Joseph and Sturges [18]. A 
further simplification is obtained in the limit of zero Prandtl number Pr -+ 0. Then the 
temperature field is purely diffusive and decouples from the velocity field. The latter 
assumption is not too restrictive for most applications in crystal growth (low Prandtl 
numbers). To avoid difficulties associated with a deformation of the free surface we 
consider, moreover, Bo = 0 and the limit Ca-+ 0. 

For the calculation of creeping flows it is appropriate to use the viscous scales 
vI d and pv2 I d2 for the velocity and the pressure instead of those listed in table 1. 
The equations are re-scaled by replacing i1, 1/J and p by ( i1, 1/J, p) IRe. In the limit 
(Re, Pr, Ca)-+ 0 the temperature is given by the conductive solution 8 = 0, where we 
have denoted e = () - z the deviation of the temperature from the conductive profile. 
It can be shown by a systematic expansion [19] that the stationary flow is described 
by the two-dimensional biharmonic equation for the streamfunction. In cylindrical 
coordinates it reads 

(50) 

where the stream function6 1/J is given by 

w = -D.,P, (51) 

with D. = D + 1 I r = ar + 1 I r. In the above limit and for a given volume v = 7r R2d the 
fluid domain is cylindrical. Then the symmetry conditions at r = 0 for axisymmetrical 
flows and the boundary conditions (15) and (22) read 

1/J = DD.,P 0 on r 0, 

¢ DD.¢ - 1 = 0 on r 1lf, (52) 

¢ az¢ = 0 on z ±112. 

The separable solution of (50) may be written as 

¢ ex h(2.\r) <P(z, .\), (53) 

where h denotes the Bessel function of first order that is regular at r = 0. If this form 
of 1/J is inserted into (50), the following differential equation for <Pis obtained 

(54) 

The solution is a superposition of harmonics and products of harmonics with z. Thus 

1/J = 11 (2.\r) [A cos(2.\z) + B sin(2.\z) + 2C z cos(2.\z) + 2Dz sin(2.\z) ]. (55) 

6The streamfunction tf; used here differs from the Stokes streamfunction. The Stokes streamfunction 
which contour lines coincide with the streamlines is obtained as t/Js = rtf;. 
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The four integration constants A, B, C, and D are determined by the boundary 
conditions. The solvability condition of the resulting algebraic fourth order system 
yields the characteristic roots {An} as solutions of the transcendental equation 7 

(>.-sin.Acos>.)(.A+sin.Acos>.) = 0. (56) 

Owing to the symmetry of the differential equation, the solutions of (54) separate into 
even and odd functions of z. Since the boundary conditions (52) for 7/J are symmetrical 
in z, only the even functions are required. The odd functions can be obtained in 
an analogous way [17]. The characteristic roots belonging to the even functions are 
solutions of 

>. + sin >. cos >. = 0. (57) 

They must be determined numerically. If>. is a root then also ->. and A* are roots 
of (57). We define A-n :=A~ and order the index n according to the real parts of An. 
The even functions are obtained as 

They are called Papkovich-Fadle functions (22, 23]. The general symmetric solution 
can be written as a superposition of all modes 

00 

7/J(r, z) = L An1!(2Anr) 4/nl(z). (59) 
n=-oo 

We have not yet made use of the boundary conditions (52) on the free surface. These 
boundary conditions are now used to determine the unknown coefficients An- Since 
two boundary conditions must be satisfied simultaneously, it is of advantage to write 
the fourth order equation (54) as two second order equations. The coefficients An will 
then be obtained by projecting the equations onto suitably constructed orthonormal 
modes. In this formulation the modes consist of two-component vector functions. We 
define 

The differential equation (54) for ¢may then be written as 

Li> = 0, 

where i> = (¢I, ¢2f, L := [a;+ 4>.2 A], and 

7Hillman & Salzer [20] and Robbins & Smith [21] were the first to calculate the roots. 

(60) 

(61) 

(62) 
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It is possible to define adjoint functions Wm(z) with a scalar product leading to the 
orthogonality condition 

11/2 - -( 
w(m) ·A· ci> n) dz = Kmonm, 

-1/2 
(63) 

Equation (63) is the required biorthogonality relation for the two-component vector 
functions $(n). The unknown amplitudes An can now be determined by projection of 
the boundary conditions (52) at r = 1/f which can be written as 

( 
1 ) = ( D~*l/J ) = f: 4.X~An11(2-Xn/f) ( <P~:~ ) . 
0 az 1/J r=1/f n=-oo <P2 

(64) 

Multipying this equation with W(m) ·A, integrating over [ -t, t], and making use of 
the biorthogonality condition (63) the amplitudes An are determined leading to 

1/J(r·, z) ~ f, -h(2.Xnr) <P(n)(z) 
n=-N 4),~ cos4 An11 (2-Xn/f) 1 ' 

(65) 

where the infinite sum has been truncated at some finite value N. It turns out that 
the sequence of finite series converges rapidly for increasing N. Once the leading order 
flow field is determined, the leading order temperature field can be calculated. This is, 
however, omitted here. The solution for Gr = 0 in the limit Ca--+ 0 has the following 
asymptotic form 

1/J(r, z) = Rel/Jwo(r, z) + O(Re2), 8(r, z) = RePr8110(r, z) + O(Re2), (66) 

where 1/J100 is given by (65) above. The subscripts {n, m, l} in (66) indicate the order 
O(Ren P?'Ca1) of the respective term in an expansion for small Re, Pr, and Ca. The 
first non-vanishing contribution to the temperature field arises in O(Re1 Pr1 Ca0 ). 

In a next step, the flow induced surface deformation at leading order 0( Ca1 ), ~oot, 
may be calculated by evaluating the normal stress balance (see [19]). 

2.2.1 Flow patterns 

As an example, the streamlines (contour lines of 1/Js = r1/J100) are shown in fig. 3a. 
The flow pattern consists of a single toroidal vortex with a stream function minimum 
1/Js,min = -0.0108 at r = 0.80.8 In fig. 3b the associated tempeniture field 8 110 is 
shown. As expected for small Prandtl numbers, the regions of elevated and lowered 
temperatures are caused by the axial flow components perpendicular to the conductive 
temperature profile. 

Characteristic profiles of the surface deformation ~001 are presented in fig. 4 for 
different values of r. The constriction near the hot end wall ofthe liquid bridge (z = 0.5) 
and the bulging near the cold wall (z = -0.5) are typical for all aspect ratios. 

8The minimum of 1/J10o is ¢ 10o,min = -0.0140 and is located at r = 0.75 
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Figure 3: Streamlines (a) of the Stokes flow ( 1/Js = r,P100) (level-lines at -0.001 x n 
with n E [1, 10]) and isotherms of 0 110 (b) in a small Prandtl number thermo capillary 
liquid bridge for r = 1; N = 20. 
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Figure 4: Surface deflection ~001 for r = 0, 0.1, 0.2, 0.5, and 1.0; N = 20. 

The influence of a nonlinear temperature distribution in the ambient atmosphere 
( Oa i= z) can easily be investigated. In order that such a modified temperature distri
bution Oa influences the flow the Biot number must be non-zero. If Oa has contributions 
symmetric with respect to z, also the antisymmetric basis functions have to be taken 
into account in (59) (see also [24, 25]). 

2.2.2 Aspect ratio limits 

f-tO 

In the limit of a very shallow liquid bridge (r -t 0) the expression for the stream 
function far away from the lateral boundaries at r = 0 and r = 1/f can be simplified. 
For 1 « r « 1/f an expansion of the Bessel functions for large arguments in (.59) yields 
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r 

Figure 5: Creeping thermocapillary flow in a liquid bridge with f = 0.25; N = 
20. Streamlines '1/Js are drawn for ( -0.03, -0.01,-3 x 10-3 ,-3 x 10-4 ), (lo-4, 3 X 
10-5 10-5 10-6 ) and (-10-7 -3 X 10-8 -10-S -3 X 10-9 ) , ' ' ' ' . 

a nearly exponential dependence on r. Owing to the rapid decay of these functions 
for r -+ 0 only the mode n = 1 contributes substantially to the flow, resulting in the 
approximation 

~ -1 ¢P) ( z) { ( 1 ) } 'l/;(1 « r· « 1/f, z) 4Ai cos4 At ffr exp 2At r- r + c.c. (67) 

As can be seen from (67), the flow consists of a sequence of radially nested vortices 
having a self-similar shape. The flow amplitude decays nearly exponentially for r -+ 0. 
The radial diameter of the vortices is 1T /2!S( At) = 1.396. In fig. 5 the streamlines for 
the complete stream function ·t/Js = nf!I00 according to (65) are shown for f = 0.25. 
Th~ nested vortices have the same diameter as the rectilinear viscous Moffatt eddies 
between two semi-infinite parallel rigid planes [26, 27]. 

In the limit r -+ 0 the surface deflection takes the form [19] 

(: (- r 0) = ~ (sin(2AnZ)- 2zsinAn- zcos(2AnZ)- ZCOSAn) 
<,OOt ~, -+ ~ 5 \ \ 3 \ • n=-oo 2 COS An An COS An 

(68) 

The deformation has a sinusoidal shape with extrema l~o01 (z = ±0.33)1 = 0.0125. The 
curve is nearly identical with the one for r = 0.1 in fig. 4. 

r-+ oo 

An isothermal liquid bridge breaks due to the Rayleigh instability if f > f c = 21r 
[28, 29]. The critical aspect ratio f c changes only slightly in the presence of weak 
thermocapillary flow. Considering solution (65) at midplane z = 0 and expanding the 
Bessel functions into ascending series [30] for small 1 /f one obtains, as expected, the 
well-known Hagen-Poiseuille profile 

Wtoo(r·, f-+ oo) = ~ ( 2~2 - r·2) + Q (r-3). (69) 
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Note that the leading order flow becomes exact in the limit r -+ oo. For r = 5, 
the velocity distribution in the mid-plane is already very close to the Hagen-Poiseuille 
profil. 

3 Scaling of thermocapillary flows near heated or 
cooled walls 

Before thermocapillary flows in finite geometries are calculated numerically, it is useful 
to consider some scaling properties of the flow. The driving of the motion is provided by 
the temperature-induced surface tension gradients on the free surface. Thus the regions 
of high surface temperature gradients are particularly important for the flow. We 
consider the flow near rectangular corners which are pertinent to rectangular cavities 
but also apply to liquid bridges. 

If the Prandtl number is low and the flow is creeping, the temperature gradient will 
be 0(1) everywhere o~ the free surface. As the flow becomes stronger, the isotherms 
on the free surface become convectively compressed towards the cold boundary and 
the driving forces hecome more localized. The raised temperature gradient near a cold 
wall increases the local ::.urface stress leading to a further isotherm crowding, until the 
process is balanced by viscous effects and thermal diffusion. Thus the main driving is 
located close to the cold corner for low Prandtl number flows. 

For high Prandlt number fluids, thermal boundary layers develop on the hot wall. 
These lead to large surface temperature gradients near the hot wall which provide the 
main driving forces in this case. The locally enhanced driving results in a suction of 
fluid from the bulk and an acceleration along the free surface away from the hot corner. 
Due to this suction effect the isotherms being dense along the hot wall are also dense 
near the free surface. Except for both corner regions with strong thermal gradients 
the temperature attains a nearly constant intermediate value over the remainder of the 
free surface. 

To derive scaling laws, we must consider asymptotic limits for large Marangoni or 
Reynolds numbers. Depending on the particular limit, one of the corner regions will 
dominate in driving the flow and the forcing provided by the respective other corner 
will be asymptotically small. It is then sufficient to consider only a single corner with 
suitable assumptions about the bulk flow. 

Consider the thermocapillary flow in a rectangular domain depicted in fig. 6. The 
above nondimensionalization (table 1) is used and the governing steady state equations 
( Gr = 0) read 

Reu·'lu 
Ma u · \l() 

'l· u 

(70) 
(71) 

(72) 
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Figure 6: Structure and notation used for the discussion of the boundary layer scalings. 

together with the nontrivial stress boundary condition 

(73) 

Since the inverse of the Reynolds and the Marangoni number appear in front of the 
highest derivatives (\72 ), the limit of large parameters is singular and a boundary layer 
character is expected at large Reynolds and Marangoni numbers. The diffusive terms 
are thus important only on decreasingly small scales close to the boundaries.9 

First, we consider, however, the case when the temperature gradient is 0(1) every
where on the free surface. 

3.1 Low Prandtl number inertial flow 
As we have seen in §2.2, the velocity scale is constant "' 0( 1) and boundary layers are 
absent when both the Prandtl and the Reynolds number tend to zero (creeping flow). 

3.1.1 Free surface layer 

ln the limit Pr ---+ 0 thermal boundary layers are absent and the temperature on the 
free surface varies on an 0( 1) length scale. Here we are primarily interested in the 
boundary layer on the free surface. If we denote the shear layer thickness by 8, the 
tlwrmocapillary stress condition (73) yields Oyu = 0(1), from which we get u rv 8. 
From the continuity equation one obtains 

v rv 8u. (74) 

9 For an order of magnitude analysis we can disregard the pressure term, since it is equivalent to a 
quadratic nonlinearity (\7· {70)). Alternatively, it may be eliminated by taking the curl of {70). 
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The primary momentum balance parallel to the interface ( x-direction) is determined 
by 

1 
Re(~) "-' J2 U. 

0(82) 

Noting that u"" J and v ""Ju we obtain 

(free surface), 

from which we get the velocity scale in the thermocapillary boundary layer 

u "" Re-113 . 

This is the most important scaling law and has been derived by [31] and [32]. 

3.1.2 Conventional rigid wall layers 

(75) 

(76) 

(77) 

On the rigid hot and cold wall we expect conventional viscous boundary layers. This 
is shown in the usual way. Assume, for the moment, that the streamwise velocity is 
v "" 0(1) outside the viscous boundary layer. From continuity we get 

u 
L). + 0(1) "-' 0, (78) 

where L). denotes the viscous boundary layer thickness. Therefore, u "" L)., The momen
tum balance in the stream wise (y) direction then yields (balance between convective 
and leading diffusive terms) 

from which we get 

~ "" Re-1/2 

v 
Re(u L). +v8yv) 

'-..,.-' .._,__, 
0(1) 0(1) 

and 

1 
-v 
L). 2 ' 

3.1.3 Rigid wall layers in thermocapillary scaling 

(79) 

(solid wall). (80) 

In the present case the free-stream velocity vis not 0(1), but weaker, v"" Re-113 (cf. 

(77) ). Continuity, therefore, requires 

u Re- 113 

L). + - 1 - rv 0, (81) 

thus u"" L).Re- 113 • The streamwise momentum balance then yields 

v 1 
Re(uL).+v8yv)"" L). 2 v. (82) 

'--v-" 
~Re-2/3 
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We obtain 
(solid wall), (83) 

and within the particular velocity scale (table 1) 

(solid wall). (84) 

Thus the viscous boundary layer thickness on the rigid walls scales like the free surface 
boundary layer thickness,....., Re- 113 . Note that the relative cross-stream velocity ujv,....., 
Re - 1/ 3 scales like the boundary layer thickness (as must be for viscous wall boundary 
layers). The boundary layer thickness could have also be obtained by considering the 
velocity field on a scale Re2/ 3 instead of the present Re-scale, such that v = 0(1). In 
that case Re2/ 3 instead of Re would appear in front of the convective term. 10 

3.2 Scaling of the flow near the cold corner 
Different from the pure inertial flow, we now investigate the high Prandtl number flow 
near the cold corner. Then the temperature is no longer 0( 1) over the full length of 
the free surface but rather varies only on a length scale l close to the corner. We use 
the length l and the corresponding temperature drop to define the Marangoni number 
here. For an insulating free surface it is reasonable to assume that the temperature 
field varies only weakly in y-direction perpendicular to the free surface. Using these 
assumptions, Canright [9] derived several scaling limits for { Re, Ma} --+ {0, oo }. As an 
example we consider the convective viscous limit Ma--+ oo, Re--+ 0. 

Since all the local driving is located within the length l from the corner, the shear 
stress condition of the free surface yields 

a a(} 1t (0~1) 
yU + x ---1- J + l 

8 ,....., 0 ---1- u ,....., -
l ' 

(85) 

where o is the free surface layer thickness. From the continuity equation we get 

. ' u v 0 axu + ayv ---1- l + J "" 0 ---1- v "" uy. (86) 

The viscous dominated ( Rc -+ 0) momentum balance requires o-2 + z-2 ,....., 0, from 
which we conclude o,....., l. Thus u,....., v,....., 1. The energy equation in the limit Ma--+ oo 
now yields 

Ma [1 + ~] ,....., 1 + ~ l [2 ' (87) 

where we have used that oyf),....., 0(1 ). From this we obtain in the scaling 

(88) 
10Since the fluid is ejected along the cold wall from a relatively small region near the corner, it 

might be reasonable to interpret the local flow in terms of a wall jet (33) with its characteristic scaling. 
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Type limit 8 w 

conductive-viscous Ma -+ 0, Re -+ 0 1 1 1 

conductive-inertial 
1 

M a « Re3, Re -+ oo 1 Re-k Re-k 

convective-viscous Ma-+ oo, Re « Ma Ma- 1 Ma- 1 1 

convective-inertial Ma3 » Re, Re-+ oo Ma- 1 Pr-~ Ma- 1 Pr~ 

Table 2: Scaling of the boundary layers near the thermocapillary cold corner with 
contact angle a = 1r /2; after [9]. p0 is the distance from the cold corner within which 
the flow is creeping. 

Using these results, the momentum equation may be reconsidered to see that the limit 
Re-+ 0 may be relaxed toRe« Ma. 

Canright [9] has derived several other scaling limits for the flow in the cold corner 
which are summarized in table 2. 

3.3 The scaling of high Prandtl number thermocapillary flow 
in a hot corner (viscous convective limit) 

Cowley and Davis [34] considered the viscous flow of a high Prandtl number fluid in 
a hot corner (Re = 0(1),Ma-+ oo). We shall not repeat the calculations here but 
rather briefly present the result. 

The analysis starts with assuming a scaling of the form 

(89) 

where Ucore is the velocity in the core far away from the boundaries, ~ the thermal 
boundary layer thickness on the hot wall, and 8 the thickness of the free surface layer. 
By considering the order of magnitude relations obtained for the momentum and heat 
transport in the boundary layers on the rigid hot wall and on the free surface, and by 
using the thermocapillary boundary condition as well as the global heat conservation, 
one can derive the following scaling 

Iii core I 
()sur face 

D. "' Ma-2/7 

8 "' Ma- 317 

(hot wall), Nu "' Ma217 , 

(free surface), (90) 

where Nu denotes the Nusselt number on the rigid wall. 
The question arises, which of the two regions of localized forcing, the hot or the 

cold corner, dominates the flow in a finite size geometry. Numerical evidence suggests 
that, for high Prandtl numbers and Reynolds numbers not too large, the hot corner 
determines the scaling of the surface temperature, bulk velocity, and Nusselt number. 
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The reason probably is that the high velocity near the cold corner arises within a region 
O(Ma- 1 ) which tends to zero as Ma increases. Since the fluid is accelerated towards 
the wall, the locally high velocity decays rapidly away from the corner. On the other 
hand, the fluid near the hot corner is accelerated away from the rigid wall within a 
region of O(Ma- 217 ), which is much larger.U 

4 Hydrothermal waves in plane thermocapillary 
layers 

Before thermocapillary flows in finite geometries are investigated in detail it is useful 
to consider the much simpler problem of thermocapillary plane layers. A comparison 
with realistic systems shows that the convective instability mechanisms in plane layers 
are also operative in finite size systems, 12 at least for high Prandtl numbers. 

Extended liquid layers have been studied by [35, 36, 37, 38, 39, 40]. A review is 
due to Davis [41]. The physical mechanisms of the convective instabilities in plane 
thermocapillary layers have been discussed by Smith & Davis [42]. 

We consider a liquid layer extended infinitely in ( x, y )-direction and having a depth 
d. Let the liquid be bounded from below by a rigid wall at z = -d/2 and from above 
by a free surface at z = d/2. If the medium above the liquid layer is a passive gas at 
a temperature depending linearly on the x-coordinate T = T0 - b:r with T0 = con8t. a 
constant surface stress in x-direction is induced due to the thermocapillary effect. We 
select the scales d, d2 / v, 1bd/ pv, 1b, and bd for length, time, velocity, pressure, and 
temperature (B = (T- T0 )/bd), and the volume equations (11)- (13) are considered 
for .Gr = 0. The boundary conditions for the basic state ( i10 , 80 ) are 

ilo = 8zBo 

Wo = 8zvo = 8zuo- 1 = 8zBo 

0, 

0, 

on z = -1/2, 

on z = 1/2, 

(91) 

(92) 

where the free surface has been assumed thermally insulating. The basic equations 
allow for a set of solutions satisfying 

~ "( ) ~ Uo = -g z Cx, Bo = -x + RePrg(z), 

where g is a fourth order polynomial and the Reynolds number is given by 

rbd2 
Rr = --2 • 

pv 

(93) 

(94) 

11 This argument requires that the extended region of constant temperature between the heated 
walls remains at a temperature sufficiently different from both wall temperatures. 

12 ln finite length systems also other types of instabilities may arise, particularly those that are just 
caused by the presence of no-penetration boundaries. 
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Figure 7: Profiles of the basic state velocity -g"(z) (a) and temperature g(z) (b) in 
an adiabatic plane thermocapillary layer without through flow. 

y' 

X 

Figure 8: Orientation of- 'VOa and k relative to the coordinate system. 

Since most systems of interest are not subject to a through flow, the solution with 
vanishing lateral through flow (J~i~2 u0 dz = 0) is of particular interest. This flow is 
called return flow. 13 The solution is easily found to be 

1 ( 4 8 3 2 11) g( z) = -- 4z + - z - 2z - 2z + - . 
64 3 12 

(95) 

The base state velocity and temperature profiles are shown in fig. 7. 
We are interested in the stability of this simple solution. Since the system is laterally 

unbounded, the solutions of the linearized disturbance equations can be written as 
normal modes in the x- and y-directions. These modes are plane waves propagating 
under an angle a with respect to the negative temperature gradient, i. e. the direction 
of the basic flow at the free surface. In a coordinate system in which the x-axis is 
parallel to the k-vector (see fig. 8) the basic state reads 

u0 = -g"(z) cos a, 

vo = -g"(z)sina, 

Wo = 0, 

00 = -(x cos a+ y sin a)+ RePrg(z). 

(96) 

13For the stability of the thermocapillary plane Couette flow, see (38]. See (37] for the stability of 
the return flow with conducting bottom boundary. 
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After eliminating the pressure and introducing the stream function 1/J 

W = -ax?/J, (97) 

we obtain the nonlinear equations governing the deviations ( 1/J, v, 0) from the basic 
state 

(at - t..) t.. 1/J 
(at-~)v 

(at- ~Jo 

- Re [( 1/Jzax - 1/Jxaz - cg" ax) 6.1/J + cg""?/Jx] , 
- Re [ ( 1/Jzax - 1/Jxaz - cg" ax) v + sg111 1/Jx] , 

(98) 
(99) 

together with the corresponding boundary conditions. We have used the abbreviations 
c = cos a and s = sin a. By choice of the coordinate system the unknowns <P E { 1/J, v, 0} 
do no longer depend on y. Therefore, the solution of the linearized problem can be 
written as 

<!J(x,z,t) = J(z)eikxe(u-iw)t +c.c. (101) 

Due to the symmetry of the linearized perturbation equations only the quadrant a E 
[ 0, 1r /2] needs to be considered. 

The linearized system of equations has to be solved numerically. One can employ 
a Chebyshev-T method [43]. To that end the variable z --+ 2z is stretched and all 
quantities J(z) are expanded into Chebyshev polynomials Tn(z) = cos[narccos(z)] 
with z E [-1,1] 

N 

{~,v,O}(z) = L:{¢n,Vn,Bn}Tn(z), (102) 
n=O 

where the infinite sum has been truncated at order N. This ansatz is inserted into 
the linearized version of (98) - (100) and the resulting equations are projected onto 
the orthogonal polynomials T m ( z). This way one obtains a linear algebraic system of 
equations of the form 

[ 
A (!R) -A (S<) l ( ,($(!R) ) 
A (S<) A (!R) -($C"l = O. (103) 

Here,-($= ,($(!R) + i-($(S<) = (¢n,Vn,Bn) denotes the 3(N +I)-dimensional vector of 
the complex field amplitudes ( ( ,($(!R), ,($(S<)) E IR6(N+ll). Considering neutral stability 
(a-= 0), the complex coefficient matrix A= A(!R) + iA(S<) depends on the parameters 
a, k, w, Pr, Re, and eventually on Bi. For the existence of a non-trivial solution, the 
coefficient determinant in (103) must vanish. Owing to the structure of A it is easy to 
show that det(A) 2 0. Thus the zero (w, Re) of det(A) is also a minimum. The zero 
may be calculated numerically by a Newton method for given parameters (Pr, Bi, a, k). 
After that, Re can be minimized with respect to a and k by help of a gradient method 
[44] to find the critical values Rec, We, kc, and ac. 

The critical mode consists of a pair of plane waves that propagate under the angles 
±lal with respect to the negative temperature gradient. For these waves, Smith & 
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Figure 9: Critical Marangoni number Mac (a), critical wavenumber kc (b), critical angle 
of propagation ac (c), and critical phase velocity Welke (d) as a function of the Prandtl 
number for the return flow at Gr = Bi = 0 (full lines). For comparison, the results of 
(38] are shown as dashed lines. The mode truncation is N = 10. 

Davis (38] have coined the name hydrothermal waves. The critical Marangoni number 
Mac, the wavenumber kc, the propagation angle ac, and the phase velocity Welke are 
shown in fig. 9 for N = 10 as functions of the Prandtl number for Bi = 0 (full curves). 
Up to the lines' thickness the curves for N = 10 agree with those for N = 20. Fig. 10 
shows examples of the critical modes for low (Pr = 0.01) and high (Pr = 100) Prandtl 
numbers. 

For high Prandtl numbers the hydrothermal waves propagate with a wavenumber 
k ~ 2.6 nearly parallel to the temperature gradient and opposite to the surface flow, 
whereas, for small Prandtl numbers, they propagate nearly perpendicular to the applied 
temperature gradient having a very small wavenumber. Further calculations show that 
a non-zero Biot number does not change the character of the instability. It can be 
shown that the basic flow (93) does not depend on the Biot number. The only term 
depending on Bi is the stabilizing energy term H (cf. (35)). Therefore, the critical 
Reynolds numbers for Bi > 0 are monotonically shifted to higher values (see also [38]). 

Using an energy analysis, Smith [42, 45] showed that the hydrothermal waves at 
small Prandt numbers obtain their energy from the velocity field. Due to the classical 
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Figure .10: Streamlines of the critical mode for Pr = 0.01 (a) and critical temperature 
field for Pr = 100 (b) in a cut parallel to the direction of propagation which is to the 
left. 

Marangoni effect [46] x-momentum of the disturbance field is amplified through a 
supply of x-momentum from the basic flow. 

At high Prandtl numbers the hydrothermal waves exhibit strong temperature ex
trema in the bulk of the fluid layer (see fig. 10). Convective t ransport of the basic state 
temperature field owing to the disturbance flow maintains the internal temperature 
extrema. The pattern propagates, since the associated temperature extrema on the 
free surface are phase shifted with respect to the internal ones. A similar mechanism 
can also be found in thermocapillary liquid bridges and will be discussed in §5.3.2. 

By a perturbation technique, Sen & Davis [47] have shown that the thermocapil
lary flow in finite length containers with L » d far away from the lateral endwalls can 
be well described by the above Couette-Poiseuille profile.14 This has been confirmed 
by Saedeleer et al. [48] for small Marangoni numbers. In view of the simplifica
tions inherent to the model it is difficult, however, to experimentally observe the ideal 
hydrothermal waves in cavities with insulating bottom. For instance, the tempera
ture distribution on the free surface cannot simply be enforced [48]. Moreover, the 

14In order that no dynamic surface deformations occur the relation Ca < O(Re(d/L)4 ) must, how
ever, be satisfied in the limit d/ L -+ 0. 
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Poiseuille-Couette profile is spatially unstable for Re ;:;: 400 ([49], see also [50]) and 
stationary two-dimensional vortices with equal sense of rotation resembling Kelvin's 
cat's-eyes [51] can form near the up- and downstream located sidewalls. 15 

By a scaling analysis in the limit Pr ---t 0 [37] it can be shown that the critical 
Reynolds number for hydrothermal waves diverges like Rec ,...., Pr-112 while the critical 
wavenumber scales like kc ,...., p?/2• The basic state for small Prandtl numbers will 
become two-dimensional, therefore, on an increase of the Reynolds number beyond 
Re:::::: 400, before hydrothermal waves can appear. 

Apart from modifications of hydrothermal waves by buoyancy effects [36] and the 
appearance of steady longitudinal rolls when the Biot number is high and gravity is 
present [35], also surface waves may occur under certain conditions [39]. 

5 Thermocapillary liquid bridges 

5.1 . A numerical method for stability analyses 
·-

For a theoretical treatment of the flows in liquid bridges one relies on numerical meth-
ods. Several techniques can be employed. Here we use a mixed method of finite 
differences in axial direction and a Chebyshev collocation method radially making a 
compromise between rapid radial convergence and minimization of the Gibbs oscilla
tions due to the discontinuities of the boundary conditions. Details of the method 
can be found in [54]. The advantages of mixed methods have been demonstrated by 
application to the Taylor-Couette problem [55]. 

Starting point for the analysis is the stationary axisymmetric base state. A stream 
function - vorticity formulation ( ,P0 , w0 ) is employed, where 'lj;0 and w0 = L,P0 = ( D D* + 
a;),P0 are chosen as in (51). The bulk equations for the base state are obtained from 
(11,13) 

L2 ,Po GrD8o- [ ~(8z,Po) + (D.,Po)8z- (8z,Po)D.] L,Po, (104) 

~8o = -Pr{[(D*,Po)az-(8z,Po)D]8o+D.,Po}. (105) 

The unknowns (,Po, wo, 8o) are calculated on a grid consisting of M + 1 equidistant 
finite difference points in axial direction and of N + 1 radial Gau:B-Lobatto points [43], 
i.e. the roots of Tfv(x;) = 0, 

where (106) 

x; = cos(i1rjN), i E [O,N], and Zj = -1/2 + j/M, j E [0, M]. 

Here the radial coordinate has been transformed as x = 2fr - 1. The radial deriva
tives are obatined by multiplying the vector of unknowns at the Gauss-Lobatto points 

15Such cat's-eye flows have also been observed by [52] and [53] in a shallow thermocapillary annular 
gap. See also [48]. 
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with the Chebyshev collocation derivative matrix (see, e. g. [43]). The so discretized 
nonlinear equations are solved with a Newton-Raphson method. 

For the stability analysis of the discretized base state small perturbations are written 
as normal modes 

{ e} ( ) { ' ' ' ' e' } ( ) -yt+imcp u, v, w,p, - r, z, cp, t = u, v, w,p,- r, z e + c.c., (107) 

where m is an azimuthal wavenumber and "( a complex growth rate. For a solution of 
the resulting linear stability equations, the azimuthal velocity eliminated by use of 
the continuity equation16 

(108) 

The equations to be solved consist of radial and axial momentum balances, the tem
perature equation, and the Poisson equation. The linearized equations read 

"(U + Re ( iio · \7 u + it · \7 uo) 

"('W + Re ( iio · \7 w + it · \7 w 0 ) 

18 + Re ( u0 · \7G +it· \70o + w) 
-2Re\7 ·(it· \7u0 ) 

-Dp + (:~- r12 ) u + ~ (D*u + 8zw), (109) 

-8zp + ~w + BdG, (110) 

~~e (111) 
Pr ' 
~p, (112) 

where 8'~' is to be replaced by im in the differential operators. The boundary conditions 
reqmre 

as well as 

on 

u=O 

Dw + 8zG = 0 

r 2(D*Du + azDw) + m 2G = 0 

(D+Bi)G=O 

u = Dw = DfJ = ne = o, if m=O 

Du = w = p = G = 0, if m= 1 

u = w =fJ = e = o, if m > 1 
} 

z = ±1/2, 

1 
on r =

r' 

on r = 0. 

(113) 

(114) 

(115) 

The discretization of the perturbation equations is carried out in analogy to the 
base state discretization leading to the generalized eigenvalue problem 

Ax= "(Bx, (116) 

16 For m = 0, however, a stream function- vorticity formulation as for the base state has been used. 
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Figure 11: Stream function (a) and isotherms (b) in a liquid bridge for r = 1, Pr = 
0.02, Re = 2000, and Bi = Gr = 0. 
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Figure 12: Stream function (a) and isotherms (b) in a liquid bridge for r = 1, Pr = 
2, Re = 2000, and Bi = Gr = 0. 

where X= (u, w,p, G)ij· The matrix A has a block diagonal structure owing to the 
particular method of discretization, if the index i of the Chebyshev polynomials is 
selected as the fast (inner) index. B is diagonal and singular. The system ( 116) was 
either solved for all eigenvalues and eigenvectors or for the eigenvector and eigenvalue 
with the largest real part using inverse iteration. 

5.2 Two-dimensional flows 

Semi-conductor melts, e. g. in the floating-zone method, have a low Prandtl number 
(Pr(Si) ;::::j 0.02). For low Prandtl number and not too high Reynolds number convec
tive effects will be weak and the flow will scale "' Re- 113 ( cf. (77)). Since the inertia 
terms violate the mirror symmetry with respect to z = 0 in (11) - (13) and due to 
slight convective effects the streamlines become increasingly asymmetric for increasing 
Reynolds number and the center of the vortex is shifted towards the cold corner. For 
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Figure 13: Axial velocity w(z) in units of vfd (a) and temperature O(z) (b) on the 
free surface at r = 1/f for r = 1, Re = 2000, and Bi = Gr = 0. (- ): Pr = 0.02, 
(- · - · - ): Pr = 2. 

Pr = 0.02 and Re = 2000 this is illustrated in fig. 11. When the Reynolds number is 
further increased, the vortex develops a nearly inviscid core (Prandtl-Batchelor theo
rem, see e. g. [56, 57]) in which the vorticity w varies linearly with r (w/r = const., 
[58]) and which is surrounded by boundary layers. 

Contrary to liquid metals, convective effects are more pronounced in transparent 
liquids which are commonly used for experimental modeling. Here, the Prandtl num
bers range from Pr::::::! 1 for KCl melts [59] up to Pr > 100 for some silicone oils. As an 
example the two-dimensional flow for Pr = 2 and Re = 2000 is shown in fig. 12. The 
(not yet fully developed) thermal boundary layer near z = 0.5 is clearly visible as well 
as the compression of the isotherms near the cold corner ( z = -0.5, r = 1) together 
with the associated crowding of streamlines. The center of the vortex is located closer 
to the hot corner indicating its importance for the driving of the flow. The axial veloc
ity and the temperature along the free surface are shown in fig. 13. The high gradients 
near z ::::::! -0.5 (for higher Marangoni numbers also near z ::::::! 0.5) make numerical 
computations for high Marangoni numbers increasingly costly. The strong localization 
of the axial thermal gradient close to the cold corner leads to a heat transfer to the 
solid wall at z = -0.5 that is mainly concentrated to a narrow annular region. 

The above properties of the two-dimensional thermocapillary convection essentially 
agree with the experimental findings [60]. Observed deviations from the results of 
model calculations are mainly caused by non-cylindrical surface deformations, addi
tional buoyancy forces, contamination of the free surface, temperature-dependent ma
terial parameters, and momentum and heat transfer to the ambient gas. The influence 
of these effects is largely unknown and cannot not be discussed here. 

When buoyancy is more important than thermocapillarity, multiple two
dimensional flows are possible. These flows and their stability have been investigated 
by [61]. 
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Figure 14: Critical Reynolds numbers Rec for r = 1, Bi = 0 and small Prandtl 
numbers;(*): [62]. 
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Figure 15: Critical Reynolds numbers Rec (a) and oscillation frequencies (b) for r = 
1, Bi = 0 and large Prandtl numbers;(*): [63]. 

5.3 Linear stability 

The stability of the basic two-dimensional flow depends strongly on the Prandtl num
ber. The typical behavior of the critical Reynolds number Rec as function of Pr can 
be demonstrated for the aspect ratio r = 1 and for an insulating free surface ( Bi = 0) 
(figs. 14 and 15(a)). In this case the critical azimuthal wavenumber is me = 2 inde
pendent of Pr. For very small Prandtl numbers the critical Reynolds number increases 
moderately from the limiting value of Rec = 1793 at Pr ::::::: 0. For Prandlt numbers 
larger than Pr ::::::: 0.05 the critical Reynolds number increases, however, very rapidly 
and the instability boundary has not been followed to higher Prandtl numbers, because 
the numerical error in the calculated critical values becomes too large. In the range of 
intermediate Prandtl numbers (0.05 ;S Pr ;S 0. 7) the basic flow is linearly stable for 
Re :S 5000, not only for m = 2 but also for other wavenumbers. The comparatively 



Thermocapillary Convection 177 

0.4 
(b) 

(a) 0.2 

z 0.0 

-0.2 

.. - ·----------~. 
-0.4 

0.0 0.2 0.4 0.6 0.8 1.0 
r 

Figure 16: Critical mode for Pr = 0.02 at Rec = 2062 (m = 2, r = 1, Bi = 0): 
(a) velocity field at tp = 0 and projection of the velocity field onto z = -0.25, (b) 
temperature field e at tp = 0. 

stable range is followed by a range of Prandtl numbers for which the first instability is 
oscillatory. The oscillation frequencies are shown in fig. 15(b ). Since the character of 
the critical mode does not change along each of the two individual critical curves, the 
instabilities are analyzed in more detail for two representative, high and low Prandtl 
numbers. 

5.3.1 Small Prandtl numbers: Pr = 0.02 

The critical mode for Pr = 0.02 (Rec = 2062) is shown in fig. 16. The pattern consists 
of four symmetric convection cells each occupying a radial section !:lr_p = 7r /2. The 
m = 2 symmetry is readily identified by the regions of alternating radial in- and 
outflow visible in a horizontal cut shown in fig. 16a. The azimuthal velocity vanishes 
on the vertical cell boundaries at constant tp. Similar as the basic state the critical 
velocity field at tp = 0 has a single vortical structure. Owing to the small Prandtl 
number the convective temperature transport is comparatively weak Therefore, the 
temperature field of the neutral mode is mainly determined by the convective transport 
(waz) of the conductive base state temperature profile ( () ~ z) leading to the balance 
!:l0 ~ RePrw. 

To understand the mechanics of this mode it is useful to analyze its energetics. The 
normalized rates of change of kinetic energy are shown in fig. 17. For small Reynolds 
numbers the dissipation D is dominating and the mode is strongly damped. With 
increasing Reynolds number the interaction term lv4 increases an finally dominates the 
balance for Re ~ 2500. On the stability threshold D and lv4 nearly compensate each 
other. All other contributions to the kinetic energy balance are much smaller, even 
locally. 



178 H.C. Kuhlmann 

0.6 

-0.6 

-1.2 ......... ..:o:c....~~~~ .......... ~~ ......... ~~-'--~~-' 
0.5 1.0 1.5 2.0 2.5 3.0 

Re/103 

Figure 17: Kinetic energy balance as function of the Reynolds number for Pr = 
0.02, r = 1, and Bi = 0. 

The intergral· lv4 = - Re J w u ar Wo d v is a measure for the transport of axial basic 
state momentum ( w0 ) to the disturbance ( w) by means of the radial velocity field of 
the perturbation ( u). The efficiency of this process is proportional to the magnitude of 
the radial gradient of the axial base state velocity ( 8rwo), i.e. proportional to the shear 
rate of the axial bast flow. The high absolute value of the shear gradient ( ar Wo < 0) 
of the basic flow near the free surface (see fig. lla; the Reynolds number is close to 
the critical one (Rec = 2062)) is caused by the driving Marangoni forces. For c.p = 0, 
the radial velocity of the neutral mode close to the free surface is essentially negative 
(fig. 16a) and it transports negative axial momentum of the base flow from the free 
surface into the interior of the liquid bridge. Since the axial velocity w of the neutral 
mode is also negative for r ~ 0. 7 ( c.p = 0), it is enhanced there. On the other hand, 
the vertical velocity of the basic flow is positive for radial distances r ::S 0. 7 and it has 
a weak positive radial gradient for r ::S 0.5 ( cf. fig. lla). Since the axial component 
of the perturbation velocity field is also positive there, the perturbation is similarly 
amplified by the radial inward flow of the perturbation. This explanation is confirmed 
by the two positive maxima of the local energy transfer rate - Re w u ar Wo for c.p = 0 
which are shown in fig. 18 as function of r and z. As can be seen the peak close to the 
free surface makes by far the largest contribution to the energy gain. 

For these reasons, the thermocapillary instability for small Prandtl numbers is an 
inertial instability, the critical mode receiving its energy from the axial shear flow 
close the free surface. Although the shear flow is driven by the thermocapillary effect, 
the rates of change of energy due to Marangoni forces induced by the the neutral 
temperature field, M"' and Mz, do not play a role for the instability mechanism (fig. 
17). Since the critical perturbations form = 2 are 11'-periodic, the same energy transfer 
mechanisms apply to c.p = 7r. The explanation is equally valid at c.p = 7r /2 and c.p = 371' /2, 
albeit with negative signs of u and w. 
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Figure 18: Local transfer rate of kinetic energy (integrand of fv4) at cp = 0 for Pr = 
0.02, Rec = 2062, m = 2, r = 1, and Bi = 0. 

In order that the discussed amplification mechanism leads to instability a feedback 
from the amplified velocity w to u is required. Here the feedback is provided by the 
rigid boundaries at z = ±1/2 together with the continuity of the flow (V' · i1 = 0) 
which enables a transfer from the amplified axial momentum to the radial disturbance 
momentum. Bounding rigid walls are not present in the model system of an infinitely 
long liquid bridge [64]. Therefore, a feedback is ,lacking and the stationary instability 
is not present for small Prandtl numbers Pr-+ 0 and r -+ oo. 17 

A similar explanation was proposed by Levenstam & Amberg [62]. The basic axial 
shear flow near the free surface contains a straining flow that makes an angle of 45° 
with respect to the z-axis. It is this strain which ultimately leads to the instability 
shifting the originally toroidal vortex core into the main strain directions leading to 
a saddle-shaped vortex. Note that the vorticity is not constant for a toroidal inertial 
vortex (w ~ r·, [58]) and thus a toroidal curved vortex is also subject to a self-induced 
strain (see also [65]). This picture is consistent with the tendency of the stability 
boundary to increase for r -+ 0 (fig. 19). 

The question arises why the critical Reynolds number increases for larger Prandtl 
numbers. By artificially neglecting the azimuthal Marangoni forces in the boundary 
condition for the neutral mode Prange [66] has shown that azimuth~! Marangoni effects 
are the dominant cause for the stabilization. With increasing Prandtl number the 
radial outward disturbance flow creates ever colder surface spots, since the interior 
of the liquid bridge is becoming increasingly colder than the free surface. Azimuthal 
Marangoni forces are thus induced opposing the azimuthal disturbance surface flows 
that arise due to continuity. 

The influence of the aspect ratio on the instability for Pr = 0.02 is shown in fig. 19. 
With increasing normalized radius 1 /f the critical azimuthal wavenumber increases 
due to a crossing of the neutral curves for different values of m. The structure of 

17Instead, the first instability in infinitely long liquid bridges is oscillatory. 
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Figure 19: Critical Reynolds number as a function of the aspect ratio for Pr = 0.02 
and Bi = 0. The vertical marks indicate the aspect ratios for which m = 2/f. 

the critical modes within a single azimuthal convection cell (0 ~ r.p ~ 1r /m) is similar 
and the same instability mechanism is operative for all m. The wavenumbers are well 
ordered in the range of r considered. It is found that the azimuthal wavelength on the 
free surface, 21r Rjm ~ 1rd, scales with the height of the liquid bridge. 18 

5.3.2 Large Prandtl numbers: Pr = 4 

The instability mechanism at high Prandtl numbers differs from the one at small Pr. 
At the critical threshold Ree (fig. 15a) a pair of azimuthally travelling waves with 
frequencies ±we become unstable through a Hopf bifurcation [69]. Within the interval 
0.9 < Pr < 5 the critical wavenumber is given by me = 2. The oscillation frequency 
We (fig. 15b) has a similar dependence on Pr as Ree, and both decrease with increasing 
Prandtl number. 

For Pr = 4, r = 1, and Bi = 0 the critical Reynolds number is Ree = 1047 with 
Hopf frequency We = 27.9. In what follows the instability mechanism is considered for 
the mode with We > 0. 19 

The azimuthal velocity components on the free surface are by far larger than the 
vertical ones. This is consistent with the energy analysis. Those terms in (34) that 
include axial variations are comparatively small. An evaluation of the kinetic energy 
balance shows that the flow of the neutral mode is mainly driven by the azimuthal 
Marangoni effect induced by the temperature field of the neutral mode. Inspecting 
the thermal energy balance in fig. 20 it is seen that JT3 is always stabilizing and 

18The scaling of the wavelengths of symmetry breaking convection patterns with the macroscopic 
characteristic length is observed in many systems {see, e. g. (67] and (68]). 

19The behavior of the mode with We < 0 is analogous. At Rec both modes become unstable 
simultaneously and the neutral solution is a superposition of both waves. In the framework of a linear 
stability analysis the modal amplitudes for Re > Rec cannot be determined. 
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Figure 20: Thermal energy balance as function of the Reynolds number for Pr = 4, r = 
1, m = 2, and Bi = 0. 

nearly compensating fr 2• The main energy input is due to the process described by 
ITI = -Ref 8uor80 dV. It is the rate of change of thermal energy due to radial 
transport (uar) of basic state temperature (80 ) to the temperature field (8) of the 
perturbation. This process is now explained in some more detail. 

Since the axial terms in the energy equations are very small, the energetics can 
be discussed by considering the fields in a horizontal cut at z = 0. The temperature 
field of the neutral mode has well pronounced extrema in the interior of the liquid 
bridge (fig. 21). An internal disturbance temperature maximum is heating the free 
surface conductively and induces Marangoni flows that are directed from the interior 
to the hot spot on the free surface and along the free surface away from the hot 
surface spot. In the present case the interior disturbance temperature extrema are 
only infinitesimal perturbations of the basic temperature which is lower in the interior 
than on the free surface. Therefore, the hot free surface spot is cooled by the radial 
outward convection. This situation is stable in the sense of the classical Marangoni 
effect. It establishes, however, a frustration owing to competing processes: Conductive 
heating and convective cooling of the free surface hot spot. Clearly, the convective 
cooling becomes more efficient with increasing Reynolds number. 

The frustration is resolved, if both competing processes are phase-shifted in az
imuthal direction. This happens, in fact, as can be seen from fig. 2lb where the phase 
shift between the internal disturbance temperature extrema and those on the free sur
face is clearly visible. The flow at the free surface is directed azimuthally away from 
the surface temperature maxima at r.p :::::; 0 and 1r and it is directed towards the corre
sponding minima at r.p :::::; 1T /2 and 31T /2. Due to continuity, the azimuthal Marangoni 
flows are connected with radial flows that transport colder fluid (base state) from the 
interior to the free surface. This way the internal temperature minima are amplified. 
The location of maximum amplification, however, is slightly phase-shifted azimuthally. 
Similarly, the internal temperature maxima are amplified by the corresponding hot 
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Figure 21: Flow (a) and temperature field (b) of the critical mode for Pr = 4, Rec = 
1047, m = 2, r = 1, and Bi = 0 in a horizontal cut at z = 0. The dotted line indicates 
the instantaneous angle of a temperature maximum (cf. fig. 22). The pattern rotates 
clockwise. 
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Figure 22: Isolines of the local transfer rate of thermal energy - Re 8 u or 8 0 (integrand 
of In) at z = 0 for Pr = 4, Rec = 1047, m = 2, r = 1, and Bi = 0. The dashed line 
indicates the angle under which the local amplification rate takes a maximum value. 
The dotted line corresponds to the angle for the associated temperature maximum 
(compare fig. 21). 

inward flows. The phase-shift between the internal temperature extrema and the 
locations of their maximum amplification leads to a rotation of the pattern as a whole 
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Figure 23: Neutral stability boundaries as function of the inverse aspect ratio 1/f for 

Pr = 4 and Bi = 0. 

in negative azimuthal direction. The spatial distribution of the local amplification rate 
confirms this explanation. The integrand - Re 8 u 8r8o of In is shown in fig. 22 at 
z = 0. It can be seen that the locations of maximum amplification are advancing those 

of the corresponding temperature extema in negative azimuthal direction. 
The dependence of the linear stability boundary on the aspect ratio r is shown in 

fig. 23 for Pr = 4. Similar as for small Prandtl numbers an approximate scaling law 

me :::::::: 2/f is valid. The instability mechanism and the modal structure (within one 
azimuthal wavelength) do not change qualitatively in the considered range of r. 

5.3.3 Additional remarks 

The analyses carried out in the previous sections have shown that there exist at least 
two different types of instabilities in thermocapillary liquid bridges. For the range of 
medium Prandtl numbers Pr < 0.5 and for r = 1.2, [70] predicted the first instability 
of the axisymmetric flow to be stationary. This is in contrast to recent results of [71] 
who found oscillatory instabilities with m = 3 for 0.1 ::::; Pr::::; 0.8 at very high Reynolds 
numbers (f = 1 ). Owing to the high Reynolds numbers these results must, however, 
be considered with care. 

The instability mechanism for high Prandtl number liquid bridges is very similar 
to the one for plane thermocapillary liquid layers ( cf. [38, 42]). Therefore, the critical 
modes in high Prandtl number liquid bridges may also be termed hydrothermal waves. 

Xu & Davis [64] have investigated the stability of a long thermocapillary liquid bridge 

in the limit r ---+ oo. They found a critical mode with m = 1 which is consistent with 

the present analysis. Notwithstanding the different azimuthal wavenumbers for finite 

zones, the critical modes are quite similar in both systems. Both modes are slightly 

corkscrew twisted (see also [72]). This corresponds to a small axial component of the 
wave vector which is directed streamwise of the free surface flow in both cases. The 
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relative strength of the axial wave vector component becomes smaller for decreasing 
Prandtl number (Pr < 5), for r = 1 as well as for r -too. 

For Pr < 1 significant differences exist between both systems. The critical Reynolds 
number for inertia-induced hydrothermal waves diverges like Pr-1 [64]. This is consis
tent with the linear stability of the Hagen-Poiseuille flow [28]. On the contrary, a finite 
critical Reynolds number for a stationary mode exists in finite length liquid bridges 
(see figs. 14 and 19). 

Since the experimental results agree qualitatively and in parts quantitatively with 
the numerical analyses, it can be concluded that the phenomena observable close to 
the instability threshold can well be understood in the framework of the instability 
mechanisms discussed. 

For the critical wavenumbers Preisser et al. [60] found the empirical correlation 

2.2 
me;:::;:; r· (117) 

This scaling of the azimuthal wavenumber with the height d of the liquid bridge agrees 
well with me ;:::;:; 2/f found numerically for both high and low Prandtl numbers. The 
corresponding aspect ratios are marked in fig. 19. 

Velten et al. [59] confirmed that the amplitude of the temperature oscillations grow 
with the square-root of the distance from the critical point ex: (Re- Rec) 112 • Thus the 
instability is a supercritical Hopf bifurcation. Far above the threshold and depending 
on r a rich variety of different spatio-temporal patterns exists. 

For an understanding of the supercritical flow, it must be taken into account that 
two hydrothermal waves become unstable propagating in opposite azimuthal directions. 
The relative amplitudes are not known a priori. A further complication arises due to 
the wave fronts of the hydrothermal waves not being planes <.p = const. The local wave 
vector has components in r- and z-directions, since the phase G(r, z) is a function of 
both rand z (the amplitudes in (107) are complex). The neutrally stable hydrothermal 
waves travelling in positive (F+) and negative (F_) azimuthal direction have the form 

F± = A(r, z)ei(±mop-wt+G(r,z)) +c. c.' G,A E IR, (118) 

where F is any scalar perturbation field. It can be shown quite generally [73] that for 
slightly supercritical driving only pure travelling or pure standing waves are nonlinear 
solutions. Stable bifurcating solutions are possible only if both solutions bifurcate 
supercritically. For a standing wave, 

Fstanding = 4A(r·, z) cos(m<.p- <.po) cos(G(r, z)- wt), (119) 

and the azimuthal nodal planes are determined by the arbitrary phase <.p0 . Note, 
however, that the radial and axial nodal surfaces are given by G( r, z) = wt + 2n2+1 'Tf' 

and thus are not generally plane. Muehlner et al. [72] observed a pure travelling 
hydrothermal wave with m = 1 at Ma ;:::;:; 13,000 for Pr = 35, r = 1. The total 
azimuthal twist of the phase front was ;:::;:; 95° between both heated walls. Thus the 
wave had a pronounced spiral character. 
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Figure 24: Bifurcation diagram for Pr = 0.01, r = 1, Bi = 0, and Gr = 0 according 
to [62]. The amplitude shown is a normalized azimuthal velocity. 

5.4 Three-dimensional simulations 
The first three-dimensional simulation of thermocapillary flows in liquid bridges was 
due to Rupp et al. [70]. Recently, Levenstam & Amberg [62] simulated the flow for 
Pr = 0.01, r = 1, and Bi = Gr = 0. In good agreement with the linear stability analysis 
(fig. 14) they found a supercritical bifurcation out of the basic flow to a stationary 
mode with fundamental wavenumber m = 2 for Rec = 1960. Beyond the threshold, 
the flow is essentially toroidal with a saddle-shaped deformed vortex core. This flow 
becomes oscillatory at Rec2 = 6250 [62]. Since the three-dimensional base flow for 
the secondary bifurcation is not axisymmetric, the oscillatory perturbations cannot 
be azimuthal normal modes. The oscillations thus do not appear as harmonic waves 
propagating azimuthally nor do they occur in form of a rotation of the basic three
dimensional flow as a whole. 

Since the bifurcation scenario is the same in the limit Pr -+ 0, the temperature 
field, which is unimportant for the primary instability, cannot be of decisive impor
tance for the secondary instability either. The bifurcation diagram is shown in fig. 24. 
The stationary as well as the oscillatory amplitudes grow with the square-root of the 
distance from the critical point, i. e. '"" a(Re- Rec) 112 and rv [b + c(Re- Rec2)112], 

respectively, where a, b, and c are constants. 
Three-dimensional simulations of the flow in cylindrical liquid bridges of high 

Prandtl number have been carried out by [74]. The extrapolated critical Reynolds 
numbers for the onset of oscillations agree well with the linear stability boundaries. 
For a comparison with the data measured by [59] the numerical calculations [74] have 
been performed in the range Rec < Re < 2Rec for Pr = 7 and various aspect ra
tios taking into account buoyancy (Ed= 0.13(d/mm) 2) and free surface heat transfer 
( Bi = 6.4). When the unstable axisymmetric basic state is used as the initial condition 
for supercritical driving hydrothermal waves propagating either clockwise or counter-
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Figure 25: Time-dependence of the three-dimensional part of the temperature field 
()- ()20 at (r = 0.2, z = 0) for r = 1, Pr = 4, Re = 1300, and Bi = Gr = 0. 

clockwise grew out of the numerical noise (amplitude ~ 0(10-14 )) initially. These 
waves are composed of counter-propagating fundamental modes with significantly dif
ferent amplitudes (F+ =/= F_, cf. (118)). At later times, all these flows developed into 
pure azimuthally propagating waves. In all cases investigated, the azimuthal wavenum
bers of the fundamental mode agreed well with the predictions of the linear stability 
theory and with the experimental results20 of [59]. 

A different transient behavior is obtained, when finite amplitude initial condi
tions satisfying the symmetry of a standing wave are used, e. g. a finite amplitude 
perturbation of the temperature field in form of 8 = f(r,z)cos(mcp) with f E IR, 
lflmax = 5 X 10-3 (in units of l::l.T). In such cases standing hydrothermal waves are 
growing. If f. is sufficiently large, they can reach a saturated amplitude on a short 
time scale (slightly less than the thermal diffusion time). Disturbances that break the 
chiral (left/right) symmetry grow exponentially at a rate that depends on the distance 
f.= (Re- Rec)/ Rec from the critical point. Finally, the standing waves decay to pure 
travelling waves. An example for such a transition process is clearly visible in the 
time-dependence of the temperature signal at (r = 0.2, z = 0) shown in fig. 25. This 
scenario is consistent with recent numerical simulations of Savino & Monti [7.5] who 
investigated the flow for Pr = 30 and 74 and aspect ratio r = 2 when the Reynolds 
number is increased at a constant rate. 

In agreement with the general theory these calculations indicate the existence of 
stationary standing hydrothermal wave states. 21 They are not stable, however, for the 
parameters investigated to date. 

20Except for the mixed modes for which [59] did not specify a wavenumber. 
21 Recently, Xu & Zebib [76] found stable hydrothermal waves travelling stream wise while standing 

spanwise in a rectangular cavity. 
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Figure 26: Instantaneous temperature field ()- B2n (the axisymmetric contribution has 
been subtracted) of a standing wave (a) and a wave propagating counter-clockwise (b) 
with m = 2 for Pr = 4, r = 1, Re = 1300, and Bi = Gr = 0. Shown is a cut at z = 0. 

In fig. 26 the instantaneous temperature fields of an unstable standing hydrothermal 
wave (a) and of a wave that propagates counter-clockwise (b) are shown at z = 0. The 
plotted temperature deviations from the axisymmetric part of the field exhibit the 
typical pronounced internal extrema. In the plane ( z = 0) shown, the extrema of the 
standing wave propagate towards the center and vanish there. During this process 
new temperature extrema of opposite sign develop further radially outward. This 
propagation toward the center (r = 0) is consistent with the mathematical description 
( 1·-dependence of the phase G of the fundamental mode m = 2, cf. ( 118)). The pattern 
of the travelling wave (fig. 26b) still contains a weak counter-propagating component. 

6 Thermocapillary convection in rectangular con
tainers 

Thermocapillary convection in rectangular containers is a model for the open boat 
crystal growth method [2]. Two-dimensional flows in rectangular geometries are similar 
to those in cylindrical liquid bridges. There are, however, differences that will be 
addressed in the following. 

6.1 Formulation 

For the mathematical description we consider a rectangular volume of liquid with 
lengths Lx, Ly, and Lz in x, y, and z-directions. The sidewalls at x = 0 and Lx are 
kept at constant temperatures T0 + t1T and T0 , respectively. Let the free surface be at 
y = Ly (see fig. 27) and take the depth of the liquid layer Ly as the length scale of the 
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Figure 27: Geometry and coordinate system for the rectangular open boat model. 

problem. Two aspect ratios arise, defined by r = Lx/ Ly and r z = Lz/ Ly. Employing 
the scalings given in table 3 and defining the Reynolds and Grashof numbers 

R _/jj.TLy1 
e - 2 r' pv 

gf3fj.T L~ 1 
Or= 

v 2 r' {120) 

the volume equations (11) - {13) remain unchanged. Here the acceleration of gravity 
is g = -gey. On the rigid walls at X = (0, r), y = 0, and z = (0, rz) the velocity 
field must vanish (it = 0). Neglecting surface deformations22 ( Ca-+ 0) the boundary 
conditions for the velocity field on the free surface are 

on y = 0. (121) 

Using the reduced temperature () = r(T- To)/ fj.T the thermal boundary conditions 
are given by 

B(x = 0) = r and B(x = r) = 0. {122) 

The ambient temperature field is assumed to be conducting with Ba = r- x. If not 
noted otherwise, all other boundaries are taken as adiabatic (Bi = 0) 

8yB = 0, on y = (0, 1) and (123) 

22 As shown by [77) for r = r z = 1, Pr = 100 (silicone oil), and Re = 400 surface deformations are 
of relative order of magnitude 0(10-3 - 10-2) even for Gr = 0. 

variable x,y,z t u=(u,v,w) p T 

scale 

Table 3: Scales for the non-dimensionalization of the N a vier-Stokes equations in case 
of rectangular containers. 
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6.2 Two-dimensional flows 

6.2.1 Short containers (f s; 1) 
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In the limit of small Prandtl and Reynolds numbers ((Re, Pr) -+ 0) the flow and tem
perature field can be written in terms of sums over even Papkovich-Fadle functions 
as for liquid bridges (see §2.2). All flow properties derived there apply at least qual
itatively to the rectangular geometry. In particular, for r :s 1/1.4 the creeping flow 
consists of a sequence of counter-rotating Moffatt eddies [25, 26, 78]. The extension 
in y-direction of the corresponding vortices is ~ 1.396 x r as in liquid bridges, they 
have a similar structure, and their strength decays exponentially in negative y-direction 
rv e~4.21yjr. 

The stationary nonlinear ( Re » 0) two-dimensional thermocapillary convection in 
a square container (f = 1) has been calculated numerically by Zebib et al. [79] for 
different Prandtl and Reynolds numbers up to Re = 5 x 104 • The flow consists of a 
main vortex and two small corner vortices at y = 0 and x = (0, 1). For high Reynolds 
numbers boundary layers develop along all boundaries. Using the assumption that the 
free surface temperature gradient remains 0(1) it was shown that the thermocapillary 
boundary layer thickness scales like Re-113 (cf. §3). 

Extending the work of [79], Carpenter & Homsy [57] numerically showed that a 
further secondary vortex separates on the rigid wall close to the hot corner ( x = 0, y = 
1) if Re > 4 X 104 for Pr = 10-3 or Re > 1.3 x 105 for Pr = 1. They found that 
the assumption 8xBiy=1 = 0(1) does not always hold for high Prandtl numbers, since 
the free surface becomes essentially isothermal apart from small corner regions. This 
observation led to the conclusion that the asymptotic regime with o ,..., Re-113 is only 
reached for Reynolds numbers which become increasingly large the higher the Prandtl 
number is. 23 

In another work Carpenter & Homsy (1989) investigated the additional influence of 
buoyancy for Pr = 1 and aspect ratio r = 1. Their numerical calculations for constant 
dynamic Bond number (Bd = Grj Re = const.) showed a change of the scaling of the 
free surface boundary layer thickness from o ,..., Re-112 to o ,..., Re-113 within a narrow 
range of Reynolds numbers. Supported by a scaling analysis, the numerically observed 
behavior led to the hypothesis that the combined flow is thermocapillary dominated 
for every fixed value of the dynamic Bond number Bd, if only Re is sufficiently high. 

6.2.2 Stationary flow in long containers (f » 1) 

For shallow liquid layers with r » 1 and Gr = 0 the main vortex becomes laterally 
elongated. In the limit r -+ oo and for small Reynolds numbers Re = O(r-1) ( cf. 
(120)) one obtains the asymptotic surface temperature 8 = r- x. The velocity field is 

23The main driving for Re-+ oo and Pr =canst. is due to the cold corner. 
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then given by the plane Poiseuille-Couette profile [47, 80, 81] 

u = Gy2 _ ~y), (124) 

( cf. (93) and (95) with z -+ y - 1/2). The temperature field in the bulk of the liquid 
depends on the thermal boundary conditions. For an ideal heat conducting boundary 
at y = 0 one obtains, different from (93), 

1 ( 4 3 ) () = r - X - 48 RePr 3y - 4y + y . (125) 

For r > 4 the streamlines in the middle of the container are already nearly horizontal 
[81] and (124,125) represent good approximations to u and () in that region. 

Two-dimensional thermocapillary flows in long con.tainers up to r = 25 have been 
calculated by Ben Hadid & Roux [82] for Gr = 0 and Pr = 0.015. For heat conducting 
boundary conditions at the bottom (y = 0) and for Reynolds numbers not too large, 
the temperature field depends on the velocity field only in the vicinity of x = (0, r). 
For Prandtl number Pr = 0.015 and up to Re = 0(104 ) it is nearly conductive in the 
interior and almost decouples from the flow. 

When the Reynolds number is small the flow consists of the asymptotic core flow 
(124,125) with symmetric turning zones at x = 0 and r (fig. 28a). On an increase of 
the Reynolds number three distinct zones develop. Close to the cold wall ( x = r) a 
number of co-rotating vortices is created (for r = 12.5 two vortices appear for moderate 
Reynolds numbers). The flow close to the hot wall ( x = 0) behaves like the entrance 
flow of a channel [83]. Ben Hadid & Roux [82] showed that the interior flow (X ~ r /2) 
can well be approximated by the Poiseuille-Couette profile (124) as long as Re < 20f. 
For higher Reynolds numbers the end-zones grow into the interior and the Poiseuille
Couette-like flow is destroyed. 

For Re :S 200r the classical boundary layer scaling for shear-induced flows holds in 
the entrance region (0 < X < r /2). The dynamic equation (V' X (11)) in two dimensions 
yields 

(126) 

Approximating 8y "' s-1 in (126), where Sis the boundary layer thickness, one obtains 
the order of magnitude relation 

(127) 

Together with the thermocapillary boundary condition, 1 = 8yu "'u/S, the scaling of 
the horizontal velocity within the entrance region is obtained as 

( 
X ) 1/3 

u "' -
Re ' 

( 128) 

where x denotes the distance from the hot side (x = 0) of the container. 
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Figure 28: Streamlines in a long open rectangular container with r = 12.5 and Pr = 
0.015, Gr = 0, and Bi = oo. The conductive temperature profile is imposed on the free 
surface. The Reynolds numbers are: (a) Re = 66.7, (b) Re = 333, (c) Re = 667, (d) 
Re = 1330, (e) Re = 2000, (f) Re = 3330, (g) Re = 5000, (h) Re = 6670, (i) Re = 104 , 

(j) Re = 1.33 x 104 , (k) Re = 2 x 104 • After [82]. 

The flow structures found by [82] close to the endwalls have been explained by 
Laure et al. [49]. They considered the limit r -+ oo with Pr -+ 0 and investigated 
the spatial stability of the Poiseuille-Couette flow (return flow) with heat conducting 
boundary conditions at the bottom. Using the stream function 7/Jo for the basic state 
the linearized equation governing small two-dimensional stationary perturbations 7/J is 

(129) 

This equation can be written as an evolution equation in x-direction 

a ~ ~ 
ax Z(x , y) = L(Re) · Z(x, y), (130) 

where Lis a linear differential operator and Z = (7/J,'l/Jx,'l/Jxx,'l/Jxxx)T. Using the sepa
ration ansatz 7/J = f(y )e-yx one obtains 

·l f + 2·l !" + !'"' = - 1 Re ( 7/J~f" + l'l/J~f- 7/J~' !) , (131) 
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where the prime denotes differentiation with respect to y. For Re -+ 0 it follows 
!"" + 2-y2 f" + -y4 f = 0. Inserting the general solution (55) into the boundary conditions 
yields the eigenvalue equation 2-y = sin 2-y. The solutions are just the characteristic 
roots of the odd Papkovich-Fadle functions (cf. (56)). Because the eigenvalue equation 
is symmetric in -y, the streamlines in the end-zones are symmetric with respect to 
X = r /2 for small Reynolds numbers. 

The eigenvalue problem for Re -=/:. 0 can be solved numerically. The set of eigenvalues 
describes the x-dependence of the eigenmodes. Since all perturbations must decay from 
the boundaries, the relevant modes near the hot wall (x = 0) have R('Y < 0) (decay 
in positive x-direction) and those near the hot wall ( x = 1') have R('Y > 0) (decay in 
negative x-direction). The most dangerous modes are the ones that decay slowest, i. e. 
those with the smallest absolute value of 1'· 

For small Reynolds numbers the behavior near the boundaries is quasi-symmetrical 
as long as Re < 15.5. For higher values of Re one of the eigenvalues turns real and 
the behavior is asymmetric. It can be shown [49] that the mode with the real eigen
value growing upstream the surface flow towards the hot endwall becomes saturated 
by nonlinear terms for Re > 15.5. This mode corresponds to the entrance flow. For 
Re > 400 also the downstream growing mode with complex eigenvalue becomes satu
rated. Here the finite amplitude nonlinear pattern corresponds to co-rotating vortices 
with a wavelength .X ~ 2 (for 100 < Re < 1000). This value is in good agreement with 
the numerical simulation of [82] (see fig. 28). 

6.2.3 Two-dimensional oscillatory flows 

Pr« 1 

Smith & Davis [38] considered the linear stability of (93) (see §4). For small Prandtl 
numbers, the most dangerous modes of the Poiseuille-Couette flow are long waves 
propagating nearly in z-direction, perpendicular to the applied temperature gradient. 
The critical Marangoni number tends to zero like Mac ,....., Pr112 -+ 0. The first instability 
in infinite non-deformable thermocapillary liquid layers with Gr = 0 thus appears in 
form of three-dimensional hydrothermal waves. This is consistent with the results of 
Carpenter & Homsy [57] for square systems and the ones of Ben Hadid & Roux [82] 
for systems of finite extent who did not find two-dimensional instabilities.24 

Buoyancy forces can act destabilizing on the otherwise stable two-dimensional ther
mocapillary flow. Ben Hadid & Roux [85] considered the mixed convection in long con
tainers for Pr = 0.015. The critical Rayleigh number for the onset of two-dimensional 
oscillations was found to increase (stabilization), if the Reynolds number is increased 
(Re > 0). In this case both driving mechanisms support the same sense of rotation of 
the vortex flow. For opposing driving (Re < 0), a destabilization occurs. The corre
sponding stability diagram for r = 4 and Pr = 0.015 has been completed by [86]. It is 

24See, however, (84] 



Thermocapillary Convection 193 

ll 
50 \ 

\ I 
45 \ ,' 

\ 
40 o\ x X G-

35 ~ \ 
Gr \ 103 

30 

\ 
25 

20 

15 

-3 -2 -1 0 2 
Rex 10-3 

Figure 29: Critical Grashof number Grc as function of the Reynolds number Re for the 
onset of two-dimensional oscillations in a rectangular system with adiabatic boundary 
conditions; after [86]. (- ): Pr = 0.015, r = 4; (--- ): Pr = 0.02, r = 4; ( ..... ): 
Pr = 0.015, r = 2. The points marked as x (oscillatory) and o (stationary) have been 
calculated by [85]. 

shown in fig. 29. For Re < 0 a maximum destabilization occurs (minimum in fig. 29). 
A further reduction of the Reynolds number leads to an increase of the critical Rayleigh 
number. In this parameter range, the flow is thermocapillary dominated. For a dis
cussion of the instability mechanisms the reader is referred to [86]. Three-dimensional 
buoyant-thermocapillary instabilities in layers have been treated by [35] and [36]. 

Pr> 1 

Contrary to small Prandtl numbers, the hydrothermal wave instability is. nearly two
dimensional for high Prandtl numbers. Peltier & Biringen [87] simulated the two
dimensional flow for Pr = 6.8 and Gr = Bi = 0. They found a supercritical oscillatory 
bifurcation when the aspect ratio is larger than r > 2.3. These results were confirmed 
by Xu & Zebib [76] and extended to Pr = 1, 4.4, 6.78, 10, and 13.9. They even found 
multiple regions of instability at higher values of r. A stability diagram is shown in 
fig. 30. 

A comparison with hydrothermal waves is in order, since they are nearly two
dimensional for high Prandtl numbers. The typical critical Marangoni numbers at 
small aspect ratios are Mac(r = 2.5) ~ 3200 and Mac(r = 4) ~ 2500 which is much 
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Figure 30: Critical values ReX r for the onset of two-dimensional thermocapillary flow 
oscillations in rectangular containers. After [76]. 

larger than the critical Marangoni number for infinite layers25 (Mac(Pr = 6.8) = 0(200) 
at >. ::::::: 2.5). When the aspect ratio is increased, however, the critical threshold value for 
two-dimensional hydrothermal.waves is approached [76]. Thus the lateral boundaries 
act strongly stabilizing for low aspect ratios and even suppress the instability for r < 
2.3. Moreover, the instability mechanism for low aspect ratios is different from that of 
hydrothermal waves. For r = 2.6 Peltier & Biringen [87] explained the oscillations in 
terms of a vortex that is periodically expanding and contracting in y-direction. This 
process is associated with a periodic appearance of a cold spot in the vicinity of the 
hot wall. The cold spot is caused by convective transport of cold fluid from the cold 
wall along the adiabatic bottom boundary. This behavior was also confirmed by [76]. 
It is clear that a finite geometry ( Ly) is required for this process. It is interesting 
to note that the minimum of the critical curve in fig. 30 occurs at r ::::::: 2.Ei which is 
about the wavelength of the most dangerous hydrothermal wave in plane layers. For 
an experimental work on thermocapillary convection in finite size containers (Pr = 4) 
the reader is referred to [50]. 

6.3 Three-dimensional flows 

6.3.1 Large aspect ratios 

Three-dimensional numerical simulations have been carried out by Xu and Zebib [76] 
for selected high Prandtl numbers in the range Pr = 1 - 13.9. When the aspect ratio 
r z is 0( 1), the oscillations are nearly two-dimensional except for a small region near 
z = (0, fz). On an increase of the spanwise length rz the hydrothermal wave still 
propagates upstream the basic surface flow. In addition, also spanwise oscillations (in 

25It must be taken into account, however, that the slope of the surface temperature in the bulk is 
weaker than suggested by the Marangoni number, because of significant temperature variations near 
the endwalls. 
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Figure 31: Hydrothermal wave in a cavity of aspect ratio r = rz = 15 for Pr = 13.9 
at Re = 710/f = 47.3. Shown are instantaneous surface values of the fluctuations of 
the temperature (a) and the velocity field (b). From [76]. 

z-direction) in form of a standing wave arise. This behavior may be explained in terms 
of two plane hydrothermal waves of equal amplitudes propagating at angles ±a with 
respect to the applied temperature gradient. For increasing Prandtl numbers , ever 
higher aspect ratios r z are required for the appearance of span wise standing waves. 
This may be due to the decrease of the critical angle of the hydrothermal waves (see 
fig. 9) with Pr. The wave in a cavity of aspect ratios r = r z = 15 is shown in fig. 31. 
For this shallow cavity the critical Reynolds number obtained from the slope of the 
basic state surface temperature in the bulk and the angle of propagation a are already 
in good agreement with the respective data for plane layers. 

6.3.2 Sidewall effects 

When the aspect ratio is of 0( 1) boundary effects become significant. To elucidate 
the three-dimensional flows induced by the lateral sidewalls we consider stationary 
three-dimensional thermocapillary convection ( Gr = 0) in a cube (r = r z = 1) with 
insulating boundary conditions [88]. 

As in two dimensions, secondary vortices driven by the primary thermocapillary 
convection exist in the corners at y = 0 and x = (0, 1 ). These vortices are most 
pronounced at midplane z ;::::: 0.5, they develop out of viscous Moffatt eddies [26], 
and their size increases with increasing Reynolds number. In the cube the secondary 
vortices are much smaller than in the two-dimensional square cavity. 

In addition to these structures, two symmetric secondary vortices with vorticity 
components primarily in x-direction appear directly below the free surface at y = 1 
and at z = (0, I) (see fig . 32a). These vortices are caused by thermocapillary effects. 



196 

y 
1 1 I I r II I 1 \ 

.. . .. ... ' . ...... . 

(a) :. 

0 ~--------------------~ 
0 

z 

H.C. Kuhlmann 

: ;;:: :::::::~ ~~ .~;;;;~•,...rteE<<<• .. 
; ~ ~~ : : ~ .... , ,, , 111//M1 ~~~~ 
''''~ - ~~i' I ll/ /,t; .... --'' ~ ... :; ::: .. ,tJJ l~.,t.Hf'~ ,, . .. . ,~~, 

' ' 11/11/11111' ' "' "' ~ ... 
' I I \ ~ .. ~ II I I I J I I I \\ ' ... - ... , ' I \~~' 
I I ' '\ ..... I I I I I I ' \ ' ' ...... - - ....... "I'"" ~ ..... . ,, .. .... ,, , , ... , , ,, ... _____ _..,,,,~~ ..... 
1 1 1 ' . '"'I I I ~ \ \ ' ,, _____ , , , ,~, ..... 
' ' . .. ,. ,. ,I I,,,,..., ____ .,.. ,. , .... ~ .............. 
.. . . . ... , . . , ... .._ ___ ---~~ ..... 

z ... .. - . . . . -----

0 
0 

X 

Figure 32: Projections of the velocity field for Pr = 1 and Bi = Gr = 0. (a): x = 0.5, 

Ma = 100. (b): y = 0.625, Ma = 5 x 104 . 

Since the primary vortex flow is weaker close to the rigid sidewalls than in the center 
of the cavity, the surface temperature is nearly conducting near the sidewalls whereas 

it is strongly convective in the middle of the container. The resul t ing spanwise tem
perature gradients drive the observed secondary vortices near the free surface. For 
high Marangoni numbers the secondary flows may reach sizable amplitudes. The ratio 

lwmaxl/lumax l, e. g., is 25% for Ma = 5 X 104 and Pr = 1. 
Since the main vorticity is perpendicular to the sidewalls, secondary Bodewadt 

vortices [89] are induced at high Reynolds numbers. They extend in a curved fashion 
along each sidewall and can be well distinguished in the lower part of the container. 
In the upper part of the cavity they are not visible, since thermocapillary forces act 
opposing to the Bodewadt vortices. A cross-section through the vortices at y = 0.625 

is shown in fig. 32b. Owing to the superposed primary flow field in positive (negative) 

x-direction at y ~ 1 (y ~ 0) the secondary vortex centers in the ( x, z )-plane close to 

the cold wall appear in the corners of the cold wall for y ~ 1, whereas they appear 

in the middle (x = 0 .. 5, z = 0.5) for y ~ 0. The apparent position of the Bodewadt 

vortices in the vicinity of the hot wall are just opposite. 
Within the range of parameters investigated by [88] no multiple two- or three

dimensional solutions were found. The numerical calculations were based on the asump

tion of steady flow. For that reason, no conclusion can be drawn regarding the stability 

of the calculated flows with respect to time-dependent perturbations. 

6.3.3 Steady spatially periodic three-dimensional flows 

Apart from the secondary three-dimensional flows caused by the rigid sidewalls and 
the slightly three-dimensional hydrothermal waves in high Prandtl number layers, the 
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Figure 33: Velocity field in a thermocapillary cavity with f = 1.47 projected onto the 
plane x = 1.10 after [93]. The parameters are Re = 1.95 x 105 , Ed= 5.76, Pr = 8.4, 
and Ei = 0. The wavelength in z-direction is >. = 1.4 in units of Ly. 

two-dimensional base state for aspect ratios r = 0( 1) and r z » 1 can become three
dimensional through a stationary symmetry breaking bifurcation. 

To investigate the mechanisms and the conditions under which these instabilities 
appear it is useful to consider volumes that are infinitely extended in spanwise direction 
( r z --+ oo). Then sidewall effects are absent. 26 

The first work along these lines was due to Gillon & Homsy [90].27 They ex
perimentally investigated the combined buoyant thermocapillary convection in a liq
uid volume with r = 1.47, fz = 3.8, Pr = 8.4, and dynamic Bond number 
Bd = Gr/ Re = pg(JL;/1 = 2.5. It was observed that the basic flow which was two
dimensional except for sidewall effects became unstable for high Marangoni numbers 
Ma = 0(105 ) giving way to stationary three-dimensional convection cells with a span
wise wavelength of 0(1 ). Similar experimental results have been obtained by Daviaud 
& Vince [92] for a certain range of aspect ratios r = 0( 1 ). 

In order to simulate the experiment of [90] numerically, Mundrane & Zebib [93] 
calculated the three-dimensional flow using the same parameters (but Ed= 5. 76) and 
Ei = 0. They employed periodic boundary conditions in z-direction corresponding 
to the experimentally determined value >. = 1.4. For Ma = 2.93 x 103 the flow was 
found to be two-dimensional and stable. For Ma = 1.95 x 105 the stationary calculation 
yielded a three-dimensional flow pattern. A projection of this flow onto the (y, z )-plane 
at x = 1.10 is shown in fig. 33. The calculated flow structure agrees qualitatively with 
the projection of the streamlines observed by [90]. 

Similarly, Schneider [53] also observed stationary convection cells in a radially 
heated annular system with an upper free surface and filled with ethanol (radii 

26 (52] avoided sidewall effects by selecting an annular system for their experiments. 
27The aspect ratio r z = 1 used by Schwabe & Metzger [9 1] obviously was too small to observe the 

patterns. 
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Figure 34: The eat's eye flow near the free surface in a deep cavity (heated from the 
right side). The flow is driven by combined buoyant and thermocapillary forces. After 
[91]. 

Ri = 20mm, Ro = 40mm; r = (Ra- Ri)/ Ly < 4.5). The observed wavelength in 
azimuthal direction normalized by the layer's height Ly agrees well with the one found 
by [90] in the rectangular container. 

A satisfactory physical explanation of the observed and calculated stationary in
stabilities has not yet been given. The analysis is complicated by the presence of both 
thermocapillary and buoyancy forces . Since the vertical velocity at the cell bound
aries in fig. 33 transports relatively cold fluid from the bulk to the free surface, the 
Marangoni effect is suppressing the secondary flow in the (y, z)-plane. The instability 
should therefore be caused by another mechanism. It is important to note that the 
basic flow is subject to high strain rates before the instability sets in. The base flow in 
the annular gap was observed to consist of an elongated stretched vortex just before 
the onset of instability [53]. Similarly, Gillon & Homsy [90] noticed a stretched thermo
capillary driven vortex immediately below the free surface with two smaller co-rotating 
eddies embedded in the main circulation. An example of such a flow structure is shown 
in fig. 34. 

A stationary three-dimensional instability of vortices with elliptical streamlines was 
recently observed in a two-sided lid-driven cavity by [94, 9.5]. This experiment could 
be a key to the understanding of the three-dimensional buoyant-thermocapillary in
stability. The quasi-two-dimensional flow structure just before the onset of a three
dimensional steady flow (which is shown in fig. 3.5) has a typical cat 's eye structure (fig. 
36). By a linear stability analysis Kuhlmann et al. [94] showed that the instability is 
due to the elliptic instability mechanism [96, 97, 98] and that it is determined mainly 
by the flow properties in the center between both regions of closed streamlines. In 
view of the topological equivalence of both types of flows, it is very likely that also the 
combined buoyant-thermocapillary instability is due to this mechanism. The cellular 
instability arises only for non-unit aspect ratios r ::j:. 1. It relies on a strong straining 
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Figure 35: Typical pattern as a result of the stationary elliptic instability in a two
sided lid-driven cavity [94]. The moving walls are at the top and bottom and move 
with equal velocities into and out of, respectively, the plane shown. 

Figure 36: Basic eat 's eye flow just before the onset of three-dimensional instability in 
a two-sided lid-driven cavity [94]. The walls on the left and the right side move with 
~qual a bsolute values of the velocity up and down, respectively. 

motion in the center of the vortex. The straining motion typically appears in form of 
elliptical streamlines or, for high strain rates, as a free hyperbolic stagnation point. 
Such a hyperbolic stagnation point is clearly visible in fig . 34 and fig. 36. It was also 
observed by [90] just before the onset of the instability. 

The steady three-dimensional cellular flows can become time-dependent . 
Braunsfurth & Homsy [99] considered the cavity flow for Pr = 4.4 and equal aspect 
ratios r = r z in the range of J - 8. ft was obSt'rVed that the fully developed steady 
cellular flow ~s reversed near the cold wall and directed opposite to the thermocapillary 
surface force. The resulti11g stagnation line on the free surface may be even located 
close to the hot wall wlwre a distinct small but intense eddy is induced. The surface 
temperature gradient is high rlose to the hot corner, while it is low along the remainder 
of the surface. Fur Marangoni numbers above a second critical value (Mac2 ;::::: 5.5 x 104 ) 

t he corner t'ddy was observed to periodically oscillate in strength and diameter. The 
instability mecl~Cmism has been discussed in terms of a positive feedback due to a 
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temperature fluctuation at the stagnation line: If the temperature decreases at the 
stagnation line due to a perturbation, the temperature gradient near the hot corner is 
increased and the driving of the corner eddy is enhanced. Simultaneously, the reversed 
flow towards the hot corner, which tends to suppress the hot corner eddy, feels less 
opposition due to a reduced surface stress on the cold side of the cavity. This effect 
also contributes to the amplification of the strength of the hot corner vortex, yielding a 
positive feedback. Note that the presence of a strong three-dimensional steady cellular 
flow must be present to provide the flow reversal near the cold wall in order that this 
type of instability can occur. 

7 Summary 

The incompressible fluid flow driven by the thermocapillary effect in differentially 
heated cylindrical liquid bridges and rectangular open cavities has been reviewed. Af
ter an introduction of the governing equations and a derivation of the energy equations 
the Stokes flow is considered in corners made up of an isothermal rigid plane and a flat 
free surface on which the temperature varies linearly from the line of intersection. The 
creeping flow in the whole volume of cylindrical liquid bridges is then calculated by 
use of the biorthogonal series method and the flow patterns are discussed. Boundary 
layer scalings are derived for some representative limiting cases of the Reynolds and 
Prandtl numbers. As a paradigm for hydrothermal waves the linear instability of the 
return flow (plane Poiseuille-Couette flow) is presented. The mechanics of hydrother
mal waves is discussed for the instability of the toroidal axisymmetric flow in high 
Prandtl number liquid bridges. For low Prandtl numbers, the axisymmetric flow in 
differentially heated liquid bridges is due to an inertial instability which is not present 
in plane layers nor in the infinite cylinder model. The modal structure and the time
dependence of the supercritical flow in liquid bridges is briefly discussed. The last 
section explains the thermocapillary flows in differentially heated rectangular cavities. 
The two-dimensional flow structures depend on the aspect ratio. For high Reynolds 
numbers time-dependence sets in. The oscillatory flow corresponds to hydrothermal 
waves if the aspect ratio is sufficiently large. If the aspect ratio is 0(1) but the extent 
perpendicular to the applied temperature gradient large a steady three-dimensional 
flow can bifurcate from the two-dimensional base flow. 

The area of thermocapillary and buoyancy driven flows in systems with free surfaces 
is currently evolving rapidly. One reason for this interest is the importance of heat and 
mass transfer in crystal growth from the melt. The geometries and the experimental 
conditions in technical processes are more complicated than the models considered here. 
The simple models presented allow, however, a basic understanding of the underlying 
fluid physics. Based on the knowledge gained refined models can be studied more 
efficiently in the future. 
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DROPS, JETS AND BUBBLES 

J.I.D. Alexander 
Case Western Reserve University, Cleveland, OH, USA 

ABSTRACT 
Drops, jets and bubbles occur in many different technological and scientifically relevant 
situations and, thus, have been the subject of a great deal of theoretical and experimental 
work. In the six lectures presented here, I have focused on the equilibria and dynamics of 
captive drops (or liquid bridges), the thermocapillary migration of drops. In the last lecture I 
give a brief introduction to the related problem of contact line motion and dynamic contact 
angles. (Contact line and angle behavior is an important aspect of captive, sessile and 
pendant. drop dynamics.) In Chapter 1, the basic equations governing bridge dynamics and 
equilibria are introduced and a method for determining the stability of axisymmetric 
equilibrium shapes is outlined. Selected results for the stability of bridges subject to gravity 
and isorotation are discussed. In Chapter 2 we consider lD models of liquid bridge 
oscillation. These models are based on models used to describe axisymmetric jets and have 
been adapted for modeling liquid bridge dynamics. In Chapter 3, 2D and 3D liquid bridge 
oscillations are examined and the nonlinear behavior of bridges undergoing large amplitude 
oscillations is discussed. It is shown that, for nonlinear oscillations, liquid bridges behave 
like a soft spring. In Chapter 4 we consider different models of the breaking of jets, pendant 
drops and liquid bridges. In Chapter 5 we briefly analyze the Young-Goldstein-Block model 
of the thermocapillary migration of bubbles. In Chapter 6, we introduce and discuss recent 
experimental and theoretical work concerning dynamic contact angles and highlight the 
complexity of the behavior of moving contact lines. 
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1. LIQUID BRIDGE EQUILIBRIA AND DYNAMICS 

1.1 Introduction 
In this chapter we outline the equations governing the equilibria and equilibria of 

captive drops or liquid bridges. In most cases, the presence of a second phase (a fluid or gas 
surrounding the bridge) is ignored for practical computational reasons. However, since it 
may not always be permissible to assume that the second phase is unimportant, two fluids are 
accounted for in the following description. In this way, students will be able to assess for 
themselves the extent of the approximations made in the various models that will be presented 
and discussed in subsequent chapters. 

1 . 2 Governing Equations and Boundary Conditions 
To undertake a general treatment of isothermal liquid bridge dynamics we need the 

equations governing the flow of an isothermal, constant density, viscous fluid. In addition, 
we require boundary conditions that enforce conservation of mass and momentum at the free 
surface of the bridge and properly describe the behavior of the bridge at its solid supports. 
These equations, for a constant density Newtonian fluid, are introduced below. 

Q (2) 

I l9 Jl(1) p(1) 0 u (1) 

I 

~1 
r 

'Po 1-ro-
Fig. 1 Schematic of the liquid bridge. The solid line is the projection of the surface :E which separates the 

liquid bridgeD 1 and the surrounding medium D2. 

Consider a region Q = QI)uQ<2l that is occupied by two fluids (see Fig. 1.1). The 
region Q 1lis a liquid bridge of volume V0 that is held between rigid circular disks of radius 
r0 + and r0 -. The liquid bridge is surrounded by a second fluid which occupies the region 
Q 2l. It is assumed that the fluids are immiscible and are Newtonian, with constant dynamic 
viscosity J.l(i), and density p(iJ, i = 1,2. The boundary, E = QI)n !1(2), between the two 
immiscible fluids is characterized by a constant surface tension y. 
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1.2.1 Continuity and momentum equations 
The density of each fluid is assumed to be constant. This leads to the following 

familiar expression for incompressible flow 

v . u (i) = 0 in ni, i = 1, 2 , ( 1.1) 
where u(i) is the velocity of the fluid "i", i = 1, 2. 

For incompressible, constant viscosity Newtonian fluids, conservation of linear 
momentum yields the following equation of motion in each fluid 

pO)( ~(i) + (uUl.V)u(il) = -Vp(i) + ,uUl V 2 uUl + p(i) g, in Qi, i = 1, 2 (1.2) 

When p(i), i = 1,2 is the pressure in each fluid, t denotes time and g is the gravity vector. It 
is often convenient to define a "reduced" pressure. 

p*(i) = p(i)- p(i) g. X 

which eliminates the third term in (1.2) when p(i) is replaced with p*CiJ. 

1.2.2 Interface and surface boundary conditions 

(1.3) 

Let F(x, t) = 0 represent the free surface, .E = .E =a 1) n {12), of the liquid bridge. 
At any point x rE l' defined by F( x, t) = 0 we shall require that the following conditions be 
satisfied: 
(a) no mass from fluid 1 or 2 will pass through the surface; (b) the two fluids will remain in 
contact (continuity); (c) if both fluids have non-zero viscosity there will be no slip along .E of 
one fluid relative to the other; (d) forces at the interface must balance (conservation of linear 
momentum) 

Conditions (a) and (b) require that no mass shall pass from a 1) to {12) and that the 
two fluids shall always remain in contact. Thus, at any point xI on the surface the 
component of fluid velocity u(XJ:, t) that is instantaneously normal to F(x. t) = 0 must be 
equal to the speed, Vn(x.r; t), of the surface along the direction of n(XJ:, t), the unit normal 
vector to F=O atxJ;. This can be written as 

lim U (i)(x,t) · n (x D t) = Vn (x D t) (1.4) 
x~xl: 

XE .Q' 

for all x IE .E. Now consider a point P which lies on the surface .E and use x = XitJ to 
describe its trajectory as the surface moves. We then have 

(1.5) 

Upon differentiating (1.5) with respect to time we obtain 

(1.6) 
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where dXp'dt simply represents the velocity of the surface at point P. The normal n is taken 
to point out of fluid 1 and is defined by 

Thus, from ( 1. 7) and 

n = Y' F(x.r,t) 
IVF(x,r,t)l' 

dzp dzp VF 
u(x ,r. t )·n = dt · n(x E• t) = dt . I Y' F I , 

(1.7) 

(1.8) 

we can then use (1.6) to equate the component of fluid velocity at the surface in the direction 
of the surface normal, n, to the speed Vn of the surface, or 

(1.9) 

and, from ( 1.4) , we obtain the limit 

x~~xu (i) · Y'F (x E, t) =- 0fr (x E, t), ( 1.10) 

XE Q' 

Equation ( 1.1 0) is a kinematic boundary condition for the free surface [ 1.1] and takes the 
form 

(1.11) 

It is used together with 

(1.12) 

For viscous fluids, the additional "no-slip" condition (condition (c)) generalizes (1.12) to 

(1.13) 

We assume that the surface, I, is characterized by a constant surface tension, y, such that a 
force(=- 2yK (x,r,t)) proportional to its local mean curvature, K (x,r,t) is exerted along the 
normal vector at a point x .r on the surface. Balance of forces at the liquid bridge surface 
(condition (d)) thus requires that the difference, F 2,1 between the bulk forces acting across 
the surface 

(1.14) 

T(il = _ pUl[ + Jl,(i) [ Y'u (i) + Y'u (i) TJ 
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which arises from the pressures and viscous stresses in the bulk fluids, should be equal to 
the surface tension force. That is, 

F2,l =- 2YK'tl . (1.15) 

where, the mean curvature, K(xx,t), is [1.2] 

2K(X..r, t) =-Y' I· n (X..r, t), (1.16) 

and Vxis the surface gradient operator [1.2]. Equations (1.14), (1.15) and (1.3) yield 

- p**C2l+ p**(l) -Lip[g +aw2 sin wt] z+ [2,u(2l D(2l n- 2,u{ll D{ll n] · n = -2}'1( 

,u{l) v{lln·'f = ,u{2) v(2ln·'f, 

(1.17) 

(1.18) 

where -r is a unit tangent vector to the surface and D = 112[ Y'u + Y'u T) is the rate of 
deformation tensor 

1. 2. 3 Initial conditions, boundary conditions and special transformations 
Boundary conditions at the support disks will involve the fluid velocities only. Since 

we consider the surface to be pinned to the sharp edges of the supporting disks, no 
constraints will be placed on the contact angle cp (see Fig. (1.1)) except that it will remain 
pinned to the disk edge. This means that the slope of the surface at the disk edge is free to 
take on any angle (see sections 1.3.1 and 6.1 for further discussion of this constraint and for 
thermodynamic and geometrical constraints on the range of admissible angles). 

Generally we will have velocity components that satisfy 

(1.19) 

for all points x± at the upper ( +) or lower (-) disks. where the functions j± and g± are used to 
describe the time-dependent motion of the support disks if necessary. Thus, for a problem 
which considers free oscillations with fixed supports we would have f± = g± = 0 , and 

F(x,O)= r-R(O,z,O)=O , uCil(x,O) = O,i=1,2), (1.20) 

where R (0, z, 0) specifies the initial shape of the liquid bridge surface. For problems, such 
as disk vibration, for example, we might have as conditions at the disk and initial conditions 

t+(t)=w+a+cos(w+t), r=w-a-cosw-r, 
g+=g-=0, r-R(O,z,O)=O, uCil(x,O)=O. 

(1.21) 

Here w+, and w- are the angular frequencies of the disk oscillations, and F correspond to the 
velocities arising from oscillating displacements o~ amplitude a±.. When a+ = a- and w + = w
in ( 1.21) we can use the transformation x' l1 J = x l1) + a sin wt to obtain 
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Du'_Du 2 . 
Dt - Dt - OJ a sm OJt e z• (1.23) 

This changes (1.2) to 

p(i) ( aa:i} + u(ilvu(i}) = -Vp*(i) + J..l(i) V 2 u(i)- pm2 a sinmt e Z' 
(1.24) 

where, for convenience, we have now dropped the .. , " superscript. If we now redefine the 
reduced pressure to be 

(1.25) 

and substitute (1.25) into (1.24) we can eliminate the body force. The body force term now 
only appears in the force balance boundary condition. The boundary conditions are then 
u± = 0 at x =x±, and, if we take g = gez and L1p = p (1)- p (2) we have 

- p**<2>+ p**(l)- L1p(g + am2 sin mt] z + [2J..l(Z) D(Z) n- 2J..l(l) D(l) n] · n = -2YK (1.26) 

which together with (1.18) and (1.6) define the problem. In addition to these equations it is 
usually necessary to enforce a constant volume constraint [1.3]. 

1. 3 Liquid bridge stability and equilibria 
1. 3. 1 Stability of axisymmetric liquid bridges 

Consider a liquid bridge contained between two coaxial disks of equal-radius ro 
separated by a distance h . The liquid-solid contact lines coincide with the disk edges and are 
fixed to them even when the bridge is subjected to perturbations. The liquid is subject to a 
gravity vector that is parallel to the axis of the disk and has a magnitude I g 1. (g > 0 when 
gravity points along the negative z axis of the cylindrical coordinate system (r, 8, z). In 
addition,the bridge is subject to a centrifugal force due to an isorotation of the system about 
the disk axis with angular velocity w. Generally four parameters describe the equilibrium 
[1.3]: the slenderness, A, the relative volume, V, the Bond number, B, and the Weber 
number, W. They are, respectively, 

A= h/(2r0), V = vl(rcr(Jh), B = L1pgr5Jy, W = L1pm2rdl(2y). (1.27) 

Here, v, L1p and y are the liquid volume, density difference between the bridge and the 
surrounding medium and surface tension, respectively. 

In equilibrium, (1.26) reduces to 

Lip- L1pg z +L1pr2m2 = -21(}' , L1p = p*(l)_ p*<2> (1.28) 

where L1p is the difference between the reference pressure inside the liquid bridge at z= r=O a 
and that of the surrounding gas, 2K = ( GL + EN - 2FM)I EG is twice the mean curvature, 
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and E, F, G, and L, M, N, are the surface's fundamental magnitudes of first and second 
order [1.4]. For a surface parameterized by u and v, these magnitudes are given by 

(1.29) 

The shape of an axisymmetric equilibrium free surface can be described 
parametrically with the coordinates r = r(s) and z = z(s) (s is the arc length of axial section fJ 
=constant). For the fundamental magnitudes (1.29) with u = fJ and v = s this yields 

G=r2 +z'2, E=r2 , F =0, N=(r1Z1-r'z")(r2 +z12t 112, 

L =- rz'(r'2 + z' 2t 112, M = 0, n = (z~e,- r'e8)(r'2 + Z12) 112 
(1.30) 

where a" 1
" superscript denotes d/ds, e,and ez are unit vectors in the cylindrical coordinate 

system and the mean curvature, 1(, is 

r( ,:~ z'- rl z") - Z1( r'2 + z'2) 2 /( = --'-----'----'--c~---'--
.1 12 12)312 
r~r + Z 

(1.31) 

Equations (1.30) and (1.27) lead to [1.3] 

(1.32) 

Given the identities, rl = cos ,B(s) and Z1 = sin ,B(s), where f3 = ,B(s) is the angle measured 
from the r-axis to the tangent to the equilibrium profile (the surface axial section) directed in 
the sense of increasing s , ( 1.31) can be rearranged to give 

" 1,8' " ',81 r =-z , z =r , ,B 1 =- bz +p r2 + q- z'lr (I=!) (1.33) 
with 

r(O)=ro, r(O)=cos,B1, z(O)=O, z'(O)=sin,BI, ,8(0)=,81 (1.34) 

at the points= s 1 = 0 on the lower disk. Here, b = t1pg/y and p = t1poi!2y. The constant q 
= t1p/y is proportional to the pressure difference between the reference pressure, p*UJ inside 
the liquid bridge at the point r = z = 0 and that of the surrounding gas, p*<l). The quantity q 
should be considered as a reference for the mean curvature. 

The unknown quantities q, f3I and the value s = s2 at the end of the arc on the upper 
disk are determined by the following conditions 
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(1.35) 

The integration of the second equation in (1.33) from s = 0 to s = s2 and using (1.34) 
and (1.35) yields the following useful identity valid for any stable axisymmetric liquid bridge 
[1.3] 

sin {32= sin {31 - AB ( 1 - v) , (1.36) 

where f3z = {3(s2) is the slope angle at the top disk. 
An axisymmetric equilibrium configuration of a liquid bridge is stable only if it is 

stable with respect to both axisymmetric and nonaxisymmetric perturbations. The 
axisymmetric surface perturbation normal to the equilibrium surface is ({Jo (s). The most 
dangerous nonaxisymmetric perturbations correspond to the first harmonic in the polar angle 
0 and have the form N = (/JI(s) cos 0. The perturbations must satisfy the condition of liquid 
volume conservation which takes the form 

(S2 Jo r cp0(s) ds = 0. (1.37) 

We will also assume that the inequalities, lfl > a and lflo > n - a, are satisfied on both of the 
contact lines that coincide with the disk edges. Here, 1f1 and lflo are the angles formed by the 
liquid and the gas at the contact line (see Fig. 1), and a is the wetting angle formed by the 
liquid at the contact with the smooth disk surface. Then the most dangerous perturbations are 
restricted to those which keep the contact lines fixed [1.3], that is 

(1.38) 

If one of inequalities for 1f1 is not satisfied on one of the disk edges, no stable equilibrium 
state for a bridge surface pinned to the edges of disks exists [1.3]. 

We use the method described in [1.3] to study the stability to perturbations satisfying 
conditions (1.37) and (1.38). An equilibrium bridge is stable to axisymmetric (to 
nonaxisymmetric) perturbations provided the function D(s) (function cp1 (s)), does not vanish 
on the interval 0 < s ~ s2• Here, 

D(s) = cp01( s) J: rcp02( s) ds- cp02( s) Jos rcp01( s) ds, (1.39) 

and the functions (/)OJ (s), (/)02 (s) and (/)1 (s) are the solutions of the following initial-value 
problems: 

L cp01 = 0, cp01 (0) = 0, cp~ 1 (0) = 1; 

L cp02 = 1, cp02 (0) = 0, cp~2 (0) = 1; 
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L ({J 1 + i2 ({J 1 = 0, ({J 1 (0) = 0, ({J~ (0) = 1; 
r 

(1.40) 

Lq>~qf'+~qf+( h.-'+2prt+ ~: +{i'2)<P· 

If there is at least one points, 0 < s < s2, at which D (s) or ({JI (s) vanishes (in practice, 
changes sign), then the bridge is unstable. 

We define the points= s* as the first point on the solution of problem (2) and (3) at 
which one of the functions D (s) or ({J1 (s) vanishes. To find the profile of a neutrally stable 
surface with a prescribed value of f3I and a chosen ro, we vary the parameter q until the 
condition r (s*) = ro is satisfied within the required accuracy. For the construction of a 
general boundary of the stability region, this procedure is performed for a sequence of 
possible values of the angle fh. For a bridge of cylindrical volume, a neutrally stable surface 
can be found by variation of the parameters q and f3I until both conditions 

* 
r(s*)=ro and Jos r2z'ds=r~z(s*) 

are satisfied. For a neutrally stable surface, axisymmetric (nonaxisymmetric) perturbations 
are critical when D (s) ( ({J1 (s)) first vanishes at s = s*. 

1. 3, 2 Axisymmetric liquid bridge stability: selected results 
The above approach for analyzing liquid bridge stability has been used extensively by 

Slobozhanin and co-workers [1.3, 1.5-1.8]. Slobozhanin and Perales [1.5] recently extended 
these analyses to include the full range of possible contact angles and a wide range of B, V, 
11. They showed that for a finite Bond number, the stability boundary can be represented in 
the A- V parameter space as a curve defined by three segments (see Fig. 1.2). The upper 
segment of the curve corresponds to the maximum volume stability limit. Between points 0 
and C stability is lost to non-axisymmetric perturbations. At present no theory exists for the 
stability of these non-axisymmetric c:Jnfigurations although recent experimental work [1.9] 
indicates that some of these configurations are stable. ForB < 3.6 the segment from F to C 
is characterized by loss of stability to axisymmetric perturbations. This leads to breaking of 
the bridge into pendan.t and sessile drops. A small satellite drop is also created. The third 
segment, OF, of the stability boundary corresponds to small volumes and slenderness (V< 1, 
A < 1). When gravity is directed downward and the liquid is denser than the surrounding 
medium, loss of stability occurs through detachment from the upper disk. The experimental 
results of Bezdenejnykh et al. [1.9] are in good qualitative agreement with the theoretical 
results. 

An interesting result recently obtained by Slobozhanin and Alexander [1.8] concerned 
the combined effects of isorotation and gravity. The stability regien in the (A, V)-plane can 
be constructed for any fixed pair of values of B and W. The curves in Fig. 2.3 illustrate the 
independent effects of gravity and centrifugal force. Each of these forces narrows the stability 
region in comparison to the case B = W = 0. The stability region for their combined action 
belongs to the intersection of the stability regions for their independent action. 
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v 

Fig. 1.2 Stability boundary forB =0 and B = 0.1 bridges between equal radii coaxial disks. (After [1.5]) 
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Fig. 1.3 Separate effects of isorotation and gravity on the stability boundary. 
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Fig. 1.4. Dependence of the relative volume, V, on the positive Bond numbe~, B, for critical bridges 
with /31 = 90°: (a) general diagram; (b) detail showing the existence of disconnected stability 
regions. Numbers on the curves denote values of the Weber number, W. (After [1.8]) 

For one of the isorotation cases examined, the slope at the lower disk, {31 is fixed at 
{31 = 90°. (This is a common growth angle value for materials used in floating zone crystal 
growth.) Both positive and negative values of B were considered. Examples show that, forB 
> 0, the stability of a bridge cannot be determined generally by the value of A for critical 
states [1.1]. For {31 = 90°, selected results are shown in Fig. 4. For most values of B and 
W, the stability region is connected and is enclosed between the stability boundary and the 
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line V = 1. However, forB> 0 and the Weber number between Wo (1.58 < Wo < 1.59) and 
1. 917, there exists an additional stability region that is disconnected from the previous one 
(see Fig. 3b). The existence of two separated stability regions is due to the centrifugal force 
[1.4]. The distinctive features associated directly with singularity of the case {31 = 90° forB= 
0 and 0 :5 W :5 1.25 are discussed in detail in Ref. [1.8]. For the case {31 < 90°, the upper 
boundaries for B > 0 do not coincide with the line V = 1. 

The bifurcation of the solutions of the nonlinear equilibrium problem of a weightless 
liquid bridge with a free surface pinned to the edges of two coaxial equidimensional circular 
disks was examined by Slobozhanin et al. [1.7]. They found that along the maximum 
volume stability limit, depending on values of the system parameters, loss of stability with 
respect to nonaxisymmetric perturbations results in either a jump or a continuous transition to 
stable nonaxisymmetric shapes. A detailed analysis of the bifurcation among axisymmetric 
bridge shapes has been performed by Lowry and Steen [1.10]. In particular, for fixed values 
of A, they constructed families of possible axisymmetric equilibrium states and presented 
them in the (p, V)-plane (p is the dimensionless pressure jump at a free surface). The {p, V)
diagrams so obtained represent the bifurcation structure. From these diagrams, the stability or 
instability of the liquid bridge to axisymmetric perturbations can also be determined for 
different equilibrium branches (or parts of them) using the location of the turning points in 
volume and the branch points. 
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2. LIQUID BRIDGE DYNAMICS: lD MODELS 

2.1. Introduction and problem definition 
Liquid bridges occur in a variety of physical and technological situations and a great 

deal of theoretical and experimental work has been done to determine axisymmetric equilibria 
and stability for various disk configurations, aspect ratios, gravity levels and rotation rates. 
There have also been numerous investigations of liquid bridge dynamics. Such 
investigations have been motivated both by practical considerations and basic scientific 
interest. The behavior of liquid bridges and drops are important considerations in propellant 
management problems in liquid fuel chambers and related problems with fluids management 
in space. Pendular liquid bridges occur widely in the powder technology industry and are a 
major influence on powder flow processes and mechanical properties [2.9, 2.10]. In porous 
media flow, liquid-liquid displacement can lead to evolution of pendant and sessile lobes or 
lenticular bridges [2.11]. The formation of liquid bridges from the gel that coats lung micro
airways is a precursor in lung collapse [2.12]. 

In this lecture we will examine 10 models of the response of a slender liquid bridge 
to axial forcing resulting from vibration. Viscous and inviscid cases will be considered. 
Numerical results obtained from the inviscid model will be compared to analytical results. A 
slender liquid bridge is held between two equidimensional rigid circular disks (radius R0) 

separated by a distance L. The disks are aligned coaxially and are subject to an axial 
sinusoidal vibration such that both disks move in phase. For a frame of reference attached to 
the moving disks (see Fig. 2.1), the vibration appears as an axial body force term, g(t), in the 
equations of motion. The liquid is assumed to be an isothermal incompressible Newtonian 
fluid with constant physical properties and is held between the disks by surface tension. We 
also make the following additional assumptions: 

(i) Internal fluid motion in the liquid bridge is caused only by capillary pressure 
gradients due to interface deformation in response to g(t). 

(ii) The effect of the atmosphere around the bridge is negligible. 
(iii) Only the axisymmetric response of the bridge is considered. 

L 

j 

g (t) 
t 

~----2 R0--------J 

Rigid Disk 

Fluid Surface 
r = R (z, t) 

Fig. 2.1 The axisymmetric liquid bridge subject to an axial vibration 
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2. 2 .1 Governing equations 
The dimensionless equations for mass and momentum transfer) 

in the liquid (0 < r < R(z,t), -A.< z <A.) are now 

(2.1) 

(2.2) 

(2.3) 

where p* is a reduced pressure given by p*= p + B0 g(t)z, and v is the kinematic viscosity. 
The function g(t) is taken to be g(t) = 1 + (B1!B0) sin(w t), where w is the dimensionless 
angular frequency, Bo= goPRo2!y is the usual static Bond number, and Bw = gwpRif!y is a 
dynamic Bond number associated with the time-dependent component arising from the 
vibration. The steady and time-dependent acceleration magnitudes are g0 and gro, 
respectively and the linear frequency of the disturbance is/ =W(2rcpR0 3 /y)ll2. In equation 
(2.3 ), Oh = v (ply R) 112 is the Ohnesorge number and is a measure of the relative strength of 
viscous and capillary forces. 

2 .1. 2 Boundary conditions 
The surface is defined by F(r,z,t) = r- R(z,t) = 0. The boundary conditions at the 

surfacer =R(z,t) are 

which, respectively, represent the balance of normal and tangential force components at the 
surface. The kinematic boundary condition ( 1.6) takes the form 

oR oR 
- - u + w- = 0. (2.6) ot oz 

The conditions at the disks (z= ±A. ) are 

R(z,t) = 1, w(r,z,t) = u(r,z,t) = 0. (2.7) 

which anchors the contact line to the disk edge and ensures no slip of the interior fluid in 
contact with the disk surface. Axisymmetry requires that 

OW 
u(O,z,t) = 0, a, (O,z,t) = 0. (2.8) 

The initial conditions are 
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R(z,O) =R0 (z), w(r,z,O) = u(r,z,O) = 0, (2.9) 

where Rri.z) represents the equilibrium shape corresponding to the static Bond number Bo. 
The formulation is fmally complete upon specifying the following volume constraint 

f +A 2 f+A 2 
-A Ro (z) dz = -A R (z,t) dz = 2A. (2.10) 

Equations (2.4)-(2.10) define an unsteady free boundary problem since the location (and 
hence the shape) of the oscillating interface is a priori unknown and must be determined 
along with the velocities and pressure as part of the solution. 

2.3 The lD "slice model" 
The equations and boundary conditions (2.4-2.10) are approximated by a 1D model 

due to Meseguer [2.1] that considerably reduces the complexity of the problem and allows an 
examination of a relatively wide range of parameter without excessive computation times. It 
has been used in several previous studies of liquid bridge dynamics [2.2,2.3] and holds 
provided the slenderness A is large. The model is based on a 1D model for fluid jets 
[2.4,2.5]. The axial velocity component, w, is assumed to depend only on the z coordinate 
and time. In this case eqs. (2.2) and (2.3) become decoupled and the following system of 
equations and boundary conditions results: 

(2.11) 

(2.12) 

Since w is assumed to depend only on z, equation (2.11) is easily integrated and yields 

row 
u(r,z,t) = -2-az. 

(2.13) 

We then take S=R2(z,t) (which represents a dimensionless measure of surface area), and Q 
= S(z,t)w(z,t) and substitute (2.13) into the kinematic boundary condition (2.6). This yields 

as aQ at +az-=0. (2.14) 

Similarly, equation (2.12) can be recast in the form 

oQ +~(Q2)=-sop* +Ohsi:_(Q). 
ot oz s oz oz2 s (2.15) 
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which expresses the conservation of momentum in the axial direction for each cross section 
of the bridge. The component of force balance normal to the interface, equation (2.4), now 
reduces to 

*= oh [(2(os) 2 _ 4s)~(Q) + 2sos ~(Q)j+ 
p 4S +(~~r oz oz S oz oz2 S 

[ ( os) 2]-~[ (os) 2 o2s] 4 4S + oz 2S + oz - S oz2 + Bo g(t)z, 
(2.16) 

where equation (2.13) and the expressions for S and Q replace the dependent velocity 
variables u and w. Together with the following boundary and initial conditions, l"qnations 
(2.14) and (2.15) complete our approximate 1D description of the physical system 

S(±A,t) =1, Q(±A,t) =0, S(z,O) =S0(z), Q(z,O) =0. (2.17) 

2 . 3 Linearized model 
Meseguer [2.2] employed a linearized version of the above model to study the 

oscillations of in viscid bridges under micro gravity conditions. Equations (2.14 ), (2 .15) and 
(2.16) are used with Oh = 0. For g(t) = e b(t), linearized solutions are sought of the form 

[ ~ ](z,t) = S~z) + e [ ;~~:~ l 
p _ Po p(z,t) 

Substitution of (2.18) into (2.14)-(2.17) and boundary conditions yields the following 

system of 0( e) equations 
os aq oq op 
ot + oz = O, at + So oz = O, 

3/2 D d2So D dSo OS o2s 
p =4A- [6- -4-- )s + (3- -1)--- S0-] + b(t)z., 

A dz2 A dz oz oi 

s(±A,t) = q(±A,t) = 0, s(z,Q) = q(z.O) = 0. 
where 

(2.18) 

(2.19) 

(2.20) 

The second equation in (2.19) is differentiated with respect to time and the perturbation 
variable, s, is eliminated from the ()2pf0zot term by differentiating (2.14) (four times) with 
respect to z to obtain 
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a~ a~ a\ a~ 
azat =- dZ2, a/at =- az3, ... , etc., (2.21) 

and substituting for s and its derivatives. This yields 

or, for b( t) = f3 sin (J){ we look for solutions of the form q(z,t) = u(z)sinw t, and, upon 
expanding derivative on the right ha.nd side, obtain the following fourth-order ordinary 
differential equation for u 

(2.23) 

where 

3 6D d2So dA 1 dD aA · d2 So 
k1=2A(A- dz2 -4)dz -Al6(Aaz--Ddz)+ dz2' 

k~_ =(3D -lJ[2_ dS0 dA _ d2S0]- 6£?_ + d2S0 +4 + ]__(AdD_DdA)dS0 

A 1 2A dz dz dz 2 A dz 2 A 2 dz dz dz (2.24) 

D dS0 S0 dA 
k 3 = (2 - 3 A ) dz - 3 2A dz · 

Equation (2.23) is discretized using a fourth-order accurate five-point centered difference 
scheme [2.2]. This gives rise to an algebraic system of the form 

w2A 312 

MU(z) = T = - / J= 1,2,3 ... , m (2.25) 

where m denotes the number of points used in the discretizatio~, M is a pentadiagonal matrix 
and U (z) is the vector representing the unknowns u(zi), i=l, .. m. The problem can now be 
solved for a given initial shape So(z) by inverting M. 
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2.4 Forced oscillation of a liquid bridge 
In this section we describe the response of a liquid bridge (V = 2nA) to sinusoidal 

vibration of the supporting disks (g-jitter) using the non-linear 10 "slice" model equations. 
Single frequency vibration is considered. The sensitivity criterion chosen to characterize the 
response of the bridge represent two extremes. The flrst is the deviation of the bridge radius 
by more than 10% from its equilibrium radius, the second is breakage of the bridge this is 
taken to be the point at which the bridge radius, R(z), is 0(.1 z), i.e., R(z) ~ 0. Note that, 
since the disks are constrained to vibrate in phase, the eigenfrequencies exhibiting the most 
sensitive response are those associated with eigenmodes having an odd number of nodes, 
(i.e., an even number of half waves). 

All calculations presented in this section were made for a disk radius of 1.75 em, and 
liquids with the following properties, p = 920 kg m-3, y = 0.02 N m-1, and kinematic 
viscosities in the range 6.17 x 10-8 to 6.17 x 10-s- m2 s-1 (i.e., 10-4 < Oh < 10-1). These 
viscosities cover arrange of typical experimental materials (water, silicone oils, etc.) The 
effects of viscosity (Oh), background acceleration Bo, and slenderness, A, on tolerable 
acceleration are discussed below. The tolerable acceleration is expressed in units of g=9.8 
ms-2. 

In order to deflne the sensitivity limits for the liquid zone shape an optimal searching 
scheme [2.6] was used to delineate the boundary between the regions in parameter space for 
which solutions either do or do not satisfy our sensitivity criterion. Six to seven calculations 
were typically needed to obtain each point on the sensitivity curves. 
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Fig. 2.2 (a) Effect of viscosity (Oh) on tolerable acceleration for the breakage criterion atf 
=5Hz, A = 2.6, Bo = 0.002 and go = 1.42x1o-5g. (b) Effect of viscosity on tolerable acceleration for the 
shape change criterion!= 5Hz, A= 2.6, Bo = 0.002 and go= 1.42x1o-5g. From [2.6] 
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2. 4 .1 Effect of viscosity 
Figure 2.2 shows the effect of viscosity on 81 for a frequency of 5 Hz at fixed 11 and 

Bo. at a given frequency, values of acceleration that lie above the curve lead to breakage. 
The tolerance increases as the viscosity is increased. Only when Oh approaches I0-1 does the 
increase in tolerable acceleration become significant. Figure 2.3 shows acceleration tolerance 
curves for different viscosities (i.e., for different Oh values). 
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Fig.2.5 Curves of tolerable acceleration vs. frequency for the shape change (a) and breakage (b) criterion at A 
= 2.6, Oh = 0.001. The solid and the dashed curves are for Bo = 0.002 (go= 1.42xl0-5g) and Bo = 0.02 (go= 
1.42xl0-4g), respectively. (From [2.6].) 

2. 4. 2 Effect of background acceleration (Bo) 
The value of the static Bond number, Bo, has a measurable effect on sensitivity, 

even at low values as seen in Figs. 2.4 (after [2.2]) and 2.5. This is limited to the lower 
frequency range. With increasing frequency the differences are less pronounced. 

2. 4. 3 Effect of slenderness A 
Changes in slenderness, 11, have a strong effect on sensitivity (see Fig. 2.6 (a) and 

(b)). A small decrease in 11 changes the magnitude of tolerable acceleration markedly when 11 
is close to 11max. the maximum slenderness for the bridge volume. The change in tolerable 
acceleration magnitude becomes less significant for values of A less than 80% of 11max· 

2. 4. 4 Sensitivity as a function of frequency 
The sensitivity of a zone to vibration (i.e., 11, Bo, and Oh fixed) as a function of the 
frequency of the disturbance is of most practical interest. This is shown in Figs. 2.3 -2.5. 
For both sensitivity criteria the general trend shows an increase in tolerable residual gravity 
with increasing frequency. For each case there are obvious deviations from. this trend. As the 
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frequency of the forcing function approaches an eigenfrequency, the liquid bridge becomes 
more sensitive to the applied acceleration. Indeed, at the lowest eigenfrequency the deviation 
from the general trend can be two orders of magnitude lower. For the values of A and Bo 
considered the most sensitive frequencies are found in the neighborhood of 10-1 Hz. 
Associated maximum tolerable residual gravity levels as low as 10-5 and 10- 3 g have been 
calculated. The lowest tolerable acceleration occurs in conjunction with the smallest 
eigenfrequency. Table 1 gives the maximum tolerable acceleration and the associated 
eigenfrequencies for the cases examined. 

2.5 Results from the linearized lD "slice" model 
Figures 2.7 (a) and (b) show results computed from the linearized inviscid slice 

model described in section 2.3. As expected, the linearized model shows that the bridge is 
mostly affected by lower frequencies and that at resonant frequencies (eigenfrequencies) the 
response is more pronounced than at neighboring frequencies. Figure 2.7 (a) illustrates this 
trend. Figure 2.7(b) shows the fundamental resonance frequencies, Wr, for Bo = 0 (i.e., no 
mean gravitational field). The dependence of Wr on bridge volume is such that Wr decreases 
as V approaches the minimum volume limit for static bridges with Bo = 0. For a fixed 
volume bridge, the influence of the background acceleration, Bo, on w,. is depicted. As Bo 
increases Wr becomes smaller until, at the value of Bo where the given value of V represents 
the minimum volume stability limit, it vanishes (Wr =0). 
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2.6 Comparison of the linear model with a 3D axisymmetric model 
Nicolas [2.8], used a linearized 3D axisymmetric model to approach the problem of 

response of a bridge to sinusoidal vibration of the supporting disks. A comparison of his 
results and those of Meseguer' s [2.2] are made in Fig. 2.8. 

2.7 Summary 
Different examples of the use of 1D models for g-jitter sensitivity predictions have 

been examined. The results indicate that the liquid bridge is most sensitive to accelerations 
with frequencies close or equal to its lowest natural frequency. In terms of predicted and 
measured levels of residual accelerations experienced on spacecraft, the practical sensitivity 
range appears to be restricted to disturbances with frequencies in the range 10-2- 10Hz. 
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3. LINEAR AND NON-LINEAR BEHAVIOR 

3.1. Linear oscillations 
3.1.1 Calculation of eigenfrequencies and damping times. 

Tsamopolous et al. [3.1] examined the linear oscillations of liquid bridges. They 
were motivated by the desire to evaluate the extent to which forced and free oscillations of 
liquid bridges can be used to measure the surface tension and viscosity of molten metal 
materials. They considered a nearly cylindrical bridge with relative volume V = 1, and the 
surrounding environment was not considered. The governing equations (see Ch. 1) were 
linearized about a basic state Vo (which corresponds to a static equilibrium shape determined 
by the aspect ratio and Bond number. These solutions take the form 

u(r,8, z,t) 0 u 
~ 

p(r,8, z,t) = V0 + VP = p0(r,z) + p (r, 8, z,t), (3.1) 

R(8, z) R(z) f 
with 

u u(r,z) 

V:= p p (r, 8, z,t) = p(r,z) ik(J -at 
e e , (3.2) 

f f(r,z) 

where Rea> 0 gives damped oscillations. The resulting perturbation equations are [3.1] 
v.;; = o (3.3) 

ail 2 ~ 
at= -Vp+OhV U, 

u = 0, at z = ± J1 

il=O, k=0,2,3,4 ... , U+V=;,k=1, 

-p + 20hn0-Dn 0 = 2K", 

~ ~ 

e6·Dn0 = 0, tz·Dn 0 = 0, r = R(z), 

a] ~ 
no·e r dt = no·U, r = R(z), 

f= 0 at z = ±A , i~ }dz = 0, j( 8,z,t) = j( (} + 2n, Z, t). 

Tsamopolous et al. solved equations (3.3)- (3.10) using a finite element method. The 
perturbation quantities Vp were represented in the form 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.1 0) 
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u(r,z) 
p(r,z) = 
f(r,z) 

N 
~ u i<P i(r,z) 

i =1 
M 
~ PiEi(r,z) 

i =1 
L 
~ ,h!Ji(r,z) 

i =1 
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(3.11) 

where the <Pi and E i· are biquadratic Lagrangian functions and n i are linear Lagrangian 
functions. The number of coefficients in each expansion is given by N, M and L. Following 
substitution of these approximations into the perturbation equations (3.2)- (3.10) the residual 
equations are obtained using Galerkin's method [3.2]. That is, each equation is multiplied by 
the trial functions <P i· E i· and n i and then integrated over the domain [3.0,R]x[3.
N2,N2]. Second derivatives in the integrand are converted to first derivatives by application 
of the divergence theorem or integration by parts. Boundary conditions are then applied 
directly onto the boundary integrals thus obtained. The weak form of the axisymmetric (i.e. 
k=O) perturbation equations for continuity, momentum and the kinematic boundary 
conditions are 

c I -Ri = E/V·u rdrdz, (3.12) 

(3.13) 

(3.14) 

where 
0 S r S R(z), -AS z SA . 

Here Rf, Rf! and Rf are, respectively, the residuals of the linearized equations for 
continuity and momentum and the kinematic boundary condition. These equations 
represented an eigenvalue problem of the form 

Ax= aBx, (3.15) 
where x is the eigenvector corresponding to the unknown functions Ui, Pi and fi· The 
Peigenvalue problem can be solved using standard routines such as the ISML routine 
"DGVLRG" ([3.3] and see Tsamopolous et al. [3.1]). They noted that the large memory and 
storage requirements associated with their approach require an efficient approach such as that 
developed by Thomas and Brown [3.4] be used to obtain the eigenvectors. This was realized 
by setting p (O,A) = 1.0 which allows a non-trivial solution to (3.15) to be found. 
Examples of the results obtained in [3.1] are discussed below. 
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3 .1. 2 Linear oscillations: results 
The normal mode analysis described in the last section yields information concerning 

the stability of the motion of a given liquid bridge. For unstable motions, Rea > 0, while 
for stable motions Rea< 0. Stable motions correspond to either overdamped, Im cr -:~; 0, or 
underdamped, Im cr = 0, oscillations. 

Figure 3.1 shows shapes of the liquid bridge subject to an axisymmetric disturbance 
forB= 0 and B = 1 (a) first, (b) second, (c) third and (d) fourth modes, for Oh = 0.1 and A 
= n. In the absence of gravity a cylindrical liquid bridge with V = 1 has a circular cylindrical 
shape provided A is less than n. The response of the circular cylinder to small axisymmetric 
disturbances depends on Oh and A The damping rates (Rea) and frequencies (!rna ) of the 
first four modes as a function of the slenderness are shown in Fig. 3.2. For a given (A, Oh) 
both damping rate and frequency increase with increasing mode number, n. At low values of 
Oh the numerical results agree well with the ai found from the inviscid theory of Sanz et al. 
[3.6]. For a given mode, the damping rate, crr, increases as A decreases. This arises because 
of the increase in viscous interaction with the solid disks resul~s in a reduction in the intensity 
of the fluid motion. For the same reasons the eigenfrequencies also increase as A decreases 
due to the increase in viscous friction caused by the increase in the ratio of the solid disk area 
to the liquid surface area for a given slenderness. Figure 3.3 shows the dependence of 
damping rate and frequency on the Bond number for Oh = 0.1 and A= n 12 and n 14. Note 
that both the damping rate and frequency of a given mode decrease as the stability limit 
(corresponding to the static stability limit) is approached. (Tsamopoulos et al. note that the 
accuracy of the results also degrades as the static stability limit is approached.) The decrease 
in damping and eigenfrequency can be explained by the fact that the shapes corresponding to 
a static gravity tend to be better described by a combination of the eigenmodes than by a 
cylindrical shape and are, thus, more readily excited due to the lower energy required to 
excite the mode (this translates to a lower frequency) and the less energy dissipated by the 
oscillation (therefore a lower damping rate). 

Higueras et al. analyzed linear oscillations of liquid bridges at small values of the 
Ohnesorge number Oh. Two kinds of oscillating modes were identified, inviscid and 
viscous. Inviscid modes exhibited the following trends for the damping rate ar and frequency 

a = Oh 112a + Oha + O(Oh 312) r rl ~ 

(3.16) 

and the coefficients O'rJ ,O'r2. aw,ail are dependent on the slenderness, A and Bond number, 
Bo. Figure 3.4 shows a comparison between the closed form solutions obtained by 
Higueras et al. [3. 7] and the numerical work of Tsamopoulos et al. 

The nature of azimuthal variations in the bridge shape are characterized by the 
wavenumber k. Figure 3.5 shows cross sections of non-axisymmetric modes in the e = 0, e 
=n plane at zero Bond number fork =1. The lowest nonaxisymmetric mode corresponds to 
n=O and has a plane of symmetry at z = 0. This mode is inadmissible for axisymmetric 
disturbances since, for a fixed A, volume is not conserved for an axisymmetric deformation 
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with n =0. (The n=O mode is also known as the "C" mode.) The effect of increasing k on 
the damping rates and frequencies is similar to the effect of increasing n (see Fig. 3.6). 
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Fig. 3.1 Shapes of an axisymmetric liquid bridge for the first four axisymmetric modes with B = 0 (solid line) 
and B = 1 (dash line). From [3.1]. 
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Figure 3.3 Damping rates and frequencies for the first four modes as a function of the Bond number for Oh = 
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Tsamopolous eta!. [3.1] while the dashed line represents the stability limit determined from a static analysis. 

After [3.1]. 

101 1 o1 

100 Oh = 0.002 

w 100 

1- 10'1 10-1 c:( 
a: 
~ 10'2 3 10-2 z 
il: 1 (J3 
:E 10-3 
c:( 1 ()'4 
c 

10'5 10-4 

1 (J6 
10-1 100 101 

A= L/2R 

Fig. 3.4 Comparison between the asymptotic results of Higueras et a!. [3.5] for small Oh, and the 
numerical results of [3.1] for (a) damping rates (Rea) as a function of Oh and (b) eigenfrequencies (Im a) as 

a function of A .. The open circles denote the numerical results and the dashed curves represent the results for 

two and the solid line for three terms, of the expression a = ao + Oh 112 a1 + Ohaz + .... 
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Fig. 3.5 Shapes of a nonaxisymmetric liquid bridge in the absence of gravity for the first second third mxl 
fourth modes under a nonaxisymmetric disturbance. From [3.1]. 

w 
~ 15 
a: 
~ 10 
ii: 
== <C 5 c 

> 
0 z 
w 
:::J a 
w 
a: 
LL. 

oC:~~~~~~~ 
n/9 n/7 n/5 n/3 1t 

A= LJ2R 
Fig. 3.6 Damping rates (Rea) and eigenfrequencies (lma) for the first five nonaxisymmetric modes as a 
function of slenderness, A, for Oh = 0.1. The open circles represent the numerical results of Tsamopolous et 
a!. [3.1]. 

Nonlinear oscillations of liquid bridges have been examined numerically by Zhang 
and Alexander [3.7] using finite differences, by Tsamopoulos et al. [3.8] using a finite 
element method and by Shulkes [3.9] using a boundary element method. The first two 
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approaches are outlined in sections 3.2 and 3. 3, while the method of Shulkes applied to a 
bridge breaking problem is discussed in Ch.4 together with a Volume-of-Fluid type approach 
used by Alexander and Zhang [3.10]. 

3. 2. Non-linear oscillations 
3.2.1 Approach 

Chen and Tsamopoulos [3.8] examined the nonlinear dynamics of liquid bridges 
using a Galerkin finite element method. The object of their work was to compute the time
dependent flow and interface deformation, resonant frequency and damping rates in a liquid 
bridge subject contained between rigid coaxial disks to sinusoidal forcing of the upper disk. 
Similar to Zhang and Alexander they mapped the governing equations onto a fixed cylindrical 
domain using a non-orthogonal coordinate transformation. In order to cope with the moving 
upper disk they used the mapping 

z n- ---
- 1 + /(t) ' 

(3.17) 

The resulting equations and boundary conditions are discretized on a finite element mesh 
with isoparametric rectangular elements. The interface shape and the velocity fields are 
represented through Lagrangian quadratic and biquadratic basis functions, while the pressure 
is approximated using bilinear basis functions. 

1 . 0 ...---.----.-----,r--.---r-----,-r-.,.--, 

fi 

0.2 '-----'----'----'--'---'---'-L--'---' 
1.0 1.1 1.2 1.3 1.4 

FORCING FREQUENCY 

Figure 3.7. Shift of resonant frequency due to increasing forcing amplitude: a = 0.1 (0); a = 0.2 (~); a = 
0.3 (D), with Re = 20, A= n/2. Vertical solid lines indicate the resonant frequencies. The vertical dashed line 

indicates the linear eigenfrequency calculated by Tsamopolous (1992) et al. [3.2]. From [3.8]. 
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3. 2. 2 Results: the liquid bridge as a soft spring 
Selected results from Chen and Tsamopoulos's work are shown in Figs. 3.7-3.9. 

Only excitations of the first resonant mode were reported in this work. While, linear analyses 
show that eigenfrequencies of liquid bridges are independent of the disturbance amplitude, 
weakly nonlinear analyses (see next section) show that the forcing amplitude can modify the 
resonant frequency. Figure 3.7 through 3.9 show Ad, (the ratio of the maximum amplitude 
of the surface deformation during an oscillation period, to the magnitude, a., of the sinusoidal 
forcing disturbance) as a function of frequency. Figure 3.7 shows the computed effect of 
different forcing amplitudes on the resonant frequency. 

The linear eigenfrequency for this case is denoted by a vertical dashed line. As the 
amplitude of the response increases, the resonant frequency decreases. The resonant 
frequency also decreases with increasing slenderness for the same Aofa. as is shown in Fig. 
3.8. The effect of viscosity as reflected through the Ohnesorge number, Oh, is shown in 
Fig. 3.9. In contrast to linear theory, which predicts a slight decrease in resonant frequency 
with increasing Oh, the results shown in Fig. 3.9 show that the effect of increasing Oh 
results in an increase in the resonant frequency values. For small amplitude oscillations, the 

retarding effect of viscosity on the fluid motion will result in a decrease in the natural 
oscillation period as the viscosity (or Oh) is reduced. Thus, for small disturbances the 
resonant frequency will increase with increasing Oh. At large amplitude oscillations, the 
viscous dissipation of energy decreases the oscillation amplitude and tends to offset the 
decrease in resonant frequency arising from the increased inertia associated with the large 
amplitude response. 
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0.2 
0 0.5 1.0 1.5 2.0 2.5 

FORCING FREQUENCY 

Figure 3.8. Shift of resonant frequency for different aspect ratios: A = 2rc/3 (V nonlinear and- -- linear 
analysis); A = n/2 (0, nonlinear and ---, linear analysis); and A = 2rc/5 (~. nonlinear and- - -, 
linear analysis), for Re = 20, a= 0.2. Vertical solid lines indicate the resonant frequencies. The otht<r vertical 
lines indicate the corresponding linear eigenfrequencies. From [3.8]. 



240 

0.9 

0.8 

0.7 

~ 0.6 
<C 

0.5 

0.4 

0.3 

0.~.9 

J.I.D. Alexander 

1.0 1.1 1.2 1.4 1.5 

FORCING FREQUENCY 
Figure 3.9. Shift of resonant frequency for different Ohnesorge numbers: Oh = 0.1 ('il, nonlinear or - - -, 
linear analysis); Oh = 0.05 (0, nonlinear or---, linear analysis); Oh = 0.034 (8, nonlinear or-- -, 
linear analysis); and Oh = 0.02 (0, nonlinear or - - - -, linear analysis); with A = 1t/2 and a = 0.2. 
Vertical solid lines indicate the resonant frequencies. The discontinuous vertical lines indicate the 
corresponding linear eigenfrequencies. From [3.8]. 

3.3. The liquid bridge as a soft spring continued ... 
In the last section we discussed the behavior of the resonant frequency as a function 

of the surface response amplitude to a given driving force. Eidel [3.9], carried out a weakly 
nonlinear analysis of an inviscid bridge and determined the nonlinear natural frequencies for 
finite free surface oscillation amplitudes. The basic governing equations for an axisymmetric 
motion of an inviscid bridge with a free surface given by R(z,t) =a+ ( (z,t) are 

u(r,z) = 'V t/J, 

'V 2¢J (r,z) = 0, 0 < r <a+(. 

a( at/J at/J a( 
at = dr - dZ dZ ' r= a + (. (3.18) 

dt/J p[( dt/})2 ( dt/})2] y Par+2 ar + az - 2YK=~, r=a+" 
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~: = 0, z = 0, h; s = 0, z =O,h; Joh (2a( + ( 2) dz = 0. 

These equations represent continuity (3.18)1 and (3.18)2, the kinematic boundary condition 
(5.1 )3, conservation of momentum and force balance at the interface (3.18)4. The boundary 
conditions at the disk edges are continuity (3.18)s, (3.18)6 represents anchoring the bridge 
to the disk edges and the constant volume condition is ( 5.1)?. Eidel evaluates the boundary 
conditions at r = a + S: a > 0, assumes that Is I<< a and retains terms up to third order in S· 
Then, Laplace's equation for¢> is solved with these weakly nonlinear boundary conditions. 
The solution for ¢> has the form 

(3.19) 

n=-oo 

where lo is the zero order modified Bessel's function of the first kind. 

0.10 

0.05 

n = 1 n=3 

0.95 1.00 

RESONANCE FREQUENCY w!w0 
Fig. 3.10 Behavior of n = I and n=3 resonant frequencies for different slenderness values. After Eidel [3.15]. 

The free surface displacement is assumed to have the form 

n=oo 

s(z,t) =aosin(i)+bocos(i)+ n~<» cn(t)exp(in:z), cn(t) =c-n(t) (3.20) 
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Using the anchoring condition (3.19)7 and the fact that 

sin(~)= n~: anexp[in:z], cos(~)= n~: f3nexp[in:z], 

a __ (-l)n cos(hla)- 1 {3 __ (-l)n+l sin(hla)- 1 
Yn = nnalh, 

n h/a[~- 1] n h/a[~- 1] 

(3.21) 

equation (3.20) can be rearranged to give 

n =oo 
r ~ innz 
'=' (z,t) = L..,; c n(t) exp[-h-]' (3.22) 

n=-oo 

Using (3.21) and (3.19) in the weakly nonlinear kinematic and force balance 
boundary conditions yields a system of coupled nonlinear ordinary differential equations for 
Cn(t), and c n(t). 

FORCE 
Hard F = k (1 + b2x2) x 

1 Linear F = k x 

Soft F = k ( 1 - b2x2) x -/~ 

/" 
!.>·/ 

------+------DEFLECTION 

--

Fig. 3.11 Soft, hard and linear springs, x denotes the magnitude of the deflection, k is the spring constant, b 
determines the degree of softening or hardening for a given displacement. 

Eidel sought coefficients Cn(t), and cn(t) of the form 

Cn(t) =a Xn sin (w t), c nCt) =a Yn cos (w t), 

a0(t) = aA 0cos(w t), b0(t) = aB0cos(w t). 
(3.23) 
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and employed the Ritz averaging procedure to obtain a system of non-linear algebraic 
equations for Xm Yn , Ao and Bo, for n = 1,2,.... These were solved numerically using a 
Newton-Raphson method. The non-linear frequencies calculated by Eidel are shown in Fig. 
3.10. Consistent with the numerical results shown in the previous section, Eidel's 
calculations all show a softening behavior. That is, the ratio of the non linear resonant 
frequency ro to the linear resonant frequency ~ decreases with increasing amplitude, ~max. 
In this sense the liquid bridge behaves like a soft spring. To understand how this arises, the 
restoring force per unit area due to surface tension acting along a stream line, is considered. 

Within the weakly non-linear approximation this force can be shown to be given by 
[3.11] 

(3.24) 

For a stable column the linear term, s + a2szz is negative for ~ > 0. That is, surface tension 
acts as a restoring force. Thus, it follows that Szz < 0 and the nonlinear term is positive and 
acts against the first order restoring force. The liquid surface behavior is analogous to that of 
a soft spring (Fig. 3.11) and it can be considered as a soft "membrane" 
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4. BRIDGES AND JETS: NON LINEAR DYNAMICS AND BREAKING 

4.1 Non-linear dynamics: breaking 
Once a liquid bridge has reached its stability limit, it will either change its shape, for 

example from an axisymmetric to a nonaxisymmetric shape, detach from the support disks, 
or break up into smaller drops. The process of breaking involves the decay of the bridge 
radius to zero at some points. When the radius is zero, the bridge separates. This means that 
the governing equations must be singular at this point. Linear stability theory fails to 
describe this situation adequately and cannot predict the shape of the surface as breaking is 
approached, nor does it account for the non-uniform break-up of the bridge, i.e. that 
separation of the bridge into two or more large drops is accompanied by the formation of 
much smaller "satellite drops". The breaking of liquid bridges has been studied using 1D 
models [4.2]. Numerical treatment of the breaking of liquid jets beyond the singularity has 
been studied recently by Eggers and Dupont [4.3] using a lD model, and Shulkes [4.4] has 
compared the predictions of lD models of inviscid bridges as breaking is approached with 
the results of a velocity-potential calculation for which no simplifying assumptions were 
made. Most recently, a modified Volume-of-Fluid method has been applied to the problem 
of breaking of axisymmetric and non-axisymmetric bridges by Alexander and Zhang [ 4.5]. 

First we briefly consider the model of Eggers and Dupont applied to a breaking jet. 
Then, in the last part of this lecture we examine the work of Shulkes and briefly discuss the 
advantages and disadvantages of the VOF method. 

4. 2 The breaking of jets 
Starting with the equations of motion in cylindrical coordinates, for an axisymmetric 

column of fluid with shear viscosity J.l, density p and surface tension yand velocity u(r,z) = 
(u, w) (where u and w are the radial and axial velocities, respectively, Eggers and Dupont 
made the assumption that the thickness of the column was small compared to its length and 
expanded the dependent variables in powers of r They arrived at the following model 
equations 

aw - -w aw - _l_ dp + 3J.l ~(h2aw) - g 
dt - dz P dz ph2 dz dz ' 

for 0 < r < h, -1 < z < l, and at r = h(z,t) 

(4.1) 

(4.2) 

where a subscript z denotes a partial derivative with respect to z. Note that the retention of 
lower order terms in ( 4.2) yields the exact potential energy for equilibrium surfaces. (These 
terms do not appear at this order if p is expressed in a consistent expansion in powers of r. 
and a different form of the potentiasl enrgy waul result.) The kinematic boundary condition 
takes the form 

dh dh h dw -- -w-- --dt - dz 2 dz · 
(4.3) 
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For a given problem the boundary conditions have the form 

h(±l, t) = h± , w(±l, t) = w±, (4.4) 

where h and w are the prescribed radius and velocities at the ends of the column. It is 
useful to check the model equations by examining the stability of a fluid column subject to 
and infinitesimal sinusoidal perturbation with wavelength A = 21rlk . That is, 

h(z, t) = h0[1 + Eexp(wt)cos(kz)], v(z, t) = cv0exp(wt)sin(kz)], (4.5) 

This yields the dispersion relation 

{ [ 1 2 2 9l 4] 112 3 2( l ) 112 } w = w0 2(kh 0) (1 - (kh 0) ) + 4h: (kh 0) - 2(kh 0) h: • (4.6) 

with 
J1. 2 y 

l - ,,, -
v -7Jf· "'0 --3. 

Pho (4.7) 

For an expansion to lowest order in kh0, the low viscosity and high viscosity limits of (4.6) 
coincide with the results obtained by Chandrasekhar [4.6]. Results obtained using (4.1)
( 4.4) were compared to experimental studies of the breakup of a liquid jet that emerges from 
a nozzle [4.7]. In the experiment, water is pumped through a nozzle at high speed so that a 
liquid column is formed that is practically unaffected by gravity. The jet is subjected to a 
controlled periodic perturbation. The jet is allowed to reach a steady state so that, at some 
distance from the nozzle, the jet has broken into droplets. Eggers and Dupont carried out 
simulations of this process using their 1D model. Due to limitations of the model, the steady 
state obtained in the experiment cannot be reached. However, the simulation can be carried 
out up to the point of the first singularity. The result is shown in Fig. 4.1 . 

... 

Fig. 4.1 Comparison of a decaying water jet (upper) (from [4.7]) and the simulations of Eggers and Dupont 
(lower). The nozzle is to the left and the point where the first drop detaches from the jet in the experiment has 
been aligned with the corresponding point in the simulations. 2rr./kr0 = 14.57, l) r0 = 6.54(10Y\ We = 
pr0 V2/y = 239. 
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The comparison with experiment up to the first singularity is good. The success of the model 
equations can be attributed to the fact the expansion method allows for the dissipative effects 
of viscosity to be accounted for while the consideration of the exact rather than the 
approximate curvature term. This allows for strong variations in h. 

4.3 Breaking of inviscid bridges 
4.3.1 Definition of the problem and basic equations 

The inviscid slice model was described chapter 2. To test the range of validity of the 
slice and Cosserat [4.2, 4.4] models as a bridges proceeds to breaking, Shulkes [4.4] posed 
the velocity-potential problem for an axisymmetric bridge in the following form 

(4.8) 

while the boundary conditions at the free surface are expressed in terms of its arc length, s. 
The kinematic boundary condition (4.1)3 then takes the form 

or(s,t) o¢ o¢ o¢ 
-a-t- + 'V¢ ·'Vr(s,t) =or= nr an (s,t)- nz as (s,t), 

(4.9) 
oz(s,t) o¢ o¢ o¢ at +'Vt/J·'Vz(s,t) = az =nran(s,t)+nz as(s,t), 

while the dynamic boundary condition 

o¢ +_!_I 'V¢ 12 = 2K}'+ Po - Bo z. 
ot 2 

(4.10) 

is obtained from Bernoulli's equation with p = -2K}' . Here = (nr,nz) is the unit normal 
vector to the surface, s denotes the arclength along the surface (increasing in a 
counterclockwise direction), K = K(s,t) is the local mean curvature of the surface, and po is 
the pressure constant defined by the solution to the static problem for Bo. The curvature and 
unit normals are, respectively, 

2K = Zs rss- rs Zss 

( 2 + 2)3/2 rs Zs 

Zs - rs 
n r = 2 2 1/2' n z = 2 2 112 · 

(rs +zs) (rs + Zs) 

( 4.11) 

The fluid is assumed to be initially at rest. The surface shape is initially a right circular 
cylinder. The objective of the calculation is to track the evolution of the bridge as it proceeds 
to break. Thus for times t >0, the bridge responds to a finite Bond number. The solution to 
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equation (4.8) along with the boundary conditions (4.9)-(4.10) is then found by solving the 
following integral equation 

f aG f af/J 
af/J (x) + J E f/J (x') an' (x ,x')rds(x') = J E an (x')G(x ,x')r' ds(x') (4.12) 

where a is the solid angle at a point x on the boundary subtended by the fluid domain [4.6] 
and G(x,x ') is Green's function for Laplace's equation in cylindrical coordinates and is 
given by 

G( ')- 4K[p] 
x,x - ' 

[(r + r') + (z- z')] 112 

where K( p) is an elliptic integral of the first kind. 

4. 3. 2 Solution method 

[(r- r')z + (z- z')2] 1/2 
p = 1 - ---::----=-::-= 

[(r + r')z + (z- z')2] 112' 
(4.13) 

The above boundary integral equation was solved using a finite element method. The 
surface I was divided into N elements. A linear interpolating function was used to 
approximate the velocity potential such that the potential on an element Lli i with nodes x k 
and Xk +1• is given as 

(4.14) 

Upon substitution of (4.14) into the integral equation (4.12) we obtain the following discrete 
equation relating f/J and Jf/J Ian 

N N a~ 
L Hjk~= L Gjk~· 

j=l j=l an 

Hu = i ~ ~~(x(~ ).x;)r(~ )ds(~) + i (1-~) ~~(x(~).X;)r(~ )ds(~) 
~-1 &; 

(4.15) 

Gu = J~- 1 ~ G(x(~ ),x ;)r(~ )ds(~) + J~ (1-~ )G(x(~ ).X;)r(~ )ds(~). 

For i :¢:. j the integrals are regular and can be evaluated using standard numerical integration 
methods. The elliptic functions are evaluated using polynomial approximations (see 
Abramowitz and Stegun [4.8]). For i = j there are logarithmic singularities in the integrals 
Gij which are evaluated using a four point Gauss formula for integrals with singularities. 
Tlie diagonal elements Hu can be found readily upon noting that for a constant potential the 
right -hand side of ( 4.15) 1 is zero. If we take f/J = 1, then it follows that 
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N 

Hii= L Hik 
i= 1 
i*i 

(4.16) 

The dynamic and kinematic boundary conditions are treated as follows. The unit normal and 
the curvature at a node xi are found by fitting a quadratic spline through xi and its 

neighboring points, that is 

(4.17) 

Equation ( 4.17) is used to obtain the derivatives of rand z with respect to s. For example, 

ar I ar d~ I az I az d~ I 
as X·= a~ ds X·' as X =a~ di X·' ••• 

J J l J 

(4.18) 

where the derivative d~ Ids is assumed to be constant (and thus can be factored out of the 

equations for n and K). The derivative Jq> /Js is evaluated in a similar fashion. Using the 

above procedure to discretize the kinematic and dynamic boundary conditions, the following 

system of discrete equations is obtained 

ar az at + V fJ ·"Vr = fi(fJ, f/11" .z;s), at + V q, ·Vz = f2(fj, f/11" .z;s), 

a; at + V q, · V q, = IJ( q,, f/1,1" .z;s), (4.19) 

a; 
Hfj= Gf/1, f/1 = an 

where /J,/2./J, are nonlinear functions of their arguments. Since the evolution of the free 

surface is not uniform, there are large variations in the distribution of the Lagrangian nodes. 
This can lead to significant discretization errors when areas with depleted nodes have high 
curvatures. In addition, short wavelength instabilities will tend to occur in regions with a 
high concentration of Lagrangian nodes. For these reasons, Shulkes used a regridding 

procedure which is described in detail in [4.9]. 

4. 3. 3 Comparison of lD models with the velocity potential model 
Figures 4.2 - 4.4 show the results of a comparison between the 1D slice mode, the 

Cosserat model and the velocity potential calculations. An initially circular cylindrical liquid 

column with i\. = I../2R = 3, was subjected to an axial acceleration equal to Bo= 0.1. In Fig. 
4.2 we see the evolution of the surface toward bifurcation for the three models. The volume 

of the upper region of the drop is approximately equal for the inviscid slice (IS) and the 
velocity-potential (VP) calculation. The Cosserat or first order model (FO) predicts a smaller 

volume. Figure 4.3 shows a comparison between the three cases for Bo = 0.5. At t = 1.0 
the differences between the three are small, however, at t = 2.75 the IS model deviates 
significantly form the trends exhibited by the FO and VP results. In particular, the IS model 
predicts a large free surface slope at the top disk. Short wavelength instabilities forced 
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Shulkes to discontinue the IS calculations shortly after t= 2.8. Fig. 4.4 shows a comparison 
of the FO and VP results at later times. Here we see the major shortcomings of lD models. 
The velocity potential model shows the downward collapse of the column into the lower 
volume of the bridge and the bending of the bridge well below the lower disk edge. This 
cannot be calculated with either the IS or the FO model. 

Finally, Figure 4.5 compares the bifurcation times predicted by the three models. The 
bifurcation time is defined by the time taken for the neck of the column to vanish. The faster 
bifurcation times predicted by the IS model are due to the neglect of radial acceleration 
effects. 

In summary, at large Bo the combination of the neglect of radial momentum effects 
and the susceptibility to short wavelength instability limits the applicability of the IS model to 
breaking problems. The agreement between the VP and the FO model is generally better, but 
the FO model fails to properly account for situations in which large accelerations cause the 
bridge surface to move below the lower disk edge. 

Fig. 4.2 Evolution of a liquid bridge as predicted by (a) the VP model, 6.15 :5 t :5 6.53; (b) the FO model, 
6.5 :5 t :5 6.7; (c) the IS model 5.9 :5 t :5 6.53; 1!.1 = 0.05, Bo =0.1. From [4.4] 
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Fig. 4.3 Evolution of a liquid bridge for Bo = 0.5, A= 3, (a) t = 1 (b) r = 2.0, (c) t = 2.75. (Solid line- VP 
model, dash line- FO model, dot-dash line- IS model. From [4.4] 

(a) (b) 

Fig. 4.4 Evolution of a liquid bridge as predicted by (a) the VP model, 3.45,::; t::; 3.65; (b) the FO 
model, 3.1::; t::; 3.3. From [4.4] 
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Fig. 4.5 The bifurcation time as a function slenderness, A for Bo = 0.1 (open circles), 

Bo=0.2 (open triangles) and Bo = 0.5 (open squares). The solid line corresponds to the VP 
model, the dotted line to the FO model and the dot-dash line to the IS model. 
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4 . 4 A volume of fluid method applied to the problem of viscous breaking 
In the Volume-of-Fluid (VOF) method the interface between two fluids is described 

by defining a function C which takes on the value 1 in fluid 1 and 0 in the second fluid. The 
average value of C in any computational cell will then represent the fraction of the cell volume 
occupied by fluid 1. Thus, it follows that cells with values of C between 0 and 1 must 
contain the interface between the fluids. For a given cell once C and its normal vector are 
calculated a line can be drawn through the cell which approximates the interface location 
within that cell. Once the location is known the appropriate boundary conditions can be set. 
The key to the success of the VOF method is in the method used to describe the evolution of 
the C field. The time dependence ofF is governed by the kinematic equation 

fr + Y'·(uC) = 0 (4.20) 

This says that the interface moves with the fluids and represents continuity of the two fluids, 
i.e. a particle of fluid on the interface always remains on the interface. In a Lagrangian mesh, 
the value of C is conserved, in an Eulerian mesh, the flux of F through the cells must be 
computed. If standard finite difference techniques are used to compute this flux, the C 
function is smeared over the cell and the interface loses its definition. In other words, the 
discontinuity of C associated with the interface is not preserved. However, since C is a step 
function with values of 0 and 1 there is a flux approximation, the donor-acceptor method 
[4.10], which retains the discontinuity. In the vicinity of a flux boundary, the donor
acceptor method uses information about the upstream and downstream values of C and 
establishes a crude approximation to the interface to compute the flux. The slope of the 
surface is used to improve the fluxing algorithm and the C function is used to define a surface 
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location for the application of boundary conditions (including those involving surface 
sources). 

Advantages: the VOF method follows regions rather than surfaces and so avoids 
problems with intersecting interfaces, minimum storage requirements (one word per mesh 
cell). The main advantage is the volume preserving flux scheme. However, despite this 
useful feature, there is a problem caused by the generation of "flotsam" as interfaces advance. 
Elimination ofthe flotsam results destroys the volume conservation. Recently, Lafaurie et al. 
[4.11] have shown that by imposing symmetries between the phases and by enforcing a 
divergence free velocity field, the troublesome regions of flotsam can be eliminated and 
volume conservation is recovered. 

Continuous surface force 
Recently, Brackbill et al. [4.10] introduced a continuum surface force model (CSF). 

The essential ingredient of this model is that surface tension is treated as a continuous 3D 
effect rather than a discrete 2D quantity evaluated on a sharp 2D interface. The position of 
the interface is characterized by a color function C which is taken to vary smoothly in some 
small region containing the interface. In practice this region is on the order of the grid 
resolution 8h. In the limit as 8h ~ 0 this description can be shown to be equivalent to the 
classical conditions describing the balance of forces at a sharp boundary. 

We used the CSF model together with a method that differs from the original VOF 
method and subsequent modification [4.11,12] for two-phase flows in that rather than 
employing a fluxing scheme, equation (4.20) is solved directly. The averaging associated 
with the direct solution of (4.20) using standard differencing techniques can be a problem 
[4.13] due to numerical diffusion which results in "smearing". This refers to gradients in the 
color function which may be steep in reality but become shallower in the numerical 
representation. This is suppressed in our approach by employing a high accuracy third order 
TVD upwind scheme [4.14]. This scheme has been shown to be suitable for problems with 
large gradients and discontinuities (shock capturing, for example). 

The surface tension force associated with a portion of the surfacl: is calculated from 
(see reference [4.12]) 

Fsv (x)= 2}'K(x)[vfr 
where the VOF function C has the values 

{ 
l, in fluid l 

C = 0 < C < l, in the interface region 

0, in fluid 2 

and [C] = C2- c,. The curvature, K"is calculated from 

2K" =- 'V · n =- - 1 (K·VJNI- 'V · N) INIINI ' 
where N = vc is the gradient of the color function and is normal to the surface. 
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Fig. 4.6 Sequence of bridge configurations calculated using a modified VOF method. From right to left 
dimensionless time= 0, 2, 2.75, 3.45, 4.08, 4.546, 4.55, 4.567,4.607. A= 3, Bo = 0.5. 

Governing equations and discretization 
The governing equations of motion have the form 

Y'· u == 0, in D 

pg~ ==- Y' p + p,1 u + pg + Fsv , in D 

with u = 0 on aQ . These are solved together with the VOF equation (4.20) and the 
appropriate boundary conditions. The governing equations are discretized in space using an 
implicit finite volume scheme [4.14]. The advantage of VOF type schemes is that it can cope 
with highly distorted interfaces. Surfaces that are multivalued functions of the bridge height 
are not a problem, and fragmentation of breakage of the bridge can be modeled. However, 
as the point of fragmentation or breakage is approached the physics of the process will be 
lost. It may be possible to incorporate microscopic models that allow the proper continuation 
of the calculation through and beyond the breaking process. This could be a fruitful area for 
future research. Figure 4.6 shows a result computed for the breakage of the bridge with the 
same initial conditions as for Fig. 4.3 and 4.4. Obviously, in this case the two liquids must 
have a finite viscosity and the motion of the outer liquid is taken into account. However, we 
used a viscosity of water for the bridge and air for the outer fluid. As shown in Figs. 4.3 
and 4.4 two areas of necking evolve, and at the initial stages the lower neck is thinner. 
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However, the VOF results show that at the upper neck the radius begins to decrease more 
rapidly and the eventual breakage, into two large volumes and a satellite drop forms at the 
upper neck. 
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5. THERMOCAPILLARY MIGRATION OF DROPS AND BUBBLES 

5.1 Introduction 
When a fluid surface or interface is subjected to a temperature gradient, the 

temperature dependence of surface tension will generally lead to a force that results in motion 
of the adjacent bulk fluids [5.1]. The first experimental work that dealt with the 
thermocapillary motions caused by non-isothermal bubbles and drops was carried out by 
Young, Goldstein and Block [5.1]. They were able to use thermocapillary flow in a bubble 
in a heated liquid to counter the tendency of the bubble move in response gravity by 
balancing the gravitational and thermocapillary forces. 

Thermocapillary migration of drops and bubbles occurs in a variety of natural and 
technological processes ranging from materials processing (e.g., alloys from melts with two 
immiscible phases) to fluid storage and transfer operations in spacecraft. The thermocapillary 
effect can become very important under microgravity conditions when the temperature 
dependence of surface tension may become a dominant driving force. There have been a 
number of theoretical and experimental studies of the thermocapillary migration of single 
drops and bubbles (see [5.2] and [5.3] for a review). In addition, thermocapillary transport 
in droplet and bubble suspensions has also been examined [5.4-5.7]. In this lecture we 
derive the Young-Goldstein-Block equation for a single droplet or bubble and discuss a result 
obtained from a mean field approximation for a suspension of droplets [5.7]. 

5.2 Approximate solution for the steady drop velocity 
Consider an incompressible single drop of radius R, shear viscosity Ji1) and density 

p 1) moving at a constant speed U0 in a viscous incompressible fluid with viscosity J1,(2) and 
density p(2). The interfacial tension between the droplet and the surrounding fluid is 
assumed to be large enough that deformation of the droplet can be neglected. We choose a 
frame of reference that moves with the drop such that the fluid velocity u at the (spherical) 
interface between the drop and the surrounding medium is zero. Under these conditions and 
assumptions, the steady equations of motion take the form 

pCi)u Ci). Y' u Ci) = - Y'p*(i) + J.J,CilV 2u (i), div u (i) = 0, i = 1,2, (5.1) 

where, p* (i) = (p(i) + pUlgz) is the modified or reduced pressure, J1, is the shear viscosity, p 
is the density and i =I inside the drop and i = 2 outside the drop. Here it we have assumed 
that the cylindrical coordinate system is oriented such that such that gravity is directed along 
the negative z-direction. The temperature field satisfies 

u (i). Y' T (i) = KY' 2T (i) , i = 1,2, (5.2) 

where I( is the thermal diffusivity. For a drop moving freely in an isothermal fluid under the 
creeping flow conditions for which Stokes' law holds, the nonlinear terms in (5.1) can be 

neglected. Furthermore for Pe = U0R!K << I where u0 is the speed of a spherical drop 
with radius R moving at a constant rate, the left hand side of (5.2) can also be neglected. 
This leads to the following equations for the velocity, pressure and temperature fields in and 
around the bubble 
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(5.3) 

where z = rcos 8. The ur velocity components vanish at r = R and far from the drop we 

have u -7 v = U0 k ,p* -7 0, and T-7 T0 + Gz. 
Taking the curl of the right hand side of (5.1) (i.e. the linearized momentum 

equations) and using the fact that div u = 0 yields V' 2 curl u = 0. Since u = U at infinity, 
and since we can write u = u* + U, where u* = 0 at infinity we have div u = div u* = 0. 
This means that u =curl A + U where A is an axial vector (the curl of any polar vector is an 
axial vector). The velocity u (and, thus, A) depends on r (the radius vector from the center 
for the drop) and the parameter U. Both u and U are polar vectors. It follows that [5.8], 

A= J'(r)gx U, or u =curl (gradfxU) + U, 

A = f'(r)gx U, or u = curl(gradfxU) + U = curlcurl (JU) + U. 

It can be shown that [5.8],fmust satisfy 
B(2l 

V 2(V 2gradf) = O,where / 2l =A C2lr + -r- for r > R, 

A(ll A(ll 
and f(l) = 4 r2 + - 8-r4, for r <R. 

This yields general solutions for u 0 l and uC2l of the form [5.8, 5.9] 

uOl = -A(1lu +BOlr2[er(U·er)-2U], 

U (Z) _ U A(2)U + e r(U·e r) B(2)3 e r(U·e r)-2U 
- - r + 3 r 

and the modified pressure satisfies 

(5.4) 

(5.5) 

(5.6) 

(5.7) 
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p<O =- J.l(z) U·gradV 2/i) + Pbi), i = 1,2. 
The temperature field inside and outside the drop is (neglecting the terms on the left-hand side 
of (5.2)) 

T<2> (r,8) = T0 + G(r + ~)cos 8, T(l) (r,8) = T0 + GDrcos 8. 

3k(2) 3 
D= (1) (2), C=R (D-1). 

(k + 2k 

(5.8) 

The constants A<i> and s<i) are determined from the condition that u~i)(R,B) = 0, i = 1,2, and 
the conditions 

The constants are 

A (2) = - R2 3Gk(2)Yr 
6(J.l(l) +11<2>) (k(l) + 2k<2>)u o 

B(2) = R 2A <2> - R3, s<O = 2A (~) 
R (5.10) 

Here Yr = dy/dT. The projection in the direction of U = U0k of the force exerted by the 
fluid on the surface of the drop is given by 

F = - p*<2>cos 8 + 211<2>-r- - J.-l(2) --- + -- -- ds , # [ au<2> ( 1 au~> au~> u~>)] 
ar r ae ar r 

(2) 2A <2> with p* = p* 0 - - 2-11<2>u 0cos8. The integral is simply [5.8] 
r 

(5.10) 

(Equation (5.10) is true for any velocit~ with the form of u<2l in (5.7). This force must be 
equal to the buoyancy force (4/3)nR3(p< l- p<ll)g or 

81! (2)[-R 3Gk(2)YT + R (2/1(2) + 3J10)) ]u - ±nR3 (2) - (1) 
ll 6(J.l(l) +J.l(2l)(k(l) + 2k(2))U o 4 (J.l<O +J.l(2)) o- 3 (p p ), 

which leads to the following expression for U0 
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(5.11) 

Equation (5.11) was first derived by Young-Goldstein and Block [5.1] and has subsequently 
led to a number of experimental and theoretical studies [5.2-5.4]. For a bubble, in the limit 
J.l<t> ~ 0, /( 11 ~ 0. this expression reduces to 

Uo = 3~(2)(~GyrR + L1pgR2), (5.12) 

The validity and applicability of the quasistatic theory for the migration of a bubble under the 
combined action of gravity and thermocapillarity was shown experimentally by Merrit and 
Subramanian [5.9]. Later work by Dill [5.10], showed that the quasistatic theory should 
apply provided that the ratio l is sufficiently small, where 

Lip I R(t) IJ.l(Z) 
z = p(2)[-RgJ"i G IJ . 

(5.13) 

5.3 Discussion 
If a temperature gradient is applied to the bubble such that it increases monotonically 

from one pole of the bubble to the other, the consequent gradient in interfacial tension will 
produce a flow. The thermocapillary flow will move from the warmer pole to the cooler pole 
within the drop or bubble. This will result in an overall motion of the drop or bubble in the 
direction of the temperature gradient. That is, the bubble will move toward the hot region. 

In practical situations, drops and bubbles often occur as somewhat dense 
suspensions, rather than the case of an isolated bubble or drop discussed in the previous 
section. Recent work has dealt with interactions between droplet pairs and also on drop 
suspensions. Balasubramanian et al. [5.11] carried out experiments on pairs of drops and 
showed that a small drop that moves ahead of a large drop in a temperature gradient 
significantly retards the motion of the larger trailing drop while it appears to be unaffected by 
the larger drop. 

While it is beyond the scope of this lecture to give a detailed account of how one 
approaches the theoretical descriptions it is worth noting a recent theoretical result due to 
Felderhof [5.7]. In a mean field approximation of the thermocapillary mobility of a 
suspension of droplets he was able to find a "Clausius-Mossotti" type relation for the bubble 
mobilities. For a single drop the thermocapillary mobility is defined as J.ltc where 

U _ tc V T 11tc _ 2YrR 
- J.l ' ,... - - J.l<2)(2 + 3a)(2 + {3) 

For a suspension of droplets, Felderhof employed a multiple scattering expansion method. 
This involves describing the average dynamics of a suspension using an a set of 
macroscopic equations and by assuming that probability distribution of the droplets is 
known. In a mean field approximation to his general results, he found that 
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where cfJ is the volume fraction occupied by the droplets. For bubbles, we neglect the 
thermal conductivity of the bubbles in comparison to the surrounding liquid. The mean field 
approximation to the thermocapillary mobility for bubbles is then 

tc tc 1 - cfJ 
11mf = f1 1 - 0.5c{J ' 

which is analagous to the Clausius-Mossotti relation between the dielectric constant and the 
electronic polarizability in solid-state physics. 

References 
[5.1] Young, N.O., Goldstein, J.S. & Block, M.J., "The motion of bubbles in a vertical 

temperature gradient", J. F.M. 6 (1959) 350-356. 
[5.2] Wozniak, G., Siekmann, J. & Srulijes, J., "Thermocapillary bubble and drop 

dynamics under reduced gravity-survey and prospects", Zeit. Flugwissen. 
Weltraumforsch. 12 (1988) 137. 

[5.3] Subramanian, R.S., The motion of bubbles and drops in a reduced gravity 
environment." in Transport Processes in Bubbles Drops and Particles, Chabra, R. 
and De Kee, D., eds., (Hemisphere, New York, 1922) pp. 1-41. 

[5.4] Anderson, J.L., "Droplet interactions in thermocapillary motion", Int. J. Multiphase 
Flow, 11 (1985) 813. 

[5.5] Meyyapan, M., Wilcox, W.R. & Subramanian, R.S., "The slow axisymmetric 
motion of two bubbles in a thermal gradient" J. Colloid Interface Sci. 94 (1984) 243. 

[5.6] Wang, Y. Mauri, R., & Acrivos, A., J.F.M. 261 (1994) 47. 
[5.7] Felderhof, B.U., "Thermocapillary mobility of a suspension of droplets in a fluid" 

Phys. Fluids 8 (1996) 1705-1714. 
[5.8] Landau, L.D., & Lifshitz, Fluid Mechanics, Course of Theoretical Physics 6 

(Pergamon, Oxford, 1959). 
[5.9] Merrit, R.M. & Subramanian, R.S., 'The migration of isolated gas bubbles in a 

vertical temperature gradient", J. Colloid and Interface Sci. 125 (1988) 333. 
[5.10] Dill, L.H., "on the thermocapillary migration of a growing or shrinking drop", J. 

Colloid and Interface Sci. 146 (1991) 533. 
[5.11] Balasubramanian, R., Lacy, C.E., Wozniak, G., Subramanian, R.S., 

"Thermocapillary migration of bubbles and drops at moderate values of the 
Marangoni number in reduced gravity", Phys. Fluids 8 (1996) 872-880. 



260 J.I.D. Alexander 

6. SPREADING AND WETTING: DYNAMIC CONTACT ANGLES 

6.1 Introduction 
The liquid bridges considered in the previous lectures have the special property that 

they have contact lines that are pinned to the sharp edges of the supporting disks (see section 
1.2.3). For the contact lines to remain anchored to the disk edges the angles 'f' and '¥0 

formed by the bridge liquid and the surrounding fluid at the disk edges must satisfy the 
inequalities [6.1] 

(6.1) 

where a is the wetting angle formed by the liquid with the smooth surface of the disk. If 
either of these inequalities is violated then the contact line will no longer remain pinned to the 
disk edges. It will either spread onto the underside of the support disk or recede onto the top 
surface of the disk depending on the relative volume of the bridge .. 

The motion of a contac~ line is not a simple matter. In this lecture, as an introduction 
to the complexity of contact line behavior during spreading and wetting, we will consider 
some recent experimental and theoretical results on dynamic contact angles. Because the 
spreading of liquids on solid surfaces occurs in a variety of natural and technological 
processes, there has been considerable interest in furthering the understanding of the 
behavior of liquids in the vicinity of moving contact lines. In particular, there has been 
interest in the development of theories that can provide useful macroscopic boundary 
conditions. Classical hydrodynamic models usually involve the assumption that the velocity 
is continuous at surfaces bounding the fluid. For solid bounding surfaces this results in a no
slip condition at the fluid-solid interfaces. Due to the latter condition, theoretical 
investigations of spreading and wetting encounter the problem of a non-integrable shear 
stress singularity [6.2,6.3] associated with the three-phase contact line. The question of the 
dependence of contact angle on contact line speed and material properties also arises [6.3-
6.6]. 

The stress-field singularity causes a problem in that it prevents the use of the contact 
angle as a boundary condition for the interface shape. Thus, while we use the equilibrium 
contact angle as a boundary condition for calculating the shape of an equilibrium liquid bridge 
contained between two flat plates or two solid spheres, its use in a classical hydrodynamic 
model for same bridge in a dynamical situation is prohibited if the contact line moves. The 
difficulty posed by moving contact lines is of concern whenever surface tension forces are 
large than viscous or gravitational forces. Such situations will occur whenever the Bond 

number, Bo = pgL2/y and Ca = Up/y are small (here U is the speed of the contact line, f.! is 

the fluid viscosity and y is the surface tension of the fluid. The problem of determining the 
appropriate modifications of the classical model in the vicinity of a moving contact line has 
been discussed by several authors [6.2-6.6] and has yet to be fully resolved. Some authors 
have replaced the no-slip condition in the vicinity of the contact line with slip-type boundary 
conditions. This eliminates the non-integrable singularity. The most common type of slip 
condition is a Navier type condition [6.5] of the form 

t·Tn = f3t·u (6.2) 
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where u and T are the velocity field and the stress tensor at the solid surface, n is the 
outward pointing normal to the solid and t = I u lu. Several types of slip conditions have 
been proposed [6.2-6.6] and it has been shown that different local models yielded similar 
macroscopic behavior [6.3, 6.7]. Molecular dynamics (MD) simulations of the behavior of 
immiscible fluids with an interface that meets a solid surface [6.8,6.9] show that there is 
general agreement between the nature of the velocity fields in the MD simulations and that 
predicted by classical hydrodynamics. However, there is a region within a few molecular 
spacings of the contact line where the classical hydrodynamic theory breaks down [6.9]. In 
particular, Thomson and Robbins find that their MD simulations agree well with solutions to 
the Navier-Stokes equations with a no-slip boundary condition in the neighborhood of the 
contact line. The slip length was a few molecular spacings. 

Dussan, Rame and Garoff (DRG) [6.5] developed a model that describes interface 
shapes near moving contact lines in the limit of low capillary number, Ca. Here Ca = Uply 
where U is a characteristic velocity, 11- is the fluid's shear viscosity and y is the surface 
tension. We describe the DRG model in more detail below and discuss its range of 
applicability. 

Pc ~U Intermediate region 

'\ Air 

' r 
' 

( r) 

Outer region 

"Static"su rface 

I 
Liquid~' 

extrapolated surface 

Fig. 5.1 Interfacial regions: In the outer region the air-liquid interface (thick solid line) coincides with a static 
interface shape. In the intermediate region, viscous effects cause the interface to deviate from the 
static profile. The thick dashed line corresponds to the extrapolation of the static shape back to the 
solid where it meets the solid at an angle w0 at the point P0 . Pc marks the position of the observed 
contact line. 
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6.2 Interfacial regions: The DRG model 
Consider a system in which a fluid solid and gas meet at a common line on the 

surface of a solid rod (see Fig. 6.1). The rod is displaced into the fluid at a velocity U that 
causes the contact line to move relative to the rod. The basis for the model is that the terms 
dominating the local balance of forces at the interface changes along the interface as the 
contact line is approached. Three physical regions are recognized. For low values of Ca and 
at locations far from the moving contact line, the interface shape is determined by the balance 
between gravitational and capillary forces. This is the "outer region" where viscous forces 
are unimportant. For the system considered in the development of the DRG model the 
characteristic length scale of this outer region is (ylpg)1n (i.e. the capillary length). Near the 
contact line there is an intermediate region where classical hydrodynamics still holds but the 
interface shape is now determined by a balance between viscous and surface tension forces. 
In this region the interface shape is strongly affected by viscous effects even as Ca --7 0 [7-
9]. In the third region, the inner region, the classical hydrodynamic assumptions must be 
replaced with new conditions. The characteristic lengthscale for the inner region is denoted 
by Land is a function only of the physics of the inner region [6.5]. 

The interface shape near the moving contact line formed by moving a cylindrical rod 
into a liquid bath was analyzed. DRG found that the local slope of the interface near the 
moving contact line is characterized by the angle (J(r) given by 

0- g"1( g( W0) + Caln(rla)) + fJrla; w()'R.ja) - Wo- (6.3) 

Here r is the distance from the contact line to a point on the interface in the intermediate 
region, a= (ylpg) 1n is the capillary length, and w0 is the contact angle found from experiment 
by extrapolating the "static-like" interface in the far re~ion back to the solid. RT is the radius 
of the cylindrical tube. Finally, g-1 is defined by z = g- (g(z)) to be the inverse of the function 
g where 

(x) = r y- cos (y)sin (y) d 
g )0 2sin (y) y 

(6.4) 

The length scale of the inner region L, is given by L = aexp[ -Cal g( W0)] so that 

g( W0) = Ca ln( aiL) (6.5) 

In the intermediate region the interface shape is given to 0(1) in Ca by the first term in 
(6.3) 

01 - g-1(g(w0) + Ca ln(rla)) = g-1(Ca ln(r/L)) (6.6) 

The second term in (6.3) gives the shape of the interface in the outer region and is the same 
as for a static interface moving up a rod inserted into the liquid. In the outer region the slope 
of the interface is given by 
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8 outer - f 0 (ria; Wo,Rrfa) (6.7) 
6.3 Experimental results 

Rame and Garoff [6.10] undertook an experimental investigation of interface shapes 
within distances of 1700 J.lm of a contact line. They examined shapes with small capillary 
numbers in the range 103 < Ca < 10-1• Their experiment consisted of immersing a vertical 
Pyrex tube at a constant speed U into a container of polydimethylsiloxane (PDMS). (The 
PDMS wetted the glass completely and the static meniscus rose up and attained a zero static 
contact angle). When the tube was moved into the fluid at a velocity U, the meniscus was 
flattened due to viscous effects. Below some critical value of U the meniscus remained above 
the level of the fluid bath. At higher U, the meniscus was bent below the bath fluid level. 
Images of the meniscus were obtained using a microscope attached to a CCD camera. Images 
were stored digitally. Image analysis involved the identification of the location and slope of 
the meniscus and fitting the pieces of the slope data to equations (6.3) or (6.7). 

It was expected that since the extent of viscous deformation of the interface increases 
with increasing Ca, the distance from the contact line to the limits of the inner boundary and 
the outer boundary should increase as Ca increased. To identify these regions from the 
experimental data, Rame and Garoff used the following procedure: 

First they fit slope data in the region 50J.lm < r < 300 J.lm to equation (6.3). Then by 
examining the deviations of data in the region beyond 300 J.lm from the best fit they were able 
to test the full extent of the region described by equation (1). For the case of Ca =0, the 
deviations of the measured slopes of the static meniscus from the best theoretical fit form a 
cloud about 1 to 2 degrees wide (see Fig. 6.2). These deviations are due to pixel noise in the 
camera and the cloud thickness determines the standard deviation, a, of the slope data. For 
Ca :t: 0, the extent of the region defined by (6.3) is found by locating the point where the 
deviation cloud differs from zero by a/3. This was done by fitting the deviation data to a third 
order polynomial (see Fig. 6.3). Figure (6.4) shows how (6.3) describes a section of the 
interface shapt1 for Ca = 0.005 and Ca = 0.1. Having determined the extent of the region 
described by (6.3) they then fit different pieces of the data in a range x* < x < 1500J.lm for 
100m< x* < 1200 J.lm to equation (6.7). These fits are used to determine the extent of the 
static interface. 
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(a) Data and best fit for the static interface, (b) difference between data and best fit. From [6.10] 



264 

Fig. 6.3. 
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Figure 6.5 shows the boundary of the regions fit by (6.3) and (6.4) as a function of 
the capillary number. To find the point at which the interface becomes static they examined 
the chi-squared deviation of the data 

N 
L (On- On) 

2 _ n= I 
X - a 2(N- 1) 

as a function of x*. Fig. 6.5 also shows that considerable viscous deformation was found at 
distances less than 1400 )liD from the contact line even with Ca = 0.01. Since the capillary 
length, a, for these experiments is 1.5 mm we can see that at these distances the interface 
should be in the outer region. Notice also that, for these experimental conditions, there is no 
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overlap of the regions well described by (6.3) and (6.7). This region is neither static-like 
nor well described by (6.3). The lack of overlap is explained by the fact that there is a 
region where gravitational and viscous forces are of the same order and act together to 
balance the surface tension forces. For any Ca, there is a distance I such that for r > I the 
effect of gravity is comparable to viscous forces before the viscous forces become negligible. 
In this region the interface appears to affected by the geometry of the outer region. The 
extent of the geometry free region (r < r*) increases with increasing Ca. 
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Fig. 6.5. Boundary of regions fit by (6.3) and (6.4) as a function of Ca. From [6.10] 

In addition to determining the extent of the regions described by (6.3) and (6.7), the 
interpretation of cv0 as the contact angle of the static limit of the interface shape far from the 
contact line was tested. This was done by comparing the values of W0 obtained through fits 
of (6.3) to slope data near the contact line, to cv0' obtained from fits of data far from the 
contact line to equation (6.7). For Ca = 0.001 the difference was -0.26° ± 0.2° (inside the 
calibration limits for this experiment). For Ca =0.005 the deviation was -1.07 ± 0.03°. These 
results are consistent with equating W0 and w0'. This appears to be good evidence that w0 is 
the correct boundary condition for the macroscopic shape. 

6.4 Summary 
The above work showed that 

(1) The region of the fluid interface described by the static shape with a static contact angle 
w0 moves out as Ca is increased. Even at relatively small Ca, it was shown that significant 
viscous deformation could occur out to around 1400 Jlm. This is more than the capillary 
length that defines the edge of the outer region of the experimental geometry. 
(2) The region described by (6.3) also increases in extent with increasing Ca but does not 
overlap with the region that is described well by static theory. This lac~ of overlap is due to 
the presence of a third geometry-dependent region in which both gravity and viscous forces 
compete to balance surface tension. 
(3) The model parameter cv0 obtained form fitting data in the region where viscous 
deformation is significant is the boundary condition of the "static-like" shape far from the 
contact line. 

Experiments involving the spreading of carried out by Chen, Rame and Garoff at 
higher Ca values [6.11] have shown that for Ca > 0.1 the model represented by equation 
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(6.3) breaks down. They examined the fundamental assumptions of the model and 
concluded that the 0(1) model breaks down at higher Ca. The pioneering work discussed 
above shows that there is much to be done to further the understanding of dynamic contact 
angles and contact line motion. 
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Abstract 

Incompressible interfacial flows here refer to those incompressible flows possess
ing multiple distinct, immiscible fluids separated by interfaces of arbitrarily complex 
topology. A prototypical example is free surface flows, where fluid properties across 
the interface vary by orders of magnitude. Interfaces present in these flows possess 
topologies that are not only irregular but also dynamic, undergoing gross changes 
such as merging, tearing, and filamenting as a result of the flow and interface physics 
such as surface tension and phase change. The interface topology requirements facing 
an algorithm tasked to model these flows inevitably leads to an underlying Eulerian 
methodology. The discussion herein is confined therefore to Eulerian schemes, with 
further emphasis on finite volume methods of discretization for the partial differential 
equations manifesting the physical model. 

Numerous algorithm choices confront users and developers of simulation tools de
signed to model the time-unsteady incompressible Navier-Stokes (NS) equations in the 
presence of interfaces. It remains difficult to select or devise algorithms whose short
comings are not manifested while modeling the problem at hand. In the following, 
many algorithms are reviewed briefly and commented on, but special attention is paid 
to projection methods for the incompressible NS equations, volume tracking meth
ods for interface kinematics, and immersed interface methods for interface dynamics 
such as surface tension. At present, the quest for improved interfacial flow algorithms 
continues and the future looks very promising. This perspective will hopefully pro
vide "field guidance" useful in devising algorithms whose weaknesses are not magnified 
when applied to your problem. 



268 D.B. Kothe 

1 PERSONAL PERSPECTIVE 

Flows possessing multiple distinct, immiscible fluids bounded by topologically complex 
interfaces are ubiquitous in natural and industrial processes [44]. Simulation of interfa
cial flow problems, via numerical (discrete) solution of appropriate partial differential 
equations (PDEs), is arguably the principal path to a fundamental understanding of 
these flows. Motivating numerical simulation of interfacial flows is a common "Achilles 
heel", or analytical intractability: the presence of interfaces that both move with and 
act back on the local flow field. Interface position is known only at initial time; there
after it must be determined as part of the overall flow solution. It is not surprising, 
then, that the quest for accurate numerical simulation of these processes has attracted 
countless talented researchers over the past half century. At times, for many researchers 
(including myself), this quest seems futile. 

From my perspective, schemes that statically partition the computational domain 
(via a stationary grid) must be the basis for a robust method touted to simulate flows 
possessing interfaces that are allowed to have complex topology. When moving-mesh 
(Lagrangian) methods are tasked to model such flows, solution accuracy and robust
ness deteriorates in a manner proportional to the complexity of the interface topology. 
Eulerian methods must therefore be embraced. It is interesting, however, that only ten 
years ago it was not clear that Eulerian methods could adequately meet the interfa
cial flow challenge. This last decade, however, has witnessed remarkable and exciting 
progress: many talented researchers have flocked to this field, where they have collec
tively advanced Eulerian interfacial flow methodology to the point where these methods 
can often be expected to yield quantitatively accurate flow solutions. The wide appli
cability of interfacial flow simulations has finally enticed enough people and resources 
to pay noticeable dividends. 

Can we now "close the book" on Eulerian interfacial flow methodology? Hardly. 
Research in this field is akin to joining in on an arduous journey that is far from com
plete. New, unbiased minds with fresh ideas must continue to contribute innovative 
algorithms for this journey to make forward progress. The principal challenges ahead 
are motivated by the need for consistently robust and accurate (two competing require
ments) three- dimensional Eulerian interfacial flow methods. I am confident, however, 
that these challenges will be met and overcome in the future. 

I entered this field quite by accident back in 1985 when I realized during the course of 
my Ph.D. research on implosion symmetry of multi-layered ion-driven inertial confine
ment fusion targets [92] that I needed an interfacial flow simulation capability to help 
me understand the relevant physical phenomena. To my surprise at that time, however, 
I found that I needed to develop my own tool, and I chose to base it upon the won
derful and modernized particle-in-cell (PIC) FLIP method developed by J. U. Brack
bill [21, 23]. I have since been hopelessly addicted to this vibrant field of interfacial flow 
modeling, having written simulations tools known as Ripple [94, 95], Pagosa [89], and, 
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most recently, Telluride [90, 93, 147]. While each of these tools1 simulate very different 
physical processes, all are based upon algorithms seeking solutions to the compressible 
or incompressible NS equations in the presence of interfaces. Despite my experiences, I 
am by no means an expert in this challenging field, having instead thought of myself as 
one who enjoys "playing around" with interfacial flow algorithms. Being an engineer 
at heart, my efforts, although manifested principally by these simulation tools, have 
always been driven by the need to understand these complex interfacial flows so that 
answers to difficult engineering questions can be found. 

In the following, discussion of algorithms I have personally devised or used will be 
undoubtedly pedagogical because of my undeniable emotional bonds to these methods. 
Many algorithms discussed herein were devised and perfected by other (smarter) people 
who have as a result unknowingly become my benefactor during my endeavor to model 
these flows. I therefore take care to cite references liberally and aptly acknowledge 
collaborators and mentors. Honest experiences and frank opinions are offered when I 
am suitably impassioned. Any inconsistencies and inaccuracies undoubtedly present 
are due to my own ignorance and incompetence. 

2 INTRODUCTION 
We seek to devise numerical methods capable of generating reliable models for the 
multi-dimensional flow of incompressible fluids possessing densities that vary both dis
continuously and smoothly. For these incompressible interfacial flows, smooth density 
variations might arise because the fluids are non-isothermal, whereas abrupt variations 
are manifested at immiscible fluid interfaces. Interfaces are present as a specified initial 
condition, as a result of phase change processes (evaporation, condensation, solidifica
tion, etc.), or because the fluid is undergoing gross topological change such as merging 
or breakup. 

We desire an incompressible flow algorithm that maintains solution accuracy and 
simulation robustness in the presence of these density variations that are in general 
discontinuous (such as across interfaces). We further burden our method with the 
principal design constraint: the method must model the gross topological change of 
any interface created within or carried along with the flow. Finally, in addition to 
robustness and accuracy, our method must be high fidelity, i.e., make effective use of the 
discrete data and be sensitive to (or resolve) its spatial variation. High fidelity methods, 
while desirable in two-dimensional (2-D) methods, are especially important in three
dimensional (3-D) methods since current computational resources dictate inadequately
resolved partitioning of computational domains. 

So, just what is an accurate, robust, high fidelity method? These terms are cer
tainly commonly used (or abused) in this field. Accuracy is defined as the quality of 

1 For further information on Ripple, consult http: I I gnarly .lanl. gov /Ripple/Ripple. html, for 
further information on Pagosa, consult http: I /gnarly .lanl.gov/Pagosa/Pagosa.html, and for fur
ther information on Telluride, consult http: I /'iiWW .lanl. gov /home/Telluride. 
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conforming to fact. For our purposes, this definition is refined as the measured error 
for a given solution. A distinction must be made between the types of accuracy, for 
example, between the actual accuracy observed on a given computational grid and the 
rate at which accuracy increases with increased grid resolution (order of accuracy). 
For reasonable grid resolution, methods discretized with a higher order of accuracy 
can often be accompanied by significantly larger numerical error than a lower order 
method. Fidelity is defined as exact correspondence with fact. A solution that pos
sesses fidelity is one that is validated as physically meaningful, i.e., one that is faithful 
to observances (experiment). We consider a method high fidelity when it produces so
lutions that are accurate relative to the computational resources (the grid size) applied 
to them. For example, interface tracking algorithms can increase solution fidelity by 
maintaining interface discontinuities as the interface advects and undergoes topologi
cal change. Robustness is the property of being powerfully built or sturdy. A robust 
method will not fail in a catastrophic manner, instead "degrading gracefully". A robust 
algorithm can be used with confidence on a difficult problem, where it should generate 
plausible, physically-reasonable solutions beyond the point where accuracy is expected 
or achieved. 

In Section 3 a solution algorithm for the incompressible NS equations is presented 
that I believe possesses many important aspects of accuracy, fidelity, and robustness 
properties we desire in a solution method. Here I focus on the projection methods 
fathered by Harlow [67], Chorin [34], and Temam [186]. This primitive-variable algo
rithm belongs to a popular class of modern fractional-step [86, 208] projection methods 
that have been particularly successful in generating accurate solutions for transient 
flows possessing localized (interfacial) physics. Although the algorithm can be used 
to time-march solutions to steady state, it is not designed nor is it optimal for find
ing steady state flow solutions. Other viable NS solution algorithms such as pressure 
correction schemes (e.g., from the SIMPLE family) [30, 76, 135,145, 193], streamline
vorticity methods, and artificial compressibility approaches [33, 187] are not discussed. 
Within the context of projection methods, we review algorithms for the projection 
operator, multi-dimensional advection, Newtonian stress effects, linear algebra, and 
velocity filters. Most of the algorithms presented are relatively independent of the 
choice of fluid variable arrangement on the grid (e.g., staggered or colocated), but 
colocated (cell-centered) schemes are emphasized when necessary. The current pref
erence for cell-centered schemes is driven more by "conservation of implementation 
difficulty" considerations on 3-D unstructured grids rather than favorable accuracy 
comparisons with staggered schemes. Turbulence models [107], their formulation [104] 
and implementation [174, 203], are beyond the scope of this paper. 

Section 4 is devoted to algorithms for interface kinematics, i.e., those designed to 
track topologically complex interfaces on fixed grids. I focus on recent developments in 
volume tracking methods [157], but offer ample information about many other viable 
methods for tracking interfaces. Here a method for interface kinematics must model 
the advection (movement) of interfaces given some prescribed velocity. The method 
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should keep the interface width compact (of order h, the grid spacing) as the interface 
undergoes arbitrary topological change. The current list of methods from which to 
choose is long and impressive: front tracking, boundary integral, moving-mesh, level 
sets, phase field, continuum advection, volume tracking, and particle-based methods. 
Not surprisingly, more detail is provided for the method (volume tracking) that has 
occupied a significant portion of my research efforts these past few years. 

The accurate simulation of free surface flows also requires modeling physical pro
cesses specific to and localized at fluid interfaces. Obvious examples are surface tension 
and phase change. Section 5 details the immersed interface approach [110] for modeling 
interface dynamics (e.g., surface tension), which is a methodology dating back to the 
pioneering work of Peskin [139]. These ideas inspired the popular continuum surface 
force (CSF) model for surface tension [22] and its improved and enhanced variants. In 
immersed interface numerical methods for modeling surface tension, surface tension is 
modeled by applying its effects to fluid elements everywhere within numerically resolv
able interface transition regions. Surface processes are replaced with volume processes 
whose integral effect properly reproduces the desired interface physics. This methodol
ogy is the underlying feature in the CSF method for surface tension. The CSF method, 
while having proven successful in a variety of studies [59, 113,121,149,150,165, 171], is 
still in need of improvements yielding increased accuracy (both absolute and conver
gence) and fidelity. These are briefly touched upon. Section 6 concludes with parting 
thoughts. 

3 INCOMPRESSIBLE FLOW ALGORITHM 

3.1 Overview 

Los Alamos National Laboratory (LANL) has a long history in computational fluid 
dynamics (CFD). A particularly important contribution came in 1965 with the Marker
and-Cell (MAC) method [4, 62, 67] for incompressible multiphase flows, which is a 
method along with its successors that remains a popular choice to this day. This 
method enabled researchers to investigate a number of multi phase phenomena such as 
drop/splash dynamics and Rayleigh-Taylor instabilities (39,40,64-66,68]. An example 
of a MAC successor is the SOLA-VOF method, which coupled the SOLA (solution 
algorithm) methodology with a volume tracking method for fluid interfaces [71]. A 
more recent example is the Ripple code that utilizes the CSF model discussed later in 
this paper [94, 95]. 

In the nearly thirty years since the inception of these algorithms,. numerous advances 
have been made. These advances have in some cases greatly improved our ability to 
generate accurate solutions of incompressible interfacial flows. Examples are the recent 
coupling of high-order Godunov advection and interface tracking schemes with modern 
projection methods [144, 159]. Improvements in finding efficient solutions to linear 
systems of equation (often the most expensive portion of the solution algorithm) have 
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also greatly impacted the range of flows for which solutions can be obtained. 
After introducing a useful and widely applicable one-field model in Section 3.2, a 

brief "CFD 101" digression follows in Section 3.3. A semi-implicit projection method 
that employs high-order Godunov advection methods {3, 10, 13,101,152, 158] is then de
scribed in Section 3.4. The method is second order accurate in both time and space, and 
does not suffer from cell Reynolds number stability restrictions. Next, in Section 3.5, 
the important issue of detecting and "filtering" non-solenoidal velocities is discussed. 
Filtering is highly recommended (and often required) for maintaining solution quality 
with colocated schemes, but it also appears to be beneficial for staggered schemes. 
The construction of higher-order, multi-dimensional monotonic continuum advection 
schemes is discussed in Section 3.6. This task is especially crucial for incompressible 
flows, which are multi-dimensional by nature. Next, in Section 3.7, the approximation 
of Newtonian viscous terms is discussed. This task might "seem straightforward at first, 
but it is tricky when fluid interfaces aligned arbitrarily to the computational mesh are 
present. Solutions to the linear systems of equations arising from the projection and 
diffusion steps must be obtained, hence linear solution algorithms are briefly discussed 
in Section 3.8. Three approaches are highlighted: Krylov subspace methods, multi
grid (MG) methods, and hybrid methods that combine ideas and algorithms from the 
Krylov and MG schemes. 

The resulting incompressible flow algorithm, as constructed, is able to model a wide 
range of flow regimes, including interfacial flows where density ratios across interfaces 
can be arbitrarily large (e.g., rv800:1 for water:air). This feature is greatly facilitated 
by the use of a suitable interface tracking algorithm. In conjunction with approximate 
projection methods [3, 101, 152], low error formulations [153], and the filtering of non
solenoidal modes [100, 101, 154], the method remains robust for difficult problems. This 
method also merges quite naturally with physical models such as the CSF model for 
surface tension [22]. A very similar flow algorithm has recently been published by 
E. G. Puckett and coworkers [144]. 

3.2 A One-Field Model 

Consider k incompressible, immiscible Navier-Stokes fluids, each bounded from the 
other k - 1 fluids by a discernible interface. We wish to model the dynamics of this 
system while resolving interface length scales such as local curvature. With interface 
topologies resolved in this manner, we invoke a one-field model assumption, whereby 
each of the k fluids is assumed to move with the local center-of-mass: 

Uk = U, (1) 

where u = (u, v, w)T is the center-of-mass velocity field. A one-field model assump
tion is a good one when a representative volume element (RYE) of the system (i.e., 
a computational cell) does not contain homogeneous mixtures of two or more fluids. 
The RYEs are instead assumed to resolve the interface topology between each of the 
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k fluids. Interfaces are allowed to snake arbitrarily through our fixed-grid computa
tional domain, yet most of the cells (> 80%) will contain just one fluid, and those 
cells possessing two or more fluids will in general be smaller than local radius of cur
vature of the interface separating the fluids. This is in contrast to multi-phase (the 
more apt description is multi-field) models, where the RYEs are of sufficient size to 
contain homogeneous mixtures, hence the system is best modeled with fluids that pos
sess individual velocity fields [54]. With the one-field assumption in (1), k mass and 
momentum equations are replaced by one mass and momentum conservation equation 
for the system center-of-mass. 

Solutions sought are those to the incompr~ssible NS equations for our one-field 
model. Conservation of mass is manifested as a solenoidal condition for the center-of
mass velocity field: 

\7·u=O, (2) 

or, equivalently, as a statement of Lagrangian invariance for each of the kth fluid 
densities: 

apk at + u · v Pk = o . (3) 

Fluid densities Pk, equal to the mass Mk of material k per unit total volume V, can be 
expressed as the product of volume fractions fk and constant material densities P2, 

The volume fractions fk are bounded by 0 S: fk S: 1, where 

{ 

1, inside fluid k ; 

A = > 0, < 1, at the fluid k interface; 

0, outside fluid k. 

(4) 

(5) 

Since fluid volumes are volume-filling, volume fractions must sum to unity, Lk fk = 1, 
throughout the domain. Since P2 is constant, substitution of ( 4) into (3) gives 

(6) 

The volume fractions in (5) delineate the presence (or absence) of,each fluid, so fk 
serves as a Heaviside (characteristic) function for each material k. Equation (6) is 
therefore a very useful and important relation, as it gives an evolution equation for 
the location of each fluid. In this regard, any approximation for a material Heaviside 
function can be used in place of volume fractions fkl e.g., a level set function in level 
set methods, an indicator function in front tracking methods, a phase field in phase 
field methods, or particle identities in particle-based methods. This will be discussed 
in more detail in Section 4. 
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Average density is recovered from the volume fractions by 

(7) 

which is simply an algebraic statement of local mass conservation. An expression for 
a fluid-averaged viscosity, on the other hand, is not constrained by a conservation law, 
hence is written as a general function 1l1 k of the material viscosities, volume fractions, 
interface orientation (having normal iik), and local fluid velocity: 

J.L =I: wkuk, J.Lk, nk, u). 
k 

(8) 

The functional form for 1l1 k is derived from considerations of continuity of Newtonian 
stresses across the interface. The important issue of deriving a proper average viscosity 
is briefly touched upon in Section 3. 7. 

If we assume that all fluid k pressures Pk are equal (to p), invoke our one-field 
assumption in (1), and use averaging expressions (7) and (8), all fluid k conservation of 
momentum equations can be summed to give one system conservation of momentum 
equation: 

(9) 

where f is an arbitrary body force, e.g., incorporating the effects of gravity or surface 
tension. 

The system of equations for our one-field model consists of equations (2), (6), and (9) 
for the unknowns u, fk, and p. For a 2-D two-fluid model, we have four equations and 
four unknowns: ( u, v), p, and fi. Densities p and viscosities J.L follow from fk using 
subsidiary equations (7) and (8). This system of equations is solved via the projection 
method described in the following sections. 

3.3 Digression: CFD 101 

Here we briefly digress into a few important CFD-related issues that must be addressed 
before any numerical solutions can be realized: the choice of grid topology, control 
volume and fluid variable positioning, and PDE discretization method. This discussion 
is admittedly too brief, so the reader should consult the numerous books and articles 
cited in the text for further information. 

3.3.1 Partitioning the Physical Domain: Choosing a Grid Topology 

Of the many different types of grids (or meshes) available and used today [188], most 
fall into one of three categories: block structured (BS), boundary-fitted (BF), and 
generalized-connectivity unstructured (GU) meshes [47]. For a given grid, two distin
guishing features determine its categorization: the shape of each cell (element) and the 
cell-to-cell connectivity. A mesh is considered orthogonal if each of its cells has edges 
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(faces) that meet at right angles (either in physical or logical space), and a mesh is 
considered "structured" if the number of cells surrounding each grid point is constant. 
Meshes with regular (structured) connectivities and orthogonal cells are considered the 
"simplest" for a number of reasons: mesh generation is trivial, algorithm implemen
tation is straightforward, and discretization error can be quantified and most easily 
minimized. From this point of view, a BS, orthogonal mesh is the simplest and a GU 
mesh is the most complex. Cells in GU meshes do not in general have uniform shapes 
and they are typically connected together in arbitrary ways. 

As the complexity of the mesh topology increases, it becomes more and more diffi
cult to generate high fidelity (e.g., second order and higher) solutions without unrea
sonable investments in computational work and memory storage. Algorithms targeted 
for GU meshes often consume three to five times more computer memory and an order 
of magnitude more computational work than their BS, orthogonal mesh counterparts. 
So why use a GU mesh? Because solution fidelity is frequently dictated by the ability 
to resolve and partition the geometric complexities along the boundary of a domain, 
and these boundaries often can only be partitioned by G U meshes. As a rule of thumb, 
choose a grid topology that is the simplest possible, yet adequately partitions the 
computational domain. 

3.3.2 Control Volume and Fluid Variable Positioning 

Discrete PDE solutions are sought at each control volume, which is the smallest re
solvable volume on the mesh. For a given discretization method, the position of each 
control volume (its geometric centroid) does not necessarily have to coincide with those 
of the cell volumes that are bounded by grid line intersection points (referred to as grid 
vertices or grid points). Furthermore, the location of discrete fluid variables (e.g., p, u, 
and p) does not necessarily have to lie at cell volume centroids or grid points. Thus, the 
notion of "staggering" applies to both control volumes and fluid variables: a method 
is considered staggered if its control volumes do not coincide with cell volumes. In 
some cases, a method will have control volumes coincidental with cell volumes (non
staggered), but the fluid variables might still be staggered, i.e., located at positions 
other than control volume centroids. 

For the incompressible NS equations, four basic forms of control volume and fluid 
variable positioning arc prevalent in the literature: 

• MAC positioning [68]: mass control volumes (and associated variables) are po
sitioned at cell centroids, whereas momentum control volumes (and associated 
variables) are positioned at cell face centroids; 

• ALE positioning [69]: mass control volumes (and associated variables) are po
sitioned at cell centroids, whereas momentum control volumes (and associated 
variables) are positioned at grid points; 
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• colocated positioning [159]: all control volumes and fluid variables are positioned 
at either cell centroids or cell grid points; 

• hybrid positioning [10]: all control volumes are positioned at either cell centroids 
or cell grid points, but some variables (e.g., p) are staggered. 

Unfortunately no one choice of control volume and fluid variable positioning is optimal 
for all meshes, i.e., disadvantages accompany each choice. For example, MAC position
ing is most popular and effective on 2-D BS and BF meshes, but the need for multiple 
control volumes leads. to increasingly complex implementation in three dimensions and 
on GU meshes. The use of only one control volume in colocated and hybrid posi
tioning is an attractive implementation simplification that is often embraced for 3-D 
GU meshes. Is there any positioning choice that leads to consistently more accurate 
solutions? In general no, as the answer to this question is usually problem specific and 
mesh dependent. Interesting studies centered around this question can be found in 
references [43, 136, 172]. 

3.3.3 Discretization Method 

We seek discrete, numerical solutions to the PDEs comprising our system of conser
vation equations. Consider the representative conservation equation for an arbitrary 
quantity¢: 

(10) 

where S is a source term that is in general dependent upon ¢. Given a physical 
domain partitioned into a number of discrete volume elements ("cells") denoted by 
subscript i, we seek solutions to (10) for a discrete </>i in each cell. Most discretiza
tion methods for PDEs in conservation law form fall loosely into one of the following 
categories: finite difference methods [151, 179], finite volume methods [47, 198], finite 
element methods [211], spectral methods [58], and particle-based methods [118]. 

Spectral methods typically express </> as a Fourier series, which easily enables high 
order approximations to spatial derivatives of¢. Spectral methods, however, are most 
suited for uniformly-partitioned, periodic domains having structured meshes. Spectral 
methods can also encounter difficulties in resolving discontinuous data, where Gibbs 
phenomena can be problematic. Particle methods, e.g., smoothed particle hydrody
namics [120, 122, 123] and particle-in-cell [91] techniques, are quite powerful by virtue of 
their Lagrangian description of the fluid. They typically model the nonlinear advection 
terms with discrete particle motion, then rely upon finite difference, finite volume, or fi
nite element discretization techniques for the remaining portions of the PDEs. In finite 
difference methods, discrete numerical derivatives for </> in space and time are formed 
with local differences of <l>i· Finite difference methods are the most popular and perhaps 
most effective choice on orthogonal, structured meshes. Great care must be taken in 
forming the derivatives on generally nonorthogonal, complex topology (unstructured) 
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meshes [168]. Finite element methods, arguably the most popular choice today for 
engineering analysis, are quite effective in forming discrete parabolic and elliptic PDEs 
on complex unstructured meshes. Only within the last decade, however, have accurate 
solutions to hyperbolic PDEs been attainable with finite element methods. 

Finite volume methods are often assumed synonymous with finite difference meth
ods, when in fact they are a "closer cousin" to finite element methods because dis
cretizations are derived from integral (weak) forms of the PDEs. Finite volume meth
ods are attractive because discretely conservative discretizations are inherent by design, 
unstructured meshes are a simple extension, hyperbolic systems are as easily discretized 
as other systems, and the basic form of the PDEs is not "lost" in a maze of interpola
tion coefficients and shape functions. Many researchers unfamiliar with finite volume 
methods assume such methods are amenable only for structured, orthogonal meshes, 
which is simply untrue. 

The basic approach in finite volume methods is to begin with a volume integral 
form of the PDE, e.g., for (10) we have, 

J ~v I [ ~~ + v · ( u¢) = s ( ¢) J dV , (11) 

which, using the Gauss divergence theorem, can be expressed as 

(12) 

where the volume integral is over some representative control volume (the cell) and the 
surface integral is over the surface bounding the volume. Finite element methods also 
begin with (11), except that the equation is additionally multiplied by some weight 
function. For finite volume methods, the integrals in (12) are approximated with 
discrete numerical quadratures, giving a discrete evolution equation for ¢i: 

¢~+1 - ¢~ + ~ L Jt(A. un+l/2) J(¢) ;+1 = ~; s;+1 ' 
t f Vi 

(13) 

where the surface integral has been approximated as a sum over discrete control volume 
faces f having an area vector A 1, Vi is the control volume, and ¢i is a local integrally
averaged value, 

- J ¢dV- 1 I / 
¢i - J dV - Vi ¢dl ' (14) 

and similarly for S,. Note also in (13) that we have assumed a second order mid
point time integration scheme, but this choice is arbitrary. For spatially second order 
schemes, ¢ is assumed to vary linearly in space, hence ¢i is simply expressed as 

(15) 

where Xc is the geometric centroid of the control volume. This is simply a one-point 
quadrature. For higher order (third order and above) schemes, the integral in (14) 



278 D.B. Kothe 

must be evaluated numerically with at least two quadrature points [198]. In a similar 

manner, second order schemes allow one-point quadratures for the face integrals, e.g., 

face quantities (¢) 1 are given at the geometric centroid of each face. For higher order 

schemes, face integrals of ¢ over the flux volume bt(A · u) 1 must be estimated with 

higher order quadrature rules. As pointed out clearly in [80], the truncation errors 

associated with performing these integrals have two sources, namely from discretely 

approximating the volume integral in (11) as a surface integral having discrete faces, 

and from the approximation of ¢ on each face. 
Finite volume methods often reduce to finite difference methods on BS, orthogonal 

meshes. For example, substitution of suitable expressions in (13) for At, Uf, and(¢)/ 

for a mesh that is uniform and orthogonal leads to a discrete equation that is often 

identical to that derived by finite differencing (10). 

3.4 Projection Methods 

In the projection method, solutions to the unsteady NS equations are obtained by first 

time-advancing the velocity field without regard for its solenoidality constraint in (2), 
then recovering the proper solenoidal velocity field, ud ('V · ud = 0). The means to this 

end is a projection operator, P, which projects ud out of u: 

ud = P (u) (16) 

This projection is derived by drawing upon the Helmholtz-Hodge vector decomposition 

theorem [35], whereby the velocity'u can be decomposed into a solenoidal vector, ud, 
and a curl-free vector, expressed as the gradient of a potential, V cp. This decomposition 

is written 
pu = pud + Vcp, 

or 
u=ud+aVcp, 

where a = 1/ p. Taking the divergence of (18) yields an elliptic equation for cp: 

'V · u = 'V · ud + 'V · aVcp ---t 'V · u = 'V · aVcp. 

Once the solution cp is obtained, ud results from the correction 

ud=u-aVcp. 

(17) 

(18) 

(19) 

(20) 

For our purposes, cp can be considered to be either the pressure p or pressure increment 

bp, depending upon the nature of the projection. 
Now let us consider a class of projection algorithms known as approximate pro

jection methods. Approximate projection methods are extensions of Chorin's classic 

projection method [34], and its modernization by Bell and coworkers for solving the 

constant-density [10] and variable-density [13] incompressible NS equations. Approx

imate projection methods were first introduced by Almgren, Bell and Szymczak [3] 
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(see also [100, 152, 153]), and were motivated primarily by the desire for robust projec
tion methods on schemes utilizing colocated or hybrid positioning. Classical projection 
methods can often be termed as exact projections because the discrete projection op
erator behaves similarly to the analytic operator. In approximate projection methods, 
the discrete projection operator does not necessarily algebraically match the conditions 
for being a projection. In short, the discrete V · and V operators used on the LHS 
of (19) and RHS of (20) are not necessarily consistent with the Laplacian \7 · aV on 
the RHS of (19). Instead, the most straightforward means to discretize each operator 
(V·, V and V · aV) is chosen in approximate projection methods. 

For our projection method, we wish to use a fractional-step [208] algorithm for 
advancing the velocity field u in (9) at a cell i in a colocated scheme (i.e., u is positioned 
at the cell i centroid). The first step in the algorithm consists of a predictor step, in 
which the solenoidal nature of u is ignored, followed by a corrector step, in which a 
projection recovers the solenoidal part of u. For the predictor step, a known (time level 
n) velocity in cell i, uf, is advanced in time to level*, n + 1 by discretizing (9): 

where Gi and Li are discrete gradients and Laplacians, respectively, and a second-order 
time discretization has been used. Not that the viscous stresses have been treated above 
in an implicit Crank-Nicholson fashion, but this choice is arbitrary. Fully implicit 
or fully explicit treatments are also valid. The (u · Vu) advection term in (21) is 
discretized with an unsplit high-order Godunov method [10, 36, 152] that is derived 
from Taylor-Series (TS) expansions in space (to cell face i + ~) and time (to level 
n + V· This will be visited briefly in Section 3.6. Further details on the discretization 
of (21) can be found in [13, 144]. 

Several variations of the projection implied by (21) are possible. By removing the 
gradient of pressure from ( 21), <p in ( 19) is actually a pressure rather than an increment 
in pressure. The form of u in the discrete divergence on the LHS of (19) can be chosen 
several ways, e.g., the advanced-time predictor velocity, u•,n+l, or the predicted change, 
(u•,n+l - un). One might assume these differences to be higher order effects, but 
experience has shown otherwise for both exact and approximate projections [152, 159]. 

An exact projection results when the Laplacian operator (L) on the RHS of (19) 
is derived from the discrete discrete divergence (D) and gradient (G) operators: 
L = D·aG. The discrete velocity divergence in an exact projection is zero to within the 
convergence tolerance of the solution to (19). Exact projections, however, have been 
found to have some practical difficulties [3, 100, 152]. Numerical instabilities sometimes 
tend to grow, originating from a pressure/velocity decoupling that is seeded by strong 
localized source terms, such as those brought about by chemical reactions, surface 
tension, or abrupt density jumps across interfaces. Additionally, this local decoupling 
renders multigrid techniques cumbersome [75], and hampers the implementation of 
adaptive grid techniques [2, 75]. Approximate projections, then, were motivated and 
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introduced in [3] to address these problems. Very simply, the operator L in an approx
imate projection is not derived from a D · G pair, but rather from a straightforward 
discretization of the continuous Laplacian operator. The discrete velocity divergence 
in an approximate projection is not zero, but is rather a function of the truncation 
error. The operators D and G have the same form as the exact projection, but the 
Laplacian is modified. 

3.4.1 Robust Projection Methods 

In approximate projections, the velocity divergence is not constrained to be zero (but 
rather to some small tolerance), hence one must take care to insure these nonzero veloc
ity divergences remain bounded. The principal problem with approximate projections 
is the presence and growth of null spaces in the discrete operator D · u. Null spaces are 
those spatial modes in u that are not solenoidal, V · u :f:. 0, yet the discrete operator 
D does not "see" them, returning D · u = 0. The growth of these u null spaces is typ
ically manifested as high-frequency noise. This is currently controlled by identifying 
and filtering unphysical velocity modes [102, 153] or by carefully formulating the form 
of the approximate projection [154]. The filtering and damping of these unphysical 
modes can act on the flow either through an explicit addition of a high-order viscosity 
or through the use of an iterated projection derived from a discrete stencil that differs 
from the approximate projection stencil. These methods are most effective when used 
in concert [154]. Without these steps, approximate projection methods are prone to 
failure on more difficult problems, e.g., flows with interfaces across which density ratios 
are high. 

The formulation of the projection directly affects the time evolution of the discrete 
divergence. If the divergence on the LHS of (19) is the difference between the predicted 
and old time velocity, 

\7. (u•,n+l- un) ' (22) 

then the discrete divergence errors accumulate in time. On the other hand, if a predictor 
velocity is used, 

\7. u•,n+l' (23) 

than the discrete divergence errors do not accumulate in time, which is preferable. The 
formulation of the Poisson pressure equation can also have a profound impact on the 
solutions' quality. I have found the following formulation to be robust and accurate: 

\7. _1_V"' = ~\7. u•,n+l 
pn+t 'f' 8t ' 

(24) 

where <P is the total pressure and u•,n+I is the predicted velocity given by an implicit 
solution of (21): 
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1 8t I ( T)n] 8t I + -2--1 \7 · J.Ln+2 Vu + Vu + --1 V ¢Jn-2 , 
pn+a pn+a 

(25) 

where 

(26) 

Finding u*,n+l in (25) requires simultaneous solutions a linear system of equations 
because of the implicit treatment of the viscous stress. An explicit treatment, however, 
is also allowed, and this approach yields a simple algebraic expression for u•,n+l. The 
projection in (24) based on total pressure and absolute predicted velocity controls the 
presence of the discrete divergence without sacrificing the accuracy of the method. A 
full exposition on this subject is given in [152, 153, 159]. 

3.5 Non-Solenoidal Velocities: Detection and Filtering 

In approximation projection methods the velocity divergence is nonzero, being of the 
same order of the spatial truncation errors, e.g., \7 · u "' O(h2) is expected for a 
second order discretization. These errors can (and should) be used as a measure of the 
solution's quality: if \7 · u"' O(h2) is the expected error, then the discrete divergence 
D · u should exhibit the same errors, and, more importantly, these errors should not 
grow. To prevent growth, the null space of the discrete divergence D · u must be 
quantified and reduced to manageable levels. For example, if D · u has a central 
difference form [152], non-solenoidal modes in u not detected by a central difference 
operator can persist if they are unaffected by the projection (which is often the case). 
These modes add to the already nonzero discrete divergence, and can contribute to a net 
growth in error. For this reason, when using approximate projections, it is important 
to control the growth of divergence errors. This can be accomplished if non-solenoidal 
velocity modes can be reliably detected and "filtered" (removed) [154]. 

Reference [159] accentuates the striking differences that can arise in non-filtered 
solutions of high density ratio interfacial flows using both standard exact and approx
imate projection methods. Without filtering, both projection solutions can exhibit 
spurious velocity field features such as decoupling, noise, or asymmetry. Despite the 
use of a smaller time step in integrating the flow, approximate projection solutions 
for such flows often remain compromised. Solutions can be improved if the projec
tion in (19) projects the absolute predictor velocity u*,n+l (rather than the velocity 
difference) while obtaining solutions for the total pressure (rather than the pressure 
increment). This is especially true for exact projection solutions, whereas approximate 
projection solutions often require additional velocity filters before equivalent solution 
quality is obtained [159]. 

A number of filters have been devised to remove or damp spurious non-solenoidal 
velocity modes from the flow field solution. Two types of filters have appeared in 
recent publications [152, 154]: a projection filter that is derived from a solution to (19) 
with a RHS that is typically a vertex- or face-based velocity divergence; and a velocity 
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filter that detects and damps divergent modes based upon physical arguments. The 
projection filter follows the same prescription as a regular projection, i.e., a solution 
t.p to (19) is used to "correct" the velocity field of non-solenoidal modes. Fortunately, 
however, a projection filter potential cp that is only approximate (e.g., resulting from a 
single iterative Jacobi sweep) is often adequate in damping error modes [154]. Velocity 
filters, on the other hand, attempt to recognize and heuristically remove erroneous 
divergent modes via the application of a fourth-order damping term. Both filters are 
typically applied every computational cycle. 

If divergent velocity modes are ignored, especially for approximate projections, 
solution accuracy and stability can deteriorate. This is especially true in flows experi
encing large density jumps, large local source terms (such as surface tension), and long 
integrations (e.g., to steady state). Can exact projection methods constructed from 
the popular MAC positioning of fluid variables and control volumes allow divergent 
velocity modes to seed, persist, or even grow? In short, yes, if the discrete divergence 
operator has a null space. It is advisable, therefore, to either minimize the discrete 
divergence null space or detect and filter divergence modes, regardless of the projec
tion scheme used. The interested reader should consult reference [101] for a general 
discussion of filters and [100, 102] for additional examples of the application of filters 
specific to incompressible reactive flows. 

3.6 Advection 
Advection methods here refer to those algorithms that are devised for accurate numer
ical solutions to the simple hyperbolic equation 

:+u·V¢=0, (27) 

for some arbitrary quantify ¢, which we can rewrite in conservative form as 

8¢ at + V' · (u¢) = ¢V' · u. (28) 

Following (13), a finite volume discretization of this equation can be expressed as 

n+l 

¢i+l - 4>i + _!_ L 8t(A. un+l/2) J(¢) ;+~ = 4>i 2 L 8t(A. un+l/2) f' (29) 
Vi f Vi f 

where a second order (midpoint) time integration has been used. Spatial accuracy of 
the discretization in (29) is dictated by the estimation of(¢)/· For example, a second 
order Taylor series (TS) expansion in space and time gives 

( .)n+l n 8t (8¢)n ( ) ( )n 4> z i+~2 = 4>i + 2 8t i + xi+~ -xi · VL¢ i 

= 4>i + [aL(xi+~- Xi)- ~un] · (V¢):, (30) 
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where i + ~ is assumed to reside at a cell face f, ( i) indicates the expansion originates 
from cell i, and VL denotes a limited gradient [108, 194] needed to insure that the 
spatial portion of the TS expansion does not introduce new extrema for¢ (relative to 
centroid data). The limited gradient VL in (30) has been expressed as the product 
aL V, where aL is a scalar limiter, and the actual PDE for¢, equation (27), has been 
substituted for the temporal derivative. If monotonicity considerations are applied as 
constraints during construction of VL, then aL can in general be a vector [97]. Also, if 
V L is constructed in an upwind fashion, it has been shown that larger linearly-stable 
time steps can be used [36,144]. Multiple TS expansions to a given cell face are possible, 
e.g., one from each neighboring cell centroid, but the two chosen are those from the 
two nearest centroids (i.e., cells i and i + 1). With two expansions performed for ¢, 
a single face value is determined by choosing the TS expansion for ¢ that originates 
from the upwind centroid. 

This basic principles of this advection method are similar to the formulation of 
Colella [36], and have been well established in earlier works [12, 195]. The advection 
scheme embodied in (29) and (30) is considered to be a multi-dimensional unsplit 
algorithm, i.e., a full multi-dimensional solution is updated in a single time step. It is 
multi-dimensional because all control volume faces in (29) are summed over and all V 
components in (30) are taken into account in one step. Split schemes, on the other hand, 
construct the multi-dimensional solution as a series of sequential, one-dimensional (1-
D) solutions to (29) and (30). A 1-D solution is arrived at for a given direction (e.g., 
x) by considering only one V component (e.g., 8x) in (30) and only those faces in (29) 
whose unit normals are (anti)parallel to the direction of concern. For example, in a 
split scheme an x-direction solution is first obtained, evolving ¢n to an intermediate 
value ¢*, then a y-direction solution follows, which brings the intermediate ¢* to the 
final ¢n+l. This directional "sweeping" process is not necessarily less accurate than a 
single-step (unsplit) scheme, but it does induce numerical asymmetries that can often 
compromise solution quality [157]. The sweeping process is also virtually impossible 
on nonorthogonal or GC meshes that are not generally aligned with any particular 
coordinate direction. 

3.6.1 Face Flux Velocities 

Unfortunately all of the fluid variable/control volume positioning options detailed in 
Section 3.3.2 suffer from an identical problem: the velocity u is not always positioned 
on the mesh where it is needed. For advection schemes, the flux velocities needed 
in (29) reside at (or near) control volume faces. When momentum is advected, the 
control volume faces surround a centroid where the velocity u resides, hence face flux 
velocities u1 are not known, and therefore must be constructed. In most MAC schemes, 
u 1 is usually constructed from simple averages of nearby u data [95], yet this procedure 
can be first-order accurate, and, worse yet, it is not guaranteed to satisfy the V' · u 1 = 0 
condition. We present below an elegant procedure for constructing face flux velocities 
first introduced by Bell and coworkers for schemes based on colocated positioning [10, 
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13, 144]. This approach has since been adopted successfully for a scheme based on 
MAC (staggered) positioning [185]. 

Here we will assume a scheme using colocated positioning, with velocities ui residing 
at each cell centroid. In a manner similar to the cjJ TS expansion in (30), face flux 
velocities u1 are derived from a TS expansion in space (to cell face i + ~) and time (to 
level n + ~): 

( .)n+~ _ n 8t (8u)n ( ) ( )n 
u z i+~ - ui + 2 at i + xi+~- Xi • VLu i ' (31) 

For velocities, however, the appropriate PDE to substitute for the u time derivative is 
the full momentum equation (9) at time level n. So, in effect, we are "paying a price'' 
here for a time-centered flux velocity: solutions to an additional momentum equation 
must be obtained at each face. (See references [10, 13, 144, 152] for further details.) 
Since TS expansions are performed from the two closest cell centroids (cells i and i + 1) 
to cell face i + ~' the two candidate values for the flux velocity must be resolved with 
the solution of a Riemann problem: 

(32) 

where 'R is our general Riemann function. Following Bell and coworkers [10, 13, 144], 
the functional form of 'R is given from solutions to an inviscid Burger's equation. The 
function 'R is usually quite simple and intuitive, returning the TS expansion for u that 
originates from the upwind centroid. 

As an interesting aside, why is this TS expansion approach for face velocities so 
invaluable? It obviously provides a rigorous, formal procedure for obtaining the time
centered, second-order fluxing velocities needed for advection, but is that it? ~o; it also 
provides the time-advanced pressure-velocity coupling so crucially needed for colocated 
schemes to be reliable and robust. As in the original Rhie-Chow prescription [148] for 
estimating face velocities from local centroid velocities, the important pressure gradient 
coupling terms can be found in the u temporal derivative term of the TS expansion. 
In fact, one could easily argue that the Rhie-Chow face velocity prescription represents 
a simplification of the temporal and spatial TS expansion in (31), i.e., the Rhie-Chow 
prescription simplifies the spatial derivative term (to an average) and only the uses the 
pressure gradient portion of the temporal derivative (the momentum equation). 

An important point must be made about finding face flux velocities u1 with the 
aforementioned TS expansion: the solenoidal condition '\1 · u1 = 0 will not necessarily 
be satisfied, even if the initial cell centroid velocities u were solenoidal. Solenoidality 
can (and in general will) be broken while obtaining u1 from (31) and (32) because oftlw 
nonlinearities inherent in the gradient limiting procedure and the Riemann solution. 
One must therefore additionally apply a "MAC" projection [11, 100, 144] to u1, whereby 
a potential field that projects out the solenoidal part of u1 is found via a solution 
to (19). For example, consider the 2-D vortical (yet solenoidal) velocity field given in 
Figure 1(a). When (31) and (32) are used to construct u1, nonlinearities induced by 
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(a) Vortex velocity field, as prescribed in [10]. 
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(c) DiYergenc<> of face-centered v loci ties re. ult
ing from application of the Barth limiter [9] for 
V L in (31 ). 
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(b) Pre sure field corresponding to the vortex. 
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(d) Divergence of face-centered velocitie result
ing from application of the enkat limiter [197] 
for V L in (31). 

Figure 1: Face-centered velocities constructed from the solenoidal cell-centered velocity 
field in (a) using equations (31) and (32) are not necessarily solenoidal, as shown in (c) 
and (d) for two different types of slope limiters. 
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(a) MAC projection potential field c.p needed to 
project u1 out of the UJ shown in Figure l(c). 
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0 
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(b) MAC projection potential field c.p needed to 
project u1 out of the UJ shown in Figure l(d). 

Figure 2: MAC projection potential fields are needed to correct the face-centered 
velocities shown in Figure 1. 

the limiting process and Riemann solution procedure breaks solenoidality, V' -u1 # 0, as 
seen in Figure 1(c) and Figure 1(d), for two different limiters. A solenoidal face velocity 
field u1 must therefore be projected out of Uf by "correcting" Uf with the gradient of 
a potential r.p in (20) found from solutions to (19). Example MAC projection potential 
fields are shown in Figure 2. 

3.6.2 Comments 

The application of unsplit high-order Godunov advection schemes has been common
place for high speed flow algorithms over the last two decades, yet it was not until 
1989 that such schemes were first applied to unsteady incompressible flows [10]. The 
dividends have in many cases been quite evident; see the examples available in refer
ences [3,10,11,13,36,152]. The central theme of the method is the reliance upon second 
order, multi-dimensional TS expansions in space and time for the dependent variables. 
These variables are constructed at cell faces, where they will be multi-valued, and then 
the upwind values are propagated in the solution. The complete, governing PDE is 
used to approximate the time derivatives. This approach exhibits excellent phase error 
properties and compares favorably with higher order Runge-Kutta methods. 

The upwinding protects this method from stability restrictions related to the 
Reynolds number, thus it can be used for both viscous and inviscid flows. Results 
show that the method can resolve flows up to a grid Reynolds number (U ph/ f-L) of 
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forty, beyond which solutions will degrade in a graceful fashion and produce physical, 
but not necessarily accurate, results [26]. The advection method is also robust in cases 
where the flow contains discontinuities and shear. For further information about pro
jection method solutions of the type discussed here, see the recent excellent articles 
by Minion and coworkers, where the nature of under-resolved projection solutions is 
discussed [26] and stability-enhancing improvements are suggested [116]. Interesting 
under-resolved performance comparisons with many other incompressible NS solution 
methods are also presented [117]. 

3. 7 Viscous Stresses 

Assuming viscous stresses in the flow can be approximated as Newtonian, a finite 
volume discretization of viscous forces follows directly from the divergence of the viscous 
stress tensor: 

(33) 

where the surface integral is approximated as a discrete sum over faces: 

(34) 

With this discretization, a viscous force estimate follows directly from approxi
mations of velocity gradients and dynamic viscosities at control volume faces. These 
approximations are straightforward except in the proximity of fluid interfaces possess
ing abrupt property variations. In this case, face-centered operators for Vu remain 
easy in a one-field model (where all uk = u). The difficulty, however, arises in ap
proximating the dynamic viscosity J.L along those control volume faces that intersect 
or are coincidental with a fluid interface. In these situations, most (including myself) 
have "homogenized" the faces bounding these multi-material cells by invoking a simple 
geometric average for the viscosity: 

(35) 

where the superscript "s" denotes a serial average, a term common in circuit analysis. 
Conversely, one might also use a parallel average: 

(36) 

The parallel (harmonic) mean places more importance on the fluid with the smaller 
viscosity, whereas the serial (geometric) mean places more importance on the fluid with 
the higher viscosity. This choice of averaging is not significant when relative differences 
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between fluid J.lk are small (e.g.,< 100%), but this is generally not true for free surface 
flows. Consider, for example, a simple two-fluid example: if j.t1 = 1, J.L 2 = 100, and 
j 1 = h = 0.5, then J.L 8 = 50.50 and J.LP = 1.98. Such large differences between J.L 8 and J.LP 

are to be expected in free surface flows, where viscosity ratios across the interface being 
two (or more) orders of magnitude are commonplace. Which one, then, is the correct 
expression? Since viscous fluxes at the interface must be continuous (as viewed from 
either side of the interface), one can use this condition to derive the correct value for J.li, 
the interface viscosity, which is J.lp· This is completely analogous to the derivation of 
an appropriate interface thermal conductivity by invoking continuity of heat fluxes at 
the interface [135]. In effect, one cannot replace the average of a product J.L(Vu+ Vur) 
by a product of averages. 

The importance of using the correct interface viscosity was recently recognized 
in [38] and validated in [190] for simple shear flows. In particular, it was pointed out 
in [38] that the stress tensor 'T will be continuous at the interface, even when some of 
its components will not be continuous. To see this, in the proximity of an interface 
with normal ilk, the velocity u can be decomposed into normal Un = (u · nk)nk and 
tangential uT = u - Un components, and likewise for the gradient, V = V n + V T· 

With these definitions it is easy to isolate the potentially discontinuous "interface 
shear" component ofT, namely V nUT. With this decomposition ofT, one might use 
the parallel viscosity pP for the shear component V nUT and J.L 8 for all other components. 
This selective averaging was used in [38], where it generated improved results. 

The difficulty lies in formulating an appropriate average viscosity expression that 
is suitable for arbitrary orientations of the flow field relative to the interface, and for 
the interface relative to control volume faces. First, it is important to realize that 
average viscosity values are needed at control volume faces, hence the volume fractions 
fk in (35) and (36) are those associated with flux volumes, not control volumes. These 
fractions are therefore the fractional volume of a material k passing through a given 
control volume face over a given time step. Faces that do not intersect an interface, for 
example, should have a pure material value for the viscosity f.LJ· Second, if an interface 
does intersect a given face, then the relative interface/face orientation, expressed as a 
fraction TJ, 

(37) 

can be used to define a face viscosity that varies smoothly between the serial and 
parallel averages: 

(38) 

Use of this average viscosity expression, coupled with isolation of the interface shear 
component ofT, might provide an avenue for improved viscous stress modeling at fluid 
interfaces, but further investigations are needed. As a final note, Rudman [163] also 
recently called attention to the problem of estimating an average J.L at the interface, 
noting that J.LP was found to give better results in practice. The larger serial average 
J.L8 actually caused increased, unphysical acceleration of fluid elements in the lighter 
fluid near the interface. High velocities were generated in the lighter fluid because the 
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viscous acceleration term (V · -r)/ p was amplified by a larger T (with J..L8 ) in regions of 
small p. These effects need to be further investigated and quantified. 

3.8 Numerical Linear Algebra 

An incompressible flow algorithm constructed with the fractional-step projection 
method discussed in Section 3.4 requires solutions to as many as three linear systems of 
equations per computational time step. First, if the advection scheme in Section 3.6 is 
used, then solutions to a MAC projection equation, given by (19) where c.p is a potential 
field, must be found. Second, if an implicit treatment of viscous terms is desired, then 
solutions to the predictor velocity equation (25) must be obtained. Third, solutions to 
a pressure projection equation, also given by (19) where c.p is the pressure, are required. 
All three of these equations are basically elliptic in nature, and can be expressed in 
matrix notation as 

Ax=b, (39) 

where A is a matrix resulting from the discretization, x is the solution vector, and 
b is a vector source term. Since for our equations the matrix A arises from finite 
volume discretizations of the Laplacian, we expect A to be sparse, positive definite 
(xT Ax > 0), and in general symmetric, hence our solution methods should take ad
vantage of this structure. The total computational effort of our fractional-step scheme 
will be dominated by the effort required to find solutions to (39), therefore design
ing an efficient and scalable method for solving these systems of linear equations is of 
paramount importance. 

Which method for the solution of (39) is recommended? There are several met
rics one must take into account when considering a solution method for linear systems 
of equations: robustness, or ability to converge; efficiency, or convergence rate (if 
the method is iterative); scalability of the computational effort (relative to the num
ber of unknowns N) required to find a solution; and complexity of implementation. 
Ideally, we desire a method that always converges (provided our equations are well
posed), that requires computational effort scaling linearly with N, and that exhibits 
grid-independent iterations to convergence. This last requirement may be restated as 
requiring our method to converge to a solution for a given physical domain in an iter
ation count that does not change with the number of grid points used to partition the 
domain. Of the possible solution methods briefly mentioned here, including direct and 
stationary iterative methods, Krylov subspace methods, multigrid methods, and hy
brid methods, only the multigrid and hybrid methods have shown promise in meeting 
all of our requirements. 

3.8.1 Direct and Stationary Iterative Methods 

Since A for our equations is not dense, but rather sparse and usually diagonally
dominant, direct solution methods such as Gaussian elimination and Cholesky or LU 
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factorization are not recommended. Because of the non-constant coefficients of the 
operators, FFT or cyclic reduction methods are also not effective. These methods re
quire computational effort that scale like N 3 , which can improve to N 2 if the solution 
method takes advantage of the sparsity of A, but this scaling is not the linear scaling 
we desire. The primary attractiveness of direct solvers is their robustness, or ability 
to find a solution for any nonsingular A, e.g., especially when A has a high condition 
number (ratio of maximum to minimum eigenvalues) arising from small mesh spacings 
or high density ratio flows. Stationary iterative methods, such as Jacobi, Gauss-Seidel, 
and symmetric successive over-relaxation (SSOR) [196], are attractive because of their 
ease of implementation, but they exhibit poor scaling, requiring computational effort 
that scales like N 2, and they can frequently exhibit a lack of robustness (inability or 
slowness to converge). While these stationary iterative methods are not recommended 
for finding solutions to (39), they do remain quite useful as preconditioners in Krylov 
subspace methods or as smoothers in the multigrid method. Further information about 
direct and stationary iterative methods can be found in a host of classic textbooks. I 
have found references [57, 177, 178] to be particularly useful. 

3.8.2 Krylov Subspace Methods 

Krylov subspace methods [57, 164] are iterative methods in which solutions to (39) 
are extracted from a subspace by imposing constraints on the residual vector b - Ax, 
typically that it be orthogonal to m linearly independent vectors in the subspace. The 
most popular and widely used Krylov subspace methods are the conjugate gradient 
(CG) algorithm if our positive definite matrix A is symmetric or generalized minimal 
residual (GMRES) algorithm if A is not symmetric. These methods are in general 
robust, with the CG method theoretically guaranteed to converge in N iterations, and 
GMRES usually able to converge if A does not have an excessive condition number and 
is diagonally-dominant. Krylov subspace methods are also relatively easy to implement. 

The problem, however, is that Krylov subspace methods can be slow to converge 
unless the linear system given by (39) is first "preconditioned" with a preconditioning 
matrix M that either multiplies the system from the left side (left preconditioning), 

(40) 

or from the right side (right preconditioning), 

(AM- 1)y = b; y = Mx. (41) 

The net effect of preconditioning is a linear operator (in parentheses above) that is 
closer to the identity matrix, which accelerates the convergence of the Krylov subspace 
method. The new linear operator, AM-1 or M-1 A, will have a smaller condition 
number and eigenvalues that are more clustered than with A alone Choosing the 
preconditioning matrix M is often not easy, as it must be an approximation to A 
that is easily inverted. Unfortunately, preconditioning the Krylov subspace method 
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is almost always necessary, as without it these methods converge too slowly. With 
preconditioning, one must also solve an additional preconditioning equation, given by 
Mz = r, where z is a Krylov vector and r is a residual. Fortunately, approximate 
solutions for z are usually good enough, hence using simple iterative methods like 
SSOR or Jacobi to find z is often adequate. 

If a good preconditioning matrix M can be chosen, preconditioned Krylov subspace 
methods can be quite powerful and efficient linear solution methods. They have been 
perhaps the most popular choice for the past two decades, primarily because of their 
robustness and ease of implementation. The problem, however, is that preconditioned 
Krylov subspace methods do not exhibit the scaling we desire, requiring computational 
work that scales like N 5/ 4 (at best) and iterations to convergence somewhere between 
N 114 and N 112. Can this scaling problem of Krylov subspace methods be overcome? 
Perhaps, if one is willing to focus efforts on the preconditioner, as discussed in Sec
tion 3.8.4 below. 

Additional information on Krylov space methods can be found in [45], where de
tailed algorithm templates sufficient for implementation are provided. See also ref
erence [170] for an insightful introductory overview and [114, 166] for performance 
comparisons on linear systems arising from the NS equations. 

3.8.3 Multigrid Methods 

As stated previously, we seek a linear solution algorithm that requires computational 
work scaling likeN, and we furthermore require that the method can find solutions in 
an iteration count that does not change with N. These requirements are usually met 
for linear elliptic solutions with a multigrid (MG) method [24], hence the scalability 
of the MG method is a powerful attraction. The basic premise of the MG method is 
the identification and suppression of long wavelength (low frequency) error modes in 
the residual via solutions of an equivalent linear system on a series of grids coarser 
than the base (finest) grid. This is in contrast to traditional iterative (Jacobi, SSOR, 
Gauss-Seidel) and Krylov subspace methods, which quickly eliminate only those high 
frequency error modes indicative of coupled nearest neighbor cells. Low frequency 
error modes, however, tend to persist without elimination until enough iterations have 
taken place for the long wavelength modes to be "seen". MG methods, on the other 
hand, immediately "see" these long wavelength modes on the coarser grids, which, once 
identified, can be suppressed after transfer back to the series of finer grids. 

On each grid in the MG method, iterative approximate solutions to the linear 
system are obtained; rigorous solutions are not obtained on any one grid, but rather 
obtained on the base (finest) grid after many fine-to-coarse-to-fine (V) cycles. Space 
does not permit a detailed discussion of this powerful technique, but overviews can 
be found in the excellent monograph of Briggs [25] and the introductory textbook 
by Wesseling [201]. The reader is also encouraged to consult references [163, 174] for 
examples of the MG method applied to linear systems of equations arising specifically 
from incompressible interfacial flows. 
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One of the most important and difficult tasks in formulating an MG algorithm is 
the approximation of the intergrid transfer functions, namely the restriction (fine-to
coarse) and prolongation (coarse-to-fine) operators. Performance of the MG method, 
measured as scalability and convergence robustness, depends crucially upon the choice 
of these operators. One approach is using the intergrid transfer functions to define vari
ational or Galerkin coarse grid operators. This task can be complicated and expensive, 
however, especially if the restriction and prolongation operators are anything but piece
wise constant (e.g., stencil growth can occur). This fact has motivated others [152,159] 
to adopt the simpler approaches like those suggested in [112]. 

Experience has shown that the MG method at times lacks robustness, having a 
propensity to fail and/or exhibit slow convergence on the types of linear systems aris
ing in incompressible interfacial flows. Here "tough" systems are those resulting from 
flows possessing large, abrupt, and localized changes in density and/or surface tension 
along an interface that is topologically complex. This lack of robustness can usually 
be traced to restriction and prolongation operators that are misrepresenting important 
interfacial physics because of inaccurate or inappropriate interpolation and/ or smooth
ing functions. R0bustness and convergence can be enhanced in many cases with more 
intelligent restriction and prolongation operators that do not incorrectly smooth across 
interfaces. Formulation and implementation of such operators in the presence of arbi
trarily complex interface topologies, however, can be very expensive and cumbersome. 

3.8.4 Hybrid Methods 

Until the MG method can be made more robust and easily implemented, and Krylov 
subspace methods more scalable, more and more researchers are devising unified, hy
brid methods aimed at combining the strengths of both methods while eliminating 
their weaknesses. Two basic types of hybrid methods have appeared in the literature 
to date. In the first approach, MG is the principal solution method, but a Krylov 
subspace method is used for solutions on one or more of the (coarser) grids rather than 
a simple iterative method. This approach helps to alleviate the MG robustness prob
lem by relying on a robust Krylov method. In the second approach, a preconditioned 
Krylov subspace method is retained as the principal solution algorithm, but an MG-like 
(multilevel) method is used to obtain solutions to the preconditioning equation. Both 
approaches have merit and have exhibited improved performance, but it is not clear at 
this time which hybrid method exhibits the desired scalable performance without loss 
of robustness. One issue has become clear, however: scalable performance absolutely 
requires a multilevel algorithm, i.e., ideas inherent in the MG method must pervade. 

The idea of using a symmetric MG algorithm to precondition a standard Krylov 
subspace (CG) method was first proposed and demonstrated by Kettler [85]. This 
idea, however, did not gain acceptance and popularity until the recent work of 
Tatebe [184]. Its use has since exploded, having shown utility in modeling incom
pressible flows [144, 159], semiconductor performance [115], and groundwater flow [6]. 
It possesses the robustness lacking in many MG algorithms, able to find solutions on 
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the most challenging of interfacial flow problems. A hybrid "MGCG" method, while 
usually scaling like a MG algorithm, occasionally exhibits CG-like scaling, hence addi
tional research is needed to understand which aspects of the algorithm hinder consistent 
MG-like scaling. For most of the flow problems tested, the hybrid MGCG method re
quires less computational work than the MG method to seek a solution. This same 
basic approach was recently shown to be effective for the parallel solution of linear 
systems of equations on 3-D unstructured meshes [103]. In this case, a combined ad
ditive/multiplicative Schwarz [29, 164] technique was ideal for providing a means by 
which multilevel solutions to the preconditioning equation on parallel architectures 
could be obtained. 

4 INTERFACE KINEMATICS 
Formidable challenges must be met in the construction of methods designed to track 
interfaces of arbitrary topology on fixed grids. Features characterizing a given in
terface tracking method often result from design compromises driven by applications 
for which the method is intended. Accuracy and robustness, for example, are often 
possible only at the expense of decreased efficiency and increased complexity. If mass 
conservation is a design constraint, geometrically-based algorithms tend to result rather 
than simpler algebraically-based algorithms. Geometrically-based algorithms, on the 
other hand, tend to exhibit "numerical surface tension" when interface features are not 
resolved [156]. 

After introducing design requirements for an effective interface tracking algorithm 
in Section 4.1, most of the currently-used methods are reviewed briefly in Sections 4.2-
4.9. How does one assess the merits of one method relative to another with controlled 
and fair quantitative comparisons? One approach is through the use of tougher (hence 
more representative) performance metrics and benchmarks, as discussed briefly in Sec
tion 4.10. Such performance metrics have been quite useful, serving to highlight and 
magnify algorithmic strengths and weaknesses in each method, as discussed in Sec
tion 4.11. In particular, a couple of excellent examples are given where "spotlighting" 
a particular weakness has motivated researchers to actually fix the problem. 

4.1 Introduction 

What specific capabilities might one design into an interface tracking algorithm tar
geted for interfacial flow simulation? For high fidelity interfacial flow simulations, we 
desire an interface tracking algorithm that: 

• is globally and locally mass conservative; 

• maintains (at a minimum) second order temporal and spatial accuracy; 
• maintains compact interface discontinuity width; 
• is topologically robust; 
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• is amenable to three-dimensions on meshes of arbitrary element type/connectivity; 
• can accommodate additional interfacial physics models; 
• can track interfaces bounding more than two materials; 
• is computationally efficient; 
• can be implemented by novices (given ample documentation); and 
• can be readily maintained, improved, and extended. 

We do not require that the algorithm be implicit in time, as this is unnecessary in 
most interfacial flow situations because resolution of the dynamics is desired. To date, 
no one algorithm discussed in the following adequately meets each design requirement 
itemized above. Interface tracking algorithms generally fall into one of two methods 
categories, with each category containing several schemes: 

tracking methods: moving-mesh, front tracking, boundary integral, particle schemes; 
capturing methods: continuum advection, volume tracking, level set, and phase field 

schemes. 

Each of these schemes is discussed briefly in the sections that follow. 
A tracking method is Lagrangian in nature, whereby the position history of discrete 

points Xi lying on the interface are tracked for all time by integrating the evolution 
equation 

dxi dt = ui, (42) 

where u; is the velocity with which interface point Xi moves. For moving-mesh, front 
tracking, and boundary integral schemes, the points i correspond to the discrete points 
on the grid line representing the interface. For particle-based schemes, the points i 
correspond to individual particles (with known identity) lying along the interface. In 
capturing methods, the interface is not explicitly tracked, but rather "captured" using 
a characteristic function C that is the discontinuous Heaviside function in the limit of 
zero mesh spacing. For example, in the two-fluid case, C can be expressed by: 

l cl in fluid 1; 

c = c2 in fluid 2; 

> cl, < c2 at the interface; 

(43) 

where we assume C2 > C1. For finite mesh spacing, C is not perfectly discontinuous, 
hence the region with cl < c < c2 has finite width, on the order of the mesh spacing. 
Since a point on the interface must remain there, the evolution equation for C is simply 
a statement of Lagrangian invariance: 

nc ac 
-=-+(u·V)C=O 
Dt at ' (44) 
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where u is the velocity at the interface. Exact Lagrangian information is not retained 
in capturing methods (discarded instead for C), hence the interface location is not 
known exactly. Its position is defined as the transition region where C1 < C < C2 . 

In capturing methods, knowledge of C allows one set of model equations to apply 
everywhere in the domain. Away from the interface, the equations reduce to the correct 
pure fluid equations, and within the interface, they contain appropriate discrete delta 
functions (formed from C) for interfacial terms [110, 139]. 

Although differences between each scheme can be inferred from the discussions in 
the next section, some categorical tracking/capturing differences pervade. In capturing 
methods, the grid is usually fixed, hence topological robustness is inherent. Compact 
interface width, on the other hand, is difficult to insure because of the potential for 
numerical diffusion in discretization of the (u · V) C term in regions where C abruptly 
varies. In tracking methods, the interface is maintained as a discontinuity, yet 3-D 
topological robustness can be elusive. 

4.2 Moving-Mesh Methods 

Moving-mesh methods encompass all techniques that move the physical position of 
discrete grid points in the computational domain by integrating ( 42) forward in time. 
A moving-mesh method is Lagrangian if every point is moved, and mixed (Lagrangian
Eulerian) if grid points in a subset of the domain are moved. Mold filling simulations 
provide an excellent reason for using mixed methods [129], where the mold compu
tational domain can be held stationary and the molten liquid is followed with a La
grangian mesh [111, 127]. With the mesh boundary-fitted to the physical domain, the 
system of equations may be transformed into logical space [48, 175, 188] or expressed as 
integrals over discrete control volumes [198]. Useful overviews can be found in classi
cal [151] and more recent textbooks [132]. If the interfacial flow problem to be modeled 
has regular interface topologies, than a moving-mesh method can yield very accurate 
solutions. "Regular" topologies here refer to single-valued interface topologies that do 
not undergo tearing, stretching, or merging. Unfortunately regular topologies are not 
characteristic of the free surface flows of interest to most researchers. 

Discrete control volumes (elements) in the computational domain encompass the 
same parcel of fluid in Lagrangian moving-mesh methods. If the velocity field has 
appreciable shear or vorticity, then elements must distort and freely deform with the 
flow, yet they cannot because of their geometric limitations. Herein lies the princi
pal drawback of these methods: element distortion leads to deterioration of solution 
accuracy and eventual termination of the simulation if element connectivity rules are 
violated. A solution to this problem is to remesh the domain, either by keeping the 
original mesh connectivity constant or allowing it to change. Lagrangian mesh meth
ods that allow connectivity changes (including removal or creation of elements) are 
known as free Lagrange methods [50]. Both conventional Lagrangian [8, 70] and free 
Lagrange [49] methods have been used for incompressible interfacial flows. The princi-
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pal problem with remeshing is the potential for global numerical diffusion and difficulty 
in demonstrating convergence. 

4.3 Front Tracking Methods 

Explicit front tracking has its roots in the original MAC method [68] and its extensions 
by Daly [39]. The interface is represented discretely by Lagrangian markers connected 
to form a front which lies within and moves through a stationary Eulerian mesh. As 
the front moves and deforms, interface points are added, deleted and reconnected as 
necessary. The interface can in principle undergo arbitrarily complex topology changes, 
provided the algorithm is capable of making logical topology decisions. Topological 
changes do not result from a set of localized interface physics models, instead resulting 
from algorithm intervention, via decisions such as whether or not to "cut" a front into 
pieces or to join two fronts into one. This algorithm as designed is not explicitly mass 
conservative, although conservation tends to be reasonably adhered to for topologically 
regular interfaces and high densities of marker particles (per unit interface length). 
Further details on the front tracking method can be found in [32, 56,173,175, 190]. 

Interface information is passed between the moving Lagrangian interface and 
the stationary Eulerian mesh using ideas borrowed from the immersed interface 
method [110, 139]. With this technique, the sharp interface is approximated by a 
smooth distribution function that is used to distribute the sources at the interface over 
mesh points nearest the interface. The front is therefore given a finite (mesh size) 
thickness to provide stability and smoothness. Numerical diffusion is absent since this 
thickness remains constant for all time. The front tracking distribution function is 
the previously-mentioned function C, hence this portion of the algorithm is akin to 
capturing methods. Mass conservation is violated in front tracking methods because 
no single C contour will in general coincide with the interface formed by connecting 
the Lagrangian markers. 

Front tracking methods have been successfully applied to a variety of interfacial flow 
problems: gas dynamics [32,56], incompressible flow with and without phase change [83, 
84, 191, 192], and microstructure evolution in alloy solidification [81, 82]. It has also 
been recently demonstrated that front tracking methods can reasonably withstand 3-D 
topological challenges [191]. It remains to be seen, however, if future improvements to 
the front tracking conservation properties and implementation complexities are enough 
to attract widespread acceptance and use. 

4.4 Particle-Based Methods 

Particle-based methods are characterized by the use of discrete "particles" to represent 
macroscopic fluid parcels [118]. The Lagrangian NS equations are integrated on globs of 
fluid (the "particles") having properties such as mass, momentum, and energy. Using 
a particle-based method for modeling interfacial flows is attractive because difficult 



Perspective on Eulerian Finite Volume Methods 297 

nonlinear advection terms in the NS equations are simply modeled as particle motion, 
and, by knowing the identity and position of each particle, material interfaces are 
automatically tracked. By using particle motion to approximate the advection terms, 
numerical diffusion across interfaces (where particles change identity) is virtually zero, 
hence interface widths remain compact. Particle-based methods can be roughly broken 
down into two principal categories: those that use particles in conjunction with a grid, 
namely the particle-in-cell (PIC) methods [61], and those that are "meshless" [14], such 
as the so-called smoothed particle hydrodynamics (SPH) methods [55, 119]. 

F. Harlow and coworkers invented the first particle-based method over forty years 
ago, the ingenious PIC method [60,63]. The PIC method (and its countless variations) 
then enjoyed explosive use and development over the next twenty years or so [61], where 
it became the method for modeling highly distorted interfacial flows. It has enjoyed 
a slow and steady resurgence since the mid 1980s, in large part due to innovative 
new developments and improvements [21, 23, 92]. Relative to Harlow's classical PIC 
method, modern full PIC methods force particles to carry all relevant fluid information 
(rather than only identity, position, and mass). This formulation was first adopted in 
the novel FLIP algorithm [23] for interfacial flows. The SPH method, first invented by 
J. Monaghan and coworkers over twenty years ago, differs from PIC methods in that 
an accompanying grid is not used. Like PIC methods, SPH methods are particularly 
well suited (and are generally designed) for high-speed compressible flows such as those 
found in astrophysical applications and shock dynamics. 

Why have particle-based methods not been used more often (or at all) for simu
lating free surface flows? Because particle-based methods can be prohibitively CPU 
and memory intensive, they have not had the ability to model incompressible flows 
until only recently [91, 120, 122, 123], they tend to be susceptible to subtle numeri
cal instabilities [19], and they do not have adequate awareness and notoriety among 
many researchers interested in free surface flows. If sustained attention is paid to these 
outstanding issues (e.g., the memory use issue is addressed in [156]), then many of 
these shortcomings might be alleviated, whereby particle-based methods could play a 
vital role in free surface flow simulations. One powerful attraction to these methods 
is ease of implementation: they are typically no more complex to implement on 3-D 
unstructured meshes than on 2-D structured meshes. 

4.5 Boundary Integral Methods 

Methods of the boundary integral type [53, 73,141, 146] can be highly accurate for mod
eling free surface flows, especially 2-D flows with relatively regular interface topologies. 
In this approach, the interface is explicitly tracked, as in moving-mesh or front tracking 
schemes, but the flow solution in the entire domain is deduced solely from information 
possessed by discrete points along the interface. For incompressible flows, the interface 
is characterized by a velocity potential, which is represented as a distribution of point 
dipoles. Boundary integral methods (BIM) were first used by Rosenhead [160] some 
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sixty years ago to study vortex sheet roll-up, but it took another thirty years before 
extensions allowed the modeling of more general fluid interface problems [15]. Much 
evolution and enhancement has since occurred in the past two decades; see Yeung [209] 
and Hou [73] for reviews of earlier and more recent works, respectively. We include 
"vortex methods" in the class of boundary integral methods; see the excellent reviews 
by Leonard [105, 106]. These methods express the velocity of each discrete interface 
point as an integral relation that depends upon the vortex strength at that point. 

The principal advantages gained by using boundary integral methods are the re
duction of the flow problem by one dimension involving quantities of the interface only, 
and the potential for highly accurate solutions if the flow has topologically regular in
terfaces. Disadvantages include difficulties in extending the method to 3-D (although 
it has been done [106]), sensitivity to numerical instabilities because the underlying 
problems are very singular, and the need for local "surgery" of the interface in the 
event of topological changes, much like the front tracking method. BIM-based free 
surface flow simulations, however, continue to generate impressive solutions for a wide 
variety of free surface flow applications [180]. 

4.6 Continuum Advection Schemes 

Simply discretizing (44) with a high resolution continuum advection scheme is quite 
appealing [13, 183], since such an algorithm is already an integral part of any flow solver. 
Continuum advection schemes refer to traditional methods for obtaining discrete nu
merical solutions to ( 44). This equation is perhaps the simplest form of a hyperbolic 
equation, hence the countless references and textbooks available on hyperbolic equation 
solution techniques can be drawn upon [47,108,205,210]. We classify these schemes as 
continuum advection schemes since they are usually designed upon the premise that 
C in (44) is smoothly varying. A simple yet highly diffusive example is a first-order 
upwind "donor cell" scheme. More accurate examples are the higher-order monotonic 
van Leer [194], PPM [37], and TVD [182] schemes. Techniques similar to these schemes 
should be used in free surface flow simulations for solutions to ( 44) if C represents a 
passive scalar, energy, momentum, or density away from interfaces. 

Continuum advection schemes have been employed as interface tracking methods 
in modeling the free surface flows found in mold filling scenarios [31, 137]. Asking such 
schemes to track interfaces, however, forces them to generate solutions to (44) when C 
is discontinuous. This is problematic because these schemes are not designed for this 
purpose. The source of this problem lies in the algebraic treatment of the ( u · V) C 
term; even with higher-order approximations, unacceptable broadening of the region 
where C varies occurs. For example, a compressive, fourth-order PPM method was 
still found to unacceptably diffuse the interface [156]. Why? Because discontinuities 
inC can only remain so after solutions to (44) result from geometric approximations 
to (u · V) C; continuum advection schemes approximate this term algebraically, i.e, 
by taking spatial differences in C directly across the interface. Higher-order approx-
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imations to these differences can obviously mitigate this numerical diffusion, yet not 
nearly well enough. Studies in addition to our own [156] found that interface widths 
can broaden to many cells (4-8) even when higher-order methods are used [51]. This 
is not satisfactory for an interface tracking method tasked to track discontinuous free 
surfaces. 

One interesting approach to the interface diffusion problem is to transform the 
discontinuous C function into another smooth function C, solve ( 44) with C, then 
transform C back to C. In this way, the continuum advection scheme can generate 
solutions for which it was designed. This idea, proposed in [206, 207] and elsewhere, is 
also the basic premise of the level set method [167]. 

4.7 Volume Tracking Methods 

Volume tracking methods remain today as perhaps the most widely used tracking 
method for modeling free surface flows, having been used for several decades at the 
United States National Laboratories (Livermore [41] and Los Alamos [72] and later 
Sandia [138]). The earlier work is typified by the SLIC [130] algorithm and the original 
method with the moniker VOF [71]. Its widespread use could be due to reasons other 
than performance: it is relatively easy to implement (at least in its crude forms), it is 
an older, well-documented algorithm, it is topologically robust, and its basis in volume 
fractions lends itself well to incorporation of other physics. Volume tracking methods 
differ from continuum advection schemes in one principal way: the ( u · V) C in ( 44) 
is approximated geometrically, based upon knowledge of a "reconstructed" interface 
position that is not unique. 

Volume tracking methods originated in the early 1970s, when three methods were 
introduced within a short period of time: DeBar's method [41], Hirt and Hichols' 
VOF method [71, 128], and Noh and Woodward's SLIC method [130]. See (98, 157] for 
historical perspectives and accounts of the chronological developments that have taken 
place over the last three decades. In short, substantial evolutionary development and 
improvement has since taken place, rendering most of these original methods virtually 
obsolete [96]. Their spatial and temporal first order accuracy is just not competitive 
nor adequate for modern free surface flow simulations. 

Without certain key developments occurring over the last decade, volume tracking 
methods would not have remained competitive with newer, impressive methods such 
as front tracking and level set techniques. Such developments include spatially second 
order, linearity-preserving interface geometry reconstructions, multj-dimensional time 
integration schemes [98, 157, 161], and extensions to 3-D unstructured meshes [147]. 
Perhaps the most important trend is the movement of volume tracking algorithms 
away from heuristic "case-by-case" logic [87] toward a mathematically formal algorithm 
based upon well-established geometric primitives [133, 157]. 

To illustrate the differences between first order (piecewise constant) and second 
order (piecewise linear) volume tracking schemes, consider the following simple 3-D 
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(a) Free surface as tracked by a piecewise con
stant volume tracking scheme at a time of 0.02 
seconds. 

(c) Free surface as tracked by a piecewise lin
ear volume tracking scheme at a time of 0.02 
seconds. 

D.B. Kothe 

(b) Free surface as tracked by a piecewise con
stant volume tracking scheme at a time of 0.04 
seconds. 

(d) Free surface as tracked by a piecewise lin
ear volume tracking scheme at a time of 0.04 
seconds. 

Figure 3: Comparison of piecewise constant (top) and piecewise linear (bottom) volume 
tracking schemes for a simulation of a dense fluid being injected (under gravity) into 
the top corner of box partitioned with 16 x 16 x 16 cubical cells. Shown are one-half 
volume fraction isosurfaces of the free surface. 

free surface flow simulation. An 8 x 8 x 8 centimeter (em) box, initially occupied by a 
light fluid, is filled (under gravity) at the top corner with a heavier fluid (ten times as 
dense) injected downward with a 100 cm/s velocity. The heavier fluid fills the box at a 
rate of 300 cm3 /s, and the lighter fluid is allowed to exit the box from the opposite top 
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corner. Both fluids are assumed inviscid and incompressible. The simulations, shown 
in Figure 3, were executed in parallel on four processors of an SGI Power Challenge. 
Although the piecewise constant and piecewise linear results in Figure 3 are perhaps 
more similar than one might expect, it is evident that the first order volume tracking 
results are less energetic, tending to impart excessive numerical surface tension to the 
free surface. 

The recent evolutionary volume tracking developments have facilitated propagation 
of improvements to older implementations, reduced the likelihood of any two volume 
tracking algorithms generating vastly different solutions, reduced implementation dif
ficulties, and helped new researchers to more easily identify weaknesses and devise 
improvements. In short, volume tracking algorithmic details {necessary for implemen
tation) and improvements have finally ·become prevalent in the literature, which has 
enabled many interested researchers to use and take advantage of these improvements 
for higher fidelity simulations. A good example is the now widespread use of piece
wise linear (spatially second order) schemes rather than the original piecewise constant 
(spatially first order) schemes. 

Volume tracking methods are not without the need for improvement and further at
tention. Numerical surface tension is brought about when interfaces are approximated 
as piecewise linear, and this effect needs to be understood and quantified, especially for 
those interfacial flows where physical surface tension is important. A 3-D {piecewise 
planar) extension of this method that maintains formal second order spatial accuracy 
has also been elusive, with the algorithm for plane normal estimation being the cul
prit. Robust, multi-dimensional unsplit time-integration methods must also continue 
to evolve and improve, especially in 3-D. Spatially third order {or higher) schemes are 
needed in order to capture subgrid curvature; this is again more critical in 3-D. Fi
nally, "thin filament" models are also needed for those situations where two {or more) 
interfaces pass through one computational cell. 

Countering this list of weaknesses are many promising developments by researchers 
motivated to tackle these problems. For example, several 2-D unsplit time-integration 
schemes have been introduced recently by Pilliod [140], Rider and Kothe [157], 
Mosso [125, 126], Garrioch [52], and Price [142]. While the time-integration schemes of 
Mosso and Price appear the most accurate (assuming nodal velocities can be "recon
structed" [169]), none of these recent schemes appear easily extensible to 3-D. Price 
has also introduced a thin filament model [143] that enhances the ability of volume 
tracking methods to resolve fluid filaments having a width less than a mesh spacing. 

Numerical surface tension is unfortunately present in any spatially second order 
volume tracking method because of the assumptions inherent in the reconstruction, 
namely a piecewise linear interface approximation constrained by mass conservation. 
A good example of the application of this surface tension is the breakup along interfaces 
that are resolve inadequately in the single vortex test problem [157]. High curvature 
regions are those regions having interfaces with a radii of curvature less than roughly 
a mesh spacing. The piecewise linear interface approximation immediately flattens 
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these regions, effectively applying numerical surface tension. Thin filament regions can 
also be the recipients of numerical surface tension, because poor linear reconstructions 
occur in these regions from inaccurate interface normal estimations. Numerical surface 
tension in these high curvature and thin filament regions can be reduced (well below 
physical levels) with increased refinement, but Price has recently shown that a third 
order piecewise parabolic scheme is also successful in alleviating numerical surface 
tension [142]. 

Given these recent developments, modern volume tracking methods are certainly 
competitive with other interface tracking methods [156, 158]. Volume tracking will 
remain viable in the future, especially if these outstanding issues can be resolved. 

4.8 Level Set Methods 

Since introduction of the level set method by Osher and Sethian [134] only a decade ago, 
its use has exploded, evidenced by the recent textbook and references therein [167]. 
To date, the level set method has been used to model interfacial phenomena in the 
fields of material science, fluid mechanics, image enhancement, computer vision, and 
grid generation, to name a few. The mathematical formalism and rigor grounded in 
the level set method has helped to attract leading numerical analysts and mathemati
cians, resulting in its evolution, widespread promotion and use, and increasing range 
of applicability. 

The basic premise of the level set method is to embed the propagating interface r( t) 
as the zero level set of a higher dimensional function ¢>, defined as ¢(x, t = 0) = ±d, 
where d is the distance from X tO f(t = 0), chosen tO be positive(negative) if X is 
outside(inside) the initial r(t = 0). If the zero level set coincides with the initial 
interface, i.e., r(t = 0) = cj>(x, t = 0) = 0, then a dynamical equation for cj>(x, t) that 
contains the embedded motion for f(t) as the level set ¢> = 0 can be derived [134]: 

8¢> 
at+ FIV¢1 = o, ( 45) 

where F is the speed of the interface r in the outward normal direction. In general, 
F is the sum of any applied interface propagation speed, a curvature-dependent speed, 
and the flow velocity normal to interface, i.e., u · n, where n = V ¢/IV ¢1 is the unit 
interface normal. For certain forms of F this equation takes on a standard Hamilton
Jacobi form, but for most free surface flows, F is only u · n, hence ( 45) is equivalent 
to ( 44). 

Level set methods, then, propagate interfaces by integrating the same basic scalar 
evolution equation as other capturing methods. The difference, however, is that the 
scalar function ¢> in level set methods is not some discrete representation of a Heav
iside (H) function, but rather a smoothly varying distance function. Herein lies a 
key advantage: highly accurate numerical solutions to (44) are possible (e.g., using 
the continuum advection schemes previously mentioned) since ¢> is smoothly varying. 
Many such schemes are readily available and easily implemented [108]. Herein also 
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lies a key disadvantage: since H is not directly integrated forward in time, it must be 
reconstructed each time step from the distance function¢, H(¢) [180]. This procedure 
will not be mass conservative [156] since densities are defined from H(¢) rather than 
an H that is directly integrated forward in time according to strict mass conservation. 

Rigorous mass conservation is elusive in the level set method because ¢ does not 
necessarily remain a distance function after solutions to ( 45) are obtained. This is es
pecially true if the interface has undergone large topological changes. So-called "reini
tialization" algorithms have therefore been devised [180, 181] to insure ¢ remains a 
distance function, i.e., satisfying IV ¢1 = 1. Reinitialization can (and in general will) 
move the zero level set position; this violates mass conservation. More accurate infor
mation is needed about the front position so that movement of the zero level set does 
not occur during reinitialization. A global mass conservation constraint [180], acting 
like a Lagrange multiplier, has improved conservation properties of the reinitialization, 
but local constraints are still needed. Without local constraints, the zero level set might 
still move as much as a cell width during reinitialization, which artificially creates mass 
locally in some cells and destroys it in others. If local, geometric information is used 
to fix the zero level set position during reinitialization, the algorithm is likely to have 
many similarities to volume tracking algorithms [17]. 

4.9 Phase Field Formulations 
Phase field formulations have been applied to crystal growth problems and Hele-Shaw 
flows over the past decade [27, 88,199, 202], but only recently have they shown promise 
for NS flows [5, 77, 78]. Phase field models, like other Eulerian capturing methods, model 
interfacial forces as continuum forces by smoothing interface discontinuities and forces 
over thin but numerically resolvable layers. This smoothing allows conventional numer
ical approximations of interface kinematics on fixed grids. The phase field method also 
provides a continuum surface tension model [22] that is energetically and thermody
namically consistent [78]. Just recently a phase field model for dendritic solidification in 
the presence of melt convection (incompressible NS flow) was developed [189]. Phase 
field formulations are indeed showing promise and the ability to provide a powerful 
vehicle for the direct numerical simulation of interfacial phenomena. 

In the case of free surface flows, the starting point is the van der Waal hypothesis, 
in which the interfacial energy density depends upon both ¢ (the phase field) and 
gradients in¢. Cahn and Hilliard [28] extended this hypothesis to dynamical situations 
by approximating interfacial diffusion fluxes as being proportiomiJ to chemical potential 
gradients . .Jacqmin [78] recently extended the Cahn-Hilliard equation to allow for the 
presence of flow. Equation (44) gives .Jacqmin's evolution equation for¢ (where C = ¢), 
except that the RHS side is the Laplacian of the chemical potential rather than zero. 
This term is quite interesting; it can be diffusive (positive) or anti-diffusive (negative), 
helping to regularize the interface width (not too diffuse or compact). Rather than 
relying on special numerical techniques in tracking algorithms to keep interface widths 
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regular, physical mechanisms in the phase field method do the work. Simple central 
difference expressions for (u · V) C were found to be adequate in most cases [78]. 

The presence of the (anti)diffusive term on the RHS of (44) is problematic, however: 
at least three cells are needed through the interface so that the Laplacian can be 
properly discretized; otherwise the interface will "stick" to the mesh [78]. Current 
approaches aimed to alleviate this problem are to adaptively refine the interface region; 
this (or some other solution) will be required for phase field methods to be viable in 3-D. 
Perhaps the physical principles embodied in these formulations can be combined with 
the numerical techniques in tracking methods to yield an improved, unified approach. 
Phase field formulations for free surface flows are new and exciting, and deserve further 
attention and exploration. 

4.10 Wanted: Tougher Performance Metrics! 

A literature survey indicates that uniform translation is the customary barometer for 
interface tracking methods. Solid body rotation tests accompany translation tests in 
more complete analyses. Typical examples of such tests can be found in [7, 99]. An 
acceptable tracking method must translate and rotate fluid bodies without significant 
distortion or degradation of fluid interfaces. Mass should also be conserved rigorously 
in these cases. Translation and solid body rotation, however, enable only a minimal 
assessment of interface tracking algorithm integrity and capability because topology 
change is absent. Translation and rotation serve as useful debugging tests, but they 
are not sufficient for definitive analysis, in-depth understanding, or final judgment. 
Difficult (yet controlled) test problems having flows that bring about topology change 
elucidate algorithm strengths and weaknesses relevant to modeling interfacial flows. 
Also, with controlled test problems, assessment of the interface tracking method is not 
obscured by subtleties of physics and algorithms in the flow solver. 

In addition to standard translation and solid body rotation, two new 2-D test 
problems were recently proposed by Kothe and Rider [156]. The problems have since 
become de facto interface tracking benchmark problems, witnessed by others using 
them to assess and draw conclusions about their own algorithms [52, 143, 161]. The 
test problems possess vortical flows that stretch and potentially tear any interfaces 
carried within the flow. The first problem, dubbed the vortex problem, contains a 
single vortex that will spin fluid elements, stretching them into a filament that spirals 
toward the vortex center. The flow field is taken from the "vortex-in-a-box" problem 
introduced in [10, 42]. The second problem, the deformation problem, has a flow field 
characterized by sixteen vortices as introduced in [176]. This flow field causes fluid 
elements to undergo large topological change. In the converged limit, fluid elements will 
not tear, instead forming thin filaments. The flow field in both problems is solenoidal, 
and is given cosinusoidal time-dependence following Leveque [109]. The temporal cosine 
term gives the flow the nice property of returning any fluid configuration to its initial 
state after one period. By forcing the flow to return to its initial state, quantitative 
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comparison and evaluation can be simply computed with the help of error norms and 
convergence tests. 

These test problems were used to provide a basis for comparison of four of the 
interface tracking methods discussed in this section: a fourth-order (monotone slope
limited) continuum advection scheme, a piecewise linear volume tracking method, a 
level set method, and a particle-based method [155]. The test problem results indi
cated that the particle-based method was the most accurate. A modern piecewise 
linear volume tracking method, while less powerful than the particle method, proved 
to be reasonably accurate, physically-based, robust, and relatively easy to implement. 
Its cost, however, was comparatively high, surpassed only by the particle scheme. Per
formance of the level set method fell short of the volume tracking method, but was 
an improvement upon conventional continuum advection methods. While topology 
changes (tearing or merging of interfaces) are treated naturally by level set methods, 
mass loss becomes troublesome under those conditions. Advection methods, on the 
other hand, do not have these difficulties, but instead suffer from excessive smearing 
of interfaces. 

What motivated the inception of these test problems? Contrary to some opin
ion, it was not to "sell" one chosen method over all others, but instead to expose the 
weaknesses of each method, thereby motivating researchers to devise evolutionary al
gorithmic improvements needed by the interfacial flow modeling community. In this 
regard, these test problems have more than served their purpose, e.g., having moti
vated level set researchers to devise more conservative algorithms [180] and volume 
tracking researchers to devise spatially higher order algorithms [125, 126,142,143, 157]. 
Still needed are similar test problems for measuring the performance of these methods 
when they are· tasked track interfaces (surfaces) in 3-D. 

4.11 Random Observations 

Using even well-designed continuum advection methods to track interfaces results in 
a minimum interface thickness of two to three cells. This introduces a limitation on 
the resolution of the method that may be unacceptable, as was shown for idealized 
test problems in [156] and for incompressible multiphase flows in [158]. Continuum 
advection schemes do not provide compact interfaces and result in excessive diffusion 
when bodies that are tracked become thin. 

Using a level set method provides a crisp interface of constant thickness, but this 
thickness is commonly chosen to be greater than one mesh cell wide. Additionally, 
if the problem has a flow field with appreciable vorticity, the level set method has a 
propensity to lose or gain mass. In the case where the underlying distance function is 
reinitialized, level set methods have the tendency to gain mass. Without reintialization, 
the method tends to lose mass. 

Modern piecewise linear volume tracking methods do not suffer from these problems, 
but manifest other difficulties. The actual interface is completely contained in one mesh 
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cell, therefore the interface width remains compact for all times. Volume tracking 
methods, by construction, rigorously conserve mass. Piecewise linear schemes, on the 
other hand, exhibit strong numerical surface tension when a body becomes thinner 
than the underlying mesh, e.g., filaments tend to clump or coagulate into strands of 
blobs. This is a consequence of mass conservation. In contrast, level set methods which 
do not exhibit this behavior, but rather lose or gain mass when a body becomes too 
thin to be resolvable by the mesh spacing. 

Particle-based methods offer their own set of strengths and pitfalls. Chief among the 
strengths is their ability to faithfully advect bodies even when the body is not resolvable 
on the grid. For strong vortical flows, particle methods are unsurpassed. Marker
particle methods, while not rigorously conserving mass, do provide acceptable (even 
excellent) mass conservation. One reason for this is the minimal numerical diffusion 
possessed by this method. The major negative aspect of particle methods is their cost 
in terms of CPU time and storage. 

It is useful to compare the cost (measured in CPU time) of each method. Experience 
indicates (not surprisingly) that additional cost is incurred when using a sophisticated 
interface tracking method [156]. The higher cost, however, is often easily justified by 
the results. The more expensive methods tend to be more robust and provide quality 
results regardless of the severity of the deformation. Particle methods, as expected, 
are the most expensive, followed by volume tracking methods. Choosing an inexpen
sive method (such as an upwind continuum advection scheme) to gain computational 
efficiency is an alternative only at the expense of decreased fidelity. The general conclu
sions regarding these methods can be seen vividly when these methods are integrated 
with the incompressible NS equations (144, 158] 

5 SURFACE TENSION 
In this section we describe methods for modeling interfacial surface tension. For com
plex topology interfacial flows, surface tension is ommonly reformulated as a localized 
volume force as prescribed by the popular contir mm surface force (CSF) model [22]. 
This basic approach, in fact, has since demonstr ted the ability to model other inter
facial physics such as phase change [84]. In th1 following the basic idea of the CSF 
model is reviewed, followed by a discussion of SCHne important issues pertaining to the 
accurate estimation of interface normals, curvatures, and delta functions. We conclude 
with brief comments on implicit formulations, triple points, and energy consistency. In 
short, progress in the reliable modeling of surface tension this past decade has been 
remarkable, but much work remains. 

5.1 Continuum Models for Surface Tension 
The central theme of continuum surface tension models is formulation of interface 
dynamics as a localized volumetric force, which is quite different from earlier numerical 
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models of interfacial phenomena. The basic premise is to model physical processes 
specific to and localized at fluid interfaces (e.g, surface tension) by applying the process 
to fluid elements everywhere within interface transition regions. Surface processes are 
replaced with volume processes whose integral effect properly reproduces the desired 
interface physics. This approach falls under the general class of immersed interface 
methods [110] whose origin dates back to the pioneering work of Peskin [139]. These 
methods lift all topological restrictions without sacrificing much in the way of accuracy 
and robustness. They have been verified extensively in 2-D flows via implementation in 
a classical algorithm for free surface flows [94,95], where complex interface phenomena 
such as breakup and coalescence have been modeled. 

In the CSF model, interfacial surface phenomena (normally applied via a discrete 
boundary condition) are replaced as smoothly varying volumetric forces derived from 
a product of the appropriate interfacial physics per unit area and an approximation to 
surface (interface) integrals. The CSF formulation makes use of the fact that numerical 
models of discontinuities in finite volume schemes are really continuous transitions 
within which the fluid properties vary smoothly. It is not appropriate, therefore, to 
apply in these schemes a boundary condition at an interface "discontinuity", which 
in the case of surface tension is a pressure jump across the interface. Surface tension 
should instead act on fluid elements everywhere within the transition region. The 
relevant surface physics is a force per unit area arising from local interface curvature and 
local (tangential) variations in the surface tension coefficient. Application of interfacial 
physics then reduces to application of a localized force in the momentum equation, 
regardless of interface topology. The resulting simplicity, accuracy, and robustness has 
led to its widespread and popular use [59,94,95,113,121,149,150,165,171] in modeling 
complex interfacial flows. 

Surface tension is reformulated as a volume force F8 satisfying 

Fs(Xs) = J f8 (x)&(x- Xs)dS, (46) 

where Xs are points on the interface, the interface integral is over an arc length in 2-D 
or a surface in 3-D, and the delta function (having units of inverse length) is a product 
of one-dimensional delta functions: 

(47) 

The surface tension force per unit interfacial area, f8 , is given by [22]: 

(48) 

where a is the surface tension coefficient, V 8 is the surface gradient [22], n is the 
interface unit normal, and K is the mean interfacial curvature, given by [200]: 

K=-V·n. (49) 
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The first term in ( 48) is a force acting normal to the interface, proportional to the 
curvature /\,. The second term is a force acting tangential to the interface toward 
regions of higher surface tension coefficient (a). The normal force tends to smooth and 
propagate regions of high curvature, whereas the tangential force tends to force fluid 
along the interface toward regions of higher a. 

Ideally the surface tension force F 8 (xs) is discontinuous since the interface along 
x8 is discontinuous. But, in an Eulerian method, interfaces are instead represented 
in the computational domain as finite thickness transition regions within which fluid 
volume fractions smoothly vary from zero to one over a distance of O(h). The surface 
tension force F 8 (x8 ) must therefore also vary smoothly, being nonzero only within these 
transition regions. In the original CSF model, ( 46) was approximated as [22]: 

IVC(x)l 
Fs(x) = fs(x) [CJ , (50) 

where C is the characteristic ("color") function and [C] is the jump in C, which is 
unity if C is taken to be a volume fraction. In effect, the integral in ( 46) is approx
imated as the gradient magnitude of the color function. This simple approximation, 
although proven effective in many instances, is not without its weaknesses and need 
for improvement, as pointed out in the next section. 

In most studies, only the normal force in (48) is modeled for the volume force in (50), 
i.e., the surface tension coefficient a is taken to be constant. Details on modeling the 
tangential force can be found in reference [165]. The interested reader should also 
consult reference [99], where the volume force in (50) (for constant a) is approximated 
as the divergence of a "stress" tensor. The advantages (if any) of approximating this 
force as the divergence of a tensor are not yet clear. 

Despite the success of the CSF model and related immersed interface methods, 
outstanding issues remain [98], the most prominent of which are formulations for ft 

and K, that exhibit higher accuracy and convergence properties. Another important 
issue is the discrete numerical form used for the interface delta function. If these 
issues can be resolved adequately, a wider range of surface tension-driven flows can be 

modeled reliably. 

5.2 Estimating Interface Normals and Curvatures 

The color function C, while smoothly varying, nevertheless transitions abruptly 
through the interface, hence estimating the first and second order spatial derivatives 
necessary for computing interface normals ft and curvatures K, is prone to noise and in
accuracies [22]. Briefly outlined below are approaches for the difficult task of estimating 
interface normals and curvatures from an abruptly varying color function. 
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5.2.1 The CSF Approach 

One solution is to first smooth the color function until its abrupt transition widens 
enough to support standard first and second order discretization stencils. In the original 
CSF model, the color function C is convolved with a kernel K to give a mollified color 
function C: 

C(x) = j C(x')K(Ix- x'l)dV', (51) 

where K has compact support and satisfies the normalization 

j K(lx- x'l)dV' = 1. (52) 

A quadratic B-spline was chosen for K in the CSF model [22], but this choice is by no 
means unique. In discrete form, the convolution integral becomes a sum over all cell 
neighbors n surrounding the reference cell i within the support of the kernel K: 

C; = L CnK(Ix;- Xnl) for lx;- Xnl :S r, (53) 
n 

where r is the radius of support of the kernel. Given the mollified color function C, 
interface normals are computed in a straightforward manner, 

A vc 
n=---

IVCI' 
(54) 

using standard forms for the discrete gradient operator. Once interface normals are 
obtained, curvatures r;, follow from (49), using a conservative finite volume discretiza
tion: 

"' = - ~ j V · ft dV ~ - ~r L fir · Ar , 
f 

(55) 

where V is the control (cell) volume, Ar the area of face f (pointing outward) on V, 
and ilr the unit interface normal on face f of v'. This discretization helps to preserve 
an important physical property of surface tension, namely that the net normal surface 
tension force (and also the curvature r;,) should vanish over any closed surface. 

5.2.2 Improved Approaches 

One way to improve upon the accuracy of estimations for ft and r;, is to use what 
Rudman calls "higher order kernels" (HOK) for K [162]. Examples are Peskin's ker
nel [139], the Nordmark [131] kernel used by Aleinov and Puckett [1], and the cubic and 
quintic B-splines (popular in the SPH field [119]) used by Rudman [163], Morton [124], 
and Morris [122]. These kernels do yield a more accurate and convergent curvature 
"' that, like the CSF model, follows from (55), except that the interface normals used 
in (55) are convolved normals ii given by 

ii(x) = VC(x) = \7 j C(x')K(Ix- x'l)dV' = j C(x')V K(lx- x'l)dV'. (56) 
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The convolved normal n, then, results, from a convolution of the kernel gradient V K. 
This convolution places important requirements on V K, namely that it be bounded 
and at least piecewise continuous. Other kernel properties, e.g., continuity of second 
(and higher) derivatives, relation of support radius r to mesh spacing and local radius 
of curvature, and monotonicity, all impact the accuracy of convolution operations. It is 
tempting to estimate curvatures by convolving kernel second derivatives (this was done 
in [1]), but experience has shown that this approach is not as reliable as convolving 
normals, then using a standard discretization to find /'0,. Accurately convolving kernel 
second derivatives places requirements on K that are just too severe and restrictive. 
Remember that K can be properly viewed as a discrete, finite approximation to a 
delta function, hence second derivatives are very likely to be ill-behaved (discontinuous 
and/or singular). 

The HOK approach for estimating n and K, is a definite improvement over the 
original CSF prescription, witnessed by recent results that demonstrate both accuracy 
and convergence [1,122,124,163]. The HOK method, however, is not without problems, 
the most notable being a troubling sensitivity to grid orientation and the type of 
kernel used. Accurate and convergent n and K, estimates, therefore, continue to be an 
outstanding issue. 

5.3 Interface Delta Function 
The interface delta function is simply a discrete approximation to the integral in ( 46), 
which was proposed in the CSF model to be [22] 

6 = IVC(x)l 
[C] 

(57) 

This form is not unique; see, for example, reference [181] for other forms. One can' 
think of the discrete 6 as being a smoother, i.e., smoothing the surface tension force 
within and nearby the interface transition region. From this point of view, then, the 
forms chosen for 6 could be the same as those chosen for the convolution kernels in the 
previous section. In fact, Jacqmin argues [79] that the form for 6 needs to be consistent 
with the chosen kernel (based upon energy conservation constraints). This important 
issue needs to be further quantified. 

5.4 Implicit Formulations 
As pointed out in [22], a heuristic linear stability condition associated with an explicit 
(time level n) approximation of surface tension forces can be derived. With an explicit 
treatment, we require the time step 8ts to be small enough to resolve capillary waves 
traveling with phase speed cq, over a distance not exceeding one-half of a mesh spacing 
h: 

(58) 



Perspective on Eulerian Finite Volume Methods 311 

The capillary phase speed is given by 

(59) 

where (p) is an average fluid density at the interface and k = 1rjh is the largest possible 
wavenumber supportable on the mesh. Substituting (59) into (58), a conservative 
maximum upper bound is obtained for a linearly stable time step: 

(60) 

For time steps &t > &t8 , then, an explicit treatment of surface tension will be numer
ically unstable, i.e., capillary waves may grow in an unbounded fashion. Numerical 
experiments have proven this to be the case [204]. Physically, this instability can occur 
because interfacial curvature is likely to change magnitude (and even sign) over the 
course of a large time step, hence application of a surface tension force using an old
time curvature can induce large forcing errors that will be incorrect in magnitude and 
perhaps even direction! A closer look at (60) shows that an explicit surface tension 
time step constraint becomes restrictive for small mesh spacings (scaling like h312) and 
large values of the surface tension coefficient (scaling like a-112). "Restrictive" here 
means that the overall integration time step 8t is held smaller than &t8 , yet the dynam
ics of interest are occurring at much longer time scales, hence the solution algorithm 
cannot march forward to the desired time without consuming an excessive number of 
integration time steps. 

Integratiug forward in time with time steps larger than Ms is allowable only if the 
surface tension force is approximated implicitly, i.e., using interface topology informa
tion at an advanced time n + 1 level rather than the current time n level. Even though 
interface information is known only at time level n, advanced-time interface normals 
and curvatures can be deduced with a Taylor series extrapolation from time level n 
information: 

(61) 

where (49) has been used and the 8f8t and V operators have been assumed to com
mute. Using (6) and (54), an evolution equation for n can be derived that depends 
on the normal component of the velocity field along the interface [18, 204]. Substi
tution of the n evolution equation into the Taylor series expansion for "' above gives 
a parabolic equation that describes the curvature as evolving according to a "surface 
diffusion" process by which regions of high curvature are transported to regions of low 
curvature [18,204]. Estimates of the advanced-time curvature "'n+l result from implicit 
solutions to this parabolic equation, hence an additional linear solution is required. 
Initial studies by Brackbill [18] and Williams [204] indicate that the explicit time step 
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constraint can be alleviated with this approach, and that only the curvature ~ need be 
implicit (instead of both ~ and il). An approach similar in concept to this work has 
also been recently published by Hou and coworkers [74]. 

Implicit surface tension algorithms are in their infancy, as many issues warrant 
further investigation. Chief among these is whether or not the extra computational 
effort incurred in estimating an advanced-time curvature offsets being able to march 
forward with larger time steps. Another is whether or not dynamical, topologically
complex interfacial processes (such as merging or breakup) can be accurately modeled 
with integration time steps much larger than capillary wave time scales (dictated by 
an explicit algorithm). In other words, how does dynamical accuracy degrade with the 
larger time steps one can use with an implicit surface tension model? 

5.5 Triple Points 

Triple points refer to regions in the flow where three (or more!) immiscible fluids meet. 
The interface formed at this junction is actually a curve in 3-D, hence the popular 
term "point" is correct only for 2-D idealizations. One would like resolution sufficient 
to insure no more than two materials residing in a computational cell at any time. 
But for arbitrarily complex interface topologies, these triple points can occur regularly. 
The most common situation occurs in two-fluid simulations, where the third "fluid" is 
actually a rigid wall. The correct surface force F s acting at this fluid junction is the 
net force Lki"'l F:1, where F:1 is the surface force acting along the interface between 
fluids k and l. Approximating F:1 presents special topological challenges. Since the kl 
interface "ends" at the multiple junction point, accurate estimations of ~kl, ftkl, and Jkl 

at the junction are difficult because of the sparsity of relevant color function data. In 
effect, special "one-sided" or "interior" difference stencils must be used to insure that 
interface geometry estimations are derived from the appropriate discrete color function 
data (only fluids k and l color functions). This is a task that is perhaps perfectly suited 
for data-dependent weighted least squares techniques [16]. Improved and more general 
triple point models have yet to be devised, hence this is an area that deserves further 
attention. 

Wall adhesion (or wetting) is a term common for a three-fluid junction where the 
third fluid is a rigid wall. For this case, a very simple model presented in [22] has been 
surprisingly useful. The surface forces near the rigid wall are calculated exactly the 
same as along those interfaces separating two fluids, except that the boundary condition 
ft·ilw =cos Oeq, where ilw is the wall normal and cos Oeq is the equilibrium contact angle, 
is applied toft prior to evaluating (54). The condition is applied only to those normals 
lying on a rigid boundary [94, 95]. This model insures that the surface forces will be 
qualitatively correct, tending to drive the interface toward an equilibrium contact angle 
configuration, but no assurances can be made about quantitative accuracy. This is 
largely because if the fluid is not quiescent near the triple point, the correct contact 
angle is not the static equilibrium one, but rather a dynamic angle Oct i=- Oeq that is in 
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general not known. 

5.6 Parasitic Currents and Energy Consistency 

Perhaps the most stringent test for a surface tension model is its ability to maintain an 
equilibrium (minimal energy) configuration. A 2-D or 3-D static drop is an excellent 
example [98, 99, 124, 163]. Here a spherical inviscid drop is placed in an inviscid back
ground fluid (usually of different density), and all forces are ignored except the drop 
interfacial surface tension. The drop should remain stationary (with drop and back
ground fluid quiescent) since no net surface tension force is acting. An incompressible 
flow solution for this system, however, generates false flow dynamics (dubbed parasitic 
currents in [99]) that tend to grow with time [98]. The source of these currents origi
nates with inaccuracies in the surface tension model, which are manifested in the static 
drop as a pressure gradient at the drop interface that does not exactly offset the surface 
tension force. While readily evident in the static drop, parasitic currents are likely to 
be present in any interfacial flow simulation modeling surface tension with a continuum 
method. Parasitic currents are a troubling artifact that must be eliminated (or at least 
mitigated) before strongly surface tension-driven flows can be reliably modeled. 

Parasitic currents can be better understood by realizing they are purely vortical 
flows, hence an incorrect surface tension force Fs will possess a nonzero curl component 
(V x Fs) [20]. For the CSF model in its original form, V x Fs ~ aVK x VC, so 
any gradient in curvature that is not (anti)parallel to the color function gradient will 
seed artificial vorticity. As Jacqmin points out [79], unless the same color function 
mollification used in computing K is also used to mollify K itself, these two gradients 
will not in general be (anti)parallel. In fact, Jacqmin [79] argues convincingly that 
accurate models for continuum surface tension forces are best derived from surface free 
energy considerations, i.e., forces are given as proportional to the spatial gradients of 
surface free energies. Using this approach, he shows that an alternative force form for 
the CSF model is given by a KG - aCV K, which was recently found to give better 
results in [159]. 

The source of parasitic currents, then, appears to be rooted in several mechanisms: 
curvature and force mollification inconsistencies that violate surface energy conserva
tion [79], curvature estimation errors that can be greatly reduced with higher order 
kernels and convolutions [1, 122,124, 163], and careless use of vorticity-generating forms 
of the surface tension force. Because parasitic current generation and growth can com
promise surface tension-driven flow solutions, much progress has been made toward 
mitigating this problem, but complete elimination remains elusive. 

6 PARTING THOUGHTS 

The principal algorithm components necessary for the construction of a modern inter
facial flow simulation tool have been discussed in this perspective, namely algorithms 
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for generating high resolution solutions for the incompressible NS equations, the track
ing of interfaces, and the modeling of surface tension. Cited are those key algorithmic 
improvements and evolutionary enhancements occurring within the last decade that 
have brought these methods closer to rigorous validation and verification. Space did 
not permit discussion of other issues such as the application of boundary conditions, 
models for turbulence and phase change, and computer science issues such as paral
lelization [46, 93]. 

Remarkable progress has taken place: 2-D simulations of complex topology inter
facial flows are now commonplace. High fidelity simulations, however, remain elusive, 
even in 2-D. The quest for improved accuracy must therefore continue before 3-D in
terfacial flow simulations can be reliable and quantitatively accurate. High fidelity is 
more important in 3-D, where relevant length scales are likely to remain under-resolved 
with the computing platforms of today and tomorrow. This field must continue to ben
efit from the evolutionary algorithm developments brought about when bright, driven 
researchers are challenged to model complex interfacial flows. 
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